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1. Introduction

Consider the system

xO=a+ ] Fxds+ T Jo)ize 05D, M

i

;here aeRY fandg,(i=1, ..., k) are vector fields on R% and 2, ..., z* e C'([0, 1];
).

Doss [2] and Sussmann [17] have shown that, under appropriate conditions
on the coefficients f and g, (i=1, ..., k) [see (2) below], the mapping S which takes
z=(z', ..., ) into the solution x of (1) admits a continuous (w.r. to the sup-norm)
extension to C([0, 1]; R¥).
~ If one wants to extend the mapping S “by continuity” to inputs, say, with
Jumps, an LP-norm (rather than the sup-norm) is suitable.

In contrary to what is asserted in [13, Lemma 2 and Theorem 1], we show
(Example 1) that under the assumptions (2) in general S does not admit a
continuous extension to LP([0, 1]; R¥). § is, however, Lipschitz continuous with
espect to LP-norm on each L*-bounded set (Theorem 1), hence admits a
continuous extension to L2([0, 1]; R¥) in this sense.

Viewed as a mapping from D([0,1]; IR¥) (the space of right continuous
functions with left limits) into D([0, 1]; IRY), S will be shown to be continuous w.r.
to the Skorokhod topology [1,7], and local Lipschitz dependence in the

korokhod metrics will be discussed (Theorem 2).

For ze D([0, 1]; R*) with finite quadratic variation, x = S(z) obeys an integral
Eq.(4), which is a deterministic analogue of the stochastic integral Eq. (9) in [13]
(there called “canonical extension” of (1) for semimartingale inputs).

Itis obvious from (9) that the mapping S gives a “pathwise solution” of a certain
Stochastic differential equation, if z = z(w) is, e.g., a semimartingale. Especially, if z
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is a Wiener process, then x = S(z) is the solution of (1) in the sense of Stratonovich
(a fact which was proved already in [2] and [17]).

For certain questions of approximation (like the preservation of convergence
rates under the mapping S for random inputs, [18]) one needs estimates on the
local Lipschitz coefficients of S.

Only under further assumptionson fand g; (i=1, ..., k) we will be able to show
that the local Lipschitz coefficients w.r. to the sup-norm (resp. the LP-norm resp.
the [modified] Skorokhod metric) grow not faster than exponentially with the
sup-norm of the input (Theorem 3). This is of special interest if a random input,
which is large only with small probability (e.g. a Wiener process) is approximated,
say, “in probability”: in this case one obtains “nearly the same” convergence rates
for the outputs (Theorem 4).

As one application of Theorem 4, we re-establish the original version of [8],
Theorem 1 on the rate of convergence of an approximate solution of stochastic
differential equations, which had to be essentially weakened in [9] because of an
error in its proof (whose methods are entirely different from ours).

An essential condition for the continuity of S is that the g; (i=1,...,k)
“commute”, i.¢. the Lie brackets [g;, g;] vanish (i, j=1, ..., k) (see [17, Sect. 7]); for
approximation theorems which go beyond this condition but are valid only for
special approximations, see, e.g., [11, 13, 14].

2. Continuity Properties of the Mapping S

In the whole section, let aeR? and fe CR?; RY), G=(gy,...,g) € C'RY;
L(R* RY) be fixed with the following properties [2, 13, 17]
(i) f is locally Lipschitz continuous and satisfies a linear growth condition
(ii) G is uniformly Lipschitz continuous, and DG =(Dgj, ..., Dg,) is locally
Lipschitz continuous V)
(iii) the vector fields g, ..., g, commute, i.e.
(Dg)g;=Dgpg:  (G,j=1,....k)
(where Dg; denotes the Jacobian of g)) .
Forz=(z\, ..., 2%, z': [0, 1] R bounded and measurable, consider the system [2,
6, 13, 17]. s
L 0hH=G0h) (@eR:BeRY

> (2
(o, 0) =0
tD=a+ g n(Es), 2(s))ds, (3b)

where (e )= (220 8) " 0. )
S O= 0 —a®h 20— 20).

