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ABSTRACT. We formulate, and in some cases prove, three statements concerning the pu-
rity or, more generally, the naturality of the resolution of various modules one can attach
to a generic curve of genus g and a torsion point of £ in its Jacobian. These statements
can be viewed as analogues of Green’s Conjecture and we verify them computationally
for bounded genus. We then compute the cohomology class of the corresponding non-
vanishing locus in the moduli space R ¢ of twisted level £ curves of genus g and use this
to derive results about the birational geometry of R, ¢. For instance, we prove that R 3
is a variety of general type when g > 11 and the Kodaira dimension of R11 3 is greater
than or equal to 19. In the last section we explain probabilistically the unexpected failure
of the Prym-Green conjecture in genus 8 and level 2.

One way of proving that the moduli space of curves of odd genus g > 0 has
general type is via the divisor of curves whose canonical ring has “extra” syzygies. In
this paper we apply the same philosophy to prove that, in certain cases, the moduli
spaces of curves with torsion bundles—the modular varieties of the title—are also of
general type. These modular varieties are natural generalizations, in higher genus, of
the much studied modular curves X (¢) := H /T'1(¢) classifying elliptic curves together
with an /-torsion point in their Jacobian.

To explain what we mean by “extra” syzygies, consider a finitely generated graded
module M over a polynomial ring S = C|xy, . . ., z,]. Such a module has a minimal free
resolution of the form

O M<—Fyp - Fy -,

where F; = ) ; S(—i — j)%3. The numbers b;j = b; j(M), called the graded Betti num-
bers of M, are uniquely defined; in fact b; ; is the dimension of the degree i + j compo-
nent of Tor? (M, C). We say that the resolution of M is natural if, for each j, the number
b;j—i(M) is nonzero for at most one value of i, that is, at most one Betti number on each
diagonal of the Betti diagram of M is non-zero. In an irreducible flat family of modules
M), the b; j(M)) are semicontinuous, and simultaneously take on minimum values on
an open set. We say that M) has “extra” syzygies when one of the values b; (M) is
larger than this minimum. If the resolution of some M) is natural in the sense above,
then its Betti numbers have the minimum value.

For example, given a curve C, a line bundle L € Pic(C) and a sheaf F on C, we
consider the S := Sym H°(C, L)-module

To(F,L) = @ H(C, F @ L®).
qE€Z
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Following notation introduced by Mark Green, the vector space Tor? (I'c(F, L), C);y
is often written K; ;(C; F, L) and one sets K; ;(C,L) := K; ;(C;Oc, L). Green’s Con-
jecture [G] for generic curves of genus g (proved in [V1] and [V2]), asserts that the
resolution of the canonical ring I'c(O¢, K¢), is natural. For odd genus, it follows that
the resolution is pure, which in Green’s notation says

1) Ko 1(C,Ko) = 0.

The locus of curves whose canonical ring has extra syzygies is a divisor supported on
the Hurwitz locus /\/l; 4+1 used in [HM] to prove that these moduli spaces have general
2

type.

Generalizing the case above, we study modules of the form I'c:(§, K¢ ® 1) where
n and ¢ are line bundles of degree 0 on a smooth curve C. As a first step, we prove:

Theorem 0.1. Let C be a general curve of genus g, n € Pic®(C)[(] a torsion bundle of order
¢ > 2and ¢ € Pic(C) a general line bundle of degree degree 0. Then the module T'c (¢, Ko ®n)
has natural resolution.

We shall use a refinement of this result to compute the Kodaira dimension of the
moduli spaces R, parametrizing level ¢ curves [C,n], where C' is a smooth curve of
genus g and 7 € Pic’(C) is a torsion line bundle of order ¢. In particular, we shall prove:

Theorem 0.2. R 3 is a variety of general type for g > 12. Furthermore, the Kodaira dimension
of Ri1,3 is at least 19.

It is known that R, 3 is rational for g < 4, see [BC|], [BV]. The level ¢ modular
variety that has received most attention so far is the moduli space R > classifying Prym
varieties of dimension g — 1. It is shown in [FL] that R, » is a variety of general type for
g > 13, whereas R » is unirational for g < 7, see [EV2] and references therein.

We now explain the statements concerning the naturality of the resolution of cer-
tain modules one associates to a level curve [C, 7] € R, . Such predictions can be made
for any g and, just like for Green’s Conjecture, in about half of the cases they amount to
saying that the resolution is actually pure. In such case, the locus of points [C, | where
the corresponding resolution is not pure is a virtual divisor on Ry, that is, the degen-
eracy locus of a morphism between vector bundles of the same rank over the stack R,
which is coarsely represented by R, . Proving the corresponding syzygy conjecture
amounts to showing that the respective degeneracy locus is a genuine divisor on R .

A. Prym-Green Conjecture. For a general level ¢ curve [C,n] € Ry, of genus g > 6, the
homogeneous coordinate ring of the paracanonical curve ¢pr gy @ C — P92 has a natural
resolution. Equivalently, in even genus, the resolution is pure and the paracanonical curve
satisfies property (Ng_3), that is,

(2) K%f2,1(ca Kc®n) =0,
whereas in odd genus

3) K%J(C,Kc(@n)zo and K%Q(C,Kc(@n)zo.
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The name of the conjecture is justified by the analogy with Green’s Conjecture. In
Section 4, we verify the Prym-Green Conjecture for all values of ¢ < 18 and small ¢,
with the exception of 2-torsion in genus g = 8 and g = 16. Our findings suggest that
very likely, for 2-torsion and g a power of 2 (or perhaps multiple of 8), the Prym-Green
Conjecture is actually false. (With our methods, an experiment with ¢ = 24 would
take about 6500 years.) Our verification of Conjecture A is computational via the use
of Macaulay2. We verify condition (2) for g-nodal rational curves over a finite field (see
Section 4 for details). For g := 2i + 6, we denote by

Zge = {[C.n] € Ryt Kiv1n(C, Kc @) £ 0},
the failure locus of Conjecture A. This is a virtual divisor on R ;.

The second conjecture we address concerns the resolution of torsion bundles.

B. Torsion Bundle Conjecture. Let [C,n] € R, be a general level { curve of even genus
g > 4. Foreach 1 < k < £ — 2, the module T'c(n®*, K¢ ® 1) has natural resolution, unless

7I®(2k+1) = 0O¢ and g =2 mod 4 and <g : ?1)> = 1 mod 2.
2

Equivalently, one has the vanishing statement
4) Kg—1,1(c§77®kaKO ®@n) =0.
In the exceptional cases there is precisely one extra syzygy.

Theorem [0.1] can be viewed as a weak form of Conjecture B. The first exceptional
genera in the Conjecture B are g = 6, 10, 18, 34 or 66. For levels ¢ > 3, we set g := 2i + 2
and denote the corresponding virtual divisor by

Dy = {[C, N € Ryt Kin(C;n® 2 Ko @n) # 0}-

Conjecture B can be reformulated in the spirit of the Minimal Resolution Conjecture [FMP]
for points on paracanonical curves as follows. We view a divisor Z € |K¢ ® n®(1=F)]|
as a 0-dimensional subscheme of ¢ (C) C P92, Then using [EMP] Proposition 1.6,
Conjecture B is equivalent to the statement b g1 (Z)=1b g _12(Z) = 0, which amounts to

the minimality of the number of syzygies of Z C P972,

The exceptions to Conjecture B can be explained by (surprising) symmetries in
the Koszul differentials (see Section 4). We verify Conjecture B for genus g < 16 and
small level. In any of these cases D, ¢ is a divisor on R .

A prediction about the naturality of the resolution of the module I'c (7, K¢) can
also be made. This time we expect no exceptions and this turns out to be the case:

Theorem 0.3. Let [C,n] € Ry be a general level £ curve of genus g > 3. Then the resolution
of U'c(n, K¢) is natural (respectively pure for odd g), that is,

(5) Ko, (Cin. Kc) =0.
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The proof of Theorem is by specialization to hyperelliptic curves. Via the
following equality of cycles in the Jacobian of any curve of odd genus, see [EMP],
Coct = Cus = {€ € PIc’(C) Ko ,(C36, Ko) # 0},
2 2 2
where the left hand side denotes the top difference variety of C', Theorem[0.3ladmits the
following geometrically transparent reformulation:

Corollary 0.4. For a general curve C of odd genus, the top difference variety Cg—1 — Cg—1
2 2
contains no non-trivial {-torsion points, for any ¢ > 2.

To pass from syzygy statements to the birational structure of R, ¢, one calculates
the cohomology classes of the failure loci of the conditions (2), ) and (B) respectively
on a compact moduli of level ¢ curves. The space R, admits a compactification R, 4,
which is the coarse moduli space associated to the smooth proper Deligne-Mumford
stack R, of level twisted curves, that is, triples [C,7, ¢], where C is a genus g twisted
curve, 7 is a faithful line bundle on the stack C and ¢ : n® — Oc is an isomorphism,
see [CF] and Section 1 of this paper. We denote by f : Ry, — M, the forgetful map.

An essential ingredient in the proof of Theorem [0.2]is one of the main results of
[CE]. It is shown that the non log-canonical singularities of R, 3 do not impose adjunc-
tion conditions, that is, if € : 73973 — ﬁ%g denotes a resolution of singularities, then for
each n > 1, there exists an isomorphism at the level of spaces of global sections

0 Teg ® = 05 ®
H (Rgg,K ns) SN (R93Kﬁ:3)

A similar exteriion result has been proved in [HMJ for level one curves, that is, for the
moduli space M, itself, and in [FL] in the case of R, 2. We refer to [CFE] for partial gen-
eralizations of this extension result for higher levels. Using [CF], we thus conclude that
the Kodaira dimension of R 3 is equal to the Kodaira-Iitaka dimension of the canonical
bundle Kz, .- In order to prove that for a given g, the moduli space R, 3 is of general
type, it suffices to express K € Pic(Ry3) as a positive combination of the Hodge
class A € Pic(R, 3), the class [D] of the closure of a certain effective divisor ® on R, 3
and boundary divisor classes corresponding to singular level curves. In our case, the

divisor ® is a jumping locus for Koszul cohomology groups of paracanonically embed-
ded curves, defines by one of the conditions (@), ) or (5)

We denote by M the open subvariety of M, g classifying irreducible stable curves
of genus g and set Rg 0= fY(M ) The boundary Rg ¢— f~1(M,) is the union of three
proper and closed subloci Ay U Ay U AR™, where A and A}*™ can be characterized as
follows (see Section 1, §1.4] for further details). The locus AP™ is the ramification di-
visor of f. The locus A, is the locus of order-¢ analogues of Wirtinger covers. These
boundary subloci are not irreducible in general and we refer to [CF, §1.4.3-4] for a de-
composition into irreducible components. When ¢ = 2 or 3 however, the loci A, Ay and
AP™ are irreducible, whereas for a prime level ¢ > 3, both Ajj and A™ are reducible
and decompose into ng irreducible components. For A", we have a decomposition
AP = (Lf:/fj A(()a), where the irreducible components are determined by a local in-
dex a at the node of the generic level ¢ curve (see Definitions [I.1land [[.2) and yielding
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Q-divisors 6(()a) = [A(()a)](@ at the level of the moduli stack, fitting in the formula
1£/2]
FH(00) = 0+ 07 +0> o,
a=1

Here ¢y is the Q-divisor attached to Ag = Mg — M. As shown in Section 1, 1.3 and
1.4} the above identity extends word for word for possibly composite levels ¢ > 2.

For any ¢ > 2, following the established practice of passing to lower case symbols
for the divisor classes on the moduli stack, we have the following results:

Theorem 0.5. Write g = 2i + 1 and ¢ > 2. The class of the closure in ﬁgyg of the effective
divisor Uy ¢ := {[C, N € Ryge: Ki1(Cin, Ke) # O} is equal to

1 (2 i SIg) (@
— . X i ’ " B 2 2. .2 a - D
Uyl = 51 < )((32—1—1))\ 2((50+50) Z %(M +2a°1—2ali—a"+al) & ) € Pic(Ry ).

