Journal of Algebraic Combinatorics (2024) 59:787-805
https://doi.org/10.1007/s10801-024-01313-2

n

Check for
updates

Higher resonance schemes and Koszul modules
of simplicial complexes

Marian Aprodu'2 . Gavril Farkas? - Claudiu Raicu’# . Alessio Sammartano® -
Alexander I. Suciu®

Received: 7 September 2023 / Accepted: 5 March 2024 / Published online: 29 March 2024
© The Author(s) 2024

Abstract

Each connected graded, graded-commutative algebra A of finite type over a field k
of characteristic zero defines a complex of finitely generated, graded modules over a
symmetric algebra, whose homology graded modules are called the (higher) Koszul
modules of A. In this note, we investigate the geometry of the support loci of these
modules, called the resonance schemes of the algebra. When A = k(A) is the exte-
rior Stanley—Reisner algebra associated to a finite simplicial complex A, we show
that the resonance schemes are reduced. We also compute the Hilbert series of the
Koszul modules and give bounds on the regularity and projective dimension of these
graded modules. This leads to a relationship between resonance and Hilbert series that
generalizes a known formula for the Chen ranks of a right-angled Artin group.
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1 Introduction and statement of results

Koszul modules are graded modules over a symmetric algebra that are constructed
from the classical Koszul complex. They emerged from geometric group theory and
topology [2, 12] and found applications in other fields such as algebraic geometry.
One prominent instance is [1], where the effective vanishing in high degrees of some
Koszul modules led to a new proof of the celebrated Green’s Conjecture on syzygies
of generic canonical curves. The argument relies on a connection between the graded
pieces of those particular Koszul modules and the Koszul cohomology of the tangent
developable surface of a rational normal curve. The non-trivial vehicle that permits the
passage in [1] from symmetric powers (Koszul modules) to exterior powers (Koszul
cohomology) is an explicit version of the Hermite reciprocity formula.

It is the aim of this paper to describe a completely new instance where the passage
from Koszul modules to Koszul cohomology of some homogeneous coordinate ring
is still possible. The setup is, however, simpler and more elementary than the one
involved with Green’s Conjecture.

For a ground field k of characteristic O, a classical construction of Stanley and
Reisner associates to every simplicial complex A on n vertices a graded, graded-
commutative algebra k(A) = E/Ja, where E = /\k(el, ..., ey) 1is the exterior
algebra over k and J is the ideal generated by all the monomials e; = e, A---Aej
corresponding to simplices o = (ji,..., js) with 1 < j; < --- < j; < n which do
not belong to A.

Let S := Kk[xq, ..., x,] be the polynomial ring in n variables over k, and consider
the cochain complex (k(A)® ®x S, §) of free, finitely generated, graded S-modules
obtained by applying the BGG correspondence to the finitely generated, graded E-
module k(A)®. The Fitting ideals of this complex define the jump resonance loci of
our simplicial complex,

RI(A) =V (Fitt,g,.+1 ¢ e 3i)) , (1.1

where B;1 is the number of faces of dimension i in A. It was shown in [10] that
the irreducible components of R (A) are coordinate subspaces of k(A)! = k”, given
explicitly in terms of the (simplicial) homology groups of certain subcomplexes of A.
Now let (]k(A). S, 8) be the dual chain complex, and define the Koszul modules
(in weight i) of the simplicial complex A to be the homology S-modules of this

complex,
Wi(A) := H;(k(A)e ®k S, 0). (1.2)
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An alternate definition of resonance is given by the support loci of these modules,
Ri(A) = V(Ann(W;(A))). (1.3)

These varieties, called the support resonance loci, are again finite unions of coordi-
nate subspaces. Though they do not coincide in general with the previously defined
sets RI(A), it is known that R (A) = RI(A) (away from 0) and Ujgi Rj(A) =
Uj<i RI(A) foralli > 1.

A notable property of the higher Koszul modules associated to simplicial complexes
is that they are multigraded as opposed to the general case when they are only graded
modules. Using the general theory of multi-graded square-free modules, we prove that
the multi-graded pieces of the Koszul modules can be described as multi-graded pieces
of some Tor’s over symmetric algebras. It is known (see, for example, [12]) that the
graded pieces of weight-one Koszul modules are graded pieces of Tor’s over exterior
algebras; however, their relations with Tor’s over symmetric algebras are quite rare in
general.

Theorem 1.1 For any i > 1 and any square-free multi-index b, there is a natural
isomorphism of vector spaces,

(Wi (&)l = [Torf, (k. K[AD] (1.4)

\
b’
where k[A] is the polynomial Stanley—Reisner ring of A.

We refer to Sect. 3.1 for a quick review of multi-graded square-free modules. This
multigraded structure of the Koszul modules is captured in the Hilbert series.

