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HOLOMORPHIC CURVES

ALEXANDRU CIOBA AND CHRIS WENDL

ABSTRACT. We exhibit a distinctly low-dimensional dynamical obstruc-
tion to the existence of Liouville cobordisms: for any contact 3-manifold
admitting an exact symplectic cobordism to the tight 3-sphere, every
nondegenerate contact form admits an embedded Reeb orbit that is un-
knotted and has self-linking number —1. The same is true moreover
for any contact structure on a closed 3-manifold that is reducible. Our
results generalize an earlier theorem of Hofer-Wysocki-Zehnder for the
3-sphere, but use somewhat newer techniques: the main idea is to ex-
ploit the intersection theory of punctured holomorphic curves in order
to understand the compactification of the space of so-called “nicely em-
bedded” curves in symplectic cobordisms. In the process, we prove a
local adjunction formula for holomorphic annuli breaking along a Reeb
orbit, which may be of independent interest.
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1. INTRODUCTION

1.1. Statement of the main results. Contact structures arise in the con-
text of Hamiltonian dynamics via the notion of convezxity: a convex hyper-
surface in a symplectic manifold naturally inherits a contact structure, and
the orbits of its Reeb vector field then match the Hamiltonian orbits defined
by any Hamiltonian function that has the hypersurface as a regular level set.
In this paper, we consider contact structures that are induced on convex and
concave boundaries of symplectic manifolds, i.e. symplectic cobordisms. Our
main theorem relates the existence of exact symplectic cobordisms between
given contact manifolds to a dynamical condition on their Reeb vector fields.
In particular, we will restrict attention to dimension three and discuss the
existence of closed Reeb orbits v : S! — M that are not only contractible
but also unknotted, meaning

v = flopz  for some embedding f : D?* < M,

where D? © C denotes the closed unit disk. All definitions relevant to the
following statements may be found in §ZII but let us stress the following
convention from the start since it sometimes causes confusion:

Convention. In this paper, the words “symplectic cobordism from (M, &;)
to (Ms,&2)” always mean that (M, &) is the concave boundary and (Mo, &3)
the conver boundary of the cobordism (cf. §2.]). This usage is standard, and
is natural from the perspective of contact surgery, but a few other authors
(especially e.g. in the literature on embedded contact homology) sometimes
interchange the order of “convex” and “concave,” which would make our
results false.

Theorem 1.1. Assume (M,§) is a closed contact 3-manifold that admits
a Liowville cobordism to the standard contact 3-sphere (S3,&xq). Then for
every nondegenerate contact form o on (M,£), the Reeb vector field R,
admits a simple closed orbit v whose image is the boundary of an embedded
disk D C M. Moreover, the Conley-Zehnder index and self-linking number
of ~v with respect to D satisfy

pez(v;D) € {2,3}  and  sl(y; D) = —1.

A minor variation on the same techniques in the spirit of [Hof93] will also
imply the following:

Theorem 1.2. Assume (M,§) is a closed contact 3-manifold and that either
of the following is true:
(1) M is reducible, i.e. it contains an embedded 2-sphere that does not
bound an embedded ball;
(2) (M,&) admits a Liouville cobordism to an overtwisted contact man-

ifold.

Then for every nondegenerate contact form o on (M,§), the Reeb vector
field R, admits a simple closed orbit v whose image is the boundary of an
embedded disk D C M such that

pez(v;D) =2 and  sl(y;D) = —1.
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Recall that an oriented 3-manifold is reducible if and only if it is either
St x S2 or M #M, for a pair of closed oriented 3-manifolds that are not
spheres. This condition is now known to be equivalent to the hypothesis
mo(M) # 0 used in [Hof93]: in one direction this follows from the sphere
theorem for 3-manifolds, and in the other, from [Hatl Prop. 3.10] and the
Poincaré conjecture. Note that both of the above theorems require nonde-
generacy of the contact form «, but it is possible for the sake of applications
to weaken this condition; see Theorem below.

