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Abstract Contents

Pseudoholomorphic curves have become an essential tool in symplectic topology

since their introduction by Gromov in 1985. They have also found application in [Dedication v

contact topology, where the existence of punctured holomorphic curves is closely .

related to the dynamics of Reeb vector fields, and can be used to define contact |A_cknmadﬂd.gm.em:.§ v

invariants via symplectic field theory. [Abstract vii
Punctured holomorphic curves have particularly nice properties in contact three-

manifolds and their four-dimensional symplectizations, where intersections and trans- m xi

versality can be controlled algebraically. This leads to the existence of two-dimen-

sional foliations by embedded holomorphic curves in the symplectization, which 1 _Introduction 1

project onto the contact manifold as one-dimensional singular foliations transverse 1.1 _Holomorphic curves in contact geometry . . . . . . .. ... ... .. 1

to the Reeb orbits. The existence of such foliations has been established previ- 1.2 Finite enerey foliationd . . . . . o oo 7

ously for generic tight three-spheres by Hofer, Wysocki and Zehnder, with powerful 3 Main result: Morse-Bott foliations in the overtwisted casd . . . . . . . 14
consequences for the Reeb dynamics. 14 Outline of the proof . « . . o o oo 16

The present thesis aims at extending this existence result to more general three- 5 Toward a homotopy theory of finite energy fo iationd ... ...... 21
manifolds and contact structures. To accomplish this, we develop a method for
preserving families of holomorphic curves under surgery along knots which cut trans- h_CLmaﬂ_SimLQtuLes_amLﬁansms.e_Snrgﬂ;J 25

versely through both the contact structure and the holomorphic curves. This is done 1 The theorem of Martinet and Lutd . . . .. . ... .......... 25

by considering a mixed boundary value problem on punctured Riemann surfaces i rcled . . ..o 31

with boundary, then using the compactness properties of holomorphic curves to de-

generate each boundary component to a puncture. The result is that a holomorphic 3 34
3.1  Morse-Bott contact structures in ST <R3 . . . . . ... ... L. 35

foliation on the tight three-sphere can be used to construct a similar foliation for
every closed three-manifold with any overtwisted contact structure. This is the first
step in a program suggested by Hofer to prove the Weinstein conjecture in dimen-
sion three by constructing foliations or related objects for generic contact manifolds.
The constructions here also lead to some concrete examples of an algebraic theory
in the spirit of Floer homology and symplectic field theory, which is conjectured to
be of fundamental significance in the theory of holomorphic foliations, and may turn
out to have broader applications in three-dimensional topology.
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Chapter 1

Introduction

1.1 Holomorphic curves in contact geometry

In general, a pseudoholomorphic curve is a map u : S — W from a Riemann surface
(S, j) to a 2n-dimensional almost complex manifold (W, J) satisfying

Tuoj=JoTu. (1.1.1)

The almost complex structure J : TW — TW is, by definition, a smooth fiberwise
linear map satisfying J? = —Id. We call J integrable if it is induced by a family of
charts identifying (W, J) locally with (C", i), i.e. W is a complex manifold. In this
case (LI is locally equivalent to the standard Cauchy-Riemann equations, so its
solutions are holomorphic maps. In general though, J need not be integrable except
for n = 1, and the study of Equation (I.I]) falls into the realm of elliptic PDE theory
rather than complex analysis. As such, the solution spaces can be analyzed in a very
elegant way via nonlinear functional analysis and Fredholm theory. The solutions
u: S — W are also called J-holomorphic curves, or abbreviated as “holomorphic”
when there’s no ambiguity.

Gromov discovered in his seminal paper |[Gr85] that J-holomorphic curves pro-
vide a natural tool for the study of symplectic manifolds. In this setting, one chooses
almost complex structures J that are tamed by the symplectic form w, meaning

w(X,JX)>0 forall X € TW, X #0.

It’s often convenient to strengthen this condition slightly: J is called compatible
with w if the bilinear form

975 = W('v ‘]')
defines a Riemannian metric. The spaces of almost complex structures that are
tamed by or compatible with a given symplectic form are always nonempty and

contractible, and the particular choice of J is seldom of much importance for any
application. The advantage of the taming condition is that one can then bound
the area of a closed holomorphic curve in terms of purely topological quantities;
this establishes uniform area bounds for the solution spaces, leading to compactness
results. Gromov used these properties to prove several startling results in symplectic
topology, notably his celebrated “non-squeezing” theorem.

In the late 1980’s, holomorphic curves on noncompact domains were introduced
by Floer [E88], in his novel approach to infinite-dimensional Morse theory and the
Arnold conjecture. In the noncompact case, it is vital to have a notion of “finite
energy,” which establishes some control over the asymptotic behavior of a holomor-
phic curve. In Hamiltonian Floer homology, for example, one considers cylinders
u: R x S' — W that satisfy a version of (LILI) which is related to a given Hamil-
tonian system. Then it turns out that solutions with finite energy always approach
periodic orbits of the Hamiltonian vector field at each end of the cylinder.

In what follows, we will be concerned largely with an analogous construction in
contact geometry. Let M be a smooth manifold of dimension 2n + 1, with n > 1.
A contact form on M is a smooth 1-form A\ with the property that

AN (dA)" (1.1.2)

is a volume form. Then the 2n-plane distribution £ = ker A is called a contact
structure, and the contact condition (LI.2) guarantees that £ is, in some sense,
“maximally non-integrable”. In particular, an integral submanifold L C M of &
(called a Legendrian submanifold) never has dimension greater than n. On the other
hand, there are plenty of n-dimensional Legendrian submanifolds; this follows easily
from Darbouz’s theorem, which states, as in the symplectic case, that all contact
manifolds are locally equivalent. In particular, every point has a neighborhood with
coordinates (1, Y1, -, Tn, Yn, 2) in which X takes the canonical form

A=dz+ ) x; dy;.

j=1

If M is given an orientation, then the contact form is called positive if the volume
form A A (d\)™ has positive sign. Note that, given any smooth positive function
f M — R, X is positive if and only if fA is also, thus it makes sense to speak
of positive contact structures, without direct reference to a contact form. It should
also be noted that a contact structure can exist without a global contact form;
the contact condition only requires the local existence of a 1-form satisfying (LI2).
Contact forms do exist globally for any contact structure that is coorientable, i.e. the
quotient T'M/¢ is orientable. We will work exclusively with contact structures that
are both positive and coorientable.



A contact manifold is usually defined to be the pair (M, €), where £ is a contact
structure, and the isomorphisms (M, &) = (M’,¢) in this category are defined by
contactomorphisms, i.e. diffeomorphisms ¢ : M — M’ that satisty ¢, = ¢'. Con-
tact topology is thus considered to be the study of the category of manifolds with
contact structures. Alternatively, one can work more directly with contact forms
and call the pair (M, \) a contact manifold, with contactomorphisms required to
satisfy p*\ = X. This definition will be more convenient for our purposes, though
we’ll use both concepts interchangeably when there is no ambiguity.

There is an important dynamical system associated with every contact form.
Given (M, ), the Reeb vector field X is uniquely defined by the conditions

d\(Xy,-)=0 and MX),) =1 (1.1.3)

The existence of closed orbits for X is a fundamental open question in contact
geometry.

Conjecture 1.1.1 (Weinstein). Fvery closed contact manifold (M, ) admits a
closed orbit of X.

A considerable amount has been written about this problem in the literature.
For now we just mention the following result, which is of greatest relevance:

Theorem 1.1.2 (Hofer [H93]). The Weinstein conjecture holds in the following
3-dimensional cases:

e M =53
e ¢ is overtwisted
o m(M)#0

The definition of an overtwisted contact structure will be given in the next
section.

Theorem follows from a construction involving holomorphic curves in the
so-called symplectization of a contact manifold. Given (M, \), the symplectization
is the manifold R x M, which admits a special class of symplectic structures of the
form

QW = d(tp)‘)v
where ¢ : R — (0,00) is an increasing function, considered here as a function on
R x M. The particular choice of ¢ is unimportant; in fact, we’ll see in Sec. [L.0] that
it can sometimes be useful to choose a different class of symplectic forms altogether.
The key is that there’s a special class of almost complex structures tamed by these
forms.

The contact condition implies d is a nondegenerate 2-form on &, so (£,d)) is a
symplectic vector bundle over M.

Definition 1.1.3. An admissible complex multiplication J on £ is a smooth fiber-
wise linear map J : & — € that satisfies J> = —1d and is compatible with d\,
meaning that

|- [5 = dAC, )
defines a metric on the bundle & — M.

Given (M, \) with an admissible J : £ — £, we exploit the natural splitting T'(Rx
M) =R®RX), ®¢ to define an almost complex structure J on the symplectization
R x M by

Oy Xy, Xor— =0, v Juforovedl.

Here a : R x M — R is the coordinate function for the R-factor and 0, is the
corresponding coordinate vector field. Observe that J is invariant with respect to
the natural R-action on R x M.

We consider now .J -holomorphic curves

a:(3,7) = (Rx M,.J),

where the domain ¥ = ¥\ T is a closed Riemann surface (2, 7) with a finite set of
points I' C 3 removed. The simplest example of a holomorphic curve in this setting
is a so-called orbit cylinder. Let x : R — M be a closed orbit of X, with period
T > 0; then it’s easy to check that the map % : R x ST — R x M defined by

a(s,t) = (Ts,z(Tt))

satisfies the nonlinear Cauchy-Riemann equation T4 o i = J o T@. The domain
(R x S1,4) is biholomorphic to the Riemann sphere with two punctures.

The following fact is the key to all dynamical applications of holomorphic curves
in contact geometry: all solutions satisfying a finite energy condition look approx-
imately like orbit cylinders near the punctures. The energy of any J-holomorphic
curve @ : S — R x M is defined as

B(@) = sup [ ad(on),
v€To J S

where Tg := {¢ € C*(R,[0,1]) | ¢" > 0}. An easy computation shows that the
integrand is nonnegative whenever @ is J-holomorphic. In the case where § =
is a closed Riemann surface with finitely many punctures and @ is a J-holomorphic
curve with E(#) < oo, we call @ a finite energy surface. These objects were first
introduced by Hofer to prove Theorem [[LT.2] and have since been studied in a series
of papers by Hofer, Wysocki and Zehnder.

The following notation will be used throughout: D C C is the closed unit disk,
and for r > 0, D, C C is the closed disk of radius r centered at 0. We use dots to
indicate punctured surfaces, so for instance D = D\ {0}.



Figure 1.1: A finite energy torus with one positive and two negative punctures.

Proposition 1.1.4 ([H33]). Suppose @ = (a,u) : D = D\ {0} - Rx M is a
J-holomorphic map with 0 < E(u) < oo. If @ is bounded, then @ extends to a J-
holomorphic map D — Rx M. Otherwise, U is a proper map, and for every sequence
s — 0o there is a subsequence such that the loops t — '11,(6*2’“(5”“)) converge in
C>=(S*, M) to a loop t — x(Qt). Here x : R — M is a periodic orbit of X, with
period T = |Q|, where

Q= —lim wN#£0 (1.1.4)

e—=0 oD,

It follows that any finite energy pseudoholomorphic map @ = (a, u) : Y= S\l =
R x M behaves in this way at each puncture (see Figure [[LT)—this applies equally
well when (X, j) is a compact Riemann surface with boundary and interior punctures
I' C intX. The number @ € R\ {0} defined in (ILLF) is called the charge of the
puncture, and we call the puncture positive/negative in accordance with the sign of
@. It turns out also that a nonremovable puncture z, € I" is positive if and only if
a(z) approaches +0o as z — 2o; a(z) — —oo at negative punctures. This partitions
the set of punctures into two subsets

r=rtur-.

One can use the maximum principle to prove that for finite energy surfaces (i.e. when
¥ is closed), there is always at least one positive puncture; see [HWZ95a].

It’s important to note that the orbit z(¢) need not be simply covered: in general
there is a minimal period 7 > 0 and a positive integer &k such that 7" = k7. Whenever
we talk about a “periodic orbit” P C M, it is to be understood that P refers to both
an embedded circle in M and a covering number k € N; though we will sometimes
abuse the notation and treat P as a set, when there is no ambiguity. We will also

sometimes allow a negative covering number —k: this is just short-hand notation
for a k-fold covered orbit that occurs as the asymptotic limit at a negative puncture.
The notation makes sense if one observes that ¢ +— u(e 27+*%)) converges to a
negative cover of the underlying orbit when @ is negative.

Prop. [[L14 makes no guarantee about the uniqueness of the orbit x(t); indeed,
one cannot exclude the possibility of a finite energy surface that has multiple distinct
asymptotic limits at the same puncture. However, this cannot happen if the orbit
is nondegenerate or Morse-Bott. Let ®§ : M — M be the flow of the Reeb vector
field for time ¢. It follows from the definition of X that T'®% preserves the contact
structure.

Definition 1.1.5. A T-periodic orbit z(t) with x(0) = p is nondegenerate if the
linear map d@f\‘(p)\gp 1 & — & does not have 1 as an eigenvalue. The contact form
A is called nondegenerate if all periodic orbits are nondegenerate.

Definition 1.1.6. A Morse-Bott manifold of T-periodic orbits N C M is a sub-
manifold N tangent to X, such that for every p € N, ®1(p) = p and ker(d®T (p) —
Id)le, = T,N N&,. We call A Morse-Bott nondegenerate (or simply Morse-Bott)
if the set of periods of Xy is discrete, and if for every T > 0, the set Np = {p €
M | ®¥(p) = 0} is a closed Morse-Bott manifold.

Our main interest will be in Morse-Bott manifolds that have a few extra nice
properties.

Definition 1.1.7. A submanifold N C M will be called a simple Morse-Bott sub-
manifold if

(i) N is closed,

(i1) N is foliated by periodic orbits that all have the same minimal period T > 0,
and

(iii) for every k € N, N is a Morse-Bott manifold of kt-periodic orbits.

Informally, we will call an orbit Morse-Bott if it belongs to a simple Morse-Bott
manifold. In this case the asymptotic result of Prop. [LT.4] can be strengthened
considerably.

Proposition 1.1.8 ([AWZ96a)], [TWZ96b] and [Bo02)). Let i = (a,u) : D — Rx M

be a finite energy punctured disk and suppose the T-periodic orbit x(t) provided by
Prop. is either nondegenerate or belongs to a simple Morse-Bott manifold.
Then the loops

t u(e—Zﬂ(erz‘t))



converge exponentially fast in C=(S', M) to z(Qt) as s — 0o. Moreover, the func-

tions ) )
a(e—lﬂ'(s+zt))
t— —

S

converge in C®(S*,R) to the constant Q as s — oo.

We defer a more precise discussion of the meaning of “exponentially fast” to
Appendix [A], Theorem [A.2.2]

Definition 1.1.9. A J-holomorphic curve @ : ¥ — R x M will be called asymptoti-
cally cylindrical if it behaves as in Prop.[L.L8 (more precisely Theorem[A22) near
each puncture z € T.

Hofer’s proof of the Weinstein conjecture for the cases mentioned in Theo-
rem establishes a periodic orbit as the asymptotic limit of a finite energy
plane. This plane is derived from a sequence of holomorphic disks by a “bubbling
off” process, exploiting the noncompactness of the space of holomorphic disks and
the properties of its natural compactification. A crucial ingredient here is a uniform
energy bound for the holomorphic disks; this guarantees that even as the sequence
technically fails to be compact, it gives rise to something with asymptotically cylin-
drical behavior. We will use a similar line of argument in Chapter B constructing
finite energy surfaces by degenerating punctured holomorphic curves with boundary.

1.2 Finite energy foliations

From now on, we assume dim M = 3. The more general situation is of course
quite interesting: one can use ideas similar to Floer homology and Gromov-Witten
theory to derive invariants of contact manifolds in any dimension, cf. [EGH00]. But
in dimension 3, holomorphic curves have some especially nice properties resulting
from the fact that 34+ 1 =2+ 2.

For example, consider a finite energy plane

= (a,u):C—>RxM

with a nondegenerate asymptotic limit P C M, and assume « is embedded. Using a
symplectic trivialization of the bundle u*{ — M to define a trivialization of ¢ along
P, one can associate with any nondegenerate periodic orbit a Conley-Zehnder index
toz(P). Now, if it happens that pcz(P) = 3, we can use some intersection theory
and the Fredholm theory developed in [HWZ99] to conclude the following:

X

Figure 1.2: If an embedded finite energy plane has an asymptotic limit with Conley-
Zehnder index 3, the Fredholm theory gives a smooth family of planes foliating a
neighborhood in M and transverse to X),.

(i) There is a 2-dimensional family of embedded finite energy planes @, = (a,, u,)
near @, all mutually non-intersecting.

(ii) The maps u, : C — M are all embedded, and the images of any two are either
identical or disjoint.

Thus a single plane @ with the right kind of asymptotic data gives rise to a family
that foliate a neighborhood of @(C) in R x M; even better, they foliate a neigh-
borhood of u(C) in M, and it follows easily from the nonlinear Cauchy-Riemann
equation that this foliation is transverse to the Reeb vector field (Figure [L2).

One may ask whether there is any global version of this local behavior. The first
results of this type were established by Hofer, Wysocki and Zehnder in [HWZ95D]
and [HWZ98], for the standard contact structure on S®. They proved that under
certain circumstances, S3 can be presented as a planar open book decomposition,
with pages given by finite energy planes that are all asymptotic to the same non-
degenerate “binding orbit” P, with pucz(P) = 3. This defines a smooth foliation of
S3\ P by an S'-parametrized family of open disks with boundary at P (see Fig-
ure[L3). The symplectization R x (5% \ P) is itself foliated by an R-invariant family
of holomorphic planes; adding the orbit cylinder over P, this becomes a holomorphic
foliation of R x S3.

Finite energy foliations provide a natural generalization of this idea. Let (M, )
be a closed contact 3-manifold with an admissible complex multiplication J on the
contact structure £ = ker A\. The associated almost complex structure on R x M is
always denoted by J.

Definition 1.2.1. A finite energy foliation for (M, \, J) is a smooth two-dimensional
foliation F of R x M such that



1. Fach leaf F € F can be presented as the image of an embedded J -holomorphic
finite energy surface, and there exists a constant that bounds the energy of
every leaf uniformly.

2. For every leaf F € F, the set 0+ F :={(c +a,m) | (a,m) € F} forc €R is
also a leaf of the foliation, and thus either disjoint from or identical to F.

A foliation is called spherical if every leaf is a finite energy (punctured) sphere.

We shall often abuse notation and write @ € F, meaning that the finite energy
surface @ parametrizes a leaf of F. The R-invariance assumption says that @ =
(a,u) € F if and only if @° := (a + o,u) € F for all ¢ € R. This has several
consequences for the projection of F to the underlying contact manifold.

Proposition 1.2.2. Let F be a finite energy foliation. Then

(i) If P C M s a periodic orbit which is an asymptotic limit for some leaf i € F,
then the orbit cylinder R x P is also a leaf of F.

(ii) For each leaf i = (a,u) : Y = R x M of F that is not an orbit cylinder, the
map u : 3 — M is injective and does not intersect its asymptotic limits.

(i) If i = (a,u) : X — Rx M and ¥ = (b,v) : ¥ — R x M are two leaves of F,
then w(X) and v(¥') are either disjoint or identical.

Proof. We prove (i) by an intersection argument: assume P is an asymptotic limit
of & = (a,u) € F, and pick any point p € P. This point is in the image of some
finite energy surface & = (b, v) : &' — R x M which parametrizes another leaf of F.
Suppose ¥ is not an orbit cylinder and v(zp) = p € P. Since R x P is an embedded
holomorphic curve, one can apply the similarity principle as in [MS04] to analyze
the intersection of & with R x P, finding a circle C' € 3 around z, such that v(C)
winds positively around P. Then ¢ must intersect @° for some o € R, and we have
a contradiction.

A useful immediate consequence is that if & = (a,u) is not an orbit cylinder, all
of its asymptotic limits are disjoint from the image of u : ¥ — M.

To prove (iii), suppose @ = (a,u) and ¥ = (b, v) are two leaves such that u(z;) =
v(22). Then there is a number o € R such that (z;) = 97(22), hence @ and o7
parametrize the same leaf of . So u and v have the same image.

For (ii), assume @ = (a,u) is a leaf and u(z;) = u(2;) for two distinct points
21,25 € X. Then there is a number o € R such that 47(z;) = (), thus @ and @7
have identical images; in fact, @7 (%) = ﬁ(Z) for all k € Z. Now pick zo € ¥ and
zr € ¥ such that a(z;) = @ (z), so

u(z) =u(z) and a(z) = a(z) + ko.

Clearly a subsequence of z approaches a puncture as k — £00, so by the asymptotic
behavior of 4, a subsequence of u(z;,) converges to one of the asymptotic limits of .
Thus u(zp) belongs to such an orbit, and as remarked earlier, this can only happen
if @ is an orbit cylinder. O

We'll denote by Px C M the union of all the closed orbits that occur as asymp-
totic limits for leaves of F; equivalently, this is the projection down to M of all
the orbit cylinders in F. Then Prop. can be rephrased by saying that an R-
invariant holomorphic foliation of R x M induces a continuous foliation of M \ Px.

Example 1.2.3. There is a simple foliation for the standard contact form on S*
that can be written down explicitly. We define this by regarding S° as the unit sphere
in C2; then using the Euclidean inner product { ,) on C2, one can write the contact
form Ao as
1
Ao(2)v = 5(12‘, v)

for z € S C C? and v € T,S® C C% The Reeb vector field for Ny generates the
Hopf fibration, so all orbits are periodic (and have the same period). The standard
contact structure & = ker Ay consists of complex lines in T'S® C S® x C2, so there is
a natural choice of admissible complex multiplication J =i : & — &. This defines
an almost complex structure J on R x S which turns out to be integrable; indeed,
the diffeomorphism

@ (R x S%J) = (C*\ {0},4) : (a,m) — *m
is holomorphic. For each ¢ € C\ {0} we now define a J-holomorphic plane
e = (ac,ue) : C = R x S 2= &71(2,(),
and for ¢ =0 there is a cylinder (i.e. punctured plane)
fip = (ag, ug) : C\ {0} = R x S%: 2 &7 1(2,Q).

One can check that all of these maps have finite energy; indeed, they are all asymp-
totic to the Hopf circle Py, = {(e*™,0)}, and @ is the orbit cylinder over Pu,.
The images of u¢ for ¢ # 0 foliate S* \ Pa, forming an open book decomposition
(Figure[L3).

It is often desirable to impose some additional conditions on a finite energy
foliation. Recall from [HWZ99] that every embedded finite energy surface @ : S\I' —
R x M with nondegenerate asymptotic limits has an associated Fredholm index:

Ind(@) = pez() — x(3) + #T,

10
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Figure 1.3: A planar open book decomposition of S® = R? U {co}, with binding
orbit P,.

where poz(@) is the Conley-Zehnder index, as defined in [HWZ95a]. This is the index
of the linearized Cauchy-Riemann operator which detects embedded holomorphic
curves in a neighborhood of @ with the same asymptotic limits. If this operator is
surjective, then every finite energy surface sufficiently close to @ is part of a smooth
family with dimension Ind(a), and one would of course like to assume that this
family is the same as the obvious family defined by the foliation. In this case the
foliation is stable under perturbations of the data, since one can apply the implicit
function theorem to deform each leaf when the complex structure is perturbed. This
motivates the following definition.

Definition 1.2.4. A finite energy foliation F is called stable if Px is a finite union
of nondegenerate Reeb orbits, and for every leaf F' € F outside of R x Pg, F is
parametrized by a finite energy surface @ = (a,u) such that

1. The linearized Cauchy-Riemann operator at @ is surjective, and all neighboring
finite energy surfaces obtained by the implicit function theorem are also leaves
of the foliation.

2. The map u: > — M has no critical points.

Both conditions in this definition are essentially algebraic: we require that each
leaf should have “the right Fredholm index” and that the algebraic count of its

11

Figure 1.4: A cross section of a stable finite energy foliation on S% = R3 U {oco},
with three asymptotic orbits cutting transversely through the page. The hyperbolic
orbit a is the limit of two rigid planes, and is connected to two elliptic orbits A
and B by rigid cylinders. All other leaves are index 2 planes asymptotic to A or B.
Arrows represent the signs of the punctures at a: a puncture is positive/negative if
the arrow points away from/toward the orbit.

12



critical points is zero. The latter implies immediately that if @ = (a,u) € F is not
an orbit cylinder, then w : ¥ — M is an embedding. As for the Fredholm index,
it must be either 1 or 2; it cannot be 0 except for R-invariant leaves, which are
necessarily orbit cylinders. Leaves with Ind(a) = 1 are called rigid surfaces. These
belong to 1-parameter families determined by the R-action, and thus appear to be
isolated when projected down to M. Likewise, index 2 leaves belong to 2-parameter
families, which project down to 1-parameter families in M. In this way, stable finite
energy foliations give a geometric decomposition of the underlying contact manifold:

Proposition 1.2.5. Let p: R x M — M be the projection onto the second factor.
Given a stable finite energy foliation F for (M, X\, J), the surfaces

p(F):={p(F) | F € F such that F CR x (M \ Pr)}

form a smooth 1-dimensional foliation of M \ Px, with all leaves transverse to the
Reeb vector field X .

The transversality u i X holds whenever @ = (a,u) is a J-holomorphic curve
in R x M with u: ¥ — M immersed.

Remark 1.2.6. The foliation of (S%, X, i) described in Example [LZ3 is not techni-
cally stable since all the Reeb orbits on (S, \o) are degenerate, but with an intelligent
choice of coordinates near P, it can be turned into a stable foliation by a small per-
turbation of \g. See Example 321

One expects that stable finite energy foliations should generally be spherical, due
to algebraic relations that connect the topology of ¥ with the the Fredholm index
Ind(@) and the number of critical points of u : Y — M. In particular, a necessary
and sufficient condition for u to be immersed is the vanishing of the homotopy
invariant wind, (@) defined in [HWZ95a], and we have the inequality

2wind, (@) < Ind(a) + 29 + #Ty — 2, (1.2.1)

where ¢ is the genus of ¥ and I'y C T' is the set of punctures with even Conley-
Zehnder index. (We will prove a generalization of this formula for punctured holo-
morphic curves with boundary in Chapter @) We see that the right hand side
of (LZI)) cannot be zero if the genus is positive. In this situation, one can use
Fredholm theory with exponential weights to prove that finite energy surfaces with
wind, (@) = 0 do not exist generically. On the other hand, C. Abbas, K. Cieliebak
and H. Hofer [ACHO04] have recently considered a generalization of the holomorphic
curve equation which may provide a suitable setup for defining stable finite energy
foliations with higher genus.
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In the present work, we will discuss only spherical foliations. Their existence
has previously been established for generic contact forms on the tight 3-sphere, see
[HWZ03b]. Recall that contact structures £ on a 3-manifold M can be classified as
either tight or overtwisted, where overtwisted means there exists an embedded disk
D C M such that T(0D) C & but TD|sp # &|op. The standard contact structure
& on S? is tight, and in fact by a theorem of Eliashberg [E92], all tight contact
structures & on S% are contactomorphic to &. Thus every tight contact form on S®
is equivalent to fAo for some smooth positive function f.

Theorem 1.2.7 ([HWZ03b]). There exist stable spherical finite energy foliations
on (S3, fo, J) for a generic set of f and J.

This has some remarkable dynamical consequences since the induced singular
foliation on S? is transverse to the Reeb flow. Thus a stable foliation produces a
global system of transversal sections, with which one can prove:

Corollary 1.2.8 ([HWZ03L]). For a generic set of smooth functions f : S* —
(0,00), the Reeb vector field defined by A = fXg on S® has precisely either two or
infinitely many periodic orbits.

1.3 Main result: Morse-Bott foliations in the over-
twisted case

The present work is motivated by the goal of extending the existence result of
[HWZ03D] to other manifolds and other contact structures. To accomplish this, we
develop a technique for modifying families of holomorphic curves @ : & — R x M
under surgery along links X' C M that are transverse to both the contact structure
and the holomorphic curves. Roughly, the idea is to cut pieces out of the domain 27
replacing @ with a solution to a boundary value problem whose image stays outside of
a neighborhood of K. After performing surgery, we can then use a “noncompactness
argument” to obtain a new family of punctured holomorphic curves by degenerating
the boundary.

In the case considered here, this procedure takes a holomorphic open book de-
composition of the tight 3-sphere and uses it to create a finite energy foliation with
infinitely many asymptotic limits lying in Morse-Bott families.

Recall from [HWZ99] that for a finite energy surface @ : ¥ — R x M with
degenerate asymptotic limits, one can use exponential weights to define a suitable
Cauchy-Riemann operator whose linearization is Fredholm. This works especially
nicely if the asymptotic limits belong to Morse-Bott families of periodic orbits:
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then for instance, an embedded index 2 curve has neighbors that are asymptotic
to neighboring orbits in a Morse-Bott family. (We’ll work out the details of this in
Chapter @)

Definition 1.3.1. A finite energy foliation F is said to be of stable Morse-Bott type
if Pr consists of a finite union of nondegenerate orbits and/or simple 2-dimensional
Morse-Bott submanifolds, and for every leaf F € F outside of R x (M \ Pz), F is
parametrized by a finite energy surface & = (a,u) such that

1. The linearized Cauchy-Riemann operator at i (defined with exponential weights
if mecessary) is surjective, and all neighboring finite energy surfaces obtained
by the implicit function theorem are also leaves of the foliation.

2. The map u: X\ T — M has no critical points.

Just as in the stable case, a foliation F of stable Morse-Bott type defines a
1-dimensional foliation p(F) of M \ Pz transverse to X, where now the singular
set Pr is a union of finitely many nondegenerate periodic orbits and finitely many
compact surfaces foliated by Morse-Bott periodic orbits. (The surfaces are tori in
particular, since they admit nonvanishing vector fields.)

Here is the main result.

Theorem 1.3.2. Every homotopy class of coorientable two-plane distributions on a
closed orientable three-manifold M contains a contact structure € with the following
property: there exists a contact form \ with ker A\ = £ and an admissible complex
multiplication J : & — & such that (M, X\, J) admits a spherical finite energy foliation
of stable Morse-Bott type. The foliation may be assumed to have the following
properties for every leaf that is not an orbit cylinder:

(i) all punctures are positive
(i1) all asymptotic limits are simply covered
(i11) each puncture has a different asymptotic limit
Eliashberg proved in [E89] that two overtwisted contact structures on a closed

3-manifold are contactomorphic if and only if they are homotopic as 2-plane distri-
butions. Combining this with the above theorem yields:

Theorem 1.3.3. Fvery closed contact three-manifold with a coorientable overtwisted
contact structure can be represented by a contact form that admits a spherical finite
energy foliation of stable Morse-Bott type.
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Though we will not prove this here, it should be possible to perturb a Morse-
Bott foliation along with a nondegenerate perturbation of the contact form, thus
producing a stable finite energy foliation (compare Figures and [[G)). This would
follow by a gluing argument, using the ideas in [Bo02] to relate moduli spaces of
holomorphic curves in a Morse-Bott setup with the moduli spaces in a nondegener-
ate perturbation. We’ll see some explicit examples of such perturbed foliations in
Chapter Bl The result of such a gluing argument would be the proof of:

Conjecture 1.3.4. FEvery closed contact three-manifold with a coorientable over-
twisted contact structure can be represented by a nondegenerate contact form that
admits a stable spherical finite energy foliation.

The stable foliation will generally include some rigid cylinders that have one
negative puncture. But it should still be possible to guarantee that all orbits of
each leaf are simply covered and distinct.

1.4 Outline of the proof

Our existence result is made possible by the theorem of Martinet [Ma7I] and Lutz
[LuTi] on the existence of contact structures in closed 3-manifolds. Their work
provides a blueprint for creating a contact structure in any given homotopy class
of 2-plane distributions on any closed oriented 3-manifold. This can be achieved by
a combination of Dehn surgery and so-called Lutz twists along transverse links in
the tight 3-sphere. We review the result in Chapter 2l and present also a lemma
that allows us to work only with links that are presented as closed braids near a
particular Hopf circle in S3.

In addition, we’ll make use of the existence of a particular type of stable finite
energy foliation on the tight 3-sphere: for this one can use either a stabilized version
of Example [[23] or alternatively the open book decompositions constructed in
[HTWZ95h]. We will use ingredients from such an open book decomposition of (S2, &)
to construct a new foliation on some (M, &) obtained by surgery and Lutz twists.

To be more precise, we can choose a contact form \; on S? with ker \; = &,
such that the periodic orbits of X, include two linked Hopf circles Py and Py,
of which P, is nondegenerate and picz(Psx) = 3. There is then an admissible
complex multiplication J; : § — &j, which determines a corresponding almost
complex structure J; on R x $3, such that there is a smooth S'-parametrized family
G, = (ar,u;) : C — R x S of pairwise disjoint, embedded finite energy planes
which are all jl—}lolomorphic and asymptotic to P,,. The maps u, : C — S% are
embeddings transverse to X),, and they foliate S\ P,. If we were to include all the
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R-translations of i, as well as the orbit cylinder R x P.,, this would give a stable
finite energy foliation for (53, A1, J;). Now take an arbitrary oriented link K C S,
positively transverse to &. By the lemma proved in Chapter 2 we can assume after
a transverse isotopy that each component of K is C*°-close to some positive cover
of the periodic orbit Py. Thus we can assume that K is transverse to each of the
planes u.. The goal will then be to perform surgery on a neighborhood of K and
somehow obtain a holomorphic foliation after such a discontinuous change in the
data.

The new foliation will include an S'-parametrized family derived from the one
above, but the surfaces in this family will have extra punctures, and they will not
fill all of the new manifold M. In particular, these surfaces will fill only the region
outside a set of tori that bound a tubular neighborhood of K (Figure [[LH]). Let
K; C K be a knot, and choose a small tubular neighborhood N; bounded by a
torus L;. One result of the surgery will be to modify the contact form so that L;
is a simple Morse-Bott manifold, foliated by periodic orbits which are meridians.
In principle, the fate of each of the planes @, cutting transversely through Kj is to
acquire a new puncture asymptotic to one of the orbits on L;. Inside L;, we need
to create a new foliation from scratch, and this is the subject of Chapter B It is
in fact the easy part of the argument, because we have enough freedom to choose
a contact form with a great deal of symmetry in N;, so that it becomes possible
to write down the Cauchy-Riemann equations and, with a reasonable ansatz, solve
them. The foliation thus produced consists of an index 2 family of planes, which
project to a 1-dimensional family of disks in S®, bounded by the 1-parameter family
of periodic orbits on L; (see Figure in Chapter B]). This is the situation after
performing a Lutz twist in N;. If we wish to change the topological type of S* to
a new manifold M by Dehn surgery, the problem is hardly more complicated: in
effect, this just means looking at a solid torus N; whose periodic orbits belong to
a different homotopy class (not meridians) on the boundary L;. We can similarly
solve the Cauchy-Riemann equations and foliate N; by finite energy cylinders, with
one puncture asymptotic to an orbit on L; and the other one asymptotic to the
central axis of N;. These constructions have much in common with the families of
holomorphic curves in an overtwisted S x S? considered by Taubes in [T02]. As
a bonus, we obtain explicit constructions of foliations for some simple manifolds
such as S' x S? and T2, and we will also see how to perturb these Morse-Bott
constructions to stable foliations with nondegenerate asymptotic limits.

The hard part is dealing with the situation outside of the neighborhoods N,
where the family @, must be converted into a new S!-family of holomorphic curves
0, with an additional puncture replacing each intersection point of @, with K. We
accomplish this by considering holomorphic curves defined on Riemann surfaces with
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Figure 1.5: The foliation of Morse-Bott type constructed from an open book de-
composition of S? by surgery along a transverse knot. Here the knot has linking
number 2 with the binding orbit P, and a tubular neighborhood is bounded by
the Morse-Bott torus L. Each page of the former open book has two new punctures
asymptotic to orbits on L.
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Figure 1.6: A conjectured nondegenerate perturbation of Figure [LH here A is per-
turbed near L so that most closed orbits are killed, but fourteen nondegenerate
orbits remain, alternating between hyperbolic and elliptic. These are connected by
rigid cylinders along L. Seven of the original leaves from the Morse-Bott construc-
tion are now rigid surfaces, each with two punctures at elliptic orbits (including
P..) and one hyperbolic. The others are all index 2 surfaces with three punctures
at elliptic orbits (including P..).
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both punctures and boundary. To begin, we take advantage of the fact that K is
close to Py in order to make a C'-small change in );, so that the new contact form
A has its Reeb vector field X tangent to L;. The implicit function theorem and a
simple compactness result allow us to perturb the open book decomposition {a.,}
along with this change in the data. Since u, cuts transversely through L;, there is a
unique open disk D; C C that can be cut out of the domain so that the restriction
of u to ¥ = C \ D, has its image in S® \ N; and maps the boundary 9% into L;. It
turns out that for any smooth function G : L; — R, the graph

L ={(Gj(z),z) eRx M | z € L;}

is a totally real submanifold of R x S3. Clearly then, we can define such a surface ij
so that any of the restricted maps @, : 3 — R x S? satisfies the totally real boundary
condition @,(9%) C EJ The properties of this mixed boundary value problem are
explored in detail in Chapter [4l In particular, we develop analogs of many of the
standard results for finite energy surfaces that were proved in [HWZ96a],

and [HWZ99], involving asymptotic behavior, algebraic embedding controls, Fred-
holm theory and transversality. A technical complication arises due to the fact that
the totally real submanifolds f/j are not generally Lagrangian with respect to the
usual symplectic form d(e®)), thus one cannot obtain a priori energy bounds for
this problem. We fix this in Sec. by developing a generalized concept of energy,
which does satisfy an a priori bound if Z/j is made to satisfy a milder requirement,
called the pseudo-Lagrangian condition. This requirement is not very flexible, but
it doesn’t need to be, because we will see there is a trick for turning a solution
with pseudo-Lagrangian boundary conditions into one whose boundary is actually
Lagrangian.

After dealing with the technical preparations in Chapter @ Chapter Bl completes
the proof of Theorem Most of the technical work here consists of bubbling
off arguments: we must prove that if our solutions can be perturbed by the implicit
function theorem, then they also allow more than a small perturbation. This enables
us to homotop the S!-family of punctured holomorphic curves with boundary ., :
¥ — R x 3, as the contact form is gradually twisted near the tori L;. (The twist
is somewhat more violent inside L;, but this doesn’t matter because our solutions
stay outside.) Eventually, a noncompactness result is used to produce the final
product: as A is twisted so that the Reeb orbits on L; become meridians, the
solutions , cannot survive as punctured holomorphic curves with boundary. What
happens instead is that the complex structure on the domain ) degenerates until,
in the limit, each component of ¥ shrinks to a new puncture. The result is an
Sl-parametrized family of finite energy surfaces asymptotic to both P, and the
new family of periodic orbits foliating L;.
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1.5 Toward a homotopy theory of finite energy
foliations

Concordance of foliations and the Weinstein conjecture

Let us make some remarks about the larger context that this work fits into. The-
orem and the corollary for overtwisted contact structures make up one ingre-
dient in a joint project with H. Hofer and two other Ph.D. students, R. Siefring
and J. Fish, to develop what might be called a homotopy theory for finite energy
foliations. Another important step in this program would be to formalize and prove
the following:

Assume (M, Ao, Jo) are generic and admit a stable finite energy foliation Fy.
Then for generic data (A, Jy) with ker Ay = ker g, there should also be a stable
finite energy foliation Fy for (M, A1, J1). The two foliations should be related
to each other by a foliation Fiy of R X M by embedded Jy, -holomorphic curves,
where Jop is a non-R-invariant almost complex structure interpolating between
j() and jl‘

The idea here is that one could use a foliation Fy to produce not only a foliation
for the new data (A1, J1), but also a non-R-invariant holomorphic foliation Fiy of
a symplectic cobordism connecting (M, A, Jo) to (M, Ay, J1). Fio may be called a
concordance of foliations. For any such object, there should be a well defined notion
of asymptotic foliations Fi5, defined by taking “limits” of the foliations F¢, defined
by translation (a,m) — (a + o, m) as ¢ — £oo. The conjecture then says that one
can find F; and Fy such that Ff = Fy and Fj, = F.

A simple (though trivial) example of a concordance of foliations can be con-
structed as follows: given a foliation F of (M, A, J), choose a smooth function
f R — (0,00) such that f* > 0 and f(a) is constant for sufficiently large |a|, and
define a new almost complex structure J that matches J on ¢ = ker A but takes 8,
to X\ = Tla)X/\ at (a,m) € R x M. If & = (a,u) parametrizes a leaf of F, one can
find a smooth function g : R — R so that the map & = (g(a), u) is J-holomorphic.
All of these together form a j—holomorphic foliation F of R x M , whose asymptotic
foliations F* are just F with the R-factor rescaled. This construction is the first
step in a proposed plan for constructing nontrivial concordances between foliations
for distinct contact forms.

Combined with Theorem [[L33] this would establish the existence of a stable finite
energy foliation for generic overtwisted contact forms on a closed three-manifold.
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One might next extend this result to generic tight contact forms by the following
trick. Given (M, M), let (M, )\) be the connected sum of M with a generic over-
twisted three-sphere. Then this would admit a finite energy foliation, and one can
imagine pinching off the overtwisted sphere by a stretching argument, thus obtaining

a finite energy foliation on (M, A). If this succeeds, we obtain:
Every generic (M, X\, J) admits a (singular) finite energy foliation.

The word “singular” has been added here because there are known examples of
closed contact 3-manifolds that generically cannot admit stable finite energy foli-
ations, as we have defined them—though the methods used for studying holomor-
phic foliations may still yield interesting results in these cases. Take for instance
a closed Riemann surface S with x(S) < 0, and consider the unit tangent bundle
M = S'T'S defined by the complete hyperbolic metric h. This has a natural con-
tact form whose closed orbits correspond to closed geodesics of h, and they all have
Conley-Zehnder index 0. This last fact presents a problem because, as we will see
in Sec. [£5.5 an abundance of even punctures tends to kill the transversality and
embeddedness results that make this theory work. Indeed, combining the index
formula Ind(@) = pcz(a) — x(X) + #I' = 2g — 2 + #I'g with the inequality (T21]),
we have

wind, (@) < Ind(a).

Thus if @ is an index 1 or 2 leaf of a stable foliation, this must be a strict inequality,
and a weighted Fredholm theory argument can then be used to prove that such
curves do not exist generically. Similar inequalities appear in the Fredholm theory
and intersection theory, showing that generically, embedded finite energy surfaces
in this setting must be expected to have a fixed finite number of intersections with
their neighbors.

If the theory can be extended to this case, then one must introduce a more
general notion of “singular” finite energy foliations, for which different leaves may
have isolated intersections and the projected leaves are not embedded but have self-
intersections on some one-dimensional subset of M. We will not explore these ideas
further here.

Singular or otherwise, the generic existence of foliations would have the following
nice consequence. Given any contact form A on a three-manifold M, we can ap-
proximate it by generic contact forms A, which admit finite energy foliations. The
foliations come with a crude energy bound ¢ = ¢()), which also bounds the periods
of their spanning orbits. Thus for each Ay there is a periodic orbit z(t) with period
bounded by ¢()\), and in the limit, Arzeld-Ascoli yields a periodic orbit x(t) for A.
This would then settle the Weinstein conjecture in dimension three.
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Actually the result would prove more than just existence of a periodic orbit: as
was shown in [HWZ03D], the existence of a stable finite energy foliation leads to
the conclusion that generic tight contact forms on S3 admit either two or infinitely
many periodic orbits. It has been suggested that similar results may hold for all
closed contact three-manifolds as long as A is sufficiently generic (e.g. one would
have to assume that all stable and unstable manifolds of hyperbolic orbits intersect
transversely).

Floer-type invariants

In addition to the potential dynamical results described above, a homotopy theory
of foliations may provide insight into contact geometry and topology. It should for
instance be possible to encode the data of a finite energy foliation algebraically in
the form of a Floer-type theory, leading potentially to new invariants that would
combine topological and contact information in an interesting way. We’ll explore
this idea speculatively in Chapter [fl The inspiration comes from observing the re-
lationship between index 2 families of leaves and index 1 rigid surfaces in stable
foliations: projecting down to the contact manifold, an index 2 family looks like
a l-parameter family that is either compact (parametrized by S') or degenerates
into a “broken” rigid surface with two levels (cf. Figures [L4] and [LA). The crucial
observation is that both this compactness statement and the corresponding gluing
theorem can be expressed without reference to any holomorphic curves other than
those that make up the foliation. This suggests that such behavior could be encoded
algebraically as in contact homology or rational symplectic field theory, creating a
version of these theories that sees only the moduli space of embedded holomorphic
curves belonging to a particular foliation. This would not be a contact invariant—it
would depend on the given foliation—but it should behave functorially with respect
to concordance. Then one could possibly construct invariants by considering, for
a given (M,§), the set of all stable foliations, up to equivalence by concordance.
Such a theory would likely have relations to the various other holomorphic curve
and gauge theoretic invariants that have found application to three-dimensional con-
tact geometry in recent years: e.g. Hutchings’ embedded contact homology [Hu02],
Ozsvath and Szab¢’s Heegaard Floer homology [OS02], the Seiberg-Witten Floer
homology of Kronheimer and Mrowka [K98], and of course symplectic field theory

In Chapter [0, we will outline in more detail what such a theory might look like
and, without worrying about the technical complications, do some simple compu-
tations based on the stable foliations constructed in Chapter [8. This leads to some
conjectures about concordance of foliations e.g. there is a contact manifold admit-
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ting two foliations that are not concordant. We will also argue (but not prove)
that the algebraic invariants, defined initially only for stable foliations, are also well
defined for foliations of stable Morse-Bott type.
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Chapter 2

Contact Structures and Transverse
Surgery

2.1 The theorem of Martinet and Lutz

Our construction of finite energy foliations rests fundamentally on a procedure due to
Martinet [MaTl] and Lutz [Lu7I] for creating contact structures on general closed
oriented 3-manifolds. We begin with a review of this construction, skipping the
proofs, which can be found in the excellent lecture notes by Geiges [Ge03]. Sec.
will then prove a lemma about transverse links in S which is needed for the com-
pactness arguments later on.

Dehn surgery

A basic fact in three-dimensional topology is that all closed oriented 3-manifolds
can be produced by integral Dehn surgery along links in S®. We review the basic
ideas here, referring to [Sa99] or [PS] for the details. Let K C S be an oriented
knot, with tubular neighborhood N, and denote by B?(0) the closed unit ball in
R2. A rational Dehn surgery along K is accomplished by cutting Nx out of S3
and replacing it by another solid torus S* x B2(0), gluing the boundaries by some
homeomorphism ¥ : (ST x B2(0)) — ONg. This surgery can be described by a
number p/q € QU {oo} as follows.

Identify 0B2(0) with S! = R/Z via €?™ < }, and define the standard coordi-
nates (6,7) on 9(S' x B2(0)) = S' x 9B2(0) = S' x S'. Let A\; := S x {0} and
w1 := {0} x S* be the standard oriented longitude and meridian respectively. We
identify these loops with the homology classes they represent, which form a basis of
H;(9(S* x B2(0))) 2 Z @ Z. A similar canonical basis (Ag, pi2) of H1(ONk) can be
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chosen by requiring As to be the unique longitude of 0Nk that is oriented in the same
direction as K and is homologically trivial in H;(S*\ K) = Z. Then the isotopy class
of 9 is entirely determined by the isomorphism t, : H1(9(S* x B2(0))) — H1(ONk),
which, in terms of the bases (\;, 1), is represented by a matrix

(,” q) € GL(2,Z).

m p

As it turns out, different surgeries produce diffeomorphic manifolds if the image
of the meridian g1 — gA2 + ppo is the same. One can prove this by constructing
a diffeomorphism explicitly, using the fact that certain homeomorphisms of the
boundary 9(S! x B2(0)) extend to homeomorphisms of the full solid torus. A more
clever argument (see [Sa99]) would glue in the solid torus in two stages, beginning
with a contractible segment around the meridian, then using the fact that every
orientation preserving homeomorphism of S? is isotopic to the identity. In any
case, we see that the numbers p and ¢ determine the surgered manifold, and since
np —mgq = 1 implies that these are relatively prime, the surgery can be described
by the number p/q € QU {oo}, which we call the framing. The resulting manifold is
independent of the choice of orientation for K, and we lose no generality in requiring
1) to preserve orientation (in which case the matrix of v, is in SL(2,Z)).

By a slight abuse of terminology, we refer to any identification of dNk with
St x ST as a coordinate system and call (0,n) € S* x ST coordinates on ONy. Such
coordinates will be called canonical if they generate the homology basis (Mg, f12) in
H(ONk). Then since all homeomorphisms of a torus that generate the same map
on homology are isotopic, all surgeries can be obtained from gluing maps of the form

wn-(ED-C OO e

We shall always use gluing maps of this form.

A surgery with framing p/q is called integral if ¢ = 1, in which case we may as
well assume ¢ = 1 by appropriate choice of p. One can then interpret the framing
as a linking number: the surgery identifies the meridian of S! x B2(0) with the
homology class Ao 47 o, whose linking number with K is p. Thus, roughly speaking,
the framing p is equivalent to a choice of a loop parallel to K that winds around it
p times. This loop is the unique longitude on ONk that will become contractible in
the surgered manifold.

One easily extends these notions from knots to links: a framed link in S® is a
finite disjoint set of knots {K; C S3}, each given with a framing r; € Q U {co}.
Taking mutually disjoint tubular neighborhoods of the knots K;, one then constructs
a new manifold by surgery in each of these neighborhoods as described above. The
surgery is called integral if all the framings are integers.
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Theorem 2.1.1 (Lickorish [Li62], Wallace [Wa6(]). Every closed orientable 3-
manifold can be obtained by integral Dehn surgery along some framed link in S®.

This was used by Martinet [Ma7l] to prove that every closed orientable 3-
manifold admits a contact form. The construction is rather simple: start with
the standard contact structure & on S, and let K C S% be an oriented framed
knot. By a C%-small perturbation, we can assume K is positively transverse to &,
meaning that if 7 : S' — S is an oriented parametrization of K and ) is a positive
contact form with ker A = &, then A\(¥(¢)) > 0 for all ¢ € S*. Then by the con-
tact neighborhood theorem, one can identify a tubular neighborhood Ny of K with
S' x B%(0), where B2?(0) is a ball around the origin in R?, such that K = S x {0}
and & is expressed in coordinates as the kernel of

o = df + p*dg.

Here 6 is the standard coordinate on S' and (p,¢) € (0,00) x (R/27Z) are polar
coordinates on B2(0) C R?; we can also choose this identification so that (0,7) =
(0, ¢/2m) define canonical coordinates on Ny C S3. Similarly, choose coordinates
(6, 5, ) on the standard solid torus S* x B2(0), and write 77 = ¢/27 € S*. Then we
can perform surgery along K by cutting out K and attaching S* x B2(0) via the
embedding

¥ ST X (B20)\ B3(0)) = S\ K+ (0.p,0) = (0., ¢)

where p = p, and (0, ¢) are determined by an invertible linear map

()= 7))

n) \m p)\n)’

for some matrix in SL(2,Z), with p/q dictated by the framing. Denoting the new
manifold by My, we see that there is a contact form A\g on My \ (S* x B2(0))
with ker A = &, so it remains to extend Mg to the center of the solid torus. On
St x (B2(0) \ B2(0)) C Mg, we can write

A = ¢\ = " (dO + 27 p?dn) = d(nb + q7f) + 27 p*d(mf + pi)
= (n + 27p*m)dd + <2i + f)zp> do.
™
Thus Ak can be written in the form f(5)df + g(p)d¢ for some smooth real-valued

functions f and g. We will have much more to say about 1-forms of this type,
but for now it suffices to observe that such forms are positive contact forms for
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p > 0 if and only if the Wronskian fg¢' — f'g is positive, which means that the
curve p — (f(p),g9(p)) through R? winds around the origin in the counterclockwise
direction. One can define (f(p), g(p)) = (1, p*) or (—1,—p?) for p close to 0, so that
f(p)dA+g(p)do extends to g = 0 as a contact form. In this way, Mg can be extended
over My as a contact form; see for instance Figure Repeating this procedure
for every connected component of a given framed link in %, we obtain the existence

result from [MaTl]:

Theorem 2.1.2 (Martinet). Every closed oriented 3-manifold admits a positive
contact form.

Lutz twists

The existence result of Martinet can be improved substantially by supplementing
Dehn surgeries with so-called Lutz twists, which alter the homotopy class of the
contact structure while leaving the topology of the manifold unchanged. Let (M, ¢)
be a contact 3-manifold with a positively transverse knot K C M. Then we can
again choose coordinates (6, p, ¢), identifying a neighborhood Ng of K with S x
B2(0) such that K = S x {0} and ¢ is the kernel of g = df + p*d¢. Now define a
new contact form A = f(p)df + g(p)de such that

(i) (f(p),g(p)) = (1,p?) for p larger than some number § € (0,€), and

(ii) If a(p) is the angular coordinate of the point (f(p), g(p)) in polar coordinates
on R% then « is an increasing function with a(0) = —7 and «a(p) € (0,7/2)
for p > 0 (Figure 23).

Again we can make sure that A is a smooth contact form at p = 0 by setting
(f(p),g9(p)) = (=1,—p* for p near 0. The new contact structure matches the
old one outside a neighborhood of N, and we shall refer to this particular type of
modification as a half-Lutz twist. Similarly, a full-Lutz twist would have a(0) = —27
(Figure 24). A full-Lutz twist is less interesting for our purposes though, as it
produces a new contact structure which is homotopic to the old one through two-
plane distributions (Bennequin [Be83|] gives an explicit homotopy). The half-Lutz
twist, on the other hand, does change the homotopy class of £, and so does an 3-Lutz
twist whenever n is odd.

It turns out that half-Lutz twists can be used to change a given contact structure
& on M to a new contact structure {x which is homotopic to any prescribed coori-
ented 2-plane distribution . Lutz proved this for S in his thesis [Lu71], and the
result can be extended to all closed oriented 3-manifolds by an obstruction theory
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(f,9)=(1,0")

Figure 2.1: The trajectory p >
(f(p),g(p)) for the contact structure
Xo = f(p)db + g(p)do = db + p*d¢

g

f (f,9) = (1,p°)
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Figure 2.3: Half-Lutz twist of \g

g

¢
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Figure 2.2: Modification of Ay under
nontrivial Dehn surgery

Figure 2.4: Full-Lutz twist of \g
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argument. In brief, one can define obstruction classes

d*(a,€) € H*(M;m(S?) = H*(M;Z)
(e, &) € H¥(M;m3(S?) 2 H¥(M;Z) =2 Z

which measure whether two distributions a and £ are homotopic over the 2-skeleton
and 3-skeleton respectively. Then one proves that the modification & — &£k can
be used to change both of these classes to any desired value, so long as one allows
sufficiently arbitrary homology classes and self-linking numbers for the transverse
link ' C M. A detailed account of this argument may be found in [Ge03].

The Lutz-Martinet result can be summarized using the concept of a partially
framed link. We define this to be an oriented link K C S® with integer framings
associated to some (but not necessarily all) of its components; these integers con-
stitute a partial framing of K. There is a unique closed cooriented contact manifold
(Mg, k) associated to every partially framed link K C S in the following way: af-
ter perturbing K to be positively transverse to the standard contact structure &, on
S3, we can perform Dehn surgery on each component for which a framing is given,
and modify & as described above, producing the manifold My with some contact
structure €. (One must settle on a convention for how to extend & to S! x {0} in
each new solid torus; here there are choices to be made, but they aren’t important
for the present discussion.) Then for each remaining component of K we perform a
half-Lutz twist, changing £ to k.

Theorem 2.1.3 (Lutz, Martinet). Given a closed oriented 3-manifold M with a
cooriented 2-plane distribution «, there exists a partially framed link K C S* such
that My = M and the distribution £k is homotopic to a.

Note that the contact manifold (Mg, k) produced in this way is usually over-
twisted, and in fact the classification result of Eliashberg [E89] shows that this
procedure produces every overtwisted contact structure up to isomorphism.

Remark 2.1.4. For the sake of later constructions, it will help to know that we can
assume our contact structure is always overtwisted. Indeed, the Martinet construc-
tion of & on Mg allows considerable freedom in the way that we extend &, to the
center of each solid torus being glued in; in particular we can choose to replace the
trajectory p — (f(p),9(p)) of Figure (23 with one that winds an extra time around
the origin. This may change the homotopy class of &, but we can use Lutz twists
along other knots to change it back.

We can therefore assume without loss of generality that we have a contact struc-
ture & on M, homotopic to a, constructed from (S, &) by Dehn surgery and Lutz
twists along a transverse link K C S%, and having the following additional property.

30



Near each connected component K; C K C S3, we have chosen canonical coordi-
nates (0, p, @), which are also valid coordinates on an open subset of M for p larger
than some small number 0: then in this subset, £ is the kernel of

f(p)d0 4 g(p)do

for some smooth functions f and g, and there is a radius py at which g(po) < 0 and
g'(po) = 0. In other words, outside of this radius py, the new contact structure looks
just like a half-Lutz twist of & along K; C S3. We will use this fact in Chapter@ to
facilitate the construction of a finite energy foliation in the region outside of these
open subsets.

2.2 Transverse links are almost Hopf circles

For technical reasons, it will be useful later on to assume that the transverse links
where we do surgery are “close” to a particular loop in S®, one which is a periodic
orbit for the standard contact form. The goal of this section is to prove that we can
make such an assumption without loss of generality.

Lemma 2.2.1. Let K C S% be a link positively transverse to the standard contact
structure &y, and let P be an oriented Hopf circle. Then K is transversally isotopic to
a link whose components are each C*®-close to a positive cover of P. To be precise, if
P is parametrized by an embedding x : ST — S3, then for each component K; C K
there is a smooth immersion Fj : [0,1] x S' — S3 such that F;(1,-) : S' — S3
parametrizes K;, F;(0,t) = x(k;t) for some k; € N, and for all fived T € (0,1], the
maps Fy(t,) : St — S® are mutually non-intersecting embeddings transverse to .

A version of this was stated as Theorem 10 in [Be83], but without explicit proof.
It follows from a similar result for R3 which is proved earlier in the same paper
(Theorem 8). To set the stage, define a contact structure ¢, on R? in cylindrical
coordinates (p, ¢, 2) as the kernel of dz + p?d¢. This is isomorphic to the standard
contact form dz + zdy. (The proof of this fact is a diverting exercise in Moser’s
deformation technique!)

Theorem 2.2.2 (Bennequin [Be83]). Let K C R? be a link positively transverse to
Co- Then K is transversally isotopic to a closed braid around the z-axis; that is, a
link in which every component can be parametrized as (p(t), d(t), z(t)) with p(t) > 0
and $(t) > 0 for all t € S™.

Proof of Lemma[Z2d. As usual, identify S* with the unit sphere in C2. There
are contactomorphisms taking any Hopf circle to any other Hopf circle (e.g. 2-by-2
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unitary matrices), thus we may assume P = {(¢2™ 0) | § € S'}. Identify R® with
C x R C C?, using (p, ¢) as polar coordinates on C and z as the coordinate on the
R factor. Let p = (0, —1) € C? and define
a3 3 . 21 i(22 — 2)
@ : S\ {p} 2R : (z1,22) = 50Tz )

14+2 21+zP

This is a contactomorphism (5% \ {p}, &) — (R3,(); see [Ged3], Sec. 2.1. We can
perturb K if necessary so that p ¢ K and then reduce the problem to the following
question: is there a transverse isotopy of the link ¢(K) C R3, bringing it close to
the loop @(P) = {(¢*™®,0) | 6 € S'} C R3?

Let us now change notation and assume K is a positively transverse link in
(R3,{) and P = {(e*™?,0) | § € S'} C R3. From Theorem we can assime
after transverse isotopy that K is a closed braid about the z-axis. Thus we can
parametrize the components of K by non-intersecting embeddings 71, ..., vy : ST —
R3, which appear in the (p, ¢, z)-coordinates as

7;(t) = (p;(t), 2mn;t, z;(t))  for some n; € N.

_Z®
2mn;

A knot of this form is positively transverse to (o if and only if [p;(¢)]* > Now

let
2mn;

Thn=————
Y ma [5(0)]

if the functions z;(t) are not all constant; else set 7p = 1. Choose a smooth nonde-

creasing function 8 : [0, 1] — [0,1] with 3(0) =0, 8'(0) > 0, 8(1) =1, and (1) =1

for all 7 € [r, 1] if 70 < 1. Now consider a homotopy of the form

7 (@) = (B(T)p; () + (1 = B(7)), 2mnt, 72;(t))  for 7 € [0, 1].

This defines an isotopy of K for 7 € (0, 1], and "y_? is an n;-fold cover of P. To verify
that it’s a transverse isotopy, we must check that

X _ 2 _TZ](t)
[B(T)p;i(t) + (1 = B(7)))* > e (2.2.1)
for all t € S* and 7 € (0,1]. This is trivial whenever %;(t) > 0, so assume Z;(t) < 0

for some t. Tf 7 > 79, the left hand side of ZZT) is simply [p;(t)]?, and since 7}

is transverse, [p;(t)]* > %y) > T%st) For 7 < 79, we observe that 8(7)p;(t) +
7 J

(1 — (7)) is an interpolation between p;(t) and 1, so this number is either greater
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than p;(t) or greater than 1. In the former case, we again use the fact that A/_} is
transverse to conclude that ([Z2ZI)) holds. In the latter case, we have

2mn; ) 1% @)

max; ¢ |ZJ (t)| 27T7l]'

Bt + (1= )P 21> (
50 —54(0)

2mn; 2mn;

To

Using the contactomorphism =1, this result transfers back to (S%, &), proving
the lemma. O
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Chapter 3

Explicit Constructions of
Foliations

By the Lutz-Martinet theorem, all of the contact manifolds in which we are in-
terested can be constructed from the tight 3-sphere (5%, &,) by surgery along par-
tially framed links K C S2. This produces a new manifold (M, ¢), which contains
a link K’ C M such that there are tubular neighborhoods K C Ng C S% and
K’ C NKf C M with

(8°\ Nk, &) = (M \ Ngr, €).

The construction of a finite energy foliation on (M, ) will be done in two stages,
with separate families of holomorphic curves filling the the regions N and M\ Ng.
In this chapter we solve the problem for the neighborhood N, by choosing a Morse-
Bott contact form with enough symmetry so that the Cauchy-Riemann equations
can be solved, more or less explicitly. This is the task of Sec. Bl which will fit
together with the work of Chapters [l and [ to prove the main existence result. In
Sec. B2, we extend the local analysis to address the problem of continuing a given
foliation from outside of Nk to the inside. This only works under some restrictive
assumptions and is not sufficient to prove the main result, but it does allow a
construction of foliations for which J becomes singular at K’; this will turn out to
be useful for a technical argument in Chapter Finally Sec. B3, which will not
be used elsewhere except in the speculative discussions of Chapter 6 shows how
the Morse-Bott construction on Ngs can be perturbed to a stable foliation with
nondegenerate data.
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3.1 Morse-Bott contact structures in S' x R?

We now investigate the following situation as a model of a contact manifold in the
neighborhood of some periodic orbit of the Reeb vector field. In particular, we have
in mind the neighborhood Ny = S x B2(0) of a knot K’ = ST x {0} that is glued
into S%\ Nk.

Let M = S* x R%. Denote by (p, ¢) polar coordinates on the R? factor, with
corresponding Cartesian coordinates (z,y) = (pcos ¢, psin¢), and let 6 be the co-
ordinate on S' = R/Z. Assume M is oriented so that at each point the basis

<a%7 {%, %) is positive. We can define a 1-form by

A= f(p)df + g(p)de,

where the functions f and g are defined for p > 0 and chosen so that (p, ¢) — f(p)
and (p, @) — g(p)/p* define smooth functions on R% This implies, among other
things, that f'(0) = ¢'(0) = ¢g(0) = 0. Then X is a smooth 1-form on M and is also
a positive contact form if we make the following assumptions:

(i) The Wronskian D(p) := f(p)g'(p) — f'(p)g(p) > 0 for all p > 0.
(i) £(0)g"(0) > 0.

Indeed, a simple calculation shows that

D
AAdX = D(p)d0 Adp A dg = %da/\dz/\d%

and lim, o D(p)/p = D'(0) = f(0)¢”(0). Intuitively, these conditions mean that the
curve p = (f(p), g(p)) always winds counterclockwise around the origin in the zy-
plane, beginning on the x-axis with zero velocity and nonzero angular acceleration.
We will impose additional conditions on f and g as the need arises.

Denote by ¢ = ker A the contact structure on (M, \). The Reeb vector field X
satisfies dA(X)y, ) = 0 and A(X),) = 1, which imply

X0.0.6) = 5 (gf(%% - .f'(p)a%) . (3.0.1)

A general orbit of the Reeb vector field is then of the form

z(t) = (0(2), p(t), (1)) = (90 + gi:gt T Po = gg:it) 7
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given fixed constants 6y, r and ¢g, and we see that for r > 0, the orbit is periodic
whenever #('7(1) = § € QU{oc}. Here we take p and ¢ to be relatively prime integers
with signs chosen to match those of f’ (r) and ¢'(r) respectively; the minimal period
is then D

_ D)y D

g'(r) f(r)
(in the cases where f'(r) = p = 0 or ¢'(r) = ¢ = 0, pick whichever one of these
expressions makes sense). Thus the torus L, := {p = r} C M is foliated by periodic
orbits whenever f(r)/2mg'(r) is rational or ¢'(r) = 0.