Theorem 1.2 For every simplicial complex A, the multigraded Hilbert series of the
Koszul modules W; (A) are given by

tb

> dimg[Wi(A)lat* = Y dimy(H;—1(Ap: k) —
acNn beN? HjeSupp(b)( - tJ)
b square-free

In Sect. 5, we give a precise description of the irreducible components of the support
resonance loci. In each weight i, they correspond to maximal subcomplexes with non-
vanishing reduced homology in degree i — 1.

Theorem 1.3 For every simplicial complex A and everyi > 1, the scheme structure on
the support resonance R;(A) is reduced. Moreover, the decomposition in irreducible
components is given by

Ri(A) = U kY. (1.5)
V'CV maximal with
Hi—1(Ay;k)#0

Particularly interesting is the case when A is 1-dimensional, that is, it may be viewed
as a finite simple graph I". It was shown in [9] that all the irreducible components of
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R!(T") are coordinate subspaces, which correspond to the maximally disconnected full
subgraphs of I". This result comes as a direct consequence of our analysis. The state-
ment concerning the reducedness of R;(A) can be compared with the detailed study
performed in [3] on the scheme structure of (support) resonance varieties associated
to classical Koszul modules.

2 Graded algebras, Koszul modules, and higher resonance

We start in a more general context (adapted from the setup in [11, 13]) that will be
used throughout the paper.

2.1 Chain complexes associated to graded algebras

Let A® be a graded, graded-commutative algebra over a field k of characteristic 0, with
multiplication maps A’ ®y A/ — AT/ We will assume that A is connected (that is,
AV = k) and of finite type (that is, dimy Al < oo, foralli > 0), and we will write
Bi(A) = dimy A’ To avoid trivialities, we always assume that 81 (A) # 0.

For eacha € A!, graded commutativity of multiplication yields a> = 0; therefore,
we have a cochain complex

0 st

$
(A%, 8,): A0 —s Al 25 A2 <5 ..., 2.1)

with differentials 82 (u) = a - u, for all u € A’. The resonance varieties of A are the
jump loci for the cohomology groups of this complex: for each i > 0, we put

RI(A) :={a e A | H'(A%, 8,) #0}. (2.2)

Clearly, these are homogeneous subsets of the affine space A'. Since A° is I-
dimensional, generated by 1 € k, and since 6,(1) = a foreacha € AL, it follows that
RO (A) = {0}. The most studied is the first resonance variety, which can be described
as the set

RYA) ={acA' |FBbe A, 0£anbe K} U0}, (2.3)

where K denotes the kernel of the multiplication map A! A A — AZ.

Let us now fix a k-basis {eq, ..., e,} of Al and let {x1, ..., x,} be the dual basis
of the dual k-vector space A; = (A")V. This allows us to identify the symmetric
algebra Sym(A;) with the polynomial ring S = k[x1, ..., x,], the coordinate ring of
the affine space A! = kP14,

Viewing A*® as a graded module over the exterior algebra E® = /\Al, the BGG
correspondence [7] yields a cochain complex of finitely generated, free S-modules,

. 51’ . 5i+l .
(A*®K S,84): -+ — Al @S — At @rs 2 A2, s — .-,
(2.4)
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whose coboundary maps are the S-linear maps given by 82 u®s) = Z?:l ejuRsx;
foru € A' and s € S. It is readily seen that this cochain complex is independent of
the choice of basis for A! and that, moreover, the specialization of (A ®x S, §4) at an
element a € A! coincides with the complex (A, §,) defined by (2.1).

Remark 2.1 Typically, the elements in the exterior algebra E® are given negative
degrees, see, for instance, [7]. However, we prefer to work here with the positive
grading, which amounts to negating the standard action of the torus (k*)"” on E*® as
well. This convention carries over to the exterior Stanley—Reisner rings A® = k(A)
in Sect. 3.2 and is compatible with the notation of [4], as recalled in Proposition 3.8.

It follows diregtly from the _deﬁnition (2.2) that a pointa € A belongs to R! (A) if
and only if rank 8/~ + rank 8 < B; (A). Therefore,

R'(A) = V(Fittg,,,a) (8" @87,)), (2.5)

where Y| @ Y, denotes the block sum of two matrices, Fitt, (1) denotes the ideal of
minors of size n — r of a matrix ¥ : $” — S”, and V (I) denotes the zero-set of an
ideal I C S. This shows that the sets R/ (A) are algebraic subvarieties of the affine
space A! called jump resonance loci.