1.2. Context. The prototype for Theorems [ and is a 20-year-old
result of Hofer-Wysocki-Zehnder [HWZ96c|, which amounts to the case
(M, &) = (83,&4q) of Theorem [LIL The result in [HAWZ96c] was in some
sense far ahead of its time, as it required ideas from both the compactness
theory [BEHT03] and the intersection theory [Siell] of punctured holomor-
phic curves, but it appeared several years before either of those theories
were developed in earnest. In the mean time the available techniques have
improved, and our proofs will make use of those improvements.

A weaker version of Theorem [I.1] can be shown to hold in all dimensions,
namely:

Theorem 1.3. If (M,€) is a closed (2n — 1)-dimensional contact manifold
admitting a Liouville cobordism to a standard contact sphere (S*" 71, &xq),
then every contact form for (M,&) admits a contractible closed Reeb orbit.

This result can largely be attributed to Hofer, as most of the ideas needed
for its proof are present in [Hof93]. We will sketch a proof in §I.4] which
is similar in spirit to one that has previously appeared in the work of
Geiges and Zehmisch [GZ12], Corollary 3.3] (see also [GZ13al[GZ13D]); there
is also an alternative proof via symplectic homology by Albers, Cieliebak
and Oancea (see the appendix of [COIS8]). Analogous results that may
be viewed as higher-dimensional versions of Theorem have appeared in
[AHO9INRIIIIGZ16,[GNWTI6]. The conclusions of our main results however
are stronger and uniquely low dimensional: for instance in §I.3] below, we
will see examples of contact 3-manifolds that always admit contractible but
not necessarily unknotted Reeb orbits. Theorem [LLT] thus gives a new means
of proving that these examples cannot be exactly cobordant to the standard
3-sphere.

We are aware of three general classes of contact 3-manifolds that satisfy
the hypothesis of Theorem [Tl

Example 1.4. If £ is overtwisted, then a theorem of Etnyre and Honda
[EHO02] provides Stein cobordisms from (M, &) to any other contact 3-manifold,
so in particular to (S3,&q). Of course, in this case Theorem [Z also applies
and gives a slightly stronger result.

Example 1.5. Suppose (M, §) is subcritically Stein fillable, or equivalently,
that it can be obtained by performing contact connected sums on copies of
the tight S and S' x S2. In this case, (M, &) is the convex boundary of a
Weinstein domain W constructed by attaching 1-handles to a ball, and these
1-handles can then be cancelled by attaching suitable Weinstein 2-handles.
This procedure embeds W into the standard 4-ball as a Weinstein subdomain
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and thus produces a Weinstein cobordism from (M, €) to (93, &:q). Note
that Theorem also applies in this case unless M = S3.

The third class of examples was brought to our attention by Emmy Mur-
phy.
Example 1.6. Suppose L C [1,00) x S? is an exact Lagrangian cap for some
Legendrian knot A in (83, &,4q), ie. L is a compact Lagrangian submanifold
properly embedded in the top half of the symplectization R x S3, such that
OL = {1} x A, L is tangent near its boundary to a globally defined Liouville
vector field pointing transversely inward at {1} x S3, and the restriction of
the corresponding Liouville form to L is exact. A result of Francesco Lin
[Lin16] guarantees that such caps always exist after stabilizing A sufficiently
many times. Now suppose U, is an open neighbourhood of L in [1,00) x
53, where the latter is viewed as sitting on top of the standard Weinstein
filling B* of (S2,&sq). This neighbourhood can be choosen such that, after
smoothing corners, B*Ul/}, is a Weinstein filling of some contact 3-manifold
(M, €), and ([1,T] x 5%)\Uy, for suitable T > 1 defines a Liouville cobordism
W, from (M, €) to (S3,&sa), see Figure[ll Using a Morse function on L that
has one index 2 critical point and an inward gradient at 0L, one can find
a Weinstein handle decomposition of B* U/}, having exactly one 2-handle
(see Remark [A2)), thus B* U, is not subcritical, and it follows from the
uniqueness of Stein fillings in the subcritical case [CEI2, Theorem 16.9(c)]
that (M, €) is not subcritically fillable. For more details on this construction,
see Appendix [Al

One can now use a well-known result of Eliashberg [EL90,[CE12] to extract
from this example contact 3-manifolds other than (53, &q) to which Theo-
rem [T applies but Theorem[[2does not. Indeed, while (M, ¢) = 9(B*UlU,)
could be reducible, it is Stein fillable and therefore tight, so Colin [Col97]
(see also [Gei08|, §4.12]) provides a prime decomposition

