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Bounds on Faltings’s delta function
through covers

By JAYy JORGENSON and JURG KRAMER*
Abstract

Let X be a compact Riemann surface of genus gx > 1. In [7], G. Falt-
ings introduced a new invariant dp,(X) associated to X. In this paper
we give explicit bounds for dp,(X) in terms of fundamental differential
geometric invariants arising from X, when gx > 1. As an application, we
are able to give bounds for Faltings’s delta function for the family of mod-
ular curves Xo(N) in terms of the genus only. In combination with work
of A. Abbes, P. Michel and E. Ullmo this leads to an asymptotic formula
for the Faltings height of the Jacobian Jy(V) associated to Xo(N).

1. Introduction

1.1. In his foundational paper [7], G. Faltings established fundamental
results in the development of Arakelov theory for arithmetic surfaces based on
S.S. Arakelov’s original work on this subject. The article [7] was the origin
for various developments in arithmetic geometry such as the creation of higher
dimensional Arakelov theory by C. Soulé and H. Gillet, or more refined work on
arithmetic surfaces by A. Abbes, P. Michel, and E. Ullmo, or P. Vojta’s work
on the Mordell conjecture. The ideas from Faltings’s original article continue
to be used, and further understanding of the ideas developed in [7] often leads
to advances in arithmetic algebraic geometry.

Let us now explain the main object of study in this paper, namely Falt-
ings’s delta function. To do this, we let X be a compact Riemann surface of
positive genus gx, Q}( the holomorphic cotangent bundle and wy,...,wy, an
orthonormal basis of holomorphic 1-forms on X with respect to the Petersson
inner product. The canonical metric on X is then defined by means of the
(1,1)-form

1 P& _
Mcan:g—X‘ﬁjz_EWj/\Wj.
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We note that if gx > 1, the Riemann surface X also carries a hyperbolic
metric, which is compatible with the complex structure of X and has negative
curvature equal to minus one; we denote the corresponding (1, 1)-form by zipyp.

By means of the normalized Green’s function gean(z,y) (z,y € X) as-
sociated to the canonical (1,1)-form pic,y in the sense of Arakelov one can
inductively define a hermitian metric on any line bundle L on X, whose curva-
ture form is proportional to pcan. In particular, if this construction is applied
to the line bundle Q}(, the corresponding hermitian metric is such that the
isomorphism induced by the residue map from the fiber of Q% (z) at = to C
(equipped with the standard hermitian metric) becomes an isometry for all
z € X. By means of the hermitian metric thus defined on any line bundle L,
G. Faltings constructs in [7] a hermitian metric || - ||; on the determinant line
bundle A(L) associated to the cohomology of the line bundle L.

Now, there is another way to metrize the determinant line bundle \(L).
For this one considers the degree gx — 1 part Picg, —1(X) of the Picard variety
of X together with the line bundle O(©) associated to the theta divisor ©. By
means of Riemann’s theta function the line bundle O(©) can be metrized in a
canonical way. By restricting to the case where the degree of L equals gx — 1,
and noting that L is of the form Ox(E — P; — ... — P,) with a fixed divisor E
on X and suitable points P, ..., P, on X, we obtain a natural morphism from
X" to Picg, —1(X) by sending (P, ..., P) to the class of Ox (E—Py—...—P;).
By pulling back O(0) to X" via this map, extending it to ¥ = X" x X and
restricting to the fiber X of the projection from Y to X", we obtain a line
bundle, which turns out to be isomorphic to A(L). In this way the hermitian
metric given by Riemann’s theta function on O(©) induces a second hermitian
metric || - ||2 on A(L). A straightforward calculation shows that the curvature
forms of the two metrics thus obtained coincide. Therefore, they agree up to a
multiplicative constant, which depends solely on (the isomorphism class of) X.
This constant defines Faltings’s delta function dp,) (X); for a precise definition,
we refer to [7], p. 402.

In [7], p. 403, it is asked to determine the asymptotic behavior of dpa(X¢)
for a family of compact Riemann surfaces X;, which approach the Deligne-
Mumford boundary of the moduli space of stable algebraic curves of a fixed
positive genus gx. This problem was solved in [13] by first expressing Faltings’s
delta function in terms of Riemann’s theta function, thus obtaining asymptotic
expansions for all quantities involved in the expression. In the present article,
we will address, among other things, the following, related question, namely
to estimate 0py (X) for varying X covering a fixed base Riemann surface Xy in
terms of fundamental geometric invariants of X as well as additional intrinsic
quantities coming from Xj.
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1.2. In their work A. Abbes, P. Michel, and E. Ullmo investigated the
case of the modular curve Xo(NN) (N squarefree, 6 f N) associated to the
congruence subgroup I'g(/N) more closely. Using an arithmetic analogue of
Noether’s formula, which was also obtained in [7], it was shown in [1], [24]
that the Faltings height hpa(Jo(NN)) for the Jacobian Jy(N) of Xo(IV) has
the following asymptotic expression involving Faltings’s delta function as the
archimedean contribution

(1) 12 hpa(Jo(N)) = 4gx,(n) log(N) + 6pal(Xo(N)) + 0o(gx,(n) log(N)) ;

here the genus gx, () of Xo(V) (N squarefree, 6 f V) is given by the formula
(see [29])

1 1 1

1 —4 1 -3
10+ () 510+ (5)
pIN P pIN P
where d(NN) denotes the number of divisors of N. In the subsequent work
[31], E. Ullmo established another formula for hp,(Jo(IN)) involving a suitable
discriminant dy of the Hecke algebra T of Jp(IV), the matrix My of all possible

Petersson inner products of a certain basis of eigenforms of weight 2 for I'g(V),
and a suitable natural number «, namely

) B (Jo(N)) = % log |65] — % log | det (My)| — log(a)

By estimating congruences for modular forms, as well as estimating det(My)
and «, E. Ullmo derives the bounds

9x,(N) log(N) + o(gx,(n) log(NN)) <log |or| <
(3) 29x,(ny 10g(IV) + o(gx, () log(IV))
for log |67, from which he then derives the following bounds for hga(Jo(N))
9Xo(N
(4) —Bgx, vy < hra(Jo(N)) < # log(IV) + o(gx,(n) log(IV))

with an absolute constant B > 0; we note that the lower bound here is due
to unpublished work of J.-B. Bost. This estimate in turn allows him to bound
Oral(Xo(IV)) as follows

—4gx,(v) 10g(N) + o(gx,(n) 10g(N)) < dpal(Xo(N)) <
(5) 29x,(ny log(N) + o(gx,(n) log(N)) .

1.3. The main purpose of this note is to give bounds for g, (X) for ar-
bitrary compact Riemann surfaces of genus gx > 1 in terms of fundamental
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geometric invariants of X. As a first main result, Theorem 4.5 gives a bound
for dpa (X) for any compact Riemann surface of genus gx > 1 in terms of the
smallest non-zero eigenvalue, the length of the shortest geodesic, the number of
eigenvalues in the interval [0, 1/4), the number of closed, primitive geodesics of
length in the interval (0,5), the supremum over x € X of the ratio fican/fthyp,
and the implied constant in the error term of the prime geodesic theorem for
X. Applying this result to the situation where X is a finite cover of a fixed
Riemann surface X of genus gx, > 1, we obtain as a second main result (see
Corollary 4.6) the estimate

1
Oral(X) = Ox, (QX (1 + )\—)> ,
X1

where Ax1 denotes the smallest non-zero eigenvalue on X. We now want
to apply our main results to the modular curves Xo(N) with N being such
that gx,v) > 1, and to derive a bound for dg.(Xo(/V)) simply in terms of
the genus gx,(n). To do this, we unfortunately cannot apply Corollary 4.6
directly, but rather have to step back to Theorem 4.5, and have to bound all
the fundamental geometric quantities in terms of gx, (). This can be done by
exploiting the arithmetic nature of the situation, e.g., by recalling estimates
on the smallest non-zero eigenvalue on Xo(N) given by R. Brooks in [2]. In
Theorem 5.6, we end up with the estimate

Sral(X0(N)) = O(gx,(n)) »

thereby improving the bound (5). Plugging this bound into (1), yields
9Xo(N
hra(Jo(N)) = =54 10g(N) + o{gx, ) log(N)

thereby improving (4). Using (2) in combination with our bound for A (Jo(N))
and E. Ullmo’s lower bound for log | det(Mpy )|, we find the lower bound

5
log [dr| > 39X0(N) log(N) + o(gx,(n) log(N)),
thereby improving the lower bound in (3).

1.4. The paper is organized as follows. In section 2, we recall and summa-
rize all the notations, definitions and results used later on in this article. In
particular, we recall the definitions for the hyperbolic and the canonical metric
on a compact Riemann surface X of genus gx > 1, as well as the definitions of
the corresponding Green’s functions giving rise to the so-called residual met-
rics on Q%. Next, we define Faltings’s delta function dp,(X) by means of
the regularized determinant associated to the Laplacian with respect to the
Arakelov metric on 2} (which is nothing but the residual metric associated to
the canonical metric). This result was obtained in [30] as a by-product of the
analytic part of the arithmetic Riemann-Roch theorem for arithmetic surfaces.
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By means of Polyakov’s formula, we are able to express Faltings’s delta func-
tion in terms of the regularized determinant associated to the Laplacian with
respect to the hyperbolic metric and a local integral involving the conformal
factor relating the two metrics under consideration. We end this section by
recalling the heat kernel, heat trace, and Selberg’s zeta function associated to
X, as well as the formula relating the first derivative of Selberg’s zeta function
to the regularized determinant associated to the hyperbolic Laplacian, which
was proved in [28].

In section 3, we weave together the relations collected in section 2. As
the main result of section 3, we obtain a representation of o, (X) in terms of
the genus, the first derivative of Selberg’s zeta function for X at s =1, and a
triple integral over X involving the hyperbolic heat trace of X.

The formula obtained in section 3, allows us to estimate g, (X) in sec-
tion 4 by suitably extending the techniques developed in [14] to give bounds
for the constant term of the logarithmic derivative of Selberg’s zeta function
at s = 1. In this way, we arrive at our main estimate for dp,(X) given in The-
orem 4.5 in terms of the above mentioned fundamental geometric invariants.

In section 5, we then specialize to the case of the modular curves Xo(NV).
The main focus here is to estimate all the fundamental geometric quantities
occuring in Theorem 4.5 in terms of the genus gx, () of Xo(N) only. The
problem that one encounters is the following: The family of modular curves
Xo(N) which admit hyperbolic metrics do not form a single tower so then the
geometric invariants which appear in Theorem 4.5 cannot be readily bounded.
Since Xo(V) is an isometric cover of Xo(N’) whenever N'|N, the hyperbolic
modular curves are sufficiently inter-related, in what one could view as a “net”
rather than a single “tower”, so that one is able to develop uniform bounds
for the geometric invariants in Theorem 4.5 in order to bound Faltings’s delta
function for all modular curves. This leads to the main result stated in Theo-
rem 5.6.

