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For the entirety of this chapter, we assume 7 : £ — M is a smooth
vector bundle. We have already seen that any extra structure attached
to a bundle determines a preferred class of connections. We now examine
a variety of other situations in which a given vector bundle may inherit a
natural class of connections—or a unique preferred connection—from some
external structure. A particularly important case is considered in §4.2 and
§4.3, where F is the tangent bundle of M, and we find that there is a
preferred metric connection for any Euclidean structure on T'M. This is
the fundamental fact underlying Riemannian geometry.
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4.1 Direct sums, tensor products and bun-
dles of linear maps

Suppose 7g : ' — M and 7p : F' — M are two vector bundles of rank m
and /¢ respectively, and assume they are either both real (F = R) or both
complex (F = C). In this section we address the following question: given
connections on E and F', what natural connections are induced on the
other bundles that can be constructed out of £ and F'7 We answer this by
defining parallel transport in the most natural way for each construction
and observing the consequences.

Direct sums

To start with, the direct sum E & F — M inherits a natural connection
such that the parallel transport of (v,w) € E'@ F along a path v(t) € M
takes the form
t _ t t
P’y(va U)) _ (P'y(v>7 Pv(w))

We leave it as an easy exercise to the reader to verify that the covariant
derivative is then

Vx(v,w) = (Vxv, Vxw)

forveI'(F),we'(F)and X € TM.

If £ and F have extra structure, this structure is inherited by £ & F'.
For example, bundle metrics on E and F define a natural bundle metric
on E @ F: this has the property that if (e1,...,e,) and (fi,..., fo) are
orthogonal frames on E and F' respectively, then (e1,...,em, f1,..., f)
is an orthogonal frame on £ @ F. In fact, £ and F' need not have the
same type of structure: suppose they have structure groups G C GL(m, F)
and H C GL(¢,F) respectively. The product G x H is a subgroup of
GL(m,F) x GL(¢,F), which admits a natural inclusion into GL(m + ¢,F):

GL(m,F) x GL({,F) — GL(m + (,F) : (A, B) (A B) L4

The combination of G-compatible and H-compatible trivializations on E
and F respectively then gives E® F a (G x H)-structure. If the connections
on E and F are compatible with their corresponding structures, it’s easy
to see that our connection on E @ F' is (G x H)-compatible.

Example 4.1 (Metrics on direct sums). Let us see how the general
framework just described applies to the previously mentioned construction
of a bundle metric on E® F' when E and F' are both Euclidean bundles. In
this case, the structure groups of E and F are O(m) and O(¢) respectively,
so the direct sum has structure group O(m) x O(¢), which is included
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naturally in O(m+/¢) by (4.1). Thus E@® F inherits an O(m+{)-structure,
that is, a bundle metric. To see that it matches the metric we defined
earlier, we only need observe that by definition, any pair of orthogonal
frames for £, and F, defines an O(m) x O(¢)-compatible frame for £, @ F,,
which is therefore also an orthogonal frame.

Tensor products

Things are slightly more interesting for the tensor product bundle £ ® F'.
Parallel transport is defined naturally by the condition

Pl(v®w) = P(v) ® Py(w).

Indeed, since every element of ¥ ® F is a sum of such products, this
defines Pj; on F ® F uniquely via linearity. Computation of the covariant
derivative makes use of the following general fact: bilinear operations give
rise to product rules.

Exercise 4.2. Suppose V, W and X are finite dimensional vector spaces,
B:V xW — X is a bilinear map and v(t) € V, w(t) € W are smooth
paths. Then

%ﬂw), w(t) = Bo(1), w(®)) + Bo(t), ().

It follows that the covariant derivative satisfies a Leibnitz rule for the
tensor product: if 4(0) = X € T, M,

Vx(vew) = & (P) 7 () @ wir(1)]

_ % (P w(v(®) @ (P (w(v())],_,

=Vxv®w+v® Vxw.

t=0

We express this more succinctly with the formula

Vv w)=Vvew+v® Vuw.

Bundles of linear maps

For the bundle Hom(E, F') — M, it is natural to define parallel transport
so that if A € HOID(E,Y(O), Fﬁ/(o)) and v € E,Y(O), then

P!(Av) = PL(A)PL(v).
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Applying Exercise 4.2 to the bilinear pairing Hom(E,F) & £ — F :
(A,v) — Av, we find that the covariant derivatives on these three bun-
dles are related by

Vx(AU) = (VXA)U + A(VXU) (42)

for A € I'(Hom(F, F)) and v € I'(F). In particular for the dual bundle
E* = Hom(FE, M xTF), one chooses the trivial connection on M xF (i.e. V =
d) so that for a € I'(E*) and v € T'(E), (4.2) becomes

Lx(a(v)) = (Vxa)(v) + a(Vxv). (4.3)

Observe that the left hand side of this expression has no dependence on
the connection—evidently this dependence for E and E* on the right hand
side cancels out.