1
a=1

Keeping g = 2i + 1 and setting ¢ = 3, in order to form an effective representative

of K, , weuse Theorem [0.5 together with the formula of the slope s(ﬂ;i 1) = 622—:12)

of the class of the closure in M, of the Hurwitz divisor [HM], [EH]
Ml,iJrl = {[C] € My : W1(C) # 0},

g
in order to obtain that, for suitable rational constants «, 5 > 0, the Q-divisor class
— i 6(2¢ + 3

© o Byl + 8- 1 M) = 22
is effective. Comparing this formula against that of the canonical class Kz, , (see Sec-
tion 1), we note that whenever the following inequality

6(2i + 3)

141

holds, the canonical class Kﬁg , 1s big. Using the extension result of [CE], we conclude

A —2(5y +60) — 46" € Pic(Ry.3)

<13&1>5,

that R, 3 is of general type for odd genus g > 13. This argument also shows that
when g = 11 the class given in () is an effective representative for the canonical class;
furthermore, one has the following inequalities

ﬁ(ﬁn,&Kﬁnﬁ) > fi(ﬁu,s’f*(ﬂhﬁ)) > H(mmﬂh,a) =19,

where the last equality has been proved in [FP]. It is an interesting open question
whether the equality x(R113) = 19 holds. It is known [FV1] that the universal Picard
variety over the moduli space Mj; has Kodaira dimension equal to 19 as well.

We compute the (virtual) class of the failure loci given by Conjectures A and B.

Theorem 0.6. Set g := 2i + 6 with i > 0 and ¢ > 2. The virtual class of the closure in ﬁg,g of
the locus Z, ¢ of level ¢ curves [C,n] € Ry with K;1,1(C, Kc @ n) # 0is equal to

L

Z <2i + 2> <3(2¢ +7) 2 a2 gl 4 02
gf] T = AxTl

/ z (a) .=
A G+ Y ) >€PIC(R9¢).

7
a=1



We explain the meaning of this result. In Section 3 we construct tautological vec-
tor bundles A and B over the stack ﬁg’g with rk(A) = rk(B), as well as a vector bundle
morphism ¢ : A — B, such that over the open part R, C R, the degeneracy locus
of ¢ equals the scheme Z, ;. Accordingly, we define [Z /)" := ¢1(B — A). Whenever
the Prym-Green Conjecture holds, that is, ¢ is generically non-degenerate and 2, is
a divisor, we have that [Z, /"' — [Z,,] is a (possibly empty) effective class entirely
supported on the boundary of ﬁg, ¢. In particular, the class computed in Theorem [0.6]is
effective. Next we describe the universal failure locus of Conjecture B.

Theorem 0.7. Set g := 2i +2 > 4 and ¢ > 3 such that i = 1 mod 2 or (21‘21) = 0 mod 2.

The virtual class of the closure in 7597[ of the locus Dy ¢ of level ¢ curves [C,n] € Ry ¢ such that
Ki1(C; 77®(€_2), Ko ®n) # 01is equal to

L£]

1 20— 2 ) 1 2] 9 (a)
< ; >((62+1))\—2((50+5O EZ (il +5a2%i —bail —2a> +2al)d; )

f virt _
[ gl] i1

To establish Theorem in even genus, when g > 14 but g # 16, we can use the
class [Z, 3] to show that Kz, .18 big. In genus g = 16, when the Prym-Green Conjecture

appears to fail, we use the class [D, 3] instead. Interestingly, for g = 12, the Prym-Green

divisor Z193 = 13\ — 2(6y + Jy) — %5[()1) has slope equal to that of the canonical divisor
Kz, 5 However, one can form the effective linear combination

31 1 1 ’ " ( )
36 —[Z123] + m[pw 3] = (13 — E))\ —2(dp +0g) — 4,

R12 3

1 ~
— Ef(R
— M€ (Ri2;3),

thus showing that R 3 is of general type as well.

Section 5 is devoted to the highly surprising failure of the Prym-Green Conjecture
for g = 8 and ¢ = 2. We give a probabilistic proof of the fact that for a general genus 8
Prym canonical curve ¢ g, : C — PY, the multiplication map

-[2(07 KC X 77) ® HO(Ca KC @ 77) - I3(C> KC & 77)’

has a non-trivial 1-dimensional kernel, corresponding to a syzygy of rank 6.

A curve ¢y, : C — P corresponding to a general element [C, L] of the universal
Jacobian variety Rici* — My is linked via five quadrics to a genus 14 curve with general
moduli C’ C P%, embedded such that K¢/(—1) € W4 (C") is a pencil of minimal degree.

The universal Koszul locus fos3 := {[C, L] € Picg* : K12(C, L) # 0} is a divisor
that has at least two components £os35 and Rosj;, distinguished by whether the extra
syzygy has rank 6 or 7. The generic curve in £os34 corresponds via linkage to a curve
in the Petri divisor gPh’g on M1y, while the generic curve in Rosj; links to a 7-gonal
curve of genus 14 such that Kc/(—1) has a base point. Using a structure theorem for
rank 6 syzygies in P%, our findings show that Rg s lies in the component fosj, that is,
the extra syzygy of a Prym-canonical curve is never of maximal rank.
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Structure of the paper. The first section is dedicated to the geometry of the stack of
twisted level £ curves. In Section 2 we describe the syzygy formalism needed to formu-
late Conjectures A and B and then we prove Theorems[0.1land In Section 3 proofs of
Theorems [0.5] [0.6] and [0.7] are provided, whereas in Section 4 we explain how to verify
with Macaulay? the syzygy conjectures formulated in the Introduction. The last section
is devoted entirely to genus 8 and we explain the unexpected failure of the Prym-Green
Conjecture on Ryg .

Disclaimer. This paper is a collaborative effort marrying techniques ranging from com-
puter algebra to stacks. The work of the second author is mainly reflected in sections 4
and 5, while the work of the first author is mainly reflected in sections 1-3.

Acknowledgments. We are grateful to Anand Patel for pointing out an error in an ear-
lier version of this paper, to Burcin Er6cal and Florian Geiss for help with the compu-
tational aspects, and to Hans-Christian Graf von Bothmer and Alessandro Verra, who
made suggestions that allowed us to improve the results of Section 5.

1. LEVEL ¢ CURVES

This section contains background material concerning the moduli space R, ¢ and
complements the paper [CE]. We begin by setting terminology. For a Deligne-Mumford
stack X be denote by X its associated coarse moduli space. The morphism 7x : X — X
is universal with respect to morphisms from X to algebraic spaces. The coarsening of
a morphism f : X — Y between Deligne-Mumford stacks is the induced morphism
f+ X — Y between coarse moduli spaces. For a Deligne-Mumford stack X we denote
by Pic(X) the Picard group of the stack with rational coefficients.

We fix two integers g and ¢ > 2, the genus and the level. Throughout §1.2] we
assume that / is prime, but we generalize all statements to any, possibly composite, level

¢>2in 1.3

1.1. The geometric points of the moduli space of level / curves. The geometric points
of the moduli space of level ¢ curves can be interpreted in two relatively simple ways, as
quasi-stable (th roots and twisted /th roots respectively. We are recall their definitions.

A quasi-stable curve is a nodal curve X such that (i) for each smooth rational com-
ponent E C X the inequality kg := |E N X — E| > 2 holds, and (ii) if £, E’ are rational
components with kg = kg = 2, then ENE’ = (). Rational components of X meeting the
rest of the curve in two points are called exceptional. If X is a quasi-stable curve, there
exists a stabilization morphism st : X — C, obtained by collapsing all rational curves
E C X with kg = 2. Abusing terminology, we say that X is a blow-up of the curve C.

Definition 1.1. A quasi-stable level ¢ curve consists of a triple (X,n,¢), where X is a
quasi-stable curve, n € Pic’(X) is a locally free sheaf of total degree 0 and ¢ : n®* — Ox
is a sheaf homomorphism satisfying the following properties:

(i) ng = Og(1), for every exceptional component E C X;
(ii) ¢ is an isomorphism along each non-exceptional component of X;
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(iii) if F is an exceptional component and {p, ¢} :== EN X — E, then
ord,(¢) + ordy(¢) = ¢.

The last condition refers to the vanishing orders of the section 0 # ¢ € HO(X,n®(=9).

We recall that a balanced twisted curve is a Deligne-Mumford stack C whose coarse
moduli space C'is a stable curve, and such that locally at a node, the stack C comes en-
dowed with an action of Z; of determinant 1 (this is equivalent to impose the condition
that C be smoothable).

Definition 1.2. A twisted (th root (C — T',n, ¢), is a balanced twisted curve C of genus g
over a base T, a faithful line bundle n on C (i.e. a representable morphism 7 : C — BZj)
and an isomorphism ¢ : 7 — Oc. If n has order ¢ in Pic(C), then (C — T\, 7, ¢) is a level
¢ curove.

There exist two (3g — 3)-dimensional projective schemes Root, ¢ (see [J1} [CCC])
and M (BZy) (see [AV],[ACV])) whose (geometric) points represent isomorphism classes
of quasi-stable /th roots and twisted (th roots, respectively. The moduli space R, of
level ¢ curves arises as a connected component of M, (BZ,). As we illustrate in detail
below, Root, , and MQ(BZg) are not isomorphic unless ¢ = 2 or 3, but there exists a nat-
ural morphism nor : M, (BZ;) — Root, s, which sets a bijection on the sets of geometric
points, and may be regarded, scheme-theoretically, as a normalization morphism (for
¢ > 3 the singularities of Rooty ¢ are not normal). The aim of §1.2is to describe the
twisted /th root (C — 7', 7, ¢) and the quasi-stable ¢th root (X, 7, ¢) that correspond to
each other under the map nor. In fact, following [C2], we lift this correspondence to a
correspondence between a universal twisted ¢th root and a universal quasi-stable /th
root both defined on the moduli stack of level ¢ curves. This correspondence allows
us to study the enumerative geometry of the moduli of level curves both in scheme-
theoretic and stack-theoretic terms (see Remark[1.4).

1.2. The moduli stack of level / curves (when / is prime). We consider the categories
of quasi-stable /th roots and of twisted ¢ roots. For the sake of clarity, in this section, we
assume that ¢ is prime.

A family of quasi-stable /th roots consists of a triple (f,7,¢), where f : X — T
is a flat family of quasi-stable curves, 7 is a line bundle on X and ¢ : n® — Ox isa
morphism of sheaves such that for each geometric point ¢ € 7T, the restriction

(Xe:= 1), me=mx,s B, 08— Ox,)

is a quasi-stable /th root as defined above. The category of level £ curves gives rise to a
proper Deligne-Mumford stack Root, , with associated coarse moduli space Root, ¢, see
[CCC, J1]. Unfortunately, as already mentioned, this stack is singular as soon as ¢ > 3
(see (8)). To obtain a smooth stack whose coarse moduli space is the normalization of
Root, ¢ one can use twisted / roots [AV, [ACV].

Indeed, the category M,(BZ,) of twisted (th roots forms a smooth and proper
Deligne-Mumford stack, whose coarse moduli space is the normalization of Root, .
The connected component parametrizing order-/ line bundles is the Deligne-Mumford
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stack R, 4; the coarse space R, is the (3g — 3)-dimensional projective variety studied in
this paper. The following diagram is commutative

(7) mg(BZg) nor ROOtgj

ng/h

and endows M, (BZ,) with a universal twisted ¢th root and a universal quasi-stable /th
root. The universal twisted ¢th root

(u;g : o = My(BZy), nSy € Pic(Car), 6C,: (0" = o)

consists of a universal balanced twisted curve, a line bundle and an isomorphism. The
universal quasi-stable level ¢ curve pulled back via nor*

(U Xy = My(BZe), nly € Pic(Xy0), 63 : ()™ = O)

consists of a family of quasi-stable curves, endowed with a line bundle and a homomor-
phism of line bundles. For any morphisms T — My (BZ,) from a scheme T, we consider
the pullbacks (X, )7 and (Cy ¢)7; the stabilization of the quasi-stable curve (X, ¢)r and
the coarsening of the balanced twisted curve (C, ;)7 coincide and yield a representable
morphism Cy, — My(BZ;) which may be also regarded as the universal stable curve
pulled back from My via f. On C, 4, we have the following identity of sheaves (see [J2]
and, in particular, (1-3) after Lemma 3.3.8, the proof of Theorem 3.3.9, and Figure 1; see
also [C2, Lem. 2.2.5] for a more complete statement).