Recall that a closed submanifold L C M foliated by periodic orbits of the same
minimal period 7T is called a simple Morse-Bott manifold if for every z € L and
keN, T,L = {v € T,M | dp""(z)v = v}, where & is the time-t flow of X,. For
the torus L,, this would amount to the statement that % is never an eigenvector of

(3.1.2)

d®*" with eigenvalue 1. From the expression

kT _ g'(p) _f'p)
D79, p, §) = (0+ D(p)kT, p, ¢ D(p)kT>, (3.1.3)

we compute

DT ‘78 "o o ga fa
5o (0.1.0) = oo (1" = 19T = ).

where all functions are evaluated at r. The condition D > 0 implies that f and g are
never both 0, so the desired result is obtained if and only if f”¢' — f’¢"” # 0, which
is equivalent to the statement that the slope ¢’/ f’ of the curve p — (f(p), g(p)) (or
the slope’s reciprocal, if f'(r) = 0) has nonzero derivative at r. We’ve proved:

Proposition 3.1.1. If f'(r)/2r¢'(r) = p/q € QU {oo} and the function p —
' (p)/g'(p) (or its reciprocal) has nonvanishing derivative at r, then the torus L, =
{p =r} C M is a simple Morse-Bott manifold of periodic orbits, with minimal
period given by [BI12).

At p =0 we have X,(6,0,0) = ﬁ%7 thus the circle P := {p =0} C M is also
a periodic orbit, with period T' = |f(0)|. For k € N, denote by P* the k-fold cover

of P, with period kT

Proposition 3.1.2. The circle P = {p = 0} C M 1is a periodic orbit with period
T = |f(0)|. Its k-fold cover P* is degenerate if and only if

kf"(0)
2mg"(0)

€z,
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and otherwise has Conley-Zehnder index

pez(PF) =2 {— k70) J +1

219" (0)

with respect to the natural symplectic trivialization of & along P induced by the
coordinates. Here || represents the greatest integer < x.

The proof is a routine computation. The moral is that the nondegeneracy and
index of any cover of P depends on the slope of the trajectory p — (f(p),g(p)) as
it pushes off from the z-axis at p = 0. So by choosing f and g of the form

(f(p),9(p)) = (£1+ ap?, £p*)  for p near 0

with @ € R, we can arrange any desired odd value for pcz(PF).

The goal is to construct various finite energy foliations in a neighborhood of
P Cc M. We must first pick a suitable complex structure J : £ — £. Define a pair
of vector fields on M \ P by

17 1 7] 0
v = 3 Vg = — (*!J* +f*) . (3.14)

These vectors form a basis of £ on M \ P, with dA(v1,v2) = 1, and we can use them
to define an admissible complex multiplication by

Jur = B(p)va, Jvy = ———u (3.1.5)

1
Blp)
for some smooth function B(p). The behavior of 8 near 0 can be chosen to ensure
that J is smooth at p = 0. We now define J as the standard R-invariant almost
complex structure on R x M determined by A and J. Then we seek maps @ : (5, ) —
(R x M, J) defined on a Riemann surface (5, j) and satisfying Ti o j = J o T. In
conformal coordinates (s,t) on S, this is equivalent to as + J(@)a; = 0, or, writing
@ = (a,u), the three equations

as — Mu) =0
ag + Mug) =0 (3.1.6)
Taus + Jmyuy =0

where m\ : TM — £ is the projection along X, onto the contact structure. The
map u can be written in coordinates as u(s,t) = (0(s,t), p(s,t), ¢(s,t)), and then
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the equations (BL.G) become

]' ! /
Ps = B(f 0+ 9'¢r)

1
ay = _fgs _g¢s Pt = _E(f,95+g/¢s)

as = f0, + g
(3.1.7)

It seems reasonable that given two concentric tori Ly = {p = p }, each foliated
by periodic orbits that are homologous in H;(M \ P), one might be able to find a
finite energy foliation of the region between them, each leaf being a finite energy
cylinder with ends asymptotic to orbits at L_ and L, respectively (Figure BII).
Indeed, suppose there are two radii po with 0 < p_ < p,, such that the following
conditions are met:

N7 R TP,
(l Qﬂ.gl(pi) - q € QU{ }
f(p)

() 5ty 7 L forp € (o)

A choice of sign must be made for p and ¢: for reasons that will become clear
shortly, let us choose p and ¢ such that the quantity ¢f’(p) — 2mpg’(p) is positive
for p € (p—, p+). The two tori Ly are each foliated by families of periodic orbits, of
the form

q 2mp
r(t) = (90 + Tfityﬂb@o - T;t) .

Here py and ¢+ are the same as p and g up to a sign, which must be chosen so
q+D(p<) _ 21p+ D(p+)
9'(ps) f'px)

¢o, we aim to find a finite energy cylinder @ = (a,u) : R x St — R x M that is
asymptotic at one end to x, and at the other to z_, i.e.

lirin u(s,t) = xu(Tht) or xy(—T4ht). (3.1.8)
§—L00

that the periods Ty = are positive. Fixing values of 6y and

Optimistically, such a map might take the form
(a(s,t),0(s,t), p(s,t), d(s,t)) = (al(s), 0o + qt, p(s), po — 27pt). (3.1.9)

Taking this as an ansatz, we find that (B.1.7) reduces to the pair of ordinary differ-
ential equations

dp 1

I W(af’(p) — 2mpg’(p)), (3.1.10a)
% =qf(p) — 2mpy(p). (3.1.10b)
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Figure 3.1: Concentric tori with homologous periodic orbits connected by a finite
energy cylinder. On the left is the case where ¢'(p1) = 0, so the orbits are parallel
to . On the right, f'(p+) = 0 gives orbits parallel to Jy.
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These have unique solutions for any choice of p(0) € (p_, p;+) and a(0) € R. Notice
that due to our sign convention for p and g, the right hand side of (ZI.I0al) is always
positive, thus lim,_, 1 p(s) = ps as desired. It is then clear that u(s, -) converges in
the C'-topology to a periodic orbit as s — 400, and we conclude from Prop. [A-3.1]
that @ is a finite energy cylinder, with energy bounded by Ty + T_. For future
convenience we shall refer to this curve as a cylinder of type (p,q). An example is
shown in Figure B[

It is clear from (B.I.I0H) that a is a proper function with asymptotically linear
growth to +o0o, as the condition D(p) > 0 guarantees that lims_,+, a'(s) = ¢f (ps) —
27pg(p+) cannot be zero. This expression determines the sign of the puncture at
s = £o00 by

sign of puncture at Ly = tsgn(qf(ps) — 27pg(ps)). (3.1.11)

To put this in a more revealing form, write fi := f(ps), fL = f'(p+) etc., and
observe that by assumption there is a nonzero number

_27rp_ q

C4 = .
i gk

Then BIII) becomes =+ sgnlcy (frg’ — figs+)] = £sgn(cs) since D(py) is positive.
Now if both tori Ly satisfy the Morse-Bott condition of Prop. BIILIl then 0 #
figl — fldy = —i(qfl — 2mpg’l), and our sign convention for p and ¢ implies

sgn(qfy — 2mpg!l) = F1, thus

sgn(figl — figh) = —sgn(cs) sgn(qfi — 2mpgll) = £sgn(cs),
which is the sign of the puncture at L,. This expression depends only on the
contact form, and it has a geometric interpretation in terms of the acceleration of
the trajectory p — (f(p),9(p)).

Definition 3.1.3. If L, = {p = r} is a simple Morse-Bott torus, then we call it
positive or negative in accordance with the sign of f'(r)g"(r) — f"(r)g'(r).

Proposition 3.1.4. Suppose @i : R x ST — R x M is a cylinder of type (p,q) with
an asymptotic limit on some simple Morse-Bott torus L, at one of its punctures.
Then the sign of this puncture matches the sign of L,.

So L, is a positive Morse-Bott torus if the trajectory p — (f(p), g(p)) accelerates
imward at p = r, negative if the acceleration is outward. Observe that there can

IThanks to Joel Fish for providing Figures 3.3 and 3.4
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never be two consecutive negative tori with homologous periodic orbits—as one
would expect since a finite energy cylinder must have at least one positive puncture.
We will see in Sec. that the behavior of Prop. B.1.4is quite general.

The equations (BII0) can be thought of as defining a direction field in the
subset (p_, p1) X R of the pa-plane, which integrates to a one-dimensional foliation.
Since (BII0L) defines a(s) only up to a constant, this foliation is invariant under
the natural R-action on the a-coordinate. Meanwhile the set of trajectories ¢ +>
(6o + qt, po — 27pt) € ST x R/27wZ for all choices of #y and ¢y defines another one-
dimensional foliation. Putting these together as in (319 creates a two-dimensional
foliation of the region {(a, 0, p,¢) € Rx M | p € (p—, p1)} by finite energy cylinders.
Note that the maps u = (6, p, ¢) : S* x R — M are also embeddings. The foliation
can be extended to p = pi by adding the cylinders over periodic orbits at L..
Moreover, if there exists a radius po € (0, p—) such that py and p_ satisfy the same
conditions as p_ and p,, then we can repeat this construction for p € (po, p—) and
thus extend the foliation to the region p € [po, p4].

It remains to extend the foliation further toward the center in the case where
there is no p < p_ with f'(p)/27¢'(p) = p/q. To that end, let us redefine our
notation with p_ =0 and L, = {p = p.}; choose p > 0 so that:

o fllps)
® 2mg'(py)
f'(p)
27g'(p)

Choose the signs of p and ¢ so that ¢f" — 27pg’ > 0 for p € (0,py), and consider
once more the family of J-holomorphic cylinders defined by

zge@u{oo}

(il #forp € (0.p4)

= (a,u) :Rx ST =R xM : (s,t) — (a(s), 00 + qt, p(s), ¢po — 27pt),

where p(s) and a(s) satisfy the ODEs BII0) with p(0) € (0,p4). By the same
arguments as before, u(s, -) converges in the C''-topology (up to parametrization)
as s — oo to the periodic orbit

q 2mp
z4(t) = (90 + ﬁt7 P> P0 — T:t) €Ly

Define F(p) to be the right hand side of (BII0a). The requirement that J
be smooth at p = 0 implies that 8(p) is bounded away from zero as p — 0, thus
lim, o F(p) = 0, and we conclude that p(s) — 0 as s = —oo.

We must now distinguish between two cases in order to understand fully the
behavior as s — —oco. If ¢ # 0, u(s, ) is C'-convergent to the |g|-fold cover of P,
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with the sign of the puncture opposite the sign of ¢. In that case we have a family
of finite energy cylinders, each convergent to Pl7 at one end and a simply covered
orbit on L, at the other. By the same arguments as before, these together with the
orbit cylinder over P form a finite energy foliation in the region p < p,. Figure[B.2]
right, shows an example with (p, ¢) = (0,1). An example with p and ¢ both nonzero
is shown in Figure 3.4l

If ¢ = 0, we have lim, , o, u(s,t) = (6p,0) € P C S* x R% In fact, since

"
p—0 lim,,q B(p)

7é 07
one can easily show that p(s) converges exponentially fast to 0, and plugging this

behavior into the equation p' = F(p), so does its derivative. We now claim that
a(s) is bounded at —oo. For this it suffices to prove that the integral

0 0
/ i} 92 45 = ~omp / alple)) ds

converges. We know p/(s) satisfies a bound of the form |p/(s)| < Me* with A > 0.
Since ¢’ is continuous and p stays within a bounded interval for all s, we have

oo = | [ fea(o(o)) do

< / " 19 (el0))] 14(0)] do

oo

< Ml/ e do = Mye

—o0

for some constant M, > 0. Clearly then ffoo lg(p(s))| ds < oo and the claim follows.
Since w(s, ) converges uniformly to 0 as s — —o0, a simple application of Stokes’
theorem now shows that for any function ¢ € C*°(R) with ¢’ > 0, the energy

/ wd(p))
(—00,0]x St

is finite. Thus Gromov’s removable singularity theorem applies, and @ can be ex-
tended to a finite energy plane @ = (b, v) : C — Rx M with #(e*+%)) = 4i(s, t) and
v(0) = (Ap,0) € S* x R% The set of all such planes then forms a two-dimensional
foliation of the interior of the solid torus, {p < p;}. Each of these planes is asymp-
totic to some orbit on L, and the central orbit P is transverse to the foliation
(Figure B2 left).

The results of this section may be summarized as follows. Given a contact form
A= f(p)d9+ g(p)dp on ST x R?, if the trajectory p — (f(p), g(p)) winds sufficiently
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Ly I

Figure 3.2: Holomorphic curves inside the innermost torus. If orbits on L, have
nontrivial dp component (right), we get finite energy cylinders with a puncture
asymptotic to the central axis; else that puncture is removable (left) and we get a
finite energy plane.
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Figure 3.4: A cylinder of type (p,q) in S* x R? with p, > p_ = 0.
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far around the origin, then we can single out certain concentric tori foliated by
homologous periodic orbits and construct finite energy foliations with cylindrical
leaves that span the regions between these tori. Depending on the homology class
of the orbits on these tori, the leaves inside the innermost torus extend to the center
either as finite energy cylinders with one end asymptotic to a (simple or multiple)
cover of the central orbit, or as finite energy planes transverse to this orbit.

To put this in a wider context, consider a knot K C S®, transverse to the
standard contact structure &. Cutting out a neighborhood int N C S® and gluing
in another neighborhood Ng of a circle K’, we obtain a new contact manifold
(M, ), with X constructed so that (N ) = d(Ng) is a simple Morse-Bott manifold,
foliated by periodic orbits that are meridians on 9(Nk). If the surgery is nontrivial,
then these orbits are not meridians on 9(Nk-), they represent some other homology
class pu + g\ € H1(0(Ngs)). Then the cylinders of type (p,q) can be used to
construct a Morse-Bott foliation inside Ng-.

Remark 3.1.5. By the Lickorish-Wallace theorem, we can assume without loss of
generality that the surgery is integral, i.e. ¢ = £1, in which case all asymptotic
orbits of the new foliation are simply covered. We can also control the acceleration
of the tragectory p — (f(p), g(p)) so that all Morse-Bott tori are positive, and thus
all punctures at Morse-Bott orbits are positive. The sign of the puncture at p = 0
is determined by the sign of q, which is arbitrary.

3.2 Local modifications and continuation

Later on it will be important to understand how finite energy foliations can be
deformed globally in accordance with homotopies of the data (A, J). In general
this requires Fredholm theory and the implicit function theorem. However, it is
occasionally useful to take a more simple-minded and purely local approach. In this
section we frame the question as follows: let M = S* x B2(0) with A = f(p)df +
g(p)dp and Ju; = B(p)vs as in the previous section, and suppose we are given a
smooth R-invariant foliation by holomorphic curves either transverse or asymptotic
to the orbit P = S' x {0}. Now suppose the data (\,J) are changed (preserving
symmetry) within a smaller neighborhood P C U C M. Is there now a foliation for
the new data that matches the old foliation outside of U7 If so, the new holomorphic
curves in Y may be thought of as analytic continuations of the existing curves
outside U.

We will attack this problem with classical methods and find that some rather
restrictive assumptions are required for such an approach to succeed. The result
does have application: we’ll use it in Sec. to produce a holomorphic open book
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decomposition for a setup in which J becomes non-smooth at the binding orbit. To
set the stage, here is a simpler example.

Example 3.2.1. The non-stable open book decomposition of (S, \g,4) described in
Ezample [LZ.3 can be stabilized by a small change in Ay near the binding orbit Ps,.
To do this, identify a neighborhood of Pa, with S* x B%(0) for any R < 1/+/2x, via
the embedding

¢St x B3(0) — S%: (0, p, b) > 2™ (\/1 - 27rp2,ei¢\/%p) .

Then (S x{0}) = Py and ¢*Ng = 7(d0+p%do) = f(p)dO+g(p)dg, where f(p) =7
and g(p) = np?. The complex structure i : & — & now takes the form

s

vy = B(p)va  where  B(p) = T

For ¢ =re¥0 € C\ {0}, we can express the asymptotic behavior of the holomorphic
plane

) = (a2 e = (302

in these coordinates by

(a(s,t), p(s,1),0(s, 1), ¢(s,1)) = (a (672”(”“)) ST o (672”(3“”))

1

= <4 ln(€—47rs + 72)7 7t7 L

om(e= s 4 r2) ot 27rt> - (320
with (s,t) € (—o0, so] x ST for so sufficiently close to —oo. Thus @ looks asymptot-
ically like a cylinder of type (—1,—1).

Now change the contact form by setting A = f(p)df + G(p)d¢ where f and g
match f and g for p outside a neighborhood of 0; assume also that f/f = G/g, so
ker A = ker \g = &. The new contact form defines a new symplectic framing {v;, Dy}
of &, and there is a function B(p) such that iv, = B(p)va, where B(p) = B(p)
outside a neighborhood of 0. Then there are unique functions a(s) and p(s) that
solve the ODEs BLINO) for the new data and match B2ZI) outside a neighborhood
of —oo. This gives a new open book decomposition for (S3,\,i) by holomorphic
curves asymptotic to Py, and matching the family {uc:} everywhere on S3 except
near Py

This foliation will be stable if f(p) and g(p) can be chosen near p = 0 so that Ps,
is a nondegenerate orbit with jicz(Ps) = 3. (This follows from the wind, estimates
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and Fredholm theory in [HWZ95d] and [HWZ99] respectively; see also Chapter[{])
For this we use the formula of Prop. 31.2:

f"(0)
w(P)=2|— 1, 3.2.2
P =2 | -5+ (3:22)
where the superscript means this index is computed with respect to the trivialization
of &l|p.. defined by the section vy(1(0,0,0)) = 0,1(0,0,0). This section does not
extend to a global trivialization of &; to fix this, we can define a global nonzero
section by v(z1, 22) = (—%2,21) € (&0)(e1,20) JOr (21, 22) € S* C C?, and then compute

vo(1(6,0,0)) = 9,1(0,0,0) = V2me*™(0,1) = V2re ™ u(1(0,0,0)).

Thus windp,_(ve) = 2, and we must therefore add 4 to B.2Z2) in order to compute
tcz(Ps). This implies that pez(Ps) = 3 if and only if

Happily, this is already almost true for f and g; it suffices to make a small per-
turbation so that f"(0) is slightly greater than zero, i.e. the slope of the trajectory

p = (f(p),g(p)) begins at the f-axis with a slight slant to the right.

More generally, suppose the model M = S' x B2?(0) with contact form A\ =
f(p)do+g(p)de and complex multiplication Jvy = B(p)vs lies within a larger contact
manifold which already has a finite energy foliation, either transverse or asymptotic
to P = S x {0}. We then choose a number § € (0, €) and new data

A= f(p)d6 + g(p)do, Jur = B(p)va

such that f(p) = f(p), G(p) = g(p) and B(p) = B(p) for p € [6,¢). Our goal is to find
a new foliation with respect to (), J) that matches the old foliation outside some
neighborhood of S* x B2(0).

If the given foliation is transverse to P, then some portion of any leaf can be
parametrized by a map @ = (a,u) = (a,0,p,¢) : D — R x M such that u(0) =
(66,0,-) € P. If P is an asymptotic limit, we instead define % on D = D\ {0}
so that u is asymptotic to P at 0. In either case, we can switch to holomorphic
cylindrical coordinates via the transformation (—oo,0] x S* — D : (s,t) s €27+
and consider the functions

ﬁ(57 t) = (a(s7 t)7 9(57 t): p(s> t)7 ¢($, t))
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for (s,t) € (—00,0] x S*. As s — —oo we have p(s,t) — 0, 0(s,t) — 0y + qt and
o(s,t) — ¢o — 2mpt for some integers ¢ and p. If ¢ = 0 then the singularity at
s = —oo is removable, so a(s,t) — ap for some ay € R; else a(s,t) — foo, with
sign opposite the sign of q. These functions satisfy the nonlinear Cauchy-Riemann
equations

1
as = f0; + g¢: Ps = B(flet +9'é)
1 (3.2.3)
ay = _fas _g¢s Pt = _E(f,es""g,(bs)
Then from the expressions ag — ays = 0 and pg — prs = 0, we derive

fAO+ gAp =0, (3.2.4)

1
A0+ g Ao — = (f'g" = ['9)(0sb0 — 0u05) = 0, (325)

where f, g and 8 depend on p(s,t).
We now switch to the new data (f, g, 8) and look for a solution ¥ : (—o0, 0]x S* —
R x M in the form

6(57 t) = (EL(S, t)? 9(57 t)v /3(57 t)v ¢(S= t))

such that there is some sy € (—o0,0) with 0(s,t) = a(s,t) for s > so. There’s an
ansatz here: 6 and ¢ are required to be the same functions as before, while p and a
must match p and a only for s > s¢. This will not be possible in general. If § and ¢
are fixed functions, then the equations for p in ([B23)) can be interpreted as saying
that the graph I', := {(s,t, p(s, t))} is tangent to a certain two-plane distribution in
(—00,0] x St x R. The distribution turns out to be integrable if and only if

FA0+ 506 - %(fia” — ) Ou — 016) = 0. (3.2.6)

This expression is to be understood as a function of three independent variables
(s,t,p) € (—00,0] x S* x R. If it vanishes identically then solutions p(s,t) exist
locally. Assume this: then choosing sy € (—oc, 0) such that p(s,t) > ¢ for all s > s,
there is a solution p(s,t) on (s1,0] x ST for some s; < s9, with p(s, t) = p(s,t) for
s > sg. For topological reasons, the continued solution is automatically 1-periodic
in t. Then for fixed ¢, p(s,t) satisfies the ODE

48



and we see that the solution (s, t) extends to (—oo, 0] x S* with lim,_, _« p(s,t) = po,
where py > 0 is the largest radius at which

f'(po) p

2mg'(p) ¢

or zero if there is no such radius.

The remaining two equations specify the gradient of a(s,t) in terms of known
functions, so solutions exist locally if and only if this gradient is curl-free, which
turns out to mean

FAO+GAG=0 (3.2.7)

for all (s,t) € (—00,0] x S, p = p(s,t). In this case there is a unique solution on
(—00,0] x ST with a(s,t) = a(s,t) for all s > sq. Fixing t, a(s, t) satisfies
da -, _ L = _
i F(P)0: + g(p)pr — af (po) — 2mpG(po) as § — —00.
This expression is automatically nonzero if po > 0 since the contact condition implies
that ¢ f(po) —27pg(po) and ¢ f'(po) —27pg’'(po) cannot both vanish. Thus a(s, t) blows
up linearly at the puncture in this case, and ¢ is asymptotic to a periodic orbit on the
torus {p = po}. For py =0, a(s,t) blows up if ¢ # 0, in which case ¥ is asymptotic
to P, and otherwise the puncture is removable.
The integrability conditions [B.26) and [B.27) are quite restrictive, but they are
obviously satisfied in two cases:
e Suppose f'g" — f'g' = f'§" — f"g = 0, which means that the trajectories
p— (f,g) and p — (f,g) both parametrize portions of the same straight line

in R?. Then (B24) and (B2Z3) give
fAO+gAd = fA0+ g Ap =0,

and since the contact condition requires (f,g) and (f’, ¢’) to be linearly inde-
pendent in R? for all p, we conclude that both #(s,t) and ¢(s,t) are harmonic.
Now BZ6) and B27) are satisfied for all (s, ¢, p), so any solution p(s,t) can
be continued to (—o00, 0] x S. This precludes any twisting of the contact form,
but it can be used for Dehn surgery in some situations. It also allows arbitrary
changes to 8 so long as lim,,,o B (p) # 0. In particular, X and J need not be
smooth at P.

e Suppose 0,0, — 0,05 = 0, then by the same arguments used above, 6 and ¢
must be harmonic and [3.2.0) and (3.2.7) are automatically satisfied, this time
for any choice of f and g. This is what happened in Example B.2.11
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3.3 Nondegenerate perturbations

As we said in the introduction, it is a reasonable conjecture that every finite en-
ergy foliation of stable Morse-Bott type can be perturbed to a stable finite energy
foliation, with nondegenerate asymptotic limits. A general proof of this would re-
quire some gluing estimates and the implicit function theorem, but for the explicitly
constructed foliations in the previous section, we can use a simpler trick to obtain
nondegenerate stable foliations in a neighborhood of S* x {0} C M. As a bonus,
this leads to explicit constructions of stable foliations for simple contact manifolds
such as S* x S? and T®, which provide some examples for the discussion of invariants
in Chapter [6

As in the previous section, let M = S' x R?, with a contact form A = f(p)df +
g(p)dp where D = f¢g' — f'g > 0. Choose p; > p_ > 0 such that ¢’(ps) = 0: then
the tori Ly = {p = p4} are simple Morse-Bott submanifolds foliated by “horizontal”
periodic orbits, of the form

zi(t) = (907Pi7¢0 - Mt) .

D(p+)

We now define a perturbation A¢ of A, which has finite (even) numbers of periodic
orbits on L., all nondegenerate. Choose a smooth cutoff function «(p) which is
supported in two separate intervals around p, and p_, and equals 1 near py. Choose
also a small number € > 0, and two Morse functions p- : S' — R. Here the Morse
condition simply means that every critical point has nonvanishing second derivative,
so the functions u4 each have even numbers of critical points, alternating between
local maxima and minima. Now, define a perturbed contact form on M as follows:

e = J+ealp)ue@)]A  for p € supp(a),
A for p € a71(0).

This can be written in the form A° = F(0, p)df + G (0, p)d¢, with F = (1 + eap)f
and G = (1 + eap)g for some function (6, p) which matches p14(0) when p is near
p+; we will write ¢’ for dppi. The Reeb vector field is

Xxe(0,p,9) =

/ / / a
D1+ cap)? lg +5M(&9+0‘9)}%

- fu’aga% = [/ +ep(e'f +af’) a%)
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and in particular at p = py,

Xae(0, ps, &) = —— (6#&(9)g(pi)3+ f'(ps) Q)_

D(px) \(1+eps(0))?0p 1+ eux(0) 9¢

Thus for every critical point 0 e Crit(ps) there is a horizontal periodic orbit
P! C L., parametrized by

J = (¢ +, Qo ;
% (t) (eivp » o+ g(‘gi)(l—Q—Eui(eZt))>7

with minimal period T4 = 27[g(p+)| - (1 + e+ (6%)). As in the Morse-Bott case, we
can define a sign for the torus L. by

sgn(L) = sgn[f'(p+)g" (0=) — f"(p+)g (p+)].

Proposition 3.3.1. The orbits PL are nondegenerate if € is sufficiently small, and
using the section 0, € £ to define a trivialization ® of & near Ly, we have

S0 i sen(ui(6h) = sen(La),
ul (P =<1 if (L(60%) < 0 and Ly is positive,
-1 if (L(0%) > 0 and Ly is negative.

In the last two cases, the orbit is elliptic.

We omit the proof. Notice that each of the tori Ly has an alternating pattern
of elliptic and hyperbolic orbits, all oriented in the same direction as the original
Morse-Bott orbits, and with approximately the same period.

Defining J as in the previous section, we can again find a foliation of the region
{p € (p—,p+)} by finite energy cylinders, essentially by guessing—but the loss of
symmetry in the f-direction makes the problem somewhat harder. We will not be
able to find holomorphic cylinders

G: (RxSY4) — (Rx M,J)

in any form nearly as simple as the ansatz that was used in the Morse-Bott case.
The solution is not to abandon the ansatz, but rather to allow more general complex
structures on R x St.

It’s useful to adopt a more geometric perspective: given any almost complex
manifold (W, J), the set of embedded pseudoholomorphic curves u : (S, ) — (W, J)
(with arbitrary domains) is in one-to-one correspondence with the set of complex
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1-dimensional submanifolds, i.e. surfaces S C W such that 7'S is invariant under J.
Thus it will suffice for our purposes to find embeddings % : R x S* — R x M whose
images have J-invariant tangent spaces. Then we can define a conformal structure
on R x §' by j = @*J, and we will be able to prove that this conformal structure is
in fact equivalent to the standard structure 1.

We use the following prescription (borrowed from [HWZ99]) for recognizing when
a given embedding @ : S — R x M is J-invariant. Choosing any smooth coordinate
system (s, ¢) on an open subset of S, it suffices that @ should satisfy the equation

Ty Al = Jiig A Jiy. (3.3.1)

We refer to this as the diffeomorphism-invariant Cauchy-Riemann equation, since i
is a solution if and only if @ o ¢ is also, for any diffeomorphism ¢ : S — S. Writing
@ = (a,u) and using the definition of J in terms of J and A, (B3] is equivalent to

asmauy — amats + Aug) Jmyuy — Aug) Jmyus = 0. (3.3.2)

In physicists’ terminology, these equations have a kind of “gauge invariance,” which
we can exploit to simplify the problem by “choosing a gauge”. This means we make
the very sensible assumption that (33.2) has solutions % = (a,u) : R x S* — R x M
of the form
(s, t) = (a(s,t),0(s,t), p(s),2mt),
where p(s) is an arbitrary increasing diffeomorphism R — (p_, p4). Indeed, if any
of the cylinders from the Morse-Bott construction can be perturbed to nondegen-
erate cylinders in this setup, then they can necessarily be written in this form by
composing with a (not necessarily holomorphic!) reparametrization of R x S!, and
the choice of p(s) fixes this reparametrization uniquely. Since the setup is still fully
symmetric in the ¢-direction, it is also reasonable to suppose that a and 6 depend
only on s, thus
(s, t) = (a(s),0(s), p(s), 2mt).
Now a simple computation reduces ([3:3.2) to the pair of coupled ODEs,
GGygda  D.df

da dp
b7 =BG (3.3.3b)

where D, := FG, — F,G = (1 + eap)?>D > 0. Remember that F, G and D, depend
on both p and . Since p: R — (p_, p1) is assumed to be a diffeomorphism, we can
think of a and 6 as functions of p, turning this system into

da G D d¥

dp G, BGGydp’
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Thus 6(p) satisfies the differential equation
@:{mmmamrcaam
dp Dc(0,p) ] G,(0,p)

The graphs of solutions 0 : (p_, py) — S* to this equation are integral curves of the
vector field

(3.3.4)

B(p)G(6,p)]* 0
D.(0.p) } Coll- 25
0

= I+ calpu(®)g (o) + @’ (Dalp)n(®) 5

Bp)glp) 1’ 9
" [W} [ea(p)g ()i’ (0)] 55

V(®,p) = Gp(97p)a% + {

in the §p-plane. We assume e is small enough so that the 0,-term vanishes only when
g'(p) = 0. The dp-term vanishes for p outside neighborhoods of py. since a(p) = 0,
and when p = py it vanishes if and only if # € Crit(ug). The integral curves are
shown in Figure BAl Picking py € (p—, p4) outside the support of «, we conclude
the following:

e For any 6, € S, there is a unique solution 6 : (p_, py) — S' of B34) with
0(po) = o, and this solution is constant for p outside supp(a).

o If O(py) € Crit(uy) then 6(p) = 6(py) for all p € [po, p+), and a similar
statement for critical points of p_.

o If O(py) ¢ Crit(ps) then (p) converges to a critical point 6. € Crit(py) as
p = p+, where sgn(p"(0+)) = sgnlg(p+)g" (p=)]-

This last item comes from using ([B:3.4]) to compute the sign of d%u(@(p)) as p ap-

proaches py. Now using f¢' — f'g > 0 and ¢'(ps) = 0, we have sgn[g(p+)g” (p+)] =

—sgn[f'(p+)g” (p+)] = —sgn(Ly). Comparing the index computations in Prop. B31],

we see that generically, u(s,t) approaches an elliptic orbit on Ly as s — £o0.
Once the equation for 0(p) is solved, we can find a(p) by integrating

da _ B(GI0).0) 335)

dp  G,(0(p),p)
and we see that the solutions are unique up to a constant; thus the solutions (s, t)
come in 1-parameter families related by R-translation.
The embedding @ : R x S* — R x M can be treated as a pseudoholomorphic
curve by defining the complex structure j = @*J on R x S*. From (B3.5), we see
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Figure 3.5: Two examples of the integral curves of V (6, p), with the critical points
of s acting alternately as attractors or repellors. Equivalently, these are cross-
sections of the resulting foliations in {p € [p_, p4|} C S* x R?. The darkened curves
are rigid surfaces, and each orbit is labeled elliptic or hyperbolic. The foliation at
the right is not stable; it includes an index 0 cylinder connecting two hyperbolic
orbits.
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that a(s) — 400 as s — =+oo, thus @ is a proper map. Then by Prop. [A3]
this fact and the asymptotic behavior of u(s,t) are enough to conclude that @ has
finite energy and (R x S, j) is conformally equivalent to the Riemann sphere with
two punctures. In other words, the complex structure extends smoothly over the
punctures, so we can reparametrize such that j = i.

We now have a family of pairwise non-intersecting embedded .J-holomorphic
cylinders

ﬁ(qu—) = (a(m),, 9(0_’7-)7p<,717), @‘(m.r)) R x Sl —Rx M

parametrized by ¢ € R and 7 € S such that the image of 7, contains the circle
{(a,0,p) = (o,7,p0)} CRx M.

It’s time to say a word about Fredholm indices and stability. By the results in
[AWZ99], a holomorphic cylinder in (R x M, J) has Fredholm index

Ind(@) = poz (@) + #I — x(5?) = pcz(@),

and we will show in Sec. that the linearization of the Cauchy-Riemann equation
is always surjective in this case if Ind(@) > 1. Let @ = (a, 0, p, ¢) : RxS' — Rx M be
a member of the family derived above, with asymptotic limits P, C Ly at s = f00.
Comparing the natural orientations of {s} x S with those of Py, we find that the
sign of the puncture at s = o0 is precisely sgn(L.). Then from Prop. B3T]

2 if both orbits are elliptic,
Ind(@) = pez(a) =< 1 if one orbit is elliptic and one is hyperbolic,
0 if both orbits are hyperbolic.

So the foliation we’ve constructed in {p € (p_, p+)} is stable if and only if the third
alternative never happens. As can be seen from Figure[3.3] it should never happen if
the Morse functions p4 are chosen generically; an isolated index 0 curve would cease
to exist if one of its asymptotic orbits were moved slightly along L.. In particular,
it suffices to assume that p; and p_ have no critical points in common. Then there
will be no cylinders connecting two hyperbolic orbits.

The foliation can be extended over the tori L., though it requires more than
just orbit cylinders, since L. are no longer foliated by periodic orbits. The pattern
of alternating elliptic and hyperbolic orbits on L. suggests, in view of the index
computations above, that two such orbits could be connected by a rigid (i.e. index 1)
cylinder. We therefore search for solutions % = (a,u) : R x ST — R x M to 332
in the form

ﬂ(s, t) = ((1(8)7 9(8), P+ 27rt)~,
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where § : R — S! is a fixed diffeomorphism onto some open interval between
neighboring critical points of 1. Now (B330) is satisfied trivially since G,(0, p+) =
0, and treating a as a function of 6, (3:3.3al) becomes

da [D.(8, p+)]?

do Blp+)G (0, p+)Go(0, Pi)7

This is well defined since 6(s) ¢ Crit(u+) by assumption, and we can integrate to
compute a(s) = a(6(s)) up to a constant. We thus find a 1-parameter family of
solutions, related to each other by R-translation. Again @ is a proper map, since
©(0(s)) — 0 implies % — +oo as s — +oo. Thus by Prop. B3 @ can be
reparametrized to define a J-holomorphic finite energy cylinder. The asymptotic
limits are a hyperbolic orbit Py C L and an elliptic orbit P, C L, and we find by
comparing orientations that the two punctures have opposite signs, with the sign at
Py equal to the sign of L.

Adding to these rigid cylinders the family %, and the orbit cylinders over
each periodic orbit on Ly, we now have a foliation of {p € [p_,p;]} T R x M by
holomorphic curves. This construction works on any interval [p_, p;] C (0, 00) with
g'(p+) =0 and ¢'(p) # 0 for p € (p—, p+). The innermost region, where p_ = 0, can
be filled by finite energy planes just as in the Morse-Bott case. Indeed, we only need
to make a nondegenerate perturbation of A near L, and find holomorphic cylinders
in the region {p € (0, p4)} by the methods above. Since a(p) = 0 away from p,,
this family of cylinders looks identical to the family constructed for the Morse-Bott
case as p — 0, thus the same argument as before allows us to remove the punctures
at s = —oo. By these methods, we can construct a stable finite energy foliation of
the subset {p < po} C R x (S x R?) for any py with ¢'(pg) = 0.

So far we've constructed nondegenerate perturbations for the cylinders of type
(1,0) (and corresponding planes) from Sec. Bl but we’'d also like to be able to
perturb the cylinders of type (p,q) in general. In principle this is no more difficult,
but since it’s less convenient to write down the perturbed contact form A¢ near
a torus L, with longitudinal periodic orbits, we shall take a less direct approach.
The general situation is equivalent to the one already considered via a coordinate
transformation. Indeed, given p; > p_ > 0 with 57 ;7(’/(]2) =2 € QU {oo}, there is
a linear change in the coordinates (6, ¢) for p € [p_, p;] which makes the orbits on
L look like simply covered meridians. Then the methods above give a stable finite
energy foliation for this region. Of course, this doesn’t work for the innermost region,
when p_ = 0; but here again we can simply observe that the cylinders constructed
in the perturbed setup look identical to those of the Morse-Bott setup when p is
outside supp(«). So these cylinders have the same behavior as p — 0 in both the
Morse-Bott and the nondegenerate pictures: the puncture at s = —oo is asymptotic
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Figure 3.6: On the left is a cross section of a foliation of Morse-Bott type for 72,
with two Morse-Bott tori L, and L,. Opposite edges of this diagram are identified.
On the right is a nondegenerate perturbation, with one elliptic and one hyperbolic
orbit on each of the original tori.

to a cover of the orbit P = S x {0}. Moreover, since ficz(P) can be chosen to have
any odd value, we can arrange for these cylinders all to have Fredholm index 1 or
2, depending on whether the limit at L, is hyperbolic or elliptic.

As we mentioned earlier, these ideas can be used to construct stable foliations
for some simple examples of closed contact manifolds. For example, a Morse-Bott
contact form on 7° is obtained from (S* x R, f(p)df + g(p)d¢) by choosing f and
g to be 1-periodic and identifying S* x dB?(0) with S' x BZ(0). We can then
use the methods of this chapter to construct a foliation of Morse-Bott type and a
corresponding nondegenerate perturbation, as shown in Figure St x 8% can be
treated similarly (Figures B and B.8) by writing

S' x S22 S' x (B2(0)/0B%(0)).

In these diagrams we adopt the convention of labeling elliptic orbits with capital
letters and hyperbolic orbits with lowercase. Arrows are used to indicate the sign of
certain punctures, in a manner motivated by the notion of negative gradient flow:
a puncture is negative if the arrow points toward the orbit, and otherwise positive.
In these examples all punctures at elliptic orbits are positive.

We will use these constructions in Chapter [ to compute some examples of a
conjectured variation on contact homology arising from finite energy foliations.

o7

Figure 3.7: A cross section of a stable foliation for an overtwisted contact structure
on S' x S%. The edges labeled p = 1 are identified to a single circle, which runs
transversely through a family of holomorphic planes.

Figure 3.8: Two more foliations of the same contact structure on S! x S? as in
Figure B, this time using “vertical” orbits, and viewed “from above”. One should
imagine the region outside the torus labeled p = 1/2 as a reflection of the region
inside. On the left we have a nondegenerate perturbation with two orbits on {p =
1/2}. At right, a perturbation with eight orbits on this torus.
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Chapter 4

Holomorphic Curves with
Boundary and Interior Punctures

4.1 Mixed boundary conditions and Problem (BP)

As outlined in Sec. [[3] the intermediate steps of our main argument require the
use of finite energy surfaces with boundary. The idea is to start with an ordinary
finite energy surface (or a family of them), and cut out part of the domain so that
we obtain a map defined on a punctured Riemann surface with smooth boundary,
satisfying a totally real boundary condition. This trick creates a holomorphic curve
whose image avoids a certain region of the target manifold, so we are then free
to perform surgery in that region. After surgery, we can convert the surface with
boundary back into an ordinary finite energy surface, using a noncompactness result
to degenerate the boundary into a puncture. The details of this argument will be
carried out in Chapter [l

In this chapter we shall prove various technical results about the particular class
of holomorphic curves with boundary that will be needed. We refer to such problems
as “mixed” boundary value problems, because there are two types of “boundary”
data: a totally real submanifold which describes behavior at the actual boundary,
and a set of periodic orbits corresponding to the asymptotic behavior at the punc-
tures. An example of such a problem appeared previously in the work of Hofer,
Wysocki and Zehnder ([HWZ95a], [HWZ99] and [HWZ9I5D]): they considered holo-
morphic disks with multiple interior punctures (of negative sign), and boundary on
a surface transverse to both the contact structure and the Reeb vector field. Their
results are only loosely related to ours—we will need a slightly different set of as-
sumptions about the totally real submanifold, e.g. that the nonsingular surface is
tangent to the Reeb vector field. It should be emphasized that we will always as-
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sume punctures occur in the interior of our Riemann surface, never at the boundary.
The latter situation is interesting and important in other contexts, e.g. in relative
contact homology (cf. [EES02]).

In the following, (M, )) is a closed contact 3-manifold, with contact structure &,
Reeb vector field X, and some choice of admissible complex multiplication J on &.
We denote the natural vector field in the R-direction on R x M by 8,, and define J
on R x M as usual by J8, = Xy, J l¢ = J. Choose an embedded surface L which is
tangent to X. As an example to keep in mind, L could be a Morse-Bott manifold
of periodic orbits.

Choose any smooth function G : L — R and define the surface Lg € R x M to
be the graph of G:

Lo ={(G(z),2) ERx M |z € L}.

Proposition 4.1.1. For any choice of the function G, Le is a totally real subman-
ifold of (R x M, .J).

Proof. For any « € L, denote & = (G(z),2) € Lg. Choose a nonzero vector
v € T,LNE,, and observe that {X,(z), v} forms a basis of T, L. Then there exist
real numbers p and ¢ such that {Y, Z} := {pd, + X\ (x), 9, + v} is a basis of T L¢.
The proposition is true if {Y, Z, JY, JZ} spans Tz(R x M) for all z. Writing these
as column vectors with respect to the basis {9,, X)(z), v, Jv}, we obtain the matrix

-1

oo~
o~ o
coRs

—_—ox O

which has determinant —p? — 1 # 0. O

We will see that surfaces of the form L¢ furnish a natural boundary condition
for pseudoholomorphic curves in symplectizations. However, requiring the condition
w(0%) C L¢ would be too simplistic, for the following reason. Our holomorphic
curves with boundary will be obtained by starting from curves without boundary
and cutting out pieces of the domain. The curves without boundary have very nice
properties with regard to Fredholm theory, and we’d like to preserve these properties
for the mixed boundary value problem. However, these properties are intertwined
with the R-invariance of the original problem, so we will have to formulate the new
one in a way that preserves R-invariance, at least locally. To that end, for any
o € R, denote by ig a translation of L in the R-direction:

LZ = {(Gx)+o0,2) eRx M |z € L}.
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Now instead of asking for solutions that map a boundary circle into a single totally
real submanifold, we shall require that they map the boundary into an element in a
1-parameter family of such submanifolds. This has the effect of raising the Fredholm
index, and in our situation will also help ensure transversality.

To formulate all of this precisely, let 3 be a compact oriented surface with
m > 0 boundary components, and let I' C int ¥ be a finite subset. Denote the
punctured surface by 3 = Y\TI', and choose an ordering of the boundary components
0¥ =7 U...U",. Choose [:1, R im C R x M to be some collection of totally
real surfaces of the type described above (they need not be distinct). We wish now
to consider maps @ = (a,u) : ¥ — R x M with the following properties:

(i) @ is pseudoholomorphic with respect to J and some complex structure j on X.
(i) @ is asymptotically cylindrical (see Definition [LT.9).

(iii) For each connected component y; C 0%, 7 =1,...m, we have the boundary
condition @(vy;) C Lf for some o € R.

Condition (i) implies that u : ¥ — R x M is asymptotic at each puncture to a
periodic orbit of X,. We shall always assume that all such periodic orbits are either
nondegenerate or belong to simple Morse-Bott submanifolds. In this case, let us
refer to a map with all of these properties as a solution to Problem (BPy).

Example 4.1.2. One way to obtain solutions to (BPg) is as follows. Suppose p)
is a punctured surface without boundary, and we have 1-parameter family of finite
energy surfaces i, = (ar,u,) : Y — R x M, such that the maps u, : Y — M are
embedded and foliate a subset of M. Suppose there is also a solid torus N C M,
where L := ON s tangent to X, and intersects each . transversely. Then for each
7, the subset D; = uZ'(int N) C Y is a finite union of smoothly embedded open
disks, and S, = % \ D, is a compact surface with smooth boundary and interior
punctures. One can then choose a function G : L — R so that 4,(0S;) C L, thus
the restrictions of @i. to S, define a 1-parameter family of solutions to (BPy).

This construction is very elegant, but it may not be quite as useful for construct-
ing foliations as one would expect. That’s because we require some extra conditions
on L¢ in order to facilitate compactness arguments for solutions of (BPy); this will
be discussed in Sec. [{.0.

For technical reasons, we will also need to consider a non-R-invariant general-
ization of problem (BPg). This is defined by choosing for each surface L; C M a
smooth family of functions {G7 : L; — R},cr such that %G;’ > 0. We then define
families of totally real submanifolds

L7 = {(G5(x),x) eRx M |z € Ly},
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and require that each component v; C 0% satisty the boundary condition @(~y;) C E;’
for some 0 € R. We will call this Problem (BP). A further generalization to the
context of a 4-manifold with cylindrical ends will be treated in Sec. L5, when we
examine the Fredholm theory.

4.2 The Maslov index

4.2.1 Maslov and Conley-Zehnder indices

In any problem of this sort, the “boundary” conditions are described by some
homotopy-invariant integer which will appear in the Fredholm index formula. In
the case of a closed holomorphic curve, this is the first Chern number, and it be-
comes a Maslov index when totally real boundary conditions are added. When there
are punctures, one needs the Conley-Zehnder indices of the corresponding asymp-
totic orbits. Both Maslov and Conley-Zehnder indices are necessary for the mixed
boundary value problem.

Let @ = (a,u) be a solution of (BP) with nondegenerate asymptotic limits. De-
note the limiting orbits at positive punctures by P;", ..., P}, and those at negative
punctures by P, ..., P7. Since the domain 3 is not closed, the complex line bun-
dle u*¢ — % admits a unitary trivialization ® : w*¢ — % x C. (Here, “unitary”
means that the trivialization is both complex with respect to J, and symplectic with
respect to dA|¢). From the asymptotic description of @ in Appendix [A] we know
that ® defines a trivialization of £ over each asymptotic orbit, thus permitting us
to define the Conley-Zehnder indices u&,(P;") and ug;(P;) (see [HWZ95a]). Note
that the even/odd parity of /L%Z(F)ji) is independent of ®, thus we can characterize
each puncture z € I" as either even or odd, partitioning I' into the subsets

F:F()UF].

In addition to asymptotic behavior, we must factor in the totally real boundary
condition at 9X. There are surfaces L1, ..., L, C M, covered in the symplectization
by families of totally real submanifolds [71’, A i,‘,’n parametrized by o € R, such
that for each connected component v; C 0%, u(y;) C Z;’ for some o. To simplify
notation, denote L = (., L;, so then u(9%) C L. Since L is tangent to Xy, it is
also transverse to &, so there is a unique totally real subbundle ¢ C u*¢|ss — 0%
defined by

L, = éu(z) n T:u(z)L

The trivialization ® then allows us to define the boundary Maslov index (see [MS04])
of this totally real subbundle, denoted by u®(u*¢, £).
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A generalized Maslov index for @ can now be defined as
(i) =Y péy(PF) = uda(P) + n® (w6, 0). (4.2.1)
j=1 j=1

It will follow from Prop. below that the index doesn’t depend on ®. When
there is no confusion, we shall simply refer to this as the Maslov index of .

We will need a more general definition of p(%) in order to treat the case where @
has Morse-Bott asymptotic limits. For computational purposes, it’s also important
to understand the properties of p(#) with respect to various operations that can be
performed on the bundle w*¢. To this end, we introduce in the next section a more
abstract framework for the Maslov index, and then use some of these ideas to treat
the Morse-Bott situation in Sec. 2.3l

4.2.2 Bundles with boundary data
The generalized Maslov index

Let X be a compact oriented surface with boundary, and denote Y=3 \ T, where
I'=T7"Ul" is a finite set of interior points partitioned into subsets labeled “positive”
and “negative”. At this point the choice of sign for each puncture is purely arbitrary.
It makes sense to think of 3 as a 2-manifold with boundary and positive and/or
negative cylindrical ends, which means the following. For each puncture z € T,
choose a coordinate system identifying a neighborhood of U, > z with the closed
unit disk D C C, such that z is identified with 0 € D. Denote the punctured
neighborhood by U, = U, \ {z} C %. Depending on the sign of the puncture,
we then identify U, with either the positive half-cylinder Z* = [0,00) x S or the
negative half-cylinder Z~ = (—oc0,0] x S*, using the diffeomorphisms

oy ZT =D\ {0}: (s,8) — o 2m(s+it)
o_:Z7 = D\{0}: (s,t) — p2r(sit)

This defines for each puncture z € T' a homeomorphism ¢, : U, — Z* or ¢, :
U, — Z~. In the special case where ¥ is a Riemann surface, we can choose these
homeomorphisms to be biholomorphic.

In general, ¥ is required to have the structure of a topological manifold, and we
must also assume that this restricts to a smooth structure (all coordinate transforma-
tions are smooth) in some neighborhood of I'. Then the coordinate maps identifying
U, with D can be chosen as diffeomorphisms, so that the maps ¢, : U, — Z* are
also smooth. There is then a special oriented topological 2-manifold with boundary
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S, known as the circle compactification of 3. This is defined from ¥ by replacing
each puncture z € I" with the “circle at infinity,”

), =T, % /R,

where RT is the multiplicative group of positive numbers. One can define this equiv-
alently in the cylindrical coordinates above by replacing [0, 00) x St or (—o0,0] x S*
with [0, 00] x ST or [—00, 0] x S respectively. Given the smoothness of the charts
near z, this description uniquely determines a topology on %, as well as a smooth
structure on each of the circles §, C 9%. These circles are given a special orientation
defined by their identification with {400} x S!: thus the orientation of §, matches
that of O if z is a positive puncture, and is otherwise the opposite.

In the case where ¥ has a conformal structure, the natural inclusion ¥ < %
defines a singular conformal structure on Y. This structure degenerates at each
of the circles 4., but also determines a preferred class of diffeomorphisms §, = S,
unique up to rotation.

Let £ — ¥ be a topological Hermitian vector bundle of (complex) rank n, with
complex and symplectic structures denoted by J and w respectively. We assume E
restricts to a smooth vector bundle over the circles 6, C 9%. Then we can associate
with E a collection of boundary data, which consists of the following:

1. A totally real subbundle ¢ C E|pz — 9%

2. A bounded real linear operator A, : H'(E|;.) — L*(E|s.) for each puncture
z € I'; this is called an asymptotic operator. We assume that in some choice
of smooth unitary trivialization ® : E|5;, — S x R?", with sections of Els,
represented by loops 1 : ST — R?", A, can be written as

(An)(t) = —Jon(t) — S(E)n(t),

where J is the standard complex structure on R?" = C*, and S(t) is a smooth
loop of symmetric matrices.

Operators of this type arise naturally when linearizing holomorphic curve equations
on punctured domains, and there is such an operator associated with every periodic
orbit of the Reeb vector field in a contact manifold (see Appendix [A]). In general,
given a smooth I-periodic loop of real symmetric 2n-by-2n matrices S(t), we can
define an operator Ag : H*(S1, R?") — L%(S R?") by

(Asn)(t) = —Joi(t) = SO (D). (4.22)

Then, as is well known, Ag defines an unbounded self-adjoint operator on L?(S*, R?")
(or technically on its complexification), and the spectrum o(Ag) C R consists of
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discrete eigenvalues of finite multiplicity that accumulate only at +oo. We call Ag
nondegenerate if its kernel is trivial, i.e. 0 € 0(Ag). This can be interpreted in
terms of a linear Hamiltonian system on R??; indeed, Agn = 0 defines the differen-
tial equation
(t) = JoS(t)n(t),

which yields the Hamiltonian flow for the time-dependent quadratic function Hy(n) =
1(n,5(t)n). Thus the flow is a l-parameter family of linear symplectic matrices
Ug(t) € Sp(n) for t € R, and Ag is nondegenerate if and only if 1 is not an eigen-
value of Ug(1). In this case, we define ucz(As) to be the Conley-Zehnder index for
this path of matrices. This also defines the Conley-Zehnder index u&;(A.) for any
nondegenerate asymptotic operator A, : HY(E|s.) — L?*(E|s.) with smooth trivial-
ization ® : E|5, = S x R?™. We shall assume always that this trivialization covers
an orientation preserving diffeomorphism §, — S* (using the special orientation of
d,).

Since it will be important later to consider punctured holomorphic curves that
have Morse-Bott asymptotic limits, we must add degenerate asymptotic operators
to this picture. Define the perturbed operators

A§:As:|:€,

with € a small positive number. Since Ag has a discrete spectrum, we deduce that
A} and Ay are each nondegenerate and have uniquely defined Conley-Zehnder
indices if € > 0 is sufficiently small. We can therefore define u&,(AZL) even if A, is
degenerate. Of course if A, is nondegenerate, then ud,(A,) = p&,(AZ).

Definition 4.2.1. Given a bundle E — ¥ with boundary data B = ((,{A.}.er),
define the generalized Maslov index of (E,B) by
B B) =D wesAL) = Y neAAL) + u"(E. 0),
zel'+ zel'~

where ® is any unitary trivialization E — 3 x R?" that restricts smoothly over the
circles 6, C 0%.

Of course there is something to prove before this definition can make sense.
Proposition 4.2.2. The index p(E, B) does not depend on the trivialization ®.

Proof. This follows mainly from well known properties of the boundary Maslov and
Conley-Zehnder indices. Denote the connected components of X by 71 U... U,
so then the oriented boundary of ¥ is

(0o ()
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We focus on the case n = 1, since that is of greatest interest for our purposes. Then
if ® and U are two unitary trivializations of E — ¥, we measure the difference
between them by winding numbers: for any oriented circle v € X, let wind®(¥) € Z
be the winding number along 7 of the natural nonzero section defined by ¥, with
respect to the trivialization ®. There is then the basic topological constraint, that

the winding numbers over all boundary components must add up to zero:

> windg (¥) + > wind§ () — Y windg (¥) = 0. (4.2.3)

v CO% zel't+ zel'—

Let p3(E, () denote the boundary Maslov index for the bundle pair (£, €) restricted
to a given component 7 C 0%. Then we have

uY (B, 0) = p (E, ) + 2wind$ (¥),

and similarly for the Conley-Zehnder index of any nondegenerate asymptotic oper-
ator A,
v _ @ T3
ticz(Az) = pez(Az) + 2 windg ().
Combining these formulas with ([E23) proves the result for n = 1. One could use
the same argument for general n, replacing winding numbers with Maslov indices
for loops of unitary matrices. O

In this setting, we can partition I into sets of even and odd punctures according
to the parity of ug,(AZ¥). That is, we say 2z € I'* is odd if and only if u&,(AT) is
odd (note the sign reversal). This is independent of ®, and it defines disjoint subsets
I's and T'T so that

I=r"ulr” =Tyuly=Tfuly UTrfury.

Operations on bundles
There is a natural direct sum operation for bundles with boundary data. Given
two bundles E; — ¥ with boundary data B; = (¢/,{Al}.cr), j € {1,2}, define
boundary data for £y & Ey — X by

Bi&B, = (' e {Al & AZ}.cr).
Proposition 4.2.3. u(E; @ Ey, By & Bs) = u(Ey, By) + p(Es, Bs).

Proof. This follows at once from the corresponding additivity properties of the
Maslov and Conley-Zehnder indices over each component of 9X. O
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An even simpler operation is the disjoint union: if F; — 5, and By — 3, have
the same rank n, then there is a natural rank n bundle

EyUEy; — 21L|227
which inherits boundary data B;UB; in a natural way. The following is then obvious:
Proposition 4.2.4. p(E; U Ey, By U By) = p(Ey, By) + pu(Es, Bs).

Somewhat less trivial is the behavior of the Maslov index with respect to gluing
operations. One such operation is the gluing of two bundles along boundary com-
ponents. Suppose 21 =3\ I and 22 = 3, \ I'? are two surfaces satisfying the
assumptions above, and we have bundles F; — 31 and Ey — %, of the same rank
n, with boundary data B; = (¢, {A,}.cr) for j € {1,2}. Pick two circles o C 9%
and § C 0%, along with an orientation reversing homeomorphism ¢ : « — /3, and
define

Z1 #w) 2o

to be the surface obtained by gluing ¥ and ¥, along a and [ via 1. This surface
inherits the punctures in I UT?, and 3, #(4) ¥, has the natural compactification

T H#) D2 = B1 #yp) Zo.

If 9 is covered by a unitary bundle isomorphism ¥ : E|, — Es|s, then we can
also glue the bundles by identifying v € E|, with ¥(v) € Es|s, defining a larger
Hermitian bundle

Ey #(\1/) Ey = %) #w) L.

This has a natural set of boundary data

By #w) By = (€1|821\a u ‘6?322\37 {A.}oert, {AL}oere).

The gluing map ¥ will be called admissible if W(¢|,) and (|5 are homotopic as
totally real subbundles over 8; we then call # ) an admissible gluing operation, and
denote the resulting bundle with boundary data by

(B, By) #w) (Es, By) = (Ey #wy B2, B #w) B,).

Note that admissibility is only possible if the subbundles (1|, and ¢5|g are simulta-
neously either orientable or non-orientable, i.e. their Maslov indices have the same
parity.

One can define similar operations for a single bundle (E, B) over ¥ by choosing
« and [ to be separate components of 9. The homeomorphism ) : & — £ must
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still reverse orientation, and the bundle isomorphism ¥ is admissible if ¥(¢|,) is
homotopic to £]z. The resulting operation is called a contraction, and it defines a
bundle

tr(p) E — tr(y) P

with boundary data tr(y) B, on a surface tr(y) ¥ with two fewer boundary compo-
nents than . Gluing operations can also be viewed as contractions for bundles over
surfaces with multiple components. By composing gluing operations with contrac-
tions, we can also define admissible operations that glue multiple pairs of boundary
circles at once.

A pair of punctures can be glued if they have opposite signs and the same parity.
Let z € ' € ¥ and w € I'? C %, with positive and negative signs respectively.
Then an orientation preserving homeomorphism v : §, — §,, is actually orientation
reversing as a map between components of 9%, and 0¥, We can thus use ¥ to
glue the compactified surfaces ¥; and ¥,. More precisely, define ¥, #(y) X2 as the
compact surface obtained by first replacing z € ¥, and w € 3y with their respective
circles at infinity, and then gluing these via 1. The glued surface has a natural set

of punctures
D! ) T2 = (P {=}) U (T \ {w}),

and the circle compactification of the punctured surface is simply ¥y #y) X2 =
Y1 #w) Lo

The glued bundle Ey #(g) By — X1 #(y) X2 and boundary data By # ) B, are
defined in the obvious way for any unitary bundle isomorphism ¥ : E;|;, — Esls,
covering . If ¥ is smooth, it defines isomorphisms W, : L%(E|s,) — L*(Fsls,)
and U, : HYFE,|s.) — HY(Fsls,), such that for any asymptotic operator A :
HY(Esls,) — L*(Fss,), the natural push-forward

WA=V, 0A0U " : HY(Ey5,) — L*(Fals,)

also has the form of an asymptotic operator. Then we call the gluing operation
#(w) admissible if the operators A and W,A7 are homotopic as nondegenerate
asymptotic operators. This is only possible if both punctures have the same parity.

Contractions of punctures can similarly be defined by gluing two punctures on
the same surface that have the same parity and opposite signs. One can also speak
of admissible gluing operations that involve multiple pairs of punctures, or a mixture
of punctures and boundary components.

Proposition 4.2.5. For any bundle with boundary data (E,B) and an admissible
contraction tr(y),
ultrw) (B, B)) = u(E, B).
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Similarly,
(B, By) #w) (B2, Bs)) = w(Ey, By) + (B2, By).

for any admissible gluing operation on two such bundles.

Proof. Tt suffices to consider two cases: (i) a contraction of two boundary compo-
nents, and (ii) a contraction of two punctures. Every other operation can be built
from these ingredients together with disjoint unions (see Prop. L.2.4)).

Consider now a contraction on (£, B) for two components «, 3 C X. The bundle
trw) £ — tryy X contains an oriented circle C' C int(tr() 3) with distinguished
homeomorphisms o = C and 8 = —C, as well as a distinguished pair of totally
real subbundles ¢* and ¢° over C, which are homotopic. One obtains E — %
from trig) B — tr(y) X by cutting try) X along C, using a and 3 to label the two
new boundary components, and supplementing the boundary data trgy B with the
totally real subbundles ¢ and ¢° over these two components. Then o and /3 cancel
each other out in computing the Maslov index: indeed, given any trivialization ® of
tr(y) E, this determines a trivialization of £, and we have

Hg(Ev Ka) = _:U’%(E Zﬁ)

due to the reversal of orientation and homotopy invariance of the index. This proves
the result for contractions of boundary components.

A virtually identical argument applies to the contraction of two punctures as
well. O

Remark 4.2.6. This formalism extends to the case of a Hermitian bundle E over a
closed surface ¥ by defining W(E) = 2{c1(E, J),[X]). Then additivity under gluing
still holds: in particular one can glue two surfaces without punctures together along
their entire boundaries to obtain a closed surface.

An important special case of a gluing operation is known as doubling. This can
be used to turn a question about surfaces with boundary and punctures into one
about surfaces without boundary or without punctures. We shall use it in particular
to eliminate boundaries.

Let E — 3 be a bundle with boundary data B, as defined above. We must first
define what we mean by the conjugate, or opposite of (E,B). From the underlying
surface ¥ we define the conjugate surface ¥¢ to be a copy of ¥ with the opposite
orientation. An important special case is the conjugate of a Riemann surface (X, j):
the complex structure j¢ is defined on ¢ by j¢ = —j. Alternatively one can define
this by replacing all holomorphic coordinate charts ¢ : U — C with their complex

conjugates, ¢°(p) = ¢(p). There is a natural orientation reversing homeomorphism
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3 — ¢ which is antiholomorphic in the case of a Riemann surface. Given a point
z € ¥ or a subset U C X, we will denote its image in 3¢ by 2¢ or U°.

For a punctured surface ¥ = ©\ T, we also conjugate the special coordinate
maps ¢, : U, — Z% : p— (s,1), replacing them with ¢ : US — ZF : p¢ s (—s,t).
In this way the maps ¢¢ remain holomorphic (if ¥ has a conformal structure), and
in general the signs of z € I" and z¢ € I'® are always opposite. The compactification
5° is now defined by the standard recipe: note that since both the orientation of
and the sign of each puncture gets reversed, the natural homeomorphism ¥ — ¢
actually induces orientation preserving diffeomorphisms ¢, — d,c for each z € I.

The conjugate of the Hermitian bundle (E,J,w) — ¥ is similarly defined as
(B¢, J¢w) — ¥° with E° = E, J° = —J and w® = —w. (The Hermitian metric
g = w(-, J-) is thus the same on both bundles.) There is a natural antiunitary bundle
isomorphism E — E°: v+ v, which covers the natural homeomorphism ¥ — ¥¢.
To every local trivialization ® : Ely, — U x C* : v — (p,V) one can associate a
conjugate trivialization ®¢: E°[ye — U x C™ : v¢ +— (p°, V), which is unitary if and
only if ® is.

In defining the boundary data B¢, the choice of subbundle £¢ — 9%¢ is obvious.
For the asymptotic operators at z¢ € ', we use the natural identification maps

6, — d,c and E — E° to define isomorphisms

C: L*(Els.) = L*(Es..),
C: HY(E|5) — HY(E°s.),

then set A, = —CA_.C~'. The minus sign is the price we pay for the fact that
the natural bundle isomorphism E — E° is anti-unitary: its presence is needed
to ensure that A,c takes the standard form of an asymptotic operator. Indeed,
if (An)(t) = —Jon(t) — S(t)n(t) in some trivialization ®, then writing A,. with
respect to ¢, we find

(Azen)(t) = —Jon(t) — S(t)n(t)
for the loop of symmetric matrices defined by
Sé(t)y=—-KS(t)K, (4.2.4)

where K is the real 2n-by-2n matrix that represents complex conjugation on R?* =

Ccn.
Proposition 4.2.7. For any bundle E with boundary data B,

WE,B) = u(E, B%).
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Proof. Given a trivialization ® of E, we use the conjugate trivialization ®¢ to com-
pute u(E<,B°). The first step is to show that for any component v C 9%,

BB, €) = (B, ).

In the trivializations, ¢¢ appears as the complex conjugate of ¢, which reverses the
sign of the Maslov index; however, a second sign reversal results from the fact that
~¢ and v have opposite orientations.

We will be done if we can show that pd,(AE) = —p2,(AL). By [@Z), this
would mean that the two linear Hamiltonian systems

0(t) = JoS.(tm(e),
0(t) = —JoKS.(t) Kn(t)

give rise to symplectic flows with opposite Conley-Zehnder indices. Here S.(t) :=
S(t) + €, where € is a real number arbitrarily close to 0, chosen to ensure that both
systems are nondegenerate. Suppose A(t) € Sp(n) satisfies A(t) = JoS.(t)A(t) and
A(0) = 1; then one verifies that A;(t) := KA(t)K is also a path of symplectic
matrices, and satisfies

Ay(t) = —JoK S () KA, (t).