2.2 Koszul modules and their support loci

Set A; = (A")Y and 8;“ = (8;_1)\/ and consider the chain complex of finitely
generated S-modules

A A
(Ae®K S.0): -+ — > A1 @S — > A ® S —— A1 @S — -+

(2.6)
We define the Koszul modules (in weight i) of the algebra A as the homology S-
modules of this chain complex, that is,

Wi(A) := H;(As Qk S). 2.7

Clearly, these are finitely generated, graded S-modules. The degree d component
of the Koszul module W;(A) is computed by the homology of the complex

A1 Ok Sa—i-1 — A ®k Sa—i —> Ai—1 ®k Sa—i+1, (2.8)

where we recall that S = Sym(A!). It follows straight from the definitions that
Wo(A) = k is the trivial S-module.
Setting E, := /\ A}, the first Koszul module also has the following presentation

agE-i-L@kids
(E30K) QxS ——— E2®c S —» Wi(A), (2.9)

@ Springer



792 Journal of Algebraic Combinatorics (2024) 59:787-805

where K = {p € Aj A Ap = (A" AADY [ g =0} ——= Aj A Ay = Es.

The resonance schemes of the graded algebra A are defined by the annihilator ideals
of the Koszul modules of A,

Ri(A) := Spec(S/ Ann W;(A)). (2.10)

By slightly abusing notation, we also denote by R;(A) = Supp W;(A) the underly-
ing sets and call them support resonance loci. Note that the algebra structure on A® is
not essential in the discussion above, as the definitions of Koszul modules and support
resonance loci only use the E-module structure. In particular, the constructions apply
for finitely generated graded E-modules, as well.

Clearly, Ro(A) = ROA) = {0}. More generally, suppose W;(A) # 0 for all
1 < j < i. Then, as shown in [11, Theorem 2.5], the support resonance loci are
related to the jump resonance loci by the formula'

URri =R/ (A). 2.11)

<i J<i
In particular, if Wy (A) # 0, then R{(A) = R!(A).

2.3 Quotients of exterior algebras through ideals generated in fixed degree

We now discuss a particularly interesting case of this general construction. Fix integers
d > land n > 3. Let V be an n-dimensional vector space over the field k, and let
K C /\d+l V be a subspace. Set S := Sym(V) and E® := AV, and then consider
the linear subspace

k= (AT VK =lee ATV ek =0l ATV e

Letting A® := E*/(K™) be the quotient of the exterior algebra E*® by the (homoge-
neous) ideal generated by K+, we clearly have K = A, 1. Conversely, if J C E® is
a homogeneous ideal generated in degree d 4 1 and we take K+ := J;, then the
algebra A®* = E*/J is obtained as above. Denote by j the inclusion of the dual algebra
A, into E,. Recalling that 9;: A\'V ®k S — /\’_1 V ®x S is the Koszul differential,
we have the following characterization.

Proposition 2.2 The Koszul modules W;(V, K) = W;(A) satisfy the following prop-
erties:

(1) Wi(A) =0fori <d— 1.
(2) Wa(A) = coker (3412 + jat1 ®x S).

' We denote by RI (A) whatin [11] is denoted by ’R’l (A) = V{ (A® ® S) and in [13] by Ri (A), whereas
we use the notation R; (A) for what in [11] is denoted by Wi (A) = Supp H;(Ae ®) S) and in [13] by
Ri(A).
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Proof The first part is quite straightforward, as J;—o fori < d — 1 and hence A; = E;
fori < d — 1. For the second part, first note that the d-th Koszul module is in this case
the middle homology of the complex

K@rS — ANVers — ATV egs, (2.13)
and hence
Wa(V,K) = Coker{K Rk S M /\d+1V Rk S —» coker(8d+2)}.
(2.14)

Applying now the Snake Lemma to the diagram

0— AVers — (N"VeK)®kS — K@xS —— 0

l l3d+2+./d+l ®kS l

0 —— im(3g42) — ATV @S —— coker(dy42) — 0
(2.15)
establishes the claim. O

Remark 2.3 Note that the Snake Lemma also applies to the diagram

0—KexS— (ATVoK)eS — ATV ers —— 0

H | |

0— Kk S —— ANM'vers —— (ATV/K) @k s — 0,
(2.16)
leading to the simpler presentation

Wa(A) = coker{/\d+2V kS — (AV/K) @ S}. (2.17)

If d = 1, in weight 1 we recover the original Koszul module W (V, K) of a pair
(V,K) with K C /\2V considered in [2, 3, 12] and elsewhere. However, note the
shift by two in degrees, that is, W(V, K) = W1(A)(2).