Proposition 1.3. Over M (BZ,), consider the stabilization morphism sty : X0 — Cy ¢ and
the coarsening morphism mq ¢ : Cg o — Cy . On the universal stable curve Cy ¢, we have the
following identity between coherent sheaves (wg,g)*(niz) = (stg7g)*(n§fe). O

Let us fix a closed point 7 := [C, 7, ¢| representing a twisted ¢th root and its im-
age t := [X,n), ¢] representing a quasi-stable /th root. By the above proposition, the
coarsening C of C equals the stabilization of X. Consider the exceptional components
E',...,E* C X and write {p;, ¢;} := E'N X — E' and a; := ord,,(¢) and b; := ord,, (),
fori =1,...,k Then a; + b; = ¢ and we have gcd(a;,b;) = 1 (because / is prime). The
only nontrivial stabilizers of C occur at the nodes nj,...,n; of C mapping to the nodes
st(E1),...,st(Er) of C. The local picture at n; is the spectrum of C[Z;, y;]/(Z;y; = 0) and
the local coordinates x; and y; of X — E? at p; and at ¢; are related to z; and to y; by
7! = x; and §f = y;. The action of Z;, on the local picture Spec R[t] — Spec R of  — C
at n; is given by (2;,v;) — (&, &, 1@-) and t; — &;'t;. Following [CF], we refer to the
pair (a;, b;) as the multiplicity of the quasi-stable ¢-root [X, 7, ¢] along the exceptional
component E’ and, equivalently, of the twisted ¢th root at n;.

We further describe the local picture of the universal quasi-stable /th root over
Root, ¢ along one exceptional component E = E? meeting the rest of X at p and ¢ and
having multiplicity (a,b) := (ai, b;). It is proved in [CCC, §3.1], that if one denotes by
Cap C AZ . the affine plane curve given by the equation w® = 2’ and the following
surface by

(8) Sap:= {((m,y,z,w), [s0 : 81]) S Ai%%w x Pl xsg = wsy, ys) = zsp, w® = zb}’

9



then the covering f,; : Sap — Cap given by fop : ((z,y,w, 2),[s0 : s1]) — (w,2) is a
local model for the simultaneous smoothing of the nodes p and ¢ within the universal
quasi-stable /th root over Root, ¢. In particular, as soon as a,b > 1, the space C,; and

hence the moduli space Root,  are not normal. The normalization f;b : ga,b — Al of
fap is constructed by setting

) ga,b = {((%yﬁ)’ [s0 81]) S Ai,y,ﬂ' x P! TS0 = Tb817y81 = Ta80}7

and mapping Al — C,;, via 7 — (7°,7%). At the level of the normalization, the point
g € X corresponds to the A,_i-singularity ((0,0,0), 1: O]) € §a,b, whereas the A,_1-
singularity ((0,0,0),[0 : 1]) € S, corresponds to the point p € X. Globalizing this
description, one obtains a local picture of the diagram (7) at the points 7 and ¢. There
exist local coordinates such that

(10)  Ogoot, . 7 = Cllwr, 21, - Whs 2k trg1, - - tags]]/(wf = 21), fori=1,... K,
(1) O, w(x) = Clltr,- - t3g-3]],
(12) O, gz, = CllTs -+ Ths By, - - tg3]].

Locally, the morphisms f, nor and h are given by

W; 25 ZSk

w¢»—>7'ib" 1<k
hoti {t i >k
i 1 .

Z .
coa <k )
(13) f:t;— {? ;k‘ nor: ¢z — 7t i<k
i1
’ ti—t;  i>k

We regard X as a fiber of a universal quasi-stable curve on M,(BZ;) over 7. Set T :=
7i, (a,b) := (a;,b;). Then, at p, we obtain an A;_;-singularity of equation z(so/s1) =
7 along the locus where the node p persists. At g, we obtain an A,_;-singularity of
equation y(s1/s9) = 7 along the locus where the node ¢ persists. In view of intersection
theory computations, following [C2], we desingularize such singularities. For any étale
morphism T — M,(BZ;) the desingularization of (X, ,)r yields a semi-stable curve,
globally on M (BZy),

Xg,;,f — ng — Mg(BZg)

equipped with a line bundle P := n;% and a homomorphism ¢ = gZ);‘:é from the /th
tensor power of P to O: the pull-backs of 7", and ¢;,. The curve X’ over 7 € M,(BZy)
is obtained by iterated blow-ups; i.e. for a fibre of X, ¢ of the form C’ U E with E excep-
tional and EUC” = {p, ¢}. One inserts a chain of / —a — 1 rational curves E1, ..., Ey_4_1
at p and a chain of a — 1 rational curves E;_,11,...,E,_; at q. Setting E,_, := E, we

obtain the nodal semi-stable curve C'UEy U. ..U E;_; of Figure[l] where C’' = (X — E).

By iterating this procedure at all exceptional curves we get X’, whose stable
model is C' = st(X), obtained by contracting the chains of the form E; U ... U Ey_:
this explains that the singular locus C,, — M,(BZ,) is formed by A,_;-singularities
(since C, ¢ is the pullback via f of the universal stable curve of M, this may be regarded
as a consequence of the local description of f of (13)). The restriction of P = 77;% to X' is
a line bundle 7’ satisfying n;,, = Op, fori # ¢ —aand i, = Op, ,(1).

10



FIGURE 1. The curve X'.

Remark 1.4. There is an isomorphism H°(X" wx: ® ') = H%(X,wx ® n) and we often
identify the two spaces. This may be regarded as a consequence of the fact that X| , —
X, ,¢1s crepant (the relative canonical bundles match under pullback) and of Proposition
In practice this means that any cohomological question involving kernel bundles
on a twisted /th root can be settled by working, equivalently, over M,(BZ;), with the
twisted ¢th root (C,, 779%7 qﬁg’ ¢), with the quasi-stable level ¢ curve (X, 775{47 qbgfz), or

with the pullback P := n;fé of 7\, on the semi-stable curve X/ ,.

1.3. The moduli stack of level ¢ curves (for any level ¢). Let us assume only ¢ € Z>o,
without any condition on ¢ being prime. The local picture of Root, ¢ (10) is still valid; in
particular the local model for the curve smoothing the nodes p and ¢ of an exceptional
component E is still S, where (a,b) are the multiplicites of the quasistable /th root
at the nodes. However, since a and b are no longer necessarily coprime, S, has d :=
gcd(a, b) irreducible components, each one isomorphic to S% ». Then the local picture

of f, nor and h of (7) is h

(14)
Efai/di .
, w; —> T; 1< k
/s i<m __ ‘ C’L./d. - wizi 1<k
f:t;— ¢ . nor: q z, — 7. " 1 <k h:t;— .
t; T >m ¢ ] t; P>k,
t; — 1 1>k

for d; = ged(as, b;). This happens because the stabilizers of a node of C attached to
an exceptional component whose multiplicities satisfy d; = gcd(a;, b;) have order ¢/d;.
Notice that the normalization morphism nor induces a surjection at the level of closed
points, but does not induce an injection as soon as ¢ is composite. Furthermore the
desingularization of the pullback of the universal quasi-stable curve on M,(BZ,) is a
semistable curve with chain of rational curves of length ¢/d; — 1 over the node corre-
sponding to the the exceptional component E°. Fortunately, there is a simple way to
avoid these exceptions.

N In [C1] the first author introduced a series of variants of smooth modifications
M, (BZ¢) of M,(BZ;) allowing us to reproduce, even when / is composite, the same
configuration with chains of ¢ — 1 rational curves illustrated in Figure [[I The stack
|\7|g(BZg) parametrizes triples (C, — C, ¢ : n®° — O), where the stabilizer G, at a node
n is trivial if and only if the restriction Nn 18 trivial and, otherwise, satisfies G, = Z,.
In this way, by removing the condition of faithfulness and by imposing stabilizers of
order £ on n whenever 7, is nontrivial, the local picture of C at each node ny,...,ny,

11



where 7 has nontrivial restriction is given by the spectrum of R = C[z;, y;]/(Z;y; = 0)
with Z, operating as (Z;,v;) — (&, &, 17:). There, the line bundle  — C has local
picture Spec R[t;] — Spec R with Z, operating as t; — &;*t; with a; € {1,...,£ — 1}, not
necessarily prime to ¢, for i = 1,...,m. As a consequence, there exist local coordinates
at the closed point 7 € M, (BZ) representing (C, 7, ¢)

O, 8z0), 7 = ClITLs s Ty bt - - ag—3]].
and a morphism e : |\~/Ig(BZg) — M, (BZy) fitting in
(15) M, (BZ¢) —= M, (BZj) nor Root, ¢

A

My

given (at the level of local rings) by e : 7; — ?idi for i < m and by? tt 7~'f fori < m.

The morphism e yields an isomorphism at the level of coarse spaces. Therefore,
as in [C2], when ¢ is not prime, we can work throughout the rest of the paper with the
substack R, ; arising as the connected component of M ¢(BZy) of triples (C, 7, ¢) where n
has order /. This is a smooth Deligne-Mumford stack whose coarse space is a projective
(3g — 3)-dimensional variety R, . With a slight abuse of notation, let us denote by X,
the pullback of the universal quasi-stable curve on R, 4 via nor o e. By construction, the
singularities arising at the nodes p; and ¢; of an exceptional curve E; are of type A¢_q,—1
and A,,—1 and the desingularization X/ , is fibred in semi-stable curves obtained by
inserting chains of £ — a; — 1 rational curves at p; and chains of a; — 1 rational curves at
¢; as in Figure[Il Remark [[.4] generalizes word for word. From now on we shall work
with R, C I\7Ig(BZg) equipped with the universal semistable curve X| , and with the

universal line bundle P := ngfé pulled back from Root, ,.

1.4. The boundary divisors of R, . We briefly discuss the geometry of the boundary
divisors of R, by describing the structure of the fibre f~!([C]) corresponding to a
general point of each boundary of the boundary divisors A, ..., A g of M,. Let us
assume first that C' := C; U, (5 is a transverse union of two smooth curves C; and
Cs of genus i and g — i respectively. If [X,n,4] € f~*([C]), then necessarily X = C
and 7 is uniquely determined by the data of two line bundles 1o, € Pic’(Cy)[¢] and
ne, € Pic®(Cy)[¢]. Depending on which of these line bundles is trivial, we define the
boundary divisors A;, A,_; and A;.,_; respectively. For 1 <1 < g — 1, the general point
of A; corresponds to a level curve of compact type

[01 Up Ca,nc, of order ¢, nc, = (’)CQ] S ﬁ%g.

Finally, we denote by A;.,_; the closure in R, of the locus of twisted level curves on
C1 U Oy such that no, 2 Oc, and nc, 2 Oc,. Denoting by 0; := [Ai](@, 0g—i = [Ag_i]Q,
di:g—i = [Aj.g—i]o the corresponding classes in P1c(Rg ¢), we have the following relation,
showing that the morphism of stacks f : R, ; — My is étale over A; where i > 1.

(16) £%(6;) = 05 + dg—i + Oizg—i-

12



For i = 1 and ¢ > 3, observe that at the level of coarse moduli spaces the formula
fA (A1) =2(A1 + Ar:g—1) + Ay—1 holds, in particular f is ramified along A; and Ay.4—;.

Suppose now that [C] € A is a general irreducible 1-nodal curve of genus g with
normalization nor : ¢’ — C, and let p,q € C’ be such that nor(p) = nor(q) € Sing(C).
Assume that [X, 7, ¢] € 77 1([C]). We write down the exact sequence

(17) 1 — Zy — Pic%(C)[6] 225 Pic®(C")[¢] — 0.