We claim that pcz(A) = —pcz(A;). Since A(t) and A;(t) always have the same
spectrum (remember K = K~!) and pcy is invariant under suitable homotopies, it
suffices to check this for paths A(t) in one of the canonical forms

627ri(m+é)t
em't
Alt) = . , toz(A) =2m +n,
' em’t
or
—t
omimt [ €
c ( .
At) = emt , pez(A) =2m+n— 1.
em’t
The rest is a routine computation. O
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Now, define 1) : 0¥ — 0%° as the natural orientation reversing homeomorphism,
and choose VU : E|gs — E°sx to be the unique unitary bundle isomorphism that
maps v to v° for every v € {|gs. The double of (E, B) is then defined as

(EDvBD) = (E7 B) #(‘I’) (EC’ Br)

The base XX = % #(yp) X is a compact oriented surface with punctures (twice as
many as before, evenly divided between positive and negative) and no boundary.
From Props. 2.0 and FL27], we immediately have

Corollary 4.2.8. For any bundle E with boundary data B,
W(EP, B?) = 2u(E, B).

Remark 4.2.9. If (%, ) is a Riemann surface, the closed surface =P obtained by
gluing ¥ to ¥¢ along the boundary inherits a natural complex structure 7, due to the
Schwartz reflection principle. One can see this by defining 3¢ in terms of conjugate
holomorphic charts, and piecing charts from ¥ and ¢ together to define XP. Thus
P also inherits a natural smooth structure, and its tangent bundle is well defined.
(TP, 5P) is then the double of (TX,j) as a complex line bundle, glued along the
totally real subbundle T(0%X) — 0X.

Conley-Zehnder indices and winding numbers

It will be useful to recall the relations proved in [HWZ95a] between the spectrum
of an asymptotic operator A, and its Conley-Zehnder index in the case n = 1.

A mnonzero eigenfunction n € H'(S',R?) with Agn = An is a smooth loop in
R? that never passes through the origin, so it has a well defined winding number
w(n, \) € Z. The following is proved in [HWZ95a], Sec. 3.

Proposition 4.2.10. Let S(t) be a smooth 1-periodic loop of symmetric 2-by-2
matrices and define the operator Ag : H*(S* R?) — L2(S* R?) as in @ZZ). Then:

1. If m and ny are eigenfunctions with the same eigenvalue \, then w(m, \) =
w(nz, A). Thus we can omit the eigenfunction and define w(\) for any A €
O‘(AS).

2. For every k € Z, there are exactly two eigenvalues M, Ay € 0(Ag) (counting
multiplicity) such that w(A) = w(\) = k.

3. Given two eigenvalues with \; < Ag, we have w(A;) < w(A2).
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Note that any eigenvalue A € o(Ag) has multiplicity at most 2. We now associate
with the loop S two integers:

a(S) = max{w(\) | A <0}, (4.2.5)

. (4.2.6)
1 otherwise

(9) {0 if there exist Ay < 0 and Ay > 0 with w(A;) = w(A2)
p =

The number p(S) is called the parity of Ag. For an asymptotic operator A, with
trivialization ®, we shall denote these integers by a®(2) and p®(z). The importance
of a and p derives from the following result proved in [HWZ95a]:

Proposition 4.2.11. If Ag is nondegenerate, then
,ll,cz(As) = 2(1(5) +p(S)

In the degenerate case we must consider the perturbed operators A§ =Ag+te
then
pez(Ag) = 204(S) +p=(S),

where a(S) and py(S) are defined as in ([LZH) and ([E2E) with all eigenvalues
assumed to be eigenvalues of A§ It will be useful later on to note that for any
eigenfunction 7 of Ag with negative eigenvalue,

wind(n) < a(S) < a_(S5). (4.2.7)

This follows from Prop. Similarly we can bound the winding number from
below if 7 has a positive eigenvalue. Let A be the smallest positive eigenvalue of Ag;
then A + € > A, where )\ is the smallest positive eigenvalue of Af. If p, (S) = 0,
there is a pair of positive and negative eigenfunctions of A with the same winding
number, so the winding of any positive eigenfunction of Ag is at least o (S). In the
case py(S) = 1, every positive eigenfunction of A} winds at least once more than
any negative eigenfunction, giving the lower bound a(S) + 1. Thus

wind(n) > @y (S) + p. (S). (4.2.8)

These are not the strictest bounds that can be obtained, but they will be useful in
relating these winding numbers to the Conley-Zehnder index. Note that we’re not
requiring Ag to be nondegenerate.
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4.2.3 Morse-Bott asymptotics

The definition of y() fits into the context of bundles with boundary data as follows.
Recall that every periodic orbit P C M with period 7" > 0 and a parametrization
x : S' — M has an associated asymptotic operator A, : H(z*¢) — L*(2*¢), defined
by

A, =-J(V,-TVX)),

where V is any symmetric connection on M. It is shown in Appendix [A] that this
expression gives a well defined section of 2*¢ and does not depend on the choice of
V. Then given any periodic orbit P C M and a trivialization ® of 2*¢ — St for
some parametrization x : S' — P, there are two perturbed Conley-Zehnder indices

1 (P) = ps (AT, (4.2.9)

which clearly do not depend on the chosen parametrization. If P is nondegenerate
then both of these match u&,(P).

We can now generalize the discussion from Sec. [.2.1] somewhat and consider
a solution @ = (a,u) : ¥ — R x M to Problem (BP) with asymptotic limits that
either are nondegenerate or belong to simple Morse-Bott submanifolds. Then by the
asymptotic description in Theorem A2, the map u : £ — M extends continuously
to a map @ : ¥ — M, with each of the circles §, for z € T' defining a smooth
positively oriented parametrization

T, =1ls, 10, > M
of the corresponding asymptotic orbit. (The special orientation of d, is defined so
that this should be true.) Thus the bundle u*¢ — Y extends continuously to a
bundle F = @*¢ — ¥ with smooth restrictions E|s;, = 22¢, and we take A,. as the
asymptotic operator at z € I'. The transverse intersection & N'T'L defines a totally
real subbundle ¢ over 0¥. Putting all of this together to define boundary data B
for the bundle @*¢, we set

(@) = ('€, By). (4.2.10)

In the nondegenerate case this just reiterates the definition in ([21]), but it’s
also well defined and quite useful in the Morse-Bott case. Note that the even/odd
parity of each puncture z € I'* is now defined according to the parity of ,ug‘;(P)
for the corresponding periodic orbit P.

Since we will be concerned primarily with finite energy foliations, we’re par-
ticularly interested in solutions @ = (a,u) : 3 — R x M that are asymptotic to

simple Morse-Bott families L C M such that w(X) N L = @. This is actually enough
information to reach some very specific conclusions about p (). Observe that any
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Morse-Bott surface L C M defines a natural section of £ along L via the intersection
TLNE.

Proposition 4.2.12. Let L C M be a 2-dimensional simple Morse-Bott manifold,
and let ® be the natural trivialization of £ along L defined by the intersection TLNE.
Then one of the following alternatives is true:

(i) For all periodic orbits P C L, M?Q(P) =0 and p%E(P) =1.
(it) For all periodic orbits P C L, uy (P) = —1 and u%, (P) = 0.

Proof. Let P C L be a closed orbit with period T > 0, parametrized by z : ST — L.
By assumption, if ® : M — M is the Reeb flow and p = (0), then (d®] (p)—1d)|e, :
& — & has a l-dimensional kernel equal to T,L N§,. Thus A, : H'(z*¢) —
L%*(z*¢) also has a 1-dimensional kernel, spanned by a section ¢y : S' — & with
wind®(eg) = 0. So by Prop. EZI0, there is one other eigenfunction e; of A, with
wind®(e;) = 0, and with eigenvalue A; # 0. The alternative described above will
depend on whether this eigenvalue is positive or negative. Note that ey and ey are
also both eigenfunctions of the perturbed operators A, with eigenvalues AT = +e
and Ali = A\j &£ € respectively.

If Ay < 0, then Af < 0. So A{ > 0 implies a?(P) = wind®(e;) = 0 and
p2(P) = 0, thus ugy (P) = 2a2(P) + p%(P) = 0 by Prop. LZIL. Likewise Ay < 0
implies a®(P) = wind®(ep) = 0 and p®(P) = 1, so ug; (P) = 1.

If A; > 0 then also AT > 0, and \{ > 0 is the smallest positive eigenvalue of A¥.
Thus the largest negative eigenvalue has winding number o (P) = wind®(eq) — 1 =
-1, and p%(P) = 1, so ;ng(P) = —1. Finally, \; < 0 is the largest negative
eigenvalue of A7, giving a®(P) = wind®(eg) = 0 and p®(P) = 0, thus u%’Z*(P) =
0. O

Definition 4.2.13. We define the sign of a simple Morse-Bott surface L C M as
positive if alternative (i) holds in Prop.[{.2.13 else negative.

This terminology is motivated by the following result.

Theorem 4.2.14. Let @ = (a,u) : ¥ — M be a solution to Problem (BP), asymyp-
totic at z € T to an orbit P C L, where L is a simple Morse-Bott surface, and
assume there is a neighborhood U of z in 3 such that for every circle C C U around
z, the loop u(C') does not wind around P with respect to the framing determined by
L. Then the puncture z is odd, and its sign matches the sign of L.

Proof. By Theorem [A2.2] the asymptotic behavior of u at z is described by an
eigenfunction e : 4, — £ of the asymptotic operator A, with an eigenvalue A whose
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sign is opposite that of the puncture. The assumption that w(U \ {z}) does not

intersect L can only hold if e has the same winding number as the kernel of A,.

Thus A is precisely the eigenvalue mentioned in the proof of Prop. 212 whose

sign determines (inversely) the sign of L. We conclude now from Prop. [£.2.12] using

the natural trivialization of £ along L, that }Ig’zi(P) = 1 in the positive case and
P+ : :

Ley (P) = —1 in the negative case. O

A sufficient condition for applying Theorem E214]is that u(U \ {z}) N L = 0.
This has obvious applications to the study of finite energy foliations of stable Morse-
Bott type. In particular we note that a given simple Morse-Bott surface can be only
a positive or negative asymptotic limit for leaves of a foliation, not both.

4.3 Estimating wind,(u)

Civen a solution @& = (a,u) of (BP), when can we conclude that u : ¥ — M is
an immersion? This is best understood in terms of the integer wind,(a), which
was introduced for finite energy surfaces in [HWZ95a]. To define it, note that the
Cauchy-Riemann equation T@o j = J o T can be written in the form
u*A O? = da, (43.1)
myoTuoj=JomyoTu.
Here ) : TM — £ is the fiberwise projection along X,. From the second equation,
we see that there is a section of HomC(TE, u*g) — ¥, which we will denote by nTu,
defined at z € & by
mTu(z)v = m\ o Tu(v) € (u*€),

for v € T,%. Then it also follows from @3I) that at any point z € 3, du(2) :
.Y — Ty M fails to be injective if and only if 77u(z) = 0. It was proved for
finite energy surfaces in [HWZ95a] that the zeros of #Tu are isolated and positive,
and their algebraic count can be estimated in terms of the Conley-Zehnder index
and genus of @. Extending this result to the case where ¥ has boundary makes use
of the assumption that our totally real submanifolds are tangent to X),.

As in Sec. B2, denote L = (Jj-, L;, where a(y;) C DJ’ are the boundary con-
ditions for each connected component v; C 9%, thus u(0X) C L. Now pick any
z € 0% and a tangent vector Y € T,(9%). We have

w0 Tu(Y) =Tu(Y) — AMTu(Y)) - Xx(u(2)). (4.3.2)

Since X (u(z)) € Tu(z)L, we conclude that 7Tu(2)Y lies in TL N ¢, which defines a
one-dimensional totally real subbundle of u*¢ over 9. Call this subbundle £ — 0.
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Then complex linearity defines a natural inclusion
Homg (T(8%), £) — Home (TS, u*E)|ox,

which also defines a totally real subbundle, and 77T'u satisfies the boundary condition
7Tu(9%) C Homg(T'(0%), 0).

Counting zeros on the boundary

We'll need some general topological notions about sections that satisfy this type of
boundary condition. Let (E,J) — S be a topological complex line bundle over a
compact, connected and oriented surface with boundary. Partition the boundary
into disjoint subsets 05 = JySU0O,S, either of which may be empty. As a motivating
example, one can think of S as the circle compactification X of a punctured Riemann
surface with boundary E, with 9pS = 0% and 015 = |, 0:.. Now choose a
totally real subbundle ¢ C E|g,s — 0S, and consider the space of all continuous
sections o : S — E such that 0(9S) C £ and o # 0 on & S. We will call such
sections admissible. Suppose ¢ is an admissible section with a discrete zero set
Z(o) C S. If zp € Z(o) Nint S, then it is standard to define the order of the zero
0(zp) as the winding number of o over a small loop around zp, computed in any local
trivialization. The boundary condition makes it possible to extend this definition
to isolated zeros on the boundary as well: for zy € Z(0) N 9yS, choose coordinates
identifying a neighborhood U of zy with DT = {2 € C | |z| <1 and Imz > 0}, such
that 2o = 0 and 4 NS = D™ NR. Choose also a local trivialization over I that
identifies ¢ with (D*NR) xR C D* x C. Then o is represented on this neighborhood
by a continuous function f : DT — C, satisfying the boundary condition f(DTNR) C
R. We can therefore extend f to a continuous function f2 : D — C on the full disk,
satisfying fP(z) = fP(z). By definition, the order o(z) is then the order of the
isolated zero of fP at 0: i.e. the winding number of fP for a small circle about 0.
It is easy to verify that this definition doesn’t depend on the choices.

For an admissible section ¢ with discrete zero set Z (o), we now define the alge-
braic count of zeros by

N(o) = Z o(z) + % Z o(2).

z€Z(o)Nint S 2€Z(0)NBpS

This is a direct generalization of the case where 9y.S = 0; the price of allowing zeros
on the boundary is that in general, N(c) may be a half-integer.

Proposition 4.3.1. Suppose oo and o1 are admissible sections with isolated zeros,
and are homotopic through a family of admissible sections. Then N(og) = N(o1).

7

Proof. We prove this in two steps.

Step 1. Assume 9pS = 0. If 9,5 is nonempty, then the following result is
standard: N(o) equals the sum of the winding numbers of o about the components
of 015, with respect to any global trivialization ®. We’ll denote this sum of winding
numbers by Windg1 s(0). Clearly this integer doesn’t change under homotopies that
remain nonzero on 9;.5. The result is also standard if ;S = 9,5 = 0, for then S is
closed and N(o) is simply the Euler number of the bundle £ — S.

Step 2. Assume 9pS is nonempty. Define the conjugate bundle (E<, J¢) — S°
as in Sec. [£2.2] where J¢ = —J and S¢ is simply S with the opposite orientation.
Then the bundles £ — S and E¢ — 5S¢ can be glued together along the totally
real subbundle ¢ — 9,5, creating a new complex line bundle (EP, JP) — SP.
The boundary of SP is now 9SP = 9,8 = 9,5 U (8,5)¢, where 9,5 and (9,5)°
are identical manifolds with opposite orientations (they may also be empty). Any
admissible section o of E defines naturally a “conjugate” section ¢ of E¢, and these
can be glued together to form an admissible section o” of EP, to which the result of
step 1 applies. Indeed, a homotopy o, of admissible sections of E yields a homotopy
oP on EP, thus it will suffice to prove the following formula relating N (o) to N(oP):

N@P)y= > oz =2 > o)+ Y  ofz)=2N(0).

z€Z(aP) 2€Z(o)Nint S 2€Z(0)Np S

This follows from two important facts which are easy to check: first, if z is an interior
zero of o, its order is the same as that of z¢ for o¢. This is due to the combination
of complex conjugation and orientation reversal, which cancel each other out in
computing the winding around z¢. Secondly, if z is a boundary zero of o, then its
order equals its order as an interior zero of o”. To see this, choose coordinates
identifying a neighborhood U of z € S with D, and a local trivialization @ : El;; —
Dt x C such that ®(llyns,s) C (DT NR) x R. This defines a complex conjugate
trivialization ®¢ of E°|ye, which can be glued to @, forming a local trivialization
&P of EP over a neighborhood of z € SP. Expressing o in this trivialization near
z, we find that it matches the “Schwartz reflection” that we used to define o(z)
above. O

Observe that one can combine a homotopy of an admissible section o with a
homotopy of the totally real boundary condition ¢ C E. An easy variation on the
doubling argument above then shows that N (o) is invariant under such changes.

If 9,8 # 0, then N(o) can be computed in terms of winding numbers around
015 and the Maslov index of the bundle pair (E, £).
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Figure 4.1: The partition S = S, U A..

Proposition 4.3.2. Assume 8;.S # 0. Then for any admissible section o : S — E
with isolated zeros and any trivialization ® : E — S x C,

N(o) = wind} g(o) + %/Lq’(ll 0).

Proof. Choose a compact neighborhood A, of 955 in S and an orientation preserving
homeomorphism ¢ : [—¢,0] X 9pS — A. such that ({0} x 8p.5) = 9pS. Then
0A, = S U (—(00S)e) where (0p5). = o({—€} x 0p5) is a collection of circles
“parallel” to 955, with matching orientation (Figure [I1]). Denote S, = S\ A, so
0S. = (0p5). U1 S. We can arrange that all interior zeros of o are contained in S,
so then

Z o(z) = Wind&s)( (0) + wind§, 4(0). (4.3.3)
z€Z(o)Nint S
To count the zeros on the boundary, construct the double EP — SP by gluing
E to its opposite along the real subbundle ¢ — 0,5, and extend o in the natural
way to a section o : SP — EP. Restricting to 4, C S, the trivialization ®
can also be extended (though not naturally) over AP C SP. Note that 0AP =
—(065)e U—=(0S)¢, thus using the extended trivialization @,

Z o(z) = — wind&s):(a) - Wind?}us)g(ac). (4.3.4)
2€Z(0)Ndp S

(We're using the convention that (9pS)e and (9pS)¢ have opposite orientations.)
To compute this, we shall first identify AP with [—¢,¢] x 8,S. More precisely,
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let ¢ : S — S° be the natural orientation reversing homeomorphism, and define
ol [—€,€] x 9yS — AP by

s,t if s <0
PP(s,8) = { 750 |
o p(—s,t) ifs>0

Now choose a connected component v C 9pS and identify it with S*, so we can use
the coordinates (s,t) € [—¢, €] x ST C SP for points in a neighborhood of . Let 7. =
{—¢€} x S* be the corresponding component of (955).. Suppose WiIldiI;s (0) =k and
u®(Ely,Lly) = q, and let ®, : E|_ gxs1 — C be the projection of the trivialization
D : Eli_cgxst — ([—€,0] x §') x C to the second factor. Then after homotopies of
o and ¢, we may assume

By(o(—¢,t)) = ¥k,

@2(6(07”) = 6“‘”1@.
We now construct explicitly an extension of ® over [0,¢] x S*. Let K : E — E°
be the natural complex antilinear bundle map covering ¢ : S — 5S¢, and define for

(s,t) € ]0,¢] x S, o
(5,1, V) = K o 7} (—s,t, &>V (4.3.5)

This defines a continuous trivialization of EP over [—¢,¢] x S* € SP. Now, since
by definition 0°(s,t) = K o o(—s,t) for s € [0,¢], we have ®~1(e, t, Do(0%(¢, 1)) =
o¢(e, 1) = Ko® 1 (—¢, t, 2™ ) and using [E3H) we compute, $o(0(e, t)) = e2mia=F1,
Thus the algebraic count of zeros on [—e¢, ¢] x S is

- Wind%)_e}xsl (o) + wind?e}xsl(ac) =—k+(qg—k)=q— 2k

Adding these up over all components of 9,5, we get

Z o(z) = u®(E, () — QWindzba(,s)e (0).
z€Z(0)NdoS
Combined with ([L33), this yields
oN(o)=2 D ol2)+ > o2

z€Z(o)Nint S 2€Z(0)NpS
= (2wind(,s).(0) + 2wind§ 4(0)) + (L*(E, () — 2wind(, g (0))
= 2wind}, 4(0)) + u®(E, ).

O
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Remark 4.3.3. For the special case in which the real line bundle £ — 0yS is ori-
entable, one can argue more simply as follows: there exists a trivialization ® : E —
S x C such that ®(£) = 9pS x R. This can be glued to the complex conjugate trivi-
alization ®¢ : B¢ — S¢ x C, forming a global trivialization ®° : EP — SP x C, and
one easily verifies that

wind} (o) = windﬁ; 5)e(09),

thus 2N (o) = N(oP) = Windg)lDSD(JD) = 2wind} (). This matches the result of
Prop. since p®(E,€) = 0 for the particular trivialization chosen. Note that in
this case, N(o) is always an integer. This is related to the familiar fact that any
generic real-valued function on the circle has an even number of zeros.

Application to wind, (@)

We return to the topic of estimating the number of zeros of the section 77w of
Home(TE,u*¢) — X. To understand the nature of the zero set, we apply the
similarity principle: this is often used to prove that functions satisfying Cauchy-
Riemann type equations have isolated zeros, as a corollary of the same fact for
analytic functions.
In the following, Lr(C™) (or Lc(C™)) denotes the space of real (or complex)

linear maps of C" to itself, and we write

Dt ={zeC||z] <1, Imz >0},

Dt ={zeD' ||zl <1}.

Proposition 4.3.4 (The Similarity Principle).

(i) Assume A € L®(D, Lz(C")), 2 < p < 00 and w € WEP(D,C") solves
Osw + 10w + Aw =0 o intD
with w(0) = 0. Then there is a map

®e () W"(D,GL(»n,C)

2<g<oo

with ®(0) = 1, and a map f : D — C™ which is holomorphic on a neighborhood
of 0, such that f(0) =0 and
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(i) Assume A € L®(D*, Lx(C™)), 2 < p < 0o and w € W,2P(DF,C") solves

oc

Osw + i0yw + Aw = 0 in  intDT
w(D*NR) CR"

with w(0) = 0. Then there is a map

®e (| WYD", GL(n,C))

2<g<oo

with ®(0) = 1 and ®(D* NR) C GL(n,R) C GL(n,C), and a map f : D* —
C™ which is holomorphic on a neighborhood of 0 in DT, such that f(0) =0
and

See [HZ94] for a proof of the interior version, and [A03] for the boundary version.
To apply this at the boundary, we need the following variation on Darboux’s
theorem.

Lemma 4.3.5. Let (M, ) be a three-dimensional contact manifold, and L C M
an embedded surface tangent to the Reeb vector field. Then any point p € L is
contained in a neighborhoodU C M with coordinates (x,y, z) such that A = dz+x dy,
p=1(0,0,0) and LNU = {y = 0}.

Proof. Let v : (—€,¢) — M be a smooth Legendrian curve with v(0) = p and
~(t) € L for all ¢; the curve is unique up to parametrization. Choose any vector
field »n transverse to L along 7(t), and add multiples of X,((¢)) so that n satisfies
A(n(y(t))) = t. Then for (z,y,z) in a neighborhood of 0 € R?, we define the
embedding
pla,y,2) = B (exp, [yn(7(2))]) ,
where the exponential map is defined with respect to any metric on M, and ®f is
the Reeb flow. This defines coordinates near p in which L = {y = 0} and 9, = X,
hence A(9,) = 1. For the coordinate vector 9, along L, we have
0 .
30 = (S 86)) = A (@34 =0

since 7y is Legendrian and (®3). preserves £. Likewise along L,

30 =) (gl @D] ) = A(@D-10() = Aata(@) ==
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where the last step uses Lx, A = 0.
By these considerations, we may assume without loss of generality that

M=R’,  L={y=0}, p=(0,0,0),

and
)\|L:)\0‘L7 X)\EX)\OE@z

where A\g = dz + xdy. The new coordinates will be constructed by a Moser defor-
mation argument. Define a smooth family of 1-forms by A\, = tA 4 (1 — ¢)Ao; these
are contact forms near L, and they all have the same Reeb vector field. We seek a
time dependent vector field Y; whose flow ¢, is defined in a neighborhood of p for
t € [0,1] and satisfies

Vi = Ao. (4.3.6)
It turns out that in this case we can get away with assuming Y; € & = ker \;. Then
denoting A, = 4, @30) is satisfied if

d . .
©i A = pi (L A+ M) = @7 (diy, A + v dAy + ),

0=

which is equivalent to dA(Y;, )|, = —Acle,. This determines a unique vector field
Y;, which vanishes on L, thus the flow is indeed defined near p and preserves L. The
desired coordinate system is provided by ;. O

Proposition 4.3.6. Let & = (a,u) : ¥ — R x M be a solution to Problem (BP).
Then if mTu is not identically zero, it has finitely many zeros, all with positive order.

Proof. The main task is to prove that either 77u vanishes identically or else all of its
zeros are isolated. Indeed, suppose 7Tu(¢p) = 0 and {, € 9. Choosing holomorphic
coordinates (s,t) = s+ it € D near {; and the coordinates of Lemma E3.5] near
u(Co) € L C M, we write

U= (a7u) DY — RS : (Sv t) = (a(s,t),x(s,t), y($7t)7 Z(Sa t))7

with A = dz + ady, X, = 9., u(0,0) = (0,0, 0) and y(s,0) = 0. For (s,t) € Dt, we
shall express the complex linear map nTu(s,t) : T(S,t)]D)Jr — &u(s,y) in terms of the
trivialization of £ provided by the vector fields

v] = O, vy = 0y — 0.

For any vector Y = Y19, + Y29, + Y?9, € T, M, we have mY = Y —
AW X\(2,y,2) = Yo + Y20y, Thus 7Tu(s, t)0, = maus(s,t) = x4(s,t)v; +
ys(s, t)ve, and it will suffice to prove that the zero of

VDt = C: (s,t) = x4(s,t) +iys(s, 1)
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at (s,t) = (0,0) is isolated. Denote ¢(s,t) = x(s,t) + iy(s,t), so V(s,t) = ¢s(s,t).

Let J(s,t) be the complex multiplication J : Eu(s.t) — Su(s.t), expressed in the
trivialization {v1,v2} as a real 2-by-2 matrix with [J(s,¢)]*> = —1. Then the nonlin-
ear Cauchy-Riemann equation for 4 gives

qs(s,t) + J(s,t)q(s, t) =0,

where C is identified with R? so that multiplication by J(s, ) makes sense. Differ-
entiating this with respect to s, we find

Vi(s,t) + J(s,0)Vi(s, t) + [0sJ (s, 8)] I (s, £)V (s, ) = 0,

and due to the boundary condition y(s,0) = 0, V(s,0) € R for all s. Define a
smooth matrix valued function G : DT — GL(2,R) by

G(s.t) = (a1 J(s,D)er) where ¢; — (é) .

Then G(s,0) preserves R, and [G(s,t)]"1J(s,t)G(s,t) = i. The map V(s,t) :=
[G(s,t)]71V (s, t) then satisfies V(s,0) € R and an equation of the form

Vi(s, 1) 4+ iVi(s,t) + A(s, t)V(s,) = 0

for some smooth matrix-valued function A(s,t). We can thus apply the similarity
principle and write
V(s,t) = G(s,8)®(s,t)f(s, 1),

where f : Dt — C is analytic on a neighborhood of 0, with f(D* NR) C R.
Moreover, G(s,t)®(s,t) can be assumed arbitrarily close to the constant invertible
matrix G(0,0) along some small semicircle about 0. It follows that unless V' vanishes
identically on a neighborhood of 0, the zero is isolated, and its order equals the order
of the zero for f. The latter is well defined and always positive, by the Schwartz
reflection principle.

A similar argument applies to interior zeros of 77, using any Darboux chart.
This proves that all zeros are isolated.

The result now follows from the asymptotic description of @ given in Appendix AL
the map u : & — M is always an immersion in some neighborhood of the punctures.
Thus the zeros of 71w are confined to a compact subset of 3. O

Given a solution @ = (a,u) : ¥ — R x M of (BP) with 77w not identically zero,
we define the nonnegative number wind, (@) by

wind, (@) = > o(z)+% > o(2),

z€int E,ﬂ'Tu(z):O 2€08,mTu(z)=0
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This generalizes the definition given in [HWZ95a], with the new feature that wind, ()
may be a half-integer if 77u has zeros on the boundary. The name is motivated by
the fact that if ¥ = C, wind, (@) is simply the winding number of #Tu around a
large circle with respect to a global trivialization.

The following is the main result of this section. Note that the solution @ may
have Morse-Bott asymptotic limits—they need not be nondegenerate.

Theorem 4.3.7. Let @ : ¥ — R x M be a solution to (BP), and assume 7T is
not identically zero. Then

0 < 2wind, (@) < (@) — 2x(5) + 2(#T0) + #T1. |

Proof. Choose a smooth vector field Y € Vec(2) with the following properties:

(i) Y has only nondegenerate zeros, and its zero set is disjoint from that of #7u,

(i) in cylindrical coordinates (s, t) € Z* near each puncture, Y (s,t) = 2,

(iii) at 9%, Y is nonzero and tangent to 0%.

Clearly the zero set Z(Y) is finite, and we claim that the algebraic count of zeros
N(Y) = X(E) Indeed, one can deform Y slightly near the punctures to obtain a
vector field Y on ¥ which is nonzero on 8%. Then for each component of 9%, glue
on a disk to obtain a closed surface ¥;. The vector field Y extends to Y; € Vec(%,)
with one new zero of order +1 on each added disk, so if ¥ has p components,
N(Y1) = NY) +p=x(Z1) = x(Z) + p, which proves the claim.

There is a smooth section oy : ¥ — w*¢ defined by oy (z) = 7Tu(2)Y (2),
which has finitely many nondegenerate zeros and, by ([£3.2), satisfies the totally
real boundary condition oy (2) € £, = &u(z) N Ty()L for z € 98. Thus the algebraic
zero count N(oy) € 1Z is well defined, and we have N(oy) = N(7Tu) + N(Y) =
N(xTw) + x(%). Prop 32 can be used to calculate N(oy), once the asymptotic
behavior of oy is understood. The latter was analyzed in [HWZ95a] (in the proof
of Theorem 2.3). To reiterate briefly, using cylindrical coordinates (s,t) € Z* in a
neighborhood of a puncture z € I'*, we have

l'J'y(S7 t)

m — f)(t)e(t) as s — +o0,

where p : S — R is a smooth positive function and e € C*®(@*¢|s.) is an eigen-
function of the asymptotic operator A, on L?(a*¢|s.) defined by the linearized Reeb
flow. The corresponding eigenvalue is negative if and only if the puncture is positive,
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and vice versa. Thus we can normalize oy near the punctures and extend it as a
section of @*¢ — ¥ with oy (£o00,t) = e(t).

Choose a global unitary trivialization ® : @*¢ — ¥ x C. The winding num-
bers wind§ (oy) can now be related to the Conley-Zehnder indices 2, (AZ) via
Prop. B2.IT} write pud,(AE) = 2a2(2) +p2(2), where a2 (2) is the winding number
(with respect to ®) of the eigenfunction of AT = A, & ¢ with the largest negative
eigenvalue, and the parity p(2) is either 0 or 1. Then if z is a positive puncture,

E270) gives
windj (ay) < a®(z), (4.3.7)

whereas using ([L2.8)) for a negative puncture,

windy (oy) > a(2) it p¥(z) =0, (4358)

windj (oy) > a(2) + 1 if p?(2) =1 o

Partition 0% into the subsets 9% = O and

(U)o (ues)

recalling here that the special orientation of 0, for a negative puncture is opposite
the natural orientation of 9X. Then from {37) and ([{3.8) we compute,

2w1nda 5 (ov) Z 2w1nd5 oy) Z 2w1nd5 oy)

zel't+ zel'~
< Z 2a%(z) — Z 202 (2) — Z 2(af(2) + 1)
zel* zely zely
=D (202(2) +2(2) = #IT = D (2a2(2) +p7(2) — #I7
zel't+ zel~
= Z 1167 (A Z 1y (AT) = #T.
zel't zel~

Combining this inequality with Prop. gives
2N (oy) = 2 wind 5(ov) + ;ﬁ(a*g 0)
< Z 11tz (A Z (187 (AT) = #T1 + p® (@€, 0) = p(a) — #T1.

zel'+ zel—

Finally, 2 wind, (@) = 2N (7Tu) = 2N (oy) —2x(3) < p(ii) — #T1 —2(x(Z) — #T) =
(@) — 2x(8) + #I'1 + 2(#1). O
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Corollary 4.3.8. If i = (a,u) : ¥ — R x M is a solution to (BP) with u(it) =
2x(X) — #T'y — 2(#1), then u is immersed and transverse to X.

An important special case we will encounter in Chapter [{is the following. Sup-
pose ¥ is a sphere with m > 0 disks removed, so x(X) = 2 — m, and there is a
trivialization ® in which each boundary component has Maslov index —2. Assume
also that the punctures

I'={z0,21,...,2n8}

are all positive and odd, with ug,(Py) = 3 for the asymptotic limit P at 2y, and
u&,(P;) = —1 for all the others. Then

2wind, (@) < p(a) —2x(E)+#L'=3—-N-2m—2(2—-m)+ (N +1) =0,

so any such solution is automatically transverse to X,. Notice that this doesn’t
depend on the number of boundary components. Recalling Example ET.2] we can
therefore begin with an embedded finite energy surface and, under the right circum-
stances, guarantee that the surface must remain immersed as we cut out disks and
homotop the new solution via the implicit function theorem. We will be able to use
the intersection theory of the next section to strengthen this statement by replacing
“immersed” with “embedded”.

Further corollaries of Theorem 3.7 arise from the fact that wind, (@) is always
nonnegative. For instance, applying the inequality to a case where the set of punc-
tures I' is empty, we have:

Corollary 4.3.9. Ifu: D — R x M is a solution to (BP) with nTu not identically
zero, then (@) > 2.

This will be useful when we look at the bubbling off of holomorphic disks in
Chapter [l and we will also use some more general versions in the proof of the main
compactness theorems.

4.4 Intersections

In the study of closed holomorphic curves in four dimensions, one can show that
the limit of a compact sequence of embedded curves is always either embedded or
multiply covered. This type of result follows immediately from an inequality known
as the adjunction formula (see [MS04]). At a more basic level, it depends on the fact
that isolated intersections of two holomorphic curves (or of a holomorphic curve with
itself) always have positive intersection index, thus the number of such intersections
can be bounded by topological invariants. The same techniques make it possible to
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prove that if two sequences @ and ¥ of non-intersecting holomorphic curves both
converge to limits @ and v, then the images of these two limits are either identical
or disjoint. A result of this type is of course vital to the study of foliations.

Under sufficiently nice conditions, such results hold for curves with punctures
and boundary as well. A version of the adjunction formula for compact holomorphic
curves with boundary was proved by R. Ye in [YO8]. In the case of Problem (BP),
it is not so simple to define a homotopy invariant intersection number due to the
variable boundary condition, i.e. we cannot guarantee that intersections don’t ap-
pear and disappear as the boundary moves through a family of distinct totally real
submanifolds. Instead of attempting to develop an algebraic intersection theory,
we'll simply adapt some of Ye's local arguments to find criteria for proving that so-
lutions to (BP) are embedded and non-intersecting, which suffices for our purposes.
The results of the previous section allow us to assume whenever necessary that all
solutions are immersed and transverse to the Reeb vector field.

4.4.1 Somewhere injective curves

Some general facts about the behavior of asymptotically cylindrical holomorphic
curves near a puncture will be needed. These follow from an asymptotic represen-
tation formula for two finite energy half-cylinders with the same asymptotic limit;
for details we refer to [Kr98] and the forthcoming thesis by R. Siefring [SI05].

Proposition 4.4.1. Let (M, ) be a contact 3-manifold and denote D =D\ {0},
D, =D, \ {0} forr > 0.

(i) If @ : D — R x M is an asymptotically cylindrical J-holomorphic curve, then
for sufficiently small € > 0 there exists a holomorphic covering map ¢ : D, —
D, and a J-holomorphic embedding v : D, — R x M such that

iy, =voep.

(i1) Suppose i, : D — RxM are asymptotically cylindrical j—holomorphic curves

with the same asymptotic limit. Then for sufficiently small € > 0, either a(D,)
and 9(D,) are disjoint or 4(D,) C 9(D).

The images of two asymptotically cylindrical curves are thus embedded and non-
intersecting near the punctures; moreover since both maps are proper, these images
can be assumed to lie outside any given compact subset of R x M.

Recall that a J-holomorphic curve i : ¥ — R x M is called somewhere injective
if there is a point z € 3 such that di(z) # 0 and @ (ii(z)) = {z}. The point z is
then called an injective point for .
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Proposition 4.4.2. Let @ : 3 = % \T — R x M be a non-constant solution to
Problem (BP). If @ is somewhere injective then its set of noninjective points is
at most countable and is contained in a compact subset of . Otherwise, there
is a compact Riemann surface X' with boundary, a finite set of interior punctures
T" C intY', a holomorphic map ¢ : ¥ — X' and a somewhere injective solution
7:Y =Y\I"=Rx M to (BP), such that

oM =T,  @(X)=%,  ¢(0%) =05,

and
U=10.

Proof. With the aid of Prop. [L41] this follows from roughly the same argument
as for closed holomorphic curves (cf. [MS04]). In brief, we can construct such a
factorization @ = ¥ o ¢ for any solution @ : Y5> Rx M ; then it becomes clear
from the construction that deg(yp) = 1 if @ is somewhere injective, and the set of
noninjective points is then countable and stays away from the punctures.
Following [MS04], we construct X’ from the image of @. Let X’ C R x M be the
set of critical values of @ and let X = @~ 1(X’). Both sets are finite since @ has no
critical points near the punctures. Then define Q) C 11(2) \ X’ to be the set of points
where two branches meet, i.e. 4(z) € Q if it is a regular value and there’s a point
¢ # z such that u(z) = @(¢) and for all sufficiently small neighborhoods ¢ and V
of z and ¢ respectively, @(U) # @(V). This defines a discrete subset of @(%)\ X’
since the intersections can only accumulate at critical points; also by Prop. E4.1]
these intersections stay within a compact subset away from the punctures. Then
S = @(%)\ (XU Q) is a smooth 2-manifold with boundary, with a natural J-
invariant embedding ¢ : S — R x M, thus defining a complex structure j/ = ¢*J.
Topologically, S is a compact surface with finitely many punctures on the boundary
and in the interior; these can all be filled in to define a compact Riemann surface
(¥',4"), and there are then natural holomorphic maps ¢ : ¥ — X' and 0 : &' — RxM
such that @ = 9op. The map v is an embedding near the punctures and everywhere
in the interior except on a countable set of points. O

Proving that a solution is somewhere injective is often rather easy if one has
some knowledge of its boundary and/or asymptotic behavior.

Corollary 4.4.3. Suppose @ : S — R x M is a solution to (BP), having an asymp-
totic limit P C M that is simply covered and is the limit at only one puncture. Then
U is somewhere injective.
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4.4.2 Excluding intersections in M

Let (M, ) be a compact 3-dimensional contact manifold with boundary L = 9M,
where L is a finite union of tori L;U...UL,, tangent to X,. We define the boundary
conditions for Problem (BP) by smooth families of graphs li;’ C R x M covering
the tori L; C M.

As was mentioned earlier, it is not immediately clear how to count isolated in-
tersections for maps ¥ — R x M that satisfy a variable boundary condition. One
can see this from the following example: let L7 = R x (R +io) € C2 and consider
the intersections of maps DT — C? defined by u(z) = (z,0) and the smooth family
v,(2) = (2, 2 +17), satistying w(D* NR) ¢ L° and v.(DTNR) C L. These intersect
if and only if 7 < 0. One could attempt to fix the problem by counting intersections
only for maps that satisfy exactly the same boundary condition—but this is of lim-
ited use if there is more than one boundary component, since we cannot assume the
boundary conditions at different components will move in any coordinated manner
under homotopies.

Much can still be said if we only want to exclude intersections of the projected
maps 3 — M; this works especially nicely in the R-invariant case. For Problem
(BPyg), we assume each family z;’ consists of R-translations of a single graph [:J

Theorem 4.4.4. Let @iy, = (ax, ur,) : 5 — Rx M be a sequence of solutions to (BPg)
such that uy, - 5 — M is injective for all k, and assume Uy — U in Cloxc(i], R x M),
where @ = (a,u) : ¥ — R x M is a solution to (BPg) that is immersed, somewhere
injective and transverse to R x OM. Then either u : Y= M s injective or its image
is contained in some periodic orbit P C M.

Note that the limit @ is necessarily embedded as a consequence. The next result
concerns intersections of two sequences of solutions to (BPy).

Theorem 4.4.5. Let Gy, = (ay, uy) : Y, = Rx M and o = (br, vg) = Yo R x M
be sequences of solutions to (BPg) such that u,(51) Nvg(Xa) = 0 for all k. Assume
both sequences converge in C2, to solutions it = (a,u) : ¥y — Rx M and © = (b,v) :
Yy — R x M that are immersed and transverse to R x M. Then uw(%;) and v(3)
are either disjoint or identical.

For both theorems, we need not assume the almost complex structure on R x M
is fixed; the sequences may be J-holomorphic with respect to a C'*°-compact family
of almost complex structures, J;, — J.

Remark 4.4.6. The setup in which M has nonempty boundary is convenient for
stating these results, but not essential. As we’ll see below, what matters is that the
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totally real surfaces E;’ are contained in an oriented hypersurface H C R x M (in
this case R x OM ) such that our solutions always meet H transversely and approach
it “from the same side”. The transversality condition is guaranteed whenever wind,
vanishes, since X, is tangent to the hypersurface.

The proofs of these results rest on defining the proper notion of a local inter-
section index for boundary intersections. This is somewhat tricky: in general, even
if two maps of a surface with boundary into a 4-manifold have only positive in-
terior intersections, there is nothing to stop these intersections from “escaping off
the boundary” under homotopies. The situation is better if a totally real boundary
condition is imposed. One expects greater control in this case, since the boundaries
themselves are now confined to a submanifold in which they have complementary di-
mension. Even so, the following example demonstrates why this is not quite enough.

Example 4.4.7. Define a pair of holomorphic half-disks u; : (DT,7) — (C2,4) by
ui(2) = (2,0) and uz(2) = (—2,2%). These are both embeddings, satisfy the totally
real boundary condition u;(DT NR) C R?, and have a single isolated intersection at
(0,0). However, one can perturb uy to us(z) = (—z, 2% + €), which never intersects
up if € > 0.

Following [Y98], we shall introduce an additional assumption in order to exclude
the situation of Example .47 In the following, W is 4-dimensional manifold, with
N C W a 2-dimensional submanifold.

Definition 4.4.8. Let f; : D" — W, j € {1,2}, be smooth embeddings with f;(ID*N
R) C N and an intersection f1(0) = fo(0) = p. We say that f; and fo have a one-
sided intersection at p if there exists an oriented hypersurface H C W containing
N, such that

(i) fi and fa are both transverse to H at 0,

(11) For any sequence z, € DT\ (DTNR) approaching 0, fi(z1) and f2(z;) approach
H from the same side. In other words, we can identify a tubular neighborhood
of HC W with R x H and find that for sufficiently large k, fj(z) € R x H
all have a fized sign in the R-factor.

Note that by condition (i), we can assume without loss of generality (using the
implicit function theorem) that f;'(N) C D™ NR. Then to prove an intersection is
one-sided, one only has to take coordinates z = s + it on D™ and show that , f1(0)
and 0, f2(0) have the same sign when projected to the normal bundle of H, as defined
by the orientation. The assumption that H has an orientation is harmless since the
question is purely local.
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Definition 4.4.9. Let f; : DY — W and fo : D™ — W be two embeddings with
an isolated intersection f1(0) = f2(0) = p. We call this intersection simple if the
subspaces im df1(z) and imdfs(y) of T,W are either transverse or identical.

Notice that in particular for pseudoholomorphic curves, all intersections are sim-
ple, and any map can be perturbed so that intersections are transverse (and therefore
simple).

It turns out that one can sensibly define a local intersection index for isolated,
one-sided simple intersections. Suppose f; : D™ — W and f, : Dt — W are
embeddings that have such an intersection at f1(0) = f2(0) = p, and both satisfy the
boundary condition f;(D*NR) C N. If the two maps are transverse at 0, we define
the intersection index to be £1, the same as with an interior intersection. If they are
not transverse, then by assumption they must be tangent, and we can treat them
as follows. The one-sided assumption guarantees that im df;(0) ¢ T,N, so we may
choose coordinates near p, identifying p with 0 € C?, such that fi(z) = (z,0) and
N =R? C C2. (We're using complex-valued coordinates for notational convenience,
but one could just as well say R* instead of C2.) Denote fo = (¢,9) : DT — C?; then
we have o(DTNR) C R and ¥ (DTNR) C R. Since f; and f> are both embedded and
tangent at 0, it follows that di(0) = 0, so dp(0) must be an isomorphism. Without
loss of generality, we may assume Jsp(0) > 0: then the crucial consequence of
the one-sided assumption is that d,¢(0) lies in the upper half-plane. Thus by the
implicit function theorem, ¢ is a diffeomorphism of some neighborhood of 0 in D
to another such neighborhood, preserving the positive/negative real axes. We can
now reparametrize f, on a neighborhood of 0 in D™ and change ¢ accordingly so
that fo(z) = (2,%(2)). This new map 1 still satisfies ¢)(s) € R for s € R. Referring
to Sec. 3l we define the local intersection index

(f1:0) # (f2,0)

to be the order of the zero of ¢ at 0. Recall that this means extending v over
a neighborhood of 0 in D by ¢(2) = 9(z), and then counting the winding of this
extended map over a small circle around 0.

For interior intersections fi(z1) = f2(z2), the local intersection index (fi,z;) ®
(f2, z2) is defined in the standard way—we will always assume that an intersection
is either in the interior for both maps or on the boundary for both maps.

Lemma 4.4.10. Let W be a 4-manifold containing a surface N C W. Suppose
fi : DY = W oand fo : DT — W are embeddings satisfying f;(DT NR) C N,
and they have disjoint images except for a one-sided simple intersection f1(0) =
f2(0) = p. Let ff and f5 be C'-close perturbations of fi and f,, both satisfying
J5(D*NR) C N. Assume ff and fs have a finite number of intersections, and all
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boundary intersections are simple. Then there is a neighborhood 0 € UT C DY such
that if ff are sufficiently C*-close to f; for j € {1,2} then (f1,0) e (f2,0) is equal to

2 Y (e e(fsm) + > (flia)e(fs %)

Ff(z1)=F5(22) F§(z1)=F5(22)

zg€UT\(UTNR) z9€UTNR
Proof. The one-sided assumption implies im df;(0) ¢ T,N, so as in the above dis-
cussion of the local intersection index, we can choose coordinates near p so that
f1(2) = (2,0) € C? and N = R?. Since ff is C'-close to f1, we can choose a second
coordinate chart, C'-close to the first one, in which ff(z) = (2,0) and N = R% The
map f5, expressed in the second chart, is Cl-close to f,, as expressed in the first
chart. Thus we are free to assume that N = R? and ff(z) = fi(2) = (2,0). Write
fa(2) = (p(2),¥(2)) and f5(z) = (¢(2),v(z)): the boundary condition implies
that each of these four functions is real-valued on D* N R.

If fi and f, are transverse, then the restricted maps f; : D* NR — N are also
transverse, so the perturbation f§ will also have a single transverse intersection with
f1 on the boundary, with the same sign, and none in the interior.

Otherwise, f; and f; are tangent at 0, which means di)(0) = 0 and dp(0) is an
isomorphism, so we can reparametrize for convenience and write fo(2) = (2,%(2)).
(The reparametrization identifies the new domain D* with some neighborhood of 0
in the original domain; we choose U to be this neighborhood.) Since (DT NR) C
R, we can extend 1 continuously over D by #(z) = 9(2), and (f;,0) @ (f2,0) =
windgp(¥). If f§ is C'-close to fs, we can reparametrize it in the same manner and
write fs(z) = (z,9(2)), with ¢¢ Cl-close to 1. Extending 1 over D, we have a
continuous map that is C%close to ¢, thus windsp(¢¢) = windgp(¢)). But this is
precisely the algebraic count of zeros for ¢¢ inside D, or equivalently, the sum of
boundary intersection indices plus twice the sum of interior intersection indices. [

Remark 4.4.11. The same argument proves a similar property for simple intersec-
tions in the interior.

One can see from Lemma that any notion of a homotopy invariant inter-
section number for holomorphic curves with boundary must weight interior inter-
sections twice as heavily as boundary intersections. This feature is apparent, e.g. in
Ye’s adjunction formula [Y98]. For our purposes, it suffices to know that positive
intersections cannot be destroyed by small perturbations.

Proposition 4.4.12 (Positivity of intersections). Let (W, .J) be an almost complex
4-manifold, containing a totally real submanifold N C W.

(i) Suppose u,v : D — W are J-holomorphic embeddings with an isolated inter-
section u(0) = v(0). Then (u,0) e (v,0) > 0.
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(it) Suppose u,v : Dt — W are J-holomorphic embeddings with u(DT NR) C
N D o(D*NR) and an isolated one-sided intersection u(0) = v(0) € N. Then
(u,0) e (v,0) > 0.

Proof. We focus on the second statement, which follows from the boundary version
of the similarity principle (Prop. E334]). We can choose coordinates and treat u and
v as J-holomorphic maps into C? for some almost complex structure J, with u(0) =
v(0) =0, N =R? u(z) = (#,0) and J(2,0) = i. Then writing v(2) = ((2),%(2)),
it follows from standard arguments (cf. [MS04]) that ¢ : D™ — C satisfies a PDE of
the form
Ps(s, 1) +ihe(s, t) = A(s, t)(s, t)
for a smooth family of real-linear maps A(s,t) : C — C. We have also (0,0) = 0
and 9¥(s,0) € R, thus by the similarity principle, there is a smooth map @ : DT —
C\ {0} with ®(0,0) =1, ®(s,0) € R\ {0}, and a map f: D* — C with f(0,0) =0,
f(s,0) € R, such that
¥(z) = (2)f(2)

and f is holomorphic on some neighborhood of 0. Extending over D by the reflection
principle, f winds positively around 0, and ¢ doesn’t wind at all since it has no zeros
in the disk. Thus ¥ has the same winding number as f.

The version for interior intersections is proved in the same way. O

Proof of Theorem[f.4-4. Suppose u(z1) = u(z2) for z; # 2. Then writing @ =
(a + o,u) for o € R, there is an intersection @%(z1) = a(z2) for some o € R.
By assumption, @ (and hence 47) is somewhere injective and immersed, so the
intersection is isolated unless @°(3) = @(%) and o # 0. In this case, for any z € 3
and N € N we can find zy € ¥ such that @(zy) = @°(z). The right hand side
escapes from any compact set as N — +oo, thus we deduce that ¥ has at least
one positive and one negative puncture, with subsequences of zy approaching each
as N — zoo. Denote the asymptotic orbits at these punctures by Py C M; then
u(z) = u(zn) — Py, so both are the same orbit, and it contains the image of w.
Assume now that the intersection 47 (z;) = @(22) is isolated. Both z; and z, are
either in the interior or on the boundary; in the former case it follows from positivity
of intersections and Remark 41Tl that there are points ¢; near z; and (; near z,
such that @f((1) = @k(¢2) for large k. To handle boundary intersections, denote by
~1 and 7, the connected components of 93 containing z; and 2, respectively. Using
the R-invariance of the boundary condition, we can choose sequences o, — o and
7y — 0 such that 4;*(y1) and @;"(72) lie in the same totally real submanifold as
(1) and @(y2). Then using positivity of intersections and Lemma A0, there
are points (; near z; and (, near z; such that a*(¢;) = a*(¢2) for large k. Hence
uk(C1) = ug(¢2), a contradiction. O

94



Proof of Theorem[{.4-3. Suppose u and v do not have identical images and there’s
an intersection u(z1) = v(z2). Then, writing @° = (a + o, u) for o € R, there is an
isolated intersection 4”(z1) = 0(22) for some o € R. Repeating the argument used
to prove Theorem 4.4, one finds that 47* and ;" intersect at points near z; and
29 for some sequences o — ¢ and 7, — 0. O

Occasionally, one would like a version of Theorem 4.4 for the non-R-invariant
problem as well. In this case, something extra is needed to rule out self-intersections
at the boundary, but this may not be so hard if « h X, and the Reeb flow along L
is fairly simple. Given such an assumption, the same argument as before rules out
interior self-intersections, and we have:

Proposition 4.4.13. Let @, = (ag, ug) : Y5 RxMbea sequence of solutions
o (BP) such that u, : ¥ — M is injective for all k, and assume @y — @ in
O (S, Rx M), where it = (a,u) : ¥ — Rx M is a solution to (BP) that is immersed,
somewhere injective and transverse to Rx9M. Assume also that ulss : 05 — Rx M
is injective. Then either u : Y — M is injective or its image is contained in some
periodic orbit P C M.

It is routine to extend these arguments to noncompact sequences u; and vy that
degenerate to finite energy surfaces without boundary as & — oco. We’ll have more
to say about this in Chapter

4.5 Fredholm theory

In this section we investigate the space of solutions to (BP) near a given solution.
There is a standard recipe for attacking such questions: first one defines suitable
Banach spaces (or manifolds, bundles etc.) X and Y so that the solution space can
be described as the zero set of a smooth nonlinear map F' : X — Y. If there is a
solution @ € F~1(0) C X for which the linearization dF (@) : X — Y is a surjective
Fredholm operator, then the infinite dimensional version of the implicit function
theorem (see [La93]) implies that the set of solutions near @ has the structure of
a smooth finite dimensional manifold. Carrying this type of argument one step
further, one can set up a parametrized family of problems F;, : X — Y, and use the
above result to prove that the solution set varies smoothly with small perturbations
of 7.

There are several steps in carrying out this program. We begin by defining in
Sec. @5l a generalized version of Problem (BP) for almost complex 4-manifolds
with cylindrical ends, and then finding suitable coordinates to describe the neigh-
borhood of any embedded solution. The functional analytic setup is presented in
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Sec. 5.2l where we define a Banach space bundle with a smooth section whose
zero set contains the solutions of interest. This generalizes the setup in [HWZ99]
to the situation where ¥ may have boundary, and punctures may have Morse-Bott
asymptotic limits. The Banach space bundle is defined using Holder spaces, which
are more convenient than Sobolev spaces for the nonlinear problem. In Sec.
we write down the linearized operator as a map between Hélder spaces with expo-
nential weights, then relate this to an operator on Sobolev spaces and prove the
Fredholm property. The analysis depends heavily on the results for similar prob-
lems studied by Hofer, Wysocki and Zehnder [HWZ99], and Schwarz [Sch96]. A
formula for the Fredholm index is presented in Sec. E5.4] using a simple doubling
argument to reduce the problem to M. Schwarz’s formalism for Cauchy-Riemann op-
erators on Riemann surfaces with cylindrical ends [Sch96]. It remains to prove that
the linearization is surjective before the implicit function theorem can be applied.
With elliptic problems of this sort, one typically must assume generic conditions
(e.g. a generic almost complex structure) before any conclusion about transversality
is possible. However, it is a convenient feature of the four-dimensional setting that
transversality sometimes holds without any genericity assumption. Some results of
this type are proved in Sec. [.5.5] generalizing a theorem of Hofer, Lizan and Sikorav
[HLS97], as well as a similar folk theorem for finite energy surfaces; we refer to these
here as “automatic” transversality results. Finally, Sec. applies the implicit
function theorem to gain a local understanding of the moduli space of solutions, and
Sec. L5 extends the discussion to problems that depend smoothly on a parameter,
so that we may vary J and @ simultaneously.

The eventual goal is to apply these results to a situation in which we start with
some almost complex structure Jy and a family of Jy-holomorphic curves {iis}, then
homotop this family along with a homotopy of Jy to another complex structure J;.
This perturbation of J will not be small, so continuing the homotopy of {&,} beyond
a small neighborhood will require some compactness arguments, to be presented in
Chapter Bl It should be noted that the automatic transversality results are also
crucial for this, as we cannot assume that a homotopy from Jy to J; passes only
through generic almost complex structures.

4.5.1 Problem (BP’) and special coordinates
The moduli space M(J, L)

For the Fredholm theory discussion, we consider a generalization of Problem (BP),
defined as follows. Let (W,J) be an almost complex 4-manifold with cylindrical
ends, as in [BEHWZ03]. Specifically, this means that W can be decomposed as
W = E_UWLUE,, where E; = [0,00)x M, and E_ = (—o0, 0] x M_ for some closed
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contact 3-manifolds (M, Ay), and (Wp, Jy) is a compact almost complex 4-manifold
with boundary, glued to E.. via some dlffcomorphlsm of OW to M UM_. We require
that the almost complex structure J match Jo on Wy and J; on FE., where Jy is
defined by A; and some admissible complex multiplication Ji on £, = ker AL.

We will now deal with maps @ : Y — W where L =% \ T is a compact oriented
surface with punctures I' C int ¥ and boundary components 0¥ = v, U...U~,,. To
set up the boundary condition, we choose for each component v; C 9% a 2-manifold
A; and an embedding ¢; : (—1,1) x A; < W such that for each 7 € (—1,1), the
surface L, == 1;({r} x A;) is a totally real submanifold of (W, J). Thus the image
of ¢; is a hypersurface H; C W, which has a smooth foliation F; by totally real
submanifolds L, C H; C W, all of which are diffeomorphic. Define @ : 3= W to
be a solution of Problem (BP’) if

(i) @ is j—holomorphic with respect to some complex structure j on 3.

(ii) @ is a proper map, and is asymptotically cylindrical at the punctures. This
means every puncture is marked either positive or negative, and @ maps the
neighborhood of each positive/negative puncture into Ex C R x My, with
asymptotic convergence to a (nondegenerate or Morse-Bott) periodic orbit as
in Definition LT.9

(iii) for each component v; C 0%, j = 1,...,m, we have the boundary condition
u(7y;) C L for some L € F;.

(iv) @ is an embedding, with the restriction to some neighborhood of v; C 0%
transverse to Hj.

The last condition is purely technical in nature: it facilitates the particular approach
to the Fredholm theory that we wish to take, using the normal bundle. Observe
that by condition (ii), @ can always be written in some neighborhood U of a posi-
tive/negative puncture as @ = (a,u) : U — R x M.

Remark 4.5.1. We're now requiring j to be defined only on 2, not necessarily ex-
tendable over the punctures. This relaxzation of previous assumptions will offer some
convenience, but is actually not a meaningful change: the asymptotically cylindrical
behavior of 4 implies that it can always be reparametrized near the punctures so that
j extends over ¥ (cf. Prop. [A.31).

Remark 4.5.2. One could of course pick a single totally real submanifold L C W
and use the more straightforward boundary condition w(0X) C L. This problem is
Fredholm, but it’s index would be too low for the application we have in mind, and
transversality would fail.
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The cylindrical ends of W admit a natural compactification
W = ([—00,0] x M_)UW, U ([0,00] x M,).

This is a compact topological manifold with boundary, with natural smooth struc-
tures on int W = W and OW = ({—oco} x M_)U ({oo} x M,). The almost complex
structure J is defined only in the interior, but Ay and &y extend smoothly to the
boundary. By Remark EGIL a solution @ : (3,5) — (W, J) of Problem (BP’) can
always be reparametrized so that j is a smooth complex structure on ¥; for any
such parametrization, there is a continuous extension

ﬁ:i%W,

mapping each of the circles §, C 9% to {+o00} x P for some periodic orbit P C M.
The restriction ﬂ\g\g A Y- {£o0} x M is a smooth immersion.

Two solutions 1 : 21 — W and v : 22 — W are equivalent if there is a diffeo-
morphism ¢ : 3 — 3 such that ¥ = @ o . Note that if 4 and v are parametrized
so that the complex structures j; = @*J and j, = ©*.J extend over the punctures,
then Riemann’s removable singularity theorem extends ¢ to a biholomorphic map
(B2, J2) = (Z1, 1)

Denote the moduli space of solutions to Problem (BP’) up to equivalence by
M( J, L), where L represents the collection of data (hypersurfaces H; and foliations
F;) that define the boundary condition. We shall often abuse notation and refer to a
solution @ : 3 — W as an element of M(j , L), when we really mean the equivalence
class [@]. A topology on M(.J, L) is defined by the following notion of convergence.

Definition 4.5.3. A sequence iy : Ek — W converges in M, L) to@: % — W if
there are diffeomorphisms g 1 ¥ — Sy and ¢ : 5 — 3 such that
1. G o — o p in CR(S, W),
2. Uy 0 @) and G o ¢ each have continuous extensions Uk, U : 5 — W such that
uy — u in CO(Z,W).

The second condition implies that the asymptotic limits of @ converge to those
of @ at the corresponding punctures. If all limits of @ are nondegenerate, this means
i, has the same limits for sufficiently large k. We'll prove in Sec. E6.4] that in this
case, Cf® -convergence implies convergence in /\/l(j ,L).
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Trivializing the normal bundle

Following [HWZ99], we shall identify the solutions in some neighborhood of a given
solution @ : ¥ — W with sections of the complex normal bundle vay, — 3. We
assume that at least one of 9% and I' is nonempty, so the normal bundle is triv-
ial, and we’ll be able define the nonlinear Cauchy-Riemann operator on a domain
consisting of functions ¥ — C. An alternative to the normal bundle approach
would be to set up the nonlinear operator on a Banach manifold consisting of maps
Yo W ; this works also when 1 is not immersed, and is the approach taken for
finite energy surfaces by D. Dragnev in [Dr04]. In that case one must also explicitly
consider variations in j through Teichmiiller space, whereas here we will avoid this
complication by looking for all nearby complex curves in W, rather than specifically
j—j—holomorphic maps. Another advantage of the normal bundle approach is that
the linearized operator acts on sections of a complex line bundle (the alternative
would be a rank 2 complex vector bundle): thus generic sections of this bundle
have isolated zeros which can be counted and related to the same topological invari-
ants that appear in the Fredholm index formula. This is what makes possible the
automatic transversality results of Sec. L5051

Let @i : (3,5) — (W, J) be a solution of (BP’), parametrized so that j extends
over the punctures, and denote by @ the continuous extension ¥ — . Recall from
Sec. that there are holomorphic coordinate maps

. U, — Z*
for a neighborhood U, C ¥ of each puncture z € ¥, where U, = U, \ {2}, Z+ =
[0,00) x S' and Z~ = (—00,0] x S'. These are referred to below as “cylindrical
coordinates”.

The following is a slight generalization of Theorem 4.7 from [HWZ99].

Proposition 4.5.4. There exists a continuous map ¥ : ¥ x B2(0) — W, where
B2(0) c C is a small ball around 0, satisfying ¥(z,0) = iy(z) and the following
additional properties:

1. The restrictions of ¥ to ¥ x B2(0) and (T \ £) x B2(0) are both smooth
immersions. Moreover, the restriction to some neighborhood of ¥ x {0} in
3 x B2(0) is an embedding, as is the restriction to (3 \ V) x B2(0) for some
small neighborhood T C'V C . For z € S\ %, the derivative d¥(z,0) maps
T(.0)({z} x B2(0)) = R? isomorphically to the contact structure (€4)ag(z)-

2. The induced almost complex structure J =0 on ¥ x B2(0) takes the form
J(2,0) = j(2) @i along X x {0}, and in the cylindrical coordinates (s,t) € Z*
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near each puncture z € T'F, (]7(5,157 ) converges in C”(Sl) as s — oo to a
smooth 4-by-4 matriz valued function J(£oo,t,v) on St x B2(0).

3. Suppose iy is asymptotic to a Morse-Bott orbit Py C M at z € I'*, and denote
nearby orbits in the Morse-Bott manifold by P, for T € (—1,1). Then working
in cylindrical coordinates (s,t) € Z* near z, there is a nonzero function 0 :
S — C such that for each T € (—1,1),

(o0, z,(t)) := ¥(Fo0,t,70(t))
gives a smooth parametrization of P, with (@, (t)) = const > 0.

4. There is a totally real subbundle ¢ of the trivial bundle 0¥ x C — 0% and a
section ¢ : 0¥ — 0% x C transverse to € with the following property at each
component v; C 0X. Let Ly € F; be the totally real submanifold such that
Uo(7j) C Lo, and denote nearby leaves of the foliation F; by L. forT € (—1,1).
Then for all z € v;, v € B%(0) and 7 close to 0,

U(z,w) €L, <= wvel,+7((2)

Note that the restriction of ¥ to 3 x B2%(0) is an embedding if all asymptotic
limits are simply covered, but self-intersections appear near any puncture where the
orbit is multiply covered.

Proof. In principle, W is constructed simply by exponentiating nonzero sections of
the normal bundle vy, but we must be careful about how this bundle is constructed
and trivialized near the punctures and boundary.
We recall first the construction from [HWZ99)] in the neighborhood of a puncture
20 € T*. This neighborhood is identified with one of the half-cylinders Z* via
the cylindrical coordinates (s,t) € R x S. Since iy is proper, we may assume
fig(Z*) C Ey and J = Ji; thus the target looks like part of a symplectization
Rx M, with M =My, A=M\y, J=Jy and J = Jo. The map @ig: Z* > Rx M
extends continuously to @ : A [—00, 00] X M by
Uo(Fo0,t) = (F£oo, zo(Q1)),
where zp : R — M is a closed Reeb orbit with period T' = |Q|. The data A and J
define a natural J-invariant and R-invariant metric g on R x M, by requiring that

{0,,X,,Y,JY}
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be an orthonormal frame, where Y € ¢ satisfies |Y|% = dA\(Y, JY) = 1. Using this
metric to define the normal bundle vy near zy € I', an orthonormal frame for v,
is provided by the two vector fields

<|ms|aa — M) 228\ () 2 ) ,

n(s,t) = o
(5:%) |maus| |7y

1
||
m(s,t) = J(a(s,0))n(s, 1),
with all norms defined with respect to the metric g. It is shown in [HWZ99] that as
s — £oo,
e(t)

le(®)]
uniformly with all derivatives, where e(t) € &u(tooy) defines an eigenfunction of
the asymptotic operator A, corresponding to the eigenvalue that describes the
exponential approach of (s, t) to its asymptotic limit (cf. Appendix [Al).

One can identify a neighborhood of Py = x¢(R) in M with a neighborhood of
St x {0} in S* x R?, choosing coordinates (#,x,y) € ST x R? such that A = f(df +
xdy) for some positive smooth function f which is constant and has vanishing first
derivative on S! x {0}. Moreover, if Py belongs to a Morse-Bott family {P:}re(-1,1),
we can assume that P, = {(0,7,0) | @ € S'} and f is constant on {y = 0}, hence
A(0p) equals the same constant everywhere on each closed orbit. These coordinates

are constructed in [HWZ96D].