In section 6, we conclude by briefly discussing the arithmetic implications
arising from Theorem 5.6 to estimating the Faltings height hp,(Jo(N)) of the
Jacobian Jyo(V) of Xo(N) and the discriminant dr of the Hecke algebra T of

Jo(N).

2. Notations and preliminaries

2.1. Hyperbolic and canonical metrics. Let I' be a Fuchsian subgroup
of the first kind of PSLy(R) acting by fractional linear transformations on
the upper half-plane H := {z € C|Im(z) > 0}. We let X be the quotient
space I'\H and denote by gx the genus of X. Unless otherwise stated, we
assume that gx > 1 and that I" has no elliptic and, apart from the identity,
no parabolic elements, i.e., X is smooth and compact. We identify X locally
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with its universal cover H; we make this identification explicit by denoting the
image of z € X in H by z(z).

In the sequel i denotes a (smooth) metric on X, i.e., u is a positive (1, 1)-form
on X. We write vol,(X) for the volume of X with respect to p. In particular,
we let p = ppyp, denote the hyperbolic metric on X, which is compatible with
the complex structure of X, and has constant negative curvature equal to
minus one. Locally, we have

i dz(zx) ANdzZ(x
Mhyp(x) = 9 W

We write volpy,(X) for the hyperbolic volume of X; we recall that volyy,(X)
is given by 4m(gx — 1). The scaled hyperbolic metric p = pgshyp is simply the
rescaled hyperbolic metric pinyp/volhyp(X), which measures the volume of X
to be one.

Let Si(I") denote the C-vector space of cusp forms of weight & with respect to
I" equipped with the Petersson inner product

/ P g () L (fg e sum),

By choosing an orthonormal basis {fi, ..., fgi } of S2(I') with respect to the
Petersson inner product, the canonical metric p = pican of X is given by

fican (T Z fi(z(2)? dz(z) A dz(x).

9X 2
We note that the canonical metric measures the volume of X to be one. In
order to be able to compare the hyperbolic and the canonical metrics, we define

dsup,x 1= Sup

‘ Hcan ((E)
zeX

fishyp(2) |

We note that in [17], optimal bounds for dg,p, x through covers were obtained.

2.2. Green’s functions and residual metrics. We denote the Green’s
function associated to the metric p by g,. It is a function on X x X charac-
terized by the two properties

c k(=)
dydzgu(w,y) + 0y(x) = vol,,(X)

/ g2, y)pl) = 0.

X
If = Hhyp, b = Hshyp, OF [t = [lcan, We set

9u = Ghyps Y9Gu = Yshyps YGu = Yecan
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respectively. Note that gnyp, = gshyp. By means of the function G, = exp(g,),
we can now define a metric || - ||4res On the canonical line bundle Q% of X in
the following way. For z € X and z(x) as above, we set

Hdz(w)Hi,res = 131,13915 (G,u(xay) : \z(x) - Z(y>‘2) .
We call the metric ' de(o) A do(a)
1 dz(x) NdzZ(x

rel) S T e

the residual metric associated to p. If 1 = pnyp, £ = fishyp, OT f = fican, We set

17 res

|| . Hu,res = H . ||hyp,res; || . Hu,res = H . ||shyp,res’ || : H,u,res = || . ”can,res’

Hres = Mhypress  Hres = Hshyp,ress Hres = Hcan,res 5

respectively. Since ghyp = gshyp, We have pinyp res = fshyp,res- We recall that the
Arakelov metric pua, is defined as the residual metric associated to the canonical
metric pican; the corresponding metric on Qﬁ( is denoted by || - [|ar- In order to
be able to compare the metrics g, and pa,, we define the C*°-function ¢a,
on X by the equation

Par

(6) HAr = €77 Uhyp -

2.3. Faltings’s delta function and determinants. We denote the
Laplacian on X associated to the metric p by A,. We write Ay, for the hy-
perbolic Laplacian on X; identifying z € X with z(z) = {+in in a fundamental
domain for I' in H, we have

0? 0?
.2
We let {¢xn}e denote an orthonormal basis of eigenfunctions of Ay, on X

with eigenvalues
0=Ax0<Ax1<Ax2<...,
i.e.,
Ahyp¢X,n = >\X,n¢X,n (n = 0,1,2,...).
We denote the number of eigenvalues of Apy, lying in the interval [a,b) by
N[avb)

ev, X"
To Ay, we have associated the spectral zeta function (,(s), which gives rise to

the regularized determinant det*(A,). We set the notation

D,(X) = log (izu_%())) .

If p = pnyp, or = par, we set D, = Dy, or D, = Da,, respectively.
Observing the first Chern form relations

Cl(Qka ” ’ thp) = (29X - 2)#shyp(x)a Cl(Q}(a || : HAr) = (29X - 2)Mcan(x)a
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an immediate application of Polyakov’s formula (see [20], p. 78) shows the
relation

(8)  Dar(X) = Dyp(X) + X

! /CbAr(x) (Mean(z) + Mshyp(x)) .
X

Faltings’s delta function dg,1(X) is introduced in [7], where also some of its basic
properties are given. In [13], Faltings’s delta function is expressed in terms of
Riemann’s theta function, and its asymptotic behavior is investigated. As a
by-product of the analytic part of the arithmetic Riemann-Roch theorem for
arithmetic surfaces, it is shown in [30] that

(9) Oral(X) = =6Dar(X) + a(gx) ,

where

(10) a(gx) = —2gx log(m) + 4gx log(2) + (gx — 1)(—24¢5(—1) +1).
For the sequel, we only have to recall that a(gx) = O(gx).

2.4. Heat kernels and heat traces. Let H(I") denote a complete set of
representatives of inconjugate, primitive, hyperbolic elements in I'. Denote by
¢, the hyperbolic length of the closed geodesic determined by v € H(I') on X;
it is well-known that the equality

tr(y)] = 2 cosh(£, /2)

holds. We denote the number of elements « in H(I'), whose geodesic represen-

tatives have length in the interval (0,b) by N, g(gob)X

The heat kernel Ky(t;z,w) on H (¢t € Rsg; z,w € H) is given by the formula

\/—eit/4 7T2/4t
Ky(t; z,w) = Kg(t; p) (47t)3/2 / \/cosh ) — cosh(p) s

where p := dg(z, w) denotes the hyperbolic distance between z and w. The heat
kernel Kyyp(t;x,y) associated to X (t € Rso; @,y € X), resp. the hyperbolic
heat kernel H Kyyp(t;,y) associated to X (t € Ryo; z,y € X) is defined by
averaging over the elements of I', resp. the elements of I' different from the
identity, namely

Kuyp(t;z,y) = > Kult; 2(2),72(y)), resp.
yel
HEpyp(ti,y) = Y Kalt; 2(2),72(y)) -

~yer
y#id
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We note that Ky, (t; 2, y) satisfies the equation

0
(at+Ahypx> Khyp(t x y)_o (yEX),

lg [ Kiyolti2.9) 10 i) = £(a) (@ € X)

for all C*°-functions f on X. In terms of the eigenfunctions {¢x,}7>, and
eigenvalues {Ax n}re of Apyp, we have

Khyp t € :l/ Z¢Xn (bXn ) _)\X’nt-

If x =y, we write H Kyyp(t; ) instead of H Kyyp(t;x,z). The hyperbolic heat
trace H Kpyp(t) (t € Rsp) is now given by

HTrKnyp(t) /HKhyp(t ) finyp() -

Introducing the function

et & log(u) — (nlog(w))?
nlog(u))?/4t
(11) f(u t) (47Tt)1/2 u"/2 _ U_n/2e )

and setting HTrK,(t) = f(e*,t), we recall the identity

HTrKnyp(t) = > HT7K,(
yeH(T)

which is one application of the Selberg trace formula (see [9]). For any § > 0,
we now define

(12) HTrKnyps(t) = HTrKyyp(t) — Y HTTK(

~yEH(T)
3

We note that the hyperbolic Green’s function gnyp(z,y) (z,y € X; © # y)
relates in the following way to the heat kernel

[e.o]

1
(13) ghyp(xa y) =4 Khyp(t; z, y) -
O/ <

— ] dt.
VOlhyp (X) >

In particular for the Green’s function gg(z,w) on H (z,w € H; z # w), we

recall the formulas
2 oo
) :47r/KH(t;z,w)dt.
0

Z—w

Z—w

gu(z,w) = —log (
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2.5. Prime geodesic theorem. Consider the function

mx(u) = Z 1,

~EH(T)
et <u

which is defined for u € Ry 1; it is just the number of inconjugate, primitive,
hyperbolic elements of I' such that the corresponding geodesics have length
less than log(u). For any eigenvalue Ax; (j =0,1,2,...), 0 < Ax; < 1/4, we

put
1 1
sxg =51\ 1~ M

and note that 1/2 < sx; < 1. Introducing the integral logarithm

li(’LLSX*j ) = / dé.
2

log(¢) ’

the prime geodesic theorem states

(14) ()= S0 ()| < C - ut i log(u)

0<Ax,;<1/4

for v > 2 with an implied constant C' > 0 depending solely on X (see [11], [5],
p. 297, or [10], p. 474). Then, we define the Huber constant Cpyp, x to be the
infimum of all constants C' > 0 such that (14) holds. With this definition the
main result of [15] implies the following: Assume that X is a finite cover of a
fixed Riemann surface Xy of genus gx, > 1, then

(15) Chub,x < deg(X/Xo) - CHub, X,

where deg(X/X() denotes the degree of X over X. This choice for the error
term in the prime geodesic theorem suffices for our purposes, since we are
working with general compact Riemann surfaces. Improvements on the error
term in certain cases are contained in [4], [12], and [23]. For the purpose of
the present article, these results will not be used.

We note that using the function mx(u), the truncated hyperbolic heat trace
(12) can be rewritten as

(16) HTr Ky 5(t) = / Flu, ) dx (x)

2.6. Selberg’s zeta function. For s € C, Re(s) > 1, the Selberg zeta
function Zx(s) associated to X is defined via the Euler product expansion

Zx(s) = H Zy(s),
)

yeH(T
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where the local factors Z,(s) are given by

Zy(s) = ﬁ <1 - e*(”")Z”) i

n=0
The Selberg zeta function Zx (s) is known to have a meromorphic continuation

to all of C and satisfies a functional equation. From [28], p. 115, we recall the
relation

(17) Dyyp(X) = log (%) +b(gx),
where
(18) b(gx) = (9x — 1)(4¢y(—1) — 1/2 + log(2m)) .

As in [14], we define the quantity

. Z’ 1
ex = limy (z@‘ 3_1) |

From [14], Lemma 4.2, we recall the formula

oo o0
(19)  ex=1+ / (HTr Kpyp (1) / HTrKpyp(t) — 1+ ¢ t)dt .
0 0

Identity (19) is obtained by means of the McKean formula

Z/ —Ss(s—
i(s):@s—l) / HTrKyyp(t)e 56Dt

which, observing the asymptotic lim Zx(s) = 1, has the integrated version
S§—00

(20) log(Zx(s)) / HTr Ky (t)e 1 it

Analogously, we find the local versions
Z/

(21) Z—:(s) =(2s—1) / HTrE,(t)e sVt

log(Z,(s)) = — / HTrKv(t)e*s(sfl)t%.