Note that (3) has a unique solution (it follows, e.g., from [2, Lemma 18] .thaF @
well as 5 are locally Lipschitz continuous). For z € C'([0, 1]; R¥)) an application ¢
the chain rule shows that x=S(z) is the solution of (1).

(3¢)
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Proposition 1. [f z is continuous from the right, with left limits and of finite quadratic

variation along some fixed sequence of partitions of [0, 1] with mesh size tending to
zero, then x=_S(z) is the solution of

x(t)=a+ (i) [(x(s))ds+ i G(x(s—))dz(s)

M=

+3 3 1 (0Dg) 6-) L2 7T

B —

Li=1

+3 [cp(x(s—),Az(s»—x(s—)— py gi(x(s—))Az"(s)] @

st
(see [5] for the notation).

Proof. This is a straightforward consequence of the differentiation rule (12) of [5],
applied to x(2)= (&, - ,0)(1), 2(t)—2z(0)). (Though this differentiation rule is
formulated for functions of class C2, and ¢ is, in general, only of class C!-2, the
proof in [5] goes through with only slight modifications, using the fact that & is
absolutely continuous.) [

Remark 1. a) If z=2z(w) is a (k-dimensional unit variance) Wiener process (defined
onsome probability space (£, A, P)), then, along any sequence of nested partitions,
[, 271 (1)=6,;- t P-as., and § G(x(s—))dz(s) coincides with a classical Itd-integral.

Hence x(w)=S(z(w)) is, in that case, the solution of the stochastic integral
equation (in the sense of Itd)

t 1 k t
x()=a+ { (f (x()+ 5 .._/__‘:1 g.-Dg,-(X(S))> ds+ g G(x(s))dz(s) %
resp. the stochastic integral equation (in the sense of Stratonovich)

x()=a+ (j) FOe(s)ds+ ‘j) G (x(s))dz(s) ©)

~a fact which was proved already in [2], resp. [17].

b) If, more generally, z = z(w) is a semimartingale, then there exists a sequence
of partitions along which z(w) has finite quadratic variation for P.a.a.  [5];
hence, for P.a.a. w, x(w) = S(z(w)) is the solution of (4). Moreover, in that case (4)
may also be understood as a stochastic integral equation [13, Lemma 3].

¢ In [17] it is proved that the restriction of S to C([0,1]; R¥) is locally
Lipschitz continuous w.r. to sup-norm; this will be a special case (p=o0) of
Theorem 1 below.
d) Denote by S, the restriction of § to {ze C!([0, 1]; R¥)|z(0)=0}. In [13,
¢mma 2 resp. Theorem 1], it is claimed, appealing to results of [6], that under
assumptions (2)

S, is Lipschitz continuous w.r: to sup-norm, N

S, is Lipschitz continuous w.r. to LP-norm, hence
provides a continuous extension to LP(1Sp< o). ®
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We now give a counterexample to (8) as well as to [6, Lemma 1], stressing that in
general S, is not uniformly Lipschitz continuous w.r. to sup-norm, and even not
locally Lipschitz continuous w.r. to LP-norm.

Example 1. Consider the case d=k=1, f=0, g(x)=x, a=1. Then ¢y, f
= exp(f), which is not uniformly Lipschitz continuous (contrarily to what would
follow from [6, Lemma 17). Moreover, the mapping z—S4(z), So(2) (t) =exp(z(t))
is obviously not uniformly Lipschitz continuous w.r. to sup-norm. As to (8),

consider the sequence (z,),oy defined by z,(t)=y,(t)log i—i——i, where y, is some
continuously differentiable mapping from [0, 1] onto [0, 1], with

1 0=t<1-1/m)
y"(t)‘{o (I—1/2n<t<1).