Now define ¥ on Z* x B2(0) in the coordinates (a, 0, z,y) € [~00,00] X My by

n(s,t) = é(t) = (4.5.1)

U(s,t,a+1if) = ao(s,t) + an(s,t) + fm(s,1).
Observe that this extends continuously to 7 x BZ%(0), with
U(+00,t,a +iff) = (F00, 20(Q1) + aé(t) + BIE(1)).

Clearly J = U*.J has the desired form along the zero section 3 x {0}, and it also has
the correct asymptotic behavior as a consequence of ([@E.I). We refer to [HWZ99]
for further details.

Turning to the situation near a component v; C 9%, let Ly € F; be the totally
real submanifold which contains g(7;), and denote nearby surfaces in the foliation
by L., with 7 a real parameter. Recall that the union of the surfaces L, forms a
3-dimensional hypersurface H; C W. We define a complex line bundle

=7

by choosing 7, C Ty,-yW to be the unique complex line in Tj, .y H; for each z € ;.
By assumption 4 is transverse to H; at «y;, thus 7, # im diy(z), and since both are
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complex subspaces, they are transverse. We will define the normal bundle vig so
that it matches 1 over the boundary. Observe that the totally real condition implies
Ly and 7 are transverse within H;, so their intersection defines a real subbundle

ZN:T]mTL()C'I]%’Yj.

We claim Cy is orientable; or equivalently, J¢y is orientable. The latter is transverse
to Lg, and thus isomorphic to the normal bundle of Ly within Hj, restricted over
Ug(7;). This bundle is trivial, by the construction of H;.

We can choose a nonzero section o : 7; — £y and use it to define a complex linear
trivialization n — 7; x C, sending o(z) to (z,1). Now use this trivialization to define
a tubular neighborhood embedding ¥y : y; x B2(0) — H; onto a neighborhood U
of tg(7y;) in Hj. Clearly this embedding can be chosen so that

Wo(y; x (RN B2(0))) = Lo NU.

With a slight modification, and possibly choosing smaller neighborhoods, one can
also ensure that
Wo(y; x (R +i7) N B(0)) = L, NU

for all 7 close to 0.

Let A C ¥ be a small neighborhood of 7;, conformally equivalent to an an-
nulus (—4,0] x S'. Then since |4 is transverse to Hj, we can extend ¥, to an
embedding ¥ : A x B2(0) — W such that ¥(z,v) = ¥o(z,v) for z € 7; and
U(z,0) = 1(z). Denoting the coordinates on B2(0) by a + i8, it is also easy to
arrange that J(fio(2)) 5% (2, 0) = 5%(2, 0).

We have now defined a map W near the boundary and punctures of ¥ which sat-
isfies all the desired properties. In principle this is the same as choosing a Hermitian
metric near iig(X) C W in order to define the normal bundle, then trivializing the
normal bundle and defining an embedding via exponentiation. The map ¥ can be
extended appropriately over all of 3 x B2(0) if and only if the corresponding triv-
ialization of viiy near the boundary and punctures is extendable over . This may
not be the case with the choices we’ve made, so to finish, pick any of the boundary
components or punctures, and working in conformal coordinates (s,t) € R x ST on
some neighborhood, make the replacement

(s, t,v) ¢ (s, t, 2 Hy),

for some integer k. The new W still has all the right properties, and there is a unique
choice of k for which the resulting trivialization of vy extends globally. This allows
a global definition of ¥, and completes the proof of Prop. E5.4. O
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Remark 4.5.5. The normal bundle viy — Y was defined above as the image of
the trivial bundle ¥ x C under TV along 3 x {0}. Due to the splitting of J, viiy is
thus a complex subbundle of (agTW, j) 1t also extends continuously to a topological
complex line bundle

vy — i,

with a smooth structure over the circles 6, C 0%, such that vigls, = U€sls. -

Proposition 4.5.6. Assume g and ¥V are as in Prop. m and let @y, 1 & — W be
a sequence of solutions to (BP’), converging to @y in M(J, L). Then for sufficiently
large k, there are unique smooth functions v, : & — B2(0) and diffeomorphisms
or 0 X — X such that U(z,vp(2)) = @y 0 gr(2) for all z € 3, and vy — 0 in
(3, 0).

There are also continuous extensions Ty = ¥ — B2(0) and @y, : & — X such that
g o Pr(2) = W(z,0(2)) for all z €%, and T, — 0 in CO(Z, C).

Proof. Without loss of generality, we may assume @y — Up in C'IZCC(Z,W) and
@y — Uy in CO°(S,W). Since 4, converges uniformly and (X x B2(0)) covers a
neighborhood of @y(X) in W, there are functions f, : & — % and gi : & — B2(0)
such that

() = U(fe(2), gr(2)) for all z € X.

These are uniquely determined for z outside a neighborhood of the punctures, and
they extend uniquely if we require them to be continuous. Then f;, — Id and
ge — 0 uniformly on ; both are also smooth on 3, with convergence to Id and
0 respectively in Cli)’OC(E) For sufficiently large k, we can therefore assume fj is a

homeomorphism of ¥ and a diffeomorphism of 3. The desired functions are then
ov=fi" oe=geo fi". o

The upshot is that we can describe solutions close to g as sections of a trivial
complex line bundle, satisfying a linear boundary condition.

4.5.2 Functional analytic setup

The aim of this section is to describe a neighborhood of @ in M (J, L) as the zero set
of a smooth section of a Banach space bundle. We begin by defining the function
spaces that will be needed. These include both Sobolev and Holder spaces—the
latter are more convenient for the nonlinear operator, and elliptic regularity theory
will allow us to return to the LP-setting for the linear analysis. We also must
introduce exponential weights to deal with the degeneracy at Morse-Bott punctures.
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Banach spaces of sections

To define these spaces for bundles F — 2‘, it helps to know that E extends contin-
uously to a bundle over I, but this is not quite enough. The noncompactness of 3
necessitates some notion of “asymptotic smoothness”.

Assume ¥ is any compact oriented smooth surface with boundary, and ¥ =
¥\ T has finitely many interior punctures. A class of preferred embeddings Z+ =
[0,00) x ST — % is defined by choosing any puncture z € I’ and a diffeomorphism
v:U,z) = (D,0), where U C X is a closed subset whose interior contains one of
the punctures. We then compose this with the diffeomorphism

Zt =D =D\ {0} : (5,1) s 7200,

A smooth embedding ¥ : Z+ — ¥ constructed in this way will be referred to
as a cylindrical coordinate system for 3. We will occasionally also use cylindrical
coordinate systems in the negative half-cylinder Z~ = (—o00,0] x S'; all statements
about Z* can be adapted for Z~ as well.

Lemma 4.5.7. Let ¢ : Z+ — % and ¢ : Z+ — % be two cylindrical coordinate
systems near the same puncture, and consider the coordinate transformation h =
Yrl oy o [R,00) x St = [0,00) x St for some R > 0. Then for any multiindex
B with |B| > 1, |0°h| is globally bounded on [R,00) x S*. Writing h(s,t) = (0,7),
there is a similar C*°-bound on the function

f(57 t) _ ec(a(s,t)fs)
for any c € R.

Proof. It ¢ : [0,00) x S* = D : (s,1) — e 276+ then we can write b = ¢! o
@ 01 for some diffeomorphism ¢ between neighborhoods of 0 in I, with ¢(0) = 0.
Denote by D¥p(z) the kth derivative of o at z, considered as a real multilinear map
C®...®C — C. Then if ¢(s,t) = 2 € D, we compute

Osh(s,t) = %Dg&(z)z, Oh(s,t) = LP(IZ)DL,O(Z)Z‘Z.

z
()
of ¢ and nonsingularity of D¢(0).

We now proceed inductively and for n € N, denote by A, any finite linear
combination of functions [R, c0) x S* — C of the form

Both are clearly bounded since is bounded; this follows from the differentiability

1
[e(2)]™

[D7(2)(kz, ... K2)] ... [D'e(2)(kz, ..., k2)]
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where again z = (s, t), m € {1,...,n}, j1 + ...+ jm = n and each & is either 1 or
1. Also denote .
An=3 A
k=1

Then for any first order differential operator 9, we find A, = .Znﬂ, and clearly
Osh and O;h are both A;. Thus 0°h = Ajg. All of these expressions are bounded,
again resulting from the fact that |z|/|p(z)] is bounded and j; + ...+ j, =n > m.
This proves the bound for 9°h with |8 > 1.

In light of this, the bound on all derivatives of f will follow from a C°-bound,
and we observe

. ) e—2ms c/2m |Z‘ c/2m
ec(a—a) _ [6 w(o—s)]c/ T ( 727‘-0) _ ( ) <C.
e lo(2)]

O

Definition 4.5.8. Let E — X be a complex vector bundle with a C°-structure that
restricts to a C*-structure over each of 3 andi\z, and assume we are given local
trivializations over a neighborhood of each connected component of & \ Y. We call
this an asymptotically smooth structure if for every transition map

g:[R,00) x S' = GL(n,C)
expressed in cylindrical coordinates, |0°g| is bounded for every multiindex 3.

Note that this notion is well defined due to Lemma 57 Also due to the
lemma, the tangent bundle 7% — ¥ is an example of an asymptotically smooth
bundle: near the punctures we can choose preferred trivializations defined by the
cylindrical coordinate systems. There is a natural extension of T'S to a C°-bundle
TY. — ¥; we should emphasize however that this is not the tangent bundle of ¥,
which is not defined.

We can now define Holder and Sobolev norms for sections of an asymptotically
smooth vector bundle. Choose a finite open cover Uj U; = ¥ such that each set U;
contains at most one puncture, and denote Hj =U; \ (T NY;). Assume that for
cach set U; C ¥, there is a smooth chart ¢; : U; — €; C H, where H is the closed
upper half plane in C and ; is an open subset. If I{; contains a puncture, assume
instead that ¢, : L{, — Q; C Z* defines a cylindrical coordinate system, as defined
above. Furthermore, suppose we have local trivializations ®; : Ely, — U; x C*
that define an asymptotically smooth structure, and choose a partition of unity
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{aj + ¥ — [0,1]} subordinate to {if;}. Then for any integer k& > 0 and a section
v: Y — E, we define

llvllers) = Z [ pryo®; o (ajv) 0 W;l llex@,)- (4.5.2)
J

The Holder norms || [|gk+apy for oo € (0,1) and Sobolev norms || ||yks gy for p > 1
can be expressed similarly, thus defining spaces C*+*(E) and W*P(E). There is
potential confusion when a = 0, so we use the notation

CH(E) = C*(E) c C¥(E)

to specify that we mean sections with bounded derivatives up to order k; this is
a proper subset of C*(E) if ¥ is noncompact. A standard argument shows that
C*(E) and W*?(E) are all Banach spaces, and different choices of charts, trivi-
alizations etc. lead to equivalent norms as long as the derivatives of the transition
maps are bounded. The notation C+*(E) and WFP(E) will be used for the Fréchet
spaces of sections that are of the corresponding class on every compact subset of
¥. Note that these are well defined without assuming E — % to be asymptotically
smooth.

We are interested in certain closed subspaces of C**%(E) consisting of sections
that decay near the punctures. Denote Z} = [R,00) x St for R > 0, so Z+ = Z.
For any integer k£ > 0 and real number « € [0, 1), we say that a function f : Z+ — C»
is in Ckre(Z+), if

Hf”ckw(zjg) —0 as R— oo.

Using Lemma A5.7 and the asymptotically smooth structure of £ — X, one can
easily show that this concept also makes sense for sections v € C*+*(E).

Definition 4.5.9. CEt(E) is the space of sections v € C*+*(E) such that in some
trivialization ® and cylindrical coordinates (s,t) near each puncture, the function
pryo® o v(s,t) is of class Crre.

This is a closed subspace of C*+*(E). Observe that there are continuous inclu-
sions CEFT(E) ¢ CEY*(E), and any section in C(E) extends continuously to a
section ¥ — E that vanishes on ¥\ ¥.

Finally we introduce spaces of sections that decay (or grow) exponentially near
the punctures. As short-hand notation, let X represent any of the symbols C*+e
Ckte Chre o TWFP2. Then for a function f : Z+ — C" and a number € € R, we say
f e X(Z*) if the function f<(s,t) := e f(s,t) is in X(Z7), and define a norm

[ fllxez+) = lle fllxcz+)-
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Such functions decay exponentially as s — oo if € > 0; on the other hand if € < 0,
X¢(Z™") contains functions that grow exponentially. This will turn out to be useful.
In the following, we label the punctures

F:{Zl7"':ZN}=

and choose associated cylindrical coordinate systems (s,t) € Z* with local trivial-
izations ®q,..., @y over the corresponding coordinate neighborhoods.

Definition 4.5.10. For any € = (ey, ..., ex) € RN, CET™(E) is the space of sec-
tions v € CFt(E) such that in the trivializations ®; and cylindrical coordinates
(s,t) near each puncture z; € T, pryo®; o v(s,t) is of class CEr™9 e the func-
tion €5° - pryo®; 0 v(s,t) is of class CKF. A norm is defined on CET™(E) by the
prescription of [@I52) the same as for CET(E), except replacing || lor+a(z+y with
|l e (z+) Jor a neighborhood of each puncture.

That this is well defined follows from the second statement in Lemma 5.7
Indeed, it must be verified that for any transformation h : [sy, 00) x ST — [0, 00) x S*
of cylindrical coordinate systems, there is a constant C' > 0 and a function R(r)
with lim, . R(r) = oo such that for all f: Z+* — C" and r > s,

= (f o W)llgrra(zr) < C||e€sf“ck+a(zg(r))~
This follows from the C*-bound for e<“()=%) where (o, 7) := h~'(s,t), since
e (foh)(s,t) = (e f) o h(s,t) = (e £) o h(s, 1).

The spaces C**¢(E) and W*P<(E) for e € RY are defined analogously, and all
of them are Banach spaces.
In addition to these, there are natural Fréchet spaces defined by

Cr(B)=(G(E),  CF(E)=[1CiB), G (B) =[] Cr(B).
k=0 k=0 k=0
Thus if € = (e, ..., ey) with all ¢; > 0, there are continuous inclusions

Cr(E) C CP(E) C C°(E) C CF9(E).
The last space on the right contains sections that grow exponentially at every punc-

ture. We will also use the standard notation C§°(E) for smooth sections with com-
pact support in ¥. Note that these need not vanish on 9%.
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Manifolds of maps

For any manifold W it is clear what is meant by Cff;"(i), W); this is not a vector
space but a nonlinear space of continuous maps 3 — W, with a natural topology de-
fined by considering C***-norms in charts for both > and W. To define VVli‘;’Cp(i)7 w),
one must require kp > 2, so that the coordinate transformation u — pow for smooth
 is continuous in the Sobolev space topology.

H. Eliasson described in [EI67] a general formalism with which one can define
natural smooth Banach manifold structures for C¥+*(Z, W) and W*»(38, W) if ©
is compact. These notions can be extended to noncompact domains under certain
conditions; such a generalization for maps on punctured Riemann surfaces is carried
out for instance in the appendix of [Sch96]. We will not delve into the details here,
but only mention that one can use ideas analogous to the asymptotically smooth
structures defined above in order to define a Banach manifold C*+*(%, W), which
contains maps ¥ — W of class C{f;g” that have nice asymptotic behavior near the
punctures. Generalizing Eliasson’s formalism to this case, it is not hard to construct
Banach space bundles over C***(3, 1) and prove smoothness for certain natural

sections that arise.

Mixed boundary conditions on the normal bundle

Returning to the solution @y € M(J, L) and the associated immersion ¥ : ¥ x
B2(0) — W, we can now improve Prop. L5 as follows. Observe that the normal
bundle viiy — & has an asymptotically smooth structure determined by the vector
fields n(s,t) and m(s,t) from the proof of Prop. E5.4} indeed, our choice of trivial-
ization was unique up to a rotation near infinity, which has infinitely many bounded
derivatives. Using T'¥ to identify vio with 3 x C, we can regard the domain of ¥
as an open neighborhood V), of the zero section in vy, and define subsets

CEF (V) = {v € CEM(viig) | v(z) € W, for all z € 5} € CEF™(vizy),

which are open if all the exponential weights €; are nonnegative. Now for @ €
./\/l(j , L) sufficiently close to @y, let v : IS Vo denote the unique smooth section
of viig such that U(z,v;(z)) parametrizes the image of 4. By Prop. 54l there
is a totally real subbundle ¢ C vy — 0¥ and a smooth section ¢ : 95 — vig|ss
transverse to £ which corresponds to the variable boundary condition satisfied by @ €
./\/l(j ,L). In particular, for any space of sections X (vig) that embeds continuously
into C°(viiy), we can define the closed subspaces

Xe(vig) = {v € X(viig) | v(0%) C £},
Xy (vig) = {v € X(vip) | v(v;) C £+ 7;¢ for any 7; € R},
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where ; C 02 denotes the connected components. Clearly then, v € C}’("(V'ﬁ,g).

If all asymptotic limits of @, are nondegenerate, then @ necessarily has the
same limits, and the transversal approach is exponentially fast, as described in
Appendix [Al From this we deduce v; € CF?Z’:(VO) for any € = (e,...,ex) with
0 < ¢ < ¢ for some constant ¢ > 0. In fact, if 4 — @ in M(J, L), then it
follows from the uniform convergence and arguments in [HWZ96a] that the expo-
nential approach can be estimated wuniformly in k. Combining this fact with the
Cre -convergence of v, to 0, we find

va, = 0 in C(viy)

if all ¢; are sufficiently small.

We must modify this somewhat if there are Morse-Bott asymptotic limits. Sup-
pose the limit of g at z; € I'* is Py € My, which is part of a 1-parameter Morse-Bott
family of orbits {P;}r¢(~1,1). Describe a neighborhood of z; in cylindrical coordi-
nates (s,t) € Z*. Then for some sy > 0 and all 7 in a neighborhood of 0, we can
find a smooth family of smooth sections

w, : [$9,00) x ST = Vy

such that U(s, ¢, w,(s,t)) parametrizes half of the orbit cylinder over P,. Extend w,
to [0,00) x S by multiplication with a cutoff function such that w.(s,t) = 0 for s
near 0. This then extends to a global section of vy, and is in Cg°(V,). Repeating
this construction for all punctures that have Morse-Bott limits, one obtains a finite
dimensional submanifold

Y < G (Vo)

containing a smooth family of sections {w,} that are each supported in a neighbor-
hood of the punctures and parametrize orbit cylinders near infinity. Here we assume
the parameter 7 belongs to an open neighborhood of zero in some Euclidean space,
and wy is the unique section in Y that decays to zero at all the punctures.

The argument above for the nondegenerate case now generalizes as follows:

Proposition 4.5.11. Suppose iy, — g in ./\/l(j, L). Then there is a constant ¢ > 0
such that for sufficiently large k and any € = (e1,...,en) with each €; € [0,¢), we
have

Vg, = Uk + Wqy,

for unique sections vy € C;fZZ(VO) and w,, €Y, with vy — 0 in CFOZ‘Z(Z/&O) and
Tk — 0.
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The nonlinear operator

Any section v € C'(V,) may be regarded as a C'-embedding v : ¥ — V,. Then
Wowv: Y — W defines a J-holomorphic curve if and only if the tangent spaces
of the embedding v are invariant under the almost complex structure .JJ = U*.J on
Vo C Vi, i.e. v is a complex curve. In this case, elliptic regularity theory implies
that v is actually smooth. Following [HWZ99], we now write down an operator to
detect all sections v : ¥ — V, that define complex curves in (Vy, J).

The general framework is as follows: let S be an oriented surface and (W, J) an
almost complex 4-manifold. Denote by A2T'S — S the second exterior product of
the bundle T'S — S, so for z € S, the fiber A%T,S is a real 1-dimensional vector space
spanned by h A k for any two linearly independent vectors h,k € T,S. Similarly,
there is a 2-dimensional bundle ® — W defined by

6, ={E e T,V | J¢ = —¢},

where J acts linearly on A2TW by J(X AY) = JX A JY. Now for any immersion
u: S — W we define a section of the bundle Homg (A?T'S, u*©) — S by

fs(uw)(2) : h Ak — Tu(h) A Tu(k) — JTu(h) A JTu(k)

for z € S. One easily checks that u satisfies J(im du(z)) = imdu(z) if and only if
7s(u)(2) = 0.

For any o € (0,1) and € = (e1,...,eny) with 0 < ¢; < ¢ for a suitably small
constant ¢ > 0, define the Banach manifold

B={v+w:|ve C%;?’((VOL w; €Y}

This could also be defined as the set of sections v € C\.t*(Vp) with the property that,
near each puncture, there is a section w : Z* — V) parametrizing an orbit cylinder
near infinity such that v(s,t) —w(s, t) is of class C1F®€. Thus the definition doesn’t
depend on the choice of the sections w,. The space B is a smooth submanifold of

C}ja(VU), and its tangent space at the zero section can be written as
ToB = Cr 2 (vitg) © Tu, Y,

where T,,,Y is a finite dimensional linear subspace of C’l}j‘”(uﬂo). There is a smooth
Banach space bundle & — B with fibers

&, = C*(Homg (AT, v*0)).

Here v is regarded as a map from Y into the subset Vo of the total space vy, and
© is the subbundle of A2TV, — Vy, on which J acts by negation. For the definition
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to make sense, we must observe that the asymptotic behavior of v and J gives the
bundle v*® — ¥ an asymptotically smooth structure, which then determines an
asymptotically smooth structure on Homg (A*TY, v*0) — 3.

Proposition 4.5.12. For any v € B, the section of Homg(A2TS, v*0) defined by
F(v) = 7j5(v) € ['(Homg (AT, v*0))
is of class C3°. This defines a smooth section
F:B-¢
of the Banach space bundle £ — B.

Proof. Using the asymptotic behavior of J as described in Prop. B354 it’s clear that
F(v) is of class C“ if v € C%Z”E(VO). For any v € B in general, the key is that v

differs by a section in C%;?’E(VO) from some smooth section w, : ¥ — V, such that

¥ o w parametrizes an orbit cylinder near each puncture. Thus F(w) vanishes near
the punctures, and F(v) € C2“(Homg(A2T'S, v*0)).

Smoothness follows from the formalism of Eliasson [EI67], arguing roughly as
follows: first define £ as a vector bundle over the manifold of maps C+e (3, V),
where V), is regarded as a smooth manifold rather than a subset of a vector bundle.
The section u + 7j7(u) is easily shown to be smooth on this bundle, since, by
Eliasson’s results, the maps v +— Twu and v — J(u) define smooth sections of
related bundles, and these are then put together by continuous linear multiplication
operations in order to form 77(u). Note that the multiplication in the last step
requires the Banach algebra structure of C®; this is why we’re not working in WP,

We deduce that F is smooth by observing that the space of sections C1+* (V)
embeds smoothly into the manifold of maps C'**(3, V) in a natural way. O

Clearly F(0) = 0; this is equivalent to the statement that @, is j—holomorphic.
We will spend the next several sections studying the zero set F~1(0) in a neighbor-
hood of 0 by linear Fredholm analysis. The following summarizes the results of this
section thus far.

Proposition 4.5.13. There is an open neighborhood g € U C ./\/l(j7 L) such that
U is homeomorphic to a neighborhood of 0 in F~1(0) C B.

Proof. By Prop. E5I any @ € M(J, L) sufficiently close to @ is represented by
some section v; € B, and clearly F(v;) = 0. Conversely, any section v € F~1(0)
represents a .J-holomorphic curve @ = W o v : 3 — W with respect to the complex
structure j = @*J on ¥. By elliptic regularity theory, @ is smooth; it clearly is also
asymptotically cylindrical and satisfies the appropriate boundary conditions. O
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If there is a Morse-Bott asymptotic limit, then F is closely related to another
nonlinear operator that will be of interest. Choose an ordering of the punctures I' =
{z1, ..., zn} such that the subset of punctures with Morse-Bott limits is {z1, ..., 2z},
p < N. Now recall that the submanifold Y C O}ja(VO) is a smooth p-parameter
family of smooth sections

Wy € CI;)O (V())
that parametrize all the cylinders over Morse-Bott orbits near infinity. Denote by
Y# C Y the codimension 1 submanifold containing all w, € Y that decay to zero
near the puncture z;. Then the Banach manifold

B ={v+w,|ve CIE;?’L(VUL w, € Y},

is a codimension 1 submanifold of B, consisting of all the sections in B that vanish
at z;, and it has tangent space

ToB* = Cpy (viig) ® Ty Y™,
at the zero section. We define the restriction
F., =Flg5 : B — &g,
and observe:

Proposition 4.5.14. LetU C ./\/l(j7 L) be the open neighborhood from Prop.[{-5.13,
and define U% to be the subset consisting only of solutions u € U that have the
same asymptotic limit as Gy at the puncture z;. Then U* is homeomorphic to a
neighborhood of 0 in F_1(0) C B,

4.5.3 Linearization

Since F : B — £ is smooth and F(0) = 0, there is a well defined linearization

dF(0) : Cpy(vitg) ® T Y — Cp(Homg (AT, 130))

where the embedding vy : PO Vo denotes the zero section. A computation in
[HWZ99], Sections 3 and 5, shows that dF(0) is conjugate to a linear Cauchy-
Riemann type operator, which takes sections of vy — % to complex antilinear
viig-valued 1-forms on Y. Recall that viig is a complex subbundle of (@*TW, J ), and
its complex structure extends naturally over & in an asymptotically smooth way.
We thus define a pair of asymptotically smooth complex line bundles

E=viyg— 3, F =Hom¢(TE, E) = %
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where TY is the natural extension of (TE'], Jj) to an asymptotically smooth complex
bundle over ¥, and Hom¢(V, W) denotes the bundle of complex antilinear bundle
maps V — W. Note that for z € T'F, the restriction of E to §, C 0% is simply the
contact structure £, over the asymptotic orbit, and this has a symplectic structure
defined by dAi. Thus it makes sense to speak of asymptotically smooth complex
trivializations ® : E — ¥ x C that are also “unitary at infinity,” and we shall require
this implicitly whenever a trivialization of E is mentioned.

The result from [HWZ99] can now be stated as follows:

Proposition 4.5.15. The linearization dF(0) is conjugate to a linear Cauchy-Rie-
mann type operator

Liy : CL(B) © TyY — CR(F).

Introducing a global trivialization of E as described above, we can express sections
of E as functions v: ¥ — C and write the section Lg,v: Y — AYT*Y as

(L) (2)h = dv(2)h + i dv(2)jh + [C(2)v(2)]h  for h € T.%, (4.5.3)

where C' is a smooth section of HomR(E X C,A%T*%) — Y. In addition, suppose
z € TF has asymptotic limit x : S' — M, and choose cylindrical coordinates
(s,t) € Z* for a neighborhood of z. Then

6 .
ds

defines a smooth map S : Z* — Lg(C) with S(s,t) — Sx(t) as s — Foo in
C>=(SY, Lr(C)), where So(t) is a smooth loop of real 2-by-2 symmetric matrices
(we’re identifying C = R?), and

[C(s,t) 5= 5(s,1)

d
—Jo— — Sx
b= Sl
is the asymptotic operator A, : H'(2*¢+) — L*(2*&4) associated with the orbit x,
expressed in the trwmlzzatzon.

A trivial corollary is that for a puncture z € I' with Morse-Bott asymptotic
limit, the linearization of the restricted operator F, : B* — &|g- is conjugate to the
restriction

Liy. = La, : Cri(E) ® Ty, Y* = CL(F).

Recall that zero is in the spectrum of A, if and only if the orbit x is degenerate; in
the simple Morse-Bott case, zero is an eigenvalue with multiplicity one.
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A general framework

For the rest of this section and the next two, we may assume E — X is any
asymptotically smooth complex vector bundle with a symplectic structure at 3\ 3,
F = Hom¢(TY, E) — %, and

L: CL™(B) @ Yo — CR(F)

is an operator of the type defined in (£5.3)), where the zeroth order term determines
an asymptotic operator
A H'Y(Els,) — L*(E;.)

at each puncture z € I, as in Prop. .5. 15l The first factor in the domain consists
of sections v : ¥ — F of class 011‘+a,e that satisfy the boundary condition

v(y;) Cl+7;¢ forany ; € R

at each component v; C 0%, where £ C Elsy is a fixed totally real subbundle
and ¢ : 0¥ — E is a fixed section with values in E \ ¢. The factor Yj is a finite
dimensional subspace of C}j“(E ), spanned by sections

Bars s Be, € G (E),

where (3., is supported near the puncture z; € I' and defines a smooth nonzero
section on ., C 0%. The subset

{z1,.. .5y C{z,...,an} =T

consists of punctures where the asymptotic operator A, is degenerate, with a one-

dimensional kernel. It may or may not include all such punctures; in this way our

general framework applies to both Lg, and the restricted operators Ly, ..
Operators L satisfying the criteria stated above will be referred to as admissible

Cauchy-Riemann type operators. Note that at this stage, a € (0,1) and the expo-

nential weights € = (e, ..., ex) € RY are completely arbitrary; in practice of course

we're most interested in the case where each ¢; is nonnegative and close to zero.
There are three objectives:

1. Prove that L is Fredholm for generic weights ¢ € RY.
2. Compute its index.

3. Find criteria for L to be surjective.
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The remainder of this section will address the first issue. The next lemma shows
that, for proving the Fredholm property, the finite dimensional factor Yj is irrelevant.
The proof is a trivial exercise.

Lemma 4.5.16. Let X and Z be Banach spaces, with Xo C X a closed subspace of
finite codimension. Suppose A : X — Z is a bounded linear operator, and denote
Ao =Alx, : Xo— Z. Then A is Fredholm if and only if Ag is, and

Ind A = Ind Ay + codim Xj.
We aim therefore to prove that the restriction
L' Gy (B) = CR(F)

is Fredholm. The next step is to eliminate the exponential weights, which causes
a perturbation in the asymptotic operators. Fix a cylindrical coordinate system
(s,t) € ZF near each puncture z; € I and choose a smooth function 7 : 32 — (0, 00)
such that

v=0 outside a neighborhood of I', and

(s, t) =€ for sufficiently large s near z; € I'.
This defines a continuous isomorphism
We: C’%JZ”(E) — C’%JZ’(E) cv e e,

and a similar isomorphism W€ : C3*(F) — C2(F). Note that we may assume W¢
and W ¢ are inverses. Now define an operator conjugate to L’ by

L= WL'W™: C}5%(B) — CE(F).

Proposition 4.5.17. L€ is also an admissible Cauchy-Riemann type operator, with
asymptotic operators
A=A, t¢
j J

for z; € TE.
Proof. Using the same trivialization as in (£5.3), an easy computation shows
(L) (2)h = dv(2)h + i dv(z)jh + [C(z)v(2)]h  for h e T.%,

where

[C(2)o(2)]h == [C(2)v(2)]h = [dy(2)h + i dy(2)jh]o(2).

115

Choosing cylindrical coordinates (s,¢) € Z near a positive puncture z; € I'", we
have 0,7(s,t) = ¢; and 0yy(s,t) = 0, so for v € C,

S(s,t)v = [C‘(s,t)v]% = [C(s, t)v]% —€jv = [S(s,t) — ¢]v.

Thus S&(t) = Se(t) — €, and

d
A; = —r]()a - S;(t) = AZ] + €j.
At a negative puncture z; € I'", there is a slightly subtle point: the asymptotic
operator is related to L€ via coordinates (s,t) on the negative half-cylinder Z~ =
(—00,0] x S, so we must reverse the sign of s and write y(s,¢) = —e;s. Then the
above calculation shows AS = A, —¢;. O

As a consequence, we can assume that for generic choices of € € RV, the asymp-
totic operators A¢ are all nondegenerate in the sense defined in Sec. This will
imply that L€ is Fredholm, and its index will turn out to be uniquely defined if we
confine the value of € to a suitably small range.

To proceed further, we translate everything into the LP-setting, where a wealth
of previous results is available for operators of this type. We've used Holder spaces
up to this point because they are more convenient for the nonlinear problem. In
particular, the definition of F : B — £ includes products of first derivatives, which
would not make sense in W'P. But there is no problem in defining the linear
operator, _

L : WP (E) — LP(F)

for 2 < p < oo, where Le is identical to L¢ on smooth sections.
Proposition 4.5.18. If Le is Fredholm, then so is L, and
€ __ T € 00,8
ker L = ker L € Cp7(E)
for sufficiently small positive weights 6 = (d1,...,0n).

Proof. This follows from an argument given in [HWZ99], Sec. 2, using the standard
Holder theory for elliptic systems. In this case one needs both interior regularity

[DN55] and regularity up to the boundary [ADNG4]; see also [Wd79]. The exponen-

tial decay is derived by a standard argument for solutions of linear Cauchy-Riemann
type equations on half-cylinders; see [HWZ906a]. O
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In light of this, we can alter our notation so that L€ is defined on Wllg”’ (E) for

some p € (2,00). Note that W;C’p (E) is continuously embedded in Cp ¢ (E) by the
Sobolev embedding theorem. One further simplification is possible: consider the
restriction of L to an operator

Ly W, (E) = L(F),

on the subspace W, *(E) C ngc’p(E) consisting of sections v € WIP(E) that satisfy
the totally real boundary condition v(0¥) C ¢. The restricted domain has codi-
mension equal to m, the number of components of 0¥. To see this, choose for each
component y; C 0¥ a smooth section v; : Y — E with support in a neighborhood
of ~;, such that vj|,, = (|,,. IV C C%t;?(E) is the m-dimensional space spanned
by these sections, then

W P(E) =V @ W, "(E).

Theorem 4.5.19. Let 0(A.) C R denote the spectrum of A, and define
oL = (Fo(AL)) x ... x (Fo(AL,)) CRY,

where the F signs are opposite the signs of the corresponding punctures. Then oy, is
a closed set of measure zero, and for any € € RN \ oy, the operator L is Fredholm.
Moreover, the function

RY\ o, = Z: e > Ind L

s continuous.

Proof. Clearly o, C R is a closed set of measure zero since o(A,) C R is a discrete
set for each z, and the condition e € RV \ oy, is satisfied if and only if all the operators
A=A, t¢jforz; € I'* are nondegenerate, i.e. 0 ¢ G(A;).

Under this nondegeneracy assumption, the Fredholm property was proved in
[Scho6] for the case X = (. The only extra ingredient needed for our situation is
the boundary regularity estimate:

[ullwirm+) < cllOul| oo+

for all smooth functions w : D¥ — C with compact support in DT\ (D N D) and
w(DT NR) C R. With this addition, Schwarz’s argument goes through as before,
proving that L{ is Fredholm.

The continuity of the index follows because € — L defines a continuous path of
Fredholm operators in any connected component of RV \ oy, O

In particular, we can assume L is Fredholm and has a uniquely defined index if
all the weights ¢; are restricted to a sufficiently small interval (0, c).
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Corollary 4.5.20. L : C%JZ”(E) @Yy — CL°(F) is Fredholm for any € € RN \ oy,
and if 0¥ has m connected components, Ind L = Ind L + m + dim Yj.

Corollary 4.5.21. For u € M(j L), the linearization Ly is Fredholm, and so is
the restriction Ly, for any Morse-Bott puncture z € I, with IndL; , = IndL; — 1.

When all the weights €; are nonnegative and small (as is the case for the operators
L; and Lg.), it is useful to relate L : C’%Z?‘E(E) ® Yy — CP(F) to an operator

defined on sections that grow exponentially at some punctures. Recall that the p-
dimensional space Yy = Y**@...®Y* includes a factor for each puncture z; in some
subset of I', where by assumption each of the asymptotic operators A,,..., A has
a one-dimensional kernel. It follows that if € = (€1, ...,ex) € RY \ o1, €; can’t be 0
for j € {1,...,p}; let us therefore assume these weights are positive. Now set

€ = (€1, ., —€ppi1s-- - en) ERY,
and observe that there is a continuous inclusion
CE(B) & Yo = CLi (B).
We can extend L to the larger space, defining a new operator
L, : Cpp(B) = O (F).
This operator is Fredholm by Corollary if € is sufficiently close to 0.

Proposition 4.5.22. If € = (e1,...,ex) € RV \ o, with each ¢; > 0 sufficiently
small, then IndL = IndL,, and ker L. C ker L.

Proof. The second statement is obvious. To see that the indices are equal, consider
the operators

L= WL'W “: G} (E) = CR(F),
LY = WL W™ : CIJ2(E) — CR(F),

where L/ is the restriction of L to Cﬁ?e(E) C Cﬁ?t(E) @ Yp. Both can equally

well be regarded as linear maps 1/Vélc’p(E) — LP(F) for p € (2,00), and it suffices to
prove
Ind Li = Ind L + dim Y.

This will follow from the index formula presented in the next section, though we
can give another justification here, using the linear gluing operation of M. Schwarz
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[Sch96]. We observe first that the asymptotic operators A< for L€ and A, for L
are related by

AL =A, e, A=A, Fe forje{l,....p}
AZ]:A$_7:tej:A§;’+ forje{p+1,...,N},

where z; : S! — M.y parametrize the asymptotic limits at z; € I'*. Then Li has
the same index as an operator constructed from L¢ by a gluing operation as follows:
attach to the cylindrical end at each puncture z; € I'* a cylinder R x S, with a
Cauchy-Riemann operator L; whose asymptotic operators are AZ] at the end glued
to 3, and A;;, + at the other end. Symbolically, we have

-

(ZvLi) = (E’LE)# (R X Slej)

j
and by the additivity of the index,

N
IdL§ = Ind LS + Y IndL;.

=1

The indices L; are determined as in Floer homology by spectral flow: this gives 0 for
j€{p+1,..., N} since in these cases the asymptotic operators match at either end.
Forj e {1,...,p}, A, has 0 as an eigenvalue of multiplicity 1, and this determines
the spectral flow between Af and Ajj 4 if ¢; is sufficiently small. Thus IndL; = 1,
and we see that Ind L3, — IndL§ = p = dim Y. O

The result is useful for two reasons: first, we’ll see in the next section that the
index of L can be expressed nicely in terms of a generalized Maslov index. We will
also find in Sec. 5.0 some simple criteria for proving that L, is surjective, which
then immediately implies the surjectivity of L.

4.5.4 Index formula

Assume 0¥ has m > 0 connected components, and consider an admissible Cauchy-
Riemann type operator
L: W/ P(E) — [(F)
¢

along with its restriction
Lo: W, "(E) = LP(F),
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where 2 < p < co. Assume that all the asymptotic operators A, are nondegenerate.
Then both operators are Fredholm by Theorem 519, and Ind L = Ind Ly +m. We
shall concern ourselves in this section with computing Ind Ly. As a consequence we
obtain a formula for the index of the linearization Lj.

If 3 were a closed Riemann surface, the index of Ly would be derived from the
Riemann-Roch formula. Index formulas for compact manifolds with boundary can
be reduced to this case by gluing arguments, see for instance [MS04]. In his thesis,
M. Schwarz [Sch96] developed a gluing procedure that accomplishes the same thing
for manifolds with cylindrical ends and nondegenerate asymptotic data. Observe
that when ¥ is not compact, the zeroth order term C'v is not a compact perturbation;
its asymptotic behavior is crucial in determining the Fredholm index.

For the mixed boundary value problem, the Maslov index at the boundary must
also play a role. An integer that naturally arises in this situation is the generalized
normal Maslov index pxn(@). It is computed according to a prescription similar to
u(@), but using the normal bundle v& — ¥ instead of the bundle of contact planes
@*¢ — ¥ (the latter is not globally defined for Problem (BP’)). Recall that for any
solution @ € M(f , L), the extension of vit — ¥ to an asymptotically trivial complex
line bundle over the circle compactification 3 satisfies

(V)]s = 2"

for some parametrization z : §, — M. of the asymptotic limit at z € I't. Thus the
asymptotic operator A, : H'(z*¢.) — L*(z*¢.) furnishes boundary data at &, for
the bundle vii — ¥. For boundary data at 9%, we recall that the normal bundle
was defined so that there is always a one-dimensional intersection

(eN)z = (Vﬁ)z N Tﬂ(z)L()a

where Lg is the surface defining the totally real boundary condition for @. Thus
{y is a totally real subbundle of v over 9%, and we can use this together with
the asymptotic operators described above to define boundary data By for vi. The
normal Maslov index is then defined by

pn (@) = p(vi, By).

There is a similar index associated to the Fredholm operators L and Lg. Both
are defined on a space of sections of a trivial bundle E — 3, satisfying a boundary
condition determined by a totally real subbundle ¢ C E|ss. The asymptotic behavior
of the zeroth order term defines the asymptotic operators A, : H'(E|s,) — L*(E|s.),
which together with ¢ furnish boundary data By, = By, for £ — ¥. This is closely
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related to the normal Maslov index, in that if @ € /\/l(j , L) has nondegenerate
asymptotic limits, clearly
.u'N(ﬂ) = ILL(EBLE)

This extends to the case of Morse-Bott asymptotic limits: recall that py (@) =
(v, By) is then defined in terms of the perturbed asymptotic operators AT =
A, Fefor z € T* with small € > 0, and u(E, Br,) can be defined similarly. By
Prop. 522 L; has the same Fredholm index as the corresponding operator on a
Holder space with exponential growth at the degenerate punctures,

Lo : Opy ¥ (E) = OF(F).

This in turn is equivalent to an operator L%’) . Wj{’p (E) — LP(F) with nondegen-

erate asymptotic operators A;: + = A, Fe, at each degenerate puncture z € I'F,
hence
:uN(ﬁ) = /L(Ev BL.‘,) = /I’(E7BL§+)'

It is therefore possible to restrict our attention to operators with nondegenerate
asymptotics and find a formula for Ind Lg, + = IndLg in terms of u(E ,BL%r+) =
i ().

We return now to the operator Lo : W;P(E) — LP(F). Recalling that u(FE,B)
was previously defined in the case of a closed surface to be twice the first Chern
number of F, the following index formula should come as no surprise—it is a direct
generalization of Riemann-Roch for rank 1 bundles.

Theorem 4.5.23. Ind Ly = u(E, BL) + x(X)

Proof. For 9% = {), this is a special case of the formula of Schwarz [Sch96], proved by
gluing Fredholm operators along cylindrical ends with opposite signs. We can reduce
our situation to this case by doubling ¥ along the boundary. Recall from Sec.
that there are natural conjugate bundles B¢ — % and F° — £, where 3¢ = 2¢ \Ie
has the same punctures as . but with opposite signs. The natural antilinear bundle
isomorphisms E — E¢ and F' — F*° then define a conjugate Fredholm operator

L¢ : WAP(ES) — LP(F°),

with Ind L§ = Ind Ly. These two operators can now be glued along the boundary
by the construction described in [MS04], Appendix C, forming a doubled operator

LY . W' (EP) — LP(FP).
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Here EP and FP are bundles over a surface ¥ with cylindrical ends and no bound-
ary. The Fredholm index is additive with respect to the gluing operation, so combin-
ing this with the formula of Schwarz and using Prop. to compute the Maslov
index on EP,

2Ind Ly = Ind Ly + Ind L = Ind LY
= u(E”, Byo) + x(XP) = 2u(E, By) + 2x(%).

For a solution @ € M(J, L), we use from now on the notation
Ind(@) := Ind L.

This is uniquely defined, given any generic choice of small exponential weights ¢; > 0
for the domain C%?Z'"(E) & Y.

Corollary 4.5.24. For any solution @ : ¥\ T' — W of Problem (BP’),

’Ind('&,) = pn (@) + x(X) +m = pn(@) +2 — 29 — #F‘

where g is the genus of X and m is the number of boundary components.

Proof. This follows immediately from Theorem 523 and Lemma 516, together
with the discussion of the normal Maslov index above. O

Notice that if the genus and punctures are fixed, then the index formula has
no dependence on the number of boundary components m (except implicitly in
the Maslov index). This is one of the main features that makes the theory use-
ful for surgery: one can cut out disks virtually at will without compromising the
nice properties of the solutions. We shall see this phenomenon again in the discus-
sion of transversality below, as well as in the actual surgery construction (cf. Re-
mark B.TIT]).

We now put the index formula in a more useful form for Problem (BP). Assume
(W, J ) = (R x M, .J), and the totally real submanifolds consist of families of graphs
ﬁ]” C R x M covering embedded surfaces L; C M that are tangent to X,.

Lemma 4.5.25. For any immersed solution @ : ¥ — R x M of (BP),

p(a) = py (@) + 2x(%).
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Proof. Extend 4 to a continuous map @ : % — R x M, where R = [—00,00]. The
tangent bundle T(R x M) has a natural extension to a continuous rank 2 complex
vector bundle

T(Rx M) — R x M,
and the pull-back @*T(R x M) — X then contains both @*¢ — ¥ and vii — ¥ as
complex subbundles. By definition, p(@) = p(a*¢, B) where the boundary data B
consist of the totally real subbundle

(=0 ¢NTTL — 9%,

and the asymptotic operators A, : H'(z*¢) — L?(2*¢) corresponding to the para-
metrized asymptotic limit = : §, — M at each puncture z € I'. Similarly, py (@) =
(v, By) where By has the same asymptotic operators A, at vils, = z*¢ = @*¢|s.,
and the totally real subbundle

Iy =vaN@TL — 0.

Here L C M is a surface tangent to X and L € R x L € R x M is a graph of some
real-valued function on L. Define now a trivial complex subbundle,

n=R&RX, C T(Rx M) — R x M,

which pulls back continuously to a complex line bundle @*n — 3. We endow @*n
with boundary data By, consisting of the totally real subbundle

51 :RX/\—>027

and any nondegenerate asymptotic operators B, such that pcz(B.) = 0 with respect
to the natural trivialization. Finally, observe that the complex subbundle @.T% C
@T(R x M) — ¥ with fibers

(.TY), = imdii(2) C Tae) (R x M)

also extends to a continuous complex line bundle @, 7% — ¥ with @,TY|s. = @*n)s. .
A natural choice of boundary data B for @*1'> is defined by the real subbundle

0y = @, T(0%) — 0%,

along with the same asymptotic operators B, that were chosen for a*n.
Putting these line bundles together in direct sums, we have

wEpun=uTRxM)=vi®dulX.
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Moreover, the two sets of boundary data B® By and By @ B; have identical asymp-
totic operators A, & B,, and homotopic totally real subbundles

(@6 =aTL—0Y and (y®l=a*TL — 0%.

Thus by Prop. 2.3

w(@* €, B) + p(a*n, B) = p(@T(R x M),B® By) = u(vi, By) + p(@.T%, By).

(4.5.4)
The bundle @*n is trivial and has trivial boundary data, so clearly p(a*n, B;) = 0.
To compute u(@T%, By), choose first a generic vector field Y € Vec(X) which
has only interior zeros, is tangent to 0¥ and equals % in cylindrical coordinates
(s,t) € Z* near each puncture. This extends continuously to a section of TS — X
and thus defines a complex trivialization of @,T%. — 3 near the boundary and
punctures; in this trivialization all Maslov and Conley-Zehnder indices for By vanish.
The algebraic number of zeros of Y is X(X'))7 which is therefore also the winding
number windg(Y) with respect to any global trivialization of TS, so we conclude

(T3, By) = 2x(X). The result now follows from (Z5.4). O

Let us apply this relation and summarize the most important results of this
section.

Theorem 4.5.26. Let @ : 3 — R x M be an embedded solution of (BP), defined on
a Riemann surface with genus g, m boundary components, and interior punctures
I' CintX. Then the linearized Cauchy-Riemann operator Ly is Fredholm for some
suitable choice of exponential weights, and its index is

|Ind(@) = (@) — X(5) +m = (@) +2(g + m — 1) + 4T (4.5.5)

4.5.5 Automatic transversality results

It is a peculiarly four-dimensional phenomenon in the study of pseudoholomor-
phic curves, that one can sometimes prove transversality for the linearized Cauchy-
Riemann operator without having to assume that J is generic. Such results can
usually be stated in the form “L is always surjective if its Fredholm index is large
enough”.

Example 4.5.27. Suppose (W, J) is an almost complex 4-manifold, (X, j) is a com-
pact Riemann surface with genus g and m boundary components, and u : ¥ — W is
an immersed J-holomorphic curve satisfying a standard totally real boundary con-
dition. Then a result of Hofer, Lizan and Sikorav [HLS97] shows that the linearized
operator for this problem is surjective whenever Ind(u) > 2g +m — 1. Another
presentation of this result may be found in [MS04)], Appendiz C.

124



In this section we prove some analogous results for the linearization L of @ €
M(j ,L). Note that since & may have degenerate asymptotics, it’s more convenient
to consider the operator

L, : W."(E) = LP(F)

for 2 < p < oo; this has the same Fredholm index and Maslov index as Lg, and is

conjugate to an operator Ly 4 : C%;?’e/(E ) = C2(F) whose kernel contains ker Ly.

Thus it suffices to prove that Lf—fv , is surjective, and any statement made about
sections in its kernel will also apply to the kernel of Lg.

Assume 2 < p < oo and let L : Wllc’p (E) — LP(F) be an admissible Cauchy-
Riemann type operator with nondegenerate asymptotic operators A; denote by L
its restriction to the subspace WZ P(E), which has codimension m. Both operators
are Fredholm, with Ind Ly given by Theorem 523 and Ind L = Ind Ly + m. The
first step toward proving surjectivity for L is to estimate the number of zeros for any
section in ker L. This will be very similar to the discussion of wind, (@) in Sec. 3l To
begin with, we can apply the similarity principle (Prop. £.34) to sections v € ker L.

Lemma 4.5.28. Ifv € W/}(’p(E) satisfies Lv = 0 and v is not identically zero, then
all zeros of v are isolated and have positive order.

Proof. If z € ¥ and v(z) = 0, one can choose coordinates s + it € D or Dt near z
and local trivializations of E and F' in which Lv = 0 translates to an equation of
the form

Osv + 100 + Av = 0.

The similarity principles immediately applies if z € int by proving that z is an isolated
zero with positive order. If z € 9%, let v C 9% denote the connected component
containing z. The boundary condition requires v(y) C £+ 7¢ for some 7 € R, and 7
must be 0 since ((z) € E,\ £.. Thus v(y) C £, and we can choose the trivializations
so that £ is identified with R C C. The result then follows from the boundary version
of the similarity principle. O

We recall some notation from Sec. B3} the zero set of a section v : Y = Eis
denoted by Z(v) C 3, and in the case where Z(v) is finite, the algebraic count is
defined by weighting interior zeros twice as heavily as boundary zeros:

1
Nw) = Y o(2) + 3 > o).
2€Z(v)Nint 32 z€Z(v)NIX

Note that this may in general by a half-integer. We then have the following analog
of Theorem H.3.7.
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Theorem 4.5.29. Let v: Y — E be a section in ker L which is not identically zero.
Then v has finitely many zeros, and 0 < 2N (v) < p(E, By,) — #I1.

Proof. The reader may want to consult the proof of Theorem 3.7 for reference, as
many of the calculations here are the same. We can choose a global trivialization of
E and identify sections with functions v : ¥ — C. Then arguing as in [HWZ96a],
one finds that a function v satisfying dv+i¢ dvoj+ Cv = 0 has its behavior near any
puncture z € I'* determined by some eigenfunction of the self-adjoint asymptotic
operator A, : H'(E|;,) = L*(E|s.). The winding numbers of these eigenfunctions
can be related to the Conley-Zehnder index pcz(A.) = 2a(z) + p(z): specifically
windy, (v) < a(z) for z € I't, while for z € I'", winds, (v) > a(z) + p(z).

At a component v; C 0¥ we have v(z) € £, + 7;((2) for all z € ;. If 7; # 0,
then v(z) is never zero on ~;, and wind,, (v) = wind,, (¢) equals the winding number
of any nonzero section of £ along v;. Thus 2wind,, (v) = u(E|,,, £|,,). (Recall that
¢ is orientable on each component, so all Maslov indices are even.) On the other
hand, if 7; = 0, then v satisfies a standard totally real boundary condition on ~;
and we can relate the number of boundary zeros to u(El,;, £],;). Let us partition
0% = 9Z U 0,2 by setting

6gi = U ’)/j

7;=0
as=| U u<U 52>u<U 5;)
7;7#0 zel+ z€l—

Now, using terminology from Sec. v is an admissible section in the sense that
it is nonzero on ;% and satisfies a totally real boundary condition v(90%) C €], 5
Applying Prop. £3.2]
2N (v) = 2windy,5(v) + p(El g5, fas)
=2 wind,. (v) =2 Y winds, (v) +2 ) wind,, (v) + (Bl g5, o)

zel't zel'— 7;#0
<2 Z a(z) =2 Z a(z) =2 Z (afz) +1) + Z (El;, L) + 1(Elas, ays)
z€l'+ z€ely zely 70
=Y (2a(2) +p(2) — #TT = D (2a(2) +p(2)) — #T7 + p(E, ()
‘ = u(E,By) — #I'1.
O
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As we will see, a consequence of this inequality is that there are two things capa-
ble of preventing an operator L with positive Fredholm index from being surjective:
large genus, and an abundance of even punctures. If both of these conditions are
absent, which is the case we’re most interested in, the situation is quite favorable.
The following transversality result will be superseded later by Theorem E5.36 but
it’s an important enough special case to single out, and the statement about zeros
in the index 2 case is useful in itself.

Theorem 4.5.30. Suppose 3 has genus 0 and all punctures in I' are odd. Then if
IndL > 2, L is surjective. In particular, for the case where Ind L = 2, all sections
in ker L are zero free.

Proof. Note first that the Fredholm index Ind L = p(E, Br)+x(X)+m = u(E, Br)+
2—2g9—#I = u(E,By) + 2 — #I'; is necessarily even in this case, as p(E, By,) and
#I'1 always have the same parity. Thus denote 2p = Ind L. Combining the index
formula with Theorem 529, we have

2 > o)+ Y, o(z) <u(E,By) - #T1=2p—2. (4.5.6)
2€Z(v)Nint 2 z€Z(v)NOX
Now pick a global trivialization of £ along with p distinct points 2, ..., 2, € int 2']7

and define a linear evaluation map
A:kerL — CP v (v(z1),...,0(z)).

This map is injective, since if A(v) = 0 and v # 0, it means v € ker L is a nonzero
section with at least p distinct interior zeros, all of which are positive, so

2 Z o(z) > 2p,

2€Z(v)Nint 3

in contradiction to (£5.6). Therefore dimker L < 2p = Ind L, which implies that
the cokernel of L is trivial.
The statement about the index 2 case follows immediately from (E5.G). O

Remark 4.5.31. Though we have assumed nondegenerate asymptotics for L, The-
orem [{.5.30 applies just as well to Ly when the asymptotic limits are Morse-Bott.
Recall that each puncture has a well defined parity defined by the perturbed asymp-
totic operator AT = A, Fe, and one sees easily that this matches the parity defined
by the asymptotic operators of L§1’7+.
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The inequality in Theorem also provides a means of proving that L is
injective, since any section v in the kernel also has an a priori lower bound N(v) > 0.
This observation is not immediately useful for the implicit function theorem, but it
becomes much more so when applied to the formal adjoint of L.

Choose a metric g on by compatible with the complex structure j, such that
g = ds* + dt? in some cylindrical coordinate system (s, t) near each puncture. This
defines a natural volume form p;, = g(j-,-) on 3. The metric also extends in a natural
way to bundles of alternating forms A*T*Y — ¥, in particular the cotangent bundle
T*3.. There is a Hodge star operator * : AFT*% — A2*T*3, defined so that for
any two k-forms a and 8, g(«, B)pg = o A xf3. For 1-forms, the Hodge star does not
depend on g: in conformal coordinates (s,t), we have *ds = dt and *dt = —ds.

Choose next a Hermitian metric ( , ) on the bundle E, by which we mean a
real-valued inner product that is compatible with the complex structure :. Then
combining this with the metric g, there are natural inner products on the bundles of
E-valued forms AP9T*S ® E. Note that AY°T*Y® E and A®'T*Y® E are mutually
orthogonal subspaces of A'T*Y ® E. These structures determine a natural L? inner
product for sections of E:

wwmzémm%,

and similarly for sections of F = A*'T*S @ E.

Corresponding to the operator Ly, there is a formal adjoint L{ : Wél’p (F) —
LP(E), with the property that for all smooth sections v € C§%(FE) and n € C35(F)
with compact support ' '

(1, Lov) 2 = (Lgn, v) 2.

Here C§5(F) and W,"P(F) are defined as spaces of sections 77: 32 — F = AS'TY @ F
that satisfy the totally real boundary condition 7n(z)Y € ¢, for all z € 9%, YV €
T.(9%). Then L is conjugate to a Cauchy-Riemann type operator of the same class
as Lo, and it turns out that Ind L = —Ind Lg. In fact, one can identify the kernel
of Ly with the cokernel of L{ and vice versa; in particular Ly is surjective if and only
L is injective. This idea is a key ingredient in the proof of the Fredholm property
for Ly (cf. [MS04], [Schod]).

Naturally, if Ly is surjective then so is L, but in general this would be too much
to hope for. Much better results are obtained by deriving a formal adjoint for L
itself. This will force us to consider a slightly new type of boundary condition.

Recall that the boundary condition for sections in the domain of L is determined
by an orientable totally real subbundle ¢ C E|x; and a section ¢ : 0¥ — E \ . We
can alter ¢ without altering the boundary condition in order to assume that { takes
values in the orthogonal complement of ¢. Suppose X (F') is a space of continuous
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sections (of class C5°, W*? etc.) of F. Then define X, (F) to be the space of
sections n € X (F') such that

(i) n(z)Y € £, for all z € 9X and Y € T,(9%),

(ii) for each component v; C 0%,

[ eno=o (45.7)
gl

Here (x7,() is a real-valued 1-form on 90X, defined for z € 9%, Y € T,(9%) by
1, (V) = (+(n())Y,(2).

Note that Xy, (F) is a subspace of X,(F') with codimension m: the normalization
condition (517 kills one dimension for each component of 9¥. This inclusion is,
in a sense, the dualization of the inclusion X,(E) C X, (E).

Define L* : W;n’p (F) — LP(E) as the restriction of L. It follows immediately
from Lemma that L* is Fredholm, with index

IndL* =IndLj —m = —IndLy —m = —Ind L.
Moreover, a simple computation yields:

Lemma 4.5.32. For all v € Cgy (E) and n € G5y (F),

(n, L)z = (L, v) 2.
Now applying elliptic regularity as in [MS04], [Sch96], we have:
Proposition 4.5.33. The cokernel of L is isomorphic to the kernel of L*.
Corollary 4.5.34. L is surjective if and only if L* is injective.

We now turn our attention to the question of what conditions will guarantee that
L* is injective. Once again, the issue hinges on the zero sets of sections n € ker L*.
Since L* is conjugate to a Cauchy-Riemann type operator, any section n € ker L*
satisfies the similarity principle as in Lemma so all zeros are isolated and
positive. This is also true at the boundary, since 7 satisfies a totally real boundary
condition. In light of this, Theorem applies to 7 as well, and we have

0 <2N(n) < p(F, Br-) — #I'1.

The lower bound can be improved however, using the normalization condition [E5.T).
Indeed, on each component y; C 93, n must be zero somewhere, or else the inte-
grand in (I57) would always have the same sign. Thus there is at least one zero
on ;. If this zero has order 1, then it is a transverse intersection of 77"77 with the
zero section of £ \7]7 and therefore there must be another one. We’ve proved:
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Proposition 4.5.35. Letn € Vl/zlo’p(F) be a section in ker L* which is not identically
zero. Then n has finitely many zeros, and 2m < 2N (n) < p(F, By«) — #I;.

This is enough to prove the main result of this section.

Theorem 4.5.36. Let L : Wé’"(E) — LP(F) be the Fredholm operator described
above. If IndL > 2g 4+ #I'g — 1, then L is surjective.

Remark 4.5.37. The hypothesis technically allows IndL = —1, but this will never
happen in practice. That’s because the inequality would then require #I'y = 0, in
which case, as remarked in the proof of Theorem [{-5.530, the index is always even.

Proof of Theorem[{-5.36. Assume IndL = p(E, Br) + x(X) +m > 29 + #Iy — 1 =
—x(X) — #I't —m + 1, and thus

w(E,Br) +2x(X) > —2m — #T'; + 1. (4.5.8)

We have Ind L = u(F, Br+) + x(X) = —Ind Lo = —u(E, B) — x(2), which implies
wW(E,BL) = —u(F,Br-) — 2x(¥). Plugging this into @ER), we find u(F, By-) <
2m + #I'y — 1, and thus u(F,Br:) — #I7 < 2m — 1 < 2m, which contradicts
Prop. if there are any nontrivial sections in ker L*. Therefore L* is injective,

and it follows from Corollary 5.3 that L is surjective. O

Corollary 4.5.38. Suppose  : Y — W is a solution to Problem (BP’), defined on a
Riemann surface with genus g, m > 0 boundary components and even/odd punctures
I'=ToUTI'y. Then the following is a sufficient condition for the linearization Ly to
be surjective:

[Ind (@) > 29 + #To — 1]

Proof. By Prop. 522 it suffices to prove surjectivity for the operator Lz :
Cﬁ?él(E) — Cp° (F), or equivalently

e Lp P
LG WP (E) — LP(F).
Since u(FE, BL"’+) = u(E,By,), the result follows by applying Theorem to
Lg,. a

The same argument works for the restricted operator L , at any puncture z € I'
with a Morse-Bott asymptotic limit, but there’s one caveat: the Conley-Zehnder
index of the perturbed operator at this puncture is now altered by one, thus changing
#I'g. Accounting for this, we obtain:
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Corollary 4.5.39. Suppose the solution @ : Y = W to (BP’) has a puncture
z € T with a Morse-Bott asymptotic limit, and denote its parity (in the sense of
Sec. [[.2-3) by p(z) € {0,1}. Then the following is a sufficient condition for the
restricted linearization Ly, to be surjective:

Ind(@) > 29 + #To — (~1)).]

The same argument using the formal adjoint of L leads to a more direct gener-
alization of the result from [HLS97]:

Theorem 4.5.40. Suppose (W, j) is an almost complex 4-manifold with cylindrical
ends, and @ : X\ T — W is an asymptotically cylindrical J-holomorphic curve
defined on a Riemann surface with genus g, finitely many punctures I' C int ¥ and
m > 0 boundary components. Assume all the asymptotic limits are nondegenerate
or Morse-Bott, and @ satisfies a fixed totally real boundary condition. Then the
linearization of this problem is surjective if

[Ind () > 29 +m + #To — 1|

The special case with ¥ = ) and nondegenerate asymptotic limits (i.e. @ is a
nondegenerate finite energy surface) is a folk theorem which provides useful criteria
for proving stability of finite energy foliations. We’ll use these results similarly for
a foliation of Morse-Bott type in Chapter [l

Now that all of the important formulas have been stated and proved, it’s worth
taking a moment to revisit some of them in slightly different forms. In particular,
combining the upper bound in Theorem with the Fredholm index formula of
Corollary 524 we get

[2N(v) < Ind(@)) + 29 + #To — 2| (4.5.9)

for any solution @ of (BP’) with genus g and even punctures I'g, and any section v
in the kernel of the linearized operator L;. For a solution of Problem (BP) on the
symplectization R x M, combining the wind, estimate of Theorem 317 with the
index formula produces a strikingly similar result:

| 2wind,.() < Ind(@i) + 29 + #T0 — 2. (4.5.10)

These two inequalities are most of the reason why the theory of finite energy fo-
liations works so well when the genus is zero and even punctures are kept to a
minimum, but in more general cases requires some modification (cf. [ACH04]).
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4.5.6 Implicit function theorem

Here we apply the results of the previous sections in order to understand the local
structure of the moduli space M(J, L). The first and simplest result along these
lines follows from Corollaries L5.38 and L6539, together with the implicit function
theorem.

Theorem 4.5.41. Suppose @ : 5 — W is a solution to (BP') defined on a surface
with punctures I' =Ty UT'y, genus g and m boundary components.

(i) If Ind(a) > 2g + Ty — 1, then the connected component My C M(j L) con-
taining @ admits the structure of a smooth manifold, with dim Mgz = Ind(a).

(it) Suppose @ has a Morse-Bott asymptotic limit at z € T with parity p(z) € {0, 1},
and let

Mz ={v e Mgz | v and @ have the same asymptotic limit at z}.

Then if Ind(@) > 2g + Ty — (=1)??), MZ admits the structure of a smooth
manifold, with dim Mz = Ind(a) — 1.

Note that no genericity assumption is required for J.

We focus next on the situation of greatest interest for the surgery arguments in
Chapter B, where g = #I'g = 0. In this case, we can show that @ and its neighbors
have properties well suited to finite energy foliations. The following results generalize
Theorems 1.5 and 1.6 in [HWZ99].

Theorem 4.5.42. Let ¥ = S%\ UjZ, Dj be a sphere with m > 0 disjoint open disks

removed, and suppose @ : ¥ — W is a solution of (BP') with Ind(@) = 2, such that
all asymptotic orbits are simply covered and all punctures are odd. Then there exists
an open ball 0 € B3(0) C R? and an embedding

F:B0)x S =W,
such that:

(i) Fort € B3(0), the maps @, = F(1,-) : ¥ — W are solutions to (BP'), and
o = .

(i1) For any puncture z € T where @ has a Morse-Bott asymptotic limit, the set
{1 € BX(0) | @i, and @ have the same asymptotic limit at 2}

is a smooth 1-dimensional submanifold of B3(0).
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(i) If Oy, Y — W is a sequence of solutions to (BP’) converging to @ in ./\/l(j L),
then for sufficiently large k there is a sequence 7, — 0 € B2(0) such that
U = Ur, © i for some diffeomorphisms @y, : ¥ — 3.