Observing the identity

(22) log(w / e " dt
0
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for w > 0 and taking w = s(s — 1) (with s € R>1), we can combine (22) with
the integrated version of the McKean formula (20) to get

[e.@]
dt
(23) —log(Z (1 / HTrEKyyp(t) —1+e") -
0
Subtracting (22) form (23), yields the more general formula
oo
, _wty dt
(24) —log(Z% (1)) — log(w (HTrKnyp(t) — 1+ e ") 7
0

which holds for w > 0. Using (12) and the second formula in (21) with s =1,
we end up with the formula

(25) —log(Z% (1)) —log(w) + Y log(Z

~EH(T)
3

o]

dt
/ HTrEKyyps(t) —1+e ") "
0

3. Expressing Faltings’s delta via hyperbolic geometry

The purpose of this section is to obtain an expression which evaluates
Faltings’s delta function dp,(X) in terms of spectral theoretic information of
X coming from hyperbolic geometry. Our method of proof is as follows. First,
we use results from [28] and [30] together with the Polyakov formula (8) to
express dp,1(X) in terms of hyperbolic information and the conformal factor
®ar (see (6)) relating the Arakelov metric pa, to the hyperbolic metric pnyp
on X. We then derive and exploit explicit relations between the canonical and
hyperbolic Green’s functions in order to explicitly evaluate the term involving
¢ar- Our starting point is the following lemma which collects results stated
above.

3.1. Lemma. For any X with genus gx > 1, let

c(gx) = a(gx) — 6b(gx) + 6log(volyy, (X))

where a(gx), resp. b(gx) are given by formulas (10), resp. (18). With the
above notations, we then have the formula

OFal(X) = —6log(Zx (1)) — (9x — 1)/¢Ar(x)(ﬂshyp(fﬂ) + pean()) + ¢(gx)-
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Proof. Combining formulas (9), (8), and (17), we obtain

Opal(X) = —6DAr(X) + algx) =

—6Dpyp(X) — (9x — 1)/¢Ar(x)(ﬂshyp(w) + Hean (7)) + algx) =

X
~6log (i”)) C(gx 1) ! Dae(@) (ahyp (2) + Hean (@) +

VOlhyp (X

a(gx) —6b(g9x) =
—6log(Zk (1)) — (gx — 1) / 62+(2) (1sbyp (&) + Jrcan()) +
X

a(gx) — 6b(gx) + 6log(volyyp(X)).

This completes the proof of the lemma. a

3.2. Remark. For the sake of completeness, let us make explicit the value
of ¢(gx); a straightforward calculation yields

c(gx) = a(gx) — 6b(gx) + 6log(volny, (X)) =
2gx (—24¢(—1) — 4log(m) — log(2) + 2) + 6log(volpy, (X)) +
(48¢5(—1) + 6log(2m) — 4) .

3.3. Lemma. Let uy, resp. uo be any two positive (1,1)-forms on X with
associated Green’s function gi(x,y), resp. g2(x,y), and assume that

@ = [ nala) = 1.

X X

Then, we have the relation

(26) g1(z,y) — go(x,y) =
/ g1(2, O)pia(€) + / 01y, Opa(C) - / / 01(6, Opa(Q)paa©)
X X X X

Proof. Let Fp(z,y), resp. Fr(z,y) denote the left-, resp. right-hand side of
the stated identity (26). Using the characterizing properties of the Green’s
functions, one can show directly that we have for fixed y € X

dedSFr(z,y) = dedy Fr(z,y) = pa(x) — pa(2),
and

/ Fp () () = / Fr(z,y) o) = / a1, Opa(C).

X X X
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Consequently, Fr(z,y) = Fgr(z,y), again for fixed y. However, it is obvious
that Fr and Fgr are symmetric in z and y. This completes the proof of the
lemma. O

3.4. Remark. Equation (26) from Lemma 3.3 provides the key identity
for the subsequent investigations. Note that a less explicit variant of it can be
found in the literature, e.g., [22], Proposition 1.3.

3.5. Lemma. Let p1, po be as in Lemma 3.5. Furthermore, let i1 res,
resp. Hares be the residual metrics associated to i1, resp. pa. Then, we have

)Zlg(z ) ) + e =0

1, res ()

Proof. Using the definitions of Green’s functions and residual metrics given in
section 2.2, we get

log (L 2’”*”) — log <lim Gil,y) y)> .
Ml,res(x) y—z GQ(Q?, y)
Using Lemma 3.3, this implies

os (%8) = lim (g1(2,y) = ga(w,y)) =

2/91(3«",()/@(() —X/)[gl(&C)uz(C)m(f)-

X

Since

/ 2 / a1 (2, Q) pa(C) - / / 91(6, Qua(Opa(€) | (@) + prafa) = 0,
X X X X

the result follows. O

3.6. Lemma. For any X, we have

(27) log (“a“—(“")> _

Mshyp,res (l’)

) dt + log(4).

(x) +4rm HKyyp(t;x) — —————
banl@) + 0/ (#8mn(t0) -

Proof. The left-hand side of the claimed formula can be expressed as

log (ftcan,res (x)/ﬂshyp,res (z)) = log (MAr(x)/Mhyp,res (z)) =

10 (€24t (@) nyp.pes(2) ) = Gr(@) + 108 1ty (@) tnyp.pes () -
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We now evaluate pinyp(€)/ tihyp,res(%) in terms of the heat kernel on X. Working
with relation (13), we have

Gnyp(@,y) = 477/ Z Ku(t; 2(x),72(y)) — m dt—
0 ,ji,l; yp
2(x) = 2(y) ") _
10g<z<x>—z<y> )‘

from which we derive
lim (guyp (@, y) +log|=(z) - 2(y)?) =

o0

L) — # (6] miz\r 2
o D/ (HKhyp(t, ) o (X)>dt+1 g(4Tm(x(2))?).

This implies

10g (1thyp () fhyp,res () = 10g (|d2(@) [fyp,ves /T (2(2))?) =

lim (guyp(z,y) +10g |2(x) — 2(y)[?) — log(Im(x(x))?) =

- O/ <HKhyp(t;x) _ m> dt + log(4)

Combining these calculations, we conclude that

,U'can,res(l') > / < 1 )
log | ———~= | = ¢dar(x) + 47 HKyyp(t;z) — ——— | dt + log(4),
& <Nshyp,reS(37) (=) ) hyp( ) VOlhyp(X ) )

which proves the lemma. O

3.7. Proposition. For any X with genus gx > 1, let

1

F(t;x) := HK, (X)) — ———— .
<t7 .%') hyp (t’ x) VOlhyp<X)

Then, we have the formula

/¢Ar($)(ﬂshyp(x) + Mcan(x)) =

X

2 7T 2(cx — 1
_Q—X //F(tl; ) Anyp F (t2; x)dt1dts pnyp(x) — L —2log(4) .
X 0 O
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Proof. Choosing 11 = pshyp and fia = fican in Lemma 3.5, shows

/log (M> (Hshyp (%) + fican(z)) = 0.
X

:U'shyp,res (37)

Multiplying (27) by (tshyp + fcan) and integrating over X, we arrive at the
relation

/ Or(2) (tenyp () + prean () =
X

—47T)[ 07 <HKhyp(t;$) - m) dt (pshyp() + fean()) — 21og(4) .

Interchanging the integration and recalling the formula for the hyperbolic vol-
ume of X in terms of gx together with formula (19) gives

- / 70 <HKhyp(t;x) _ m> at prgnp () =

C)(—l
gx — 1’

(HTrK — 1)dt =
VOlhyp 0/ r hyp )

which leads to the relation

(28) / e () sy (&) + fean () =
X

7 1 cx — 1
—4 HEKy(t;2) — ——————— ) df tican — — 2log(4) .
o [ [ (it~ s ) teante) — S~ 2t
X 0

In order to rewrite the latter integral, we recall the following formula from [18],

which gives an explicit relation between the canonical and the scaled hyperbolic
metric form, namely

1 (0.0
(29) Pean(T) = Nshyp(‘r) + 29—X /AhypKhyp(t; x)dt Nhyp(x) ;
0

for the reader’s convenience, we add the proof of (29) in Appendix I, section
6. Observing that AnypKhyp(t; ) = AnypH Khyp(t; ), we obtain by means of
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(29) and the preceding calculations

(30) 4n X/ 07 (HKhyp(t;a:) - m) dt Jiean(z) =

oo o0
P 27T///( 1 >
+ — HEKyyp(t1;2) — ————
gx — 1 gXXO ) yp (13 ) VOlhyp (X)

XAhypHKhyp (tz; l‘)dtldtg Hhyp (x) .

Substituting (30) into (28) and observing that Apy, H Kpyp (to; ) = Apyp F(t2; ),
completes the proof of the proposition. O

3.8. Theorem. For any X with genus gx > 1, let

F(x):= 7<HKhyp(t; x) — m> dt.
0

Then, we have
Oral(X) =

1
2 (1 - 9_X> F(2) AnypF(2) pnyp(x) — 6log(Z% (1)) + 2¢x + C(9x) ,
X
where

C(gx) = algx) — 6b(gx) + 2(gx — 1)log(4) + 6log(volpy, (X)) — 2 =
2gx (—24¢5(—1) — 4log(m) + log(2) + 2) + 6log(volpy, (X)) +
(48¢5(—1) + 6log(2m) — 21og(4) — 6) .
Proof. Simply combine Lemma 3.1 with Proposition 3.7. O

3.9. Remark. From Theorem 3.8, we have a precise expression for dp, (X )—
C(gx) in terms of hyperbolic data associated to X, all of which can be derived
from the trace of the hyperbolic heat kernel. As such, one can extend the hy-
perbolic expression to general non-compact, finite volume hyperbolic Riemann
surfaces, including those which admit elliptic fixed points. Going further, it
seems possible to employ the techniques known as Artin formalism, which has
been shown to hold for hyperbolic heat kernels, in order to obtain analogous
relations for the Faltings delta function as well as the constant C(gx). Note
that since the Arakelov metric does not lift through covers, there is no immedi-
ate reason to expect any relations involving dp,1(X ) similar to those predicted
by the Artin formalism; however, Theorem 3.8 implies that some relations are
possible. We leave this problem for further study elsewhere.
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4. Analytic bounds

The main result of the section is Theorem 4.5, which states a bound for
Faltings’s delta function in terms of fundamental invariants from hyperbolic
geometry. Propositions 4.1, 4.2, and 4.3 bound the non-trivial quantities in
the expression for Faltings’s delta function given in Theorem 3.8, and these
results, together with Lemma 4.4, are used to prove Theorem 4.5.