1
In view of { log %ii dt=2log2 < o, (z,) converges in L' {0, 1]. (S O(Zn))’ however,
> _

is not even bounded in L'[0, 1], as

1 1-1/n
[Se)@dtz | — Zlogn.
0 o 1—t

What can be proved is

Theorem 1. For each K >0, and 1 £p < 00, S is uniformly Lipschitz continuous as a
mapping from ({ze L*([0,11; R |zl o K}, || 1,) to (L7([0,11; RY, | 1)’

Proof. By the same reasoning as in [2, pp. 119-121], one obtains the local Lipschitz
continuity of 5 as well as (for some constants M, M,) the estimate

(o, B < M (I + 1) exp(M,B])* - &)
From (3b), (9) and Gronwall’s lemma follows that
C«K): =sup{lil.llol Izl o K} < 0. (10)

Now let L,(K) be the minimal Lipschitz constant of # on the set {(o, Bl el = C;(K)
IBI£K}, and let z, # be measurable functions from [0, 1] to R* with Izl SK
12 =K.

First assume z(0)=Z(0)=0. Then the estimate

€40 — OIS L(K) (g I£.(8) — Ex(s)lds + g }Z(S)—E(S)ldS) (1)
together with Gronwall’s lemma implies
1€, = &2l o S Ly(K) exp(Ly(K)) 12— 1 . (12
Tmme |y for the maximum norm of y e R (resp. R?), and put

1 1/p
(5 fe(s)PPds + 12(0)8’) (1sp<c0)
0

lzlip: =
max (ess sup |2(1)}, Iz(O)I) (p=00),

e[, 1
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Let L,(K) be the minimal Lipschitz constant of ¢ on the set {(a, f)] || < C(K),
IBI<K}. Then we have, for |z|| =K, ||Z| =K, and 1Sp< 0,

1/p ’ 1/p
(i lp(E.(5), 2(s)) — 9 (ELs), Z())I ds) SLK)- (5) (8- —&:ll o +1z()—Z()P ds)

hence by Minkovski’s inequality

1S@)—SOI, s LK) (& —&:l +1z—21f))  (1sp<o0). (13)
(13) is obviously valid also for p=oc0. Now we get from (12) and (13)
I1S(z) =S, = Lo(K) (1 + L(K) - exp(L(K) -2}, (1=pso0). (14)
Finally abandonning the condition z(0) = Z(0) =0, we obtain from (14)

I18(2) =S, = 15(z—2(0) —SE—Z(O)ll,
S2L,(2K)(1+L,(2K))exp(L,2K))) |z—Z] , . (15)
We turn now to continuity properties of S, viewed as a mapping from
D([0,1]; R¥:
= {z : [0, l]—+]R"|lsi{13 z(s)=z(t), and 181?: z(s) exists for all te [0, 1]}

into D([0, 1]; IR?), where both spaces are endowed with their Skorokhod topology
[1,7].
Recall that the Skorokhod topology on D([0, 1]; IR”)is generated by the metric
d defined by _ )
d(x,y): = inf {max(|x =y o Al o» | 4—idll o)} (16)

where A is the set of all mappings A from [0, 1] onto [0, 1] which are continuous
and strictly monotonically increasing and id denotes the identity mapping on
[0,1].

Another metric generating the Skorokhod topology on D([0, 1]; R¥) which is
¢ven complete, is given by

do(x,y): = ,lxn,g {max(l|lx—ye il o, 14D}, a7
where 4 is the set of all mappings A€ A such that
HNAI: = sup log ——— At ) ( ) is finite.

(cf. [1, p. 113], for a relation between d and do)
Theorem 2. ¢ ) § is locally Lipschitz continuous as a mapping from
(D0, 11;RY,dp) to (D([0,1];R%),do)
b} For each K >0, there exists an L>0 such that
d(8(2), 8(2)) < Ld(z,2) (1 +min(V(2), V(2))
Izl o =K, 2], S K)
(where V(z) denotes the total variation of z on [0,1])

(18)
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Proof. In view of S(z)=S(z—z(0)), d(z—z(0),0)=z—2(0)]l ,=2]|z|,, and
d(z —2z(0), Z— 2(0)) = 2d(z, 2) (the same with d, instead of d) we may assume w.1.0.g.
that z(0)=2£(0)=0.

a) With the same notation as in the proof of Theorem 1, we get for ||z|| <K,
|2l =K, and each A€ A, noting that 4 is absolutely continuous,

£~ &0 AO)
- II 1) s~ | (e, 26)ds

< 5 IN(E(S), () — 1(E: 0 As). T o A(s))lds
+ (I) In(Eso A(s), 20 A(s) 11— A(s)lds