Example 2.4 Let X be a smooth complex projective variety, and consider a vector
bundle £ on X of rank > r + 1, for some integer » > 1. We consider the determinant
maps

d: N HO(X, E) — HOX, N"T'E) (2.18)

and take K rL := ker(d,). Then the above construction applies, producing for each r
a series of Koszul modules W, (X, E) := W, (H°(X, E)", K,).
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Asinthecased = 1 (see[l, 12]), we have a geometric characterization of vanishing
resonance, in which case the corresponding Koszul module is of finite length and hence
vanishes in high degrees. For an element w € AT VY, we denote by ¢p(w): VY —
/\d+2VV the map a +— a A w. Consider the projective variety parameterizing the
decomposable elements,

DFEE {[a)] € P(/\dHVV) | rank (p(w)) < n — 1} . (2.19)

Standard multilinear algebra proves the following proposition.
Proposition 2.5 Ifd > 2, then Ry(A) = {0} if and only if P(K+) N Ty = @.

Proof Recall thata € V'V divides w if and only if a A @ = 0. Therefore, R4(A) # {0}
if and only if there exista € VY and b € AV such that 0 # a A b € K. This
is equivalent to the existence of a nonzero element a € V" and of a nonzero element
w € K+ suchthata A w =0, ie., 0 # a € ker(p(w)), and hence [w] € Z,4. O

The case d = 1 is special, since ¢(w) non-injective implies its kernel is at least
2-dimensional. Indeed, if ® = a A b # 0 then ker(¢(w)) is generated by a and b. In
this case, ¥ is the Grassmann variety Gr(VY) € P(/\zVV).

Remark 2.6 For the Koszul module W, (X, E) considered in Example 2.4, we have that
the resonance R, (X, E) := Supp W, (X, E) is non-trivial if and only if there exists
a section 0 # s € H(X, E) such that the determinant map dy: /\” HY(X,E) —

/\”’1 HY(X, E) given by  — d,41(s A w) is not injective.

3 Simplicial complexes and their Koszul modules
3.1 Square-free modules

We start this section with some algebraic preliminaries regarding square-free modules.
We recall from [14] some basic facts about this type of modules, which will be needed
in Sects. 4.2, 5, and 6.1.

Let V be a k-vector space of dimension n, and identify the symmetric algebra
Sym(V) with the polynomial ring S = k[x1, ..., x,]. We consider the standard N"-
multigrading on S, defined by deg(x;) = ¢; € N", wheree; = (0,...,1,...,0)is the
multi-index with 1 placed in the i-th position. Given a multi-index a = (ay, ..., ay) €
N, its support is defined as the set Supp(a) := {i | a; > 0}.

Definition 3.1 An N"-graded S-module M is said to be square-free if for any a € N”
and any i € Supp(a), the multiplication map

Xit My —> Mae, 3.D
is an isomorphism.
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This definition is a direct generalization of the case of ideals. Indeed, anideal I € §
is a square-free module if and only if it is a square-free monomial ideal, and this is
also equivalent to S/ being a square-free module.

Note that a free N"-graded S-module is square-free if and only it is generated in
square-free multidegrees.

Proposition3.2 If f: M — N is a morphism of N"-graded S-modules, and M and
N are square-free modules, then ker( f) and coker( f) are also square-free. Moreover,

if
0O— M — M -—M —0

is an exact sequence of N"-graded S-modules, and M’ and M" are square-free, then
sois M.

Proposition 3.2 has a few interesting consequences.

Corollary 3.3 Let M be an N"*-graded square-free S-module. Then all the modules in
the minimal free N"-graded resolution of M are square-free.

Corollary 3.4 IfF is a bounded complex of free square-free S-modules, then the homol-
ogy modules of F are also square-free.

The following result will be of particular interest for us.

Theorem 3.5 If M is an N"-graded, square-free S-module, then its annihilator is a
square-free monomial ideal. In particular, the annihilator of M is a radical ideal.

Proof Since M is an N"-graded S-module, the annihilator Ann(M) C S is also N"-
graded, that is, it is a monomial ideal. Let m = xf' ... xp" € Ann(M) be a monomial
annihilating M, and assume a; > 1 for some k. Then the multiplication map

m: Mp —> Mpyideg(m)
is zero for all b € N"*. We have k € Supp(b + deg(m) — e;), and so, by hypothesis,

the map
Xk - Mb+deg(m)—ek — Mb+deg(m)

is an isomorphism. Therefore,

m/xi: My — Mptdeg(m)—e;

is the zero map forall b € N”, and thus, x| - - -ka_l ---xp" € Ann(M). By repeating
the argument, we see that Ann(M) is a square-free monomial ideal. O

Finally, we note that Theorem 3.5 and [14, Lemma 2.2] give the following.
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Proposition 3.6 Let M be a finitely generated N"-graded, square-free S-module. Then
the annihilator scheme structure on the support of M is reduced. Moreover; the decom-
position of the support in irreducible components is given by

supy= ) KO

b square-free
maximal with My #0

where kY denotes the locus V(xili g V).