4.1. Proposition. For any X with genus gx > 1, let F(x) be as in
Theorem 3.8, and set

dsup X ‘= sup

‘ Hcan (55)
zeX

fshyp () |

Then, we have the estimate

0< /F(a:)Ahpr(a:)uhyp(a:) <

X

(dsup,X + 1)2V01hyp (X)
Ax,1 '

Proof. From formula (29), we have the identity

gXMCan(x) - gX///shyp(x) -
1
/AhypHKhyp(t?fv)dt Nhyp(x) = §Ahpr($),“hyp($)a

which immediately gives the formula

B 29x ,Ucan(w) _
AnypF(2) = dr(gx — 1) <Mshyp($) 1> 7

and, hence, leads to the estimate

sup |Anyp F'(2)] < dsup,x + 1.
zeX

Since X is compact, we can expand F(z) in terms of the orthonormal basis of
eigenfunctions {¢x o>, with eigenvalues {Ax ,,}7% of Apyp, i.e.,

= Z anQbX,n (:73)
n=0

from which we derive

ApypF () = ) Axnnxn(x),

taking into account that Ax o = 0. Therefore, we have

/F Ahyp Mhyp Z)\X na .
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Observing that

e}
/(Ahpr(l‘ finyp (2 Z)‘Xn Cy,
n=1

X

which yields by the above calculations the trivial bound

and taking into account Ax 1 < Ax, for all n > 1, we are finally led to the
estimate

0 < )\X,l /F(l‘)Ahpr(.%'),uhyp(J?) = /\X,l Z )\Xmai <
X n=1
Z )\g(ma,% < (dsup.x + 1)*volpyp (X) .
n=1

This completes the proof of the proposition. O

4.2. Proposition. For any X with genus gx > 1, we have the lower
bound
cx > —4log(2gx — 2).

Letting o = min{Ax 1,7/64} and € € (0, ), we have the upper bound
7! 6
cx <2+ Z Z_W(l) + - (CHub,X + Ngg%4)> .

~eH(T) T
£y <5

Proof. The lower bound is proved in [14], Theorem 3.3. The upper bound
comes from the proof of Theorem 4.7 in [14]. Specifically, for any § > 0, we
recall the inequality

ZI
ex <1+ > —+ Y TI(1) + Oxee 1750 4 12N e/
0<>\x3<a X TEH (D) v
with
4(4 -3 1 1
ngzi( SE)(CHuhx-i-Niil)?Ll)), Se=—-+14/—-—¢€.

)

2 4

Choosing 6 = 5 and ¢ as stated above, noting that Niga)g =1, 12¢79/2 < 1,
and 7/8 < s. < 1, i.e., 4(4 — 3se) < 6, the claim follows. O

4.3. Proposition. For any X with genus gx > 1, we have the lower
bound

1
—log(Z% (1)) > —4log(4gx — Y16
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Letting o = min{Ax 1,7/64} and € € (0, ), we have the upper bound

—log(Zx (1)) < = > log(Z,(1)) + 12 <5 + é) (CHubX + NOYY 4 1) _

YEH(T)
£ <5

Proof. We follow the method of proof used to prove the bounds in Proposi-
tion 4.2. Since these calculations are not immediate from the results in [14], it
is necessary to give the details. Let 6 > 0 to be specified below. Then, using
the trivial bounds

HTTKhyp(t) + VOlhyp(X)KH(t; 0) = Z ef’\X,jt Z 1
7=0

for t > 6, and
HTrKpyp(t) >0

for 0 <t <4, we get from formula (23) the bound

é 00
d dt
—log(Z% (1 / - 7 /(et — Volyyp (X) K (t;0)) -
0

6

Trivially, one has e — 1> —t for t > 0, so

1
/(e_t _ 1)% > 5.
0

Using the obvious bound Ky(t;0) < e~¥/*/(4nt), we get
o0
dt —5/4
/KH<t;0)— << .
s
0
which gives

(X) Ku(t; 0))

dt
—_— >
;=

%\8
|
<
=5
g
‘U

7 de e—9/4
—Volhyp(X)/KH(t; 0)— > —volpyp(X)—5-,
t 7o
hence
, o—0/4
— ].Og(Zx(l)) 2 —5 — VOlhyp(X)ﬂ'—(p .

Taking 6 = 4log(4gx — 4), and using log(4gx — 4) > log(4) > 1, gives the
stated lower bound.
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For the upper bound, we proceed as in [14], section 4. Letting s, =
1/24++/1/4 —w for w € [0,1/4], § > 4, and f(u,t) as in (11), a straightforward
calculation yields

()

3 Sw_ Sw n2nm§—n£ 4¢
/f(u,t)dh(u = i 1/2/22 (sw—n/ (n§)?/4t q¢
ed

n=1m=0

(see also the proof of Lemma 4.3 in [14]). Writing the term with n = 1 and

m =0 as
ot/4 ot/4

é
— 7(4 t)l/Q / e(s'uf_1/2)56_52/4td£7
v

—0o0

- (sw—1/2)€ ,—E>/4t 3¢ _ —wt
é

we can rewrite (31) as

= o—t/4 ]
/f(u,t)dh(us“’ — 4 r 1/2/ Z e(swfn/anm)fef(né‘) /4td£+
T

7 )#(7
YR
(zf e / (IR M,
7

where the sum is taken over all integer pairs (n,m) with n > 1, m > 0, except
for the pair (n,m) = (1,0). Using this identity twice, once with w = 0, so
sw = 1, and again with w = 1/4, so s, = 1/2, and recalling formula (16), we
obtain the equality

(32)  HTrKpyps(t) —1+e /= / f(u,t)d[wx(u)—n@)ﬂi(ul/?)} T

)

et (1-n/2-nm)¢ ,—(n€)* /4t et €/2 —¢*/at
(47rt)1/2/( %;(10)6 e 3 (@rt)1/2 /e e £
s (n,m , o
e '/ /2 n/2-nm)e () g € / &/at
n nm —(n — d .
(4rt 1/2/ nm%é:lO) e+ n )1/2_4 ¢ ¢

After these preliminary calculations, we turn to bounding —log(Z% (1)) from
above. For this we recall formula (25) with w = 1/4, namely

(33) —log(Z% (1)) — log(1/4) + Z log(Z

yEH(T)
£y <8

[e.e]

dt
/ HT7r Kpyp 5(t) — 1 + e_t/4) -
0
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As in [14], we substitute expression (32) for the integrand on the right-hand
side of (33), interchange the order of integration, and evaluate. First, we do
this for the two integrals coming from the term belonging to (n,m) = (1,0).
We follow the convention which defines the K-Bessel function via the integral

o 2432 dt
Ka(a, b) — / e~ t—b /tta_
0 t

for a,b € Ry and o € R; in particular, it can be shown that
K_1/2(a, b) = ge—Qab'

Using this notation, we get

VR o t/4 2
€ / BRI [ S — / et/2e=E /Mg d —
( t

0/ (47rt)1/27 4mrt)t/2
’ 1 et/2
/ EK71/2(1/27_€/2)_\/EKfl/2(1/27_§/2) dé +
/ 1 et/?
/ =K p/2.6/2) — S K p(1/2.6/2) ) de =
0
0 1) é
1 e 1—e2_ l —€/2 _
et —e dé + e 1) d¢ =log(2) + 1 df
[t [z f1(

For the remaining terms, meaning when (n,m) # (1,0), we can integrate term
by term to get

1-n/2—nm)& _—(n&)? /4t
Z/ 1/2/(/ )€ o= (n)? /dt e

e_t/4 2 dt
_C [ e(1/2=n/2-nm)E ,—(ng)* /4t &
)12 /e e d§ ;
0

% e(l—n/?—nm){
/ Tqu(l/Z,nS/?)—

(n,m)#(1,0)
e(1/2—77,/2—nm)£

Nz K1/2(1/2,n§/2)> d¢§ =

/i (1fnfnm)£ o e(l/anfan) df
n
)s
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Having explicitly evaluated these integrals, we now proceed to estimate the
results. For the first case, we observe the trivial inequality

5
(34) log(2 +/
0

For the second case, we first notice that for n > 1, m > 0, but (n,m) # (1,0),
we have n + nm > 2, which leads to the trivial estimate

J‘nl»—\

é
—¢/2 = log(2 / 5/2 dg <log(2).
0

#(1,0) 5
(1—-n—nm) 2¢0 efn(m+1)5
2 d < — 25—
Z / £s 5 Z n(n+mnm —1)

In order to further estimate the latter sum, we break it up into three parts,
the first one given by n > 2, m = 0, the second one by n =1, m > 1, and the
third one by n > 2, m > 1. For the first part, we have the upper bound

2 o X —nd 75 o0 2 -0 9
(35) = c Z ‘<
§ “—n(n-1) = n(n—1) ) )
For the second part, we estimate
2 x _—(m+1)d 2¢0 -4 2 1 2
(36) iz ie—é € === <=
0 = 0 1—e" 0 e —179¢

Using the inequality nm — 1 > 1, we estimate for the third part

2¢0 X, X e—n(m+1)s 2¢0 X, X, —2(m+1)é
37 = - <= - =
(37) ) Zzn(n—i-nm—l)_ 4] Zzn(n+1)
n=2m=1 n=2m=1
4 o0 —26 —0 -0
2e° 126—2(771—{-1)6_6 20 ¥ e 1 SLSL
5 24 ) 1—e 2 § e —1 7 252 ~ 262
Integrating (32) with respect to ¢ from 0 to co and taking into account the
estimates (34), (35), (36), (37), we get the upper bound

(38) / (HTr Ky (1) = 1+ ¢7/) % <
0

[eolne el

/ Flu,t)d [ﬂ'X(u) i) + 1i(u1/2)]

)

dt 45 +5

; 552 +log(2).