(M, &) = (My, &1)# - .. #(Mp, &),

and Eliashberg’s theorem implies that B* U, must be Weinstein defor-
mation equivalent to a domain obtained by attaching Weinstein 1-handles
to Weinstein fillings of the summands. But the summands cannot all be
St x §2 since (M, €) is not subcritically fillable, so at least one of them is
an irreducible tight contact 3-manifold admitting a Liouville cobordism to

(53’ gstd)'

Corollary 1.7. The contact 3-manifolds (M,§) described in Example
and their prime summands all admit unknotted Reeb orbits with Conley-
Zehnder index 2 or 3 and self-linking number —1 for every choice of nonde-
generate contact form.

The construction outlined in Example [[L6] also works in higher dimensions
using the exact Lagrangian caps of Eliashberg-Murphy [EM13], cf. Appen-
dix [Al In this case it produces Weinstein subdomains of the standard ball
which are presumably flezible in the sense of [CEI2]. Recently, Murphy and
Siegel [MS18§] have also found examples of nonflexible Weinstein subdomains
in the standard ball, whose boundaries therefore also satisfy the hypothesis
of Theorem
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F1GURE 1. An exact Lagrangian cap for a Legendrian in
(93, &sq) produces a Liouville cobordism W from (M, €) to
(83, &4tq), where (M, €) := 9(B* UlUy) is not subcritically
fillable.

Remark 1.8. Tt is not known whether any contact 3-manifolds satisfy the hy-
pothesis of Theorem [[22]) without being overtwisted, though Andy Wand
[Wan15] has proved that the answer is no under the stronger condition that
the cobordism is Stein. Theorem [[L2|[2) may thus be interpreted as a small
measure of support for the conjecture that Wand’s theorem extends to Liou-
ville cobordisms (cf. [Wenal, Question 5]): that is, Theorem [L2[2]) provides
a mechanism for detecting tightness, but it cannot detect the (conjecturally
nonexistent) distinction between an overtwisted contact manifold and one
that is only Liouville cobordant to something overtwisted.

We remark that the word “Liouville” definitely cannot be dropped from
the statements of any of the above theorems: for instance, any Lagrangian
torus in the standard symplectic R?" gives rise to a strong symplectic cobor-
dism from the unit cotangent bundle of the torus to (S?"~1, £q), but one can
easily find contact forms on the former that have no contractible Reeb orbits,
corresponding to metrics on the torus with no contractible geodesics. The
cobordism of course cannot be Liouville because, by a well-known theorem of
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Gromov [Gro85], the Lagrangian torus cannot be exact. Similarly, [GayO0]
and [Wen13b| show that every contact 3-manifold with positive Giroux tor-
sion is strongly symplectically cobordant to something overtwisted, includ-
ing e.g. the nonfillable tight 3-tori, which admit contact forms without con-
tractible orbits.

1.3. Applications. Here is a specific situation in which Theorem [Tl can
be used to rule out the existence of exact symplectic cobordisms. Good
candidates for manifolds that fail to satisfy the conclusion of the theorem
are furnished by the universally tight lens spaces L(p,q) for p # 1. Recall
that L(p,q) is defined as the quotient

L(pa Q) = Sg/Gp,qa

e?wik/p 0 >

where G 4 C U(2) denotes the cyclic group of matrices ( 0 J2mika/p

for k € Z,, acting on the unit sphere S C C? by unitary transformations.
This action preserves the standard contact form agqgq = %Z?Zl(:cj dy; —
yj dx;) on S3, written here in coordinates (21, z2) = (21 + iy1, T2 + iy2), SO
the standard contact structure &q on L(p, q) is defined via this quotient.

Proposition 1.9. For every relatively prime pair of integers p > q > 1,
L(p,q) admits a nondegenerate contact form with only two simple closed
Reeb orbits, both of them nondegenerate and noncontractible.