Tensor bundles and contractions

By the above constructions, a choice of any connection on a vector bundle
E — M induces natural connections on the tensor bundles

E; = (8'E") ® (&"E).
Recall that one can interpret the fibers (EF), as spaces of multilinear maps

* *
pr...ngx¥pr...xEB—>F,

14

k

and by convention Ej is the trivial line bundle M x F; for this it is natural
to choose the trivial connection V = d. Then the convariant derivative
satisfies a Leibnitz rule on the tensor algebra:

Vx(S®@T)=VxST+5S® VxT.

It also commutes with contractions: recall that there is a unique linear
bundle map
tr: Bl — E

with the property that tr(a ® v) = «(v) for any v € E and « in the
corresponding fiber of E*. Writing A € E} in components Aij with respect
to a chosen frame, tr(A) is literally the trace of the matrix with entries A?,
(see Appendix A). Then combining the Leibnitz rule for the tensor product
with (4.3), we see that

LX tI‘(A) = tr (VXA)
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for any A € T'(F}]). More generally for any p € 1,....k+ 1 and ¢ €
1,...,£+ 1, one can define a contraction operation tr : Eﬁrll — E¥ by the
condition

trla' ®.. @M@ ®... Qup) =
Av) ' ®..®..d" QU .00 ®...0 U,

where the hat notation is used to indicate the lack of the corresponding
term. A similar argument then shows that for any such operation,

Vi tr(T) = tr (VxT) (4.4)

for all T € T(E}H.

Exercise 4.3. Verify (4.4)

Another perspective on compatibility

If E — M is a vector bundle with structure group G, we have thus far
defined G-compatibility for a connection purely in terms of parallel trans-
port, which is not always the most convenient description. We shall now
see, at least in certain important special cases, how this definition can be
framed in terms of covariant derivatives.

The case of greatest general interest is when G = O(m) or U(m), so
E is equipped with a bundle metric g( , ) € T'(EY), and compatibility of
a connection means precisely that parallel transport always preserves this
inner product on the fibers. More generally, suppose there is a covariant
tensor field T € T'(EY) with the property that a family of parallel transport
isomorphisms P}; : Ey0) — Ey) is G-compatible if and only if

T(Py(v1), ..., Pivp)) = T(v1,. .., 0)

for all vy,...,vx € E, ). Special cases of this situation include not only
bundle metrics but also volume forms and symplectic structures. By the
above constructions, a connection on E induces a connection on EY.

Proposition 4.4. If E — M is a vector bundle with G-structure defined
by a fized covariant tensor field T € T(EY) as described above, and V is a
connection on E, then the following statements are equivalent:

(i) V is G-compatible
(i) VT =0
(i1i) For any sections vy, ...,v; € I'(E) and vector X € TM,

LX (T(Ulv s 7Uk)) = T(VXU17U27 B 7Uk)
+T(v1,Vxvg,...,vp) + ...+ T(v1, ..., 061, Vxugp).
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Proof. 1t follows from the various Leibnitz rules that (ii) and (iii) are equiv-
alent. We can show the equivalence of (i) and (iii) by a direct computation:
assume first that V is G-compatible, and choose a path v(t) € M with
7(0) =p, ¥(0) = X € T,M. Then

Lx (T(vy,...,v5)) = %T (v1(v(1)), ..., v (v(1)))
= %T (P o (y(1)), -, (P ue(1(1))))

:T(ig@*mw@»

dt

+T<m@%”,%g@4@aww»_9

=T (Vxvy,...,o(p)) + ...+ T (vi(p),..., Vxug),

where we’ve used the obvious generalization of Exercise 4.2 for multilinear
maps. Conversely if (iii) holds, then it follows from this calculation that
for any vy,..., v, € E,,

d " t
ET (P,y(vl)a ce Pv(v’f))

d
= —T(v1,...,0)

7 =0.

t=0

t=0

Since there’s nothing intrinsically special about the condition ¢ = 0, we
conclude that T (P!(vy), ..., Pi(vg)) is independent of ¢, and the connec-
tion is therefore G-compatible. O

4.2 Tangent bundles

4.2.1 Torsion and symmetric connections

For the remainder of this chapter we consider connections on the tangent
bundle T'M of a smooth n-dimensional manifold M. In this setting there
turns out to be a special class of connections, resulting from the simultane-
ous interpretation of elements X € T'M as vectors in the bundle TM — M
and as velocity vectors of smooth paths in M. In particular, given a con-
nection on 7'M, one can ask the following rather imprecise question:

If v(t) € M is a smooth path and X € T, yM, how much does X twist
around vy as it moves by parallel translation?