Proposition 3.6 will be essential for describing the components of the support
resonance loci of a simplicial complex in the next section.
We end this section with the following definition:

Definition 3.7 For an N"-graded vector space M, the square-free part of M is the
subspace sqf (M) € M concentrated in square-free multidegrees.

3.2 Stanley-Reisner rings

Let S = k[xy, ..., x,] be the polynomial ring in n variables over a field k of char-
acteristic 0. Given a simplicial complex A on n vertices, we let k[A] := S§/Ia be
the (polynomial) Stanley—Reisner ring of A, where I, is the ideal generated by the
(square-free) monomials x, = x;, ---x;, for all simplices o = (i1, ..., ;) with
1 <i; <+ <ig <nnotin A. Similarly, we define the exterior Stanley—Reisner
ring of A as k(A) := E/Ja, where E = A(ey, ..., e,) is the exterior algebra in n
variables over k and J is the ideal generated by the monomials e; = ¢;; A -+ A e,
for all simplices o ¢ A.

Consider the graded, graded-commutative k-algebra A® := k(A). As mentioned
in Remark 2.1, this algebra is given the positive grading. In each degree d, the vector
space A? is spanned by multivectors e,, where o is a (d — 1)-dimensional face of A.
Indeed, since o = (i1, ..., i5) ¢ A implies (i1, ...,is, j) ¢ A forall j ¢ Supp(A),
it follows that in each degree d, the vector space Ja 4 is spanned by the multivectors
es with 0 ¢ A of dimension d — 1. With the notation of the previous sections, the
dual A, is generated by the vectors v, with o € A being of dimension d — 1.

For an element a = Z?:l rei € AL, let (A*®, é,) be the cochain complex from
(2.1). As shown in [4, Proposition 4.3] (see also [10, Lemma 3.4]), this complex
depends only on Supp(a) := {i | A; # 0}; more precisely, (A®, §,) is isomorphic
to (A®, 8a), where @ = ), cgyon(q) € - The following Hochster-type formula from [4,
Proposition 4.3], suitably interpreted and corrected in [ 10, Proposition 3.6], describes
the cohomology groups of the cochain complexes (A®, 8,).

Proposition 3.8 [4, 10] Let A be a finite simplicial complex on vertex set\ = [n] and
a € A as above. Writing V' = Supp(a), we have

dimy H' (k(A), 8,) = Y dimy Hi 1| (KKa,, (0); k).

O'EAV\V/
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Here Ay := {t € A | t C V'} is the simplicial complex obtained by restricting
A to V' and lka,, (o) :={r € Ay | tUo € A} is the link of a simplex o in Ay.
The range of summation in the above formula includes the empty simplex, with the
convention that |J| = 0 and H_ @; k) =k.

3.3 Koszul modules of a simplicial complex

Fix a basis vy, ..., v, of the k-vector space V. Let K, denote the Koszul complex of
X1, ..., Xy, whose i-th free module is K; = A\'V ®k S, and set deg(v;) = ¢; € N".
Then K, is a complex of N"-graded square-free S-modules.

A simplicial complex A on vertex set [z] = {1, ..., n} determines a subcomplex
K,A of K,, whose i-th module Kl.A is the free S-module generated by the exterior
monomials vj A --- A vj such that {ji, ..., j;} is a face of A. Applying (2.7), the
i-th Koszul module W;(A) defined as the i-th Koszul module of the exterior Stanley—
Reisner ring of A is the i-th homology H; (K2).

Proposition 3.9 For every simplicial complex A on n vertices and for every i, the
Koszul module W;(A) is an N*-graded square-free S-module.

Proof The subcomplex K2 is a complex of N"-graded square-free S-modules. By
Corollary 3.4, it follows that each homology vector space W;(A) is a square-free
S-module. O

4 Hilbert series for Koszul modules of simplicial complexes

We fix some notation first. For a multidegree b, we denote the sum of its entries by
|b]. For a square-free multidegree b € N”, we denote by A}, the restriction of the
simplicial complex A to the subset of the vertices Supp(b) C {1, ..., n}.

We denote by ﬁi(—; k) and i (—; k) the dimensions of the simplicial homology
groups H; (—; k) and of the reduced cohomology groups H' (—; k) = H;(—; k)" with
coefficients in k, respectively.

4.1 Koszul modules versus Koszul (co)homology

We establish a duality result between the Koszul modules associated to a simplicial
complex and Koszul (co)homology of the symmetric Stanley—Reisner algebra.