S

€
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In order to further estimate the right-hand side of (38), we proceed as in the
first part of the proof of Theorem 4.7 in [14] (see pp. 18-20). For this, we first
note that a direct computation establishes the equality

n=0

F(u) := /f(u,t)it = —log (Hu — u_("+1))> ,
0

which shows that the function F'(u) is decreasing in u. We now apply Lemma 4.6
of [14] to the right-hand side of (38) with e € (0, ), where & = min{Ax 1, 7/64},
and § > 4 to arrive at the upper bound
. <00 1/2 dt
(39) flu,t)d [WX(U) ~li(w) + li(u )} =<

0 e
C / F(u)dli(u®) + 2C% F(e?)li(e*?),

es

where C = Chub,x + Nig’%él) + 1 (see also the proof of Theorem 4.7 in [14]).
Now, the inequality

—log(l—v H <
og(l—v™) < — 5,

which is valid for v > €°, implies the upper bound

1 < 1 1 2 log(u)
Flu) < (n+1) — . < .
(u)_l—e_‘snz;)u l—ed u—1"461-e9) u ’

where the last inequality holds since log(u) > § > 4. (Note: Although the fac-
tor log(u) /¢ in the above bound can be eliminated by estimating F'(u) by other
means, the presence of this factor is helpful in the subsequent computations.)
Using the elementary inequality

for u > €2, we obtain
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where € < 7/64 and § > 4. We are now able to estimate the right-hand side of
(39) as follows

(40) C / F(u)dli(u®) + 2C% F(e?)li(e®°) <

ed

2% [log(u) . e B
5(1—6—6)[ w W) Sy ) =
/ —(1—sc)d !
2C% e 4C% i

s(1—ed) 1—s. L

(esgé) <

203( 556855 403( 266 —(1-s.)8 <
. —e €

52 € e —1 5.6 -

2C%e%0 (5. 4 2C% e 1
A [ = R P P Sl Z
52 < s ' se) = 62 ot e)’

Combining (33) with the estimates (38), (39), (40), we find the upper bound

20" 59 1 45 +5
—log(Z% (1)) < — Z log(Z,(1)) + % (5 + g) + o log(2) .
YEH(T)

0y <5

Since we have assumed 6 > 4, we can choose § = 5, for simplicity. Observing
1/2 —log(2) < 0, and 2€°/25 < 12, we arrive at the claimed upper bound

1
—log(Zx (1)) < = > log(Z,(1)) + 12 (5 + g> (CHub,X + N 4 1) _

yEH(T)
Ly <5

|

4.4. Lemma. With the above notations, we have the following results:

(i) For any v € H(I') with £ € (0,5), we have

7.[.2
< —log(Z,(1)) < —.
05 ~log(%,(1)) < g

(ii) For any v € H(I') with £, > 0, we have

0< D1y <34 (1>
<)< og|— | .
Zy L,
Proof. We start with the following observation. Consider the (up to scaling)
unique cusp form of weight 12 with respect to SLo(Z)

A(Z) _ 627rzz H (1 - e?wznz)

n=1
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for z € H; it has functional equation
A(z) = (—2) 2A(=1/2).

Upon setting z = —¢,/(27t), we have

z (P = (-4 ).

Using the functional equation for A(z), we then obtain the relation

(41) Zy(1)* = eb (2%) A (% -

) e
™

We now turn to the proof of the lemma.

(i) From the product formula for Z,(1), it is immediate that Z,(1) < 1
for all £, > 0; hence, we get the lower bound —log(Z(1)) > 0. Concerning
the upper bound, we derive form (41)

0, 1 l, (9m)en
_IOg(Zv(l)):_ﬂ‘i‘—l < >+——Zlog( — e~ (2m) Mv),

We now use the elementary inequality —log(1 — x) < z/(1 — o), which holds
whenever z € [0, 0], and take o = e~ (?™*/6 to get

~ 2 . = 2 e(2n)?/2,
_Z _—(27)2n/t, o E : —@mn/l, — % "
n—llog (1 c ) = _le (e@m)?*/ty —1)2°

Letting u = (27)?/£,, the upper bound becomes
e 1 1

((5“—1)2_e“—l—k(e“—l)Q7

which is clearly monotone decreasing in u and, hence, monotone increasing in
{. Therefore, for £, < 5, we obtain

1 ‘ 1 (5 2m?/5
8 <27T> + (6(27‘-)2/[7 — 1)2 - 5 08 (%) + (6(271')2/5 _ 1)2 <0,

where the last estimate is obtained numerically. With all this, part (i) is
proved.
(ii) We begin by writing

Z! e 1
T =0,y ———.
ZW=63 Gy
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Let N > 1 be the smallest integer larger than or equal to 1/¢,, ie., N —
1 <1/t, < N. If n > N, then nl, > 1, hence, et > 2. Observing then
ey — 1> e /2, we get

> e —(N—l)&, 267
D 7_1§2@Ze T=2y—— e S o <2
n=n ©
For 1 <n < N, we use the inequality e — 1 > nl~, which implies
N-1 N-1 4 1
l, 6%71_2—<1+log( —1)<1+log<£7>
n=1
from which part (ii) follows. O

4.5. Theorem. For any X with genus gx > 1, put

1 1
h(X)=gx +— (9X(dsup,x +1)% + Crupx + N }/4)> + —N&
Ay Ix  8e0

with A\x = 1/2 - min{Ax 1,7/64} and {x equal to the length of the smallest
geodesic on X. Then, we have the bound

oral(X) = O(h(X))
with an implied constant that is universal.

Proof. The result is a summary of the inequalities derived in this section,
namely Propositions 4.1, 4.2, 4.3 and Lemma 4.4, when applied to Theorem 3.8,
taking, for example, € = Ax in Propositions 4.2 and 4.3. O

4.6. Corollary. Let X be a finite degree cover of the compact Riemann
surface Xo of genus gx, > 1. Then, we have the bound

1
dral(X1) = Ox, (QX1 ( ;y )) .
X1

In particular, if {X,}n>1 is a tower of finite degree covers of Xo such that
there exists a constant ¢ > 0 satisfying Ax, 1 > ¢ > 0 for alln > 1, we have
the bound

5Fal(Xn) = OXo (an)

Proof. We analyze the bound obtained in Theorem 4.5. The quantity N, e[g %4)
is known to have order O(gx,) with an implied constant that is universal (see
[3], p- 211, or [33]). The main result in [6] states the bound dg,p,x, = Ox,(1)
(see also [16], [17], and [18] with related results). In [15], Theorem 3.4, it is

shown that Cyup x, = Ox,(gx,). As discussed in the proof of Theorem 4.11
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in [14], N, g(g(’jgﬁ = Ox,(gx,) (specifically, recall the definition of rp, r therein).

Trivially, one has £x, > £x,. With all this, we have shown that

() = Ox, (v, + ).
X4

By choosing Ax, = 1/2 - min{Ax, 1,7/64}, the result follows. O

4.7. Remark. We view the results stated in Theorem 4.5 and Corol-
lary 4.6 as complementing known theorems answering the asymptotic behavior
of Faltings’s delta function for a degenerating family of algebraic curves that
approach the Deligne-Mumford boundary of the moduli space of stable curves
of a fixed positive genus, as first proved in [13]. The expressions derived in [13]
were well-suited to answer the question of the asymptotic behavior of dp,(X)
through degeneration, but do not appear to allow one to bound dg,(X) in
terms of more elementary information concerning X, as in Theorem 4.5 or
Corollary 4.6. On the other hand, it is possible that the exact expression for
Oral(X) in terms of hyperbolic geometry could be used to understand dg,1(X)
through degeneration. Indeed, stated results in [21] study cx and log(Z’ (1))
through degeneration, so it would remain to adapt the analysis in [21] to study
the integral which we bound in Proposition 4.1.

5. Applications to the modular curves X,(V)

In this section we focus our attention to the sequence of modular curves
Xo(N). The purpose of this section is to bound the geometric quantities in
Theorem 4.5 in more elementary terms in order to prove an analogue of Corol-
lary 4.6 for the sequence of modular curves Xo(N), which admit hyperbolic
metrics. As stated earlier, the issue we encounter is that the set of modular
curves Xo(N) which admit hyperbolic metrics does not from a single tower
of hyperbolic Riemann surfaces, hence the results cited in the proof of Corol-
lary 4.6 do not apply. However, the family of hyperbolic modular curves forms
a different structure, which we refer to as a “net”. More specifically, there is
a sequence of hyperbolic modular curves, which we parametrize by a set of
integers B(po), and every hyperbolic modular curve is a finite degree cover of
(possibly several) modular curves corresponding to elements of B(pg). In effect,
we bound the quantities in Theorem 4.5 by first obtaining uniform bounds for
all modular curves that correspond to elements in B(po), after which we utilize
bounds through covers by citing the results which prove Corollary 4.6.

In the following definition, P denotes the set of primes.

5.1. Definition. (i) We call N € N base hyperbolic, if gx, vy > 1 and if
there exists no proper divisor N’ of N with 9x,(n1y > L.
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(ii) For py € PP, set
Bi(po) := {N base hyperbolic | N = p{* -...-p*, pj <po (j =1,...,k € N)}.
(iii) For po € P with gx,(»,) > 1, set
Ba(po) :== {p € P|p > po}-
(iv) For pg € P with gx,(p,) > 1, set
B(po) := Bi(po) U Bz(po)-

5.2. Remark. (i) For instance, one can choose py = 23.
(ii) The set Bi(po) is obviously finite.
(iii) For every N € N with gx vy > 1, there exists either N'|N with N’ €
Bi(po) or p|N with p € Ba(po). In other words, one can state that for any
N € N with gx, vy > 1, there exists N' € B(pg) such that Xo(NV) is a finite
cover of Xo(N").

5.3. Proposition. Let N > Ny be such that Xo(N) has genus gx,(n) > 1.
Then, we have the following:

(a) There is a constant c1 > 0, independent of N, such that Ax,(n)1 > c1-
(b) There is a constant ca > 0, independent of N, such that Nig%j()m
€2 gX,(N)-

IA

(¢) There is a constant c3 > 0, independent of N, such that Uxo(N) = C3-

(d) There is a constant cq4 > 0, independent of N, such that Ng[gf)Xo(N) =
C4 " X, (N)-

Proof. (a) In order to prove the first part of the claim, we recall from [2],
Theorem 3.1, that
N—oo ’

Hence, there is a constant ¢; > 0, independent of N, such that Ayn)1 > ¢
for all N > Ny. Since X (N) is a cover of Xo(N), the Raleigh quotient method
for estimating eigenvalues, which shows that the smallest eigenvalue decreases
through covers, now implies that Ay (n)1 < Ax,v),1- This completes the proof
of (a).

(b) This part of the claim follows immediately by quoting the known
universal lower bound for the number of small eigenvalues applied to the special
case of the modular curves Xo(/NV); in fact, one can choose ca = 4 (see [3], or
[5], p. 251).

(c) In the subsequent proof, we let Xo(IN) = Ag(N)\H with Ag(N)
torsionfree and cocompact subgroup of PSLa(R). Recall that 71 (Xo(NV))

R o
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Ap(N) and that each homotopy class in 71 (Xo(N)) can be uniquely represented
by a closed geodesic path on X¢(N). Thus, we have a bijection between the
elements v € Ag(V) and closed geodesic paths 3 on Xo(N) (with a fixed initial
point); note that the quantity ¢, introduced in section 2.4 equals the length
Cxo(n)(B) of B.

Let pg be as in Definition 5.1, and p € Ba(pp). The hyperbolic Riemann surface
Xo(pop) is a cover of Xy(p) of degree pg+ 1. Let now 3 be any closed geodesic
path on Xo(p) corresponding to v € Ag(p) of length £x, ,y(8) = ¢,. Then,
there exists a minimal d € N, 1 < d < pg + 1, such that v/ = 7% € Ag(pop).
The element ' € Ag(pop) corresponds to a closed geodesic path 5" on Xo(pop)
of length EXo(pop) (B)=d- on(p) (8).