For general vector bundles this question has no meaning: one can certainly
choose a trivialization and define some notion of twisting with respect
to this choice, but the answer may change if a different trivialization is
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chosen. For tangent bundles it turns out that more can be said, and there
is a special class of connections for which the twisting is in some sense
minimal. We will now make this precise.

Assuming dim M > 2, consider a smooth embedding

a:(—e€) X (—e€) = M,

which traces out a surface in M. We wish to measure the degree to
which parallel vector fields along v(s) := «a(s,0) twist. Note that with-
out changing ~y(s), the map «a(s,t) can be chosen so that the vector field
X(t) := 9;a(0,t) along the path ¢t — «(0,t) is parallel, i.e. V;X = 0. Now
we ask: defining the vector field Y (s) := d,a(s,0) along 7(s), can we also
choose «a(s,t) so that Y(s) is parallel? If so then

Vsatoz(O, 0) = V,ﬁsa(O, 0),

a relation that looks reasonable enough, but as we’ll see in a moment,
it’s not always possible. The failure of the commutation formula V0, =
V0sa can be interpreted as a measure of twisting under parallel transport.

With this motivation, define an antisymmetric bilinear map 7" : Vec(M ) x
Vec(M) — Vec(M) by

T(X,Y)=VxY —VyX —[X,Y].

Exercise 4.5. Show that the map T defined above is C'*°-linear in both
variables, i.e. for any f € C*(M), T(fX,Y) = fT(X,Y) and T (X, fY) =
fT(X,Y).

The result of Exercise 4.5 implies that T defines a tensor field of type
(1,2): we call it the torsion tensor associated to the connection. If T’
vanishes identically, then referring again to the embedding «(s,t) above,
it’s easy to see that V, 0, = V;0,a: this follows because one can extend
X = 0,a and Y = 0;a to commuting vector fields in a neighborhood of
a(s,t), so that

T(X,Y)=V0a—V,0;a=0.

In fact, this remains true without assuming that « is an embedding; it
could in general be any smooth map (we leave the details as an exercise to
the reader). This “commuting partials” relation will often come in useful
in computations.

Definition 4.6. A connection on TM — M is called symmetric (or equiv-
alently torsion free) if its torsion tensor vanishes identically.

We will see shortly that symmetric connections always exist, and in
fact there is a unique symmetric connection compatible with any bundle
metric on TM (see §4.3.1).
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Given local coordinates (x!,...,2"), Equation (3.13) gives an expres-
sion for the components of T in terms of the Christoffel symbols:

Thus a connection is symmetric if and only if the Christoffel symbols F;k
are always symmetric under interchange of the two lower indices.

Exercise 4.7. Check that the components T;k satisfy the appropriate
transformation formula for a tensor under coordinate transformations (see
Exercise A.11 in Appendix A and Exercise 3.17 in Chapter 3).

By the constructions of §4.1, a choice of connection on T'M — M defines
connections on each of the tensor bundles T¥M — M; in particular, we can
now take covariant derivatives of tensor fields and differential forms. We
now give two applications of this that require symmetry for the connection
on T'M. The first is a new formula for the exterior derivative d : Q*(M) —
QFFL(M), which we state below for k = 1, referring to | | for the
general case.

Proposition 4.8. If V is a symmetric connection on T'M — M, then for
any 1-form X and vector fields X and Y on M,

AMX,Y) = (VxA)(Y) = (Vy A)(X).
Proof. We use the formula dA(X,Y) = Lx (A(Y)) — Ly (A(X)) = A([X,Y])

together with the Leibnitz rule for the covariant derivative, thus
dNX,Y) = Lx (A(Y)) = Ly (M(X)) = A([X, Y])
= (VxA)(Y) + AMVxY) = (VyA)(X) = M(VyX) = M[X, Y])
= (Vx)(Y) = (Vy ) (X) + MT'(X,Y)),

which implies the stated formula if T(X,Y’) = 0. O

We state the second application as an exercise. Recall that for any
covariant tensor field S € T(T?M) and vector field X € Vec(M), the Lie
derivative of S with respect to X is the tensor field LxS € T'(T?M) defined
by

d t

LxS = — *S
X dt(wX) t:()’

where ¢ denotes the flow of X.