Theorem 4.1 For any i > 1 and any square-free multi-index b, there are natural

isomorphisms of vector spaces

\ ~ ~
[Wi(a)ly = [Torfy (. KIAD | = A Ani k)Y = Ai(Api). (@)
Proof For the square-free multidegree b, we denote j := |b| —i.
We start by proving the first isomorphism. We use the notation from Sect.3.2. Let
Ay C /\dV be the subspace generated by the exterior monomials v, such that o is
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a face of A. Denote by S, the graded component of § = Sym(V) of total degree d.
Then, the vector space [W;(A)]p is the middle homology of the complex of vector
spaces

[Ait1 ®Sj—1ly, — [Ai ® S;ly — [Ai—1 ® Sj+1]-

By Proposition 3.9, this complex is the same as
[Ai1 ®sqf(S;j-1)], — [A;i ® sqf(§;)], — [Ai—1 ® sqf(S;+ D]y,

Upon identifying sqf (Sy) = /\d VY via the k-linear map given by x;, - - - x;, —
ej; N --- A ej,, this chain complex may be written as

) i—lyv ) iyv ) i+l yv
[A,+1®/\ % ]b N [A,@/\ 1% ]b N [A,_1®/\ 14 ]b, 4.2)
which, by dualization gives
(4t N v]b — [ATe N v]b — [aF e NV v]b. 4.3)

As usual, all these identifications are made without changing the positivity of the
grading. After having identified A? = sqf (S/1a)4, the sequence (4.3) may be written
as

[saf(S/120i-1 @ AV v]h — [saf(s/10i @ N v]h — [saf (/)i @ N V]b'

Since b is a square-free multidegree, this complex is the same as

(/18010 N v]b — [/ N v]b — (/1) @ N v]b.

44
By the properties of the Koszul complex, the middle cohomology of this complex is
isomorphic to s
[TorS e, k[AD] .
b
and this concludes the proof of the first isomorphism.
For the second isomorphism, note that [Torjs. (k, k[A])]b is isomorphic to

[Torf_l(k, IA)]b. Indeed, for j > 2, this is clear, whereas for j = 1 this fol-

lows from the fact the I is contained in the ideal generated by the variables, and
hence k = k ®g k[A]. From [8, Proof of Theorem 8.1.1] we obtain an isomorphism

[Torf._l(k, IA)] = AP~/ (Ap; k). In conclusion,
b [Wi(M)b = H' ™ (Aps k)7, 4.5)

assoonas |b| —i > 1. O
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Remark 4.2 The isomorphism in the statement of Theorem 4.1 does not necessarily
hold if we drop the hypothesis that b is square-free. Indeed, [Torﬁ)l_l.(k, ]k[A])]b

is equal to O if b is not square-free, [8, Theorem 8.1]. On the other hand, since the
square-free multi-indices are finitely many, the vanishing of [W; (A)], for all b that is
not square-free implies W; (A) is of finite length.

An alternate, less explicit proof of the above theorem can be obtained by applying
the Bernstein—Gelfand—Gelfand correspondence to express [W;(A)]y, as the (duals)
of some Tor spaces over the exterior algebra, and then apply a theorem of Aramova,
Avramov, and Herzog [4], see [8, Corollary 7.5.2]. More precisely, we have the fol-
lowing result.

Proposition 4.3 For any i > 1 and any square-free multi-index b, there is a natural
isomorphism of vector spaces

(W (A)] = [Torl’f,l_,. (k. Jk(A))];/. (4.6)

The proof of the proposition follows from an adaptation to the multi-graded context
[5] of the classical BGG correspondence, as described in [7].

4.2 Multigraded Hilbert series

Our next goal is to determine the Hilbert series of the Koszul modules W; (A) associated
to a simplicial complex A. For a multidegree a = (ay, ..., a,) € N, we will write
t2 ="

1 n

Theorem 4.4 For every simplicial complex A and every i > 0, the N"-graded Hilbert
series of the Koszul module W;(A) is given by

. s tP

D dim [Wi(A)]at* = Y dimg(H;—1(Ap; k) —

acNn beN? HjeSupp(b)( - t/)
b square-free

Proof We begin by observing that, by the definition of a square-free module, we have

b

o dimWi(A)att = Y dim[Wi(A)l (4.7)

acN" b beN"f l_[jESupp(b)(1 - tj)
square-free

Thus, it suffices to determine dim[W; (A)]p when b is a square-free multidegree. Fix
a square-free multidegree b, and let j = |b| — i. From Theorem 4.1, we know that

[W; (M) = Hi—1(Ap; k). (4.8)
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Therefore,
- tb
Yo dim(Wi( M)t = Y hioi(Ab k) — (49
acN» beN" njeSupp(b)( - t])
b square-free
and this completes the proof. O

Specializing to the single N-grading, the above theorem yields the following for-
mula for the Hilbert series of the Koszul module W;(A):

[b|
Do dimWi( M)l = Y dim(ﬁ,-_l(Ab;kn(ﬁ) . 410

aeN beN"
b square-free

In the particular case when A has dimension at most 1, that is, when A is equal to
a (simplicial) graph I', we recover the Hilbert series of the module Wr := W (I')(2),

as computed in [9, Theorem 4.1].