On the other hand, Xo(pop) is a finite cover of Xy(pp), hence Ag(pop) is a
subgroup of Ag(pp). Viewing 7' € Ag(pop) as an element of Ag(py), we see
that any closed geodesic path 3’ on X((pop) descends to a closed geodesic path
B" on Xo(pg) of the same length. This proves the inequality

gXo (pop) Z gXU (po) :

In particular, we find for any closed geodesic path 3 on Xo(p) of length £x,,)(53)
lifting to the closed geodesic path 8" on Xo(pop) of length d - £x, () (B) the
estimate

0y (ﬁ) _ EX(KPOP)(B’) > EXU(pop)(B’) > €Xo(pop) > gXo(po) ‘
" d - pot+l T po+l T po+1

Therefore, we have for any p € Ba(po), the bound lx, ) > x,(p,)/(P0 + 1).
We now define

€3 = Nenllgill(lpo){exﬂ(]\’)’£X0(P°)/(p0 +1)} < Neigfpo){gxo(m}a
which depends solely on pg. Since Bi(pg) is finite, and ¢ X,(N) is positive for
any N € Bi(po), we conclude that cg is positive. Now, for any modular curve
Xo(N) with gx,(v) > 1, choose N € B(po), so that Xo(N) is a finite cover
of Xo(N'). Using the lower bound £x,(n) > £x,(nv), together with inequality
Cx,(ny = c3 for N' € B(po), we find that £x, () > c3, which completes the
proof of part (c).

(d) As in the proof of part (c), we let Xo(N) = Ag(N)\H with Ag(N)
a torsionfree and cocompact subgroup of PSLa(R). Let pg be as in Definition
5.1, and p € Ba(pg). Recalling our notations given in section 2.4, we have

NS\ oy = #{7 € Bo(p) |7 € H(Do(p)), by < 5} =
#{v € Ao(p) | v primitive, hyperbolic, £y < 5}/Ay(p)—conjugacy <

#{v € Ao(p) | v primitive, hyperbolic, £y < 5}/Ay(pop)—conjugacy.
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We introduce the sets

C(p) = {v € Ao(p) | v primitive, hyperbolic, £y < 5}/Aq(pop)—conjugacy,

C'(pop) = {7 € Ao(pop) |7 hyperbolic, £, < 5(po + 1)}/Ao(pop)—conjugacy.

As in the proof of part (c¢), we find for any v € Ag(p) a minimal d € N,
1 <d < py+ 1, such that v/ = 44 € Ag(pop); note that for v € Ag(p) with
¢, < 5, we have ,, < 5d < 5(pg + 1). By associating the Ag(pop)-conjugacy
class of v € Ag(p) (v primitive, hyperbolic, £, < 5) to the Ag(pop)-conjugacy
class of v/ = % € Ag(pop) (7' hyperbolic, £, < 5(pg + 1)), we obtain a well-
defined map

¢ : C(p) — C'(pop) -

Let now [y1], [v2] € C(p) be such that ¢([v1]) = ¢([72]), i-e., there exists dy, ds €
N, 1<dy,do <po+1,and Jd € A()(pop) such that

'y{ll = 57325_1 .

Since 71,72 are hyperbolic elements, there exists o € PSLy(R) such that
4

_ e 0 _ _
(wfloz 1:< 0 et ) :a(évg% l)oz 1

with £ € R+, i.e., we have

N 2/ds
_ e 0 _ _ e 0
Y1 =« 1< 0 eg/d1>057 5’)/25 1:a 1( 0 ee/d2>04

This shows that v; and 726 ~! commute in Ag(p), i.e.,

5’}/2(5_1 S CentAU(p)('yl) .

Since 77 is primitive, it generates its own centralizer, i.e., 642071 = 47 with
n € Z. But since 726! is also primitive, we must have n = 41. This proves
] = [’ygcl], i.e., the map ¢ is two-to-one. From this we immediately deduce
the estimate

NOBL < #C(p) < 2 #C (pop)

for all p € Ba(pg). Introducing the set
C"(po) = {7" € Ao(po) | 7" hyperbolic, £y < 5(po + 1)}/Ao(po)—conjugacy,
we have the obvious map
¢’ C'(pop) — C"(po)

given by associating the Ag(pop)-conjugacy class of v € Ag(pop) (7' hyper-
bolic, £, < 5(po+1)) to the Ag(po)-conjugacy class of 4/ viewed as an element
of Ag(po). Since [Ag(po) : Ao(pop)] = p+1, at most (p+1) Ag(pop)-conjugacy
classes collapse to a single Ag(pg)-conjugacy class, i.e., ¢’ maps at most p + 1
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elements of C'(pgp) to the same element of C”(pp). Therefore, we obtain the
estimate

03 <2 #C (pop) < 2p+ 1) - #C" (o).

Since the set C”(pp) depends solely on pg and since the set Bi(pp) is finite, we
arrive at the bound 05)
0,5 _
Ngeo,XO(N) =0 (gXo(N))
for any N € B(pg), with an implied constant that depends solely on py. Finally,
in general, and in particular for N € B(pp), it is well-known (see, e.g., [9], p. 45)
that

#{v € Ao(N) |~y hyperbolic, £, < 5}/Ag(N)—conjugacy = Ng[gf,égn)(N) :
n=1
[0,5/n)
Ngeo,Xo(N)
have n < 5/c3 in the above sum. Therefore, we find

But from part (c), we know that = 0 provided 5/n < cs, i.e., we

(42) #{v € Ao(N) | v hyperbolic, £, < 5}/A¢(NN)—conjugacy <
5| Nl
’VQ“ ) Ngeo,XU(N) =0 (gXo(N))

for any N € B(pg), with an implied constant that depends solely on py.
In order to complete the proof of part (d), let now Xo(N) be any modular
curve with gx, (n) > 1. By definition, we have

[0,5) _
geo,Xo(N) —

#{v € Ao(N) |y primitive, hyperbolic, £, < 5}/A¢(IN)—conjugacy.

Given N, choose N' € B(py), so that Xo(N) is a finite cover of Xo(N’). We then
associate the Ag(NN)-conjugacy class of v € Ag(N) (v primitive, hyperbolic,
¢, < 5) to the Ag(N’)-conjugacy class of v viewed as an element of Ag(N').
Since at most deg(Xo(N)/Xo(N')) Ag(N)-conjugacy classes collapse to a single
Ag(N')-conjugacy class, we find by arguing as before

NP vy < deg(Xo(N)/Xo(N'))

x #{7" € Ao(N') |y hyperbolic, £, < 5}/A¢(N')—conjugacy.

By equation (42), we conclude

N oy = deg(Xo(N)/Xo(N')) - O (gx,n1) »

where the implied constant depends solely on pg. Since deg(Xo(N)/Xo(N')) -
Ix,(N") = O(9gx,(ny) With an implied constant which is universal, the proof of
part (d) is complete. O
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5.4. Proposition. Let N > Ny be such that Xo(N) has genus gx,(n) > 1.
Then, we have the bound

dsup,XO(N) = 0(1) )

where the implied constant is independent of N.

Proof. For n € N, let Yy(n) = To(n)\H, so that Xy(n) is (isomorphic to)
the compactification of Yy(n) by adding the cusps and re-uniformizing at the
elliptic fixed points. If n; is a divisor of ng, denote by mp, n, : Xo(n2) —
Xo(nq) the natural projection. For 0 < & < 1, let

B(e) ={w e C||w| < &}
be equipped with the complete hyperbolic metric

i dwAdw
Mhyp,B(s)(w) = 5 ’ (1 — |’UJ|2)2

Denote by X((1) the Riemann surface obtained from X(1) by removing neigh-
borhoods centered at the three points corresponding to the unique cusp and
the two elliptic fixed points of Yy(1), respectively. Let X(V) = L (X5 (1);
we may assume that

Xo(N N)\ U Uk

such that the neighborhoods Uy, are isometric to the complex disc B(e).

In course of this proof, we will use the hyperbolic metric on Xo(N), resp.
on Yp(N); we will distinguish them by denoting them by gy x,(n), T€Sp-
Fhyp, Yo (N) (which is slightly different from our previous notation, but will be
used in this proof alone). For z € | J;_, Uk, we now have

7
Ihyp,Xo(N) (2) = 3 dz(z) ANdz(x),

which leads to the estimate

9xo(N)

ng( )" Hecan Xo(N ’f
Fhyp, Xo(N)( Z !
Since the functions f;(z(z)) (j =1,...,9x,(n)) are bounded and holomorphic

on the neighborhoods Uy (k =1,...,s), the functions |f; (2(x))[* are subhar-
monic on Uy, as is the sum of these functions (see, e.g., [27], p. 362). By
the strong maximum principle for subharmonic functions (see, e.g., [8], p. 15,
Theorem 2.2), we then have for k =1,...,s

9Xo(N) 9Xo(N)

sup | D fi(z@)* ) < sup | D (@)

xEUk ]:1 xeBUk
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In the given local coordinate, the conformal factor for the hyperbolic metric is
constant on QUy, thus we have shown that

sup <9X0(N) * Hean, Xo(N) (33)> _o. ( sup (gXO(N) * Hean, Xo(N) (35))) '

z€Uy Hhyp, Xo(N) (x) €U} Hhyp, X, (N) (l’)

Therefore, in order to prove the proposition, it suffices to show

sup <9X0<N> *Hean, Xo(N) (l’)) =0(1)
zEX}(N) Hhyp,Xo(N) (r)

with an implied constant that is independent of N. Recalling that pcan x, ()
on X((N) equals fican y,(n) on Yg(N) = Yo(N) \ Uj—; Uk, we can consider the
formal identity

IXo(N) * Hean, Xo(N) (%) 9xo(N) * Hean,yo (V) () Hyp,vo () (%)

(43> Hhyp, X, (N) (1’) Hhyp,Yo(N) (x) Hhyp, Xo(N) (x>

on the set X[(N) = Yj(IV). The argument given in [6], [16], or [17] proves a
sup-norm bound for the ratio of the canonical metric by the hyperbolic metric
through compact covers; however, the argument is adapted easily to towers
of non-compact surfaces when restricting attention to compact subsets, such
as the subsets Y (V). Thus, the first factor on the right-hand side of (43) is
bounded through covers, with a bound depending solely on the base Yy(1), i.e
independent of N. As for the second factor on the right-hand side of (43), we
argue as follows. Put

FN) = sup Mhyp,Yb’(N)(x)’

2eYJ(N) Hhyp,x45(v) ()
where finyp x;(v) = Fhyp,Xo(N)lx5()> a0d fingp vy (V) = Hhyp,ve(3)lyg(n)- The
quantity F'(N) is easily shown to be finite, since puyyp, x, () is non-vanishing
everywhere on the compact Riemann surface Xo(N), and pinyp v, (v) is non-
vanishing on Yy(V) and decaying at the cusps of Yy(N). Let then py be as in
Definition 5.1, and p € Ba(po). Since X((pop) is an unramified cover of X;(p),
resp. Yo’(pop) is an unramified cover of Y (p), we have (denoting both covering

maps by 7 pop p)

/ /%
T pop,p (/‘hyn ) Hhyp, X (pop)> T€SP- Tpypp (“hyp,Yo/(p)) Hhyp,Yy (pop) »

hence F(pop) = F(p) for all p € Ba(po). Symmetrically, X((pop) is an unram-
ified cover of X/(po), resp. Yy(pop) is an unramified cover of Y{j(py), which
analoguously implies (denoting both covering maps by m, ., )

/%

_ /% _
T pop,po ('thEX(’J(Po)) = Hhyp, X} (pop)> Y€SP- Tpop.po (:’“Lhyp7 (po)) = Hhyp,Y{ (pop)

hence F'(pop) = F(po) for all p € Ba(po). Summarizing, we have F(p) = F(po)
for all p € Ba(po). Since the set Bi(pp) is finite, we have

c= sup {F(N)}= sup {F(N),F(py)} < 0,
NeB(po) NeB; (po)
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which just depends on pg. It remains to bound F(N) for any N such that
Xo(N) is a modular curve with gy, (y) > 1. Given such an N, choose N’ €
B(po), so that Xo(N) is a finite cover of Xo(N'). Noting that X((NV), resp.
Yj(N) are unramified covers of X (N’), resp. Yj(N’) of the same degree, we
show as above that F'(N) = F(N’). Since F(N') < ¢, we find F(N) < ¢ with
¢ depending solely on pg, hence being independent of N. This completes the
proof of the proposition. O

5.5. Proposition. Let N > Ny be such that Xo(N) has genus gx,(n) > 1.
Then, we have

CHub,XO(N) = O(QXO(N)) )

where the implied constant is universal, i.e., independent of N.