Exercise 4.9. Show that if V is a symmetric connection on TM — M,
then for any S € I'(T{M) and X € Vec(M), the Lie derivative LxS
satisfies the formula

LXs(Yi, .. ,Yk) = (VX‘S)(K, .. ,Yk) —+ S(Vle,}/é, .. ,Yk)
+ SV VX, oo i) oo+ S(YVay e Yeot, Vi X).
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4.2.2 Geodesics

A connection on TM — M defines a special class of smooth curves y(t) €
M which generalize the notion of a “straight path” in Euclidean space.
Observe that a path () € R" is a straight line if its velocity (t) is
constant. Replacing R" with an n-manifold M, it no longer makes sense
to say that 4(¢) is constant unless we first choose a connection, since (t)
generally belongs to a different tangent space T, M at different times t.
Once a connection is chosen, the natural generalization is clear: a path
v : (a,b) — M is called a geodesic if its velocity +(t) is a parallel vector
field along v, in other words

Vﬂ =0.

This is the geodesic equation; in local coordinates (x',...,2"), we write
y(t) = (z*(t),...,2"(t)) and express the equation as

Ty (.. ™)' = 0.

The geodesic equation is therefore a system of n second-order nonlinear
ordinary differential equations, and as such has a unique solution

vi(to—€to+e€ - M

for some € > 0 and any choice of initial position (ty) € M and velocity
(o) € Ty M.

Geodesics are most important in Riemannian geometry, where they
serve as length-minimizing paths between nearby points, as we will show in
the next section. Before discussing their geometric significance further, we
shall establish the existence of symmetric connections by way of answering
the following question:

Given a connection, how many other connections are there that have
the same geodesics?

To be precise, we say that two connections V and i have the same
geodesics if solutions to V4 = 0 are also solutions to V4 = 0 and vice
versa.

Proposition 4.10. Given a connection V on TM — M, all other con-
nections with the same geodesics are of the form

VxY = VxV + A(X,Y)

where A: TM ®TM — TM is an arbirary antisymmetric bilinear bundle
map, and there is a unique symmetric connection of this form.
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Proof. Given V and an antisymmetric bilinear bundle map A : TM &
TM — TM, it’s easy to check that VxY = VxY + A(X,Y) satisfies the
appropriate Leibnitz rule and therefore defines a connection. Moreover for
any smooth path v(t) € M,

Vi = Vi + A(¥,4) = Vi, (4.6)

so the two connections clearly have the same geodesics. Conversely, if V
and V are any two connections, they are related by the formula above
for some bilinear bundle map A : TM & TM — TM (not necessarily
antisymmetric). Suppose now that they have the same geodesics. Then
for any X € T'M, we can choose a geodesic (t) with 4(0) = X and use
(4.6) to find A(X,X) = 0. It follows now by evaluating the expression
AX +Y, X +Y) that A is antisymmetric. In this case the torsions for V
and V are related by

T(X,Y)=T(X,Y)=Vx¥Y —VyX — [X,Y] = (VxY — VyX — [X,Y])
= AX,Y) — A(Y, X) = 2A(X,Y).

Thus the unique symmetric connection with the same geodesics is found

by setting
~ 1
VxY =VyxY — §T(X, Y).

O

In light of this result (as well as Theorem 4.13 below), it is common to
restrict attention to symmetric connections when the bundle is a tangent
bundle. This has a number of advantages (cf. Prop. 4.8 and Exercise 4.9
above) and is usually the most natural thing to do, though not always:
e.g. if TM — M has a complex structure (this is called an almost complex
structure on M), there may not exist a connection that is both compatible
with this structure and symmetric. Therefore we will not universally as-
sume that all connections under consideration on 7'M are symmetric, but
will always specify when this assumption is being made.

Definition 4.11. For any point p € M and a suitably small neighborhood
0 eU, C T,M, define the exponential map

exp, : U, — M

by exp,(X) = (1), where ¥(¢) is the unique geodesic through p with 4(0) =
X. When there is no ambiguity we denote simply exp(X) := exp,(X).

The local existence of geodesics guarantees that exp, is well defined
if the neighborhood U, is sufficiently small; in fact in most examples of
interest, exp, will be globally defined as an immersion T, M — M.
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Exercise 4.12. Show that for any p € M, X € T,M, the curve y(t) =
exp(tX) defined for ¢ in some neighborhood of 0 is the unique geodesic
with 4(0) = X.