Corollary 4.5 [9] For a graph " on vertex set V, we have

Hﬂb(wr,t)ztlz-Qr(lt_t),

where Qr(t) = "5y ¢; (D)4 and ¢;(T) = Yyicy. =, 1o (Tv).

The significance of the above formula is that it gives the Chen ranks of the right-
angled Artin group G associated to the graph I".

5 Resonance varieties of a simplicial complex

Given an (abstract) simplicial complex A on vertex set V, we define its resonance
varieties as those of the corresponding exterior Stanley—Reisner ring. That is, we put
RI(A) =R} (k(AY)) for the jump resonance and R; (A) := R; (k(A)) for the support
resonance varieties, respectively.

Using Proposition 3.8, a precise description of the varieties R/ (A) was given in
[10, Theorem 3.8], as follows.

Proposition 5.1 For each i > 1, the decomposition in irreducible components of the
Jjump resonance variety is given by

H !
RI(A) = U kY. (5.1)
V'SV maximal such that
HOEAV\V/‘ H,',],‘(;‘ (]kAV/ ((7);]1&)750
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Here kY’ denotes the coordinate subspace of kY = K" (where n = |V|) spanned
by the vectors {e; | i € V'}. On the other hand, for the support resonance defined in
(2.10), the situation is different in degrees i > 1.

Theorem 5.2 For each i > 1, the scheme structure on the support resonance locus
Ri(A) is reduced. Moreover, the decomposition in irreducible components is given

by

Ri(A) = U kY. (5.2)
V' CV maximal with
H =1 (Ay;k)#0

Proof The first claim follows from Proposition 3.9 and Theorem 3.5. The precise struc-
ture of the decomposition in irreducible components is governed by the multi-graded
structure detailed in Theorem 4.4 and Proposition 3.6. Observe that (5.2) corresponds
to the primary decomposition of the ideal Ann(W; (A)). O

Notice the difference at the set level between (5.1) and (5.2); in particular, observe
that the support resonance loci are easier to describe. Furthermore, whereas Theorem
5.2 guarantees that the support resonance schemes R;(A) are always reduced, the
corresponding jump resonance loci R (A) are not necessarily reduced (with the Fitting
scheme structure), even in weight one, as the following example illustrates.

Example 5.3 Let I' be a path on 4 vertices. Then Fitto(W(I")) = (x2) N (x3) N
(x1, x%, x32, x4) is not reduced, although Ann(W{(I")) = (x2) N(x3) is reduced. There-
fore, the Fitting scheme structure on R'(I") has an embedded component at 0.

A simplicial complex A of dimension d is said to be a Cohen-Macaulay complex
over k if H®(Ik(o); k) is concentrated in degree d — |o |, for all o € A. As shown in
[6], the jump resonance varieties of such a simplicial complex propagate, that is,

RYA) CR*(A) C--- C RIT(A). (5.3)

For arbitrary simplicial complexes, though, the resonance varieties do not always
propagate. This phenomenon, first identified in [10], happens even for graphs.

Example 5.4 [10] Let A be the disjoint union of two edges. Then RY(A) = k?,
whereas R%*(A) = k? U k?, the union of two transversal coordinate planes. Thus,
RYA) € R*(A).

When A is Cohen—Macaulay, propagation and formula (2.11) give R'(A) =
U i<i Rj(A). But it is not known whether the support resonance Yarieties Ri(A)
propagate when A is Cohen—Macaulay, or, equivalently, whether R'(A) = R;(A)
in this case. In general, though, we can use the previous example to settle the latter
question in the negative.

Example 5.5 Let A be the disjoint union of two edges. Then R(A) = R'(A) = k*
but R2(A) = ¥ whereas, as we saw before, RZ(A) = k2Uk2. Thus, R2(A) # R2(A).

@ Springer



802 Journal of Algebraic Combinatorics (2024) 59:787-805

6 Regularity and projective dimension for Koszul modules
of simplicial complexes

6.1 General bounds

We start this section with an upper bound on the Castelnuovo—-Mumford regularity
and projective dimension of the Koszul modules.

Proposition 6.1 For every simplicial complex A on n vertices and every i > 0, the
Koszul module W;(A) has regularity at most n and projective dimension at most
n—i—1.