<L(K) (g) 600 Eo A + | IZ(S)~f°i(S)IdS)

+ C,(K) 1Al - exp(IliAlll, (19
where C(K): = sup{|n(x, ) |lla| < CLK), |8 = K}. Now (19) implies, by Gronwall’s
lemma

§E. =&z Al < exp(L(K))(C,(K) ANl - exp(llAll) + Ly(K) 2 — 20 All ) - (20)
From this we obtain

max(||S(z) —S(2) e All ., [lIAII)
S (Ly(K) (C(K) + Ly(K)) exp(L,(K) + [l + 1) max(llz— Z o Al o, AN - 1)

Now taking the infimum on both sides over all 1 € A with {[|A]|| < 2K + 1, we get [in
view of do(z, 2) Sdq(z, 0) +do(Z, 0) S 2K]
do(8(2), $(2) S (L,(K) (C(K)+ L,(K)) exp(L,(K) + 2K + 1)+ 1)dy(z, 7). (22)
Thus we have proved part a) of the theorem. To prove part b), we proceed similar
as in (19) and get, using integration by parts in the 2°® estimate (see e.g. [15,
p. 2571)
[ — &0 A(0)]

< 5 M(ELS). 2(5)) — 1(Es o A(5), Zo A()lds

+ Ii (g0 A(5), £ o A(8))d(s — A(5))

SL(K) (i 1§2(8)— &5 A(9)lds + (f: |z(s)—Z~ A(S)ldS)

+In(8s 0 A@), £ M) (¢t — AW + i (5—=A) A&z 2)° D)

sL(K) (i |€.(5)— 0 A(S)lds + ||z — 2 Af w)
+C (K A—id]l o+ 1A ~idll - V(1(E5, 2 4).
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This together with the estimate

V(s 2) o A=V (n(&s 2) S LK) (CLK)+ V(2) (24)
and Gronwall’s inequality yields
182 — &0 All o S €XP(Lo(K)) (L(K) 12— 20 All
H(L(K)+ ) (C(K)+ V(2)) IA—id] ) (25)
from which we obtain (similar as in the proof of a)), assuming w.l.o.g. that
V@£V (2),
4(8(2), $(2))
S(Ly(K) + 1) (Ly(K) + D (C(K) + 1+ min(V (2), ¥V (2))) exp(L,(K))d(z, 7).
(26)
Now (18) follows readily from (26), which completes the proof of Theorem 2. [

3. Exponential Growth of the Local Lipschitz Coefficients

For questions like how an approximation rate of (random) inputs carries over to
the outputs, one needs estimates on the growth of the local Lipschitz coefficients in
Theorems 1 and 2.

We are going to obtain such estimates under further assumptions on f and G.

Proposition 2. Assume that f and G are uniformly Lipschitz continuous, that (Dg,)g;
=(Dg)g; (i,j=1, ..., k), and that G is bounded.
Let @(a, B) be the solution of (3a).

o
If %(a, B) is bounded and uniformly Lipschitz continuous, then

a) ¢ is uniformly Lipschitz continuous.
b) C(K)and L,(K) (appearing in the proofs of Theorems I and 2) are of linear
growth.

Proof. a)is immediate. As to b), we infer from the relation (see, €.g., [2, Lémme 187)

e “t_de
o (5 @ ﬁ)) =52 (p(a, B, —B) @7
that (ﬁ (a, ﬂ)) is bounded and uniformly Lipschitz continuous; hence % is of

linear growth, which (by Gronwall’s lemma) implies that C,(K) is of linear growth.
This, in turn, shows that C,(K) is of linear growth.

As 5 now turned out to be the product of two uniformly Lipschitz continuous
functions, one of which is even bounded, we get for some constant ¢>0
(mdependent of K) and |o] resp. |8 < C(K), |B] resp. |B| <K the estimate

e, B)—n(@, Pl Sc - (K +1) (lx—al+|8—F)) (28)
hence £, «(K) is of linear growth. O

Theorem 3, Assume one of the following situations A)-D):
0 A) k=d=1; f and G are uniformly Lipschitz continuous, and
<"’15IG|§m2<oo for some m;, m,eR.
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B) k=d; f and G are uniformly Lipschitz continuous, (Dg;)g;=(Dg)g,
G,j=1, ...,k); Gis bounded, G(x) is invertible for all x, and x—(G(«)) ™! is bounded.