The choice of notation and terminology reflects the close analogy be-
tween exp,, : T,M — M and the corresponding concept for a Lie group G
and its Lie algebra g: in that case X € g = T.G defines not a geodesic
but rather a Lie group homomorphism R — G : ¢ — exp(tX) € G (cf. Ap-
pendix B).

4.3 Riemannian manifolds

4.3.1 The Levi-Civita connection

Recall from §2.4.2 that a Riemannian metric on a manifold M is a bundle
metric on the tangent bundle T'M — M. This is defined by a symmetric,
positive definite tensor field of type (0,2) traditionally denoted by g €
[(TY M), and can be used to define the lengths of tangent vectors X € T, M

by
1 X]=Vg(X, X),

as well as angles between them according to the formula
9(X,Y) = [X|[Y]cos

for X, Y € T,M. The length of a smooth path v : [to,t1] — M is then
defined to be "
length() = [ fi(o)] de.
0
The pair (M, g) is called a Riemannian manifold.

We will show in this section that a Riemannian metric defines a unique
special connection on T'M, for which the geodesics take on geometric sig-
nificance as length-minimizing paths. Since g is a bundle metric on T'M,
it is natural to consider only connections that are compatible with this
structure. This is a serious restriction, but as we will see presently, not
enough to achieve uniqueness.

Let us try to motivate heuristically how the natural connection on a
Riemannian manifold is defined. As mentioned above, the geodesics in
this context can be characterized by the property of minimizing length.
Specifically, one could in principle take the following as the definition of a
geodesic:

A geodesic v(t) € M is a smooth curve such that |¥(t)| is constant and
such that for any two sufficiently close values a < b of the parameter,
Yap : la,b] — M minimizes the length among all smooth paths from

V(a) to y(b).
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Figure 4.1: Parallel transport preserving the inner product along a geodesic
in a surface.

As a definition this is sound, though proving it would take some work
which we’ll forego for the moment. Just assume for now that there exists a
connection that’s compatible with the bundle metric and whose geodesics
have this property. Is this connection unique? If dim M = 2 the answer
is clearly yes: as shown in Figure 4.1, there are unique parallel transport
isomorphisms that preserve both the velocity vector of the geodesic and a
unit vector orthogonal to this.

The situation is less clear however if dim M > 2. There are then in-
finitely many admissible ways to translate an orthonormal basis along a
geodesic. If dim M = 3 for instance, one can easily picture two of the basis
vectors twisting around the path in arbitrary ways. But this mention of
“twisting” suggests the remedy: we add the requirement that the connec-
tion should be symmetric, so that twisting is minimized. The next result
shows that this is precisely the right thing to do; it is sometimes called the
“fundamental lemma of Riemannian geometry.”

Theorem 4.13. On any Riemannian manifold (M, g), there exists a unique
connection on T'M that is both symmetric and compatible with g.

Proof. We first show uniqueness: assuming V is such a connection, com-
patibility with ¢ implies that for any vector fields X, Y and Z, we have
the three relations

Adding the first two, subtracting the third and using the assumption
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T(X,)Y)=VxY -VyX —[X,Y] =0, we find

Lx (9(Y,Z)) + Ly (9(Z, X)) = Lz (9(X,Y))
= g(VXY + VyX, Z) +g(Y, VXZ — VZX) +g(X, VYZ — V2Y)
=9(2VxY, Z) —g([X, Y], Z) + g([X, Z].Y) + ¢([Y, Z], X),

thus

o(VxY,2) = 3 [Lx (Y. 2)) + Ly (9(2, ) = L (9(X.Y))

+9([X, Y], 2) —g(IX, 2, Y) — g([Y, 2], X)|. (4.7)

A straightforward (though slightly tedious) calculation shows that the right
hand side of this expression is C'*°-linear with respect to X and Z.

Observe now that at any point p € M, the inner product g( , ) on T,,M
defines an isomorphism

b T,M —T;M: X — X

by X*(Y) = g(X,Y). It’s clear that this is a linear map; the fact that it’s an
isomorphism follows from the positivity of g (see Appendix A, §A.4). Thus
for any X,Y € Vec(M) and p € M, (4.7) gives a formula for (Vx,)Y)’,
proving the uniqueness of V x(,)Y". Moreover, in light of the above remark
on C'*°-linearity, this formula can be taken as a definition of the covariant
derivative VxY for any X € T,M and Y € Vec(M); one checks by another
calculation that the resulting object satisfies the Leibnitz rule and therefore
defines a connection. O

Definition 4.14. The connection constructed in Theorem 4.13 is called
the Levi-Clivita connection on (M, g).