Proof. We present (L(p,q),&ta) as a quotient of the so-called irrational el-
lipsoid. Let ag = %Oéstd on S3, where H is the restriction to the unit
sphere S3 C C? of the function
21? | |22l
Hevz) =" + 5
for some a,b > 0. The closed orbits for the Reeb flow on S® determined
by apg are then in bijective correspondence with the closed orbits on the
ellipsoid H~!(1) c C? for the Hamiltonian flow of H on the standard
symplectic C2. In particular, if a/b is irrational, then the only simple

closed orbits of this flow are (up to parametrization) the embedded loops
71,72 : ST — 83 € C? defined by

() = (2™,0),  Aa(t) = (0,e*™)
for t € S' = R/Z, and moreover, these orbits and their multiple covers
are all nondegenerate. Now since agq and H are both invariant under the
action of U(1) x U(1) C U(2), which contains G, 4, ay descends to a well-
defined contact form on L(p,q), and this contact form is nondegenerate.
But the orbits 71 and 2 project to orbits in L(p, q) that are p-fold covered,
so their underlying simple orbits lift to the universal cover S3 — L(p,q) as
non-closed paths since p > 1, hence they are noncontractible. ]

Corollary 1.10. For every pair of relatively prime integers p > q > 1,
(L(p,q), &) admits no exact cobordism to (S®,&xq).

Remark 1.11. The Reeb flow on any universally tight L(p, q) admits a con-
tractible Reeb orbit since 71 (L(p, q)) is torsion, so previously known criteria
for excluding such cobordisms do not apply.
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While the lens space example is relatively easy to work with, the nonde-
generacy of a contact form is usually a rather difficult condition to check,
and for this reason one might sometimes want to have the following technical
enhancement of Theorems [T and It will be an immediate consequence
of our proofs, requiring only that one pay closer attention to the relationship
between periods of orbits and energies of holomorphic curves.

Theorem 1.12. Assume (M,§) satisfies the hypotheses of either Theo-
rem [l or Theorem [[3, and fix a contact form ag for (M,£). There exists
a constant T > 0, dependent on «q, such that the following holds: suppose
a = fag is a contact form on (M,§) such that
(1) f: M — (0,00) satisfies f < T, and
(2) All closed Reeb orbits for o with period less than T are nondegener-
ate.

Then the Reeb flow of a satisfies the conclusions of Theorems Il or[L2 re-
spectively, and the unknotted orbit can be assumed to have period less than T .

One could apply this in practice if e.g. ag is Morse-Bott and admits no
unknotted Reeb orbits, as then one can define perturbations of ag as in
[Bou02] whose orbits up to some arbitrarily large period are nondegenerate
and still knotted—the topology of orbits with large period may be harder
to control, but for Theorem this does not matter.

Remark 1.13. We have chosen to adopt a mainly contact topological perspec-
tive on the main theorems of this paper, but for other purposes (e.g. quan-
titative Reeb dynamics, cf. [GZ13al §3.23]), one could also state more quan-
titatively precise versions of Theorem

Note that no such enhancement is necessary for Theorem [[L3] which does
not require nondegeneracy, see Remark [[.T5]

1.4. Outline of proofs, part 1: seed curves and compactness. All
proofs of theorems in this paper follow a similar scheme, which in the case
of Theorems [[LT] and can be described as follows. Suppose (W, d\) is a
Liouville cobordism from (M, ¢) to a standard contact sphere (S2"71 &4q),
and let (W,d)\) denote the completion obtained by attaching cylindrical
ends in the standard way (see §23). Then the positive end of W can be
assumed to match the top half of the symplectization

(1.1) (]R X Szn_l,d(erozstd)) ,

where agiq is the standard contact form, defined by restricting the Liouville
form Agq := Z;‘L:1($j dy; — y;dx;) to the unit sphere. We will assume
also that the negative end matches ((—o0, 0] x M, d(e"a)) where « is (after
a positive rescaling) an arbitrary nondegenerate contact form for (M, ¢).
(The nondegeneracy assumption was not included in Theorem [[L3] but this
assumption will be easy to remove in the final step, see Remark below.)