C) k=d; f and G are uniformly Lipschitz continuous, (Dg;)g;=(Dg)g;
(,j=1,...,k); there exist hy,....h;_,e C'(R;R?) such that (Dg)h;=(Dh)g,
(i=1,...,k;j=1,...,d—k) and such that H: =(g,, ..., gy, hy, ..., hy_;) is bounded,
H(a) is invertible for all o, and a—(H(x)) ™" is bounded.

D) f and G areuniformly Lipschitz continuous, (Dg;)g;=(Dg)g; (i, j=1,...,k);
(Df)gi=Dg) f (i=1,....,k).

Then there exist constants C;, C,>0 such that, for z,Ze L*([0,1]; R¥

I1S(2)~S(@D|,=C, exp(Cymax(||z] o, 12} ) 12— £, 29
and for z,2e D([0,1]; R
dy(8(2), () = C, exp(C, max(jizll o, |1Z]| o)) dolz; 2) (30)

d(5(2), $(2)) £ C, exp(C, max(|izll, [|Z]l ) (d(z, ) (1 + min(V (2), ¥ (2))) (1)

Prodf. In situations A) and B), the assertions (29)(31) follow directly from (15),(23),
and (26) together with Proposition 2 and the relation (see, e.g., [2, Lemme 18])

0
o (@ PG =Glo( B). (32
Now let us assume C), and first fix je {1, ...,d—k}. We conclude from

-j—ﬁh,-«p(a, B)=Dhfo(a, ﬂ))%?(% 1)
= Dhj(o(a, §)) G(o(e, B))
=DG((o, ) h{o(x, B)) (33)

that F(a, f): =h{¢(a, B)) is the (unique) solution of
2 F (o, )= DG(0(a A)F (. B

o (34)
F(a,0)=hya).

Moreover, it follows from (3a) that
89
2a0p?

0
(35) implies that — ¢(a, f)h(e) is a solution of (34), and hence coincides with

do
h{@(x, f)). Combining this with (32) we get

(#8)=DG(¢ (e B) o= 00 )
09

2 ol H=H@ *H(o(w ). a9

Now the assertions follow, as above, by Proposition 2.
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In situation D), we put f: =(t, ), and G(a): =(f (@), G(=)), and consider the
system 06 _
3 (@, B)=G(¢(, B))

37
@0, 0)=a. 37
Then, obviously, S(z) (t) = @(a, (¢, z(t)).
From this and the relation [2, Lémme 18]
oG
5% (o, 3)‘ <K (el + ) exp(K,|Bl) (38)

we obtain, for all ¢ € [0, 1], (with suitable y(¢) [0, 1])
1S(2) (&) —S(2) ()|

= laa—/? @(a, (&, 7(0)z(t) + (1 —y()) 2(D)| 2(t) — Z(®)|

=K, (lal +1) exp(K, max(|z|l o, 2]l )) [2(8) = Z(2)] (39
which obviously implies (29)+31). [

4. An Application: Random Inputs and Convergence Rates
of Approximate Solutions

Lipschitz properties of the type (29)(31) may be used to estimate how the
convergence rate of random inputs, if these are large only with small probability,
carries over to the outputs.

For simplicity, we will concentrate on the case of continuous inputs with | || .,
and will assume for the whole section (see Theorem 3 resp. Proposition 2) the
existence of some C,, C,>0 s.th.

15(2) ~ 5@ o = C; exp(C; max(|izl| o, 2]l ) 12~ 21l o
(z,£e C([0,1]; RY).