Henceforward, whenever a manifold M has a Riemannian metric g, we
will assume that all calculations requiring a connection on T'"M — M use
the Levi-Civita connection.

4.3.2 Geodesics and arc length

We shall now explore the relationship between the geodesics of the Levi-
Civita connection and the problem of finding paths of minimal length be-
tween fixed points. This uses some basic concepts from the calculus of
variations, which deals with optimization problems on infinite dimensional
spaces. Fix two points p,q € M and real numbers a < b. We denote by

C*([a, b}, M;p,q)
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the space of all smooth paths v : [a,0] — M such that y(a) = p and
v(b) = q. We then use the metric g to define on this space two maps to
the real numbers, the length functional

() = / ()] dt

and the energy functional

£Y) = [P e

The geometric meaning of the first is clear: ¢%(y) is the length of the
path traced out by 7. As such, it depends only on the image, and is thus
invariant under reparametrizations, i.e. for any diffeomorphism ¢ : [a,b] —
[a’,b'] and smooth path v € C*([d’, V], M;p, q), we have

Ly o) =L5(y).

It is less obvious what geometric meaning the energy functional may have,
but we will find it convenient as a computational tool in order to understand
the length functional better.

We wish to view C*([a, b], M; p, q) informally as an infinite dimensional
manifold, and E° and % as “smooth functions” on this manifold which can
be differentiated. The word functional is generally used to describe real
valued functions on infinite dimensional spaces such as C*([a, b, M;p, q).
Given a functional

FC*([a,b], M;p,q) — R,

the goal of the calculus of variations is then to find necessary conditions
on a path v € C*([a,b], M;p,q) so that F(v) may attain a minimal or
maximal value among all paths 7. € C*([a,b], M;p,q) close to ~y; this
condition will take the form of a differential equation that v must satisfy.
To make this precise, we say that a smooth 1-parameter family of paths
from p to q is a collection v, € C*([a,b], M;p,q) for s € (—¢,¢€) such that
the map (s,t) — 75(t) is smooth. We think of this as a smooth path in
C*(la,b], M;p, q) through 7. The “velocity vector” of this path at s =0
is then given by the partial derivatives Os7v4(t)|s—0 € Tyo)M for all ¢, which
defines a section
n = asf>/s|8=0 < F(WSTM)

such that n(a) = 0 and n(b) = 0. We therefore think of the vector space
{n e T(y"T'M) | n(a) = 0 and n(b) = 0}

as the “tangent space” to C*°([a,b], M;p,q) at . It is now clear how
one should define a “directional derivative” of F'in a direction defined by a
section of v*T'M. This motivates the following definition, which generalizes
the notion of a critical point.
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Definition 4.15. The path v € C*([a,b], M;p, q) is called stationary for
the functional F': C*([a,b], M;p,q) — R if for every smooth 1-parameter
family v, € C%([a, b], M3 p, q) with 7o = 7,

d

T =0 (4.8)

Note that for an arbitrary functional, it is not a priori clear that the
derivatives in (4.8) will always exist. This is however true in many cases
of interest, and in such a situation, it’s easy to see that (4.8) is a necessary
condition for F' to attain an extremal value at ~.

Proposition 4.16. The energy functional E® is stationary at vy if and only
if v is a geodesic with respect to the Levi-Civita connection.

Proof. Pick any smooth 1-parameter family v5 € C*([a,b], M;p, q) with
Y% = 7 and denote n = 0s7s|s=0 € ['(v*T'M). Differentiating under the
integral sign and using the properties of the Levi-Civita connection,

dt

s=0

= / %g (815% (1), Oys (t>)

d
%Ea(fys)

s=0

b
= / <g( vsat’ys(t”szo ’ V(t)) + g(’}/(t), Vsat%(t)|s:0 )) dt

We now perform a geometric version of integration by parts, using the fact
that 7(¢) vanishes at its end points. It follows indeed from the fundamental
theorem of calculus that

b b b
0:/ %g(ﬁ(t),n(t)) dt:/ g(VA (), n(t)) dt+/ 9(¥(8), Vin(1)) dt,

thus ,
d .
S| =2 [ g(Viite).a) de.
Since choosing arbitrary 1-parameter families v4 leads to arbitrary sections
n € I'(y*T'M) with n(a) = n(b) = 0, this expression will vanish for all such
choices if and only if V4 = 0, which means ~ is a geodesic. O

s=0

To see what this tells us about the length functional, we take advantage
of parametrization invariance. Assume v, € C*([a, b], M;p, q) is a smooth
1-parameter family of paths which are all immersed. Then we claim that
there exists a unique smooth 1-parameter family 55, € C*([a,b], M;p,q)
with the following two properties for each s:
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1. (s is a reparametrization of ~;,

Bi(t)

is constant with respect to t.