If X = C, we set 7o := nor*(n) € Pic’(C’)[¢]. We denote by A the closure in R, ¢ of the
locus of level curves [C, 7, ¢] as above, where 1o 2 O¢r. An (-torsion line bundle on C'
is determined by the choice of ncs and the choice of a Z,-gluing of the fibres ¢ (p) and
ncr(q). We observe that, when / is prime, deg(A,/Aq) = £(£29-2 — 1) (see [CF] for the
general statement).

We denote by A the closure in R, of the locus of level curves [C, 7, ¢] such
that nor =2 Oc¢r (we referred to these curves as Wirtinger covers in the introduction;
these arise as the preimage of a constant section via the morphism n — O between
total spaces). Using (I7), an order-¢ line bundle n € Pic’(C)[¢] with nor*(n) = Oc
is determined by a Zj-gluing of the fibres 7/ (p) and 7 (q), that is, a root of unity
£ € Zy, with 1 < a < £ — 1 prime to ¢, such that sections o € 7n¢ that descend to
C' are characterized by the equation o(p) = {jo(q). Since by reversing the role of p
and ¢ we interchange a and ¢ — a, we obtain the a decomposition into irreducible |//2|
components, each of them of order 2 over Ay. For any ¢ € Z>5 we get deg(Ay/Ag) =
¢—1.

We now consider the case X = C’ Ugp,qy I, where E is an exceptional component.
Then by definition nr = Og(1), therefore deg(nc/) = —1. Furthermore, there exists
an integer 1 < a < ¢ — 1 such that n?,(_é) = Oc¢i(a-p+ (£ —a)-q). Let us denote
by A(()a) the closure in R, of the locus of such points. By switching the role of p and
g we can obviously restrict ourselves to the case 1 < a < L%J Since the choice of
ner € Pic™!(C") as above uniquely determines the level curve [C' U E, ), ¢], it follows
that, when ¢ is prime, deg(A(()a) /Ag) = 202972 (the factor 2 accounts for the possibility

of interchanging p and ¢). We refer to [CE] for the treatment of the general case ¢ € Z>»
and the decomposition into irreducible components.

We follow again the convention of passing to lower case symbols for the divisor
classes in the moduli stack R, ¢: 6, = [Al]g, 87 = [Al]g and 6 = [Al]¢. As a direct
consequence of the local description (13) the morphism f is étale over Af and Af and
ramified with order ¢ at Aga). (When / is not prime the order of ramification at A[()a) is
still £ because R, as been defined as a substack of the covering M 4(BZy) of M, (BZy)).

Summarizing we have the following relation in Pic(R, /)

15]
F(60) = 0g +0p + € 85"

a=1
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Proposition 1.5. For ¢ > 3, the canonical class of the coarse moduli space R ¢ is equal to
3 5 7
Kg , =13\ =2(0+d0) — ((+1) > 05" = 23 (8 + Ggs + Gisg—s) — 651 € Pic(Ry0).
i=1

£
Proof. It follows from the Hurwitz formula K7 Rye = = f*K M, +01+01:9—1+(€—1) ZL ) 5((;1),
coupled with the expression for Kz , cf. [HM] Theorem 2 and formula (16). O

1.5. The geometry of the universal semi-stable level ¢ curve. Consider the universal
semi-stable curve u : X ;,z — R, introduced in §1.2} endowed with the tautological

bundle P := 77;% and the homomorphism of line bundles
d:PY 5 Oy .
g,L

For sake of clarity and in preparation of the enumerative geometry studied in this paper,
we detail the proof of a preliminary result on the self-intersection of ¢;(P). First, let us
¢

fix an integer 1 < a < | 5| and observe that the the pull-back of the boundary divisor

Aéa) in ﬁ% ¢ splits into irreducible components

(A =&+ ke,
where Ei(a) parametrizes the closure of the locus of points that lie on the ith rational
component of the chain F; U --- U Ey;_; of £ — 1 rational lines over a general point of
AL,

Proposition 1.6. The following relations hold in Pic(R,,):

(1) u, ([5(a IE [81(1)1]) = 5(()“) and u*([é’i(“)]Q) = —266“),for each1 <i</l—1.

(2) u*(cl(P) cl(wu)) =0.
(3) ue((P)) = = Tycacy2) alta) s,

Proof. The first two statements being immediate, we proceed to the last one (see also
[C2, Lem. 3.1.4]). Foreach 1 < a < L%J, we fix a general quasi-stable ¢th root (X%, 7, ¢)
over Aéa). Here X := C"Uy, o) E is a quasi-stable curve and 7]%,( = O¢/(—a-p—(£—a)-q).
The corresponding semi-stable fibre of X/ , mapping to X is a semi-stable curve X’
(a)

obtained by setting F, " := F, and gluing to the points p, ¢ € C' smooth rational curves
E{a), e Eéa_)a_l, Eéa_)a, ElE“_)aH, .. ,Eé‘j’l forming a chain. The line bundle 1’ on X’ is

the restriction P|x, isomorphic to 7 on C’, to O on Ei(a) fori # ¢ —a, and to O(1) on

E”).. By construction we have that X’ N ") = B

a

We claim that the vanishing locus of the section ® € HO(X’ ,, P®(=9) is precisely

9,0
the divisor
L%J l—a a—1
(18) (> i +(e-a) > (a-E%,,).
a=1 i=1 i=1
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Indeed, we already know that D := supp(Z(®)) can be expressed as a linear combina-
tion of exceptional divisors | )8 .(a), wherel <i</—land1<a< ng, which is

a, i Z 3
furthermore characterized by two sets of conditions:

(i) Foreach1 < a < {%J, one has that Cga) =g and Cé(i)l =/—a.
(ii) For each i # ¢ — a, one has deg(D|E;a)) =0.

The first condition expressed the fact that the vanishing order of /¢ at p (respectively

q) is equal to a (respectively ¢ — a). The second condition expresses the fact that the

(a)

restriction of ® on £ is the trivial morphism along each exceptional divisor Ei(a) with

i # { — a, inserted when passing from X, to X| ,. Taking into account that (’)(Si(a)) =

O(-2)on E; (@) the two conditions lead to a linear system of equation in the coefficients

cf ), which we then solve to obtain the claimed formula (I8), which also computed

—0c1(P). Squaring this formula, pushing it forward while using formulas (1), (2), we
obtain

{—a a—1 l—a—1
EQU*(C%(P)):—2<Za2i2+2(£— 24 Z a?i(i +1) +Z —a)? )5()
i=1 i=1
which after manipulations leads to the clalmed formula. OJ

2. SYZYGY JUMPING LOCI OVER R, ¢

Following a principle already explained in [F1], one can construct tautological
divisors on moduli spaces of curves defined in terms of syzygies of the parametrized
objects. Such loci have a determinantal structure over an open subset of R, ¢, hence one
can speak of their expected (co)dimension. When the expected codimension is 1, one
has virtual divisors on R ;.

We begin by setting notation. For a smooth curve C, a line bundle L and a sheaf
F on C, we define the Koszul cohomology group K, ,(C;F, L) as the cohomology of
the complex

p+1
N\ E°(C.L)® H'(C, F @ L®~1) T /\HO O, L) @ H(C, F @ L®1) &4
p—1
g N\ H°(C, L) & H'(C, F @ L#UH),

When F = O¢, one writes K, ,(C,L) := K, 4(C;Oc¢,L). When F is a line bundle,
these Koszul cohomology groups can be interpreted in terms of syzygies of certain 0-
dimensional subschemes of C'.

Example 2.1. Suppose [C,n] € Ryeand n ¢ Cy — Cs. Let L := K¢ ® n € Pic®9?(C) be
the very ample paracanonical line bundle inducing an embedding ¢y, : C' — P9~2. For
aninteger 1 < k < ¢ — 1, since H°(C,7®*) = 0 one has that

p
Kp1(C;n®F L) = Ker{/\ HO(L) @ HO(L @ n®F) — /\ HO(L) ® HO(L®? @ 77®’<f)}
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This group can be viewed as parametrizing the syzygies of a 0-dimensional scheme
Z C C C P92, where Z € |K¢ ® n®(1=F)|, see [FMP] Proposition 1.6. Precisely,

(19) bpt1,1(2) = dim K, 1(C; %", L).
We explain Conjecture B and Theorems[0.Iland [0.3/formulated in the introduction.

We fix line bundles 7, ¢ € Pic®(C), with ¢ # O¢ and 1 ® £ # Oc¢. To the paracanonical
linear series L := K¢ ® n we associate the kernel bundle defined via the exact sequence

0 — My — H°(C,L)® Oc — L — 0.

Using standard arguments, see e.g. [EMP] Proposition 1.6, one has the identifications
(20) Kii(C;i¢, Ke@n) = H(C, A\ Mp @ L®¢),

Ki12(C;¢,Ko®n) =H'(C, A\ML @ L®¢).

The difference of the dimensions of the two cohomology groups is the Euler-Poincaré
characteristic of a vector bundle on C, which in the case n # O¢ is equal to

(21) dim K;;(C;¢, Ko ®n) —dim K;—12(C;§, Kc®@n) = (g9 — 1)<g;2> <1 B g2_i2)'

The naturality of the resolution of I'c:(¢, L) as a Sym HY(C, L)-module is equivalent to
the vanishing for all i of one of the groups K;1(C;¢, L) or K;_12(C;¢, L), depending
on the sign computed by (2I). The resolution being minimal, it suffices to verify this for
the values of i when the expression (21)), viewed as a function of i, changes sign. The
resolution is pure, if the corresponding cohomology group vanishes for i such that the
expression in (21)) is equal to zero.

Lemma 2.2. Let C be a curve of genus g and 1, ¢ € Pic®(C) — {O¢} such that n ® & # Oc.
(1) The resolution of (&, K¢ ® 1) as a SymH(C, K¢ @ n)-module is natural if and only if
KL%JJ(C;gaKc ®@n) =0 and KL%JJ(C; (n®&)Y,Kec®n) =0.

(2) The resolution of T (€, K¢) as a SymH(C, K¢ )-module is natural if and only if
K|g1(Ci§, Kc) =0 and K| 4),(C;¢Y, Kc) = 0.

Proof. Assume that ¢ is odd and write g = 2i+ 1. From (2])), the resolution of the module
I'c(&, Ko ®n) isnatural if and only if K;1(C; &, Ko ®n) = K;—22(C;§, Kc ®n) = 0. By
the duality theorem [G], the dual of the last group is canonically isomorphic to

Kio(C; Ko @&/ Kc@n) =K1 (C;(n® &)Y, Kc®n).

The case of the resolution of I'c:(¢, K¢) (that is, n = O¢) is similar and we skip details.
O

We now describe the structure of the locus i, , mentioned in Theorem For
g = 2i+ 1, a result from [FMP] provides an identification of cycles valid for each curve:

{77 € Pic%(C) : h(C, )\ M ® K @) > 1} = C; — C; € Pic(0).
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The right hand side denotes the i-th difference variety consisting of line bundles of the
form O¢ (D — E), where D, E € C;. This establishes the following equivalence

Ki,l(c; n,Kc) 75 0= ne C; —C;.
After tensoring with K¢ ® 1 and taking cohomology in the short exact sequence

1
0—>/\MKC—>/\HOCKC)®OC—>Z/\MKC®KC—>O

we reformulate the last condition as follows: [C, n] € U, ¢ if and only if the map

i—1
(22) x([C, /\HO (Ke) ® H'(Ko @ n) — H(C, \ M. @ K& @n)

is an isomorphism. Since (A" Mg, ® K&? @) = x(N~ Mk, @ K§* @ n) =
(i’l) (4i + 2), note that the locus U, ¢ can be defined as the degeneracy locus of a mor-
phism between vector bundles of the same rank over R, s, whose fibre over a point [C, 7]
is precisely the map x([C, 7| defined above. Thus U, ¢ is a virtual divisor over R .