Remark 4.5.43. The theorem intentionally makes no mention of any conformal
structure on ¥: it may well happen that nearby solutions @ and @, are j—holomorphz’c
with respect to nonequivalent conformal structures j and j,. (The moduli space of
conformal structures is nontrivial if m > 2.)

This can be refined further in the R-invariant case.

Theorem 4.5.44. Suppose @ = (a,u) : ¥ — R x M is an embedded solution
to (BPy), satisfying the same hypotheses as in Theorem [{.5.43, and assume addi-
tionally that either X = () or u : ¥ — M is injective and does not intersect its
asymptotic limits. Then there exists a number § > 0 and an embedding

R x (=6,8) x & 5 Rx M
(0,7,2) —> (ar(2) + 0, u-(2))
such that:

(i) For o € R and T € (=0,0), the maps i = F(o,7,-) : X = R x M are (up
to parametrization) embedded solutions to (BPq), and i) = .

(i) The map F(7,z) = u.(z) is an embedding (—6,8) x ¥ — M, and its image
never intersects the asymptotic limits of any U,z for (o,7) € R x (=4,9).
In particular the maps u, - ¥ — M are embedded for each T € (—9,0), with
mutually disjoint images which do not intersect their asymptotic limits.

(i) If @ has a Morse-Bott asymptotic limit at z € T, then u, and u, have distinct
asymptotic limits at z whenever T # 7'.

(iv) For any sequence ¥y, : ¥ — R x M converging to @ in M(J, L), there is a

sequence (o, 7) — (0,0) € R x (=9,9) such that Uy = U(,,r,) © @k for some
diffeomorphisms py : X — % and k sufficiently large.

Observe that in the case X = @, the hypothesis doesn’t require w : Y — M to
be injective; this is rather a consequence of the theorem.

Proof of Theorem[f-574 We have g = #I'y = 0 and Ind(a) = 2, so by Theo-
rem 530 the linearization Ly is surjective, and every section v € ker L is zero
free. Applying the implicit function theorem, we obtain a smooth embedding

B3(0) = Ciy(E) i 7+ v,
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such that F(v,) = 0. Moreover, after possibly decreasing 0, the arguments in
[HWZ99], Theorem 5.7 show that BZ(0) x ¥ — Vy : (7,2) — v(2) is a smooth
embedding. Since the asymptotic limits are simply covered, ¥ : Vy — W is also an
embedding, so the map

F(r,2) = O(v.(2)),
clearly has properties (i) and (iii). Property (ii) follows from the implicit function
theorem and Corollary 539, since Ind(it) = 2 > +1 = 2g + #Is — (—1)P*). O

Proof of Theorem[{.5.44 Theorem gives a 2-parameter family of disjoint em-
bedded solutions (s, r)y = (a(0,r)s U(o,r)) : Y — Rx M, with (0,7) € B}(0) C R% This
family must include 1-parameter families of solutions related to each other by R-
translation, thus we can arrange the parametrization such that w, (E) = U(or ) (Z)
if and only if 7 = 7/. The solutions can then be reparametrized smoothly to produce

an embedding of the form
B20) x B = R x M : (0,7,2) = or = (a:(2) + ,u,(2)).

Using the R-invariance, this extends naturally to an immersion R x (—4,8) x ¥ —
R x M, and we must show that this map is injective.

Observe that by the inequality ELI0), wind,(t,r) = 0, so u, : Y = M is
necessarily immersed for each 7 € (—4§,0). We show now that u = uy must also be
injective and disjoint from its asymptotic limits if % = @. If u is not injective, then
10,0y intersects 1,0 for some o # 0. But this is clearly not the case for any o in a
neighborhood of 0, and applying positivity of intersections to the natural homotopy
from @o,) to U,0), we find a contradiction. Therefore v is an embedding, and it
follows that it cannot intersect any of its asymptotic limits: such an intersection
would necessarily be transverse, thus implying a self-intersection of w.

The above intersection argument doesn’t work so well when 9% # (); some-
thing extra is needed to prevent intersections from appearing or disappearing at
the boundary under R-translation. This is why we include the injectivity of u as
a hypothesis in this case. It still follows that u is embedded and disjoint from its
asymptotic limits, since wind, (@) = 0.

We can now assume, possibly by shrinking §, that wu, is embedded and disjoint
from its asymptotic limits for each 7 € (—4,d). We claim that u, and u,» do not
intersect if 7 # 7. To see this, we use again the fact that sections v : ¥ — v
in ker L; have no zeros: it follows that any two such sections spanning ker Lz are
pointwise linearly independent. Thus if vg and w form a basis for ker Lz, where
v is derived by differentiating the R-invariant family o + t,0), we conclude that
paw(z) € Ty M is everywhere nonzero, where p : R x M — M is the projection.
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There is then a 1-dimensional curve (o(t),7(t)) through (0,0) such that (¢,z)
() (2) is injective for ¢ sufficiently close to 0, proving the claim.

It follows now that u, doesn’t intersect the asymptotic limits of u./ if 7 # 7/;
again such an intersection would be transverse, leading to an intersection of wu,
with w..

It remains to prove (iii), that u, and u,s have distinct limits at any Morse-Bott
puncture if 7 # 7'. This follows from the second statement in Theorem EL5.44]
because in this case we can uniquely identify the 1-parameter family @, () -y that
shares the same limit with %): it is the family of R-translations o).

4.5.7 Parametrized deformations

The theorems of the previous section show that the moduli space of index 2 solutions
to (BPg) or (BP’) is locally very well behaved. If there is also compactness, then
one obtains a foliation of (some subset of) the four-manifold W by holomorphic
curves. This is precisely the kind of argument that was used to produce open book
decompositions in [HWZ95b], and we will see more examples when we carry out the
necessary compactness arguments in Chapter Bl

In this section we assume that such a compact moduli space is given, and ask the
following question: if Jis perturbed, does this compact family change continuously
along with J? The answer, of course, is “yes” for the cases we're interested in.
The hard parts of the proof are already done—it only remains to synthesize the
ingredients.

The general framework is as follows: let {J,}.cr be a smooth family of almost
complex structures on W which have asymptotically cylindrical behavior, i.e. J, is
defined on the ends F. in terms of a smooth family of contact forms )\Ti, and a
smooth family of admissible complex multiplications J on & = ker A¥. Assume
there are open subsets Uy C M. in which A¥ and J* are independent of r, and
these subsets contain compact submanifolds P4 consisting of nondegenerate periodic
orbits and/or simple Morse-Bott families of periodic orbits, with respect to A*. The
domain for maps into W will be a fixed compact oriented surface 3 with boundary,
with a finite set of fixed punctures I' C int ¥. We will require that these maps be
asymptotic to orbits from P, at the positive/negative punctures. For each connected
component y; C 0%, we define the boundary condition @(v;) C L. for any 7 € I,
where I; is a connected l-manifold and L, = ¢;({r} x A;) is a smooth family
of surfaces that are totally real with respect to J, for all € R. The map ¢; :
I; x Aj = W is an embedding, with A; a closed connected 2-manifold. Solutions
@: Y — W will additionally be required to be globally embedded, and transverse
to ¢; at ;. All of this is the same as in our original definition of Problem (BP’):
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the only new element here is that we require the boundary data at both d¥ and
I" to be compatible with all almost complex structures from the family JA'T7 whereas
previously there was only one choice of J to worry about.

In this context, we can pick any 7 € R and speak of .J,-holomorphic solutions to
Problem (BP’). This defines moduli spaces,

M, = M(J,, L),
M=A{(r,a) | reR, ue M,}.

Recall that two solutions @ and © define the same element of M, if there is a
diffeomorphism ¢ : 3 — 3 such that & = @ o . Also, from Definition E53, @y — @
in M, if the maps can be reparametrized on ¥ so that @, — @ in C@OC(E'L W) and
there are well defined continuous extensions with @; — @ in C°(X, W). A topology
on M is defined by saying that (ry, @) — (r,@) if 7, — 7 in R and 4 — @ in
the sense just described. Then the natural inclusion M, — M : @ — (r,a) is
continuous.

For a given r € R, M, is not generally a smooth manifold, but it may have
components that are. This is the case in particular for any connected component
M C M, containing a solution % for which Ind(@) > 2¢g + #I'g — 1. In this case we
can show that the corresponding component M* C M is also a manifold, containing
M as a hypersurface.

We use the same setup that was used to analyze the space M,.. Assume (0,4) €
M, and construct an open neighborhood V C v of the zero section, along with an
immersion

v:y—-w

mapping the zero section to ZZ,(Z), as in Sec. 5.1l The 1-parameter family of almost
complex structures .J, = ¥*J, is independent of r outside of V| for some compact
subset K C 3. Define a Banach space bundle £ — B with

B=RxB,
E(m) = CY“(Homg (A*TS, v*0")),
where for each » € R, ©" C A*TY — V is the subbundle whose fibers are the

(—1)-eigenspaces of J.. We then have a smooth section F : B — € : v — 7 (v),

where
77.(0)(2) : h Ak = To(h) ATv(k) — J.Tv(h) A J,To(k).

Clearly a neighborhood of (0, @) in M is homeomorphic to a neighborhood of (0,0)
in F-1(0) C B.
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Notice that if we set B” = {r} x Band £ = | |- for any r € R, the restriction
IN?‘\ gr: B" — &7 is precisely the problem we have already considered. Choose a local
trivialization of & — B near (0,0), so we can regard F as a map between Banach
spaces. The following lemma then gives the local structure of F! near (0,0).

Lemma 4.5.45. Suppose X and Y are Banach spaces, U C X is an open neigh-
borhood of 0, and F : R x U — Y is a smooth map with F(0,0) = 0. For any
r € R, denote F, : U =Y : z — F(r,z), and assume F has the property that
dFy(0) : X = Y is a surjective Fredholm operator with index N. Then there is
a neighborhood U' of (0,0) € R x X such that F~1(0)NU' C R x U is a smooth
(N + 1)-dimensional manifold transverse to the hyperplanes {r} x X for all r € R.

Proof. The linearization of F at (r,z) € R x U takes the form

A (r2)(hy) = K+ dF )y
for (h,y) € R® X. Thus dF(0,0) is clearly surjective if dFy(0) is, and we can apply
the implicit function theorem to derive a manifold structure for £71(0) near (0,0).
The index of dF(0) is one higher than that of dF,(0), by Lemma E5T6 Taking
a neighborhood of (0,0) small enough so that dF,(z) remains surjective, there is
always a solution to the equation dF,(z)y = —2£(r, ), hence (1,y) € ker dF(r, z),
proving the transversality. O

Corollary 4.5.46. Suppose (r,a) € M and Ly is surjective. Then M, and M are
both smooth manifolds in a neighborhood of @ or (r,a) respectively, with dim M =
dim M, +1 = Ind(a) +1. The natural inclusions M, — M are smooth embeddings
for (', @) near (r,a).

This implies the existence of jrr—holomorphic solutions near @ for v’ near r.

Consider now the following situation. Suppose @y € Mg with Ind(ag) > 29 +
#I'p —1, so Ly, is automatically surjective, and denote by M{ C M, the connected
component containing ip; similarly, let M* denote the connected component of
M containing (0,7g). The transversality criterion is homotopy invariant, thus we
conclude that Ly is surjective for every (r,a) € M*, and M* is a manifold of
dimension Ind(@g) + 1. Denote M* = {4 € M, | (r,a) € M*} for any r € R; these
are smooth hypersurfaces, due to the transversality statement in Lemma[£5.48. The
question now arises as to how the hypersurfaces M} and Mg might be related for r #
0. Under the right circumstances, it’s not hard to prove that M is diffeomorphic
to M{. Observe that there is a natural smooth function

h: M= R:(r,a) —r
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Proposition 4.5.47. h has no critical points.

Proof. This is just another version of the transversality statement in Lemma [£.5.47]
O

Thus we can think of h as a Morse function on the manifold M*. If M* happens
to be compact, we can follow the usual prescription of classical Morse theory: choose
a metric on M* and use the normalized gradient flow of h to obtain diffeomorphisms
Mg = M (cf. [Mi63]). Of course, moduli spaces of holomorphic curves are often
not compact, but admit natural compactifications: this turns M* into Mi which
is something resembling a manifold with boundary. A simpler remedy is available
for Problem (BPy), in which M* is manifestly noncompact due to R-invariance: we
consider instead the quotient M*/RR.

One piece of terminology: for any solution @ = (a,u) : ¥ — R x M to Problem
(BP), its contact area is the nonnegative number

Ay (i) = /L wdA.

This equals zero if and only if the image of u is contained in a closed Reeb orbit. A
simple argument given in the next section (Prop.[£.6.1]) shows that A, (%) is constant
on any connected moduli space of solutions to (BP) with fixed data.

Lemma 4.5.48. Fiz an R-invariant almost complex structure J of the usual type
on R x M, and denote by L an R-invariant boundary condition for Problem (BPy),
with solutions forming the moduli space M(J,L). Suppose M*(J,L) € M(J, L)
is a connected component with the property that Ax(@) > 0 for all 4 € M*(J,L).
Then the natural R-action on /\/l"(j7 L) is free and proper. In particular, then, if
M*(J, L) is an N-dimensional manifold, M*(J, L)/R is a manifold of dimension
N —1.

Proof. Given @ = (a,u) € M*(J, L), write the R-action by o(@) := @° := (a +
o,u) € M*(J,L) for 0 € R. Pick any compact subset K C M*(J,L). Then to
prove that R acts properly, we must exclude the possibility of a diverging sequence
o1, — 00 such that o4 (K) intersects K for all k. Assume there is such a sequence,
so there exist @, = (ak,ux) € K and 0 = (b, vx) € K such that 4" = o up to
parametrization. Since K is compact, we may assume Uy — o € K and 7 —
s € K, with convergence in the sense of M(J, L). We should now be more precise
about parametrizations: assume there are continuous extensions i : & — R x M
such that
Uy — o in C°(Z,R x M),

138



and similarly _
Uk O P — Voo in CO(E7RXA/[)7

where ¢y, : by - by _are diffeomorphisms such that 0y o ¢ extends to a continuous
map U, 0 ¢y : 1 — R x M for all k, and

U = (bk,’l}k) = ((lk + a;muk) = u°".

Now for any z € E, let z, = w;l(z) and assume without loss of generality that
2k = Zeo € B. Then y(2) = U0o(2) = (Aoo(2), Uxo(2)), and 0x(2) = (ar(z) +
Ok, ug(2)) = (£00, Uoo(2)). On the other hand,

’N}k(z) =00 (pk(zk) - 'Eoo(zoo) = (Boo(zoc)vﬁoo(zoo)) € {j:OO} x M,

implying that s (2) = Us0(200) lies in one of the asymptotic limits of 9. This is
true for arbitrary z € 3, thus the image of i, € K is contained in a periodic orbit,
and we have the contradiction [, uf dX = 0.

It follows immediately that the R-action is also free: otherwise there exists o €
R\ {0} and @& € M*(J, L) such that @° = @ up to parametrization, and the same is
true of @*7 for a sequence k — oo. O

The same argument applies to an R-invariant moduli space M* = |J, g M, if
every 4 € M, has nonvanishing contact area. Thus in the case under consideration,
M*/R is also a manifold.

Given an interval [a,b] C R, denote My, ;= h([a,b]) = Urefan Mi-

Proposition 4.5.49. Suppose the connected moduli space M* = ), cp M consists
of solutions to (BPy), such that some solution t, € Mj satisfies Ind(tg) > 2g +
#Lo — 1 and every @ = (a,u) € M} forr € R has [y u*d\, > 0. Then M*/R is
a smooth manifold of dimension Ind(i). Moreover, if 0 € [a,b] and M, /R is
compact, there is a diffeomorphism

W : [a,b] x M3/R = M, /R

such that (0, [a]) = [u] and for each r € [a,b], ¥ (r,-) is a diffeomorphism M{/R —
M;/R.

Proof. This follows from the previous remarks and Lemma [£.5.48 plus the obser-
vation that the function h : M* — R descends to a function M*/R — R which has
no critical points. Then we can choose a metric on M*/R and use the flow ¢! of
Vh/|Vh|?, defining ¥(r, [a]) = ¢"([]). 0
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We now investigate some of the consequences of this formalism for R-invariant
foliations. Let (M, ) be a connected contact 3-manifold, possibly with boundary,
such that X, is tangent to dM. (This implies that any component of M has
Euler characteristic zero, i.e. it’s a torus.) Choose an admissible J : £ — £ and
define an almost complex structure J on R x M in the standard way. For each
component L C dM, choose a smooth function G : L — R and define the totally
real submanifold Lg C (R x M,.J), as at the beginning of this chapter. Its R-
translates Lg foliate R x L C d(R x M).

We can use Problem (BPj) to generalize the notion of a stable finite energy
foliation to this setting, with OM # (). We consider here a special case which will
be useful in Chapter @l Fix a compact oriented surface ¥ with genus 0, such that
OX has at least as many components as OM. Fix also a finite set of positive and/or
negative punctures I' = I'" UT'™ C int X, and for each z € T' choose a corresponding
nondegenerate periodic orbit P, C int M, which is simply covered and has odd
Conley-Zehnder index. Denote P = |J,.p P. C int M. Consider now a smooth
foliation of (R x M) \ (R x P) by surfaces {S(s.)}(o,r)erxst, such that:

1. Each surface S, is the image of an embedded solution @ : Y > R x M of
(BPy), positively/negatively asymptotic to P, at 2 € I'*, and with Ind(@) = 2.

2. If S(5,7) is the image of @& = (a,u), then for any ¢ € R, S(yc,r) is the image of
e = (a+ c,u).

3. Let p: R x M — M be the projection. If 7 # 7/, then p(S(,r)) and p(Sir 1))
are disjoint embedded surfaces in M, for any choice of o and ¢’. In particular,
fixing o € R, the surfaces {p(S(,7))}-es foliate M\ P.

A family with these properties will be called a stable open book decomposition with
boundary. Observe that if @ = (a,u) : ¥ — R x M is any leaf, then u : ¥ — M is
embedded and therefore transverse to Xy, so the foliation of M \ P is transverse to
oM.

Lemma 4.5.50. Let Mg be the moduli space of embedded j—holomorphic solutions
to (BPyg) on the manifold with boundary described above, and let M C M, be the
connected component containing all the pages of a given stable open book decompo-
sition with boundary. Then, in fact, every solution @ € Mg is a page of the open
book decomposition.

Proof. Denote by F the subset of M{ consisting of solutions that are part of the
open book decomposition. Then an easy intersection argument shows that F/R is
a closed subset of M{/R, and it is also an open subset, by the implicit function
theorem. Thus F/R = M;/R. O
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We now ask what happens to a family of this type under homotopies of J. Choose
smooth homotopies {\, },cr and {J, },er, such that Ay = X and Jy = J: these induce
a corresponding homotopy {jr}reR with Jy = J. We assume A, and J, are fixed in
some neighborhood of P, and that X, is tangent to dM for all r. Then the moduli
space M embeds naturally into a connected moduli space M* consisting of pairs
(r, @), with @ a J,-holomorphic solution of (BPg). Recall now that all asymptotic
limits are simply covered, so all solutions @ = (a,u) € M are guaranteed to be
somewhere injective. There can be no @ = (a,u) € M with A, (@) = 0; this would
mean u(Y) is contained in a periodic orbit, but this is clearly not true since @ is
homotopic to some @, € M§,.

By the implicit function theorem (Thm. E544), each of the spaces M, is a
smooth 2-dimensional manifold whose local structure matches that of an R-invariant
foliation, and from Corollary L5468, M* is a smooth 3-manifold. The natural R-
action on M* restricts to the submanifolds M? C M?*, and the quotients M*/R
and M?*/R are also manifolds. There is then a smooth function h : M*/R — R
which has no critical points and whose level sets are the 1-manifolds M /R.

Theorem 4.5.51. Suppose that for some 19 > 0, M[*o‘m]/R is compact. Then
My, Z[0,70] x R x S, and for each r € [0, 7], the moduli space M; constitutes
a stable open book decomposition with boundary.

Proof. 1t follows from Prop. that M, 1 = [0,79] x R x St and M:/R =
M /R = St for each r € [0,79]. We have to verify that M} defines an open book
decomposition with boundary. This follows from the intersection theory in Sec. 4l
Note that @EI0) gives wind,(a) = 0 for any (r,a) € M*, so if & = (a,u), u is
always immersed. Then if [t,] = [(ag, ux)] € M}, /R with u;, embedded, 7, — r and
U, — @ = (a,u) up to R-translation, Theorem E.Z4 implies that u is embedded.
Likewise we deduce from Theorem that for any two distinct elements @ =
(a,u) € M} and v = (b,v) € M, the images of u and v are either disjoint or
identical.
It remains to verify that the solutions in M cover all of M \ P. Define

N, ={pe M\ P|peuX) for some @ = (a,u) € M;}.

By the implicit function theorem, N, is open. The compactness of M?*/R implies
that N, is also a closed subset of M \ P: indeed, if uy(z) — p € M \ P for z, € by
and 1y, = (ag, ugp) € MY, we can assume 2, — zso € % and @y, — floo in CO(X, Rx M)
for some fiay = (oo, Uoo) € M. Thus Tg(21) — Tse(20) € R x M. Tt follows that
Zoo € 3 and u(zee) = p, thus p € N,. Since N, is open and closed and M \ P is
connected, N, = M \ P, completing the proof. O
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One could also extend this result to S!-parametrized families with Morse-Bott
asymptotic limits, and similar arguments can be used to deform more general types
of finite energy foliations.

Remark 4.5.52. An important unstated fact implicit in the above result is that if
M is a proper subset of a closed contact 3-manifold M' (in our examples, M' = S3),
then starting with an open book decomposition Fy that foliates M \ P, the deformed
foliations F, always “stay inside” M. This follows easily from the fact that the
leaves @ always meet OM transversely, so the interior of & is mapped into M’ \OM.

4.6 Energy

4.6.1 Taming functions and asymptotics

In preparation for the compactness arguments of the next chapter, we will need some
a priori energy bounds for solutions of Problem (BP). Such bounds are possible
because the boundary condition is always defined in terms of a surface L € M
which is tangent to X, and thus d\ vanishes on T'L. The simplest consequence
of this is that the contact area A4,(@) is a homotopy invariant. Given a solution
@ = (a,u) : ¥ = R x M of (BP), the contact area is defined as the integral

Ay (i) = /E Y (4.6.1)

Observe that Ay (%) is always nonnegative if @ is J-holomorphic. In the following,
let L € M be any surface tangent to X,.

Proposition 4.6.1. Suppose i = (a,u) : X — R x M and o = (b,v) : ¥ - R x M
are two solutions of (BP), with the same asymptotic limits at the punctures, and
such that ulps, and v|gs are homotopic maps 05 — L. Then Ax(a) = A\ (0).

Proof. Let T1, ..., Ty be the periods of the limiting orbits at punctures z1,..., 2y €

I'. Then using the exponential approach at the punctures and Stokes’ theorem, we
have
Ay =Y T- > Tj+/ wA. (4.6.2)
z;€rt+ z;€l— 2

The integral on the right hand side depends only on the homotopy class of u|gs :

0Y — L since any homotopy h : [0,1] x 9¥ — L satisfies f[o %85 h*d\ = 0. O
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This bound is useful but insufficient, because dX is not a symplectic form on
R x M. One usually defines a stronger notion of energy for holomorphic curves in
symplectizations as follows:

E(u) = sup/ w*d(pN), (4.6.3)
weTo J5

where 7y is the set of all smooth functions ¢ : R — [0, 1] with ¢/ > 0. In this context

A and d\ are viewed as forms on R x M and ¢ is a real-valued function on R x M

which depends only on the R-coordinate. The finiteness of this energy provides

a criterion for proving that solutions are asymptotically cylindrical at punctures,

which is of paramount importance in compactness arguments.

An easy computation using Stokes’ theorem shows that solutions of (BP) have
finite energy as defined above. But this is not very helpful except in special cases,
because the totally real submanifolds i;‘. are generally not Lagrangian in a conven-
tional sense. If ¢ : R — [0, 1] has positive derivative, one can define a symplectic
structure on R x M by d(¢A), but this form does not vanish on the graph

Lo ={(G(zx),z) eRx M |z € L}

unless G : L — R is constant. Without a Lagrangian boundary condition, one
generally cannot obtain uniform energy bounds for solutions of Problem (BP), and
compactness arguments are hopeless.

The situation is saved by the fact that R x M admits plenty of symplectic
structures other than the one mentioned above. With a little care, it is perfectly
possible to find a symplectic form that both tames J and vanishes on surfaces such
as L. This leads to a generalized definition of “energy” for punctured holomorphic
curves with boundary.

The generalized energy will be defined exactly as in (£G.3), but with ¢ as a
function on R x M rather than just R. The hard part is to define exactly what
set of functions ¢ : R x M — R should replace 7Tp; in effect, this is equivalent to
choosing a new class of symplectic structures on R x M. Most importantly, any
sensible definition of energy must guarantee that solutions with finite energy have
nice asymptotic behavior. We shall now present a general axiomatic framework for
proving such results.

Definition 4.6.2. An R-invariant taming set 7 is a set of smooth functions ¢ :
R x M — [0,1] satisfying the following axioms:

!There are situations, e.g. in [IWZ95b|, where the geometry of the setup allows one to find
uniform energy bounds for a totally real boundary condition that is not Lagrangian. In such cases,
the energy is not a homotopy invariant, but one can prove that it only varies a finite amount due
to other geometric constraints. Our situation is less fortunate.
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o (POSITIVITY) d(pA)(Y,JY) > 0 for all p € T and Y € T(R x M), _and for
any compact set K C R x M there exists p € T such that d(e\)(Y,JY) > 0
for all nonzero vectors y € T(R x M)

K-

e (NONTRIVIALITY) There exists a constant C > 0 and a function ¢ € T such
that for all xz € M, ff; Outp(a,z) > C.

e (REEB FLOW INVARIANCE) If ¢ € T and @4 : M — M s the flow of the
Reeb vector field, then the function p,(a,z) = p(a, ®4(x)) is also in T for all
teR.

e (R-INVARIANCE) If ¢ € T and o € R, then ¢”(a,x) = ¢(a + o,2) is also in
T.

More generally, one can drop the R-invariance axiom and define a taming set to be
a set T of smooth functions ¢ : R x M — [0,1] satisfying the first three azioms,
plus:

o (ASYMPTOTIC R-INVARIANCE) There ezist R-invariant taming sets T+ and
a number ag > 0 such that for any ¢* € T*, there are functions v*= € T
satisfying

v (a,z) = ¢t (a,x)  for all a > ay,
Y (a,z) = ¢ (a,z)  for all a < —ap.

The sets T+ are called asymptotic taming sets for T. Notice that an R-invariant
taming set also satisfies this last aziom by setting T+ = T. The functions ¢ € T
will be referred to as taming functions.

Note that by plugging Y = 0, into the positivity axiom, every taming function
satisfies d,pp > 0.

Remark 4.6.3. We should say a few words about possible generalizations of this
definition. None of these will be necessary for the applications we have in mind, but
they could be useful in the future.

1. The Reeb flow invariance axiom is convenient for proving asymptotic results,
but it may turn out to be unnecessary. This would be nice since, as we’ll see
in the next section, its presence is associated with a very restrictive condition
on the totally real submanifolds we’re allowed to use, without which the proof
of the main existence result for foliations would be substantially simpler.
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2. The R-invariance axiom could be replaced with “discrete” R-invariance: it
suffices to know that ¢ € T if and only if 7 € T for some o # 0. Then
of course o™ € T for all N € Z, and the compactness arguments could be
adapted to use only this assumption.

3. The notion of asymptotic R-invariance can be weakened somewhat. It suffices
to assume that there are numbers ag > 0 and k € (0,1) such that for each
ot € T*, there exist taming functions T/Jbi e T forb > ay, satisfying

Yf(a,x) = ¢t (a,x)  for alla € [b— kb, b+ Kb,
Uy (a,2) = ¢ (a,z)  for all a € [—b — kb, —b + Kb].

The proofs of the asymptotic results below use only this assumption.

Given any taming set 7, we now define the energy of a J-holomorphic map
%: % — R x M by
Er(a) = sup/ﬂ*d(ga)\).
eeT Jx
The positivity condition guarantees that Er(@) > 0 for all J-holomorphic curves,
and Er(a) = 0 if and only if @ is constant.

The standard example of an R-invariant taming set is the set 7Tq of all smooth
functions ¢ : Rx M — [0, 1] which depend only on the R-factor and satisfy 9, > 0.
The energy E7; (@) then matches the standard definition given in ([@6.3).

We now must generalize some standard results about the asymptotic behavior
of punctured holomorphic curves with finite energy.

Theorem 4.6.4. Suppose @ = (a,u) : D =D\ {0} = R x M is a J-holomorphic
map with Er (@) < oco. If @ is bounded, then  extends to a J-holomorphic map
D — R x M. Otherwise, for every sequence s — oo there is a subsequence such
that the loops t — u(e27+ 1)) converge in C®(S*, M) to a loop t — x(Qt). Here
x: R = M is a periodic orbit of Xy with period T = |Q| > 0, where

Q=- lim/ u* A
e—0 oD,

Moreover, a : DR approaches either —oo or +0o at the puncture. If the orbit x
is nondegenerate or Morse-Bolt, then @ is asymptotically cylindrical in the sense of
Definition [L.T4.

This theorem is a direct generalization of results from [H93], [HWZ96a] and
[HWZ96h]; the only new element here is the broader definition of finite energy in
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terms of arbitrary taming sets. One approach to proving this would be to redo all of
the earlier work in the more general context, taking extra care with certain details
where the choice of a taming set might play a role. But rather than reinventing the
wheel, we shall pursue this course only far enough to prove that a J-holomorphic
curve with E7 (@) < oo has E7, (%) < oo as well. This is possible mainly because of
Prop. L.6.061 below, which states that every finite energy plane with vanishing contact
area is constant. That in itself is a direct generalization of a result from [H93], and
the proof presented here is very similar. (A more detailed version of that argument
may be found in [AH]).

We will repeatedly use the well known fact that “gradient bounds imply C°-
bounds,” i.e. in order to prove compactness in the C%-topology for a set of holomor-
phic curves, it suffices to find uniform C'-bounds over every compact subset. This
follows from standard elliptic regularity estimates and the Arzeld-Ascoli theorem;
see [MS04], Theorem B.4.2. Note that in the special case where the target manifold
is the complex plane with its standard complex structure, the regularity estimates
follow easily from the Cauchy integral formula. In the general case they are much
harder.

We'll also need the following lemma of Hofer.

Lemma 4.6.5 (J[HZ94], Sec. 6.4, Lemma 5). Let (X,d) be a complete metric space
and f : X — [0,00) a continuous function. Then given any xo € X and ¢y > 0,
there exist © € Bae, (o) and € € (0, €] such that

f(@)e> f(zo)eo and  f(y) < 2f(z) for all y € B(z).

Proposition 4.6.6. Let i = (a,u) : C = R x M be a j—holomorphz’c map with
finite energy ET (@) < oo and
/ w*d\ = 0.
C

Proof. From the Cauchy-Riemann equations, using coordinates s + it € C,

Then u is constant.

1
A\ (ug, ug) = dN(Tous, TAU) = 3 (AN (maus, Jmyus) + dA(maug, Jmaug)) > 0

thus the condition fc w*d\ = 0 implies that 7y o T'u vanishes identically. Then the
image of du(s, t) is contained in RX)(u(s,t)) C TyspM, so

us = AMus) X (u)  and  wp = Mu) Xy (u).

In fact, since C is contractible, we can construct a (not necessarily periodic) Reeb
orbit  : R — M and a smooth function f : C — R such that u(s,t) = z(f(s,t)).
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We claim that the function ® = a + if : C — C is holomorphic (in the classical
sense). Indeed,

as = Mur) = A&(f)f) = FAXN(2())) = fi,
ar = —A(us) = =A(@(f)fs) = =L AXN(2(/)) =

For any ¢ € T, define ¢ : C — R by #(s,t) = (s, z(t)), and define a 2-form on C
by

T, = d(¥(s, t)dt) = Dsp(s, z(t)) ds A dt.
Observe that this form is nonnegative with respect to the natural orientation of C,
and for any holomorphic function F' : C — C, the same is true of F*7,. We can
use this to define a notion of energy for the entire function ® which coincides with
Er(@); indeed,

/ ard(pA) = /(dgp AN (@504 + AMus) Xa(u), aidy + Mug) X\ (w)) ds A dt

Je c
= /(C&M(ﬁ) (asfi — arfs) ds A dt (4.6.4)
= /(Caago(a,xo fdandf = /C D7,

The map @ is constant if and only if ® is constant. If & is non-constant and has
a bounded first derivative, then Liouville’s theorem implies that ® is an affine map
®(z) = Az + B for A, B € C with A # 0. Thus ® is an orientation preserving
diffeomorphism of C, and

/q)*ﬂp:/ Twz/Twz/asgo(s,x(t)) ds dt.
c 3(0) c C

By the nontriviality axiom, we can choose ¢ € T such that this integral is infinite.
Thus if ® is non-constant with finite energy, its first derivative must be unbounded.
We will now show by a simple bubbling off argument that this also cannot happen.

Assume z;, € C such that Ry, := |V®(z;)] — oo, and choose a sequence ¢, — 0
with €. Ry — o0o. Using Lemma .65 we may assume without loss of generality
that |V®(z)| < 2|[V®(z)| for all z € B, (). Denote ay + ify, = ®(z;). We must
distinguish two possible cases.

Case 1: assume there is a subsequence for which ay is bounded. Define a sequence
of rescaled maps ¢ : C — C by

Bp(2) = @ (zk + Rik) —ify
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These are all holomorphic functions, with ®;(0) = ay, |[V®4(0)| = 1 and
[VOL(2)| <2 for all z € De,p,.

This gradient bound together with the Cauchy integral formula now implies C*°-
bounds for @, on every compact subset of C, thus applying Arzeld-Ascoli, we can
pass to a subsequence and assume that @, converges in C72(C, C) to a holomorphic
function @, : C — C. From the properties of ®;, we deduce

VP, (0)] =1, and |V®Py(2)|<2 forallzeC

Thus @, is a non-constant affine function. Write ¢y.(2) = 2z, + 2/ Ry and Fi(z) =
2z —ify, so @y = Fj, 0 ® o). Using the nontriviality axiom again, there is a taming

function ¢ € T such that
/<I>207¢:/T¢:oo.
c c

On the other hand, for any disk D, C C, we have

Ol 7, = hm o7, < hm @7,
- k= Dy e De, 1y

= lim/ Vi@ FT, = lim O*7y, < sup/CI)*Tk
De, r), E Jc

k—o0 k—o0 Bey ()

where 7, = Osp(s, x(t— )) dsAdt. This can be rewritten as 7, = s (s, 2(t)) dsAdt
where ¢g(a,z) = ¢(a, ( )), thus ¢, € T by Reeb flow invariance, and we
conclude

oo = lim O: 7, < Ep(a),
T—00 Dy
contradicting the finite energy assumption.
Case 2: assume |ay| — co. We can take a subsequence so that a; converges to
either +00 or —oo; assume it’s the former (an analogous argument works when ay
is negative). We now rescale as follows,

Dp(2) = @ (zk + Rik) — (ag +ify).

Now ®,(0) = 0, and by the same arguments as in the first case, a subsequence of
@), converges in C2(C,C) to a non-constant affine function ®, : C — C. Write
() = zi + 2/ Ry, and Fi,(2) = z — (ag + ifx), so ®p = Fj, 0 ® 0 9h;. This time we
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shall use the asymptotic R-invariance axiom to prove that E7 (%) cannot be finite.

Choose ¢t € T+ with
/(I)ZOT¢+ :/Tv-%— = Q.
C c

For sufficiently large k, there are taming functions ¢y € 7 and a number x € (0,1)
such that

or(a, ) = ¢t (a —ag, ) for all a € [ay — Kag, ax + Kay).

Let 1 = min{ex Ry, cax/2}. Then we have r, — oo, and using the uniform gradient
bound for @y, |Py(z)| < 2rp < Kay, for all z € D, , which implies

la(z) — ax| < kay,  for all z € Y (Dy,) C B, (2k)-

Thus for any disk D, C C,

O 7+ = lim Op7+ < lim DpTo+
k—o0 k—o0
Jo, D, Dy,
= lim Y@ FiT, e = lim d*1, < su /@*Tk
k—oo ]Drk k—o0 wk(Drk> k C

where 7, = O50(s—ag, x(t— fi)) dsAdt on a neighborhood of ®(¢(ID,,)). Replacing
this with 9@k (s, x(t)) ds A dt, where ¢r(a,z) = pi(a, @}{" (x)), we have ¢ € T,
and thus Er(a) = oo.

The only remaining alternative is that ® is constant, and thus so is «. O

Proof of Theorem [{.0.3 If @(D) is contained in a compact set K C R x M, the
positivity axiom provides a taming function ¢ € T such that d(p)) is a symplectic
form on a neighborhood of K, and

/E;)fb*d(gp/\) < Er(a) < oo.

Thus @ extends over D by Gromov’s removable singularity theorem.
Assume now that @ is unbounded. We use the biholomorphic map 4 : [0, 00) x
St — D : (s,) > e 27+ to replace @ with

b= (bv)=h0e:[0,00) x S* = R x M.

Our goal will be to show that there is a sequence s, — oo for which the loops
t — v(sy, t) converge in C*°(S1, M) to a closed Reeb orbit ¢ — x(Qt), where

Q = lim VA € R\ {0}.

k—o0 {sp}xS!
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The theorem then follows by showing that the standard energy E7; (?) is finite, so
the results from [H93], [HWZ96a] and [HWZI6h] can be applied. There’s a larger
principle at work here: the finite energy condition does not depend on the choice
of taming set. Indeed, given another taming set 7’ and a function ¢ € T, the
positivity axiom implies that the function

5 0 d(pA)
[0,s]x ST

is continuous and nondecreasing, thus its limit as s — oo is well defined in [0, co].
We can therefore use the sequence s, to compute it, and applying Stokes’ theorem,
together with the C*°-convergence of v(sg, t) to z(Qt) and the fact that ¢ <1,

/ /17*(1(@)\)‘ = ’7/ (@A) + lim / 'E*(gp)\)‘
[0,00)x 81 {0}x81 k—oo Jrs xSt

S/ [v*A] 4+ lim [v*A|
{0} xSt

k—o0 {sp}x St

<[ WAl
{0}xst

Note also that by a similar argument using Stokes’ theorem and the positivity of
v*dA, the limit

lim / vrA

57700 J{s}x 51

exists in (—oo, o0], and equals the limit of the integrals over {s;} x S! as k — oc.
Tt will therefore suffice to examine the behavior of v(sg,t) for a particular sequence
Sk — OQ.

We claim first that V3] is bounded on [0, 00) x St Otherwise, there is a sequence
2 = (0%, 71,) € [0,00) x ST such that o, — oo and Ry, := |V (2;)| — 0o. We choose
also a sequence ¢, — 0 with ¢, R, — 00, and using Lemma .65 we can assume

|Vo(2)| < 2|Vo(z,)| forall z € B, (2).

Identifying [0,00) x S with Hpg/iZ where Hp C C is the closed right half-plane,
define ¥, : C — R x S! by

z

%

For sufficiently large k these give embeddings D, g, < [0,00) x S*. As in the proof
of Prop. L6.0], there are two cases to consider.

Ur(2) = 21 +
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If there is a subsequence for which b(zj) is bounded, we define a sequence of
rescaled maps 0y = (bg, v%) : De,r, — R X M by

U(2) = 0o p(z).

The points ¥x(z) are contained in a compact subset of R x M, and there is a
uniform gradient bound [V, (2)| < 2 for all 2 € D¢, g,. Thus a subsequence of @
converges to a J-holomorphic plane 7, : C — R x M, which is non-constant since
|V, (0)] = 1. Tt also has finite energy E7 (7 ), since for any ¢ € T,

/ Sid(p)) = / () < / Fd(oN) < Br (D).
Dey,ry, Be, (2k) [0,00)x St

Moreover,

/ vpdA = / v'dA =0 ask — oo,
De, Ry, Bey, (21)

thus fc vi dA = 0. Prop. 6.6 then implies that 7, is constant, yielding a contra-
diction.
The other possibility is that |b(zx)| — oo, in which case we define

O(2) = (br(2), vi(2)) = (bow(2) — blzk), v 0 r(2)).

Now by (z) = 0, so the points U (2;,) are still contained in a compact subset of Rx M,
and as before there is a subsequence converging to a non-constant J-holomorphic
plane 9 : C — R x M. We have
/ vidA =0
C

by the same argument as above. To prove that the energy is finite, let r, =
min{e, Ry, k|b(2)]/2}, so r, — oo, and using the fact that |Vog(z)] < 2 for all
z € De. gy, we have [b(z) — b(zi,)| < k|b(2)| for all z € ¢y (D,,). Passing to a sub-
sequence, we may assume b(zp) — 400 or —oo; assume the former. Then for any
o™ € T and sufficiently large k, we can choose ¢, € T such that

or(b, ) = @t (b—b(z),z) for all b € [b(z1) — kb(21), b(2) + Kb(2)]-

Then

| et - /w RCCHE [ wdew < B,

e [0,00)x St
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This proves E7+(0) < 00, and a contradiction follows again from Prop. In
the case where b(z;) — —o0, we prove similarly that F7-(7s) < 0o, with the same
result. This proves the claim that |Vo| is bounded.

Now pick any sequence sy — oo such that b(sg,t) is unbounded, and define
translated maps ¥ = (b, vy,) : [—sg, 00) x ST — R x M by

(bi(s,t), vr(s,t)) = (b(s + sk, t) — b(sk, 0),v(s + sg,t)).

Then there is a uniform gradient bound for @y, and the points 0(0,0) are contained
in a compact subset of R x M. Passing to a subsequence, o) converges in Cpo (R X
SLR x M) to a J-holomorphic cylinder Goo = (bao, voo) : R x ST — R x M with
bounded gradient |Vo|. We have

/ vpdA = / v'd\ =0 as k — oo,
[—sk/2,00)x St [8/2,00)x ST

thus fosl vl d\ = 0. We can think of 9, as a map C — R x M which is periodic
in ¢; then arguing as in the proof of Prop. [4.6.6], the vanishing contact area allows
us to find a Reeb orbit z : R — M and a holomorphic function ®,, = by + i fs :
C — C such that 9(s,t) = (boo(s, 1), 2(f(s,t))). By construction, b.(0,0) =
limy, b,(0,0) = 0, moreover = and f, can be chosen so that f.(0,0) = 0 (this
determines both uniquely). The global bound on |Vi4| yields a global bound on
¥, thus by Liouville’s theorem, the latter is an affine function ®..(z) = Az + B.
We conclude B = 0 since ®,(0) = 0, then writing A = « + i and comparing
(a4 Bi)z with b (2) + i foo(2) yields

beo(s, 1) = as — ft,
foo(s,t) = Bs+ at.

The function bu(s,t) must also be 1-periodic in ¢, thus 8 = 0, so we have
(oo (8, 1), Voo (5, 1)) = (as, z(at)).

The constant « can be found by integrating

Q = lim v*A = lim VA = / v = a.
{0} x5 Jioyxst

k—o0 {sk.}XS‘ k%oo_

It remains to prove @ # 0. Assume the contrary: then v(sg,-) converges in
C*>(SY, M) to a constant z(0) € M. We now use the assumption that b(s, t) is un-
bounded to derive a contradiction to Gromov’s monotonicity lemma (see Prop. EL6.7]
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below). The idea is that if ¥ is unbounded and v is asymptotically constant, the
image of © must contain cylindrical segments of arbitrarily small area. Suppose first
that b(sg, t) is not bounded from above. Then for any ¢ > 0, we can choose numbers
r and r’ such that both are regular values for b : [0,00) x S* — R, r is arbitrarily
large and v’ € [r+c, r+2c|. Since b(sy,t) —b(sg, 0) converges uniformly to 0, there is
a subsequence such that b(sy, t) lies outside of any compact interval for sufficiently
large k. Thus b~'(r) and b~'(r’) are each countable unions of disjoint circles in
[0,00) x S!, which we may assume without loss of generality are nonempty; in fact,
b=1([r,r']) contains a compact annulus (2, with 9, consisting of two circles v~ and
7" such that v~ C b7*(r) and " C b='(r’"). We can also assume

Q, C [s,,00) x S
for some s, > 0 with s, — oo as r — oo. Consider now the translated maps
B =(b—70):[0,00) x S' >R x M
which take €, into [0,2¢] x M and 99, into the complement of (0,c¢) x M. Choose

any function ¢ : R — [0, 1] which satisfies ¢ > 0 and 4’ > 0; then the symplectic
form d(1\) is compatible with J, and we compute

[mawns [ waws
” [sr,00)x ST
= lim / 0r(YA) — / 05 (YA) §/ [v* A =0
570 Jlsyx St J{s,}x St {sr}xS1

as 1 — 00, using the assumption ) = 0. Clearly then, we can pick a small number
e and a sequence of e-balls B, around points in 9,.(2,) N ({¢/2} x M), such that
0.(09,) N B, = (0 and the area of 0,(2.) N B, becomes arbitrarily small as r is
increased, yielding a contradiction. A similar argument works in the case where
b(sp, t) is bounded from above but not from below.

Having shown that @ # 0, z is therefore a nontrivial periodic orbit, with period
) D

For the sake of completeness, we include here the monotonicity lemma; see
[Hm97] for a proof.

Lemma 4.6.7 (Monotonicity). For any compact almost complex manifold (W, J)
with Hermitian metric g, there are constants ¢g and C > 0 such that the following
holds. Assume (S,j) is a compact Riemann surface, possibly with boundary, and
u: S — W is a pseudoholomorphic curve. Then for every z € int S and r € (0, €)
such that u(dS) N B.(u(z)) = 0,

Area (u(S) N B.(u(2))) > Cr?.

153

An important special case is when J is tamed by a symplectic form w and the
Hermitian metric is g;(X,Y) = 3[w(X, JY) 4+ w(Y, JX)]. Then

Area(u(S) N B, (u(2))) = /71(3 o wrw.

Remark 4.6.8. It’s worth repeating that for any two taming sets T and T', E()
is finite if and only if E7+(u) is. One would like to go further and say that given
a sequence of J-holomorphic curves Ty, Er(ag) satisfies a uniform bound if and
only if E7(iy) does. We will not attempt to prove such a general result here, but
heuristically it should follow from a compactness argument: a bound on Ez(iy)
implies some form of compactness for ay, which implies a bound on E(uy).

So far we have seen only one example of a taming set, consisting of functions
©(a, z) that don’t depend on z. In this case the axioms are trivial to verify. But the
advantage of this formalism is that we can now use taming functions that vary on
the slices {a} x M. First we need a convenient criterion for the positivity axiom.

Proposition 4.6.9. Let ¢ : R x M — [0, 1] be a smooth function satisfying
|dp(v) ]2 < 4 - (Dup) - dN(v, Jv)  for allv € €. (4.6.5)

Then J is tamed by the 2-form d(@X), in the sense that for every Y € T(R x M),
d(eN)(Y,JY) > 0.

Proof. Denote |v]3 = dA(v, Jv) for any v € £ Using the splitting T(R x M) =
RORX, 0, let Y = 10, + o X\ + v, where ¢; and ¢y are real numbers and v € &.
Then JY = —c30, + 1. X\ + Jv. We compute,

d(eN)(Y, JY) = @ dA(v, Jv) + (do A XY, JY)
= p|v]? + dp(c10s + 2 Xy +v)er — dp(—c20s + 1 Xy + Jv)es
= @|v|% + duip(c} + &3) + dp(crv — caJv).
Note that the assumption (Z6.5) implies d,¢ > 0, and we have
[dp(c1v — caJv)| < 24/0(0ap)|c1v — caJv|y = 24/ 0(0atp) (3 + 3)|v] -
Thus
d(@A)(Y, JY) = pluf5 + Bup(c] + ¢5) + dp(crv — eaJv)

> olol5 + dap(c] + 3) — 24/ 9(Datp) (c} + B)|v]s

= (ol ~ Vot v ) 20

O
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Remark 4.6.10. A similar argument shows that if ¢ satisfies a stricter bound such
as

|dp()[? < ¢+ (Dup) - dA(v, Jv)  for all v € €,
then d(X) is actually symplectic and d(eX)(Y,JY) > 0 for all nonzero vectors
YeTRx M).

4.6.2 Pseudo-Lagrangian tori and energy bounds

We now consider Problem (BP) with boundary conditions defined by a set of pair-
wise disjoint tori Ly, ..., Ly C M, each tangent to X . As before, we choose families
of smooth functions G7 : L; — R, for o € R, such that %G‘; > 0 and define the
totally real submanifolds [:;’ C R x M as the graphs

L ={(G5(x),2) ERx M |z € L;}

for any 0 € R. We will assume that these families of tori are either R-invariant or
asymptotically flat; the latter means that the functions Gf are constant for all o
outside of some finite interval. For purely technical reasons, we need one additional
assumption:

Definition 4.6.11. The torus i;’ C R x M is called pseudo-Lagrangian if it is
everywhere tangent to Xy.

This condition means that dG7(X,) = 0. We require solutions @ = (a,u) :
Y — R x M of (BP) at each component v C 9% to satisfy the boundary condition
@(y) C L7 for some o0 € R and j € {1,...,N}.

The main purpose of the pseudo-Lagrangian condition is that it allows us to
define a taming set for which the resulting notion of energy satisfies a uniform
bound.

Definition 4.6.12. We say that a taming set T is compatible with the tori i;’ if
every function ¢ € T is constant on each torus f/}’

We see from this why the pseudo-Lagrangian condition is needed: unless X is
tangent to L7, there can usually be no compatible set of functions satisfying the
Reeb flow invariance axiom.

Remark 4.6.13. As mentioned earlier, it may be possible to remove the Reeb flow
invariance axiom without sacrificing the useful properties of taming sets. Unfortu-
nately, it is not clear whether this completely eliminates the need for the pseudo-
Lagrangian condition, as we will also use it in the next two sections to facilitate
bubbling off arguments near the boundary.
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For an easy example of a compatible taming set, one can use the standard set 7o
when the boundary conditions take the form [:;’ = {0} x L;. In more general cases
it is not immediately obvious whether compatible taming sets exist, so we prove this
next.

In particular, given any R-invariant or asymptotically flat family of pseudo-
Lagrangian tori i}’, let 77, be the set of smooth functions ¢ : R x M — [0, 1] such
that

(i) ¢ satisfies the taming criterion ([@G.3]), and
(ii) ¢ is constant on each torus 13;’
Proposition 4.6.14. T, is a taming set.

Proof. We verify the nontriviality axiom first. The claim is that there exists a
smooth function ¢ : R x M — [0, 1] which is constant on i‘;, satisfies the taming
criterion

|dp(v)|? < 4 - (Daip) - dA(v, Jv)  for all v € €,

as well as
lim ¢(a,z) =0 and lim p(a,z) =1

a——00 a—roo
for all x € M. To simplify the notation, for any function g : R x M — R and any
point (a,z) € R x M we will write
|dg(a, z)v|

|dg(a,z)|¢ .= sup ————— where |v|3=d\ (v, Jv).
veeoy - [vls

Since the surfaces Z/]” are never tangent to d,, we can find a smooth function v :
R x M — R which is constant on each torus L;’ and has 0,1 > 0. Recall that the
families {Zg }, are asymptotically flat, so we can also require that 9,1 = 1 outside
of some compact set in R x M. Then 9,1 is globally bounded away from 0, and |dy)|¢
is bounded from above. Choose a diffeomorphism f : R — (0,1) such that f > 0
and f’/f is bounded. (Near —oo one can accomplish this by setting f(¢) = e’.) Now
define ¢ : R x M — (0,1) by p(a,z) = f(rv(a, z)), where r > 0 is a scaling factor,
to be determined momentarily. This function clearly is constant on the tori l~/j’ and
has the right behavior as a — +oo. To verify the taming criterion, we compute

|dg(a. 2)[z = 1*|f'(ri(a, 2)) P e (a, )2

and

aa@(av I) = T‘f'(“/}(f% x))aaw(a ‘T)a
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thus

dp(ao)fe — r*f'(rd(e,2))Pldy(a, 2)E
(p((l,.’[) '8030((17 ‘E) rf(r’z/;(a, :E))fl( w( )) aw(avb)
[(ri(a,2)) |di(a, 2)[2
f(ri(a, z)) daib(a, x)
- su —, - su |dw‘g
TSR T

This is bounded below 4 if r is chosen sufficiently small. We’ve proved the nontriv-
iality axiom; in fact, combining this with Prop. and Remark [L.6.10, we've also
proved positivity, because r can be chosen small enough so that d(p) is globally
symplectic and tames J.

Reeb flow invariance is easy to prove: we just note that since Ly, A = 0 and
Lx,dX\ = 0, any Reeb flow diffeomorphism ® : M — M defines an isometry of the
contact structure with respect to the metric | |3 = dA(+,J:). Then if ¢ € Tz and
o(a,z) = ¢(a, ®(z)), we have for any (a,z) € R x M and v € &,

(45 (a, 2)of? = ldpla, O(x)).0]? < 4p(a, D@))dypla, O(a)) @[3
= 4@(& x)au@(av l’) ‘U‘QI
So @ satisfies the taming criterion. The pseudo-Lagrangian condition implies that
@ is also constant on the tori i]“

In the case where L7 is an R-invariant family, the set 77, is clearly R-invariant,
and we conclude that it is indeed an R-invariant taming set. More generally, we
muse prove asymptotic R-invariance in the case where L" is not R-invariant but is
asymptotically flat. To do this, define both asymptotic tamlng sets 7* to be the
standard taming set Tp; i.e. ¢ € T+ means ¢(a, ) depends only on a and 9, > 0.
Since the families L9 are asymptotically flat, we can choose ay > 0 large enough
so that all “non-flat” tori (graphs of non-constant functions G7 : L; — R) are
contained in [—ag, ag] X M. Choose any a; > ag, and let 3 : R — [0 1] be a smooth
function with S(a) = 0 for a < ag, B(a) =1 for a > a; and ' > 0. Then given any
©T € T, we can define ¥ € T, by

*(a,2) = Bla)¢™(a,z),

so ¥t (a,z) = ¢*(a,z) for all @ > a;. Similarly, given ¢~ € T, define ¢~ € T, by
1/17((1710) =1- ﬁ(*d)[l - @7((17 I)L

so ¥~ (a,z) = ¢~ (a,z) for all @ < —a;. The fact that )= both belong to T}, is easily

verified since both are independent of x and are supported only in regions where all
tori are flat. So the positivity axiom reduces to the requirement that d,* > 0. O

1
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Compatible taming sets are useful because of the following energy bound.

Proposition 4.6.15. Let T be a compatible taming set for the family of tori IN/J’ C
R x M. Suppose uy, is a sequence of solutions to (BP) that have the same asymptotic
limits and such that for each component v; C 0%, uy(7y;) are homotopic loops on L;
for all k. Then there is a uniform energy bound Er(a,) < C.

Proof. For each puncture z; € I', let T; be the period of the corresponding asymp-
totic limit, and choose a holomorphic embedding 1; : D — X that sends 0 to z;.
Then

lim upA = £Tj.
=0/, (a0

Using Stokes’ theorem and the fact that || < 1 for all ¢ € T, we have

‘/ﬂ;d(@ ‘ ZT +
z

Moreover, since @ is constant on each of the totally real submanifolds i;’, pouis
constant over each connected component v; C 0%, hence

/ﬂ,*c(go/\) < /u,*c)\A
RE v,

7
Since dA vanishes on each torus L;, the integral on the right depends only on the
homotopy class of uk\w ty; — Ly O

uk S‘»‘)‘

4.6.3 Removing punctures on the boundary

We proved in Sec. L6.1] above that interior punctures of any j—holomorphic curve
@ = (a,u) : © — R x M with finite energy (in the generalized sense) are either
removable or asymptotic to a closed Reeb orbit. In the latter case, a: % — R goes
to +o00 at the puncture. For the purposes of compactness arguments, we must also
understand what happens when a puncture appears on the boundary. One would
expect such punctures to be removable since the boundary condition confines @(9%)
to a compact subset of R x M. One must then check that nothing horrible can
happen in the interior near the puncture. This is indeed the case if the totally real
submanifold is pseudo-Lagrangian—the author strongly suspects that it holds more
generally as well, but we’ll only prove it in the pseudo-Lagrangian case.

In the following, 7 denotes either the standard taming set 7y or the set Tp
provided by Prop. [£6.14] and we assume 7T is compatible with some family of
pseudo-Lagrangian tori containing L.
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Theorem 4.6.16. Suppose i = (a,u) : D =D\ {0} = Rx M isa J- holomorphic
map with Er (@) < co and u(]D)*’ﬂR) C L for some pseudo-Lagrangian torus L C Rx
M. Then @ extends to a J-holomorphic half-disk DT — R x M with 4(DTNR) C L.

As with the asymptotic results for interior punctures, the first step is to prove a
special case involving solutions with zero contact area, which reduces the problem
to complex analysis. Here we make use of the pseudo-Lagrangian condition in order
to eliminate the boundary by means of the Schwartz reflection principle. In the
following, H denotes the closed upper half plane in C.

Proposition 4.6.17. Let @ = (a,u) : H — R x M be a J-holomorphic half-plane
mapping R into a pseudo-Lagrangian torus L, with finite energy Er (1) < oo and

/ u'd\ = 0.
H

Proof. As in Prop. L6.0, the assumption of vanishing contact area implies that we
can find a Reeb orbit z : R — M and a smooth function f : H — R such that

u(s,t) = z(f(s,t)). Then ® = a+if : H — C is holomorphic. Since u(R) is
contained in a Reeb orbit and @(R) C L with L tangent to X, we conclude that
a is constant on R. Thus there is a number gy € R such that ®(R) C ay + iR,
and we can use the Schwartz reflection principle to extend ® to an entire function
d : C — C. Specifically, defining an antiholomorphic involution f : C — C by
reflecting over the line ag + iR, we have

Then 4 is constant.

®(2) = f(P(2)).

For any ¢ € T, define a 2-form 7, on H by 7, = 0,¢(s, z(t)) ds A dt. Repeating the
calculation ({6.4), we have

/ o7, = / wd(pA) < Er(u) < oo
H H

for all ¢ € 7. We shall now adapt the bubbling off argument from the proof of
Prop. and show that in this situation as well, the finite energy assumption
implies @ is constant.

If V& is bounded on H then V& is bounded on C, implying that ® (and hence
®) is an affine function. Thus ® maps H diffeomorphically to a half-plane bounded
by ap + iR. Suppose the half-plane in question is ®(H) = {s+ it | s < ao}, then

/@*T@ :/ To :/ / Os0(s,z(t)) ds dt.
H D(H) —o0 J —00
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It’s easy to see that one can choose ¢ € T so that this integral is infinite: just choose
any ¥ € To with ¢/ > 0 and find a taming function ¢ € T such that ¢(a,z) = ¥(a)
for a near —oco. A similar argument shows that the energy must also be infinite if
O(H) = {s+it | s > ap}. We conclude that there is no affine function H — C that
takes R to ag + iR and has finite energy.

We will find a contradiction also if V@ is unbounded. Assume z;, = s, + it € H
with Ry, := |V®(z,)| — 00, and choose positive numbers e; — 0 with e, R), — co. By
Lemma LG5l we can assume that |[V®(z)| < 2|V®(z;)| whenever |z — z| < ¢ We
will find that either a plane or a half-plane bubbles off, depending on the behavior
of the sequence t; Ry;. There are two cases to consider.

Case 1: assume ty Ry is unbounded. Passing to a subsequence, we may assume
ti Ry, — 00, and thus ry := min{ey Ry, t; Ry} — oo. Defining ¢y, : D, — C by

Ui(2) = 20 + Ri,;
we see that the image ¢y, (D,, ) is contained in H, since |z| < ry, implies | Im )y, (z) —
tr] < |Yr(z) — 2| < r/Ry, and ty > ri/Ry. Thus we can repeat the argument
from Prop. L6, defining a sequence of rescaled maps @, : D,, — C which converge
to a non-constant entire function ®,, : C — C with bounded gradient and finite
energy; this is a contradiction. (In the case where a; := Re®(z;) is unbounded,
one must replace rj, with min{e; Ry, tx Ry, s|ag|/2} for some x € (0, 1), then use the
asymptotic R-invariance axiom to prove finite energy, just as in Prop. [£.6.6l)

Case 2: assume t, Ry is bounded. Now the sequence z; approaches the boundary
of H too fast, so a half-plane bubbles off instead of a plane. To see this, denote
Df =D, NH, and define 9, : D, — H by

+
xRy

(2 )_Sk”"E

Then if f = Im ®(s;) and Fy : C — C is the translation Fi(z) = z — ify, we define
the rescaled maps ®, = [, 0 ® o : DT , — C, that is,

ex Ry

@k(z) = <5k + Rik> — ifk.

These satisfy the boundary condition ®(Df ; NR) C ag + iR. Since [V (2)| < 2
for all z € Df 5 and ®,(0) = Re ®(s;) = ag, we can apply the Cauchy integral for-
mula to obtain C*-bounds and conclude that a subsequence converges in Cp2 (H, C)
to a holomorphic half-plane

O, :H— C suchthat P (R)C ap+iR.
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We claim that @, is not constant: indeed, [¢;'(z)| = Rilzx — skl = tRy is
bounded by assumption, so we may assume ¥, ' (2) — ¢ € H, and [V ()| =
limy, [V, (1 (24))] = 1. @4 also has finite energy, since for any ¢ € 7 and any
r >0,

* 1 *
/ LT, = kllm Op7, < khm 2Te
D —o0 Jpit —00 Dt
. B * *
= khm V@ F 7, = lim o*7y,
—00 ]DJ+ k—o0 1/&( )
kR kR

<suw [ @7, < Er(@),
k H

where p.(a, z) = ¢(a, @}{"’ (z)). This leads to a contradiction since @, extends to
an entire function by the Schwartz reflection principle, and is therefore affine. As
we argued above, such functions cannot have finite energy. O

Proof of Theorem [J-6.16. Tt will suffice to prove that @(ID") is contained in a com-
pact set K C R x M; then we can choose a taming function such that d(p)) is a
symplectic form on K and L is Lagrangian, so the result follows from the boundary
version of Gromov’s removable singularity theorem (see [MS04]).

To prove that u(]D)*) is bounded, compose @ with the biholomorphic map v :
[0,00) x [0,1] = DT : (s,) — 6*”(”“ and consider the pseudoholomorphic half-
strip

0= (b,v) =001 :[0,00) x[0,1] = R x M.

We claim that |V is bounded on [0, 00) X [0, 1]. This will prove the theorem, since
3(]0, 00) x {0}) and #(]0, 00) x {1}) are contained in the compact set L.

If |V9] is not bounded, there is a sequence zj, = s, + ity € [0,00) % [0,1] C C
such that Ry := |Vo(z;)| = co. We may assume s, — oo. Choose a sequence of
positive numbers ¢, — 0 such that ¢, R — oo; by Lemma [L.G.5 we can assume
without loss of generality that |Vo(z)| < 2|Vo(z,)| whenever |z — z;| < €. We will
define a sequence of rescaled maps which converge to either a plane or a half-plane,
depending on whether and how fast z; approaches the boundary of [0, 00) x [0,1].
We consider three cases.

Case 1: assume Ry, and (1 — tx) Ry are both unbounded: then we can pass to
a subsequence so that both approach co. Let ry := min{e, Ry, tx Ry, (1 — tx) Ry}, so
ry — 0o and we can define embeddings

Y : Dy, = [0,00) = [0,1] : 2 2t —
Ry
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With this one can define rescaled maps @, : D, — R x M precisely as in the proof of
Theorem BG4 a subsequence of these converges in C2(C, R x M) to a non-constant
finite energy plane 9, : C — R x M with vanishing contact area fc % d\ = 0. This
is a contradiction, by Prop. E6.6.
Case 2: assume tp Ry is bounded. This means z; is approaching the half-line
[0,00) x {0}. Let
U DY > [0,00) = [0,1] 1 2 > s+ —,
Ry,
and define a sequence of rescaled maps @ : DY , — R x M by @ = 0 0 9. These
maps satisfy the boundary condition (D, g, NR) C L. Moreover, the points
#:(0) = (s;,) are contained in the compact set L, and there is a uniform gradient
bound |0 (2)] < 2 for all z € DY ;, . Thus a subsequence converges in C7 (H, R x M)

to a J-holomorphic half-plane @y, : H — R x M, with finite energy since for any

e,
[ aen- [
D P (D

kg

PN [ 5N < Br(o).
L r) [0,00)x[0,1]

Moreover,

/ vpd\ = / vid\ < / v*d\ — 0 as k — oo,
Dijk Vi (Dey Ry, ) [sk—e€x,00)x[0,1]

thus [, 35,d\ = 0. We claim however that T, is not constant. Indeed, |v; " (z1)| =
Ry|z1, — si| = tx Ry is bounded, thus passing to a subsequence, ¢y '(z,) — ¢ € H,
and |V ()] = limg |V (¥, (24))] = 1. Thus 9 is a non-constant finite energy
half-plane with vanishing contact area, in contradiction to Prop. [L.6.17

Case 3: assume (1 — ty)Ry is bounded. This is very similar to the previous
case; this time z;, is approaching the half-line [0, 00) x {1}, so we rescale using the
embeddings

Yp DY = [0,00) = [0,1] 1 2 (sp +14) — ;k

Then by the same arguments used above, U, = v o 9, has a subsequence convergent
to a non-constant finite energy half-plane 0, : H — R x M with boundary condition
#(R) C L and vanishing contact area, once again contradicting Prop. E6.17 O

We conclude this section with a result for holomorphic disks with vanishing con-
tact area. In the pseudo-Lagrangian case it follows immediately from Prop. L.6.17,
but a simpler proof is also available without the pseudo-Lagrangian condition. As-
sume G : L — R is any smooth function on a torus L C M tangent to X, and
define L as the graph of G in R x M.
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Proposition 4.6.18. Let o :~((1,7 u):D—>RxMbea j—h()lomorphic disk mapping
0D into the totally real torus L, such that

/ u*d\ = 0.
D

Proof. Since u*d\ = 0, we can write @(z) = (a(z),z(f(z))) where z : R — M is a
Reeb orbit and ® = a +if : D — C is a holomorphic function. Then ® maps 0D
into the smooth 1-dimensional submanifold

Then @ is constant.

y={G(z(t) +it€C |t €R}.