Indeed, a straightforward calculation shows (s(t) = vs(¢s(t)), where for
each s, ¢ : [a,b] — [a,b] is found by solving the initial value problem

dps G0
dt (b - a’);ys(gps) ’
vs(a) = a.

We say that the paths 3, € C*([a,b], M;p,q) have constant speed. Let
vs = |Bs(t)|. Then since length is independent of parametrization,

2 ) By 2o, / \/ (5., A0 o
- 9 (). 50| at
/ \/ 0. ot )> Ds ( )s:O
:iEW@M

Thus if 7 is stationary for £2, then it has a reparametrization with constant
speed that is stationary for E°, and is therefore a geodesic. Conversely,
every geodesic is stationary for 2, and also has constant speed since V4 =
0 implies

d . . .
Z @ =29(VA (1), 4(1) = 0.
This proves:

Corollary 4.17. An immersed path v € C*([a,b], M;p,q) is a geodesic if
and only if it both is stationary for ° and has constant speed.

We conclude that any path v € C*°([a, b], M; p, q) which minimizes the
length ¢°(y) among all nearby paths from p to ¢ can be parametrized by
a geodesic. One must be careful in stating the converse to this, for it is
not always true that a geodesic gives the shortest path between two points.
This is however true in a local sense, as shown in the next result; we refer
to [ | for the proof.

Proposition 4.18. Suppose (M, g) is a Riemannian manifold. Then every
point p € M has a neighborhood p € U, C M such that for every q € U,,
there is a unique geodesic vy, : [0,1] — U, with v,(0) = p and v,(1) = q.
This geodesic is embedded and parametrizes the shortest path from p to q.
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4.3.3 Computations

It’s useful for computational purposes to have a formula for the Levi-Civita
connection in coordinates: in particular, given a chart (z!,...,2") : U —
R™ we can write the Christoffel symbols F;k explicitly in terms of the
components

9i5(p) = 9(0ilp, 0],) € R

of the metric. At any point p € U, denote by ¢ (p) the entries of the n-by-n
matrix inverse to g;;(p), so using the Einstein summation convention,

97 g = 6},

where the Kronecker § is defined by 6¢ = 1 if i = k and otherwise 0.
Recall now that the Christoffel symbols I'j, : &/ — R are defined so that
for any vector field X = X/9; € Vec(U), V; X' = §; X" + '}, X*. Setting
X = 0Oy, this implies

}k = (V]@k)’.

Using the assumption that V is compatible with the metric, we find

9igjr. = 0i (9(9;, Ok)) = 9(V:0;,0k) + g(0;, Vi0y)
= 9om(Vi0)) 0" + 9em;(Vidp)™ (4.9)
= g9uT5; + g5l

Exercise 4.19. Use (4.9) to derive the following formula for the Christoffel
symbols of the Levi-Civita connection:

Ffj = %gké (&-gjg + 8]'9&' — 8@9@') . (410)
Hint: write down three copies of (4.9) with cyclic permutations of the
indices i, j and k. Add the first two and subtract the third (notice the
resemblance to the proof of Theorem 4.13). Remember that symmetry
implies I'}; = I',.

Remark 4.20. With a bit more effort one could turn Exercise 4.19 into an
alternative proof of Theorem 4.13: in fact deriving (4.10) from the assump-
tions that V should be symmetric and compatible with ¢ already proves
the uniqueness of V. To show that this formula really does define a connec-
tion, it remains to check that the right hand side transforms properly under

coordinate changes, namely according to the formula in Exercise 3.17.

We are now finally in a position to give some examples of Riemannian
manifolds and compute their geodesics.

'For an explanation as to why one might sensibly denote the inverse to the matrix
gi; by the same symbol with raised indices, see Appendix A, §A 4.
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Exercise 4.21. Show that if M = R"™ and g is the standard inner product
(also known as the flat metric on R™), then in the obvious coordinate
system, all the Christoffel symbols vanish, and the geodesics are all straight
lines.

Example 4.22. The hyperbolic half-plane (H, h) is the open set
H={(z,y) € R* | y >0}

with Riemannian metric
1

hX,Y) = "

(X, Y )pe

for X,Y € T, H = R?, where (, )z denotes the standard inner product
on R2. As we will see in Chapter 5, this is an example of a surface with
constant negative curvature; it plays an important role in complex analysis,
particularly the theory of Riemann surfaces (see, for example | D).