We show that that x([C,7]) is an isomorphism for a general level curve, thus
establishing Theorem In fact, we prove a more precise result valid for all genera:

Theorem 2.3. Let [C,p] € My 1 be a general hyperelliptic curve of genus g > 2 with a Weier-
strass point and n € Pic®(C)[(] — {Oc¢}. One has that H°(C,n((g — 1)p)) = 0.

First we explain how Theorem [2.3] implies Theorem Let C be hyperelliptic,
A = Oc(2p) the hyperelliptic line bundle and i := | §]. Then My, = A®=1)  therefore

/\MKC (A% ("),

It follows from Lemma (2.2) that K; 1 (C;n, K¢) = 0 if and only if H°(C,n((g—1)p)) = 0
when g is odd, respectively H°(C,n((g — 2)p)) = 0, when g is even. Clearly, the state-
ment of Theorem [2.3]implies the naturality of the resolution I'c:(n, K¢) for all genera.

Proof of Theorem Inductively we assume that [C’, 7] € R,_1 ¢ is a hyperelliptic level
¢ curve with a point p’ € C’ such that h°(C’, Oc(2p')) = 2and H°(C”,7/((g — 2)p'))= 0.
We consider a pointed elliptic curve [E,p/| € My, which we attach to C’ at the point
p/, then choose p € E — {p'} such that 2(p — p’) = 0. Then [C := C Uy E,p] € My,
is a degenerate hyperelliptic curve and p € C'is a hyperelliptic Weierstrass point. This
follows by exhibiting an admissible double covering

p:C = (P11 U (P,

where oo : O — (Pl)l is the hyperelliptic cover and yp : E — (P1) is the double
cover ramified at p and p’. Note that p(p') =t € (P1); N (P1)s.
We choose an ¢-torsion point np € Pic’(E)[(] such that ng # Oc((9 — 1)(»' — p)).
Such a choice is possible since there at least two points of order ¢ inside Pic’(E). Then
[C/ Up/ E7 ncr, 77E] € ﬁ%f?

and we claim that this curve does not lie in the closure of the locus of hyperelliptic
level ¢ curves [Xi,n:] € Ry with a point p; € X; such that h¥(X¢, Ox,(2p:)) = 2 and
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hO(Xt,me((g — 1)pt)) > 1. Indeed, assuming this not to be true, applying a limit linear
series argument we find non-zero sections

ocr € H(C',ner ® Ocr((g — 1)p')) and o € H(E,np ® Og((g — 1)p)),

such that ord,/(o¢/) + ordy (0g) > g — 1. Our assumption implies ord,/ (cg) < g — 2,
therefore ord,, (c¢v) > 1, thatis, H*(C’,ner @ Ocr((9—2)p’)) # 0. This is a contradiction
and completes the proof. O

2.1. The syzygies of the twisted paracanonical module. We now show that for a gen-
eral point [C,n] € R, the module I'c(§, K¢ ® n) has a pure resolution for a general
choice of ¢ € Pic’(C). The argument relies on specialization to bielliptic curves.

Suppose E is an elliptic curve, C'a curve of genus g and f : C — E a double cover
ramified along the divisor R € Cs,_> and branched along the divisor B € Fy, 5. Let
o€ Picgfl(E) denote the line bundle determining f, that is, % = Og(B). In particular,

f:0c=0p® 8", f*(6) =Oc(R).
Proposition 2.4. Let e € Pic’(E)[¢] an (-torsion point and 1 := f*(e) € Pic®(C)[¢]. Then
MKQ@'I} = f*M(s@E

Proof. From adjunction K¢ = f*(9), therefore from the push-pull formula
HY(C,Kc®n) = f*HYE,§®¢) @ f*HE,e) = H'(E,§ ®¢).
In particular, pulling-back via f the exact sequence defining the kernel bundle on F
0 — Mspe — HY(E,6®¢€) — d @ e — 0,

we retrieve the sequence defining the kernel bundle on C, that is, M ey = [*(Msze)-
O

Lemma 2.5. The push-forward f.£ of a general line bundle ¢ € Pic(C) is stable (respectively
semistable) if g is even (respectively odd).

Proof. We treat only the case of even genus g = 2i + 2, the odd genus case being similar.
The push-forward f.£ is a rank two vector bundle on E with det f.({) = Nm;(¢) ® §Y,
in particular deg(f.{) = 1 — ¢g. Assume that f. is not semistable. Then there exists
a line subbundle M — f.£ with deg(M) > deg(f.£)/2, that is, deg(M) > —i. Then
HY(C,¢ ® f*MY) # 0, hence we can write ¢ = f*(M)(D), where D is an effective
divisor on C, with deg(D) < 2i. Counting parameters, line bundles on C having this
type depend on at most 2i +1 = g — 1 parameters, hence they do not fill-up Pic’(C). O

Thus one obtains a rational map f, : Pic’(C) --» Ug(2,1 — g). By describing the
differential of this map, it is easy to show that this map is dominant, see also [B].
We complete the proof of Theorem [0.1l More precisely we prove the following:
Theorem 2.6. Let f : C' — E be a bielliptic curve and n € Pic®(C)[{] as above. Then
KL%JJ(C;gaKC ®mn) =0,

for a general & € Pic®(C). In particular, the resolution of I' (¢, Ko ® 1) is natural.
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Proof. We treat only the case g = 2i + 2, the odd genus case being quite similar. Using
identification (20) we write

K1 (C;6, Ke@n) = H(C, \ Mxpon® Ko @n® &) = H(E, )\ Msge 6 @ e ® f.£).

It is well-known that the vector bundle Mjg. is stable, hence using also Lemma the
vector bundle F := /\Z Msge ® € ® 6 @ f.€ is semistable. Futhermore, the choice of a
general ¢ € Pic’(C) corresponds to the choice of a general F € U ((?;7),0). Since on
an elliptic curve, there exists precisely one semistable bundle of prescribed rank, degree
zero and with a section, we find that H°(E, F) = 0, which finishes the proof. O

Theorem 2.6/admits the following reformulation in the case of even genus.

—2
Corollary 2.7. Fora general curve [C,n] € R of even genus, the vector bundle /\ M Ko®n
admits a theta divisor.

9-2 )

Since ,u(/\qT Mkoey) = g — 1 € Z it makes sense to ask whether the vector

bundle in question admits a theta divisor. Conjecture B is a more refined statement,
-2

predicting which line bundles K¢ ® n®* belong to the theta divisor of A7 M Ko@n-

Note that it is proved in [FMP] that all powers A\ Mg, admit a theta divisor for every
smooth curve C.

3. INTERSECTION THEORY ON ﬁg’g

The aim of this section is to describe the characteristic classes of tautological bun-
dles on R, that are used to calculate the classes [Z, /""", [D,,]"'* and [U, ] respec-
tively. For our purposes it will suffice to consider only level ¢ curves whose underly-

ing stable model is irreducible. Let ﬁg ¢ be the open substack of level ¢ curves whose
underlying stable model is a 1-nodal irreducible curves of arithmetic genus g. We de-

note by u : X, — R ¢ the restriction of the universal level ¢ curve, by P € P|c(Xg ¢)
the tautologlcal (th root bundle and by & : P®¢ — (’)~ the universal sheaf homo-
morphism. We shall use the Hodge bundle E := u*(wu) respectlvely the Prym-Hodge

bundle E' := u,(w, ® P). These are locally free sheaves over Rgl of ranks g and g — 1
respectively.

The following technical statement will be used to show that various tautological
sheaves on R, ¢ are locally free.

Proposition 3.1. For a level curve [X,n, ¢| € 75973 and integers b > 2and 0 < j < %, the
following vanishing statements hold:

(1) Hl( /\J ®b ) —0.
(i) H'(X, N wa®n®w®b®77 (b=2)) =

Proof. As pointed out in Section 1, such a question can be studied at the level of root
curves. To ease notation we identify nor([X,7,¢]) € Root,, and [X,n,¢]. If X is
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smooth, since (AN My, ® W’ ®n) = b(2g — 2) — 2j > 2g — 1, the statements are a
consequence of the semistability of M, and that of M, g, respectively.

Assume now that X is 1-nodal and 1 € Pic(X) is locally free, that is, [X, 7, ¢] €
AyUAg. Letnor : C' — X be the normalization map, with nor ! (Xgne) = {p, ¢} and set
nc = nor*(n). Via the exact sequence 0 — Ox — nor,(O¢) — nor,(Oc)/Ox — 0, to
show that (ii) holds it suffices to show that

j
H (C’ A\ Mk prgyone © K& © Oc(bp +bg) @ nc) =0,
and

J
H' (O’ /\ Mg (p+g)onc @ K& ®Oc((b—1)p+ (b—1)g) & 7IC> =0.

This again is a consequence of the stability of the vector bundle M, (
turn follows from [FL] Proposition 2.4.

p+q)@nc. Which in

Assume now that [X,7n,¢] € Af*™ and X = C Uy, 4 E, where F = P! and
[C,p,q] € My_12. Furthermore ng = Og(1) and deg(nc) = —1. The kernel bundles
M, and M, s, have the following restrictions to the components of X:

-1
MwX\C - MKC(ZH-Q) and M, xIE - Og(g )7

respectively

B(g—3
Myyonic = Mioprgene and My gne = Op(—1) @ OE(g )

Via the Mayer-Vietoris sequence on X, a sufficient condition for (i) to hold is given by
the following vanishing statements:

Hl(/\ ccOKE (b(p+a) @nc ) =0, Hl(/\ (O KE (b=1)(p+a)@ne ) =0,

as well as H'(E, \’ M,,,|g ® ng) = 0 (note that wy |z = Op). The vanishing on E is
immediate, whereas that on C follows again by using that Mg, (p4q) and Mg, (p+¢)ene
are semistable and computing the slopes of the corresponding vector bundles whose
tirst cohomology group is supposed to vanish. Statement (ii) is entirely similar and we
skip details. O

To be able to define tautological sheaves over ﬁgj, we consider the global kernel
bundle defined via the exact sequence over the universal curve X,

0— M, —u(E) — wy, — 0,
respectively the global Prym kernel bundle
0— M, — u*E) — w,®P — 0.
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3.1. Tautological sheaves. We introduce tautological vector bundles over ﬁgj whose
tibres are various Koszul cohomology groups. For integers 0 < j < % and b > 2, as well
as for (j,b) = (0,1), we define the sheaves

" j
Ejp = u*(/\ My @wi’® P)and F,; := u*(/\ M, @ wE @ p®(b—2)).

Grauert’s theorem used via Proposition[3.Ilimply that E; ; and F; ; are locally free. Note
that Eg ; = E’. One can now carry a Grothendieck- R1emann—Roch calculation over the

universal level / curve u : Xg ¢ — Rg ¢ and prove the following;:

Proposition 3.2. For each integer b > 1, the following formula holds in Pic(ﬁg,g):

¢
(i) c1(Bop) = A+ (1 — & YL ale - )5l
£ a
(i) e1(Fop) = A+ (D)rr — 522 502 a(e — a)sl.

3.2. The divisor U, ;. The divisor U, has a scheme theoretic characterization via con-

dition (22)). We extend this description over the boundary of 7%97 ¢ and compute the class
of the resulting degeneracy locus, thus completing the proof of Theorem

By taking exterior powers in the sequence defining the sheaf M, and then us-
ing Proposition 3.1} we find that for each 1 < j < ¢ — 1, one has the following exact
sequences, which can be used to compute inductively the Chern classes of the vector
bundles E; ;, starting from level j = 0:

J
(23) 0— Ej,i+1fj — /\E & EO,iJrlfj — Ejfl,iJerj — 0.

With these ingredients, we can prove Theorem [0.5]and calculate [/, ¢]:

Proof of Theorem We consider the morphism y : A'E ® Eo; — E;_ 15 of vector
bundles over the stack R, ¢, which at the level of fibres is given by the map

x(1X, 1, 9] /\HOXwX)®H (X,wxy ®n) — H(X /\ W @mn).