Since 7y is not a closed curve, we have windgp(®,w) = 0 for any point w € C\ 7,
thus the image of ® is contained in . By the open mapping theorem, ® is therefore
constant. O

4.6.4 Localization at the punctures

This section addresses the following question: given a C -convergent sequence of
holomorphic curves, what can be said about the behavior of the sequence near the
punctures? A uniform energy bound gives some useful consequences in this situa-
tion, and we can also consider the scenario in which components of the boundary
degenerate to punctures; this will be important for the foliation construction in the
next chapter.

As always, M is a closed 3-manifold. Let A\x be a compact sequence of contact
forms on M, converging in C'° to a contact form A,. Similarly, pick a compact
sequence J, — Jo, of admissible complex multiplications on the contact structures
& = ker A, and define the corresponding almost complex structures J. = Js on
Rx M.

To define a domain for holomorphic curves, let S be a closed oriented surface
with a finite subset

FUF, = {21,...,Zn} U {ZTL+17"'*,ZTL+Z)} cs

for some n = #I' > 0 and p = #I” > 0. Choose also two collections of open disks
with pairwise disjoint closures,

D=D,U...UD, C 5, D' =Dy U...UDy, C S
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for some m > 0, such that DN (TUTY) = and D' N (DUT) = . Then we define
two compact surfaces with boundary

Y =38\ (DUD), Y =S\ D,

and observe that ] )
=%\ and Y :=%\(T'ul)

have only interior punctures. Denote the oriented boundary circles v; = —9D; for
je{l,...,m+p}, thus

82:’71U~-4U7m+p7 82,:’71U-~-U"/m<

The compactified surfaces ¥ and 5 are homeomorphic, with a natural correspon-
dence between their respective boundary components; i.e. for each j € {1,...,p},
the circle at infinity in 5 for Zntj € I corresponds to the circle 7y,,4+; C 05 C 0.

For each j € {1,...,n}, assume there is a submanifold N; C M which is either
a circle or a 2-torus, such that for all the contact forms {A;}r<oo, NV; is either
a nondegenerate periodic orbit or a simple Morse-Bott torus of periodic orbits.
Similarly for each j € {1,...,m + p}, choose a 2-torus L; C M tangent to X, for
all k < 0o, covered by an asymptotically R-invariant family of tori {ff]’ C RXM}ser,
which are pseudo-Lagrangian with respect to Ay for all & < co. Assume also that
for each j € {1,...,p}, Nyyj := Lyy; is a simple Morse-Bott manifold with respect
t0 Aso. Finally, assume there exists a compatible taming set 7 for the families i;’,
this is clearly true, e.g. if the tori Ly, ..., L,1; are all disjoint and the families E‘J’
are R-invariant or asymptotically flat.

Theorem 4.6.19. For k < oo, let t, = (ax,ux) : Y — R x M be a sequence of
Ji-holomorphic solutions to Problem (BP) such that:
1. FEach @y, satisfies the boundary condition ty(vy;) C L]" forje{l,...,m+p}.

2. For j € {1,...,n}, the puncture z; € I' has the same sign ¢; = £1 for each
1y, and is asymptotic to an orbit in Nj.

3. For j € {1,...,p}, the oriented loops uy(Ym+;j) are homotopic to the periodic
orbits on the Morse-Bott torus Ny,4j, up to orientation (denoted here by the
Sign €nyj = £1).

Suppose there is a sequence of diffeomorphisms

o S\ = £\ 0D,
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which extend to homeomorphisms @y, : S| identifying the corresponding bound-
ary components, such that U,opy|s converges in Og;(ZQ Rx M) to a Joo-holomorphic
map

Tl = (oo, Uoo) : 2 — R X M,

satisfying the boundary condition . (7;) C Ii}’ for 5 € {1,...,m}, and having
asymptotic limits in N; at z; € T UL with sign €;, for j € {1,...,n+p}. Then for
any sequence (p € X converging to a puncture z; € PUTY, uy 0 op(G) = Nj. In
fact, there is a shrinking sequence of circles Cy, C Y around zj containing C such
that uy, 0 ¢(Cy) converges in C™ (up to parametrization) to an orbit in Nj.

The point is that even though 1, is only known to converge on compact sub-
sets away from the punctures, its behavior near the punctures cannot stray from
a neighborhood of the corresponding Morse-Bott manifolds. It may be possible to
prove a stronger version of this statement using some version of the “long cylinder
lemma” from [HWZ03a], but that is more effort than is needed for our purposes.

The theorem follows from bubbling off arguments for sequences of finite energy
half-cylinders—this requires careful choices of coordinates near each puncture. De-
note D = D\ {0}.

Lemma 4.6.20. Let ji be a sequence of complex structures on D such that Ik — 1
in C22(D), and take a sequence of biholomorphic maps

wk : ([0, Rk) X S17i) — (D7jk)

for Ry, € (0,00]. Then Ry — oo, and 1 converges in G ([0,00) x SUD) to a
biholomorphic map v : ([0,00) x S1,i) — (D, ).

Proof. It’s easier first to prove compactness for the inverses 1, ', since the complex
structure on the target space is then fixed. Let f : [0,00) x ST — D : (s,1) —
e~27(+t) and consider the sequence of biholomorphic maps

o z/)k’l o f:([0,00) x S*, i) — ([0, Ry) x S*, 1),

where iy := f*j, — i in C22([0,00) x S1). By the natural inclusion we can regard
these as ij-i-holomorphic embeddings of [0,00) x S! into itself. A bubbling off
argument shows that these maps satisfy a uniform gradient bound in any compact
subset of [0,00) x S'. Indeed, suppose there is a sequence (sg,t;) € [0,00) x S*
such that Ry, = |V (s, tr)| — 0o and s, is bounded. If s; doesn’t approach zero
too fast, then by the usual rescaling argument we derive a sequence converging to a
non-constant entire function

®:C —[0,00) x S
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But applying Liouville’s theorem to fo® : C — ]D), we conclude that ® must be
constant, a contradiction. Alternatively if s, — 0 fast enough, we rescale around
points on the boundary and obtain a non-constant holomorphic half-plane

@ :H — [0,00) x S!

with bounded first derivative and the boundary condition ®(R) C {0} x S*. We can
assume ®(0) = (0,0) without loss of generality. Now let H? = [0, 00) x R C C, and
consider the natural holomorphic covering map

p:HE —[0,00) x S

There is a unique lift & : H — HF such that po ® = ® and ®(0) = 0; moreover
® is holomorphic, has bounded derivative and maps R to iR. Thus the reflection
principle extends & to an entire function with bounded derivative, which therefore
takes the form ®(z) = iAz for some A € R\ {0}. But this contradicts the injectivity
of g, since it implies that the restriction of ® to any large compact subinterval of R
covers S' x {0} arbitrarily many times, and we can then make a similar statement
about ¢y, for large k. This proves the gradient bound.

In light of this, a subsequence of ¢, converges in C?% to a holomorphic map
@ :]0,00) x ST —[0,00) x S, and g, := f oo f! converges to

g;:fogoof_lilf)%]]),

which is holomorphic and maps 9D to itself. In fact, g(dD) winds once around the
interior of D, and the singularity at 0 is removable, thus g extends to a holomor-
phic map D — I that hits every point in int D exactly once. This means ¢ is an
automorphism of the disk with ¢(0) = 0, i.e. a rotation. We conclude that

o(s,t) = (s,t+tg) (4.6.6)

for some ¢, € S'. This also shows that R, — oo, since otherwise we could find a
subsequence of ¢ with uniformly bounded image in [0, 00) x S!, and these could
not converge to ¢.

A simple point set topology argument can now be used to establish uniform C? -
bounds for 99,;1. Indeed, suppose wy, € [0, R;) x St is a bounded sequence and let
2, = 5 ' (wy,). Taking a subsequence, we may assume wy — W € [0,00) x ST, Let
Zoo = ¢ Hweo), and choose an open ball B around 2. Since ¢, converges uniformly
on B, there is a ball B" around ws, such that windyz(gx;w) = 1 for all w € B’ and
sufficiently large k. Thus B’ C ¢x(B) for all k large. Since wy — weo, this means
wy € @r(B) for sufficiently large k, so z; € B. In particular z; is bounded; in fact,
2k — Zoo-
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We now know that for any compact subset K C [0, 00) x S, ¢! (K) is contained
in another compact subset, on which the complex structure i; is C*°-convergent to
1. Thus the above arguments can be repeated to derive uniform gradient bounds
and a subsequence of ¢, ' that converges in C2, to a biholomorphic map of the form

. We conclude that 1, = f o ¢; ! also converges in C to a biholomorphic
(Im) € Pk g loc T
map ¢ : [0,00) x ST — D. O

Remark 4.6.21. If we compose the sequence vy in the above lemma with rotations
—2m(s+it)

so that ¥(0,0) = 1, then the limit is uniquely determined: it’s (s, t) =e .
Proof of Theorem[{.6.19 Denote jj, = ﬂ,tjk, a sequence of complex structures on )
which extend smoothly over the punctures to 3. Similarly, jo = ﬂzojoo defines a
complex structure on ¥, and we have @}jr — joo in C2(3).

We examine first the behavior in a neighborhood of one of the punctures z,,; €
I C ¥, which is the limit of a degenerating circle v,,,4; C 9X. Choose a closed
neighborhood z,4; € U C ¥’ such that (U, j) can be identified conformally with
(D, ). Denote U = U \ {zp4;} C %' and let % C ¥ be the circle compactification
of U. Then for each k the annulus Ay := @rU) C % with complex structure jj, is
conformally equivalent to [0, Rg] x S! for some Ry, > 0; this follows from the classifi-
cation of conformal structures on annuli (cf. [Hm97], Lemma 5.1). We can therefore
define homeomorphisms ¥y, : [0, R] x S* — U which restrict to biholomorphic maps

i ([0, Ri) x % 1) = (U, @iii),
and by Lemma there is a biholomorphic map
¥ ([0,00) x %,4) = U, jwo)

such that ¢, — ¢ in C2 ([0, 00) x S L U). Now define a sequence of Jy-holomorphic
annuli ~

B, = (bi, vi) = g © G oy 2 [0, Ry x S* = R x M,
which satisfy a boundary condition of the form o, ({R} x S*) C f/ﬁﬂ-.
converge in C2,([0,00) x S, R x M) to a Ja-holomorphic half-cylinder

These

oo = (Doo, Voo) = feo 01 : [0,00) x ST = R x M.
The energies

Ey(ay) = SUP/ a*d(pAr)

eeT J
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are uniformly bounded by Prop. [L.6.I5; only a slight modification of the proof is
required to account for the varying contact form. Thus there is also a uniform bound

Ei(dy) = sup/ v*d(pA) < C.
weT J[0,R)] xSt

As for the contact area, we claim that for any sequence s, — oo with s, < Ry,

[sk,Ri] xS

Indeed, by assumption v ({R} x S') = ug(yms;) is homotopic to the asymptotic
limit of s at 2,4, € IV, s0

lim vpAp = lim Vo Aoo =1 Qo.
k=00 J{Ry}x 5L 5790 J (s} 5

Now for any € > 0, we can assume

'Qo —/ ViR
{Rk}x St

for sufficiently large k, and choose ¢ € (0, 00) such that

/ U dAoo < €,
[e,00)x St

<e€

hence
‘Qo — / ’U;)\oo < €.
{c}x St
Then for sufficiently large k, we can also assume
‘Qo */ ViAR| < 2¢,
{e}xst

and thus using the positivity of vjdAy,

/ ’Uzd)\k < / ’U;d/\k = / UZ)\]c —/ ’UZ)\]C < 3e.
[sk,Rx] [e,Rk] {Ry}xSt {c}xsS?

This proves the claim.
The decaying contact area implies a uniform gradient bound for the maps oy :
[0, Rg] x S — R x M. The argument is familiar: if |Vg(sg, tx)] — 0o, we can
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assume s, — 00, and thus bubble off either a plane or (if sj stays close to Ry) a
half-plane with finite energy and zero contact area. Such a beast must be constant,
yielding a contradiction. Thus there is a bound |Vo,| < C.

Now take any sequence s, — oo with s < Ry, and distinguish two cases.

Case 1: assume Ry, — s — 00. Then define

ﬁ)k = (ﬁk,wk) : [*Sk,Rk — Sk} X Sl —Rx M

by @y(s,t) = Ox(s+ sk, t). By the uniform gradient bound, a subsequence converges
in C2 (R x S, R x M) (possibly after R-translation) to a J.-holomorphic cylinder

Moo = (Boo, Weo) : R x ST = R x M,

which has zero contact area since

[—5k/2,Rp—sk] xSt [sk/2,Ri] xSt

Thus @ is an orbit cylinder: w(s,t) = (Qs+ so, (Qt)) for some so € R and a closed
Reeb orbit z : R — M with period T' = |@Q)|, and

Q = lim / wiAg = lim / VR g
k—o0 {0}x St k—o00 {sp}xS1

= klim (/ VR AE f/ U,:d)\k) — Qo # 0.
=00 \J{Ry}x St [s,Ri] xSt

In particular, this shows that a subsequence of v (s, ) converges in C>=(S*, M) to
a nontrivial periodic orbit of X .
Case 2: assume Ry, — s has a bounded subsequence. Now define

W = (Br,wy) : [~ Ry, 0] x S' = R x M,

Wy(5,t) = (s + Ry, t). These maps satisfy the boundary condition ({0} x S*) C

L;’r’jﬂ-7 and using the gradient bound together with the asymptotic R-invariance of

the family [:gn+j7 there is a subsequence converging in C2((—o0,0] x ST, R x M)

after R-translation to a joo—holomorphic half-cylinder
Woo = (Boos Woo) : (—00,0] x ST = R x M

mapping {0} x ST into some pseudo-Lagrangian torus L. The contact area vanishes

again since
[~ Ry /2,0]x S [R/2,Ry,]x S
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We claim that @, is a portion of an orbit cylinder. To see this, denote H; =
{s+it | s <0} C C and treat W, as a map H;, — R x M which is 1-periodic
in t. We can then write Weo(s,t) = (Boo(s,t), 2(foo(s,t))) where z : R — M is a
(not necessarily closed) Reeb orbit and ® := ., + ifs : Hy — C is a holomorphic
function. Assume without loss of generality that ®(0,0) = 0. Then since L is
pseudo-Lagrangian, (0, ¢) = 0 for all ¢, so ® maps R to itself, and can be extended
to an entire function by the Schwartz reflection principle. There is a global bound
for @’; this follows from the gradient bound |V, | < C, which gives a global bound
on |Vie| and hence |VB|. Thus by Liouville’s theorem, @ is an affine function,
and the same argument as before then shows that

Woo = (QS,I(Qt)),
where

Q = lim /{ s wiAe = lim vpAE = Qo # 0.
0} x

k—o0 k—o0 {Ry}xS1

Since a subsequence of Ry — s is bounded, this proves once more that a subsequence
of vy (s, -) converges to a nontrivial periodic orbit of X, .

We can now complete the proof for any sequence (; — 2,4, € I". Indeed,
there is a sequence (sg,tx) € [0, Ry) x S such that 9y (sy, tx) = (i, and we know
sk — oo since otherwise there is a convergent subsequence (sk,tk) — (swtm)
and ¢ = Yr(Sk, tk) = V(Seostoo) € IV, We've just shown that a subsequence of
vk (Sk, ) = ug 0 @ (Ur(sk, +)) converges in C>(St, M) to some loop y : S — M that
parametrizes a periodic orbit P C M, and we claim P C N,;. If not, let

N ={zeC™(S", M) | 2(S") C Noy,},
and choose open neighborhoods V and V' such that
NcycVvcV coxs,M).

All parametrizations of the periodic orbits in N,.; are contained in N, and by
the nondegeneracy/Morse-Bott condition, we can assume that )’ contains no other
periodic orbits of X, . Then since L,4; = N,i; we have v,(Ry,-) € N, so there
is a sequence sy, € (i, Ri) such that vi(s},-) € V' \ V. But there are no periodic
orbits in V' \ V, thus no subsequence of (s}, ") can converge to a periodic orbit,
which is a contradiction.

The case of a sequence ( — z; € I' C ¥’ is slightly simpler and uses mostly the
same arguments. We choose a closed neighborhood z; € ¢ C ¥’ with biholomorphic
embeddings 1, : ([0,00) x S',4) = (U, ¢ijr) converging in C2([0,00) x S, U) to
¥ ([0,00) x §',4) = (U, joo). Then the Jy-holomorphic half-cylinders

O = (b, vg) = Gk 0 o oYy, : [0,00) x ST = R x M
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converge in C2, 0 Too = (boo, Vo) = @i © Y : [0,00) x S — R x M, and there are
uniform energy and gradient bounds for 7. We also have

lim U;d)\k —0

k=09 J[51.,00)

for any sequence s, — 0o, using the C% -convergence and the fact that each map ¥y,
for k < oo is asymptotic to an orbit in N;, hence

lim lim vpAp = lim / Vi Aoo = Qo-
J{s}xs!

k—o00 s—00 {s}x St s§—00

Now for any sequence s;, — oo, the translated maps @x(s,t) = x(s + s, t) have a
subsequence converging in Cf%. to a J-holomorphic cylinder

oo = (Boos Woo) : R x ST — R x M

with finite energy and zero contact area, which is therefore an orbit cylinder. This
shows that a subsequence of v(sg,-) = uy o @ (r(sk,-)) converges in C=°(St, M)
to a loop y : S' — M which parametrizes an orbit of X, _. If P = y(S") ¢ N,
we define the sets N' C V € V' € C*(S', M) as before so that N contains all
loops in N; and V' contains no other orbits of X)_. Then since each half-cylinder
Ur(s,t) is asymptotic to an orbit in N; as s — oo, we can find s}, > s;, such that
Uk(8), ) € V' \ V, leading again to a contradiction. O

In the case where all asymptotic orbits are nondegenerate, this argument is
enough prove convergence in ./\/i(j ,L) (see Definition L5.3). Observe that any
solution @ : ¥ — R x M of Problem (BP) can be extended to a continuous map
@:Y — R x M, where R = [—o00, 00].

Theorem 4.6.22. Let M be a closed 3-manifold with a C*-compact sequence of
contact forms Ay — Moo and admissible complex multiplications J, — Jo. Suppose
Yy=23 \T is a fized compact oriented surface with boundary and finitely many
interior punctures, and for k € Z U {00} we have jk—holomorphic solutions uy, =

(ag,up) : ¥ = R x M to Problem (BP), such that
(i) Gy, = o in C2(%,R x M), and

(i) for each puncture in T, every solution uy for k < oo has the same nondegen-
erate asymptotic limit with the same sign.
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Then there are diffeomorphisms ¢r @ X — X, fizing each puncture and preserving
each connected component of %, such that for any compact subset K C 3, Okl =
Idy for sufficiently large k, and if @y denotes the homeomorphism induced on 3,
then

’I_LkOgL_?k.—)'I_LOC m CO(§7EXA1)

In particular, Gy, — fie in M(J, L).

Proof. Denote j, = dek, S0 jk — Joo IN CI%OC(E) Using Lemma H.6.20, choose at
each puncture 2/ € I' a punctured neighborhood U4’ C ¥ and biholomorphic maps

U ([0,00) X 8%,d) = U, )

such that 1) — 7 in C2([0,00) x S, %). Then by the arguments of Theo-
rem [LG.19] for any sequence s, — 0o, the loops ukowi(sk, -) converge in C*°(St, M)
to a loop t + 27(t + ¢), where 27 : S — M is some fixed parametrization of the
asymptotic limit at 27 and ¢ € S! is a constant that may depend on the choice
of sequence sy. Similarly, the maps d;(ay, 0 ¥7)(sk,-) converge in C*°(S*,R) to the
constant @’ # 0, which is the charge of the puncture 2/ for ..

Now choose suitable metrics for R x M and C*(S*, M). Then for any € > 0, we
can find ko € N and a compact subset K C ¥ such that dist(g(2), fiso(2)) < € for
all k > ko and z € K. We can also assume there is a number sy € (0, 00) such that

(i) L =int K U (U P (50, 00) X sl)),

j
(i) dist(ug 0 9 (s,-),27(- + ¢)) < € for some ¢ € S*, and
(iii) [0s(ar 0 ¢)(s,t) — Q| <€

for all k > kg and s > sg. Then it is possible to choose diffeomorphisms ¢y : 3 — 3
with i
supp(¢x) C Uw]oo([so, o0) x S1)
j
such that for all s > sg and k > ky, dist (i, 0 0l (5,1), e 092 (5, 1)) is uniformly
small. Repeating this for larger & and smaller ¢, we obtain a sequence with the
desired properties. The statement that 4, — s in /\/l(j, L) follows since iy o ¢y
clearly still converges to @i, in C22(3,R x M). O
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Chapter 5

Modifying Foliations under
Surgery

5.1 The main construction

In this chapter we present the proof of Theorem on the existence of stable
finite energy foliations of Morse-Bott type. These foliations live in a closed contact
3-manifold (M, ) which is obtained from the tight 3-sphere (S%, &) by some combi-
nation of Dehn surgery and Lutz twists along a link K C 5% transverse to &. The
details of this surgery were explained in Chapter 2. We begin this chapter by recall-
ing some basic notions, and then describe the procedure for modifying a foliation
under surgery. For technical reasons, we will carry out this program first under a
restrictive assumption on the link K, and then use a branched cover construction
to remove this assumption in Sec. B8 The argument uses several fundamental
compactness results, the proofs of which are presented in Sections and

5.1.1 Planar open books in the tight three-sphere
Identify S® with the unit sphere in C? and define the standard (tight) contact form
Ao on S? in terms of the standard inner product on C? by

Ao(2)v = 2 (iz,v),
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for z € $3 € C? and v € T.S® C C2. Note that this expression is real even though
the inner product is complex. The contact plane (&), at z is the complex orthogonal
complement of z in C?, which can also be thought of as the unique complex line in
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T,S3. Every Hopf circle
Py ={(21,2) €S| 21/ =w} forwe CU{oo}

is a periodic orbit of X, .

The starting point of our foliation construction is an open book decomposition
of (53,4, Ja) by finite energy planes for some contact form with ker A4 = & and
some admissible complex multiplication J4 : & — &. For example one can take the
foliation of (53, \g,4) from Example and perturb Ag so that the binding orbit
P, becomes nondegenerate (see Example B.2.T).

If one prefers to work with purely nondegenerate contact forms, a popular ex-
ample is the so-called irrational ellipsoid: choose positive numbers r1, 7o and define

2 2
H:C* = R:(2,2) —‘212| —+ —|222| .
1 T3

Let Fp(z) = 1/H(z) for z € S* C C2 Then the Hamiltonian flow determined
by H on the energy surface H~1(1) is equivalent to the Reeb flow on (S3, Fr)g).
If r2/73 is irrational then this flow has only two periodic orbits, Py and P.,, both
nondegenerate. Assume 7y < ry: then P, has the smallest period and has Conley-
Zehnder index 3. Choose an admissible complex multiplication Jg : § — & and
define the corresponding almost complex structure Ji on R x 3 in terms of A =
FgAo and Jg. Then it follows from the results in [HWZ95D] that for some choice
of Jg, (S3,\g, Jg) admits a stable finite energy foliation which is an open book
decomposition, all leaves being finite energy planes asymptotic to POo (See also
[HWZ98], where this result is used for a different application.)

Assume the data (A4, Ja) come from one of the examples above, such that Py
and P, are both periodic orbits, pucz(Psx) = 3 and there is a stable open book de-
composition with P, as the binding orbit. Let us state this last fact more precisely,
using the notation of Chapter [l

Proposition 5.1.1. There exists an embedding
Rx S xC-R xS
(0,7,2) ¥ (ar(2) + 0, ur(2))

such that:

!The construction of the open book decomposition for (S*, Ag, Jg), which actually follows from
a much more general result in [HWZ95b], has been likened to “killing a canary with a hydrogen
bomb.” Indeed, given such an explicit construction of a contact form, one would think that the
open book decomposition could also be constructed more explicitly, as is the case for instance with
the degenerate contact form A\g. But no such construction is known.
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1. Foro € R and 7 € S*, the maps Uy, = F'(o*, 7,-): C — R x S® are embedded
Ja-holomorphic finite energy planes asymptotic to Pu.

2. The map F(1,2) = u,(2) is a diffeomorphism St x C — S\ P.,. In partic-
ular the maps u, : C — S* form a foliation of S*\ P which is everywhere
transverse to X, .

Denote this foliation of R x S3 by Fy4, and the projected foliation of S3\ P, by
p(Fa). We will use the leaves of F4 to produce foliations on other contact manifolds
that are obtained from (S2, &) by surgery along transverse links.

Remark 5.1.2. Technically, the full force of Prop. [511 is not needed for what
follows: we only really need the existence of one of the planes i : C — R x S® that
constitute the foliation Fa. In [HWZ95b], the existence of a single leaf u is proved
first, and then the full foliation is constructed by a compactness argument. We will
follow a similar approach after modifying the leaf 4 under surgery.

For the surgery, choose an arbitrary link K C S®, positively transverse to &. By
Lemma 2:2.T], we can assume after a transverse isotopy that each component of K
is C'*°-close to some positive cover of the Hopf circle FP,. Since F, is a periodic orbit
of X,,, it is transverse to p(F4), and thus we may also assume that K is transverse

to p(Fa).

5.1.2 Simplifying the contact form near a link

The next step is to modify the contact form A4 (but not the contact structure)
so that it matches a simple normal form in a neighborhood of K. If Ky C K is
a transverse loop, we can identify a neighborhood of Ky with S! x B2(0), where
BZ%(0) C R? is a small ball containing 0, and use coordinates (6, p, ¢) € S x B2(0)
so that Ko = {p = 0} and Ay = h(0,p, $)(d0 + p?de) for some smooth function
h. Here (p, ¢) are polar coordinates on R2. In the following, the use of coordinates
(0, p, ¢) will always mean an identification of this type.

It would be preferable to simplify A4 so that its coordinate expression depends
only on p; we could then write it in the form Ag = f(p)df + g(p)d¢ as in Chapter Bl
In principle we can achieve this change in A4 by a smooth homotopy and use The-
orem 5571 to homotop the foliation F4 correspondingly—but the change must be
made carefully so as to preserve compactness. We will see that it suffices to make
sure the change is C'-small, and confined to a neighborhood of K. For this we take
advantage of the fact that each component of K is C'*°-close to a positive cover of
the closed orbit F.
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Let us frame this in a more general setting. Suppose (M, \) is a closed contact
3-manifold, £ = ker A\, and P C M is a periodic orbit of X with period 7. Choose
a parametrization  : R/TZ — M of P satisfying @(t) = X,(z(t)). Suppose K =
KyU...UKy C M is a link with each component close to a positive cover of P, in
the sense of Lemma 22Tl More precisely, there are smooth families v St — M
for 7 € [0,1] such that +;(S") = Kj, /9(t) = x(k;Tt) for some k; € N, and for
each fixed 7 € (0,1], the maps 7],...,7% : S' — M are mutually non-intersecting
embeddings transverse to §. Denote K] = ’y}(Sl) and K7 = K] U...U K} for
7€ (0,1].

Proposition 5.1.3. Given the assumptions above, one can choose T small enough
so that there is a contact form N on M with ker X' = & = ker A and the following
properties:

(i) X is Cl-close to \, and differs from X only in an arbitrarily small neighborhood
of K7,

(i1) near each of the knots K7 there is a coordinate system (0, p, ¢) in which K] =
{p =0} and N = c(df + p>de) for some constant c.

Remark 5.1.4. The first property implies that Xy is C°-close to Xy, and equal to it
away from K™. In the case of Ay on S, this means we can assume the perturbed Reeb
vector field X, is still transverse to Fa. This has the advantage that, while changing
Aa sacrifices our precise knowledge of its periodic orbits, we can at least conclude
from the structure of the open book decomposition that any new periodic orbits for
Ap must be linked nontrivially with P,,. This will be crucial for the compactness
arguments to follow.

The key to proving Prop. is to construct a coordinate system in which A
already almost has the desired property, and then perturb A\. Choose an admissible
complex structure J on £, and let g be the metric on M defined by the conditions
that X is a unit vector orthogonal to £ and g|¢ = dA(-, J-). Choose a neighborhood
P C U C M which is retractable to P. Then the complex line bundle §¢ — M is
trivial over U, so we can choose a nonzero section v : Y — £ such that d\(v, Jv) = 1;
the vector fields {X,, v, Jv} form an orthonormal frame for TM over Y. We may
assume without loss of generality that K™ C U for all 7 € (0,1]. Since the knots
K7 are assumed transverse to §, we can choose the parametrizations 77 : St — M
so that A(47(t)) is independent of ¢ (it is positive and depends smoothly on 7).

Lemma 5.1.5. For each component K; C K, there is a ball B#(0) C R? around 0
and a smooth family of immersions 7 : S' x Bj(0) — M, 7 € [0,1], such that
Y7(0,0) = 77(0) for all 0 € S', and (Y])*A = h7(0,p,0)(d0 + p*dg) for some

smooth family of real-valued functions h7, which are constant on St x {0}.
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Proof. For each individual 7 this follows from a standard Moser deformation ar-
gument; one must however make sure that the result depends smoothly on the
parameter 7.

Write ¢ = A(47(t)), recalling that this number is independent of ¢. Let (x,y) be
the Cartesian coordinates on R? corresponding to the polar coordinates (p, ¢). For
each 7 € [0, 1] and some 7 > 0, there is an immersion U7 : S x B2(0) — M defined
by

U0, z,y) = €XPar(9) (\/? (x ~v(v;(0) +y - Jv(’y}(&)))) . (5.1.1)

The exponential map here is defined in terms of the metric g. Clearly ¥7(6,z,y)
depends smoothly on 7, and for any 7 > 0 its restriction to some neighborhood of
51 {0} is an embedding (since W7(-,0,0) = 47 is embedded). Denote af = (¥7)*A,
and define another smooth family of contact forms on S* x B?(0) by of = ¢ (df +
p*d¢) = ¢™(df — ydz + xdy). The contact structure (o = ker of is independent of 7.
For any (4,0,0) € S* x {0} C S* x B%(0) we have

89\1’/7(97 07 O) = A/;(a)v

2,97(0,0,0) = V2cT - v(77(0)),
3,07(0,0,0) = v2¢™ - Ju(+7(0)).

A short computation then shows that of and af are related to each other along
St x {0} by o = of and daj|¢, = daf|e-

Define a smooth family of 1-forms of = (1 — t)af + taf, for t € [0,1], 7 €
[0,1]. On S' x {0}, dall¢, = (1 — t)dag|e, + tdafle, = dajle is nondegenerate,
thus nondegeneracy holds also in a neighborhood of S x {0}, and we can assume
by shrinking B2(0) if necessary that af is a contact form on S! x B2(0) for all ¢
and 7. The goal is now to find a smooth family of diffeomorphisms ¢] between
neighborhoods of S* x {0} such that (¢7)*a] = f7af for some smooth family of
real-valued functions f7. We proceed by assuming that for each 7, the family ¢]
can be constructed as the flow generated by a time-dependent vector field Y;":

2 1) =¥ (610,

We will derive the properties that Y,” must satisfy, then verify that such a flow exists
on a neighborhood of S* x {0} and depends smoothly on 7. It will turn out that
we can assume Y, takes values in ¢ = kera]. Denote f7 = % ff and &f = %a{ .
Then if there is a flow ¢ satistying (o] )*af = f]of, we have
a T\* T __ T\ * T 'T_.TT_ftT T\* T __ T\ * T T
a(%) af = (¢7) (LY[()% +O‘z) =i = fTT(‘Pz) of = (¢7)"(F{ af),
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where )
T ftT 7\—1 a T T\—1
Fl= ﬁo(@t) = &(lnft) o ()
Using Y;" € (], we then compute Ly-af + &f = wyrdaf + & = Fja]. Evaluating
this on ¢ and X,; respectively yields two equations,

dag (YY)l = —dflg  and - &f(Xop) = ],

which determine Y;” and Fy uniquely. Observe that both depend smoothly on 7;
the same will therefore be true of the flow ¢7. On S* x {0}, &7 = of — af = 0, so
Y, = 0 there, implying that the flow does exist on some neighborhood of St x {0},
and fixes S! x {0} itself. Now define f7 by

¢
fl =exp (/0 gl oL ds) . (5.1.2)

This also depends smoothly on 7. With these definitions, it is routine to verify that
9 * * i *
s al = (#])"(Faf) = F=(¢])"af, and thus

t fr
(p}) af =exp / T ds | ag = flag.
0 fs

In particular, setting ¢™ := ¢7, we have (¢7)*a] = ffaf = ™ fT(df + p*de), and
thus

(P70 @) A= () (L) A = (¢")a] =" f](d0 + p*dg).
Observe that F;(6,0,0) = 0 and ¢7(0,0,0) = (6,0,0), thus (5.L2) gives f7(6,0,0) =
1 for all 6. So the desired family of immersions is ¢] = W7 o@", with A7 = " f7. O

Proof of Prop. [ 1.3 We'll use the immersions ¢ : S 1 x B}(0) — M constructed in
Lemma to define a family of contact forms A7 in coordinates such that A — A
in Ctas 7 — 0.

Choose numbers p” € (0, ], smoothly dependent on the parameter 7, such that
p — 0as 7 — 0 and for each 7 € (0,1] the maps 47 restricted to S* x B2 (0)
are embeddings with mutually disjoint images. Choose also a smooth function
B :10,1] — [0,1] such that 8(s) = 0 for s near 0, 5(s) = 1 for s near 1 and
|3'(s)] < 2 for all s € [0,1]. Recall that there are smooth functions A7 such that
(W)X = h3(0, p, 8)(d0 + p*de), and ¢ := h}(6,0) is independent of 0.

For 7 > 0, define A™ to be the unique contact form on M such that

(i) A™ = X outside of ij:l Y7 (S x B3(0)), and
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(i) (W) A" = lNI,_;(H,p7 $)(d + p*dp) on S* x B2 (0), where
K7(6.0.6) = (L= Blo/s" )G + Blo] o7 (6., ).

We claim that A™ — X in C' as 7 — 0. Noting that there are functions f7 such
that A7 = f7, it is sufficient to prove that f™ — 1 and |V f7|, — 0, both uniformly
on M. Since f7 already equals 1 outside of the local coordinate neighborhoods,
we only need check that sup |}sz — R = 0 and sup |V/NZJT — VI |@g7)rg — 0, where
both suprema are taken over the domain S! x B%(0). We can work with a fixed
metric since (¥7)*g — (¢/9)*g uniformly on S* x BF(0). Moreover, any fixed metric
on S' x B%(0) is equivalent to any other one, so we may as well choose the natural
metric defined by the coordinates (0, z,y); then |Vh| simply means the Euclidean
length of the vector (9gh, 8., d,h) in R3.

What makes the gradient estimate possible is the fact that the loops ¢7 (5" x {0})
converge to periodic orbits as 7 — 0, and consequently Vh?(&', 0) = 0. To see this,
use Cartesian coordinates (6, z,y) and compute

(W7)"dx=d [}LJT(G, z,y)(df — yda + xdy)]
= [2}1;(07 r,y) +x 0:h3 (0,2, y) +y 0,7 (0, x, y)] dz A dy
+ [—61}1,;(9, r,y) —y dhj (0, x, y)} do N dx
+ [fayh;((% z,y) +x 0phj (0, x, y)} do A dy
From this we see
0:h3(0,0,0) = —dA(997 (0,0,0), 9:47 (0,0, 0)),
Both vanish for 7 = 0 since 86;1&?(97 0,0) is parallel to X,. It follows that

sup |Vhi(0,p,¢)| =0

pE[0,p7]
as 7 — 0, and thus
1

— sup | = hj(0,p,0)| < sup |[VH}(6,p,0)] 0.
P pefo,p7] p€E[0,p7]

Now we write 55 (6. p. ) — (0. p.6) = (1 — B(o/o"))(¢] — B3 (6. p.)) and use the
fact that S(p/p™) € [0,1] to estimate,

5 (0.9.6) = 150.0.0)| £ |G ~ 150, 0)| <47 sup [VH5(0.p:0)| 0.
pE[0,p7
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and using the assumption |3'(p/p7)| < 2,
/ T
T (156,900 + 11 = 0/ [156. 9.1
<3 sup |Vh]7-(0,p, qb)‘ — 0.
]

PE[0,p™

<

This proves the claim that A — A uniformly to first order. We are now done:
choosing (y7)~" as a coordinate chart near K7, there is a radius py € (0, p") such
that B(p/p™) = 0 for all p < pg, thus within this radius we have the coordinate
expression (¢7)*A7 = ¢} (d6 + p*dg). O

Applying Prop. B3 to the contact form A4 on S? with transverse link K C 52,
we find a Cl-close contact form Ap = fA4 for some smooth function f : S® — R,
such that A\g looks like ¢;(df + p2d¢) in coordinates near each component K; CK,
and A\g = A4 outside a neighborhood of K.

Now choose a smooth family of functions { f, },er such that f, = 1 for » < 0 and
fr = f for r > 1; this defines a smooth homotopy of contact forms A\, = f,A4 from
Aa to Ap, all defining the standard contact structure &. In light of Remark [5.1.4]
we may assume that the Reeb vector fields X, are all transverse to the leaves of
the open book decomposition p(Fy4), and that P, is a periodic orbit for all of them.
In particular, this means every periodic orbit of X, is nontrivially linked with Ps,.
This turns out to be precisely the condition needed to prove compactness for our
moduli spaces of embedded holomorphic curves.

We can similarly homotop the complex structure on &, to a more convenient
form.

Definition 5.1.6. Suppose (M, ) is a contact 3-manifold with contact structure
& =ker A\, and K C M is a positively transverse knot with a neighborhood that
admits coordinates (0, p, §) in which

K={p=0} and A= f(p)df+g(p)do

for some smooth functions f and g. We say that an admissible complex multiplica-
tion J : £ — £ is adapted to the coordinates (0, p, ¢) if

1. dp(J0,) =0, and

2. J is invariant with respect to all rotations (0, p, ¢) — (0+c, p, ¢) and (6, p, ¢) —
(0,p,¢+c)
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Equivalently, J is adapted to (0, p, ) if and only if it can be defined as in
Chapter B by Jv, = B(p)vs, where {v1,v2} is a rotation-invariant frame for &|{ >0y
with v; = 0,, and f(p) is a smooth function. We need to convert the complex
structure on & into precisely this form so that eventually the results of Chapter [3
can be applied for a neighborhood of K. Thus choose some Jg : § — & that is
adapted to the given coordinates (6, p, ¢) near each component K; C K, and choose
a smooth homotopy of complex multiplications

Jr & — &o

such that J, = J4 for all » < 0 and J, = Jg for all » > 1. Associated with A, and
Jr, there is a natural smooth family of almost complex structures J,on R x M.

Let us now adopt the notation of Sec. B.5.7] and call Mg the connected moduli
space consisting of the finite energy planes in the open book decomposition F4. (By
Lemma. 550}, any embedded finite energy plane in the same connected component
of the moduli space must be part of the foliation.) There is a larger connected moduli
space M* which consists of pairs (r,a) where @ is an embedded J,-holomorphic
finite energy plane, and M has a natural inclusion into M*. Since any ¢ = (b,v) €
M is homotopic to some @ = (a,u) € M;, it also satisfies the conditions of
Theorem L5424t in particular v : C — S® is an embedding transverse to Xy, and
the space of nearby planes in M3 foliates both a neighborhood of #(C) in R x 3
and a neighborhood of v(C) in $? \ P.

Theorem 5.1.7. M, /R is compact.
Combining this with Theorem EL5.5T] yields:

Corollary 5.1.8. There are stable open book decompositions F, asymptotic to Pa,
corresponding to the data (S3, ), J,) for each r € [0,1]. In particular, Prop. [51.1
holds when (Aa, Ja) is replaced by (Mg, Jg).

Theorem B.1.7 follows from a more general compactness result, which we post-
pone until Sec. since it will have wider application. For now, let us simply note
that all solutions @ € M7 have the same energy

E,(@) = sup / ad(epA,),
C

weTo

independent of 7 and @. That’s because the asymptotic behavior and Stokes’ theo-
rem imply that this energy is always equal to the period of the orbit P. See also
Prop. B.ILT6, of which this may be considered a special case.
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Remark 5.1.9. Since each solution @ € M} has only the nondegenerate asymp-
totic limit P, convergence in M* follows from convergence in CIO”C(X.J,]R x M),
up to parametrization and R-translation. This follows from Theorem [{.6.23, and
permits us to reduce the question of compactness in Mro,l]/R to one of finding Cfx.-
convergent subsequences. Similar remarks apply to the next two compactness results,

Theorems 5112 and [5. 113,

5.1.3 An open book decomposition with boundary

From the results of the previous section, the situation is now as follows. We have
a contact form X on S®, whose kernel is the standard contact structure &, and an
admissible J : & — & such that (83 A, J) admits an open book decomposition
F as in Prop. BTl consisting of R-invariant families of embedded finite energy
planes G : (C,7) = (R x S, J). All leaves are asymptotic to the nondegenerate
periodic orbit Py, with pcz(Ps) = 3, and the projected foliation p(F) of S\ Py
is transverse to X. Most importantly, there is a positively transverse link K C S3,
presented as a closed braid about P, and living in a neighborhood of Py, such that
each component K; C K has the following property: a neighborhood of K; admits
a coordinate system (6, p, ¢) in which K; = {p = 0}, A = ¢;(df + p*d¢) for some
constant ¢; > 0, and J : § — & is adapted to the coordinates (6, p, ). Notice that
A is horribly degenerate: every point near K belongs to a periodic orbit, which can
be parametrized in coordinates by (8(t), p(t), #(t)) = (ct, po, ¢o) for some constants
¢, po and ¢o. A useful consequence of this observation is that each plane @) is
transverse to the coordinate vector field dp as it cuts through a neighborhood of K.
In order to perform surgery along K without killing the holomorphic curves, we
must convert F into a stable open book decomposition with boundary (cf. Sec. L5.7),
so that the pages do not pass through the region we intend to cut out. To that
end, choose py > 0 sufficiently small, and for each component K; C K, define a
torus around K; by L; = {p = po}. In principle, the intention is now to define
families of totally real submanifolds f/]” C R x S? covering L;, which can be used
as boundary conditions for the pages @ € F after cutting some disks out of the
domain C. In practice, it is complicated to do this for all pages at once and preserve
compactness; as we saw in Sec. L0, we’ll need to assume that the submanifolds i;’
are pseudo-Lagrangian. This is a strong condition, and it will force us temporarily to
throw out all but one page of the open book F, reconstructing a foliation only after
the boundary condition has been simplified. We also need to make a simplifying
assumption which will be in effect for the next several steps in the argument.

Assumption: each connected component K; C K satisfies Ik(K, Py) = 1.
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Here 1k(K;, Py) denotes the linking number of K; and Py, as oriented knots in S3; in
general this could be any natural number. The condition means that each string in
the closed braid representing K corresponds to a unique connected component of K,
i.e. there is no component that wraps around more than once without repetition. As
a result, each page T, of the open book decomposition intersects each component
of K exactly once. We will first prove the main result under this assumption, and
then use a branched cover construction in Sec. to generalize the result.

Recall that if GF : L; — R is a family of smooth functions and [:;’ is defined as
the graph

L7 ={(G9(z),z) eRx M | z € L},

then I?‘; is pseudo-Lagrangian if and only if dG7(X,) = 0. Using the coordinates
(6,¢) on Lj, this means in the present situation that G¢(6,¢) depends only on ¢.
Now choose any page @ = (a,u) = U(oy,) € F and let G? : Lj — R be the unique
function such that

dG?(X,\) =0 and G?(u(z)) = a(?) for all z € u™'(L;).

This is possible because @ is everywhere transverse to X, and thanks to the sim-
plifying assumption, the intersection of u(C) with L; has only one component.

We could extend Zg to an R-invariant family ij and try to construct an open
book decomposition with boundary, but this would be useful only if we could then
modify the foliation under homotopies of A that twist the Reeb vector field near Lj;,
as will be necessary in the next section. It’s difficult to do this and maintain the
pseudo-Lagrangian condition unless G is constant. The solution is thus to make
the family i‘; “asymptotically flat” as in Sec. EL6.2l This will allow us to produce
a stable open book decomposition with boundary where the boundary condition is
actually Lagrangian.

With this in mind, we extend the functions G? to a smooth family G : L; — R
such that

9 (o
1. 5:G7 > 0.
2. dG7(X,) = 5G7 =0.
3. There exists 0p > 0 such that G7 = o whenever |o| > 0p.

In the terminology of Section H.6.2, this defines an asymptotically flat, pseudo-
Lagrangian boundary condition L7 for Problem (BP). We can use the plane @ :
C — R x 53 to produce a single solution to this mixed boundary value problem
as follows. Let N; C S3 be the solid torus {p < po}, which contains K; and has
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boundary ON; = L;. By removing the interiors of N; from S, we obtain a compact
3-manifold M = 5%\ U, (int ;) with oriented boundary OM = —J; L;. Since the
embedding u : C — S? is transverse to M, there is a smooth Riemann surface
with boundary defined by (%,5) = (u™}(M),i). This is just the complex plane
with a finite set of open disks removed; using the natural inclusion C < S? we can
also define a compact Riemann surface with boundary, (%, j) C (S2,4) such that
% =¥\ {oo}. Now the restriction of @ to a map 9y = (bo,v) : ¥ — R x M is an
embedded solution of (BP), satisfying the boundary condition o(7y;) C IN/_? Cc oM
for each component v; C 9X. The map vy : ¥ — M is also embedded and transverse
to X A

Proposition 5.1.10. Ind(%y) = 2 and wind, (%) = 0.

Proof. The second statement will follow immediately from the first by Equation
(E5I0). To see that the Fredholm index is 2, we observe that @ is the restriction
of an index 2 finite energy plane @ = (a,u) : C — R x S® to a subdomain YccC
obtained by removing the finite set of open disks Dy U. ..UDy, = U, v~ (int N;) C C.
Choose a global trivialization of £ — S?; this defines a trivialization ® of u*¢ — C for
which 18, (As) = pez(Ps) = 3, and it also restricts to a trivialization of vi€ — 2.
The generalized Maslov index (%) depends on u&,(A.) as well as the Maslov
index of the subbundle £ := £€NT'L; over each oriented component v; = —9D; C .
We claim 1®(vgl,,, €l,,) = —2. Indeed, identifying D; conformally with the unit
disk D, the restriction of u to ﬁj is homotopic to a map w : D — N; expressed
in coordinates (6, p, @) by w(re*™) = (0, por, 27t). Moving once around 0D with
reversed orientation, the intersection { NT'L; rotates once clockwise with respect to
any trivialization that extends over D; this gives Maslov index —2.
The index formula (53] now yields

Ind(0g) = p(@) +2(g +m — 1) + #I'
= [1dz(Ase) = 2m] +2(m — 1) + 1 = pcy(Pos) — 1 = 2.

O

Remark 5.1.11. The proof above that Ind(9y) = Ind(a) is straightforward but un-
satisfying in a certain sense: there are deeper reasons why such a result should hold.
One way to see this is by working with the normal Maslov index. Since u M X},
one can choose {9,, X»} C T(R x S3) as a frame for the normal bundle of @, at
least away from the punctures. Using the fact that X, is also tangent to each torus
L;, it then becomes obvious that the normal Maslov index at each component of 0%
is 0, and thus py (@) = un(0o). This is why the Fredholm index calculation doesnt
depend on the number of disks removed from S? to create ¥.
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By Theorem [£5.42] ¥y belongs to a smooth 2-parameter family of pairwise dis-
joint embedded solutions {?,},cp20) to (BP). The idea is now to consider the
maximal extension of this family, and extract from it an open book decomposition
with boundary. We will be especially interested in solutions whose boundaries lie
outside the region [—og, 0p] x M, where the boundary condition is flat and locally
R-invariant. To measure this, pick a connected component v C J¥ and denote

m(0) = maxb(z)
zey
for any solution o = (b,v). By Theorem E5.42, the existence of any solution @
implies the existence of another ¢ with m(?’) > m(9). It will now follow from a
compactness result that m(?) can be made arbitrarily large.

Theorem 5.1.12. Let 0 = (bg, v) : Y RxMbea sequence of solutions to the
problem defined above, all positively asymptotic to Py at the puncture co € ¥ and
with vk|7j 1 y; — Lj homotopic to U0|A,j 1 y; — Lj for each component v; C 0.
Then there is a sequence of diffeomorphisms py @ X — X that fix co and preserve
each component of 0¥, such that:

7 7 y Y 3 9 I ~ 1N 7 ~ > 0. o0 o 2147 09
1. Ifm(%y) is bounded, then a subsequence of T.0p), converges in Gy, to a solution

Uoo : 20 — R X M, positively asymptotic to Py, at the puncture.

2. If m() is unbounded, then a subsequence of (b, —m(x), vr) © @i converges
mn O to a J-holomorphic map w : ¥ — R x M, positively asymptotic to Py
at the puncture, and satisfying the boundary condition w(v;) C {const} x L;
at each component v; C 0X.

The convergent subsequence arises from the more general compactness result
in Sec. 5.2] and the statement about boundary conditions is a consequence of the
uniform gradient bound derived in proving that result. We should note that the
discussion of generalized energy in Sec. is crucial here. We use the taming set
T1, consisting of functions ¢ : R x S — [0, 1] that are constant on all of the tori L;’
and satisfy the positivity criterion; then Prop. gives a uniform bound on the
energies E7, ().

The compactness theorem is applied as follows. Start from @y = (by,vo) and
construct a sequence vy = (by,vg) with m(0) increasing. Since vy : Y — M is
embedded and doesn’t intersect P,,, we may assume the same is true for all the maps
vg. If m(0y) is bounded, we find a convergent subsequence 0 0 ), — U0 = (boo, Voo)
and m(0) = m(0s).

Proposition 5.1.13. The map veo : & — M is embedded and doesn’t intersect Ps..
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Proof. Clearly vs, is immersed since wind, () = wind,(0;) = 0. Then v, h X,
and using the fact that X = 0 along L; and v, maps each component of v; C 0%
to a meridian on a unique torus L;, we conclude that v, is injective on the boundary.
(Here we're also using the simplifying assumption that each component K; C K is
linked only once with Py; hence v, maps separate components of 9% into separate
tori.) Now the fact that v., is injective follows from positivity of intersections via
Prop.

An intersection of v, with P, is equivalent to an intersection of 7., with the
orbit cylinder R x P,,. This is also excluded by positivity of intersections since

5(X) NR x Py = 0. O

We can now apply the implicit function theorem again for 7, and find more
solutions with m(?) > m(0s). Thus we can assume without loss of generality
that the sequence ¥y satisfies m(7y) — oo. Then the compactness result again
gives a solution @ = (8,w) : ¥ — M which satisfies the flat boundary condition
w(v;) C {const} x L;. It has a positive puncture at co asymptotic to Ps, and
repeating the argument of Prop. BITI3 w is also embedded, with image disjoint
from P..

From now on we can dispense with nonstandard taming sets and non-flat bound-
ary conditions: assume Z;’ = {0} x L;, an R-invariant family of Lagrangian sub-
manifolds, with which we define the boundary conditions for Problem (BPg). Then
w = (B,w) is a solution to this problem with Ind(w) = 2. Denote by M the
moduli space of solutions to (BPyg), and let M* be the connected component con-
taining @. By the results in Secs. E5.6) and EE5.7, M* is a smooth 2-manifold and
M*/R is a smooth 1-manifold. Since the asymptotic limits are nondegenerate, Cf2-
convergence implies convergence in M* (cf. Remark [.1.9), thus Theorem
implies that M*/R is compact, i.e. it’s diffeomorphic to a circle. The main result
of this section is the following.

Theorem 5.1.14. The solutions in M* constitute a stable open book decomposition
with boundary.

Proof. There is clearly a diffeomorphism ¢ : S' — M*/R which lifts to a diffeo-
morphism
¥R x ST — M*: (0,7) = Wio,r) = (Br + 0, wr),

with W) = w. This is a slight abuse of notation; 3, and w, are not technically
maps on 2, but rather equivalence classes of maps, up to parametrization. The
distinction will be unimportant.

We must first show that w, : Y — M are all embeddings, and that wT(E) N
wy () = 0 if 7 # 7'. Both statements are true for 7 near 0, by the implicit function
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theorem (Thm. £5.42). Combining this with Theorem E.4.4] on self-intersections in
the R-invariant case, we deduce that the subset

{W(,ry € M* | w; is embedded}

is both open and closed; thus it is all of M*. Similarly, the implicit function theorem
tells us that for any 7 € S', w, and w, don’t intersect for 7" near 7. Then by

Theorem @AT] any convergent sequence Wy, r,) for which w,, (X) N uﬂT(i]) = () has
a limit W, r..) for which w, () is either identical to or disjoint from w, (). The
former would imply that @, ) is an R-translation of @), thus 7o = 7.

It remains only to show that the family of maps {w, },cs1 covers every point in

M \ P. Define a subset
N={pe M\ Py |pew(E) for some 7 € S'}.

By Theorem [£5.42] N is an open set. We claim that it is also a closed subset of
M \ P.; indeed, suppose py — p € M \ P, and there are sequences 7, € S and
2k € 3 such that Wy, (z) = pr. We may assume after possibly taking a subsequence
and reparametrizing that W, ) —+ W(e,r) in M*. In particular, w; and w, extend
continuously to maps @, , W, : & — M such that @, — @, in C°(%, M). There is
also a subsequence such that z; — 2., € %, and thus @, (2) — @, (20) = p. Since
p € M\ Py, we must have z,, € 3, hence w,(z) = p, proving the claim. This shows
that N is both open and closed in M \ Py, hence N = M \ P.. O

5.1.4 Twisting the contact structure

Having created a foliation that lives entirely outside of the tori L; C S%, we are
now free to make discontinuous changes such as Dehn surgery and Lutz twists to
the regions NV; inside these tori. By Remark 214 it suffices for present purposes to
consider Lutz twists. Denote the foliation of Theorem LTI by F.

Choose a pair of smooth functions f, g : [0, pg] — R with the following properties:

f(p), 9(p)) = (=1,—p?) for p near 0
f(p)9(p)) = (1, p?) for p near po
D(p) == f(p)g'(p) — f'(p)g(p) > 0 for all p >0

g"(p) # 0 whenever ¢'(p) =0

1
2
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We can then define an overtwisted contact form Ax on S° such that A\x = A in
M C S3, and in coordinates on Nj,

Mk = ¢; [f(p)d0 + g(p)dg)] .

Focusing on the situation near a particular component K; C K, let L. be the
torus {p = ¢} for any ¢ > 0 sufficiently small. The Reeb vector field in this neigh-
borhood is now

X)\K (9) P> @) = [gl(p)aﬁ - f,(p)azb] ;

1
D)
at p = po this becomes é@g. The torus L; = L,, is thus foliated by longitudinal
periodic orbits, with the boundary of each page v : 3 — M of Fx cutting through
these orbits transversely. As one moves further toward the inside of IN;, the Reeb
vector field remains tangent to the tori L,, but its direction twists until it points
in the opposite direction at p = 0. There is thus a radius p_ € (0, po) such that
L,_ is foliated by periodic orbits with no dy-component, i.e. they are meridians.
This picture easily suggests what the eventual goal should be: if we shrink the
boundary condition for the pages ¥ inward through concentric tori until it reaches
L,_, then we can imagine replacing each component of 0¥ by a new puncture,
essentially degenerating the missing disk into a missing point. This would produce
a foliation of the region outside L,_ by finite energy surfaces without boundary,
with new punctures asymptotic to periodic orbits on L,_. This is the general idea;
in practice however, it’s easier to proceed by changing the contact form rather than
the boundary condition.

The radius p_ is a point in (0, pg) where ¢’(p_) = 0; the existence of such a point
is guaranteed by our assumptions on f and g since the path p — (f(p), g(p)) makes
at least a half rotation around the origin in R?. (If there’s more than one point
with ¢'(p) = 0, choose p_ to be the largest that is less than pp.) By assumption,
g"(p=) # 0, thus L,_ is a simple Morse-Bott manifold, foliated by periodic orbits
of the form z(t) = (6, p—,ct). We shall sometimes refer to these informally as
horizontal orbits. Now choose p; > py and a smooth family of reparametrizations
¥y 2 10, p1] = [0, pa], for r € [0, 1] as shown in Figure 5] such that

(i

(ii

1 is the identity,

Pr(p) = p for all p near 0 or py,

—

)
)

iii) ¥/ (p) > 0 for all r and p,
)

(iv) ¥r(po) > p— for all r < 1 and ¢4 (py) = p_.
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Figure 5.1: The family of reparametrizations v, : [0, p1] — [0, p1], 7 € [0, 1].

Define a smooth family of contact forms {A,},¢fo,1] such that in the region {p <
p1} near Kj,
A = ¢ [f (W (p))dO + g (1 (p))de]

and outside of this A\, = Ag. (Note that A\g = A everywhere.) It is easily verified
that the functions f,. := fo),. and g, := go, satisfy the same conditions as f and g;
in particular the tori {p = ¢,7*(p_)} are simple Morse-Bott manifolds of horizontal
orbits for A,. Outside of this critical radius the Reeb vector field X, always has
a positive Jp-component: in particular this is true for all p > py if r < 1. One
consequence is that for » < 1, all periodic orbits of X, in M are still nontrivially
linked with P,,. For r = 1 this is still true in int M, but the boundary M = |J ;i Lj
is now foliated by horizontal orbits. Figure shows the change in the Reeb flow
on L; = {p=po} as r approaches 1.

Choose a smooth family of admissible complex multiplications .J,. on the contact
structures &, = ker A\, which are adapted to the coordinates (6, p, ¢), and define the
almost complex structures J, accordingly. We now ask whether there is a continuous
family of open book decompositions F,. to accompany the homotopy jr, with Fy =
Fr. The answer is yes if we move r through [0, 1), but—crucially—compactness
must fail as r — 1. It’s easy to see why the latter is true: due to the wind, estimates,
each page of F, must be everywhere transverse to X, but this is impossible at the
boundary if all the orbits there are horizontal, since the restriction of a page to each
boundary component is also homotopic to a meridian. So if » — 1, there cannot
be a convergent subsequence of J,-holomorphic solutions homotopic to any page of
Fr. We will find that the only allowed alternative is exactly what we need: each
component of 93 degenerates to a puncture.
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Figure 5.2: The Reeb flow on part of a torus L; (with a holomorphic curve inter-
secting transversely) as r approaches 1. Eventually all orbits become meridians.

To formalize this, we once again adopt the notation of Sec. LTt let M be the
connected moduli space constituted by the foliation Fy = Fg. This is contained
in a larger connected moduli space M* whose elements are pairs (r,9), with o =
(b,v) : ¥ — R x $* a J,-holomorphic solution of (BPp). Using the natural smooth
function h: M* — R : (r,9) — r, write M} = h~1(r) and My = h=a, b].

Theorem 5.1.15. For anyr < 1, M’[*O T]/R s compact.

As with Theorems .17 and B.I.I2) this follows from a more general result dis-
cussed in Sec. 5.2} which is largely a consequence of the linking condition on periodic
orbits of X,. Of course we also need a uniform energy bound:

Proposition 5.1.16. For all @ = (a,u) € MZ for r € [0,1], there is a uniform
upper bound (independent of r) on the energy E,. (@), defined by

E. () = sup /2ﬂ*d(g0/\T), (5.1.3)

»€To
where Ty is the standard taming set {¢ € C*(R,[0,1]) | ¢' > 0}.

Proof. Let T, be the period of Ps. Since u: ¥ — S® approaches Ps, exponentially
fast at the puncture co € ¥, we have

lim WA =T
R—o0 D
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Then using Stokes’ theorem and the facts that |¢| < 1 for all ¢ € T and a is locally

constant on 0%,
/ﬂ*d(go/\r) / (o) / N\,
b)) ) )

The 2-forms d), vanish on the surfaces L;, thus applying Stokes’ theorem again,
the integral on the right for each connected component v; C 9X depends only on
the homotopy class of u|,, : 7; — L;. Using the coordinates (6, p, $) near L;, we
can therefore let z : ST — L; : t — (0, pg, —27t) and compute,

/u*/\,:/ x*/\rz/ A (Z(t)) dt = —2mc;g, (po)-
Vi St st

This is bounded as r varies over [0, 1]. O

Taking the compactness result Theorem B.I.17 as a black box for the moment,
we can apply Theorem [.5.51] once again:

Corollary 5.1.17. For each r € [0,1), there is a stable open book decomposition
with boundary F, for the data (M, \,, J,.), each with positive binding orbit Pa..

Compactness fails as  — 1, but as is so often the case with holomorphic curves,
this does not in the least mean that interesting things aren’t happening.

Theorem 5.1.18. Let Gy, = (ay,ux) € M;, with r, — 1. Then there is a finite set
I" C C, a sequence of numbers ¢, € R and diffeomorphisms ¢, : S2\T" — int ¥ that
fiz 0o, such that a subsequence of (ay, + cx,uy) o py converges in C(C\ IV, R x S3)
to a Jy-holomorphic finite energy surface

4= (a,u): $*\ ({oc}UT") - R x 2.

All the punctures of i are positive, the asymptotic limit at oo € S? is P, and for
each component v; C OX there is a corresponding puncture z; € I such that the
asymptotic limit at z; is a simply covered horizontal orbit on L;.

Section will be devoted to the proof of this result.

Denote by M the space of all finite energy surfaces @ = (a,u) : C\T" — R x S3
obtained from Theorem [E.T.18 as limits of solutions in M} for r < 1. Applying now
some routine intersection theory, we will show that the curves in M7 form a finite
energy foliation of stable Morse-Bott type in M = S3\ | |, int V.

Proposition 5.1.19. The moduli space M7 has the following properties.
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(1) Forallt = (a,u) € M}, u: C\IT" — int M is an embedding, and Ind() = 2.

(ii) If i = (a,u) € M} and v = (b,v) € M3, then the images of u and v are either
identical or disjoint.

(i1) Every point p € int M is in the image of u for some 4 = (a,u) € Mj.

w) For each component L; C OM, every horizontal orbit P C L; is an asymptotic
p J ’ Y ] ymp
limit for a unique R-invariant set of curves (a + c,u) € Mj, c € R.

Proof. Using the wind, estimate of Sec. I3 for finite energy surfaces with Morse-
Bott asymptotics, one can show that wind,(a) = 0 for all @ = (a,u) € Mj; this
calculation will be carried out in the proof of Theorem B3Il The key is that the
Conley-Zehnder indices at the Morse-Bott limits can be deduced from purely geo-
metric considerations, via Prop. and Theorem (.21l The same calculation
implies Ind(a) = 2.

We conclude that u is immersed. It is also somewhere injective since it has
simply covered asymptotic limits. If u fails to be injective, there must be an isolated
intersection @(z1) = u°(22) where a¢ = (a+c,u) for some ¢ € R. Choosing a compact
set ' C C\T" that contains both z, and 2, there is a sequence @y = (ag, ux) € M;,
for 7, — 1 and diffeomorphisms ¢y, : S? \ IV — int ¥ such that iy, o ¢ — @ and
0 — ¢ in C°°(K,R x M). Then by positivity of intersections, there are points
¢ near z; and ¢ near zp such that iy o pr((1) = 4 o ¢r(¢2) for some large k, a
contradiction since u : 3 — M is injective. This proves (i). The proof of (ii) is
almost identical.

To prove (iii), note that for any p € int M, there is a sequence iy = (ag, u;) €
M;, with 1 — 1, unique up to R-translation and parametrization, such that p €

uk(X). Then by Theorem BII8 we can assume there are diffeomorphisms ¢y :
S2\T" — int ¥ such that o pp — @ = (a,u) € M; in C(C\I",R x S?). Suppose
zr, € C\I" such that uiopg(z) = p. We claim that z;, stays within a compact subset
of C\ I'. If not, then a subsequence converges to a puncture, and Theorem
implies that uy o ¢g(2x) converges to either P, or OM, a contradiction. Thus we
can assume zj, — 2o, € C\ I, and wuy, 0 pr(21) — w(ze0) = p, proving (iii).

The statement (iv) follows from the implicit function theorem (Thm. E5.47)
and similar intersection arguments applied to the moduli space ./\/l(jl) of all Ji-
holomorphic finite energy surfaces contained in M. We claim that M7 is a connected
component of M(J;). Indeed, for any @ = (a,u) € M; C M(J;), Theorem E5.44]
implies every & = (b,v) € M(J;) that is not an R-translation of @ and is suffi-
ciently close to @ in M (.J 1) is also disjoint from it, in the sense that u and v don’t
intersect. But from (iii), we know that v does intersect w for some other curve
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w = (B,w) € Mj, and if the images of v and w are not identical, we apply posi-
tivity of intersections and derive an intersection of v with w, hence a contradiction.
This shows that M? is an open subset of M(J;). It is also a closed subset, by a
similar intersection argument. It’s easy to see now that M7 is connected in the
topology of M(.J); in fact,

M /RS

An explicit parametrization of this space can be derived by finding the unique in-
tersection point of u with the Hopf circle Py for each @ = (a,u) € M. Recall that
Py is a periodic orbit, so one finds that @ always has one positive intersection with
the orbit cylinder R x F.