Proof. Before entering into the proof we begin with the following general ob-
servation. Let X7 be a finite isometric cover of the compact Riemann surface
Xo of genus gx, > 1. As usual, if Ay, ; is an eigenvalue for the hyperbolic
Laplacian on X, satisfying Ax, ; > 1/4, we write Ax, ; = 1/4 + rgﬁ,j with
rx,; = 0. For r > 0, we put

NX1 (T) - #{Txlvj ’ 0< TX1,j < 7’}.

Similarly, we can define Nx, (), if ¢ is a finite dimensional, unitary repre-
sentation of the fundamental group 71 (Xp) of Xy. From [32], Theorem 6.2.2
(see also [15], Lemma 3.2 (e)), we recall that the system of functions Nx, ()
and {Nx, ,(r)} satisfies the additive Artin formalism, i.e.,

Nx,(r) = mult(¢h) - Nx, (r)
P

where the sum is taken over all irreducible representations v occurring with
eV

71'1(X1) :

After these preliminary remarks, we start with the proof of Proposi-

tion 5.5. For this, we let py be as in Definition 5.1, and p € Ba(po). Since
Xo(pop) is a finite isometric cover of X((pg), we have by the additive Artin
formalism

multiplicity mult(¢)) in the representation ind

NXO(POP) (T) = Zmult(d}) ) NXO(PO):"/)(T) :
P

Now, by [15], Lemma 3.3, there is a constant A,, depending solely on py such
that

|NX0(P0),1/J(T)‘ < APO ’ I‘k(i/)) 2
Using the relation _,, mult(y) - rk(¢) = deg(Xo(pop)/Xo(po)) = p+1, we find

N, (pop) (1) < Ap, Z mult(¢)) - tk(y) - 72 = Ay, - (p+ 1) - 72
P
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On the other hand, viewing Xo(pop) as a finite isometric cover of Xgy(p), we
get the trivial estimate

NXo(p)(r) < Nx,(pop) (r),

since every eigenfunction on Xg(p) lifts to an eigenfunction on X¢(pop) with
the same eigenvalue. Combining the last two inequalities yields the crucial
bound

(44) NXo(p) (T) < Apo ’ (p + 1) ’ TQ :

We now discuss how the bound (44) leads to a bound of the Huber constant
Chub, X, (p) Tor p € Ba(po). For this we analyze the proof of the prime geodesic
theorem on Xy(p) as given in [5], pp. 295-300, which we now review.

Let G(T) = 7x,(p)(u) with T'" = log(u) be the prime geodesic counting
function. Let ¢(z) be a non-negative C*°-function with support on [—1, +1]
with L!'-norm equal to one. Let ¢ > 0, to be chosen later, let ¢.(z) =
e~ o(z/e), and let Ir(z) be the indicator function of [T, +T]. We define

gr(x) = 2 cosh(z/2) (I * @) (x),

which is a valid test function for the Selberg trace formula whose Fourier
transform is denoted by h%.(r). If we define

Z Z enty/2 _ e—nL,/Z gT(e )

yeH(T

the Selberg trace formula ylelds

(45) H.(T) = S B(sx,m) + / (1) AN, () () -

0<Axq(p).s<1/4 0
By taking ¢ = e~ /4, it is shown on p. 298 in [5] that

]
h%(SXo(p), ) ET(SXO ( eSXo(®).j )

where Er(z) = e!®/z.
Since 1/2 < sx,(p),; < 1, and Ne[g %4() )= = O(9gx,(p)) = O(p + 1) by Propo-
sition 5.3 (b), this leads to

@6) Y hisxes) = D, Erlsxp)t+1)-0(ET),

OS’\Xo(p),j<1/4 0§>\X0(P)~j<1/4

where the implied constant is universal. Continuing with the argument on
p. 299, together with our bound (44), we find that

(47) / 15:(r) AN, ) (1) = (p+ 1) - Opy (¢¥T/4)
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where the implied constant depends solely on py. Substituting (46) and (47)
into (45) yields

H€(T) = Z ET(SXo(p)J) + (p + 1) ! OPO (eST/4) )
OS/\xo(p),j<1/4

where the implied constant depends solely on pyg.

Let '
_ v
H(T) B Z ey /2 _ g—nly /2
YEH(I),n>1
ney<T
one has

H.(T —¢) < H(T) < H(T +¢),

which follows easily from the definition of ¢%.(x). Using these bounds together
with the elementary estimates

ET:N:E(SXo(P),j) = ET(SXO(p)J') + 0(63T/4) ,
we get
0,1/4
Yo BraeGxapma) = Y. Er(sxa) + Ny 0T,
0= x5 <1/4 0<Axg(p).s <1/4

where the implied constant is universal. Using Proposition 5.3 (b) again, we
arrive at the bound

(48> H(T) = Z ET<3Xo(p),j) + (p 4 1) X Opo(e3T/4) ’
0< A x(p),5<1/4

where the implied constant depends solely on pg.

The prime geodesic theorem, i.e., the asymptotic behavior of the function
G(T), can now be derived applying standard methods from (48) (see, e.g., [5],
pp. 296297, for a detailed proof). In order to arrive at the assertion

T = Y @) = (p+1)- Oy, (uH(log(w) ).
OS)\XO(;,)J'<1/4

one needs to also use Proposition 5.3 (b) in the derivation of the asymptotics of
G(T) from (48). Finally, since u%/*(log(u))~' < u?/*(log(u))~/2, we conclude
that

Chub,Xo(p) = O(p + 1) = O(gx,(p))

for any p € Ba(pp), with an implied constant that depends solely on pg. Since
the set Bi(pp) is finite, we end up with the estimate

Chub,x,(N) = O(9x,(v))
for any N € B(pp), again with an implied constant that depends solely on py.
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Finally, given any modular curve Xo(N) with gx, vy > 1, choose N' €
B(po), so that Xo(N) is a finite cover of Xo(N’). Then, inequality (15) states
that

Chiub, x, () < deg(Xo(N)/Xo(N)) - Crup, xo(N7) -

Since we have shown above that Cyyp x,(v) = O(gx,(nv)) With an implied
constant that depends solely on pg, and since deg(Xo(N)/Xo(N')) - gx,(n) =
O(gx,(n)) With an implied constant that is universal, the proof of the propo-
sition is now complete. O

5.6. Theorem. Let N > Ny be such that Xo(N) has genus gx, vy > 1.
Then, we have

ral(Xo(IV)) = O(gx,(n)) 5
where the implied constant is universal, i.e., independent of N.

Proof. Beginning with Theorem 4.5, we follow the method of proof of Corol-
lary 4.6 by citing results from the present section, namely Propositions 5.3,
5.4, and 5.5 to bound the six geometric invariants, aside from the genus gx, ()
appearing in Theorem 4.5. O

5.7. Remark. In the finite number of cases when Xy (V) is not hyperbolic,
Faltings’s delta function dp.(Xo(N)) can be explicitly evaluated. If Xo(V)
has genus zero, then Faltings’s delta function is simply a universal constant.
If Xo(IV) has genus one, then Faltings’s delta function is expressed in terms of
the Dedekind delta function, the unique holomorphic cusp form of weight 12
with respect to PSLa(Z) (see [7]).

5.8. Remark. The analysis carried out in the present section applies to
establish Theorem 5.6 for other families of modular curves, namely {X;(N)}
and {X(N)}.

6. Arithmetic implications

6.1. Faltings height of the Jacobian of Xy(N). In this section, we let
N be a squarefree natural number such that 2, 3 do not divide N. We then let
Xo(N)/Z denote a minimal regular model of the modular curve Xo(N)/Q. In
[1], A. Abbes and E. Ullmo, computed the arithmetic self-intersection number
of the relative dualizing sheaf Wy, () on Xp(NN) equipped with the Arakelov
metric. They came up with the following upper bound (see [1], Théoréme B,
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p. 3)

-1 YA 1
R 9Xo(N) .hm< Lo(M\E gy >+

. VOlhyp(XO(N)) s—1 ZF()(N)\H o S — 1

p+1
9o (N) Z P log(p) + 29x,(n) log(N) + o(gx,(n) log(N)) -
p|N

Using [24], Corollaire 1.4, p. 649 (see also [14], section 5.3), in combination
with a corresponding lower bound for wi,o (N) (see [1], Proposition C), one then
finds

(49) D () = 39x0(v) 108(N) + 0(gx,(n) log(N)) -

Using Noether’s formula, one obtains the following formula for the Faltings

height hpa1(Jo(N)) of the Jacobian Jo(NN)/Q of the modular curve Xo(N)
(50) 12-hpa(Jo(N)) = w?vo(zv) +Z 6plog(p) + ka1 (Xo(N)) —4gx, () log(2m) ;
pIN

here ¢, denotes the number of singular points in the special fiber of Xy(N) over
[F,. This leads to the following asymptotic behavior of the Faltings height of
the Jacobian of Xo(NV).