The intersection of the degeneracy locus of x with R, is precisely the divisor U,
therefore the difference ¢;(E;—12 — AN'E®@Eq1) — Uyl € Pic(§g7g) is a (possibly empty)
effective class supported only on the boundary classes of ﬁg’g. In particular, the class
c1(Eg—12 — /\Z E ® Eg,1) is effective. In order to compute it, we use (23) and write that:

c1(Bic12 — /\E®Eo,1) = zi:( 1)P+e 7J/\JP)E(@H‘E() bi1) =
b=0
i 1£]
S (-1t [(Z g b) (r+ (b : 1) =y “(52; % 67 ) + 26+ 1)(g~ 1) <Z g ;_1 1> A,
b=0 a=1

which after routine calculations leads to Theorem [0.5 O
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3.3. The virtual divisor D, . We prove Theorem Since the proof resembles the
previous calculation, we succintly explain the main points. We set g := 2i + 2 and recall
that [C, 7] € D, if and only if the map

i i-1
N H(Ke @ n) @ H(C, Ko @nY) — H(C, \ Migen ® KE2)

is not an isomorphism. Equivalently, D, is the restriction to R, of the degeneracy

locus of the vector bundle morphism A\'E' ® Fy; — F;_1 2.

Proof of Theorem[0.71 For each integer 1 < j < i — 1 we have the exact sequence on ﬁg,e
i—j
0—Fijj1— NE®@Fo 41 — Fij100 —0,

thus one writes that

[Dg,e™ = Z(—l)jﬂcl(/\ E' @ Fojt+1) =
=0
Z(—l)jJrl [(g — 1)(2j + 1) (Z gj_f 1>01(E’) + (’i :;) c1 (FO,j—i-l)} .

j=0
Using PropositionB2/and that E' = Gy ;, we finish the proof after some calculations. [J

3.4. The Prym-Green divisor. Recall that E’ is the Prym-Hodge bundle with fibres
E'([X,n,¢]) = H'(X,wx ®n). For b > 1, we set Hy, := Sym’E’. Then for a > 1,
we define inductively the sheaves H, ; via the following exact sequences over Ry s:

a
(24) 0 — Hap — \E @Hop — Hoo1p41 — 0.

Note that Hj, j, is locally free and its fibre over a point [X, 7, ¢| inducing a paracanonical
map ¢r, : X — P92, where L := wx @ 7 is canonically identified with the space

HO(PY™2, O, (a+D)).

For each b > 1, we also define the sheaf Gy, = u,(w® @ P®"). Note that
Go,1 = E’ and there exist sheaf homomorphisms ¢ : Hyp — Gop, which fibrewise
over [X,n, ¢] € Ry, correspond to the multiplication maps of global sections

Sym’H(X,wx @ 1) — HO(X,w§ @ ).

Inductively, for each a > 1, we define sheaves G, over ﬁg,f via the exact sequences

a
(25) 0— Ggp — /\E’ ® Gop = Ga—1p41 — 0,

where the right exactness of the sequence (25) is to be soon justified. Inductively, one
also constructs sheaf homomorphisms

Pap - Hap — Gap,
tibrewise given by restriction of twisted forms on projective space
a a
Pap([X. 0. ¢]) : HOPI™2, ]\ Mpo-2(b)) — H°(X, \ My @ L*).
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The right exactness of the sequence (25) is established via Grauert’s theorem by the
following;:

Proposition 3.3. Let [X,n, 3] € 7%973 a twisted level curve. Then for all integers a > 0,b > 2,
the vanishing H' (X, \* My, ® L") = 0 holds.

Proof. It follows closely [EL] Proposition 3.2, where the corresponding statement when
¢ = 2 is established. O]

We now compute the Chern classes of the above defined tautological bundles

(this matches the main theorem of [C2] for s = bl via $Bs(%) = (g) + 1/6; we refer to
Section 3.2, (44) for the explicit example in degree 1).

Proposition 3.4. For b > 1 we have the following formula in Pic(Ry):

5]

b b2 a(l —a) ()
Cl(G(),b) =+ <2>I€1 - 52 750 .

a=1

Proof. We apply Grothendieck-Riemann-Roch for the universal curve u : )N(g,g —~M gand
the sheaf Gy ;. Noting that R'u, (w®’ ® P’) = 0, we write:

ch(Goy) = us [(1+bcl(wu®73)+b;c%(wu@)P)—i-‘ )-(1- Cl(;”) RGN %Sing(“)])},

where Sing(u) € X, denotes the codimension 2 singular locus of the u, and clearly

u([Sing(u)]) = f*(do), where &y € Pic(My). Using Mumford’s formula [HM] u.(c?(w,)) =
12X — ¢ as well as Proposition [L.6] we obtained the claimed formula by evaluating the
push-forward under u of the quadratic terms. ]

We now compute the virtual class of the Prym-Green divisor.
Proof of Theorem [0.6l We set g = 2i + 6 and observe that the locus Z,; of smooth level
curves [C,n] € Ry is the degeneracy locus of the morphism ;> : H; 2R, , — Gi,2|R97 .
Whenever Conjecture A is true, the class [Z, ]V is effective, and differs from the class

of the closure Z,, by a (possibly empty) effective combination of boundary divisors.
We now compute [Z, ]V := ¢;(G; 2 — H; 2) as follows:

i i—j
c1(H;2) = Z(—l)jq(/\ Ho,1 ® Sym’™2(Hy 1)),
=0

and

._i_jg_lc . i_j_ ] 9—20/
(612) = () (420 (Guss) + 31Vl vei+a(, 77 ae)

Using Proposition 3.4l we can finish the proof. O
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Remark 3.5. In the course of the proof of Theorem[0.2it is important to note that for any

¢ >2and g < 23, in order to establish that the class K7 |, is effective (respectively big),
it suffices to prove the seemingly weaker statement that the restriction K5 is effective

(respectively big). Precisely, if D is an effective divisor on R, such that e

D] = s\ — 208y +05) — > b5”85" — 3 (b 0 + by 8gi + bisg—i0ig—i) € Pic(Ryye),
a=1 =1
with s < 13and b{") > ¢+ 1fora = 1,..., |£], then K7z  — [D] € Eff(Ry,) is an
effective class, that is b,_; > 3 and b;, b;.g—; > 2, for all 4 g— 1,...,9 — 1. The proof
uses pencils of level curves on K3 surfaces and is similar to [FL] Proposition 1.2. For
1 <4 < min{§,11}, we fix a general curve [Cs,p] € M,_;1, an (-torsion point 7c, €
Pic’(C2) and a moduli curve B; C M, 1, induced by a Lefschetz pencil {(Cy,p)};cpt
of pointed curves on genus 7 on a fixed K3 surface S C P’, the marked point p being
one of the base points of the pencil. We construct three 1-dimensional families filling-
up the divisors A,_;, A; and A;.4—; as follows. Firstly, A,_; C A,_; consists of level
curves {[C; Uy Ca,nc, = Oc,,nc, )}, et C Ry Then A; C A; parametrizes level curves
{[Cr U, Ca, e, € PTCO(C})[E] Oc,)} repr- Finally, A;.5—; C Ay, consists of level curves
{[C: U, Ca, e, € WO(C})[ ne, }tel’l For i # 10, the curves 4;, A;,_; and A;,,_; fill-
up the respective boundary divisors in R, . By imposing the conditions 4; - D > 0,
Ay D > 0and Ajgi- D > 0and computing the actual intersection numbers via [EP],

we obtain the desired bounds on the boundary coefficients of [D]. The case g = 10 is a
little special but can be handled in a similar way, cf. [FP] Theorem 1.1 (b).

4. SYZYGY COMPUTATIONS WITH NODAL CURVES

In this section we explain how to verify computationally Conjectures A and B for
small g and bounded level ¢ using nodal curves.

Let C be a rational g-nodal curve with normalization nor : P! — C and denote by
{Pj,Q;}7_, the preimages of the nodes of C. A line bundle L € Pic?(C) is given by an
isomorphism nor* (L) = Op1(d) and gluing data between residue class fields

a; : Opi(d) © K(P})=0p: (d) © £(Q).
In particular, PicO(C’) 2 G,y X ... X Gy, is a g-dimensional torus.

Let K[zo,71] be the homogeneous coordinate ring of P!, and let z = o be the

affine coordinate on the chart Uy = A!. We assume that all preimage points of the
nodes are contained in Uy, say P; = (1 : p;) and Q; = (1 : ¢;). Then

HY(C,L) = {f € K[z]<q : a; f(p;) = f(qj) for i =1,...,g}

can be identified with the space of polynomials f of degree at most d whose values in
p; and g; differ by the factor a; € K*. In terms of coefficients of polynomials, the space
H°(C, L) c H(P', Op1(d)) is the solution space of a homogeneous system of equations.
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Example 4.1. A basis of sections of the dualizing sheaf wc is given by
dz

(z = p)(z = 45)

and the canonical map is induced by

buc 1P o P o ([T =)@ —a) o TG - ) - @)
#1 i#g

wj = ,forj=1,...,9,

Thus nor*(we)~Op1 (29—2) and the the canonical multipliers are a5 = [],; %.

Example 4.2. Suppose A, B € Pic(C) correspond to the pairs (Op1(d), (a1, . .., ay)) and
(Opi(e), (b1, ..., by)) respectively, then A ® B is given by (Op1(d + €), (a1by, . . ., aghy)).

Example 4.3. Let € Pic’(C) be a line bundle corresponding to (Op1, ({1, - - -, (;)). Then
7 is a torsion bundle, if and only if all multipliers (; are roots of unity. In particular, one
obtains a level £ paracanonical curve by altering some or all of the multipliers a*" by a
primitive /th root of unity.

We verify the Prym-Green Conjecture following the following steps:

(i) If £ = 2, we take r = 1 and choose a prime p of moderate size, for instance
10* < p < 3-10% In case ¢ > 2 we choose an integer 7 and a prime p such that r
represents a primitive /th root of unity in K = F,,. So p is one of prime factors

of rf — 1.

(ii) Randomly pick 2¢ points Py, Q1, .. ., Py, Q4 € P'(K) and compute the canonical
multipliers aj*" for j =1,...,g.

(iii) Alter all (or some) multiplier a? = raj™" and compute a basis fo, ..., fg—2 of the

Prym canonical system H°(C,wc®n) € HY(P!, Op1(2g—2)). By Riemann-Roch,
this space is (g — 1)-dimensional.

(iv) Compute the kernel I of the map K[y, . .., yg—2] = K[zo, z1] givenby y; — f;
and its free resolution up to the appropriate step.

A Macaulay? code which does this job can be found in the package NodalCurves.m2
available at http://www.math.uni-sb.de/ag/schreyer/home/computeralgebra.htm.

Proposition 4.4. The Prym-Green Conjecture holds for all even genera with g < 18 and ¢ <5
over a field K of characteristic O with the possible exception of the cases (g,{) = (8,2) or (16, 2).

Proof. By the Macaulay? computation documented above, the statement holds true for
some g-nodal rational curve defined over a finite field IF,. This computation can be
viewed as the reduction mod p of the same computation of an example defined over
Z. By semicontinuity of Betti numbers in families, then there exists a g-nodal rational
curve defined over QQ with a pure resolution. Applying again semicontinuity, a general
pair [C, 1] € Ry has a pure resolution of its paracanonical embedding. O]

In more concrete terms, Proposition 4.4l says that a general level ¢ paracanonical
curve of genus 10 has the following syzygies
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0O 1 2 3 4 5 6 7

total: 1 18 42 126 210 162 63 10
0.1 . .

1: . 18 42 . . .

2. . . . 126 210 162 63 10

for all 2 < ¢ < 5. The relevant computation in this example takes about 1.80 seconds.
Using 2 minutes of cpu we can extend this result for g = 10 to all levels ¢ < 30.

