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Problem 1

(1) Let f be a di�erentiable function on Rn. The gradient of f is the vector �eld rf 2 X (Rn)
which is uniquely de�ned by

hrfx; Y i = dxf(Y )

for x 2 Rn and every y 2 TxR
n. Let c 2 R be a regular value of f : dxf : TxR

n ! R is surjective
for any x 2 f�1(c) =:Mc. Show that rfx ? Tx(Mc) � TxR

n for all x 2Mc.
(2) Show that there exists no immersion of a compact, di�erentiable manifoldM without boundary
into Rn if dimM = n.
(3) Show that there exists no injective di�erentiable map from R

n to Rk if n > k.

Problem 2

Symplectic Manifolds

(1) Let ! 2 �2(V ) an exterior 2{form. Show that the following conditions are equivalent:
(i) ! is non-degenerate, i.e. the rank of its Gram matrix G is maximal: 2r = rkG = dimV = n.
(Notice that rkG is always even. See Homework Set 6, Problem 4).
(ii) The induced linear map v 2 V 7! iv! 2 V � is an isomorphism.
(iii) !r := ! ^ � � � ^ !| {z }

r

6= 0 2 �n(V ).

(2) A symplectic form on a di�erentiable manifold is a closed, non-degenerate 2-form ! 2 
2(M):
d! = 0, !rx 6= 0 for all x 2M . Let H be a di�erentiable function on M . Since ! is non-degenerate
we can uniquely de�ne a vector �eld XH 2 X (M) via

iXH
! = �dH:

It is called the symplectic gradientof H. Assume that its 
ow, �t exists globally on M (e.g. if M
is compact). Show that ��t! = !.

Problem 3

Let ! =
P

i dp
i ^ dqi 2 
(R2n) where R2n �= R

n�Rn with variable pi and qi for i = 1; :::; n on the
�rst and second factor, respectively. Let V = V (q) : Rn ! R be a di�erentiable function and let

H =
kpk2

2
+ V (q)

(which is the sum of kinetic and potential energy). The gradient of V , rV (q) can be considered as
the conservative force corresponding to the potential V . Compute the di�erential equation de�ning
the 
ow-lines 
(t) = (p(t); q(t)) of XH . Reformulate this equation purely in terms of a di�erential
equation for q = q(t).

Bitte wenden...
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The following problems will be discussed in the tutorials:

Problem 4

Let fUigi2I be a countable, locally �nite, open covering of a di�erentiable manifold M such that
the closure Ui is compact for all i. Show that there exists an open covering fWigi2I of M with the
closures

Wi � Ui:

Problem 5

(1) Show that for a di�erentiable family �t : M ! M of di�eomorphisms and a di�erentiable
vector �eld Y we have

@

@t
(d�t(x)�

�1
t (Y )) = d�t(x)�

�1
t (LXt

Y );

where Xt(�t(x)) := d�t(x)=dt.
(2) Show that for a di�erential form � 2 
k(M) we have

@

@t
(��t� = ��t (LXt

�)
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