We know from Theorem [£.5.44] that neighboring curves in Mj /R have distinct
Morse-Bott limits at each puncture in I'. The limits of @ = (a,u) € M;j and
0 = (b,v) € Mj at z € I are therefore distinct unless [i] = [0] € M7 /R; otherwise,
v would have to intersect the close neighbors of u, contradicting (ii). O

Corollary 5.1.20. The moduli space M constitutes a finite energy foliation of
stable Morse-Bott type for M = S3\ int N, with respect to the data (i, J;).

In each of the solid tori N;, we have coordinates (0, p, ¢) in which \; takes the
form f(p)df + g(p)de and J; is adapted to the coordinates—thus the interior of N;
can be foliated by the explicit constructions of Sec. BIl This works even if Nj is
changed by nontrivial Dehn surgeries. Supplementing these foliations with the orbit
cylinders over the Morse-Bott orbits on L; = ON;, we’ve constructed a finite energy
foliation of stable Morse-Bott type for the contact manifold obtained from (53, &)
by Dehn surgeries and Lutz twists along K. This completes the proof of the main
result, under the simplifying assumption that lk(K;, Ps) = 1 for each component
K i C K.

This restriction will be removed in the next section.

5.1.5 The proof for general closed braids

The previous constructions cannot be assumed to work if K contains a knot K; with
Ik(K;, Px) > 2. The trouble begins when we try to define the boundary condition
for Problem (BP): the surface ¥ must now have at least two distinct boundary
components mapped to the same torus L;, and it may not be possible to construct
any family of pseudo-Lagrangian submanifolds covering L; for which the original
open book decomposition contains a solution. Even if we could do this, there would
be problems preventing different boundary components from running into each other
along L; as the solution is deformed.
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To avoid this complication, we shall use the previous arguments to construct
a foliation on another contact manifold (M (”>,/\(1n)) with boundary, which defines
a branched cover of (M, ;). An intersection argument will then show that the
foliation has a well defined projection to a foliation on M. Here are the details.

First, assume K C S% is an arbitrary transverse link, and we have carried
through the argument up to Corollary B 1.8 Thus K is a closed braid near B,
with 1k(Kj, Py) > 1 for each component K; C K, and we have a planar open book
decomposition F for some tight contact form A and complex multiplication J that
have the usual simple form in neighborhoods N; O Kj. In particular the Reeb orbits
are tangent to M, where M is S® with the solid tori N, ; removed, as before.

Let E = $3\ Py. Then the open book decomposition defines a fibration E — S1
with fibers E, for 7 € S! corresponding to the pages of the foliation F. For any
n € N, there is another smooth fibration E(® — S' defined naturally by setting

E™=p, .

The total space E™ is then a noncompact manifold diffeomorphic to E = S*\ P,
and there is a natural smooth n-fold covering map

p: EM™ FE,

along with a cyclic group of deck transformations ¢/* : E™ — E® for k € Z,,
generated by the map v that defines the natural diffeomorphism

B 25 B™,

for each 7 € S*.

All of the data we have on E = S*\ P, now lifts to the covering E™. In
particular, define a contact form A = p*A on E™ along with an admissible
complex multiplication J™ = p*J : €0 — ¢ These define an almost complex
structure J™ on R x E®™_ and each leaf of the foliation F also lifts to n distinct
J (")_holomorphic embeddings C — R x E™. The deck transformation 1 satisfies
P*A® = X and ¢*J™ = JO) | thus it defines a .J™-holomorphic diffeomorphism

Y:Rx E™ 5 Rx E™: (a,2) = (a,9(z)).

There is also a transverse link K™ = p~}(K) C E™ such that y(K™) = K™
as well as a tubular neighborhood K™ ¢ N ¢ E(™ with 1/1(N(">) = N™_ Notice
that K and K™ each define closed braids with the same number of strings, but K™
need not have the same number of components as K, and the deck transformations
may permute components. The point of all this is that if n is chosen to be the least
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Figure 5.3: The top is a transverse knot K with lk(K, P,,) = 3, represented as a
closed braid. The bottom is the 3-fold cover K® c E®) with three components
cyclically permuted by .

common multiple of all the linking numbers 1k(K;, Ps,), then K™ has precisely as
many components as the number of strings in the braid, i.e. each component wraps
around only once (Figure[5.3)). Thus our surgery techniques can be applied to derive
a foliation of E™ \ N, However, before doing this we need to make (£, A()
compact, which requires closer examination of the covering map in a neighborhood
of the binding orbit P...

For this purpose we need to assume there are coordinates (6, p, ¢) on E near P,
in which Py, = {p = 0}, J is adapted to the coordinates and A = f(p)df+ g(p)d¢ for
some functions f and g that satisfy f'g” — f”¢g’ = 0 near 0. This is easy to arrange,
for instance, by choosing the initial open book decomposition to be the stabilized
foliation from Example 3211 It is almost true for the irrational ellipsoid as well: Ag
takes the right form in the coordinates from Example B.2.0] though Jg might not
be adapted, but this could presumably be fixed by a deformation argument similar
to Sec. B2l In any case, we assume J is defined by a condition of the form

Jui = B(p)ve
as in Chapter B, where v; = 8, dp(v2) = 0 and dA(vi,v2) = 1. One can deduce
from these facts that if J is smooth at P, we must have lim, o 3(p) = ¢”(0) > 0.
The assumption f'¢” — f”¢’ = 0 means that the trajectory p — (f(p),g(p))
through R? follows a straight line. This, and the condition on J are unaffected if
we make a coordinate change of the form

(8,p,9) > (8, p, ¢ + 27k0)

for some k € Z. We may therefore assume without loss of generality that the planes
of the open book decomposition do not wind around P,, as they approach—this
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implies also that the circles {(p, ¢) = const} for p > 0 are unlinked with Ps,. We
can now deduce something about the slope of the trajectory (f(p),g(p)) from the
fact that p1cz(Ps) = 3. Indeed, let vo(0) = 0, € (9,0,0) be the nonzero section of &
along P,, determined by the coordinates, and let v be a global nonzero section of
£. Some general knowledge of the tight three-sphere then implies Wind;‘; (v) = -1,
and from Prop. B 12, we have k

3 = pez(Pos) = péy(Poo) + 2windp,_(vo) = 2 {— 7O J +3,

2mg"(0)

hence f”(0)/27¢"(0) € (—1,0).

With this preparation, we choose similar coordinates (6, p, ¢) on a neighborhood
of the missing unknot in £, and define the covering map in this neighborhood
explicitly by

p(6,p.¢) = (6, p,ng).
Since the framing along P, determined by the open book decomposition is the same
as that of the coordinate system, this map extends to the rest of £ in a manner
determined by the pages of the open book. Let E(") be the compactification of £
obtained by filling in the circle PO = {p = 0}. Then p extends as a branched
covering map
p: B S8,

which is nonsmooth but continuous at Po(:f); the latter is mapped homeomorphically
to Ps. In coordinates on E™ | the contact form is now

A = f(p)do + ng(p)dd =: fu(p)df + gu(p)do,

which extends smoothly to E(n). Moreover, Po(ff ) is then a nondegenerate periodic

orbit, with
"(0) 1 f"(0)
Py = o |- Sl 3=2|—- 3=3
poz(P) \‘ 2! (0) + n 2mg"(0) +

A complication arises with the complex structure J™ = p*.J: defining the usual
symplectic trivialization {v@7 vé")} of €™ a calculation shows that

T = Bu(p)es”

where 3,(p) = B(p). This looks great but is actually terrible, because we know that
J® can only be smooth at P if gn(0) = lim, 0 B, (p), which is not true since the
same thing equals g”(0) = ¢//(0)/n.
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We will therefore need to change 3, before proceeding. By the discussion in
Sec. 5.2 this can be done without sacrificing the given family of holomorphic curves
asymptotic to Ps. Indeed, these maps lift to J(-holomorphic embeddings

0= (bv):C—>Rx "

which are contained in Rx E™ and approach pPw asymptotically. Changing f,,(p) in
aneighborhood of 0 so that J™ becomes smooth at PO(Q), the condition f) gl — fl'gl, =
0 implies that we can find new solutions @ that match ¥ outside a neighborhood
of P, These form a stable open book decomposition of (Fn7 AT by finite
energy planes.

We now repeat the arguments of the previous sections to define a finite energy
foliation of stable Morse-Bott type on M™ := E" \ int N®  with the contact form
twisted to )\3"), which has horizontal Morse-Bott orbits on M. All changes to
A and J can be made in an equivariant away, e.g. we can define the homotopies
A" and JM by pulling back similar homotopies A, and J, on M via the covering
projection. This guarantees that there is always a Z,-family of deck transformations
F 1 M) — M® which preserve both the contact form and the complex structure.
In particular, Z, acts on (M <">,,\§">, Jl(”))7 and therefore on the almost complex
manifold (R x M ™), jl(")) via holomorphic diffeomorphisms 1[1" . In addition to the
finite energy foliation F for (M™, A J™) we therefore obtain n such foliations
Fi = 1/;]‘(]—') for k € Z,.

Proposition 5.1.21. The foliations Fy, for k € Z,, are all identical.
Proof. Tt suffices to show that for any leaf @ = (a,u) € F, the curve
Yoli=(a,pou): Y —Rx M

is also a leaf of the foliation. This follows from the intersection theory of finite energy
surfaces. Indeed, if Yo is not a leaf, it must have finitely many isolated intersections
with some other leaf o = (b,v) € F, and by positivity of intersections, these cannot
be eliminated under homotopies. Thus ¥ o @ also has isolated intersections with .
Such intersections also cannot be eliminated under arbitrarily large R-translations,
so v o @ intersects @° = (a + o,u) for all o € R. Since a : ¥ — R is a proper
map, choosing o large forces these intersections toward the asymptotic limits. But
u and 1[; o clearly have distinct asymptotic limits, and neither curve intersects the
asymptotic limits of the other, thus we have a contradiction. O

The situation is now as follows. There is an n-fold covering map p : M™ \
PO 5 M \ P and a stable Morse-Bott finite energy foliation F on M™ which
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is invariant under the deck transformations ¢* : M™ — M®  Redefining the
complex multiplication over M \ Py, by J; = p*Jl(n) and defining the corresponding
almost complex structure J; on R x (M \ Ps), the foliation F now projects to
a Ji-holomorphic foliation of R x (M \ Py), cach leaf having a positive puncture
asymptotic to Py. To make this an honest finite energy foliation, we must once
again change J; to a smooth complex multiplication near P, and the foliation
survives this change by the same argument as before.

The proof of Theorem is now complete.

Of course, we postponed the hard part: the compactness proofs will be dealt
with in the next two sections.

5.2 Compactness by linking arguments

In this section we present a compactness result which implies Theorems [5.1.7,
and The recurring theme is that any bubbling that arises will present a
contradiction to some known fact about linking numbers of knots in S2. To illustrate
the idea, let us start by sketching a proof of the simplest version, Theorem B.I1.7
Recall that in that case, we have a compact sequence of almost complex structures T
defined by contact forms \j, on S® whose Reeb vector fields have the property that all
periodic orbits other than Py, are nontrivially linked with P,,. Then given a sequence
of embedded Ji-holomorphic finite energy planes iy = (ag,u) : C — R x 83, all
asymptotic to P,,, we argue that there must be a uniform gradient bound, and thus
by standard results in elliptic theory, @ has a convergent subsequence. The gradient
bound is obtained by a bubbling-off argument: if there is no such bound, one can
reparametrize 4 on a shrinking sequence of disks so that the reparametrized maps
have a subsequence convergent to another finite energy plane & = (b, v) : C — Rx S3.
For energy reasons, © must be asymptotic to a periodic orbit P C S® with smaller
period than that of P, ; thus P is a different orbit, and must therefore be nontrivially
linked with P.,. Topologically, v : C — S? defines a disk spanning P, which must
therefore intersect P.,,. But this presents a contradiction, for it would allow us to
prove that uy, intersects its asymptotic limit for sufficiently large &, and this is known
to be false in our situation.

This simple argument is an important ingredient for proving the more general
result for holomorphic planes with boundary. An additional complication arises
in the latter case because the domain may have varying nonequivalent conformal
structures. This widens the range of bubbling phenomena that we’ll have to consider,
but we will still be able to exclude such possibilities by linking arguments. Figure[5.4]
attempts a pictorial rendering of the contradiction described above, and one other
non-bubbling argument which will be useful in what follows.
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Poo POO

Pso K

Figure 5.4:  Some topological obstructions to noncompactness. Left: a finite energy
plane bubbles off and produces an illegal intersection with the asymptotic limit P.
Right: the appearance of a node produces an illegal intersection with the transverse
knot K.

We begin by summarizing the properties of our setup that are crucial for the
compactness proof. For any pair of oriented knots v and 7/ C S%, denote their
linking number by lk(v,+'). We are given an oriented knot P, C S and an oriented
link K = K1 U...UK,, C $*\ Py whose components satisfy lk(Pa, K;) > 0B Each
knot K is the center of a solid torus N;; we assume that these solid tori are pairwise
disjoint and that N := Ny U...UN,, C S® is disjoint from P,. Denote ON; = L;
and M = §*\ (int N), so the oriented boundary of M is M = —J, L;. Let A, be
a sequence of contact forms on S® which are C*-convergent to a contact form A,
and satisfy the following properties for all £ < oo:

1. P is a nondegenerate periodic orbit of X, .
2. Any other periodic orbit P C M \ Py of X, satisfies lk(P, Py,) # 0.
3. X

. is tangent to each torus L;

4. There are trivializations @ of &y (where & = ker Ay) such that pds (Ps) = 3
and, if ¥ C L; is a positively oriented meridian, Wind$k (TL;N&,) =1

2None of the compactness discussion here depends on the simplifying assumption made in
Sec. EI13 that 1k(Kj, Ps) = 1; except perhaps implicitly, in that we assume there are uniform
energy bounds.

199

In our specific setup, the trivializations ®j, are derived from a global trivialization
of the standard contact structure &, using the fact that &, and &, are homotopic
distributions on M (not on all of S%).

The almost complex structures jk on R x S are defined in terms of A, and
a compact sequence of admissible complex multiplications Jy : & — &. We can
assume by taking a subsequence that there is a complex structure J, such that
Ji = Jo in the C™-topology, and thus J; — Js.

We will consider sequences of jk—holomorphic curves iy = 3 — Rx S3, where 0%
has m connected components 71, . . ., ¥, and solutions satisfy a boundary condition
of the form ay(y;) C I:;’ The totally real tori E;’ C R x S% are graphs of smooth
families of functions {Gj’ : Lj = R},ecr. We assume these families are asymptotically
R-invariant in the sense that %G}’ is constant for sufficiently large |o|, and also that
each torus i}’ is pseudo-Lagrangian with respect to A\, for all k. These assumptions
cover two qualitatively different situations that arise in the construction of foliations:
in one case the contact forms A\, are all identical while the families DJ’ are not R-
invariant but pseudo-Lagrangian and asymptotically flat—in the other case we use
a sequence of distinct contact forms with fixed R-invariant families of Lagrangian
submanifolds. FEither way, there is a taming set 7 which gives uniform energy
bounds for the solutions of interest (see Props. ELG.10 and B.LIG).

Remark 5.2.1. The discussion so far assumes LS and i;’ are disjoint if j # i, but
one could just as well allow them to be identical, so that different components of 0%
satisfy the same boundary condition. This is necessary if one of the knots K; has
lk(Kj, Py) > 2.

Theorem 5.2.2. Given the data on S® described above, let Y = S?\ (D, U. ..UD,,) be
the sphere CU{oo} with a finite collection of open disks D; C C removed, and denote
N=3 \ {oo}. Let @y = (ag,ur) : Y = R x S be a sequence of Jy-holomorphic
solutions to Problem (BP), each positively asymptotic to P, at co, and with the
following additional properties:

(i) u(X) C M\ Py for all k.

(i) For each component v; C 0¥ and for all k, the oriented loop uy(7y;) is homo-
topic along L; to a negatively oriented meridian, i.e. Ik(uy(;), Px) = 0 and
Ik(ug(v;), K;) = —1.

(ii1) There is a taming set T for which the energies

Ey(i) = Sllp/ﬂ*d@?)\k)

weT J3

are uniformly bounded.

200



Then there is a sequence of numbers ¢, € R and diffeomorphisms ¢y : ¥ — X that
fix 0o and preserve each component of O, such that the translations (ay + cg, uy)
are solutions of (BP), and a subsequence of (ay + cx, ur) o o converges in to a
Joo-holomorphic solution G of (BP) with positive asymptotic limit Ps,.

0
loc

Theorems and follow from this immediately. Theorem [B.1.7 follows
as a special case by assuming K = () and m = 0.

One can gain intuition as to why Theorem [5.2.21should be true by imagining how
the main compactness theorem from [BEHWZ03] might be adapted for Problem
(BP). We expect that a priori, 4y = (ag,u) should converge to some kind of
holomorphic building with boundary, with multiple levels connected by periodic
orbits as well as separate components connected by nodes in the interior and at the
boundary (Figure £5). Then there is a continuous map u : ¥ — M such that
U — Us in the C%-topology, and we could extend these all to continuous maps
C — 53 by sending the disks D; into N, using the fact that wu, maps each boundary
component to a meridian. In principle then, this reduces to the case ¥ = C, where as
we outlined above, bubbling off can be ruled out by a fairly simple linking argument.

In practice, proving a general Gromov-type compactness theorem would be
rather difficult because we’re not making any serious assumptions about the nonde-
generacy of Ay. This means the set of periods of X might not be discreet, so we
cannot bound the energies above zero. Fortunately this is unnecessary; the actual
compactness of i, can be established more directly by topological arguments. We’ll
work through this in the next few subsections.

5.2.1 Gradient bounds

The first step in proving Theorem is to find uniform gradient bounds for the
sequence Uy : ¥ — R x $3. Note first that the complex structures j; = ﬂ;jk extend
over the puncture co € ¥ to give smooth complex structures on ¥. We shall deal
first with the case in which (X, ji, {oo}) is a sequence of stable Riemann surfaces in
the sense of Appendix [B] i.e. X(E) < 0. After establishing uniform gradient bounds
in the stable case, it will be easy to apply the same methods and complete the
compactness proof in the non-stable cases. The next section will then deal with the
possibility that j, might degenerate, which is only relevant if 9% has at least two
boundary components.

For most of this section, we therefore assume x(2) < 0. Recall that each stable
Riemann surface (¥, ji, {c0}) defines a natural hyperbolic metric hy, on 3 = 3\ {oo},
for which each component of 9% is a geodesic (see Appendix [Bl). This metric is
the restriction of the Poincaré metric h? defined on the doubled surface (ZD D).
Denote the injectivity radius of kY at any point z € 2 cBP by injrady, (2).
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Figure 5.5: Finite energy planes with two boundary components converging to a
three-level holomorphic building with boundary.

202



Fix any metric g on S° and extend it in the natural way to an R-invariant metric
g on R x S3. In the following, we will always use the Euclidean metric on subsets
Q of C or R x S, and one of the Poincaré metrics hy on . Then our notation for
norms of first derivatives is defined as follows:

: di(2)Y];
PN ORxM = |di()= sup 1Y
vernop Y
: dp(2)Y |,
p0m% 5 ldp= sup P
veevp Y]
di(2)Y;
1:Q=>RxM = [V3(z)| == sup |do(2)Y ]
veevoy Y]

The main objective of this section is a bound on |diiy|:
Proposition 5.2.3. If x() < 0, then there is a constant C > 0 such that

C

-~ S
|dtig ()] < injl“‘ddh,c (2)

(5.2.1)

for all z € Y and all k.

The bound will follow from a bubbling off argument carried out in conformal
coordinates, but before delving into the details, we must first prove that such coor-
dinates can always be chosen with careful control over the first derivatives. To set
this up, assume (X, 7,T) is a stable Riemann surface without boundary. We assign
to X = £\ T the Poincaré metric h, and denote by injrad, (z) the injectivity radius
of h at the point z € ¥. Observe that for a given topological type of 3, there is
a universal upper bound for injrad,(z), independent of j and z; this follows from
the Deligne-Mumford compactness theorem and the fact that injrad,(z) approaches
zero at each puncture.

It will be useful to recall the universal cover of (E, 7). If n is the Euclidean metric
on D, we define the hyperbolic metric . on the open unit disk D C I by

~ 4

h, = ———==50..
TEDR

Then there is a holomorphic covering projection p : D — EN such that p*h = h.

Any two points in D are connected by a unique geodesic of h, which is a circular

arc or line segment that meets D orthogonally at times +oo. Thus the distance
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from 0 to any point z € D is an integral over the line segment connecting them; we
characterize this by a function

D = diss 0.2) = [ QLU (1 * "") | (5.2.2)

11— 1— |2

This is an increasing diffeomorphism f : [0,1) — [0, 00), and its derivative is also an
increasing function. The group of deck transformations is a subgroup G C Aut(D)
acting freely on D, and we have 3 = D/G. Recall also the standard fact that for
any z € D,

im‘]'raudh(p(z)):1 inf distj (2, ¥(2)).

2 peG\{1d}
See [HmI7] for a proof. )
In the following, we shall always use h as the metric on 3, while using the
Euclidean metric on the closed disk I (not to be confused with the hyperbolic open
disk (D, h)).

Lemma 5.2.4. Let (Z,j) be a punctured Riemann surface without boundary. There
are positive constants ¢; and C; depending only on the topological type of 3 (i.e. not
on j), such that the following is true: for any zy € Y and any geodesic 7y passing
through zo, there is a holomorphic embedding ¢ : D — % such that o(0) = z, ¢
maps RND to v preserving orientation, and

a1 -injrady (20) < |de(2)]n < Cy -injrad,(z0)  for all z € D. (5.2.3)

For any p € [0,1], the image ©(D,) is then a closed ball of radius d(p) in (%, h),
where

cop - injrady (z0) < d(p) < Cop - injrad, (o) (5.2.4)

and the injectivity radius at any point o(w) for w € D with |w| = p can be estimated
by

(c3 — cap) - injrad, (20) < injrad, (p(w)) < (14 Csp) - injrad, (20) (5.2.5)

Proof. The embeddings can be constructed more or less explicitly in terms of the
cover p: (D, 7L) — (2, h). Given z € 3 and the geodesic 7, we can compose p with
an automorphism of D in order to assume, without loss of generality, that p(0) = zo
and p(R ND) =+, the latter preserving the direction of .

Now for some r € (0,1) define a holomorphic immersion by ¢ : D — ¥ by
©(z) = p(rz). We claim that this is an embedding if f(r) < injrad,,(z0), where f is
the function defined in (5:2:2). Otherwise, denoting by D, the disk of radius r, there

204



is a deck transformation ¢» € G such that D, and ¢ (D,) intersect. Assuming this,
pick z and 2’ in D, such that ¢(2') = 2. Then using the fact that ¢ is an isometry
of h,

dist;, (0,4(0)) < dist;,(0, z) + dist;, (2, ¥(0))
= dist;,(0, 2) + distj, (¢(2"), 1(0))
= dist; (0, z) + dist; (0, 2')
< 2dist; (0,7) = 2f(r) < 2injrad, (zo) < dist;(0,%(0)),
yielding a contradiction. We can therefore assume ¢ is an embedding if we set
7= £ f(injrad,,(2)). This number is related to the derivative of ¢ as follows. At
any z € D, using the fact that p is an isometric immersion (D, h) — (3, h), we have

|dp(2))2 = ‘bl‘lp |h¢(z) dp(rz) - rv,dp(rz) - rv | =7? ‘bl‘.lp
v|=1

B (v, v)‘

) 4 of? 472
=7?su =
i (1= [r2?)? (1 =r2[2?)>

so |dp(2)]; is uniformly bounded between 2r and 2r/(1 — r?). The lower bound
is precisely f~!(injrad,(z0)), and the upper bound is itself bounded by % - 2r =
2 f~Y(injrad,,(z0)) since, by our definition, r never exceeds 1/2. Noting that f’(0) > 0
and f’ is increasing, we can easily choose a constant C' > 0 such that Cx > % )
for all . Similarly we can choose ¢ such that cx < f~!(x) for all x € [0, M], where
M = sup, ;injrad,(z). Thus we have

c-injrad, (z0) < f~'(injrad, (2)) = 2r

< dp(2)]n <

4
T ! = < ginjradh(zo) < C' -injrad,,(z).

It is clear from this construction that for any p € [0, 1], ¢(ID,) is a closed ball of
radius d(p) := f(pr) in (3,h). There are constants ¢ and C such that cx < f(z) <
Cz for all x € [0, f~1(M)], thus

C
0P njrady(z0) = 5=pf(2r) < cor

< f(pr) = d(p)

C C C
< =—pc-2r < — = —p-inj .
< Cpr 5.PC 2r < 2Cpf(2r) 5 injrad, (zo)

Finally, let w € D with |w| = p € [0, 1]. To bound injrad, (¢ (w)) from above, note
first that for any € > 0, there is a point 22 € p~'(29) C D such that dist; (0, z2) <

QC
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2injrady,(z9) + €. Then let w; = rw € D and choose another wy € D such that
plws) = p(wr) = p(w) and disty (22, wo) = dist; (0, w1) = f(rp). We have

injrad, (p(w)) < = disty, (w1, wo)

1
2
1
< 3 (distj,(wy, 0) + dist; (0, 22) + dist;, (22, w2))
C
= injrad,(20) + f(rp) + € < (1 + %p> injrady, (z9) + €.

A bound from below is obtained by observing that the ball of radius dist; (0, r) —
dist; (0, wy) = f(r) — f(pr) about wy € D is contained in I, C D, so the projection
down to ¥ is injective on this ball. Consequently, any other point w, € D with
p(wz) = p(wy) = p(w) is at least this far away from w;, and

injrad, (p(u)) > 3(Fr) ~ Flpr)) > 5(er — Cpr) = 250 o
> (E - ip) F(2r) = (@ - ip) injrady (z0).

O

Remark 5.2.5. Lemma [5-27 extends to surfaces Y with nonempty boundary as
follows: for any zy € 0%, the component v C 9% containing zo is a closed geodesic
in the doubled surface (ED hP). Thus the lemma gives an embedding ¢ : DT — 3
that sends 0 to zy and RN D' into OX.

Proof of Prop. [5.2.3 Assume there exists a sequence z; € ¥ such that injrad,,, (zx) -
|da(zk) | — oo. Using Lemma [5.2.74], choose a sequence of holomorphic embeddings

gpk:]D)‘—>Z.lD

such that |dpg|g, the radii of the disks (D) and the injectivity radius satisfy the
bounds specified in the lemma. Let

pe=min {|¢| [ ¢ € ¢, ' (O%)},

or pr = 00 if pE(D) NIL = . The sequence p; determines whether or not we can
restrict the embeddings ¢ in a uniform way so that their images are in 3.

Case 1: assume there is a number p € (0,1] and a subsequence for which py > p.
Then the restrictions of ¢ to D, are embeddings into ¥, and we can define a
sequence of pseudoholomorphic disks

By = (b, vp) = g o D, — R x 52,
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which satisfy a uniform energy bound

Ek(’ljk) = sup/ ﬁ;d(gé?/\k) < Ek(ﬂk) < C.
Dp

eT

Denoting the Euclidean metric on D by 7, the fact that ¢ : (D,,n) — (Z,hk) is
conformal implies that the norms of dyy(z) and its inverse are reciprocals. Then a
simple computation shows

By Lemma [l.6.5, we can choose a new sequence ¢ € D, and positive numbers € — 0
such that Ry := |V(z)| — 00, exRr — o0 and [Vo(()| < 2Ry, for all ¢ € D, with
|¢ — C| < €, Assume without loss of generality that B, ((;) C D, and define

Vet Deyr, — Be, (G) 1 ¢ = G+ Ri
&

Now, if there is a subsequence for which b (Cx) is bounded, define a rescaled sequence
of Ji-holomorphic maps @y, = (B, wy,) : De,r, — R x S3 by

(Br(€), wi(C)) = (br 0 1i(C), vk © ¥ (C))-
We change this slightly if |b;.((x)| — oo and define
(Br(€), wr(€)) = (b © ¥e(C) — br(Ck), ve © Yk (C))-

In either case, these maps satisfy the uniform gradient bound |V (¢)] < 2 and
they all map 0 into a compact subset of R x S3 thus a subsequence converges in
> to a Jy-holomorphic plane

loc
Woo = (Boo, Weo) : C — R x S5

In the case where b ((;) is bounded, define the energy of w, by

Eo() = sup/ W d(pAoo)-
c

eT

This is finite, since for any large disk Dr C C, we have Dp C D, g, for sufficiently
large k, and

k—o0

/ W d(pAe) = lim / wWrd(pAg) < lim / Vrvpd(pAg)
D D k—o0 Jp
R R R

= lim Trd(pA) < sup/ Opd(pAp) < C.
k Jo

k—oo Be,, (Ck)
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If on the other hand |bx (k)| — oo, we change the definition of Ey (o) to use one of
the asymptotic taming sets 7 instead of 7, and then find a similar bound using the
asymptotic R-invariance axiom (cf. the proof of Theorem FLG.4). We conclude that
We 18 & non-constant finite energy plane. The puncture at co cannot be removable:
since J, is tamed by the exact symplectic form d(e®A), every closed holomorphic
curve is constant. Therefore W, is asymptotic to some periodic orbit P of X, . We
now use a topological argument to show that this is impossible.

If P is geometrically distinct from P, then Ik(P, Py,) # 0 by assumption. For
some large radius R, the image w.,(0DR) is uniformly close to P, and we may assume
the same is true of P’ := w;(0Dy) for sufficiently large k, thus 1k(P’, Py,) # 0. But
since wy, 18 a reparametrization of wuy : 3 — 93 over some disk, this means there is
a disk D C ¥ such that P’ = w(dD). The linking condition then implies that u(D)
intersects Py, contradicting the assumptions of the theorem.

Suppose now that P is identical to P., or some cover thereof. For any compo-
nent K; C K, observe that uk(E) never intersects K;. Then repeating the argument
above, we find a disk D C ¥ such that for sufficiently large k, ux(9D) is a knot uni-
formly close to Pu. This implies Ik(Ps, K;) = 0, also contradicting the assumptions
of the theorem, thus proving that the plane ., cannot exist.

Case 2: assume pr — 0. Here we will find that either a plane or a disk bubbles
off, depending on how fast p;, approaches 0. Choose a sequence (; € D such that
Ce = x(¢r) € 0X and |(}| = pr. By Remark we can find a sequence of
holomorphic embeddings

gp,f ‘Dt ¥
that map 0 to (; and D*NR into 9%, and satisfy the bounds specified in Lemma[5. 2.4
We claim there is a sequence of radii r, — 0 such that z € ¢ (D). Indeed, from
LemmaB.24, we know that ™ (D} ) contains all points ¢ € 3 with disty, (¢, ) < dy,
where
di, > cory - injrady,, (Gr)-
We have also the estimates
distp, (24, Ck) < Copy - injrady, (21),
injrady, (Cx) > (c3 — capy) - injrady,, (zx)-
Then when pj, is sufficiently small we can set
2C,
Tk = —F Pk
Cz(C:s - C4P1c)
and compute,

C 1
disty, (Cp, 21) < —= - injrad,, (Gx) = scorp injrady, (G) < di.
C3 — CapPk 2
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We can thus choose a sequence zj, € DV with 2z, — 0 and ¢ (2;) = 2. Defining a
sequence of Ji-holomorphic half-disks
U =dpop : DT - R x 53

we have

Ry = |Vip(2)| = |dig(zi) | - [deo™ (23) |k > Cldiig(ze)|x - injrady, (C)
> C(c3 — capr)|diig(2e) |k - injrady, (2x) — oo.

Using Lemma 6.5, we may assume there is a sequence of positive numbers ¢, — 0
such that e, R, — oo and |V, (2)| < 2Ry, for all z € DT with |z — z;| < €. Writing
2y, = i, + iy, there are two possibilities:

Case 2a: assume ty Ry, is unbounded. Passing to a subsequence, we may assume
ti Ry, — oo, thus 7, := min{e; Ry, tx Ry} — 0o. Then for sufficiently large k we can
define embeddings ¢y, : Dy < D* by

z
Yp(2) = 2z + —.
() = 2+
Arguing as in case 1, there is now a sequence of rescaled maps
’LZVk = (Bk,wk) :'Dko’l/)k Z]D)T;C — R x SS

and constants ¢; € R such that a subsequence of (8y + cx, wy) converges in C{2, to

a Jao-holomorphic finite energy plane e = (Boo; Woo) : C — R X $3, asymptotic to

a periodic orbit P. Just as in case 1, we argue that this plane cannot exist, because

it would imply either 1k(P, Ps) = 0 or 1k(Px, K;) = 0 for K; a component of K.
Case 2b: assume ty Ry, is bounded. Now define vy, : ]D):;Rk — Dt by

z
Yr(z) = sp + R_k’

and let
Wy, = (ﬂk7wk) = U 0Py : D:;Rk, — R x 5%

Then |Viy| is uniformly bounded. If there is a subsequence for which f3(0) is
bounded, then we may assume Wy, — W in CF,, where

Weo = (Boc;woo) ‘H—RXx S37

is a Ju-holomorphic half-plane with finite energy

sup/ W5 d(pAss) < 00.
H

weT
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It also satisfies the boundary condition w.(R) C l:}’ for some o € R. To see this,
note first that w.(R) C Lj; since L; is compact. Then if /' : R x L; — R is the
smooth function defined by F'(p) = o for p € Lg, we have a compact sequence of
constant functions F o wy|g : RN ]D):; r. — R, converging therefore to a constant
function.

If |8(0)] — o0, we instead define we as the limit of some subsequence of (8 —
B1(0),wy). Then since the boundary condition is asymptotically R-invariant, w.. (R)
belongs to some R-invariant family of pseudo-Lagrangian tori, and ., has finite
energy with respect to one of the asymptotic taming sets 7+:

sup /u?éod(cp)\oo) < oo
peT*: JH
(cf. the proof of Prop. EG.IT for more detailed accounts of these energy estimates).
In either case, we have a finite energy half-plane W, : H — R x S? solv-
ing some version of Problem (BP). It is not constant, since |V (ityRy)| =
Rik|V'17k(sk + itg)] = 1 and a subsequence of it Ry, converges in DT. Now identi-
fying H conformally with D\ {1}, we can regard ., as a holomorphic disk with a
puncture on the boundary, and Theorem tells us that the puncture is remov-
able. Thus extending over the puncture defines a J,.-holomorphic disk

= (Bw):D—=RxS

with w(0D) C L;. By topological considerations, we can severely restrict the homo-
topy class of the loop v = w|op : OD — L;. Indeed, choose a radius r slightly less
than 1 so that w|gp, : D, — S? is uniformly close to 7. Returning to the half-plane
H, there is then a large simply connected region @ C H with smooth boundary
such that for large k, wy|aq : 92 — S% is also uniformly close to . Undoing the
reparametrization one step further, there is then an embedded disk D C Y such
that for some large k,
uk|5D 10D — S3

is uniformly close to «y. Since uy does not intersect either P,, or any of the knots
K; C K, this implies

Ik(7, Poo) = Ik(7, K1) = ... = Ik(7, K,) = 0.

This is only possible if v is contractible on L;. But this implies that the Maslov
index p(w) is zero. By Corollary FE39, a disk with 77w not identically zero must
have p(w) > 2, therefore 77w = 0, which means

/w"d)\OO =0.
D

But by Prop. EL6.I8| this implies that @ is constant, a contradiction. O
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The arguments used so far to exclude bubbling are already almost enough to
prove the compactness theorem in the cases where 9% is either empty or connected.

Proposition 5.2.6. Theorem 522 holds if x(2) > 0.

Proof. This includes two cases: 3 is diffeomorphic to either a plane or a singly
punctured disk. In both cases the space of conformal structures on the domain
is trivial, so we can assume (3, j;) is either (C,7) or (C\ D,4) for all k, where
D = intD. We then have a sequence of maps @i, = (ay, uz) : ¥ — R x S® satisfying
Tipo0i=Jyo T, all positively asymptotic at oo € ¥ to the simply covered orbit
P, with period T In the case ¥ = C, Stokes’ theorem implies fC updA, =T for all
k, and we can assume the parametrization is chosen such that

T
upd\, = —.
-1

In the case with boundary, there is a knot K contained in a solid torus N C S2\ Py,
such that 1k(K, P) > 0, and u;, maps % to an oriented knot v C L = N with
k(y,K) =—1.

Assume first that |Viy(z)| is uniformly bounded (using the Euclidean metric
on C). Then there are constants ¢, € R such that the translated maps (aj +
¢k, ux) have a subsequence CP2-convergent to a joo—holomorphic map Ueo : IR
R x S3, which (by the usual arguments) has finite energy and satisfies the appropriate
boundary condition. Then it remains to prove that ., has a positive puncture at
00, asymptotic to Py with covering number 1. For the case ¥ = C, our choice of
parametrization gives

T
/u;d)\oo > /u;d)\oc = lim/u,’;d/\k =—,
c D ko Jp 2

thus s, is not constant, and the puncture is therefore not removable. For 9% # ()
we can prove the same thing by observing that a removable puncture would give a
holomorphic disk

D—RxS*: 20 d(1/2)

mapping JD to a meridian on L, thus u,, (and hence wuy, for large k) would have to
intersect K.

Having excluded the possibility of a removable puncture, we know ., is asymp-
totic to some periodic orbit P at co. If P is geometrically distinct from P, and
Y = C, we can repeat the linking argument used in Prop. and show that
Ik(P, Py,) = 0, a contradiction. This also works when 3 = C \ D, because s,
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extends as a smooth map over C, taking D into the solid torus N. The other pos-
sibility is that P could be an n-fold cover of P,, with n # 0. (The covering number
n may be negative, meaning that co becomes a negative puncture; this is possible a
priori if 9 # 0). In the case ¥ = C\ D, we have ux(X) N K = @ for all k, so if k is
sufficiently large, a small perturbation of uy, realizes a homology d[uy] = n[Psx]+ [7]
in %\ K, consequently

- 1k(Poo, K) = — Ik(7, K) = 1.

Then n can only be 1. In the case Y= C, n must be positive since every finite energy
plane has a positive puncture. We use Stokes’ theorem to compute the contact areas
of Tl and wy:

Ay, (@) = / updh\y =T and Ay (i) = / U dA s = nT.
c c
Then since @y, — Ui 0on compact subsets, we also have Ay (o) < limy Ay, (1) =
T, so n cannot be greater than 1. This proves the result in the presence of uniform
gradient bounds. )
Assume now that there is a sequence z; € X such that |Vag(z)| — oco. If

Y = C, then by the usual arguments, we can define a sequence of rescaled maps
Uy = (b;mvk) :C—>RxS3 by

- _ z
O(2) = g (Zk + Rk) ,

and find constants ¢; € R such that a subsequence of (by + ¢k, v;) converges to
a non-constant finite energy plane 0. Then repeating the argument above with
linking numbers and contact area, the asymptotic limit of 95, must be Ps,.

In the case ¥ = C \ D, it turns out that the gradient cannot blow up. The
proof is much the same as in Prop. we define rescaled maps 7 on an in-
creasing sequence of either disks or half-disks, depending on whether and how fast
zr approaches the boundary. These then have a subsequence convergent to a non-
constant finite energy plane or half-plane 0,,. By the usual linking arguments, if
U 18 a plane it would have to intersect either P.,, or K, neither of which is al-
lowed. For the half-plane case, ¥ extends to a non-constant pseudoholomorphic
disk, and the same argument as before shows that ©(9D) is contractible on L, thus
its Maslov index is 0, and it must therefore have vanishing contact area, another
contradiction. O
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5.2.2 Convergence of conformal structures

Thanks to Prop. we can from now on assume x(X) < 0, so in the terminology
of Appendix[B] (%, ji, {oo}) is a sequence of stable Riemann surfaces with boundary
and one interior marked point. By Prop. 523 the pseudoholomorphic maps @, =
(ar,ur) : (3, jx) — (R x 53, J,) satisfy the bound

|da.(2)|x < C - in‘]'radhk_’(z)7

where Ay, is the Poincaré metric on (3, j;). The main hurdle remaining in the proof
of Theorem [5.2.2 is to show that jj is a compact sequence.

Proposition 5.2.7. There is a smooth complex structure jo, on ¥ and a sequence
of diffeomorphisms ¢y, : ¥ — X fizing oo and preserving each component of 0%,
such that a subsequence of ¢} ji converges to jo in the C*-topology.

There are also constants ¢, € R such that the maps (ag+cy, ug)owy, : (2, ©rik) —
(Rx 53, Ji) are solutions to Problem (BP), and a subsequence converges in C°, to a
pseudoholomorphic solution fiss : (X, joo) = (RxS3, Jo) of (BP) which is positively
asymptotic to Py, al the puncture.

Proof. A subsequence of (X, jx, {oo}) converges to a stable nodal surface S =
(S, 7, {p}, A, N), as described in Appendix Bl Here (5,7) is a Riemann surface
consisting of finitely many compact components S = S; U ... U S,, possibly with
boundary, and the marked point p € int S is disjoint from the double points A and
unpaired nodes N. A choice of decoration r defines the compact connected surface
S,, with a singular conformal structure jg and singular Poincaré metric hg, both of
which degenerate on a finite set of circles and arcs ©a n C S,. Then convergence
means there is a decoration 7 and a sequence of diffeomorphisms

Dk - S, -
such that:
1. ox(p) = 0.
2. @ijr = Jjs in C2(S, \ Oan).

3. All circles in ¢, (©a ) are closed geodesics in (Z, hi,), and all arcs in p5,(0a x)

are geodesic arcs in (3, hg) that intersect 0¥ transversely.

We can assume without loss of generality that the diffeomorphisms ¢} map a given
component of (S,) always to the same component of 9%, i.e. ¢y 0 gp;l always maps
each connected component v; C 0 to itself.

213

If S; is a connected component of .S, let S]- be the punctured surface obtained by
removing all points in the set ({p} UAUN)N.S;. Note that the stability condition
implies x(SP) < 0. There is a natural embedding S; — S, \ ©a.n, which we use
to define the sequence of complex structures ¢ j, and metrics ¢jhy on SJ Then
passing to a subsequence, we have ¢jj, — j and @phi — h in Cf on S;, where
h is the Poincaré metric for (Sj, j). Since diy, is uniformly bounded on compact
subsets and the boundary conditions are asymptotically R-invariant, we can then
find constants c,’c € R such that

1 = (b, vh) = (ak + oy we) 0 rlg, = (S, ki) = (R x %, )

is a sequence of pseudoholomorphic maps satisfying the appropriate boundary con-

ditions and a uniform C'-bound. Thus ], has a Cf2-convergent subsequence

== ,07) S - R x S,

where © satisfies %7 0 j = Jo, o T%9. Due to the uniform energy bound for iy, we
see also that 99 has finite energy

Eno (i) = sup / () d(phe) < o0,

@

where the sup is taken for functions ¢ belonging to either 7 or (if |c}| — co) one
of the asymptotic taming sets 7*. Since the complex structure j extends smoothly
over the punctures to S;, we conclude that ¥ is a joo—holomorphic solution to
Problem (BP). Repeating this process for every component S; C S, we obtain a
set of Jo-holomorphic solutions

8 5 R x S8,

NS, > Rx S5

Our main goal now is to show that S is actually a smooth Riemann surface with
boundary, i.e. A and N are empty sets and S has only one component. Then the
set of solutions above reduces to a single solution @y : ¥ — R x 53, which we
must show is positively asymptotic to P, at the puncture. As with the bubbling off
arguments in the previous section, these results will follow mainly from topological
considerations.

Recall from Remark [5.2.T] that it is sometimes convenient to label the component
knots in K = K; U...U K,, with some redundancy. That is, K; and K; may be
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the same knot even if ¢ # j; in particular we require a given component K; C K
to repeat n times in the list K, ..., K,, if Ik(K;, P,) = n. (This linking number
was assumed to be always positive.) The lists of components N = Ny U ... U N,,
and L = Ly U...U L, are then defined with similar repetitions. Each of the maps
up : X — S has its image in M = $3 \ int N, and if 71,. .., v, are the connected
components of X (not repeated), then the oriented loop ug(7y;) is a meridian on
L; = ON; with k(ug(v;), Kj) = —1. Thus the linking number 1k(K;, Py) is the
number of distinct components of X mapped into the same torus L;, and we have
also Ik (uy(;), K) = —1 since uy(7y;) is unlinked with all components of K that are
distinct from K;. Adding this up for all ; C 93, we see that the expression

— Ik(ur(05), K)

counts the connected components of 0¥. Also, the map wuy realizes a homology
Olug] = [Pao] + [ux(0X)] in S \ K, which gives the useful formula

k(Kj, Px) = —1k(Kj, up(0%)). (5.2.6)
In light of this topological setup, uy extends to a smooth map
U : C—-Rx SJ

which satisfies Ty 0 ji = Jy o Ty in & = C \ (D, U...UD,) C C, and maps each
of the disks D; into N;. We may assume that @|p, has a single transverse positive
intersection with /;. Remember also that lk(P, P.) # 0 for any periodic orbit P
that is geometrically distinct from Pu.

Let S; C S be the connected component that contains the marked point p.
Then either p is a removable puncture for o = (b*,v!) : §; — R x S?, or else o' is
asymptotic to a periodic orbit there. We settle this question first.

Claim: o' is positively asymptotic to Ps at p. If the puncture is removable,
then we can find an oriented circle C C S winding clockwise around p such that
v}(O) lies in an arbitrarily small neighborhood of some point in S®\ K. Then this
neighborhood also contains v} (C') = uy(px(C)) for sufficiently large k, and ¢ (C) is
a large circle in C, bounding a simply connected region 2. One can then extend wuy
over §) to a smooth map

g : C — S*\ K,
with the loops 4y (0Dg) approaching P, as R — oo. This implies that for any
component K; C K, Ik(Px, K;) =0, a contradiction.

If p is a nonremovable puncture and @' is asymptotic to an orbit P that is
geometrically distinct from P, we similarly find a large clockwise oriented circle
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0r(C) C C, bounding a region €, such that u(pr(C)) is close to P. Then the
existence of the map @g|q :  — 53\ Py implies Ik(P, Py,) = 0, and this is impossible.
The alternative is that P could be an n-fold cover of P, for some integer n # 0.
(Negative n would mean the puncture is negative.) But then restricting wuy, to the
region outside of  gives a homotopy of ug(¢r(C)) to Py in S*\ K, implying that
for any component K; C K,

n - 1k(Pu, K;) = lk(ug 0 px(C), K;) = 1k(Px, Kj),

so n = 1. This proves the claim.

With the asymptotic behavior at p understood, it remains to prove that S has
no double points or unpaired nodesH Note that it suffices to prove this for the com-
ponent S; C S. Our approach will be to use topological constraints in conjunction
with the properties of the holomorphic curve o' : S; — R x 53, in order to show
that AN S; and N NS, are empty. We shall set up this discussion in a slightly
more general way than is immediately necessary, since it will also be useful for the
noncompactness argument in the next section.

First some notation. The m connected components of 0¥ are denoted

O =mU...Uyn,
and let us write the components of 95; as
0S1 = U...Ua,.

Note that m > 2 by assumption, but d5; could conceivably be empty. Assume S;
has a (possibly empty) set of unpaired nodes

NNS = {w,...,we},

interior double points
ANint Sy ={z1,..., 2},

and boundary double points
ANOSi D AN = {C},...7C;J} forj=1,...,s,

where we are regarding A for the moment as a set of points in S rather than pairs of
points. We know from Theorem EL6.16] that 9! extends smoothly over each boundary

3The remainder of this proof has been revised slightly from the original version, which contained
a gap resulting from an erroneous statement about boundary double points in Appendix B; the
same remark applies to Step 3 in the proof of the stable case for Theorem B3Il Thanks to Kai
Cieliebak for pointing out the error.
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double point C; € AN09Sy, and at each z; € ANint Sy and w; € N NSy, ¥y either
has a removable singularity or is asymptotic to some periodic orbit of X, .

Recall the compact surface S; (with piecewise smooth boundary), obtained from
S\ ((AUN)NSy) by replacing all interior double points z; and unpaired nodes w;
with “circles at infinity” d,; and d,,, and replacing each boundary double point ¢;
with an “arc at infinity” 54; (see Appendix[Bl). Each component «; C 95 then gives

rise to a piecewise smooth circular component a; C 0S;. There is a natural map

S1 — S,, which is an inclusion except possibly on 957, where two distinct circles

d., or arcs . may have the same image; this corresponds to the identification of
J

double points in a pair. Since S, is diffeomorphic to
Y =CU{oo}\ (D1 U...UD,),

we can visualize S, \ {p} as the plane with a finite set of disks removed. An example
of this is shown in Figure Here we settle on the convention that—unlike the
discussion of ¥ in Chapter Hl—the circles d; are always oriented as components of
05;. Thus they appear as embedded loops winding clockwise in the plane, and
each encloses a bounded region which may contain some of the disks D;. Let m;
be the number of such disks enclosed by d.,. Similarly, for j = 1,...,s, denote
by m; the number of disks in the compact region enclosed by @&;; this number is
always at least 1. Figure 5.8 shows a compact subset of S, which contains the entire
boundary of S;. Here the closure of the white area is S, and the lightly shaded
regions constitute the rest of S, while the darkly shaded regions are the disks D;.
The integers defined above are related by

q s
m=L0+Y mj+ > iy, (5.2.7)
j=1 j=1
and as remarked above,
m; >1 forallj=1,...,s. (5.2.8)

There are also constraints imposed by the stability condition for each component of
S: the double of S; must have negative Euler characteristic, thus

2s+q+0)+> 1 >2 (5.2.9)
j=1

and applying similar reasoning to the portions of S, inside the loops d;, we have

m;>2 forallj=1,... ¢ (5.2.10)
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Figure 5.6: A compact subset of S, showing the piecewise smooth boundary of
0S,. Here we assume 9S; has four components ai,...,as, S; has one interior
double point ANint S; = {21}, seven boundary double points ANay = {¢,..., ¢},
ANay = {3, ¢35}, ANas =0, ANay = {({}, and one unpaired node NNS; = {w;}.
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We now transfer this picture onto ¥ via the diffeomorphism

gﬁkng\{p}ﬁZ')

for large k (see Figure[5.1)). For j = 1,..., ¢, denote by 9;% the m; components of 95
that are enclosed within ¢ (d,), and for j =1,..., s let (‘5]-2 be the m; components
in the closed region bounded by ¢x(@;). Now for each component o; C 9S;, we
define a perturbed loop uz; C int S; which misses the double points. The images
ka(a;) C Y are represented as dotted loops in Figure BT} each encloses a bounded
region that contains éjE. Similarly, for each interior double point z; we choose a
perturbed loop C; C int Sy near 4, so ¢(C;) encloses 9;%. Define also the loops
B; C int Sy as perturbations of 6, for unpaired nodes w; € NN.S;: thus each ¢(3;)
encloses a unique connected component 7,;y C 9X. Observe that 9% is now the

disjoint union
q s I3
% = (U ap:) U (U a]z) U (U 'ym-)) :
j=1 j=1 j=1

The images under ¢y, of the various perturbed loops are shown with dotted lines in
Figure 5.7

From this picture we can deduce some topological facts about the behavior of
o' §) — S3 at its boundary and punctures. For a component a; C 054, we have
v'(y) C Ly for some f(j) € {1,...,m}, and we can assume u; o @ (c) is C°-
close to v'(a;). Then restricting uy, to the bounded region inside @i () realizes a
homology .

Our] = —[ur o pr(e})] + [ur(0;%)]

in both S%\ Py, and S\ K. This implies
Ik(uy, 0 pr(af), Poo) = lk(ug(9;5), P) = 0,

and thus

lk(v (), Px) = 0. (5.2.11)

This means v*(«;) covers a meridian on Ly ), and its homotopy class can be deduced
exactly via the linking number with K:

Ik(v'(ay), K) = Ik(ug o gp(a)), K) = lk(uk(éjZ), K) = —m;.
Since v!(«;) is only linked with one component of K,

Lk(v!(ay), Ky(5) = —imy. (5.2.12)
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Figure 5.7: The image of Figure 5.6 under ¢, : S, \ {p} = ¥, showing the perturbed
loops o, ...,a}, 1 and C as dotted lines.
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Turning our attention next to the unpaired nodes, let us assume there is a simply
covered orbit P; C S of X, such that @' is asymptotic to an |n;|-fold cover of
P; at w; € N NSy, for some n; € Z. Here we adopt the convention that the sign
of n; matches the sign of the puncture at w;, and we set n; = 0 if the puncture is
removable (in which case it doesn’t matter what P; is). Now, restricting uy to the

region between v,y and ¢, (f;), we have a homology
Olu] = [uk(vg()] — [ur 0 @r(5;)];

in both S%\ Py, and S3\ K, and we can assume [uy, 0 px(3;)] is homologous to n;[P;].
Thus for every component K; C K,

n; 1k(P;, K;) = Ik(ur(vg¢5)), £5)- (5.2.13)
Adding these up for all components of K, we find
1 lk(P]a K) = _1~,

implying that the puncture is nonremovable and the orbit is simply covered. If
P; = P, this gives njm = —1, which cannot be true since m > 2 by assumption.
Thus P; is geometrically distinct from P, and using the homology in 5% \ Ps, we
have n;1k(P;, Py) = Ik(ug(74()), Px) = 0, implying
k(P;, Px) = 0. (5.2.14)

We can reach similar conclusions about the behavior of ¥ at an interior double
point z; € ANint.S;. Using the same convention as above, assume v! approaches
an [n}]-fold cover of some simply covered orbit Pj at z;. Then we may assume
[ur, 0 & (C})] is homologous to n[Pf], and by restricting uy over the bounded region
inside ¢x(C}),

Oug] = [ur(0;%)] — [k © 0k (C5)]

in both $%\ K and S%\ P.,. This implies for all components K; C K,

and summing this over the components of K, we have
n;1k(P, K) = —m; < =2,

SO n; cannot be zero, i.e. the puncture is not removable. If PJ’ = P, we have
nym = —my, then m; < m implies nj; = —1 and m = m;. But this contradicts the

stability assumption; indeed, combining (5.2.8), (FZI0) and (X)), we find ¢ = 1
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and s = ( = 0, violating (5.2.9). Therefore P; is geometrically distinct from P,

and the homology in S* \ Py gives 1} 1k(P}, Po) = Ik(ux(9;3), Ps) = 0, thus
Ik(P), Pxo) = 0. (5.2.16)

At this point all the vital ingredients are in place.

Claim: NNS; and ANS; are empty. If w; € NNSy, then v! is asymptotic to a
periodic orbit P; which is geometrically distinct from Py, and is also unlinked with
it, by (BZI4). But we have assumed there is no such orbit, therefore N N S; = .
The same argument proves A Nint S; = 0, using (G216

It remains only to exclude double points on the boundary. We now can assume
that 8S; # 0 and the only puncture of ¥! is at p, where it is positively asymptotic to
P,,. By assumption, there is a trivialization ®, of (v!)*¢.|ps for which ugcf(Poo) =
3 and, using (E.ZIJ) and the fact that v'(«;) covers a meridian for each component
a; C 0S5, the Maslov index along a; is 21k(v'(y), Kf(j) = —2m;. Thus we
compute

p(@') =3-2% ;.
j=1

The contact area of ¢! is clearly nonzero since v*(95;) and the image of v! near p
cannot belong to the same Reeb orbit. Thus 77w is not identically zero, and the
wind,; estimate of Theorem 3.7 gives

0 < 2wind, (') < (@) — 2x(S1) + 2(#Tg) + #Iy

=3-2) My —202-s)+1=-2) m;+25=2Y (1—iy).
J=1 j=1 j=1

Since m; > 1 for all j, the right hand side of this expression is never positive, and
is zero if and only if m; = 1 for all j. This excludes situations such as &; and & in
Figure 5.6, where double points give rise to arcs that connect two distinct disks. All
the arcs in 0. C 0S5 must therefore begin and end on the same circle, enclosing a
region of the plane as with a4 in the figure. But now the stability condition requires
this enclosed region to have negative Euler characteristic after doubling, which can
only be true if it contains at least one disk, contradicting the fact that m; = 1. We
conclude that there are no such arcs d.:, and hence no double points Cj € ANas.

It follows now that S has no double points or unpaired nodes at all, thus the con-
vergence (X, ji, {o0}) = (5,7, {p}, A, N) simply means there are diffeomorphisms
ok + S — X such that vx(p) = 0o and ¢} ji, — j in C=(S). Then after R-translation,
g o — 01 in C2(S'\ {p}, R x S3), and ¢! has the same asymptotic limit as ay.
This completes the proof of Prop. 527, as well as Theorem 5.2.2] O
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5.3 Noncompactness: boundary — puncture

We shall see now what happens to the sequence 1y, : ¥ — R x $3 when the contact
form is twisted to the point where “horizontal” orbits appear on the tori L;. This will
prevent the compactness result of Theorem [.22] instead forcing each component
of 0¥ to degenerate to a new puncture. Thus we obtain in the limit a finite energy
surface without boundary.

Theorem 5.3.1. Assume @y, A\, and Ji are exactly as in the assumptions of The-
orem [5.2.3 for k < oo, and 0% has m > 0 connected components. For k = oo we
alter the assumptions on the contact form as follows:

o Any periodic orbit of X, in (int M) \ Px satisfies Ik(P, Px,) # 0. However,
the tori L; C OM are simple Morse-Bott manifolds with respect to Ao, foliated
by periodic orbits P with Ik(P, Px) = 0 and 1k(P, K;) = —1.

Then there is a finite set IV C C with #I' = m, a sequence of numbers ¢, €
R and diffeomorphisms o : S* \I" — int X that fix oo, such that pijr — i in
C(S2\TY), the translations (ay + cx, ug) are solutions of (BP), and a subsequence
of (ak + ¢, u) © @ converges in C2(C\ IV, R x S3) to a Jo-holomorphic finite
energy surface
oo 0 52\ ({oo} UTY) = R x S3.

All the punctures of s, are positive, the asymptotic limit at co € S? is P, and
for each component v; C OX there is a corresponding puncture z; € I' such that the
asymptotic limit at z; is a simply covered orbit on L;.

The proof includes most of the same arguments that were used to prove Theo-
rem [1.2.2] so we will not repeat these in any detail, but rather emphasize the aspects
that are different in this situation. As before, it’s convenient to treat the stable and
non-stable cases separately.

Proof in the non-stable case

Since we assumed 9% is nonempty, (%, ji, {oc}) is necessarily stable unless 9% has
only one component. Thus for now, assume (3, j) = (C\ D,4) where D = intD. It
will be convenient to use the biholomorphic map

R x S = C\ {0} : (s,t) = 2H
and consider the sequence of jk-holomorphic half-cylinders

e = (bg, ) = g 09 : [0,00) x ST = R x §3
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with vy, ({s} xS') = P as s — co. We claim |V | is uniformly bounded. The proof
is almost identical to what was done in Prop. G226t a sequence z; with |V (zi)| —
oo gives rise to a non-constant finite energy plane or disk. A disk is impossible
for the same reasons as before: its boundary would have to be contractible on L,
leading to the conclusion that the map is constant. A plane cannot be asymptotic
to any cover of P, or any orbit that is linked with it. The only new feature is that
a priori the plane could be asymptotic to one of the orbits on L, but this would
imply that vy intersects K for large k, and is thus also excluded.

Suppose P, has period T and the orbits of X, on L have period T’. Then
using Stokes’ theorem and the fact that d\; vanishes on T'L,

A,\k(’ljk) = / U;d)\k =T — / U;)\k —T — (—T’) =T+ T
[0,00)x St {0} xSt

as k — oo. Here we've used the fact that vy ({0} x S') is homotopic to the peri-
odic orbits on L, with reversed orientation. Then for sufficiently large k there is a
sequence sy, € (0,00) such that

T/
[0,51] X S1 2

We claim that s — oco. Otherwise, there is a subsequence for which s, — s, €
[0,00) and (in light of the gradient bound), there are real numbers ¢; such that
(b + ¢, vg) is C22-convergent to a Jy-holomorphic half-cylinder

7= (b,v) :[0,00) x S* = R x S3

with finite energy. Then

Ay (D) = / V¥ > / v¥d\s = lim vpd\g
[0,00)x ST [0,500] X ST ko J[0,s5]xS1
T/
=>0,
2

and thus 77v is not identically zero. From this and the wind, estimate of Theo-
remL3.7] we deduce wind,(9) = 0, so v : [0, 00) x S* — S$? is everywhere transverse
to X,_. But this is impossible at the boundary, since both v({0} x S') and the
Reeb orbits on L are meridians. This proves the claim.

Now define a new sequence

W = (B, wy) : [~sr,00) x ST = R x §°
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by @i(s,t) = Ox(s+ sk, t). Then a subsequence of (S, +cx, wy,) converges in Cix (R x
SR x S3) to a Jy-holomorphic finite energy cylinder

Woo = (Poo, Woo) : R x ST — R x S

It cannot be a constant map, since

/ Wi Ao = lim WA = lim/ Up Ak
{0}xS1 k- Jioyxst ko Jispixst

= li]lcn/ VAR + liin/ vpdAy (5.3.1)
{0}xs? [0,5%] x ST

=T 4+_=—_2 .
+ 3 5 <0

Since there are no non-constant holomorphic spheres, at least one of the punctures
must be nonremovable; we claim that they both are. Otherwise, we could define
a smooth map of a disk into S® \ K sending the boundary to P, implying the
contradiction lk(Ps, K) = 0. Denote wao({£o00} x ST) . Then there are real
numbers s_ near —oo and s, near +oo such that for some large k, v({sk+sL}xSh)
is close to Py, and since vy, ({s} x S') = Py, as s — oo,

Ik(Py, K) = Ik(Px, K).
If Py is geometrically distinct from P.,, then we have also
Ik(Py, Ps) =0,

since v : [0,00) x ST — 53\ Py, can be glued along {0} x S! to a disk contained
in N. These two relations imply that each orbit Py either is P, or is contained in
L, simply covered in either case. We can determine the sign of each puncture by
comparing the orientations of we, ({200} x S1) with the orientations of the orbits.
There are four possibilities:

(i) Py = P, (positive puncture) and P_ = P,, (negative puncture)

(i

i)
(i) Py = P (positive puncture) and P_ C L (positive puncture)
(iv)

Case (iv) is immediately excluded because both punctures can’t be negative. In
cases (i) and (ii), Ay (1) = 0, s0 wid\oe = 0 and we use Stokes’ theorem to
compute

P.CL (ncgatlve puncture) and P_ C L (positive puncture)

P, CL (negatlve puncture) and P_ = P,, (negative puncture)

/ Wi Aso = lim Wi =T or =17,
{0} xSt

5700 Jroyx st
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contradicting (5.3.1]). We conclude that both punctures are positive, with P, = Py,
and P_ C L.
To apply this result to the sequence iy, define a sequence of diffeomorphisms

vr: C\ {0} - C\D

such that ¢y(z) = €*™kz for all z € C\ {0} with |z| > 2e7?"*s. Then observe
that @y, 0 1(2) = 1y, 0 ¢x(2) whenever |z| > 2e72", thus after R-translation, a
subsequence of @ o ¢, converges in C2(C \ {0}, R x S®) to

floo = Woo 01 : C\ {0} = R x S3

which is asymptotic to Ps at co and an orbit on L at 0. Clearly also ¢ji — 7 in
C2 (52 \ {0}). We have thus proved Theorem 5311 for the case x () > 0.

Proof in the stable case

Now assume X(E) < 0. To prove the theorem in this case, we'll follow roughly the
same sequence of steps as in Theorem £.2.2] with a few important differences.

Step 1: Gradient bounds
We begin by establishing a bound

C

Qg (2)|k < ———
|di(2)]x < injradhk(z)7

where hy, is the Poincaré metric for (3,j) and the norm is defined in terms of
this metric and an R-invariant metric § on R x S% (see Sec. B.Z1). The proof is
mostly the same as in Prop. If a finite energy plane bubbles off, then it is
asymptotic to an orbit P which (for topological reasons) cannot be a cover of P,
and 1k(P, P) = 0. The only remaining alternative (which is new in this situation)
is that P is a meridian on one of the tori L;, but this would imply 1k(P, K;) # 0, so
u (%) would have to intersect K; for some large k.

If a disk bubbles off, then the usual linking arguments show that its boundary
is contractible on L;, leading to a contradiction.

To prepare for the next step, we note that a subsequence of (%, ji, {oo}) con-
verges (in the sense of Appendix [B) to a stable nodal surface S = (5, 7, {p}, A, N).
Thus there is a decoration 7 and a sequence of diffeomorphisms ¢y : S, — X such
that @ijr — js in C2(S, \ Oa ), where js is the singular conformal structure
defined on S, by j and the natural inclusion

S\(AUN)<§,.

226



As before we label connected components by $ = $;U...US, and § = S;U...US,,
choosing the labels so that p € S;. Then each S'j is naturally included in S,, and
Yide — j in C22(S5;). The gradient bound above then implies that we can find
constants c,i € R such that

((lk‘i’C’,?;”uk)O(pk'% *}’lh}j : S‘j — R x 53

in CQ‘CC(S'J,R x 53), where T%% 0 j = Jo, o T%. Our main goal will be to show that
S has no double points and no boundary, but does have m unpaired nodes, one
corresponding to each component of 9.

Step 2: Asymptotic behavior at p

The same arguments as in Prop. B2.7 show that p is a nonremovable puncture for
o' 28 = Rx S and if P is an asymptotic limit then either P = P, (simply
covered) or P is geometrically distinct from P, with 1k(P, Ps,) = 0. In the present
context this last possibility implies that P is an n-fold cover of an orbit P; on one of
the tori L;, with Ik(P, K;) = n - k(P K;) = —n. (As always, n # 0 and is negative
if the puncture is negative.) Then we can choose a small circle C' about p such that
u(pr(C)) is close to P for some large k, and thus construct a homotopy from P to
P, through S%\ K, implying

for each component K; C K. The left hand side is 0 if K; # K, so this alternative
can only happen if K is connected: in that case —n = lk(Py, K) = m, so p is a
negative puncture and P is an m-fold cover of P;. We shall use arguments similar
to the proof of the non-stable case to show that this is also impossible.

