Construction of a diffeomorphism of CP! and S?

November 17, 2006

e CP! = (C2\ (0,0))/ ~ with (21,22) ~ (21,22) & 3z € C*, 5. t. (21,22) =
(221, 222).

An atlas is given by {(Ui, ¢1), (Uz, ¢2)} where the charts are

@1 :CP'\[0:1]=U; — C [1: 2] — 29

o : CP*\[1:0] =Uy — C [21:1] — 2.
With 1 (U NUsz) = C* = ¢o(Up N Us), the transition mapping is

w0t :C* - C* z 271

since o 0 07 H(2) = @a([l : 2]) = @a([z~" : 1]) = 27! for all z € C*. Here
we use charts in C rather than in R2 for convenience.

o S2={(a,b,c) eR?®|a® +b* + 2 =1}
An atlas is given by {(V1,41), (V2,12)} where the charts are

.52 1) = — a
P1:87\(0,0,1) =V, - C (a,b,c)»—>1_c+zl_c
Py 1 5%\ (0,0,-1) =V, = C (a,b,c) — a4 —iL.
s Yy Yy 1—|—C 1+ec
With 1 (V1 NVa) = C* = 49(V4 N V3), the transition mapping also turns

out to be
PYooprt: C* — C* z 271

In order to see this note that for all (a,b,c) € S?\ (0,0,41) we have
(1% +i1%) (3% —it%) = 1 and apply the fact that ¢, and ¢, are both
bijections, which is well-known from the construction of the stereographic

projection.



e Define a map f : CP' — S? by setting f(g; '(2)) := ; *(z) for all z € C.
1. This is a well-defined mapping from CP! to S? since
p3 (22) = 1 (21) © 20 = a0y H(z1) & 22 = 21T & 2o = a0ty H(z1) © Py (22) = ¥7(21).
2. This is a smooth mapping since
Q/Jiofogoi_lz(CH(C >z
and for ¢ # j
Pjofop;t:C*—C* z 271

are all smooth.

3. The map is a diffeomorphism since
f~t:8% - cp! Y (2) = M (2) VzeC

defines a smooth inverse for f.