Theorem 4. Let z(w) and z,(w3) (n € N) be random elements of C([0, 1]; R¥), defined
on some probability space (Q,s7,P), let F:R,—-R, be continuous, strictly
Monotonically decreasing with slgg F(s)=0 and

(40)

Pllizll o 251 F(s) (41)
and let («,) and (B,) be two positive sequences converging to zero, with
Plllz—z,l o >, ]=0(B,) - (42)
Then there holds, for any y>C, (where C, is as in (40))
P[||S(2)—S(za) ]l o > oty exp(yF 1 (B)]=0(B,) . 43)

Proof.  |z(@)~z(@)loS@,  together  with  C, exp(Cy(llz(@)ll o +2,))
Sexp(yF~1(8,)) implies, by (40), that [S(z(c)) —SE, (@) . < % eXpGF ~1(8,));
hence follows
PIS(z) ~ Sz o >t exp(yF " (B))]
SP[|z= 24 > %]+ PLC, expCallzll, + %) > exp(rF ~*(B,)] . (44)
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To show (43), it is thus sufficient to check that the 2°¢ term in the r.h.s. of (44) is
0(By.

But for sufficiently large n this term is not larger than P[|zi|,>F~*(8,)],
which by (41) is not larger than §,, O

Corollary. Suppose one of the situations A), B), C) od D) of Theorem 3 (and hence
the validity of (40)).

Let z be a (k-dimensional) standard Wiener process, (z,) be a sequence of
stochastic processes with piecewise continuously differentiable paths, and («,) be a
positive sequence converging to zero, s.th., for some q2 1, there holds

P[”Z-—zu"m>an]=0(n_q)' (45)

Let x be the solution of (5)resp. (6), and x,(») be the solution of (1) with input z,(v)
(recall that x = 8(z) and x,, = $(z,,)). Then there holds, for any y > C, (where C, isas

in (40)) PLIx—%yl. >, cxply)/ 24 10gm)] = 0(n™9). (a6
Proof. Noting that the distribution of z is the same as that of —z, and using the
reflection principle [4, p.171] as well as the well known estimate 0joe"‘l/zdt
= %e“m (which is proved by differentiation) one obtains the estimates

Pllizll o 2 s1=2kP [oiugl Zl(f)éS]

=4kP[z}(1)25] é.%ée"sz’2= :F(s). @7)

For sufficiently large n, F~'(n"9<)/2qlogn; now (46) is immediate from
@3). O

Example 2. a) Let z=z(w, t) be a Wiener process, and consider the “polygonal
approximations” z,(w) defined by

D)) 2) )

(l st=< ]:*.—l;j=0, vesB— 1)
n n

Then there holds [ 16, Lemma 3]
Pllz—=2z,]l > €] S2cexp(—2ne?) (¢>0) (48)
which implies that

Pz —2z,]l o >on" 2(logn)**]=0(n"%) forall gzl1, and a=x)- )
49
b) The following statement is an easy consequence of a deep result of Komlos

et al. [12]: )
Let {v,}.n e a sequence of i.i.d. random variables with mean zero, varianc
one, and E[exp(cr;)] < oo for some ¢>0, and put

e j Jo ¥l )
= _= - < yJ=Us e -1/
sn(t) l/;; (i; v+ (t n) vj+1> (n §t_ n 3J 0’ n
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Then there exists, on some probability space, a Wiener process z and a
sequence (§,) having the same distribution as (s,), such that
PLI§,—zl,>an"?logn]=0(n"% forall g=1, and a=a(q) (50)
¢) Gorostiza and Griego [10] show
Pllltta—zll o >an"*(logn)**]=0(n"%9 forall g=1, and a=a(g), (51)
where z is a Wiener process and (u,) is a sequence of “uniform transport processes”,
ie. the slopes of the (continuous and piecewise linear) paths of u, change after
independent and exp(n?)-distributed time-intervals from + % to F l the initial
slope at t=0 being + %, each with probability %)

In each of the cases a), b), c) we get by the above Corollary, for any y> C, and

q21,
P[l|x—x,]|, >n~"*exp(y)/2qlogn)]=0(n"9). (52)

Remark 2. a) Noting that exp(y])/2qlogn) = O(n~ % for all >0, let us mention that
(52) re-establishes the assertion of [8], Theorem 1 in its original rather than its
weakened [9] version, its assumptions on f and G being those of our Theorem 3A
(except time dependence of f and G, which could also be built into Theorem 3).