For larger genus the approach has to to modified to be still computationally fea-
sible. Recall [E] that for a graded Cohen-Macaulay module M of dimension d over a

standard graded polynomial ring S, if z1,...,24 € S1 is an M-sequence, the minimal
free resolution of the artinian quotient A = M /(z1,...,z4)M over the polynomial ring
T = S/{(x1,...,zq) is obtained from the minimal free resolution of M as an S-module

by tensoring with 7. In particular the graded Betti numbers
bZJ(M) = dlmK TOK;S(M, K)i-i—j = dlmK TOI"ZT(A, K)H—j = bU(A)

coincide. We also can use duality [E, Theorem 21.15] : Let wg = S(— dim S) denote the
dualizing module of S, and wy; := ExtngdimM (M,wg). If M is Cohen-Macaulay, then
the minimal free resolution of wy, is obtained by applying Homg(—, ws)[— codim M] to
the minimal free resolution of M. In particular,

dimg Tory (M, K); = dimg TorS g vs—i(war, K) dim S—j-

Finally, we can use the Koszul complex, that is, the minimal free resolution of K
as an S-module in order to compute Tor®(M, K'). We use all three options.

(i) Compute a basis s, . .., s4-2 of H'(C, K¢ @ n) C K[z, 21]2g—2 and w1, . .., w,
of HO(C, Kc) C K[l’o, l’l]gg_g.

(ii) Check that s,_3,s,—2 have no common zero in P!, ie. they correspond to a
R-sequence for R = K{yo, . ..,yg—2]/Ic = T'c(Oc, Kc ®n).

(iii) Compute representatives in K|z, z1] of a K-basis for the artinian reduction
A = wr/{(yg—3,Yg—2)wr. Note that A is a graded artinian 7" = K{yo, . .. yg—4]-
module with Hilbert series H(t) = Y, dim Agt? = g + (g — 3)t + t2.

(iv) Setm = {. Substitute so, ... s,_4 into the mth Koszul matrix on yy, . . ., yy—4 and
compute the tensor product with the 1 x g matrix (wy,...,w,)". The resultis a
(gj) X g(gég) matrix with entries in H(C, w2 ®@ 1) C K|z, 21]4g—4.

(v) Reduce the entries module the ideal (s;_3,55—2)(w1,...,wy) C Klxo,21]. The
result is now a matrix M, of polynomials with entries in the (g—3)-dimensional
space of representatives of As.

(vi) Compute the (g —3) (gj) xg(? g?’) coefficient matrix of Mg with values in K.

The kernel of Mjyelq is isomorphic to
Tor (wr, K)m = Tory > ™ (R, K)g-1-m = Ky 3-ma(C, K¢ @),

whose dimension equals dim K%,Q’l(C, Kc®mn)sinceg—3—-—m+1=5%-2.
(vii) Use the finite field linear algebra subroutines/packages FFLAS [DGP] to com-
pute the rank of Mzeq over the finite field K = F),.
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Our approach to the torsion bundle conjecture (Conjecture B) for bounded g and
¢ is similar. Again we work with a g-nodal curve C and carry out the following steps:

(i) Compute bases of s, ..., sq_2 of H'(C, Kc®n) C K[xo,21]29—2 and to, ..., t,—3
of H(C, K¢ ® n*) ¢ K|zo, x1]2g—2 and the kernel of the multiplication map

u: HY(C, Kc ®n) © H(C, Ko ® 1%F) — HO(C, K2 @ 3+,

Since the map is surjective, Ker(u) is (¢ — 1) — (3g — 3) = (¢ — 1)(g — 4) dimen-
sional.
(ii) Ker(x) can be reinterpreted as the linear presentation matrix

¢ 9B (_9) 5 gu-1(_1)

of M =Tc(n®*, Kc@n)asan S = K[y, . . . , Yg—2] module. We wish to compute
T0r§—1(Ma K)g 2 Kg_1,(n** Ko @mn).

(iii) Check that s,_3, s,—2 have no common zero in P! and compute basis for the
artinian reduction B = M /(y,—3,ys—2)M. This time B is a graded artinian
T = K[yo, . .. yg—4)-module with Hilbert series Hp(t) = (g — 1)t + (g — 1)t*.
(iv) Reinterpret the tensor product of the (§ — 1) Koszul matrix on yo, ..., yy—4
with Basa (g — 1)(* ;3) square matrix with entries in the ground field, and
2

compute its rank. The dimension of the kernel is the desired Betti number.

Proposition 4.5. Conjecture B hold over a field of characteristic zero for all 6 < g < 18 and all
primitive {-torsion bundle with 3 < ¢ < 6.

In more concrete terms the result says for g = 10 that a general pair [C, 7] € R,
the module I'c(C; n®*, Ko ® 1) for 1 < k < ¢ — 2 has syzygies

0 1 2 3 4 5 67

total: 9 54 126 126 126 126 54 9
0: 9 54 126 126 . S

1. . . . . 126 126 54 9

unless ¢ = 2k + 1, in which case we have instead

0 1 2 3 4 5 67

total: 9 54 126 126 126 126 54 9
0: 9 54 126 126 1 .o

1. . . . 1 126 126 54 9

Proof. By our computation, Conjecture B holds for an g-nodal example over a finite field.
For documentation of the computation based on the Macaulay? package NodalCurves.m2
see http:/fwww.math.uni-sb.de/ag/schreyer/home/computeralgebra.htm. To complete the proof
with a semi-continuity argument, we have to show that in the exceptional cases the Betti
number cannot become zero.
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The extra syzygy are explained as follows. The resolution of n®* is self-dual if
and only if

ok Extdy (n®*, O(—g))

Hom(n®*, Ko) @ K;' @n~!

Extds > (¥, wpg—2)(—1)
p®(h=1)

n

11
1R

that is, n®@*tD) = 4. In this case the artinian reduction, B = B; @ B, is self-
dual as well, that is, By = BI/ and the multiplication map V ® By — By with V' =
Kyo, . -.,yg—a]1 corresponds to a symmetric (¢ — 1) square matrix with entires in V.
The relevant Koszul cohomology map for B

kg A2V @ B - AUD2y @ B,
is obtained from the Koszul map

K A2y 5 ANoD2y gy

by tensor product with yi/ : By — B, ® V" and contraction V¥ ®V — K. We now apply
the following well-known fact:

Lemma 4.6. The middle Koszul matrix
ATV QT - A™V @ T(1)

of a polynomial ring T' = Sym V' in 2m+1 variables is symmetricif m = 0 mod 2. Otherwise
K is skew-symmetric.

Thus in case ¢ = 2k + 1 the matrix xp is as tensor product of matrices with sym-
metry properties, skew-symmetric precisely in case % =1 mod 2ie. g =2 mod 4.
If in addition (Zj) is odd, then kp is a skew-symmetric matrix of odd size, and g
cannot have maximal rank. This completes the argument and justifies the exceptions in
the statement of Conjecture B. O

Proof of Lemma Under the pairing A™V x A™T1V — A?mH1lYy o K the matrix #/
corresponds to the composition

P ATV @ ATV 5 Vo AV @ ATV - V@ ALY

Hence for basis elements y; = yig A ... AYi,, s = Yjo A ... Ayj,, € A"V for I,J C
{0,...,2m} we have that ¢ (y; ® y;) = O unless I U J = {0, ...,2m}, which means that
I N J consists of precisely one element. Furthermore for disjoint sets I’ = {i1,...,im}
and J' = {j1, ..., jm} we compute that

V(Yio N YT @ Yig NYgr) = Yip @ Y1 NYio Ny = (—1)"Yio @ Yio ANyr ANy

= Yio @ Yio Ny ANyr = (=1)"Yio @ Yy Nyio ANy = (=1)"(Yio N ygr @ Yio Nyr)
as claimed. O

Remark 4.7. Notice that for a field of characteristic 2 the matrix 1) is symmetric with
zeroes on the diagonal. Thus for ¢ = 2k + 1 and (g:ﬁ) =1 mod 2 a torsion bundle has
2

an extra syzygy independent of the parity of 5.
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5. THE FAILURE OF THE PRYM-GREEN CONJECTURE ON Rg

We argue that the Prym-Green Conjecture A fails on Rg. Our findings suggest
that for a general Prym canonical curve ¢r.q, : C — P° of genus 8, the non-vanishing
K>1(C, K¢ ®n) # 0 holds and the corresponding Betti table is the following:

01 2 3 45
l: 1 8 36 56 35 8
0. 1. .
. .7 1 . . .
2. 1 35 56 35 8

tota

Moreover, in all cases the extra syzygy in K5 1(C, K¢ ® n) is never of maximal rank 7.
We analyze this situation geometrically.

Throughout this section £ = 2 and we set R, := Rg2. We recall that GPy , is the
closure in M, of the locus of curves with a base point free linear series L € W} (C') such
that the Petri map puo(L) : H°(C,L) ® H°(C,K¢c ® LY) — H°(C, K¢) is not injective.
The syzygy locus Zg 2 C Ry considered in Theorem [0.6] can be extended to the level of
the universal genus 8 Jacobian ‘,Bicé‘l — Mg and we introduce the Koszul locus

Ros; == {[C, L] € Picg* : K21(C, L) #0}.

Note that dim K5 ;(C, L) = dim K 2(C, L), for each [C, L] € ‘,Bicé‘l. It is proved in [Ve]
that fosj is indeed a divisor on Pic?, that is, Rosz # Pict?. Via the map ¢ : Rg — Picy!
given by «([C, n]) := [C, K¢ ® 1], one has that .*(Ros3) = Zg 2.

Let us consider the parameter space X of triples (C, L, V), where [C, L] € Pic?

induces a map ¢r, : C — P®and V € G (5, H(P®, I, ps (2))). The variety . is birational
to a Grassmann bundle over an open subset of Pici?. Denoting by X := Bs|V| C P° the
base locus of the system of quadrics in V, one can write that X = C + C’, where the
linked curve C’ C P% has genus 14, degree deg(C’) = 18 and h'(C’, O¢/(1)) = 2. For a
general (C, L, V') € 3, we have an isomorphism
(26) HO(P®, Z0p0(2))/V — HO(C', Kor(=1).
This linkage construction induces a dominant rational map

@ : > --» ./\/l14, (C,L,Z) — [Cl]

The image of Ros3 under this map has a transparent geometric interpretation. It is
proved in [Ve] Lemma 4.4 that the Petri map for the genus 14 curve, that is,

po(Ocr (1)) - HY(C', Ocr(1)) @ HY(C', Ker (1)) — H(C', Kev)
is an isomorphism if and only if K5 ;(C, L) = 0. We summarize the situation as follows:

Proposition 5.1. A paracanonical genus 8 curve C' C P° belongs to the Koszul divisor if and
only if the residual genus 14 curve C' C P is Petri special.

The locus of such Petri special curves C’ C P° splits into two components de-
pending on whether K¢ (—1) € W{(C’) is base point free, and then [C'] € GP] g, or
else, it has a base point, in which case C’ is 7-gonal.
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We fix a point [C, L] € fos; corresponding to an embedded curve ¢, : C' — P° of
degree 14 having Betti diagram as above, where S denote the homogeneous coordinate
ring of P®. Consider the second syzygy matrix S7(—2) @ S(—3) + S(—3) @ S*°(—4)
of S/Ic. The entries of the submatrix S7(—2) « S(—3) are given by linear forms
(o, . .., ¢s) corresponding to a syzygy

6
0#y:=> £;®q € Ker{H'(P®, Ops (1)) ® HO(P®, Z¢ ps (2)) = H(P°, T s (3))
i=0
Definition 5.2. The syzygy scheme Syz(vy) of v € Ky 1(C, L) is the largest subscheme
Y C P such that v € HO(PS Ops(1)) ® Iy(2). The rank of v is the dimension of the
linear subspace (£, . . ., £s) C HO(P® Ops(1)).

We refer to [AN] and [vB] for general background on syzygy schemes. In case
of rank 6 first order syzygies among quadrics, say /o = 0, there exists a 6 x 6 skew-
symmetric matrix of linear forms (al-j)g =1 such that ¢; = 2]6-:1 liaj; fori = 1,...,6
by [S, Lemma 4.3]. In this case the syzygy scheme is C' = P% N Xg, where X C
P?0 := Py, ., is the universal rank 6 syzygy scheme, given by equations {q; = 0},
and Pfaff ((a;;)) = 0.