Identify a punctured neighborhood of p in S; with the positive half-cylinder via
a holomorphic embedding

¢ [0,00) x ST S\ {p},

and define @), = (B, wy) = o pr ot : [0,00) x S* — R x S%. Due to the
asymptotic behavior of ', there exists a sequence s, — oo such that wy(sy,t)
converges in C*(S', 5%) to z(—mt) where 2 : R — 53 is the periodic orbit P; with
period Ty > 0. Let A C 3 be the compact subset bounded by ¢y o ({sr} x SY).
Then as k — oo, Stokes’ theorem implies

/ uidh, = / w,’;)\k+/ upd\, — —mTy — Y Ty =0, (5.3.2)
Ap J{sp}x 51 %

v, CO¥
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On the other hand, a similar calculation shows

/ updhy =T +/ upd\y = T +mT; >0, (5.3.3)
p>) on
where T is the period of P,,. This indicates that all contact area is being absorbed
toward the puncture as k — 0o, so another holomorphic curve is bubbling off. To
see this, choose s, > s so that if A) C X is the compact subset bounded by

or o p({s},} x S') then
T
updA\, = —,
/A;C RO
which is possible due to (£.3.2) and (5.3.3). Now let F}, : [—s}, 00) x St — [0, 00) x S*
be the translations Fi(s,t) = (s + s}, t) and define a new sequence

@), = (B, w},) = W o Fy : [~s},00) x ST = R x S%.

Since ¢} — j in C*° on any compact neighborhood of p, we have (¢ o ¢)*jr, — 4
in C*°([0,00) x S') (not just on compact subsets); this follows from Lemma
below. Thus Fy (¢xot))*j. — i in C22(Rx S). By the usual linking arguments, there
is a uniform bound for |Viy|, and thus also for |Va,|. Then there are constants
¢ € R such that a subsequence of (3}, + ¢, w}) converges in CP2(R x ST, R x S%)
to a Ju-holomorphic finite energy cylinder

W= (B,w) RxS" —Rx S5

We compute

/ w* A = lim (wy,) A\p = lim/ Wik
{0}x51 ko Jroyxst ko Jgsgxst

1
=lim [ wupd\, —lm [ wph, = (— - m) Ty <0, (5.34)
koS ay kE Jox 2

thus @ is not constant. For the asymptotic limits, the same linking arguments as
in the proof of the non-stable case give four alternatives, and we argue in the same
way that w(R x S1) is not contained in either Py, or P;. Thus both punctures are
positive, with asymptotic limits P, at s = oo and an m-fold cover of P; at s = —oo.

Recall now from Sec. that there is a natural trivialization ¥ of &, along
P, C L defined by the intersection 'L N&y. Since 77w does not vanish identically,
it’s asymptotic behavior at s = —oo is described by a nonzero eigenfunction of
the asymptotic operator. We claim that this eigenfunction has winding number 0
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with respect to U; otherwise we could find sy near —oo such that for large k,
the loop u o px 0 ¥ (sp, t) winds around Pj, and must therefore intersect L, which
is a contradiction. Then Theorem 214 implies that L is a positive Morse-Bott
manifold, and by Prop. E.2.12, ug’Z*(Pl) = 1. We also are given a trivialization @
of &l ar, in which p&s (Po) = 3 and wind}{;f“(\ll) = —m, thus uog ™ (P) = 1 — 2m.
So picz(W) =341 —2m =4 — 2m, and the wind, estimate of Theorem E3.7 gives

0 < 2wind, (@) < p(w) — 2x(S?) + 2(#L) + #14
=4-2m—442=2(1—-m).

But we’ve assumed m > 2, so this is a contradiction.

We're left with the alternative that ¢! is positively asymptotic to P, at the
marked point p.

Before moving on, we should note the following lemma, which was used in the
argument above to prove C'*°-convergence on the noncompact set [0, 00) x S*.

Lemma 5.3.2. Let Ay : D — End(TD) be a sequence of smooth sections of the
tensor bundle End(TD) — D such that Ay — 0 in C®°(D). Then if ¢ : [0,00) x ST —
D\ {0} is the biholomorphic map (s, t) = e~ 27+ the tensors 1* Ay, on [0,00) x S*
converge uniformly to 0 with all derivatives.

Proof. Define the Euclidean metric on both D and [0, c0) x ST, and use the natural
coordinates on each to write sections of End(7TD) or End(T'([0, 00) x S1)) as smooth
real 2-by-2 matrix valued functions. If ¥(s,t) = z, then the first derivative of ¥ at
(s,t) and its inverse can be written as

Dy(s,t) = —2me 2m6H) — _omz,

1 1 v (5.3.5)
D’eji] - 27 (s+it)
v 2) 21z 27re ’
using the natural inclusion of C in the space of real 2-by-2 matrices. Then
(Y Ag)(s,t) = DY (2) 0 Ap(2) o Di(s, t) = ¥ Ay (2)e 2™,
so ||* Ag|lco = || Akllco — 0 since the matrices on either side of Ay (z) are orthogonal.

We obtain convergence for all derivatives by observing that for any multiindex «,
0*(1* Ag)(s,t) is a finite sum of expressions of the form

c- U™ DIA)(2,...,2) e 2™V

where ¢ is a real constant, U and V are constant unitary matrices (i.e. complex
numbers of modulus 1), and j < |a|. This is clearly true for |a| = 0 and follows
easily for all a by induction, using (5:3.H). The norm of this expression clearly goes
to 0 uniformly in (s,t) as k — oo. d
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Step 3: Degeneration of jj

Most of the hard work for this step was done in the proof of Prop. 527, in particular,
the discussion surrounding Figures and [5.7] applies in the present situation as
wellH The main difference here is that, since there are now orbits that are unlinked
with P, it is not so trivial to exclude interior double points. Unpaired nodes, of
course, will not be excluded at all; they will replace the boundary.

Claim: A NS, is empty. This will follow from similar algebraic relations to
the ones that were previously used only to exclude boundary double points. At any
component a; C 85;, the homotopy class of v'(«;) in Ly(; is fully determined by
(B212), giving the Maslov index —2m; with respect to the given trivialization @,
of foo ‘ M-

The behavior at an unpaired node w; € N N S; is similarly constrained: by
(E214)), the asymptotic limit P; can only be one of the Morse-Bott orbits on some
torus L;. Then (GZI3) tells us the torus in question must be L), and since
Ik(P;, Kg(;y) = —1, the covering number n; = 1. So wj; is a positive puncture, and
repeating the argument from Step 2, the asymptotic approach to P; is described by
an eigenfunction with zero winding relative to the natural framing determined by
T Lggjy M. Prop. and Theorem 2,14 then give Conley-Zehnder index 1
with respect to this framing. The framing itself has winding number —1 along P;
with respect to the trivialization ®.,, which changes the Conley-Zehnder index to
—24+1=-1

Likewise at an interior double point z; € ANint Sy, the asymptotic limit P must
belong to a Morse-Bott torus, and summing (5.2.I0) over all components K; C K
we have

—nj; = n}1k(P}, K) = lk(u(0;2), K) = —my;,

so z; is a positive puncture with covering number m;. The Conley-Zehnder index
with respect to the natural framing on the torus is again 1, but now the framing
winds —m; times with respect to ®.,, giving index —2m; + 1.

We now compute the generalized Maslov index

q S q £l
p@h) =3+ 0-1)+> (1—2m;) =2 iy =3—(+q—2 (ij +ij> .
j=1 i=1 J=1 =1

We can assume that at least one of the sets 951, N NS, and ANint S; is nonempty,
in which case v!' approaches one of the tori L; somewhere, while approaching P, at
the marked point p. It follows that the image of v! is not contained in any single

4As in the proof of Prop. 527 the original version of this argument contained a gap that has
been fixed in the revision.
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periodic orbit, so @' has nonvanishing contact area and 77v! is not identically zero.

Thus Theorem E3.7 gives
0 < 2wind,(9") < p(') — 2x(S1) + 2(#L) + #T,
q

=3—(+q-2 mj+2mj)2(2s)+1+€+q
j=1 j=1

=2 (2(1 —m;) + Z(l - mj)> . (5.3.6)

Jj=1

Recalling that always m; > 2 and m; > 1, we conclude ¢ = 0 and m; = 1 for each j,
so A Nint S; is empty, and by the same argument as in the proof of Theorem B.2.2]
so is AN OS;.

Claim: 9S; = 0 and #N = m. We've now established that S can have only
one connected component (there are no double points to connect S; with anything
else), thus S, = S; 2 X, and m = s+ (. We need to prove s = 0. Having just shown
that everything on the right hand side of (5.3.6]) vanishes, we have wind,(¢') = 0,
SOV : S"l — 5% is immersed and transverse to X, . But if dS; # @ this cannot be
true, because v'(95;) and all orbits of X, on L; are meridians.

By the above results, S is a sphere with one marked point p and unpaired nodes
N = {w1,...,wy} C S\{p}, so we can identify it holomorphically with the Riemann
sphere (S2,1), setting oo := p and I' := N. The diffeomorphisms ¢, : S, — %
preserve oo, and restricting them to the interior they define diffeomorphisms

o S\ = int X,
with ¢jjr — 4 in C2(S \ I"). Moreover, after R-translation, @y o ¢ — 9% in
C2(S\ ({oo}UTY),R x S3), and §' has precisely the required asymptotic behavior
at the punctures oo and w; € I'". This concludes the proof of Theorem B.3.11
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Chapter 6

Sketch of a Floer-Type Theory for
Foliations

6.1 Algebraization

In this chapter we resume discussion of the homotopy theory of finite energy foli-
ations that was mentioned in the introduction. Since most of this theory is yet to
be developed, the discussion will be of a speculative nature: conjectures and plausi-
bility arguments take the place of theorems and proofs, and some of the definitions
may be deliberately vague. The intention is merely to sketch an intuitive picture of
what such a theory should look like, as motivation for future study. We can make
use of some of the foliations that were constructed in previous chapters to provide
concrete examples and motivate conjectures.

It was suggested by Hofer in [HO0|] that the theory of finite energy foliations and
its connection to symplectic field theory might yield powerful tools for the study
of three-manifolds. One potential starting point for this idea is to define SFT-type
algebraic objects that encode the data of a foliation. It’s clear from looking at any
of the pictures of stable foliations in Chapters [l and [ that such an “algebraization”
should be possible: the degeneration of index 2 families to broken index 1 leaves in
these pictures is precisely the kind of behavior that makes theories such as Floer
homology possible. We will now set about defining a simple version of such a theory.

Let (M, \) be a closed contact 3-manifold with an admissible complex multipli-
cation J : & — £, admitting a stable spherical finite energy foliation F. We denote
by Pz C M the union of all asymptotic orbits occurring in F. It will be convenient
for the purposes of this sketch to make the following simplifying assumptions:

1. All asymptotic orbits for leaves of F are simply covered.
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2. For each leaf @ € F, different punctures always have different asymptotic
limits.

3. Hy(M) is torsion free.

Note that all of the Morse-Bott foliations we’ve constructed have the first two prop-
erties, and one can assume without loss of generality that their nondegenerate per-
turbations do as well. (In some cases it may require increasing the number of orbits
on each perturbed Morse-Bott torus in order to ensure that distinct punctures go
to distinct orbits.)

In general contact topology, the Floer-type invariants constructed from moduli
spaces of punctured holomorphic spheres in symplectizations fall under the heading
of rational symplectic field theory (see [EGHO0]). The idea is to define a homology
theory which encodes the degeneration of index 2 punctured holomorphic spheres
as a graded Poisson superalgebra HFSFT(M, ), J). Since the theory of foliations
discussed here deals exclusively with leaves of genus 0, it seems natural to define an
analogous algebra HRSFT(F) using only the components of the moduli space that
are present in the foliation.

Following [EGHO00], we must first make some choices in order to define the grad-
ing. Using the assumption that H;(M) has no torsion, we choose a finite set of
embedded oriented circles C; C M that generate a basis of Hy(M), and for each

orbit v C Pz, choose a surface F, C M representing a singular chain [F,] such that

AR == nlcy]

J

for a unique set of integers n; € Z. For any leaf & € JF, one can then piece
together the chain [a] with the chains [F,] for each of its asymptotic limits, forming
a homology cycle, also denoted by [@] € Hy(M). Choose trivializations of ¢ along
the circles C; and extend them over the surfaces F.,. This gives trivializations of £
along each nondegenerate orbit v, with which we can define Conley-Zehnder indices
pez (7). We will consider an algebra generated by objects ¢, and p, associated with
each orbit v C Pr. These are assigned integer degrees

lgy] = pea(y) — 1, [Py = —pcz(y) — 1.

Each orbit thus inherits a parity |y| € Zs, which doesn’t depend on any choices;
note that it is the opposite of the even/odd parity defined by ucz(7). The integer
grading depends somewhat on the choices of C; and F,. One can show however that
the relative grading for homologous orbits is well defined, and for the case [y] =0 €
Hy (M) the grading is absolute. Indeed, |¢,| can then be interpreted as the Fredholm
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index of any finite energy plane @ asymptotic to v with [a] = 0 € Hy(M). (One
needn’t assume that such a thing exists—the index can be calculated regardless!)

Denote by Q[Hy(M)] the group algebra of Hy(M) with rational coefficients: this
is the rational vector space with generators of the form ¢4 for A € Hy(M), where we
assume ¢4 and tP are linearly independent if A # B, and there is a multiplication
law of the form t4¢% = ¢tA+B_ We define on Q[H,(M)] the integer grading

[t = —2{c1(€), A).

Now let P be the free Z-graded commutative superalgebra with unit, generated by
p~ and g, for all v € P, with coefficients in Q[H,(M)]. The prefix “super-” refers
here to the convention that any two elements of odd degree anticommute, whereas
they commute if one of the elements is even. We think of B informally as a space
of functions on a symplectic supermanifold (the “phase space” with coordinates
(¢y,p+)), and as such there is a super-Poisson bracket defined by

oF 0G oF 0G
FG) = _DUFHD (77 (-1 Iv\ii)
(R6) =10 5 oe

for F, G € B. This is not the place to discuss signs in any detail, except to mention
that one must take care in defining the partial derivatives with respect to odd
variables. For a coherent approach to such matters, the recent book by Varadarajan
[V04] is recommended.

The foliation F defines a “Hamiltonian function” h € 3 as follows. Associate
with every rigid surface @ € F the monomial

dpr - 4p-Ppy - .pP;tA

where P]-i are the positive/negative asymptotic limits of @ and A = [u] € Hy(M).
(Note: were using the assumption that all orbits are simply covered. Otherwise
this expression would need some rational factors, which is why we use Q instead of
Z for coefficients.) We define h to be the sum of these monomials for every rigid
surface in F, with appropriate signs corresponding to a choice of coherent orien-
tations (cf. Sec. 1.8 of [EGHOQ], or [BoM03]). One can deduce from the Fredholm
index formula that h is a homogeneous element of odd degree. Observe that in
this supersymmetric setting, Poisson brackets of two odd elements commute, so the
following is not obvious:

Conjecture 6.1.1. {h,h} = 0.

As in the general version of RSFT, this should follow from a combination of
compactness and gluing theorems: the idea is to interpret the expression {h,h} as
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an algebraic count of the components in the boundary of the moduli space of index 2
leaves in F. For compactness, one must prove not only that index 2 families of leaves
degenerate to broken index 1 curves, but also that both curves in such a limit are
also leaves of the foliation. The gluing theorem would then say that any two rigid
surfaces that connect at a single orbit can be glued into a family of index 2 curves
which also belong to the foliation. Both results should follow from the intersection
theory of finite energy surfaces.

One can now define a differential on B by dtg = {h, g}, and it follows from
the super-Jacobi identity that (d®)? = 0. Thus we can define a Z-graded homology
algebra

HBSFT(]:) = H*(m7 dh)7

which inherits the Poisson bracket from 3.

One nice thing about a foliation is that it gives a very concrete picture of the
moduli space of rigid surfaces, which ought to make HRSFT(F) somewhat easier to
compute than the analogous object in general SFT. That said, it’s still hard. We
therefore consider various simplified versions, such as a contact homology algebra
HC.(F), and in some cases also cylindrical contact homology groups HCE(F).

The contact homology HC,(F) is defined by counting rigid surfaces that have
only one positive puncture and an arbitrary number of negative punctures. We
define C'C,(F) to be the free commutative superalgebra over Q[H»(M)] with unit,
generated by the objects ¢, for v C Px. Then a differential 0 : CC,(F) — CC.(F)
of degree —1 is defined by

Ogy = Ym0 g, gt

where nf’”‘*"*‘ls is an algebraic count (allowing for coherent orientations) of rigid

surfaces & € F with [a] = A € Hy(M), having a positive puncture at -y, negative
punctures at aq,...,as, and no other punctures. (Again, this formula would be
more complicated if there were multiply covered orbits.) The sum includes the case
with no negative punctures, for which the monomial g, ...¢,, becomes the unit
element. Extending 0 to the whole algebra by a supersymmetric Leibnitz rule, the
same compactness and gluing results mentioned above should imply:

Conjecture 6.1.2. 9% = 0.

The homology of the chain complex (CC,(F),0) defines a foliation contact ho-
mology algebra HC,(F). As an abelian group, it splits into summands,

HC.(F)= € HC.(Fl),

heH1(M)
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where HC,(F|y,) is the homology of the complex CC*(F|;,) containing all monomials
Qo - - - o, such that [oy] + ...+ [as] = h € Hi(M). The summand HC,(F|o) is a
subalgebra on which the integer grading is absolute; other summands are modules
over HC,(F|y) with only a relative integer grading (it is absolute mod 2).

Cylindrical contact homology should be well defined if the foliation contains no
rigid planes. Then for a given free homotopy class h € [S?, M], we define CC¢(F|;,)
to be the free module over Q[H»(M)] generated by elements g, for v C Pr with
[v] = h. The differential 9 : CC¢(F|,) — CCE(F|,) counts rigid cylinders in F.
One expects 92 = 0 if there are no rigid planes, since this prevents families of index 2
cylinders from degenerating into anything other than broken cylinders.

6.2 Functoriality

In Sec. we mentioned the notion of a concordance of foliations. The idea is es-
sentially as follows: let (M, &) be a contact manifold with two contact forms Ay such
that Ay = fA_ for some smooth function f > 1, and pick two admissible complex
multiplications Jy : & — &. This data defines two almost complex structures Jy on
R x M. Choose a number ag > 0 and a smooth nondecreasing family of functions
fao for a € R which equals 1 for a < —ag and f for f > ag, and define a smooth
family of contact forms A\, = f,A_, interpolating between A\_ and A,. Then we can
find an almost complex structure J which is tamed by some symplectic form d(p),),
matches J_ on (—oo, —ag] x M and matches Jy on [ag,00) x M. This defines an
almost complex manifold (R x M, .J) with cylindrical ends, interpolating between
the data (A_, J_) and (A4, J4).

Assume now that there is a 2-dimensional foliation F of R x M by embedded
J-holomorphic punctured spheres with finite energy. Each leaf is asymptotically
cylindrical, with positive/negative punctures asymptotic to periodic orbits of X, .
For o € R, define translation maps

Yo :RXM =R XM :(a,m)— (a+0,m)

then ¢ — J. as 0 — doo. Thus for large |o|, the foliations ;' (F) consist
of holomorphic curves with nearly R-invariant almost complex structures, and one
would expect to see approximately R-invariant behavior in the foliations themselves.
This leads to the notion of the asymptotic foliations F*, which we define informally
by
+ . -1
f - [71*1)?00 wa (.F)A

In practice, one might define this rigorously with a compactness argument to derive
Ji-holomorphic index 2 curves through a dense set of points in R x M, then filling
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in the rest by a second round of bubbling off analysis. (A similar technique was used
in [HWZ03D)] for stretching a singular holomorphic foliation of CP? into a foliation
of R x S3.) One can see readily that if F is a stable (R-invariant) foliation, then
Frt="F.

Given a stable foliation F for (M, \,J) and any constant ¢ > 0, there is a
corresponding stable foliation F, for (M, c), J), defined by rescaling the leaves in
the R-direction. It will be convenient to call the foliations F and F. equivalent,
denoted F = F,.

Definition 6.2.1. Given stable foliations Fo and Fy for (M, Mo, Jo) and (M, A1, Jy)
respectively (with ker A\g = ker A1), a directed concordance from Fy to Fi is a folia-
tion Fig of an almost complex manifold with cylindrical ends such that

Fh2F, and Fpp=F.

The word “directed” is important in this definition, since directed concordance
defines a partial order rather than an equivalence relation. A directed concordance
should determine a homomorphism ®yq : HC.(Fy) — HC.(F1), defined by a chain
map of degree 0 which counts index 0 leaves of the foliation Fy. There should also
be a gluing operation:

Conjecture 6.2.2. Given two directed concordances Fiog and Fa1 such that Fiy =
Foh, there is a directed concordance

]:20 :]:21#]:10

defined by gluing the leaves of the two foliations to form a new foliation, with
Foy & Fify and Fyy =2 Fyy. Moreover, the corresponding homomorphisms on contact
homology are related by $og = Poy 0 Dyg.

The homomorphism ®; defined by Fjy should be invariant under a suitable
definition of homotopy for Fyo. Loosely speaking, a homotopy F73, is a continuous
family of directed concordances from Fy to F;. The technical definition is presum-
ably quite complicated: we expect for instance that there should exist homotopies
from honest foliations to singular foliations (in which neighboring leaves have iso-
lated intersections), thus accommodating examples such as the circle bundle S'T'S,
where stable foliations generically can’t exist (see Sec. [LH). In any case, once this
homotopy theory is placed on more solid ground, it should be possible to prove that

®1p=1d  whenever Fy= F.

This would follow from a result that says if F is a directed concordance with F =
F_, then F is homotopic to a trivial directed concordance in which all the index 0
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leaves are orbit cylinders. A stable foliation is itself an example of such a trivial
concordance, in the sense that

Fro#Fo = Fio and  Fi#Fi o = Fio,

where in this context = means “homotopic”. With these notions in place, we can
then define a nontrivial equivalence relation on the set of stable foliations:

Definition 6.2.3. A concordance between Fo and Fy is a pair of directed concor-
dances Fo from Fo to Fi and Foy from Fi to Fo. We then say that the foliations
Fo and Fi are concordant.

Conjecture 6.2.4. The algebras HESFT(F) and HC,(F) are invariant with respect
to concordance.

By the above remarks, the foliations Fy and Fjp can sensibly be thought of
as inverses of one another. Unlike the analogous situation of cylindrical symplectic
cobordisms in SF'T, it is not automatic that one can find an inverse for any given
directed concordance. However, there is good reason to believe that the proposed
program for constructing a concordance by homotopy should naturally construct
its inverse as well. Recall, the claim was that given a foliation Fy for (M, Ao, Jo)
and another set of generic data (M, Ay, J;) with the same contact structure, there
should be a foliation Fj for the new data along with a directed concordance Fiq from
Fo to Fi. The idea is to begin with a trivial concordance from Fy to itself: more
precisely, a holomorphic foliation of (Rx M, J ) where J interpolates between e\ near
{—00} x M and X near {00} x M. Then homotop this to a holomorphic foliation of
(Rx M, .J,), where J, is defined by (A1, J;) in a large compact subset [—o, 0] x M. As
we let 0 — o0, this should split the foliation into two directed concordances Fjp and
Fo1 which are inverses. In the process we obtain the foliation F; as an asymptotic
foliation for each of Fyo and Foi, and it follows that HC.(F;) = HC\(Fy).

For the cylindrical contact homology one must restrict the notion of a concor-
dance before proving invariance. One way is by defining a cylindrical concordance
to be a concordance in which none of the leaves of Fiy or Fy; are index 0 planes.
This should permit the compactness result needed to prove that HC¢(F) is invariant
with respect to cylindrical concordance.

6.3 Computations of foliation contact homology

6.3.1 The tight 3-sphere

As a warm up, let us compute HC.(F;), where F; is the stable foliation of the
tight 3-sphere shown in Figure 611 (a product of the existence result in [HWZ03L]).
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Figure 6.1: The foliation F; of the tight 3-sphere, showing coherent orientations.

The figure shows a choice of coherent orientations for the moduli spaces of leaves,
after dividing out the R-action: for each rigid surface this is just a choice of sign,
and orientations of index 2 families are shown with arrows. The choices are by no
means unique, but they must follow a rule to ensure that gluing maps are orientation
preserving. Thus at any “corner” of the diagram where there is a hyperbolic orbit,
the arrow of an index 2 family points away from the corner if and only if the signs
of the two neighboring rigid surfaces match. (Note that some of the rigid surfaces
in this diagram are labeled more than once—e.g. the two positive segments on the
left are part of the same rigid cylinder.)

To simplify the notation, we’ll write A, B and a instead of ¢4, ¢p and ¢q,. The
capital letters represent elliptic orbits, with Conley-Zehnder index 3, and the hy-
perbolic orbit a has pcz(a) = 2. Thus the generators of CC,(F;) have degrees
|A| = |B] = 2 and |a| = 1. There is one additional generator of degree 0: the unit
element 1, which is a cycle by definition. Counting rigid surfaces, we find

JA=0B=a and da=1-1=0.

From this we compute HCy(F;) = Q, generated by the unit, and HCy(F;) = 0.
The generators of C'C3(F;) are the products Aa and Ba; then using the Leibnitz
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Figure 6.2: Foliation Fy, a planar open book decomposition of the tight 3-sphere.

rule and supercommutativity we have
9(Aa) = (0A)a=a®> =0 and d(Ba) = (0B)a = a® = 0.

Thus HC5(Fy) is generated by [A— B]. To compute the rest of HC\(F;), we observe
that everything in degree 3 and higher is generated by a product of A, B and a,
so by considering symmetrized tensor products of CC1(F;) and CCy(Fy), we find
that HCy(F,) is generated by [(A — B)*] and HCyy11(Fy) = 0. Thus HC.(F,) is
isomorphic to the rational cohomology ring of CP>.

We could have guessed this result by assuming that F; is concordant with the
open book decomposition Fy (Figure 6.2). HC,(Fp) is trivial to compute since A is
the only generator, with |A| = 2, hence 9 = 0 and HCy(F) is generated by [A] for
each k € N, while HCy41(Fo) = 0.

This result raises the question as to whether all of the foliations of (5%, &)
generated by the method in [HWZ03b] might be concordant. If so, one must wonder
whether (9%, &) admits any other foliations that are not concordant with these.

6.3.2 Overtwisted contact structures

Generally if (M, €) is a closed contact manifold and £ is overtwisted, then its contact
homology algebra HC,. (M, §) is trivial. This follows by choosing the contact form
so that it admits a hyperbolic orbit spanned by an index 1 plane; one can use this
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Figure 6.3: Cross section of a stable foliation in the neighborhood of a full-Lutz
twist along the knot K3

to show that the unit element is exact in the chain complex, so [1] = 0. A similar
argument works in the context of foliations, although it is not true that HC.(F)
always vanishes if F lives in an overtwisted manifold. (We’ll see an example for
St x 52 below.) What should be true is the following:

Conjecture 6.3.1. For any overtwisted contact structure & on M, (M,&) admits a
foliation F such that HC(F) = 0.

We use the main result Theorem [[33to construct a foliation on (M, §), with one
extra detail: supplement the usual surgery along a link K C S® with an additional
full-Lutz twist (see Chapter ZT]) along some separate knot K; C S*\ K. Recall
that the full twist produces a 2-plane distribution that is homotopic to the original,
then since & was already overtwisted, the new contact manifold is contactomorphic
to (M, €) by Eliashberg’s theorem. Carrying out the usual construction, we obtain
a foliation which looks like Figure near Kj. In particular there is a rigid plane
asymptotic to a hyperbolic orbit a, and this is the only rigid surface that has a as
its unique positive limit. Thus da = 1, and HC,(F) is trivial.

6.3.3 51 x §2

Choose the usual coordinates (6, p, ¢) on S* x B2(0) and collapse the boundary to
a circle to define

S'x §2 = S' x (B2(0)/0B2(0)).
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Figure 6.4: Foliation F, on St x 52

Define a contact form by A = f(p)df + g(p) where the trajectory p — (f(p),g(p)) €
R? winds once counterclockwise around the origin for p € [0, 1]. The contact struc-
ture & = ker A is overtwisted, and by the methods in Chapter Bl we can explicitly
construct foliations of Morse-Bott type as well as nondegenerate perturbations.

One such example is the stable foliation F5 shown in Figure This bears
a strong resemblance to the full-Lutz twist, and HC.(F;) vanishes for the same
reason.

Figure shows two foliations that are quite different, for closely related non-
degenerate perturbations of this same contact form A. Unlike F,, whose asymp-
totic orbits are all contractible, the asymptotic orbits here are all generators of
Hy (S x $?) = Z. This suggests that there may be topological problems in con-
structing a concordance with F», and we can confirm this by calculating the contact
homology.

We focus first on F3. Since H;(S' x S?) and Ho(S' x S?) are both nonzero, we
must make some choices to set the grading. Note that A and C' are homologous,
as are B and b, which point in the opposite direction. Choose the oriented circle
A as the canonical generator for H;(S! x S%). There are then obvious choices of
cylinders Fp, F, and Fg connecting each of the other orbits to A: pick the cylinders
that project to vertical line segments in Figure (left). With these choices, all of
the rigid surfaces in the picture represent the trivial homology class in Hy (S x 52).
The grading will be defined only up to an even integer offset, so we're free to pick
a trivialization of £ over A such that pcz(A) = 1. Then pcz(B) = pez(C) =1 and
uez(b) = 0, thus CC.(F3) has three generators of degree 0 and one of degree —1.
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Figure 6.5: Foliations F3 (left) and F; (right) on S x S2

Counting rigid surfaces with one positive puncture, accounting for the coherent
orientations, we find

9A=0, 9C=0, OB=b—b=0, and 9b=0.

Thus HC,(F3) is a free superalgebra with three even generators and one odd. In
particular, both HC\.(Fs|4) and HC,.(F3|_[4) are nontrivial. HC,(F;3|o) is also
nontrivial: it has generators [AB] and [CB] in degree 0, and [Ab] and [Cb] in de-
gree —1. Ignoring the technical details for now, this would seem to prove:

Conjecture 6.3.2. The foliations Fy and F3 on (S x S, ) are not concordant.

Another interesting question concerns the relationship between F3 and Fy, which
are different nondegenerate perturbations of the same Morse-Bott foliation. Use A
again as the canonical generator of H;(S! x S?), and choose Fy; and Fp; to be
the cylinders that project to straight line segments connecting b; or B; to A in the
picture, for j =1,...,4. Then once again all rigid surfaces in F, are homologically
trivial in Hy(S'x S?). Picking a trivialization so that pcz(A) = 1, we have pucz(C) =
pez(Bj) =1 and pcz(b;) = 0 for all j. Then

0A =0C = 615 =0 and 8B] e b] - b]'+17

using the convention bs = b;. Thus the generators b; are all homologous in HC_;(Fy),
and Y ; Bjisacycle. It turns out that H C(Fy) is the free superalgebra generated by

[A], [C] and |52, B;] in degree 0 and [b,] in degree —1. Thus HC,(F;) = HC,(F).
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Clearly one obtains the same result for any similar perturbation with an arbitrary
number of orbits b; and B;. The same phenomenon is observed in many other
examples, which strongly suggests:

Conjecture 6.3.3. HC\(F) is well defined if F is a foliation of stable Morse-Bott
type. In fact, any two nondegenerate perturbations of F are concordant.

This should follow from the construction of the nondegenerate perturbations,
which would produce not only a stable foliation but also a concordance between
this and the original Morse-Bott foliation.
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Appendix A

Asymptotics of Finite Energy
Surfaces

A.1 Asymptotic operators

In this appendix we present in precise form the results of Hofer, Wysocki and Zehn-
der from [HWZ96a] and [HWZ96D], which describe the asymptotic approach of finite
energy surfaces to nondegenerate or Morse-Bott periodic orbits at the punctures. A
complete understanding of this behavior requires us to consider certain self-adjoint
operators of the form

d
A=~ o'y = Swlt),

where Jj is a complex structure on R?® and S, (t) is a loop of symmetric matrices.
Instead of presenting these operators out of the blue, it’s worth taking a moment
to see how they arise naturally in contact geometry. Such an operator appears
also in the analysis of Floer homology (see for instance [S97]), where it can be
interpreted as the Hessian of the symplectic action functional. We will see that a
similar interpretation is available here.

Let (M, )\) be a contact manifold with contact structure £ = ker A and an admis-
sible complex multiplication J on &. Let S* = R/Z and define the contact action
functional, @y : C=(S*, M) — R by

Dy\(x) = /sl *\.

For this rather informal discussion, we will follow the standard practice of treating
C>(S', M) as an infinite-dimensional smooth manifold with a well defined tangent
bundle, and assume whenever convenient that differential geometry applies to this
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manifold just as in the finite-dimensional case. The extent to which this is rigorously
true will not concern us. That said, the tangent space at x € C>(St, M) is

T,C(S', M) = T'(«*TM),

the space of smooth sections of the bundle x*T'M — S!. Then we compute that the
differential of ®, at z is the linear map d®,(z) : I'(z*TM) — R defined by

d®,(z)v = /51 dX(—x(t),v(t)) dt.

Thus the critical points of ®, are the unparametrized periodic orbits of the Reeb
vector field, i.e. z € Crit(®,) if and only if the image z(S') is a closed Reeb or-
bit. Note that ®, is invariant under the natural action of Diff"(S'), the group of
orientation preserving diffeomorphisms of S,

Diff*(S') x C=(S*, M) — C=(S*, M) : (¢, 2) = x 0 .

A critical point of ®, is always degenerate due to the group action, and thus the
ordinary Hessian carries redundant information. We therefore define a “restricted”
Hessian, which is an isomorphism at any critical point that is “as nondegenerate
as possible”. To see what this means, it’s instructive first to review the analogous
situation in a finite-dimensional manifold.

The finite-dimensional case

Let M be a smooth finite-dimensional manifold with f : M — R a smooth function.
Assume there is also a Lie group G acting smoothly on M,

GxM— M:(g,z)— @4(z)

with the following two properties:
(i) fop,=florallgedG.

(i) For all z € M, the orbit [z] = {¢,4(x) | ¢ € G} is a smooth submanifold of M,
with fixed codimension.

Now on a neighborhood of Crit(f), choose a smooth splitting TM = @ n such that
for z € Crit(f), 0, = T,[z]. Choose also a metric {, ) on the vector bundle n — M.
Then the differential df defines (by restriction) a smooth section of the dual bundle
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n* — M, and we can use the metric to associate with this a “gradient,” Vf € I'(n),
defined by
(Vf(z),v) =df(v) forallven,.

Clearly in a neighborhood of Crit(f), V f(z) vanishes if and only if z is a critical
point. Choose next a connection V on the bundle n — M. This induces naturally
a connection on n* — M, which allows us to define Vdf € T'(T*M ® n*). By
restriction, this may be considered a bilinear form on 7.

Proposition A.1.1. Ifx € Crit(f) then for any v,w € n,, Vdf (v,w) = Vdf (w,v).

Proof. Extend v and w to vector fields V, W € T'(T'M) near x such that [V, W] =0,
and write V = Vp +V, € 0 @ n, similarly for W. Then Ly (df (W))(x) = 0 since
both Wy and df vanish at z, and similarly Ly (df (Vp)) = 0. We compute,

0= LyLwf(z) — LwLyf(z)
= Ly (df (W) (z) = Lw (df (V) ()
— (Vo) (w) + dF (VW) — (Vudf)(0) — dF (V)
= Vdf (v,w) — Vdf (w,v).

O

Observe that if z is a critical point, the bilinear form Vdf(z) : 9, ® n, — R
doesn’t depend on our choice of connection. The same can be said of the linear map

V2f(z) = VVf(z): TuM — n,,

though of course this does depend on the metric (because Vf does). If we choose
V to be compatible with the metric, then an easy computation shows

(V2f(z)X,v) = Vdf (z)(X,v) forall X € T,M and v € n,.
Define the Hessian of f at z to be the restriction of this operator to
V2f(2) : ne = Te.
Then Prop. [ATTland the above remarks show that V2 f(z) is symmetric with respect

to the metric (, ) whenever = € Crit(f). By definition, the function f is Morse-Bott
nondegenerate if and only if V2f(z) is an isomorphism at all critical points .
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The Hessian of @)

To apply the ideas above to the action functional, define a splitting TC> (S, M) =
0@ E& by
0, =T'(*(RX,)) and &, =T(z%),

where © and £ are thought of as smooth vector bundles over C*°(S*, M). Clearly
if z € Crit(®,), i.e. z is a loop parallel to the Reeb vector field, then the tangent
space to the orbit [z] C C*(S*, M) is precisely ©,. Define the metric dA(-,.J-) on
the bundle € — M and use this to define a metric on the bundle & — C*°(S1, M)
by
(v, w) :/ d\(v(t), Jw(t)) dt  for v,w € T(a*E). (1.1.1)
Sl

Then the “gradient” of ®, can be defined as a section of € by
V(I))\(l’) =—Jmi € F(I*g),

and we have (V®,(z),v) = d®,(z)v for all v € T'(2*¢). To compute the Hessian,
choose any connection on ¢ which is Hermitian with respect to the metric dA(-, J-)
and complex structure J. This defines a connection on & — C*°(S, M) which is
compatible with ( , ). For any v € &, = I'(2*¢), find a smooth map z,(t) = z(s,t)
such that v(t) = 9,2(0,t), then V2®,(z)v = V,V®, will be the section in I'(z*¢)
defined by

(VoV®,)(t) = Vs (VOx(25) (1)) |s=0
=V, (=Jmr0:x(s,1)) |s=0 = —IVs(mr0sx(s,t))|s=o0-

Assuming z € Crit(®,), the covariant derivative of m\d,z(s,t) at s = 0 will not
depend on our choice of connection for &, since my&(t) = 0. We can therefore
choose a more convenient connection for the computation; in particular, let V be
any symmetric connection on M and define a covariant derivative V for sections

veTl() by N
Vv =7y o Vu.

It is easily verified that V defines a linear connection on the bundle & — M. Then
using the symmetry of V, we compute

Vo (ma0z(s, 1) smo = TAVs [Ba(s5,t) — My, 1)) - Xa(z(5,1))] |s=o0
=m\V:0,x(0,t) — A@(t)) - mAV Xa(z(s,t))]s=0
=m (Veo(t) = M@(1) Vi Xn) -
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It turns out that the projection 7, can be removed, because the expression in paren-
theses is already a section of x*¢. Indeed, using again the symmetry of V and the
fact that @(t) € RX,(z(t)),

A (Vio(t) = M@ (1) Vu Xa) = A(Vidax(s, 1) - (I( NV Xa(a(s,)))] -,
= AV, [0x(s,t) — )\( (1)) Xa(z(s,t)) ]|s 0 =V, m@mst”s

= 0y M0 (s, )] |y — (VN (mi ()]

If we choose a parametrization of = € Crit(®,) so that A(&(t)) = T (the perlod
of the orbit), we now obtain the following formula for V2®,(z) : I'(z*¢) — I'(z *5)

0

V20 (z) = —J (V, = TVX,) .

With this as motivation, we associate with any T-periodic orbit P C M, para-
metrized by z : ST — M with A(@) = T, the asymptotic operator

A, HY(2*¢) — L*(2%¢)

1.1.2
Av=—-J(Vow—-TV,X)) ( )

where V is any symmetric connection on M. It must be emphasized that, despite
appearances to the contrary, A, is necessarily a section of x*¢, and it depends only
on z, A and J, not on the choice of connection. Moreover, it’s not hard to see
that different parametrizations z(t) for the same orbit will give conjugate operators.
Choosing a unitary trivialization of 2*¢ — S', the operator takes the form

A, HY(S', R™) — L*(S' R®™) 113
Av = —Joi(t) — Se(t)v(t) (113)
where Jj is the standard complex structure and S, is a smooth loop of 2n-by-2n
symmetric matrices.

As one would expect, A, is a symmetric operator with respect to the L2-inner
product defined by (LII). More importantly, it defines an unbounded self-adjoint
operator on L?(z*¢), with spectrum o (A.,) consisting of discrete eigenvalues of finite
multiplicity that accumulate only at infinity. The periodic orbit P is nondegenerate
if and only if 0 # o(A,). In Sec. 2 we also consider Morse-Bott orbits, in which
case A, has a nontrivial finite-dimensional kernel.

IThe reader should beware that this operator is widely misprinted without the factor of 7' in
the literature. Some authors get away with this by defining S* as R/T'Z instead of R/Z—and some
of them, maddeningly, do this without saying so explicitly. The author wishes to thank Richard
Siefring for clarifying this point.
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A.2 Exponential approach

If \T = ¥ is a Riemann surface (possibly with boundary) with interior punctures,
and @ = (a,u) : ¥ — R x M is a finite energy J-holomorphic curve, Prop. T4 says
roughly that u(z) approaches some periodic orbit of the Reeb vector field as z — T.
We now state the precise version of Prop. [[LI.8 which describes the asymptotic
approach in the case where the orbit in question is either nondegenerate or Morse-
Bott. We'll state only the three-dimensional version proved by Hofer, Wysocki and

Zehnder in [HWZ96a] and [HWZ96D], since this will suffice for our purposes.

Recall that each nonremovable puncture z € I" of a finite energy surface can be
characterized as either positive or negative, depending on the sign of the charge

Q= —lim u'\,

=0/ am,

where D, C ¥ is a decreasing sequence of holomorphically embedded disks centered
at z. It is convenient to associate with each puncture a special holomorphic coordi-
nate system that identifies a punctured neighborhood with one of the half-cylinders

ZT =[0,00) x S' or Z =(-o00,0] x S
depending on the sign. On the punctured disk D = I\ {0}, this is defined by
1 ZF 5D (s,t) s TETD
Then the asymptotic approach in Prop. [LT4 can be described conveniently by

wo pi(sg,t) = x(Tt) as s, — £oo.
We will need nice coordinates for neighborhoods of periodic orbits.

Lemma A.2.1 ([HWZ96a] and [IWZI6L]). Let x : R — M be a T-periodic orbit
of X\ with period T" = k7, where 7 > 0 is the minimal period and k € N is the
covering number. Write P C M for the image of x. Then a neighborhood of P in
M can be identified with a neighborhood U of S* x {0} C S* x R? such that

P =8"x {0},
and using coordinates (0, x,y) € S* x R?,
A= f(dO+ x dy)
for some smooth positive function f defined near P. We may assume

£(6,0,0) =7 and df(0,0,0) =0
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for all € S*. Moreover, if P belongs to a smooth 2-dimensional manifold L C M
foliated by T -periodic orbits, then we may assume LNU is invariant under the Reeb
flow and

LNnU={0,0,y) e} and df(0,0,y)=0

for all (0,0,y) € U.

Theorem A.2.2 ([HWZ96a] and [AWZI6h]). Let @ = (a,u) : D — Rx M be a finite
energy J-holomorphic map, with (M, \) a contact 3-manifold, and suppose the T-

periodic orbit x(t) (with T =kt = |Q|) given by Prop. either is nondegenerate
or belongs to a simple Morse-Bott surface. Then, choosing @, or ¢_ according to
the sign of Q, the asymptotic behavior of the half-cylinder @ o i : Z* — R x M
can be described as follows.

Using the coordinates of Lemma A2 near P = x(R), write

fogs(s,t) = (a(s,t),0(s,t),2(s,1)) € R x S x R?

for some functions a, @ and z. There are constants ag € R and 6y € S* such that
either

(a(s,t),0(s,t),z(s,t)) = (T's + ag, kt + 6o, 0),

or there exists an exponential decay rate d > 0 with

|0%[a(s, t) — ag — Ts]| < CeF

|0P[0(s,t) — Oy — kt]| < CeT
for all multi-indices B, with constants C = C(B). In this case, z(s,t) is described
by the formula _

2(s,t) = elo ) d"[e(t) +r(s,t)] € R?,

where 0°r(s,t) — 0 as s — +o0, uniformly in t for all multi-indices B. Here u is a
smooth real-valued function with

u(s) > Aeo(Ay)  ass— foo,

where the sign of \ is opposite that of the puncture, and e : S' — E00) = R? is
an eigenfunction of A, with A e = Xe.

A.3 A criterion for finite energy
We've seen that finite energy implies asymptotically cylindrical behavior for punc-
tured holomorphic curves. It is occasionally useful to have a converse to this state-

ment. As always, (M, A) is a closed contact 3-manifold with the usual R-invariant
almost complex structure J on its symplectization R x M.
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Proposition A.3.1. Let X be a compact oriented surface, possibly with boundary,
and define ¥ = % \ T where ' C int ¥ is a finite set of interior punctures. Assume
j is a complex structure on by (not necessarily extending over X), and we are given
a pseudoholomorphic curve @ = (a,u) : (3,5) = (R x M, J) with the property that
for each puncture z; € T', there is a shrinking sequence of circles fyf LIy
winding clockwise around z;, and a periodic orbit x; : R — M of X, with period
T; =|Q;| > 0 such that as k — oo,

uo fy;?(t) — x;(Q;t)  in CY(S', M).
Then @ has finite energy
E(ua) = sup / w*d(pA) < oo,
v€To J %
and the following two statements are equivalent:
(i) a: Y — R is a proper map.

(ii) There is a compact Riemann surface (X', ') and a finite set I C int ¥’ such
that the punctured Riemann surface (X'\ I",7") is biholomorphic to (X, j).
That is, @ can be reparametrized near the punctures so that j extends over X.

Proof. To establish finite energy, choose a sequence of compact subsets ¥, C
bounded by the shrinking circles,

oy =0x U [ [ ksh

z; €l

Then using Stokes’ theorem and the fact that @*d(¢\) is always nonnegative,

wd(pA zlim/ a*d(pA —/ T (eA) + lim/ T (pA
/2 N =tip [ wdon= [ e+ S [ aen

z;€l

< [u* A + T,
JuhA 2

T;>0

so this number bounds E(a).

Now it follows immediately from the properties of finite energy holomorphic
curves that (ii) implies (i). Conversely, suppose there is no reparametrization al-
lowing j to extend over one of the punctures z; € I'. From the classification of
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conformal structures on annuli, we know that a closed punctured neighborhood of
z; in (3, ) is conformally equivalent to either ([0,00) x S*,4) or ([0, R) x S*,4) for
some R > 0 (see [HmI7], Lemma 5.1). It must in fact be the latter, since the former
is biholomorphic to a punctured disk. Thus we can describe a neighborhood of z; by
holomorphic coordinates (s, t) € [0, R) x S', and treat the circles 7¥ as embeddings
St — [0, R) x St for sufficiently large k. Now for s € [0, R) sufficiently close to R,
we can choose k and k' > k so that {s} x S is contained in an annulus bounded by
vF(5t) and ﬂ/;-“/(Sl). Then Stokes’ theorem and the positivity of u*dA imply

/ u* </ u*\ </ u*\,
VE(S1) {s}xst A (s1)

consequently |, (s}x81 u*A — @ as s — R. The Cauchy-Riemann equations give
as = M), and thus

lim [ a(s,t)dt :/ a(0,t) dt+/ / as(s,t) dt ds
=R Jg1 st 0 Jst
R
:/ a(0,t) dt+/ / Mug(s,t)) dt ds
st 0o Jst
R

:/ a(0,t) dt+/ (/ u*)\) ds.
st 0 {s}xst

This integral is finite, proving that a is not a proper map. O
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Appendix B

Deligne-Mumford For Surfaces
with Boundary

B.1 Nodal surfaces

The main compactness result of Chapter [l deals with sequences of holomorphic
curves on punctured Riemann surfaces with boundary, thus we need to understand
the compactification of the space of conformal structures on such a domain. A
useful version of the Deligne-Mumford compactness theorem for Riemann surfaces
without boundary was stated in [BEHWZ03|. Here we shall review that result, and
use doubling arguments to state a generalization to the case where 0¥ # 0. A
valuable reference for this material is the book by Seppéla and Sorvali [SS92].

The unfamiliar reader may wish to skip to the end and contemplate Figure [B.2]
before proceeding.

Let (X,7) be a compact connected Riemann surface, possibly with boundary,
and let I' C int X be a finite ordered subset. As usual, denote the corresponding
punctured surface by ¥ = £\ I. If the Euler characteristic (%) < 0, then we
call the triple (X, j,T') a stable Riemann surface with boundary and interior marked
points. The stability condition means

29+ m+ #I' > 2,

where ¢ is the genus of ¥ and m is the number of boundary components. Recall
that there is a natural “conjugate” Riemann surface (3¢, j¢) = (3, —j), which can
be glued to (%, j) along O3 to form a surface without boundary XP = $Usx %:¢. The
double XP has a natural conformal structure j2 (see Remark ZZ9) and a natural
antiholomorphic involution ¢ : P — 2P whose fixed point set is 9¥. We can
also double the set of marked points to define (X2, j2,T'P) and a punctured surface
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without boundary ¥P = yP \I'?; then an equivalent definition of stability is to say
that (3,7, T) is stable if and only if x(3P) < 0. This definition has the advantage
of making sense also when marked points are allowed on the boundary.

It is a standard fact that every Riemann surface without boundary and with
negative Euler characteristic admits a unique complete metric that is compatible
with the conformal structure and has constant curvature —1. This follows easily
from the uniformization theorem, since any such surface has the Poincaré disk as its
universal cover (cf. [Hm97]). This metric is then called the Poincaré metric. Because
it is unique, the space of orientation preserving isometries with respect to this metric
can be identified with the space of biholomorphic maps. Given a stable Riemann
surface (X, j,I") with boundary and interior marked points, we define a metric h on
> by restricting the Poincaré metric A? of (ED .jP) to the subset ¥ C %P, Then
the involution ¢ : ¥” — P is an orientation reversing isometry of (XfD ,hP), and
one can use this fact to prove that each component of 9% is a geodesic for h. We
shall refer to h as the Poincaré metric for (3, ).

Denote by M, ., the moduli space of equivalence classes of compact connected
Riemann surfaces (X, 7,T") with genus g, m > 0 boundary components and p = #I°
interior marked points I' C int ¥.. Recall that the points of I' come with an ordering.
Equivalence (3,7,I') ~ (¥',j/,T") means that there exists a biholomorphic map
v (X%,7) = (X', 4) that takes T' to I, preserving the ordering. The topology on
Mg mp is defined by saying that [(Zy, ji, Tx)] = [(X,7,T)] if for sufficiently large &
there exist diffeomorphisms ¢ : £ — ) mapping I' — T’ (with the right ordering)
and such that ¢} j, — j in C*.

Using the Schwartz reflection principle, any biholomorphic map ¢ : (21, 71) —
(32, j2) extends naturally to a biholomorphic map ¢? : (P, jP) — (X2,42). It
follows that there is a well defined continuous map

Mg,m,p — M29+m—1,012p : [(2]7 F)} = [(ED7.7D7 FD)]

We shall use this and the natural compactification mzﬁm,lml, to define the com-
pactification M, -

Let us review the case where % = 0, following the presentation in [BEHWZ03].
A nodal Riemann surface ¥ = (3,7, T, A) consists of a Riemann surface (X, )
which is a finite union of disjoint closed, connected surfaces ¥ = ¥; U ... U X,
together with an ordered set of marked points I' C 3 and a set of so-called double
points A. The latter is an unordered set of unordered pairs of points in ¥, A =
{Hz, 21} -+, {za, 243}, with z; # 2] for each pair. When there is no confusion, we
shall sometimes abuse notation and treat A as an ordinary set of points, rather than
a set of pairs; we assume the sets A and I' are disjoint. Intuitively one thinks of ¥
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as the topological space obtained from ¥ by identifying each pair of double points:
S =%/{z~ z; for each pair {z;, 2;} € A}.

The point in $ determined by a given pair of double points {z;,2}} € A is called
a node. We say that X is connected whenever $ is connected. X is called stable
if for each connected component ¥; C X, the surface (¥, jlz,, T'U A) N X)) is
stable; this means that every connected component of ¥\ (I' U A) has negative
Euler characteristic.

There is another important connected space associated to a connected nodal
surface 3; in order to define it we must add some extra data at each double point.
An asymptotic marker at z € A is a choice of direction p € (7,3 \ {0})/R., where
R, is the group of positive real numbers, acting by scalar multiplication. A choice
of asymptotic markers r = {{u1, g1}, ..., {pa, p;}} for every pair of double points
{7, z;} € Aiscalled a decoration, and we then call (3,7) = (X, 5,T, A, r) a decorated
nodal Riemann surface. For each pair {z,2'} € A with asymptotic markers {u, 1'},
the conformal structure j determines a natural choice of orientation reversing map

o (LENA{0}) /Ry — (T2 \ {0})/Ry

such that 7.(p) = i/. These maps have an important interpretation in terms of the
circle compactification at a puncture. Namely, for each component ¥; C ¥, let 3, be
the compact surface with boundary obtained from the punctured surface ¥;\ (ANX;)
by replacing each puncture z € ANY; with a “circle at infinity” §, = (T.3;\{0})/R+
(cf. Sec. E2). Then 0%; = U.cans, 0z, and for a pair {z,2'} € A, the map r.
determines an orientation reversing diffeomorphism 7, : §, — d.,. Denote

Y =G U u)/{w~ 7, (w) for all w € 6.}

This is a closed surface and is connected if and only if 3 is connected. In that case,
we define the arithmetic genus of 3 to be the genus of ,. Note that this number
doesn’t depend on the choice of the decoration r. We shall denote the union of the
special circles &, for z € A by ©a C X,.. The conformal structure j on ¥ defines
a singular conformal structure js on X, which degenerates at ©. If 3 is stable,
then there is similarly a “singular Poincaré metric” hs; on 3,, defined by choosing
the Poincaré metric on each of the punctured components ¥; := 3;\ (TUA)NE,).
This metric degenerates at ©x UT"; in particular the distance from a marked point
29 € T or a circle §, C O, to any other point in X is infinite, and the circles §, have
length 0. Observe that in the stable case, 3, \ T' is a union of pieces ; \ (I' N %)
with negative Euler characteristic glued along boundary circles, thus x(X, \T') < 0.
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In particular, if ¥ = (3, 4,I', A) is a stable nodal Riemann surface with arithmetic
genus g, then 2g + #I" > 2.

Assume 2g+p > 2 and let M, ¢, denote the moduli space of equivalence classes of
stable nodal Riemann surfaces ¥ = (X, j,T', A) with arithmetic genus g and p = #T°
marked points. We say (X,7,T,A) ~ (2,5, I",A’) if there is a biholomorphic
map ¢ : (X,7) — (¥/,5) taking T' to I with the proper ordering, and such that
{p(z1), p(z2)} € A"if and only if {21, 20} € A. There is a natural inclusion M, —
M0, defined by assigning at any stable Riemann surface (X, j,I') an empty set of
double points.

To define the topology of M, we introduce the following notion of conver-
gence.

Definition B.1.1. A sequence [Zi] = [(Sk, jr, Tk, Ar)] € My, converges to [E] =
[(,4,T,A)] € My, if there are decorations ry for Xy and r for I, and diffeomor-
phisms @y, : B, — (B)r,, for sufficiently large k, with the following properties:

1. ¢y sends I' to I'y, preserving the ordering.
2. gk — Js in C(Z, \ ©a).

3. ¢, (©a,) C Oa, and all circles in ©x(Oa) \ On, are closed geodesics for the
Poincaré metric hs, on (3g),-

This definition is compatible with a metric on ﬂg,(},}n thus compactness is equiv-
alent to sequential compactness (cf. [BEHWZ03], Appendix B).

Theorem B.1.2 (Deligne-Mumford). Mg, is compact. In particular, any se-
quence of stable Riemann surfaces (X, jr, ') with fized genus and number of marked
points has a subsequence convergent to a stable nodal Riemann surface (Z,7,T,A).

B.2 Symmetric nodal surfaces and boundaries

In order to extend these notions to the case of a Riemann surface with boundary,
we use the doubling operation to think of [(X,7,T)] € My, as a stable Riemann
surface without boundary [(7, j2,T'P)] € Magim—1,02p, but with an extra piece of
structure: (2P, ;j7) comes with a natural antiholomorphic involution o : £P — %P
which permutes I'P, and whose fixed point set is precisely 9% C ¥P. Given any
biholomorphic map ¢ : $; — X, the involutions o; : ¥P — ¥P for i € {1,2} are
related to the induced biholomorphic map ¢P : P — ¥P by

(pDOOj:O'zO(pD.
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We therefore define a moduli space of symmetric Riemann surfaces M;, ,, con-
taining equivalence classes [(X,,T, 0)], where [(X,5,T)] € Mygop and 0 : ¥ — X
is a diffeomorphism which permutes I' and satisfies To 0 j = —j o T'o, as well as
ooo =1d. Equivalence (X,5,T,0) ~ (X',5/,T,0') is defined by a biholomorphic
map ¢ : (3,7) — (¥,7') that takes I' to I" with the right ordering and satisfies
poo = g'op. Similarly we define convergence in Mj , , just as in M, g, but require
also that the diffeomorphisms ¢y, : ¥ — i should commute with the corresponding
involutions.

By construction, the natural map Mg, — M3 ., 0, defined by the dou-
bling operation is a continuous inclusion. It should be noted that not every symmet-
ric Riemann surface can be presented as the double of some surface with boundary,
e.g. there is the involution z — —1/z on S, which has no fixed points. But it is easy
to see that any such symmetric surface in M5 |, _;,, is in a separate connected
component from the image of Mg, ,. See [SS92] for a discussion of some other
kinds of beasts that live in M3 .. 10,

The notion of a symmetric Riemann surface extends naturally to the compactifi-
cation: thus we define a moduli space _;,O,p of symmetric nodal Riemann surfaces
(2,0) =(%,5,I,A,0). Here & € M,,, and ¢ : & — ¥ is an antiholomorphic in-
volution which permutes I' and has the additional property that {z1, 20} € A if and
only if {(21),0(22)} € A. Equivalence in M, is defined the same as in My,
with the added condition that the biholomorphic map ¢ must commute with the
respective involutions. There is a well defined continuous involution defined by o
on the singular surface . This can be defined on X, as well if the decoration r is
symmetric: this means that the set of asymptotic markers is preserved by T'o. Then
one easily verifies that for any {z, 2’} € A, the orientation reversing diffeomorphism
7, : 0, = 0, commutes with o, so ¢ defines an involution on X,, which preserves
O, and is antiholomorphic on X, \ Oa.

With this preparation, we can define convergence in M;O"p just as in Defini-
tion [BIT] requiring additionally that all decorations be symmetric, and that the
diffeomorphisms ¢y, : 3, — (), commute with the respective involutions. With
this topology, ﬂ;,o,p is compact

We conclude this discussion by translating the results for symmetric Riemann
surfaces back into the language of surfaces with boundary. Consider a sequence

e

!Seppild and Sorvali [SS92] prove this in the case where p = 0, using symmetric pair of pants
decompositions. One can extend their arguments to the case with marked points using degenerate
pair of pants decompositions, where each “boundary” component for a pair of pants is either a
closed geodesic or a puncture representing a marked point, and all marked points are accounted
for in this way (cf. Hummel [Hm97]). In this picture, marked points play much the same role as
nodes.
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[(Sk, k> Tk)] € Mgy such that the doubles (S, 3P, TP, or)] € M3, _1.0, con-
verge to a symmetric nodal surface

[(2007 0'00)} = [(Eomjoov | STVAVSS 0'00)} € M;57+7rz—1,(l,17'

There is a symmetric decoration r and a set of diffeomorphisms ¢y : (X)), — XFP
for large k, satisfying the conditions of Definition BTl and ¢y 0 0, = 0 0 @1 It
follows that there is a surface & with boundary 0% 2 Fix(0w) C (X)), such that
the topological double of ¥ is 77 = (Zoo)r- Moreover there are diffeomorphisms
Y1, 1 2 — ¥, such that ¢y, = ¢P. The singular conformal structure on X, restricts
to 3, where it degenerates along a compact 1-dimensional submanifold @5 N 3.
There are now two novel features: one is that ©x N X may include components of
0%; these correspond to pairs {2, 2’} € Ay, for which o(2) = 2/, and they arise from
components of 9%, which shrink to zero length in the Poincaré metric hy as k — oo.
There may also be circles in © that intersect O transversely, in which case @, NE
contains arcs with endpoints on 9. These arcs shrink to zero length as k& — oo,
producing pairs of double points {z, 2’} that are each fixed points of o, i.e. double
points on the boundary.

This picture inspires the following definition. A nodal Riemann surface with
boundary and interior marked points ¥ = (X, 7,T', A, N) consists of a Riemann sur-
face (X, j) with finitely many connected components ¥ = X;U...UX,, each of which
is a compact surface, possibly with boundary. The marked point set I' is a finite
ordered set of interior points, and the double points A = {{z,21},...,{z4, 2} }
have the property that z; € 9% if and only if 2} € 9X. We also now have a finite
unordered set N of interior points, which we’ll call unpaired nodes. These are meant
to be thought of as boundary components that have degenerated to zero length in
the Poincaré metric. We assume the sets I', A and N are all disjoint. The singular
surface 3 is defined from 3 as before by identifying pairs of double points in A.
We then call ¥ connected if 3 is connected. A decoration r consists of a choice
of asymptotic marker for each interior double point. Asymptotic markers for dou-
ble points at the boundary are unnecessary because the boundary itself defines a
preferred direction at these points. Analogously to the circle compactification at
an interior puncture, we can define the “arc compactification” at z € A NIJY as
follows: choose holomorphic coordinates identifying z with 0 € DT, and use the
biholomorphic map

¢ :[0,00) x [0,1] = D : (s,8) — e+

to identify the punctured neighborhood of z with the half-strip [0, 00) x [0,1]. We
then compactify 3\ {z} by adding the “arc at infinity” 4, = {oco} x [0,1]. For a
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Figure B.1: A component ¥, with its compactification ;. Here there’s one interior
double point z € ANint¥; and one boundary double point z € A N 9%;.

connected component X; C X, denote by ij the compact topological surface with
boundary obtained by replacing each interior double point z € A Nint 3; and each
unpaired node z € N N X; with a circle at infinity, and replacing each boundary
double point z € A N J%E; with an arc at infinity (Figure Bl) If {z,2'} € A
is a pair of double points in 9%, then the conformal structure defines a preferred
orientation reversing diffeomorphism ¢, — d,,. We then define the compact surface
3, from ¥, U...UY, by gluing . and &, via this diffeomorphism, and identifying
the circles at infinity for interior double points via the decoration r. The circles d,
corresponding to unpaired nodes z € N become components of the boundary 9%,.

As before, we call the genus of X, the arithmetic genus of . The double of ¥ is
defined to be the symmetric nodal Riemann surface (X2,0) = (X0, 0, TP AP o)
where AP contains each pair {z, 2’} € A in addition to its conjugate {o(2), (2"},
as well as the pair {z,0(z)} for each 2 € N. Clearly X is connected if and only if
3 is. There are natural inclusions

PRI L
ET'—>§?D

where r? is defined as the unique symmetric decoration determined by 7 and some
arbitrary choice of asymptotic markers for the points of N (this choice has no effect
on the construction of if)D).

We shall call ¥ stable if every component of (3, j) is stable, considered as a
Riemann surface with the marked point set 'UA U N. Note that since some points
of A may lie on 9%, this means by definition that every component of X\ (TUAUN)
has a double with negative Euler characteristic. Equivalently, 3 is stable if and only
if P is stable. Then we define a singular Poincaré metric hs; as the restriction of
hsp to X, C frDD. This metric degenerates at the marked points I" and along a finite
set of circles and arcs ©4 n; each of the circles is contained in either the interior or
the boundary of ¥,, and each arc is contained in the interior except at its endpoints,
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where it meets 0%, transversely Note that if ¥ is stable then y(X, \ T') < 0.

If 29 + m + p > 2, define Mg,m,p to be the moduli space of equivalence classes
of stable nodal Riemann surfaces with boundary and interior marked points 3 =
(3,4,,A, N), with arithmetic genus g, #I' = p and m connected components of
0%,. Equivalence (2,5, A, N) ~ (¥',5/,T", A’, N') means there is a biholomorphic
map ¢ : (£,5) = (¥',4') that identifies the ordered sets I' and I, identifies pairs
in A with pairs in A’, and such that ¢(N) = N’. There is a natural inclusion
Mgmp = Mg mp dcﬁncd by choosing empty sets of double points and unpaired
nodes. There is also an inclusion M,,, < MQg +m—1,0, defined by the doubling
operation.

With these definitions, the notion of convergence introduced for m = 0 in Defi-
nition [BIT] carries over verbatim to M, , after adding one detail:

4. 0. (Oa,n,) C Oa, and all arcs in ©k(©a,n) \ Oa, N, are geodesic arcs for
the Poincaré metric hs, , with endpoints on O((Xk)r,)-

One sees readily that the topology defined in this way is equivalent to the topology
defined by the inclusion My, < MQg +m-10p- We summarize the compactness
theorem as follows. Figure [B.2] shows an example.

Theorem B.2.1. ﬂgﬁmﬁp is compact. In particular, any sequence of stable Riemann
surfaces (X, jr, ) with boundary and interior marked points, having fized topolog-
ical type and number of marked points, has a subsequence convergent (in the sense
of Definition[B11l) to a stable nodal Riemann surface (3, j,T', A, N) with boundary
and interior marked points.

2The original version of this appendix stated erroneously that an arc in ©a y always connects
the same component of 9% at its two ends. A counterexample to this is shown in Figure [B:2
thanks to Kai Cieliebak for pointing out the error.
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Figure B.2: Degeneration of a stable Riemann surface (3, 7,I') with genus 1, four
boundary components and two interior marked points, together with its symmetric
double (3P, 5P, TP o). The lightly shaded curves on the left are the geodesic loops
and arcs that shrmk to zero length in the limit. The right side shows the corre-
sponding singular surfaces $ and B2 after degeneration; 3 has one interior double
point, two boundary double points and one unpaired node.
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