b) For the polygonal approximation z, of a Wiener process z (Example 2a),
one can show, using (48), that

E[lz,~zll5]"*=0(n""2(ogm)''?)  (p21). (33)

From (53), (40), Hoélder’s inequality and the facts that |z,|,<|zl, and
Elexp(C- ||z]| )] < 00 for all C>0, there follows

E[llx~x,[%]""=0(n""*(logn)'"?). (54)

€) A (weak) convergence rate of a sequence of binomal processes towards a
Poisson process z (w.r. to the Skorokhod metric d) has been obtained by Dudley
[3]; in view of Theorem 3 (31), the fact that |z||., =V(z) and the estimate

Pllz| ,2n]< S—' (if zis a Poisson process with rate ), an analog of Theorem 4 and

its corollary can be formulated also in this case.

Acknowledgement. We thank H. Engl and W. Zulehner for helpful discussions.

References

|8 Billingsley, P.: Convergence of probability measures. New York: Wiley 1968
- Doss, H.: Liens entre équations differentielles stochastiques et ordinaires. Ann. Inst. Henri
Poincaré, Sect. B, 13, 99-125 1977)
3. Dudley, RM.: Speeds of metric probability convergénce. Z. Wahrscheinlichkeitstheor. Verw.
Geb. 22, 323-332 (1972)
4 Feller, W.: An introduction to probability theory and its applications, Vol.II. New York:
Wiley 1966



248

5.

6.

11.

12.

13.

14.
15.

16.

17.

18.

19.

W. Réthisch and A. Wakolbinger

Félimer, H.: Calcul d’It6 sans probabilités, in: Séminaire de probabilités XV. Lect. Notes
Math. 850, 143-150. Berlin, Heidelberg, New York: Springer 1981

Freedman, M.I., Willems, J.C.: Smooth representation of systems with differentiated inputs,
IEEE Trans. AC-23, 16-21 (1978)

. Gihman, 1., Skorokhod, A.V.: The theory of stochastic processes. I. Berlin, Heidelberg, New

York: Springer 1974

. Gorostiza, L.G.: Rate of convergence of an approximate solution of stochastic differential

equations. Stochastics 3, 267-276 (1980)

. Gorostiza, L.G.: Erratum to [8]. Stochastics 4, 85 (1980)
. Gorostiza, L.G., Griego, RJ.: Rate of convergence of uniform transport processes to

Brownian motion and application to stochastic integrals. Stochastics 3, 291-303 (1980)
Ikeda, N., Watanabe, S.: Stochastic differential equations and diffusion processes. Amster
dam, Tokyo: North-Holland/K odansha 1981

Komlos,I., Major, P., Tusnady, G.: An approximation of partial sums ofindependent random
variables, and the sample distribution function. I1. Z. Wahrscheinlichkeitstheor. Verw. Geb.
34, 33-58 (1976)

Marcus, S.I.: Modeling and approximation of stochastic differential equations driven by
semimartingales. Stochastics 4, 223245 (1981)

McShane, E.J.: Stochastic calculus and stochastic models. New York: Academic Press 1974
Natanson, I.P.: Theorie der Funktionen einer reellen Verdnderlichen. Berlin: Akademie-
Verlag 1969

Rosenkrantz, W.: On rates of convergence for the invariance princfple. Trans. Am. Math. Soc.
129, 542-552 (1967)

Sussmann, H.: On the gap between deterministic and stochasnc ordinary differential
equations. Ann. Prob. 6, 19-41 (197

Whitt, W.: Preservation of rates of convergence under mappmg‘ Z. Wahrscheinlichkeits-
theor. Verw. Geb. 29, 39-44 (1974)

Engl, HW., Wakolbinger, A.: Continuity properties of the extension of a locally Lipschitz
continuous map to the space of probability measures. Monatsh. Math. (to appear)

Received January 10, 1985

Note added in proof. For the case of continuous inputs with || ||, and d=k=1, 19, Examlﬂ’; 11
covers a situation not included in Theorem 1, and gives a (nontrivial) condition under which 31
even uniformly Lipschitz continuous (so that the results of [18] are then applicable).