6.2. Theorem. With the above notations, we have
9Xo(N
hra(Jo(N)) = =45 1og(V) + o(gx, (v, log (V)

Proof. The claim follows immediately from (50) using (49) and Theorem 5.6.
O

6.3. Remark. If F£/Q is a semi-stable elliptic curve of conductor N, one
conjectures (see also [31], Conjecture 1.4)

_hea(Jo(N))

(51) hFal(E) S a
9Xo(N)

with an absolute constant ¢ > 0. Assuming the validity of the conjectured
inequality (51) with constant a = 3/2, one can derive Szpiro’s conjecture by
means of Theorem 6.2 as in [31], i.e.,

Ap < c(e) - N6+

for the minimal discriminant Ag of E (note that in [31] it was speculated that
one could take the value 1 for the constant a).
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6.4. Congruences of modular forms. We start by mentioning that
Theorem 5.6 improves the bounds for dpa (Xo(N)) given in [31], Corollaire 1.3,
namely

—4gx,(n) log(N) + o(gx,(v) log(NV)) < dpal(Xo(NV)) <

(52) 29x,(ny 1og(IN) + o(gx, () log(IV)) .
Furthermore, Theorem 6.2 improves the bounds for the Faltings height of the
Jacobian of Xy(N) given in [31], Théoreme 1.2, namely
9Xo(N

(53)  —Bgx,ov) < hra(Jo(V)) < ZH 1og(N) + o{gx,x) log(N))
here B > 0 is an absolute constant. The latter upper bound was obtained by
means of the formula (see [31], Théoreme 1.1)

1 1
(54) hra(Jo(N)) = 5 log 67| — 5 log | det(My)| — log(a) ,
in which the Faltings height of the Jacobian of X((N) is expressed in terms of
a suitably defined discriminant dr of the Hecke algebra T of Jy(N), the matrix
M of all possible Petersson inner products of a certain basis of eigenforms of
weight 2 for I'g(/V), and a suitable natural number o with support contained
in the support of 2N. In order to obtain the upper bound in (53), E. Ullmo
established the bounds

log|oz] < 29x,(v) l0g(N) + 0(g:x,(n) log(N)) ,
—log|det(My)| < —gx,(v)108(N) + o(gx,(n) log(N)) -
The lower bound in (53) is due to unpublished work of J.-B. Bost. Combining

equation (50) with the asymptotics (49) and the estimates (53), one immedi-
ately derives the bounds (52) for dpa (Xo(N)).

A

6.5. Theorem. With the above notations, we have
)
(55) log 6| > 39Xo(N) log(N) + o(gx,(ny log(N)) -
Proof. Using (54) in combination with Theorem 6.2, we get

log(N) + o(gx, () log(NV)) .

The claim now follows immediately from the upper bound for — log | det(My)|
given above. O

1 1 gx,
5 log ‘(5’]1" — 5 log ‘ det(MN)] - ]og(a) = %

6.6. Remark. The lower bound given in Theorem 6.5 improves the lower
bound
log [01] > gx,(v) 10g(N) + o(gx,(wv) log(V))
given in [31], Théoreme 1.2. Since the fundamental invariant dr controls con-
gruences between modular forms, the lower bound (55) thus improves the lower
bound for the minimal number of such congruences.
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7. Appendix I: Comparing canonical and hyperbolic metrics

In the proof of Proposition 3.7 we used the explicit relation

o0
1
fcan(T) = Nshyp(f’?) + 2g—X /AhypKhyp(t§$)dt :uhyp(ﬂf)-
0

The purpose of this appendix is to prove this identity, rather than referring to
[18] or [19], thus making the present article more self-contained. Our approach
uses analytic aspects of the Arakelov theory for algebraic curves.

7.1. Proposition. With the above notations, we have the following equal-
ity of forms on X

1
gXMcan(x) = ,U'shyp(x) + §C1 (Q}Xa H : thp,res);

here Q}( denotes the canonical line bundle on X.

Proof. By choosing 11 = pighyp and iz = fican, the identity in Lemma 3.3 can
be rewritten as

(56) gh}’p<x7 y) - gcan(xa y) = ¢($) + qb(y) )
where

¢(1‘) :/ghyp(xaC)Mcan(C) - %//ghyp(gv C)Ncan(g)ﬂcan(g)'
X X

X
Taking d,d$ in relation (56), we get the equation
(57) fishyp (%) — Hean(2) = dodio(z) .
On the other hand, we have by definition
108 02(2) e = 1 (g1, 1) + log |2(2) — 2(9)P)
L0g [|d2(%) [Zan,ses = it (Gean (2, ) + log |2(w) — 2(y)[?)
From this we deduce, again using (56),

(58) log [|dz(z) — log||dz(x)

H}21yp,res ”zan,res -

thI;lE (ghyp(xa y) - gcan($7 y)) = 2(;5(:6) :
Now, taking —d,dS of equation (58), yields

(59) c1(Q%, | - [hyp,res) — c1(Q, | - [can,res) = —2dzd¢(x) -
Combining equations (57) and (59) leads to

(60) 2(:LLshyp(x) - ﬂcan(x)) = Cl(Q}(a || : ”can,res) - Cl(Q}(a || : ”hyp,res) :



42 JAY JORGENSON AND JURG KRAMER

Recalling
Cl(Qﬁ(a H ’ Hcan,res) = (QQX - Q)Mcan(x)a
we derive from (60)
N 2gX -2

1
Mshyp(‘r) - Mcan(x) = 9 Ncan($) - 501(9%(; H : thp,res) y

which proves the proposition. O

7.2. Proposition. With the above notations, we have the following for-
mula for the first Chern form of Q% with respect to || - ||nyp.res

1 o
01(9}(7 | - thp,rCS) = %Nhyp(x) + /AhypKhyp(t; x)dt Mhyp(»’v)-
0

Proof. Our proof involves analysis similar to the proof of Lemma 3.6. By our
definitions, we have for x € X

CI(Q}O ” ’ ||hyp7res) = _dmdg log ||dz(x)‘|}21yp,res =

~dod lim (guypo, ) + log |2(2) — 2(y) ) =

) 1
—d,d§ lim 47r/ (Khyp(t;x, y) — ol () (X)> dt + log |z(z) — z(y)* | =
yp

Yy—x

0
—d.d$ lim 47r/KH(t;z(a:),z(y))dt + log |2(x) — z(y)|?
y—z
0

o0

1
—d,d¢ lim | 4 Ku(t: 2(z), e
i [ [ | D Ralts 09200~ gy
0 y#id

Using the formula for the Green’s function gy(z,y) on H, we obtain for the
first summand in the latter sum

A = —d.df Z}I_I)I; 47r/KH(t;z(x),z(y))dt—i—log\z(m) — 2(y)?
0
= —dod? lim (gu(z(2), 2(y)) + log |=(2) — 2(y)1%)
= —d.dlog|z(z) — zZ(z)|* = —% 9, 0, log(z(z) — z(z))

- %azz(m) —2(x) 7 (2(2) - z(2))
_1 : 4(12;(3;) A dz(xQ) = % : ,uhyp(l') .

i dz(z) i dz(z) Adz(z)
2
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For the second summand we obtain

T 1
B = —d.d°lim |4 Ku(t; 2(z), = at

i [ |32 Kt 0. 3200) —

0 y#id

Vi 1
—  —4nd,de Ku(t: 2(2), = |a.

rd.d 0/ 3 Kt (21, 77(0) ~ g

y#id

Since the latter integral converges absolutely, we are allowed to interchange
differentiation and integration; this gives

yi 1
B = —4r [ d.ac Kult: 2(x), = |
. 0/ | 20 Kt 920 ~
y#id

yer
y#id

R / S d.dS Kt 2(x), v2(x))dt
0

The claimed formula then follows, since Ky(t; z(x), z(z)) is independent of x,
and recalling the identity (under our normalization of the Laplacian, as stated

in (7))
(61) dedg f(2) = —(4m) " Ay f (@) pinyp ()
for any smooth function f on X. O

7.3. Theorem. With the above notations, we have, for all x € X, the
formula

0o
1
,ucan(x) = Nshyp(x) + 29—X /AhypKhyp(t; -r)dt :uhyp(x)'
0

Proof. We simply have to combine Propositions 7.1 and 7.2, and to use that
1 1 gx

VOlhyp(X) + 47 volpyp(X)

8. Appendix II: The Polyakov formula

We shall work from the article [26]. Let us begin using the notation in
that article, then in the end indicate the changes needed to conform with other
conventions.
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Let us consider two metrics, whose area forms are written as dAy and
dA;. In alocal coordinate z on the Riemann surface X, setting z = x + iy, let
us write

dAy(z) = e2(2). %dz NdZ,

dA;(z) = 2. %dz ANdz.

If we then write dA; = €2?d Ay (see [26], p. 155, formula (1.11)), we then have
@ = p1 — po. The convention for the Laplacian is established in [26], p. 154,
formula (1.1). In the above coordinates, we have

ey (OO

(62) Ag(z) = e <@+8_y2> ;
ey (PO
2= (G5 5

The Gauss curvature Ky is then
Ko = —Agpo.

Note that if dAg is the standard hyperbolic metric, then e?° = y=2, so py =
—log(y), and it is easy to show that Ky = —1 as expected.

The Polyakov formula is proved in [26], p. 156, and stated as formula
(1.13); it says

/
log (det A¢> L 1/|v0<p|2dA0+/KogpdAo +C.
A, 6r | 2
X X

If we take p1 = po, then ¢ = 0, so we get
det’ Ag
C=1 .
o ( Ao )

Therefore, in obvious notation, we find

det’ A4 det’ A 1 (1 9
log( m >—Iog< m ) =~5r §X/\V0@\ dA4, +)[KogodA0

Let us work with the right-hand side. Recall that, with the above notational
conventions, we have, for any smooth f, the formula A(f)dA = 4wdd®(f), for
any metric. (Note: The normalization of the Laplacian in [26] as stated in (62)
does not include the minus sign as in our normalization, see (7); as a result,

the formula relating dd® to the Laplacian of [26] does not contain the minus
sign appearing in (61).) Therefore, if we integrate by parts, we have

1 1
§/|V080|2dx40 = —§/¢A0¢dAo = —27T/60ddc<ﬁ-
X X X
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Also, we have

[ Kopddo = - [ otomito = -t [ paacm.
X X X

Therefore, we find

det/Al det/A() 1
1 —1 = —— | -2 Co—4 dd¢
0g< A1> og< Ao) o 7T/<Pdd90 W/<p Po
X X
1
= g-/tp(ddctp—i-Qddeo).
X

However, since ¢ = p1 — po, this becomes

det’ A4 det/A() 1
] —1 - . dde ddp,) .
og( e ) og( Ao) 3/<p( po + dd°p1)
X

Let us now fit this into our notation. Since dA; = erlédz A dz, we have
c1(Q%, || - [[1) = dd®(2py). Similarly, c¢1(Q%, || - [lo) = dd®(2p0), so then

1
dd®py +dd°pr = 5 (c1(x, | 1) + e2(2x, [ - [lo)) -
In our notation, we write p1 = e, so then ¢ = 2p. Therefore, we get

det’ Al det’ AO 1
1 —1 =—- dd® dd® =
0g( e > 0g< m ) 3 /s&( po + dd°p1)
X

5 [0 @@kl I +er@ ] -o)

6
X

Now consider the special case when pg = pnyp is the hyperbolic metric, with

Gauss curvatuve equal to —1. Equivalent to the statement Ko = —1 is the
statement that c1(Q, [ - |lo) = (29x — 2)pshyp- If p1 is the Arakelov metric,
then ¢1(Q%, || - [1) = (29x — 2)fcan, Where fican is the canonical metric. If we

write pay = e® fihyp, then the above identity becomes
2 Hhyp

det’ A det’ Ay, gx — 1
1 ——= ) -1 P = / r n B .
Og < AAr > Og < Ahyp ) 6 J (bA (Uca + /’L hyp)
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