Exercise 4.23. Using the obvious global coordinates on H, derive the
Christoffel symbols and show that the geodesic equation can be written as

i — Ziy =0,

1. .
j+-(*-9*)=0
)
for a smooth path v(t) = (z(t), y(t)).
Exercise 4.24. Show that (H, k) has geodesics of the form

v(t) = (¢, y(t)),

for any constant ¢ € R and appropriately chosen functions y(¢) > 0, and
that it also has geodesics of the form

v(t) = (rcos(t) + ¢, rsinf(t))
for any constants ¢ € R, r > 0 and appropriately chosen functions 0(t) €
(0,7). In fact, these are all the geodesics on (H, h): they consist of all

vertical lines and circles that meet the z-axis orthogonally.

Exercise 4.25. Show that any two points in (H, h) are connected by a
unique geodesic segment, and compute the length of this segment.
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4.3.4 Riemannian submanifolds and surfaces in R3

Consider (M, g) = (R3, gg), where gg is defined by the standard Euclidean
inner product on R3, and suppose ¥ C R? is an embedded surface. This
inherits a Riemannian metric j*gg via the inclusion map j : ¥ — R3,
which is the same thing as defining the inner product of X and Y in 7,2
to be (X,Y)gs. As we've seen, it’s easy enough to compute the geodesics
in (R3, gg): these are straight lines with constant velocity. We now ask
how this information can be used to identify the geodesics on the surface

The question can be framed somewhat more generally without making
it any harder. Suppose indeed that (M, g) is an arbitrary Riemannian
manifold and ¥ C M is a submanifold, to which we assign the pullback
metric j*¢g using the inclusion map j : ¥ < M. There is a linear bundle
map

Ty . TM|E — T

which for each p € ¥ acts as the projection from T, M to T, along the
orthogonal complement of T,,%.

Proposition 4.26. If V is the Levi-Civita connection for (M, g), the Levi-
Civita connection NV for (X, 5*g) is defined by

ﬁXY = Wz(VXY)
for X € TY and Y € Vec(X).

Proof. We check first that V satisfies the Leibnitz rule: for f € C>(X),

%X(fy) =7y (Vx(fY)) =7s (Lx f)Y + fVxY)
= (Lx f)ms(Y) + frs(VxY) = (Lx f)Y + fVxY,

thus V defines a connection on TS — ¥. To see that it is compatible with
the metric j*g, pick vector fields X,Y,Z € Vec(X): then extending these
to vector fields on M and using the fact that V is compatible with g,

Lx (779(Y, Z)) = Lx (9(Y, 2))
=9(VxY,Z) +9(Y,VxZ)
= 9(me(VxY), Z) + g(Y, m2(Vx Z))
=7 9(VxY, Z) +jg(Y,VxZ).
Here we've used the fact that for any v € T,M, the difference v — mx(v)

is orthogonal to T,%, thus if w € T,%, g(v,w) = g(mxv,w). Finally to see
that V is symmetric, we evaluate the corresponding torsion tensor 7" on a
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pair of vector fields X,Y € Vec(X), noting that the bracket [X, Y] is also
tangent to 3, thus
T(X,Y)=VxY —VyX — [X,Y]
=Ty (VXY - VyX - [X, Y]) =Ty (T(X, Y)) =0.
The result now follows by the uniqueness of the Levi-Civita connection. [

Corollary 4.27. Let V denote the Levi-Civita connection on (M, g) and
suppose ¥ C M is a submanifold with induced metric j*g. Then a smooth
path v(t) € X is a geodesic with respect to j*g if and only if V,5(t) is
orthogonal to T )X for all t.

Proof. Using V = s, 0 V, the geodesic equation on (33, 7*g) reads
0=V = ms(Vid),

which is satisfied precisely when V5(t) belongs to the orthogonal comple-
ment of T’y 2. O

It’s quite easy to apply this result to the case of a surface in Euclidean
3-space: V is now the trivial connection, thus the geodesic equation for
v(t) € ¥ C R? reduces to the condition that %(t) be always orthogonal to
3.

Exercise 4.28. Let 5% = {(z,y,2) € R* | 22 +y? + 2? = 1} and define the
usual spherical polar coordinates (¢, 0) by

x =cos¢ cosb,

y =sin¢ cosb,

z =sin6.

Show that for any constants a,b € R, the path
(¢(t),0(t)) = (a, bt)

is a geodesic. Use a symmetry argument to conclude that the geodesics on
S? are precisely the great circles, i.e. circles which divide the sphere into
two parts that are mirror images of each other.
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