We consider first the case when v € K3 1(C, L) is a rank 7 syzygy, which we can
view as a section of the vector bundle Q%,G (3). By direct calculation using the Euler

sequence, one finds 06(9%6 (3)) = 43, which is the number of zeroes of a general section
of QLs(3). Since v € HY(P%,QL;(3) ® Z¢), to account for the contribution of C' we use
the excess intersection formula and from CG(Q%,G (3)) we subtract

c1(Qps (3)jc — Neyps) = deg(Mp @ L¥?) — deg(Ngypo) = 1114 —8 - 14 = 42,

This shows that Z(y) = C U {p}, where p € P® — C. Choose now a 5-dimensional
subspace V. c H°(P% 7, sps(2)) and let " C PS be the corresponding linked curve.

Since all the quadrics in H%(P%, 7, /ps(2)) vanish at p, we find via the isomorphism (26)

that the pencil K¢/ (—1) € W{(C’) has a base point at C’. In conclusion, via linkage, to
rank 7 syzygies v € K21(C, L) correspond 7-gonal curves C’ of genus 14.

Assume now that 7 is a rank 6 syzygy. Let p € P® denote the point defined by the
6 forms. The syzygy v may be interpreted as a section in H°(P®, 7(3)), where F is the
first syzygy sheaf of the ideal sheaf 7, po:

0= F —= Of(=1) = T, /p6 — 0.

Since rk(F) = 5, the scheme Syz(7) is expected to be 1-dimensional away from p. In-
deed, the zero locus of a general global section of F(3) vanishes in p and a smooth half
canonically embedded curve C” of degree 21 and genus 22, see [ELMS, Theorem 4.4].
We refer to [ES] for more details.

In our case C’ is reducible, because C is a component of C’. In fact
C'=CUE,
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where F is an elliptic normal curve of degree 7, intersecting C' in 14 points. Moreover,
C-Eel|0p?2) and C - E € |L?? @ KY|.

Observe that [C, L] € Rg if and only if /- C' € |K¢|. Reversing this construction, we
obtain the following result.

Theorem 5.3. The divisor fos3 C Picy? is reducible and has a unirational component Rosjg
whose general point is a paracanonical curve with extra syzygies of rank 6, as well as a compo-
nent Rosz, whose general point is a curve with syzygies of rank 7. The syzygy scheme corre-
sponding to a general point [C, L] € Rosjg is the disjoint union of a point p € P® and a nodal
half-canonical reducible curve C' U E of genus 22, where E is a smooth elliptic normal curve of
degree 7 which intersects C' in 14 distinct points.

Proof. In order to construct Kos34, we reverse the construction and start with an elliptic
normal curve E C PS and a point p € PS — E. The minimal free resolution of E has the
following Betti table:

1 2 3 45
tota 14 35 35 14 1

=)

I
0: e
1: . 14 35 35 14 .
2. . . . . .1

The group K 2(E, Og(1)) is 35-dimensional and there is a 22-dimensional vector
space H(P® QL(3) ® Zpuyyy) of second syzygies, whose order ideal vanishes at the
point p. The zero locus of such a syzygy consists of p together with a half-canonical
curve, having F as one of the components. Its residual curve is the desired point
[C,0c(1)] € Rosz. To show that such curves fill-up a component of Ros3, we count
dimensions. Modulo the action of PG L(7), septic elliptic curves E C P® depend on one
parameter. Indeed, if H; C SL7(C) denotes the level 7 Heisenberg group, thereisal : 1
correspondence between elliptic curves with a level 7 structure and Hr-equivariantly
embedded normal elliptic curves E C P°. The choice of p € P® gives 6 dimensions.
Having chosen E and p as above, the choice [y] € P(H?(P® QL(3) ® Zpyp))) gives
another 21 dimensions. Since the construction depends on 1 + 6 + 21 = dim(Pici?) — 1
parameters, curves obtained in this way fill-up a component Ros34 of Ros3. To complete
the proof of the unirationality of K053, it remains to show that the construction leads to
a smooth curve for general choices of parameters. By semi-continuity this can checked
with Macaulay? over a finite field, for details see the function unirationaliyOfD1|in our
Macaulay? package KoszulDivisorOnPic14MS8.

By running the function getCurveOnKoszul Divisor contained in the Macaulay?2 pack-
age KoszulDivisorOnPic14MS8, we observe that there exist points [C, L] € Ros; with syzy-
gies 0 # v € K 2(C, L) having full rank 7. They cannot lie in the closure of Rosj¢ for
the rank of a syzygy is upper semi-continuous, therefore Ros3s C Rosj. O

Remark 5.4. Since Pici? is unirational [M], [Vel, over a finite field [F,, one can find points
on absolutely irreducible components of Ros3 with probability approximately equal to
%. By our experiment1 of the package KoszulDivisorOnPic14M8, we observe that the rate
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of points [C, L] € Rosj corresponding to syzygies of rank 6 respectively 7 is approx-
imately the same. We conclude that most likely, Ros3 has precisely two components,
namely Ros35 and Rosj;.

The remaining part of this section is devoted to obtain strong evidence for the in-
clusion Rg C Rosj. Since we do not have a unirational parametrization of Rg (however
see [FV3] for results in this direction), we are only able to perform Macaulay?2 experi-
ments with smooth curves from lower dimensional subvarieties of Rg, for instance, we
tested the curves constructed by the function getCanonical CurveOfGenus8 With2Torsion of
our package PrymCanonicalCurves. All these calculations lead to curves in the compo-
nent Ros34, having an extra syzygy of rank 6. We first observe that in order to show the
inclusion Rg C Rosj, it suffices to show that general 1-nodal curves from the boundary
divisor A, C Ry lie in the locus Zg 5.

Proposition 5.5. Assuming that the inclusion A, C Zgs holds, then Zgo = Rg and the
Prym-Green Conjecture fails on Ryg.

Proof. We proceed by contradiction and assume that Zg - is a divisor on Rg whose class
is computed in Theorem[0.6] Precisely, we have the relation

[Zsa]"™ — (2] = 27X — 4(5y + 65) — 655" — [Zs.2] € Qs0(5y, 55,65,

)

First we observe that the class [Zg 2] — 166, is effective, that is, the morphism of
vector bundles ¢12 : Hj2 — Gy 2 over the stack ﬁ&g is degenerate with multiplicity
at least 16 along the boundary divisor Ag. Indeed, assume that [X,n, ¢] € Ag is a
general point corresponding to a normalization nor : C' — X, where [C] € Mj7. Since
nor*(n) = O¢, it quickly follows that K »(X,wx ®n) = K 2(C, K¢) and the latter space
is 16-dimensional. This shows that the class ¢;(G; 2 — H;j 2) — 16(58 is effective.

Assume now that A), C Zy.,, therefore [Zg ]I — 5, — 165, = 27A—56,—205; —65.")
is still effective. Combining this class with that of the pull-back of the Brill-Noether

divisor [ﬂg;] — 22\ — 38, € Eff(Mg), see [EH], after routine manipulations we can
form an effective representative of the canonical class Kz . This is a contradiction,
since Ry is uniruled, see [FV3]. O

Even though we do not know whether A} is unirational, we quote from [EV3]:

Theorem 5.6. [EV3|] The Prym moduli space Ry is unirational.

Sketch of proof. A general Prym canonical curve C' C P? of genus 7 has the Betti table

0 1 2 34
total: 1 11 27 24 7

0: 1 .
1: . 3 . ..
2: . 8 27 24 7
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The quadrics in H°(P®, Z,, sp5(2)) intersect in a Nikulin surface Y C P, that is, a smooth

K3 surface containing 8 disjoint lines L, ..., Lg with L? = —2and C - L; = 0, for
i=1,...,8. Furthermore, 2(C' — H) = L + - - - + Lg. The linear system
|Oy(C — L1 —...— Ly)|

is zero dimensional and consists of a single rational normal quintic curve R5 C P°. The
unirational parametrization of R7 reverses this construction. One starts with a fixed
rational normal curve Rs C P° together with seven general secant lines L1, ..., Ls.
The union Rs U Ly U ... U Ly is a 14-nodal stable curve which lies on three quadrics
intersecting in a smooth Nikulin surface Y. A general C' € |Oy (Rs + L1 + ...+ L7)| is
a general curve in R7. This establishes a dominant rational map from a P”-bundle over
MQM onto R7. In the function randomPrymCanonical CurveOfGenus/ of our package
PrymCanonical Curves you find an “implementation” of the unirational parametrization.

O

Based on Theorem [5.6] we have strong evidence that the inclusion Af; C Rg N 24
holds, therefore also for the equality ?8,2 = Rg. We start with a randomly chosen curve
in C € R7(F,) for a prime p with 10* < p < 3 - 10%. By the Hasse-Weil theorem, one has
the following estimate for the number of rational points of a curve C over F);:

p+1—2g9p <|C(F,)| <p+1+29p.

Rational points are easy to find: We consider a plane model Cy,; C P? of C defined over
F,. At least about 50% of the lines L € (P?)V(F,) intersect C in at least one F,-rational
point. Indeed there are p? + O(p) lines. The set

{(L, P) € (P*)"(F,) x C(F,) | P € L}

has about p? + O(p*/?) points, since there are p + 1 lines through a given point. The
secant line spanned by two points of C'(F),) are counted twice in this set. Thus at least
half the lines, i.e. p*>— % P>+ O(p3/ %) intersect C in at least one FF)-rational point. (A better
estimate should be 1 — 1 + & — 4 +... = 1 — 1 ~ 63% for the fraction of F,-rational
lines which intersect C' in at least one [F)-rational point.)

We find the [F,-rational intersection points by computing the primary decomposi-
tion of I, +11, C Fplx,y, 2]. A probabilistic algorithm gives us two points P, Q € C(F).
Consider now the curve [C' = pTCQ] € Ay C Mg obtained by identifying P and Q, and
let nor : C'— C’ be the normalization map. We now apply the following:

Proposition 5.7. Let nor : C' — C be the partial normalization of a single node of a irreducible
nodal curve C' of genus g defined over a field F and let P,QQ € C(FF) be the preimages of the
node of C'. Let n = Oc(Dy — Dg) € Pic’C[2] be a 2-torsion line bundle on C' curve with
Dy, Dy being effective divisors defined over F with support disjoint from {P,Q}. Then there
exists a two torsion line bundle ' € Pic’C[2] defined over F with nor*n’ = 1 if and only if

% € (F*)? where f € F(C) is the rational function with (f) = 2Dy — 2Ds.

Proof. Consider an embedding C' C P" defined over F, e.g. a (pluri)canonical model.

Suppose % = o?. Consider an arbitrary rational function g = & € F(C), where go, g1
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are linear forms on P". We choose a matrix

<Z Z) € SL(2, F)

such that the rational function h = % takes values h(P) = 1 and h(Q) = «a. Let

(h) = (h)o — (h)eo be the principal divisor of h on C. The divisor E; — Ey with E; =
Di+(h)oand E2 = Do+ (h)« is 2-torsion on C’ since UM(P) — 1 and nor*Ocr (Eh1—Ey) =

(FmQ)
Oc(Dy — D3), because (Ey — Es) — (D1 — D7) is a principal divisor on C. This proves
that the condition is sufficient. To establish necessity, we note that 1 € (F*)? O

Thus for a finite field of char(F,) # 2, in about 50% of the cases we can descend
the 2-torsion bundle from C to C’. In this way we find many F,-rational points on
Aj. Computing the syzygies of the resulting Prym canonical curves we always land
in the component Rosjq, see randomOneNodal PrymCanonical CurveOfGenus8§ in our pack-
age PrymCanonicalCurves. This does not establish the inclusion A{; C Rosjg (hence the
equality Z, 2 = Rg), since for any fixed prime p, we only have finitely many points in
Ay (Fp). However, the possibility that Af; ¢ Ros34 appears to be exceedingly unlikely.
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