Proof By definition, the Koszul module W;(A) is a sub-quotient of the module Z; C
A"V ®x S of i-th cycles in the Koszul complex of x1, ..., x,. Since Z; is generated in
degree i + 1, it follows that the degree of any of the generators of W; (A) is atleasti 1.
Let F, denote the minimal free resolution of W;(A). By Proposition 3.9 and Corollary
3.3, F, is a complex of N"-graded S-modules generated in square-free multidegrees,
hence, the total degree of the generators of each Fy, is at most n. The statement on
the regularity follows immediately. Since the least degree of the generators of Fy, | is
strictly larger than the least degree of the generators of Fy, it follows that F;, = 0 for
h>n—i—1. O

6.2 Regularity of Koszul modules for simplicial complexes of special type

We fix integers n > 4 and 1 < d < n — 3 and assume A is a simplicial complex
of dimension d on n vertices whose (d — 1)-skeleton coincides with that of the full
simplex, that is,

AU=D = (@D, (6.1)

For instance, if d = 1, then A is simply a (simplicial) graph on n vertices. If d = 2,
then A is obtained from the complete graph on n vertices by filling in some triangles.
For this type of simplicial complexes that generalize graphs, the nature of the Koszul
modules can be made more precise, as follows.

Proposition 6.2 For a simplicial complex A as above, the following hold.

(1) Wi(A)=0fori ¢ {d,d+ 1}.
(2) Wa(A) = coker (37, + ja+1 Ok S).
3) Wi1(A) = ker (aj+1), and hence it is either zero or torsion-free.

Proof Recall that W;(A) = H;(Ae. ®x S, d), where A = k(A). By condition (6.1),
the graded algebra A = E/J satisfies the hypothesis from the beginning of Sect.2.3.
Hence, Proposition 2.2 applies, showing that W;(A) = 0 for i < d. Moreover, since
dim(A) = d, we have that A; = 0 fori > d + 1, and so W;(A) also vanishes in that
range, thereby proving Part (1).

Part (2) follows at once from part (2) of Proposition 2.2, while part (3) follows from
the fact that Ag4» = 0. O
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Using the explicit presentation of W;(A) from part (2), we can improve the bound
on regularity from Proposition 6.1.

Proposition 6.3 With notation as above, we have reg Wy (A) < n — 2.

Proof We have a presentation

00— D — Z; — Wg(A) — 0, (6.2)

where Z; C /\dV ®k S is the module of Koszul d-cycles, and D is the image of
K ® S under the Koszul differential. Both Z; and D are generated in degree d+ 1. The
module Z; has a linear free resolution, consisting of the truncated Koszul complex,
soreg Zy = d + 1. Since the module D is square-free, its syzygy modules are also
square-free, and hence, they are generated in degrees at most n. This implies that
reg D < n — 1, since D does not have generators of degree n. Applying the long exact
sequence of Tor(—, k) to (6.2), we obtain

reg Wi (A) < max(reg Zg,regD — 1) =max(d+ 1,n —2) =n — 2. (6.3)

and this completes the proof. O

Ifd < 1, thatis, if A = T is a graph on n vertices, taking into account the degree
shift, we obtain the bound
regWi(I') <n—4. (6.4)

Example 6.4 1f ' = C, is the cycle on n > 4 vertices, then the regularity of W (I")
attains the above bound:

regWi(I') =n—4 and pdim W (T') =n — 2.

This follows from (6.2), since in this case the module D has only one syzygy, of degree
n.

Remark 6.5 For the Koszul module W;(A), the simplified presentation (2.17) has the
following nice interpretation. Let A be the simplicial complex which is maximal (with
respect to inclusion) among all simplicial complexes that share the same d-skeleton
with A; for instance, if d = 1, then A is the flag complex of the graph I' = A. Denote
by V; the k-vector space with the basis set of i-dimensional missing faces of A. We
then have an exact sequence,

Var2 @k S — Vap1 @k S — Wa(A) — 0. (6.5)

Using Proposition 6.2, together with formula (5.1), we obtain the following imme-
diate corollary.

Corollary 6.6 With A as above, we have:
(1) Ri(A) =RI(A) foralli #d + 1.
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(2) Ra+1(A) is equal to either @ or k.

(3) Rd(A) = U V'CV maximal kv
Hy_1(Ayr:k)#0

Example 6.7 Let A be the boundary of the tetrahedron, with the face o = {1, 2, 3}

missing. Then AV = (2[4])(1) and so A is a simplicial complex covered by the
above corollary, with d = 2. In this case, we have that R4(A) = {x4 = 0}, since
Hi(Ag; k) =k, and R (A) = {x4 = 0}, since Hr_ 1—1(ka, ({4}): k) = Ho@; k) =
k.

As already mentioned before, the loci R441(A) and RI*T1(A) can be different, in
general. For example, if we take the graph I" on four vertices with edges (1, 2) and
(3, 4) as in Example 5.4, then R,(I") = ¢ while R = V(x1, x2) U V(x3, x4).
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