The first step in the proof is then to choose a suitable almost complex
structure J on the symplectization (LI]) that admits a foliation by a (2n—2)-
dimensional family of J-holomorphic planes, so-called “seed curves,” which
are asymptotic to a fixed Reeb orbit v for agq that has the smallest possible
period. We will be able to verify explicitly that these planes are Fredholm
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regular for the moduli problem with fixed asymptotic orbit, hence the moduli
space is cut out transversely, and moreover, there exist no other curves in
R x §?"~1 with a single positive end approaching 7. Once these curves are
understood, we can regard them as living in the cylindrical end [0, 00) %
521 c W, so after extending J to a compatible almost complex structure
on the rest of (W,d)\), they generate a nonempty moduli space M(J) of
unparametrized J-holomorphic planes in W, all asymptotic to the same
simply covered Reeb orbit in the sphere, and this moduli space is a smooth
(2n — 2)-dimensional manifold for generic extensions of J since all curves in
M(J) are somewhere injective. Our main task is then to understand the
natural compactification M(J) of M(J), that is to say, the closure of M(.J)
in the space of stable J-holomorphic buildings in the sense of [BEHT03].
Recall that a J-holomorphic building in a cobordism may have multiple
levels, including one main level which is a (possibly empty) curve in the
completed cobordism, and arbitrary finite numbers of upper levels living
in the symplectization of the convex boundary and lower levels living in
the symplectization of the concave boundary. The uniqueness of the seed
curves in the positive end implies the following:

Lemma 1.14. If u € M(J) is a stable holomorphic building with a non-
trivial upper level, then it has exactly one upper level, which consists of one
of the seed curves in R x S*~1 and all its other levels are empty. O

The lemma means that the only way for a sequence of planes in M(J) to
“degenerate” with something nontrivial happening at the positive end is if
the planes simply escape into the positive end and become seed curves; in
particular, this cannot happen to any sequence of planes that have points
falling into the negative end. Theorem can now be proved as follows.
Let M;(J) denote the smooth 2n-dimensional moduli space consisting of
curves in M(J) with the additional data of a marked point, hence there is
a well-defined evaluation map

ev: Mi(J) = W.

Choose a smooth properly embedded 1-dimensional submanifold ¢ C W
with one end in [0,00) x $?"~! and the other in (—oc,0] x M, and perturb
it to be transverse to the evaluation map. Then

My(J) :==ev 1 (0)

is a smooth 1-dimensional manifold, and it has a unique connected compo-
nent MY(J) C My(J) that contains seed curves in the positive end. This
component has a noncompact end consisting of a family of seed curves that
escape to +oo, thus it is manifestly noncompact and therefore diffeomorphic
to R. We claim now that MY(.J) must also contain curves with points that
descend arbitrarily far into the negative end. Indeed, the SF'T compactness
theorem would otherwise imply that every sequence in Mg(J ) has a subse-
quence convergent to either an element of M?(J ) or a holomorphic building
of the type described in Lemma [[L.T4l But the latter can only happen if the
sequence escapes through the neighbourhood of +o0c in which all curves are
seed curves. In particular, we obtain a contradiction by considering a non-
compact sequence escaping to the opposite end of ./\/lg(J ) = R from the one
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Sanl

F1GURE 2. 'When holomorphic planes in an exact cobordism
converge to a holomorphic building with nontrivial lower lev-
els, at least one of them must include a plane.

consisting of seed curves, and this proves the claim. It follows that one can
find a sequence uy € My(J) of curves converging to a holomorphic building
Uso € M(J) with a nontrivial lower level (see Figure ). Since the cobor-
dism is exact, every component curve in us, must have exactly one positive
end, and it follows that at least one of the curves in a lower level of u., is
a plane, whose asymptotic orbit is the contractible Reeb orbit promised by
Theorem

Remark 1.15. To remove the nondegeneracy assumption from Theorem [T.3],
one can take advantage of the fact that due to the exactness of the cobor-
dism, the contractible orbit found in the above argument comes with an a
priori bound on its period. Then if «v is a degenerate contact form on (M, §)
approximated by a sequence «ay of nondegenerate contact forms, the above
argument gives a sequence i of contractible Reeb orbits with respect to
a, whose periods are uniformly bounded, so by Arzela-Ascoli, these have
a subsequence convergent to a contractible Reeb orbit with respect to a.
Note that if the orbits 4 are also unknotted, it is not so clear whether the
limiting orbit will also be unknotted, hence the need for the more technical
Theorem

1.5. Outline of proofs, part 2: intersections. The argument described
thus far is quite standard and, as mentioned earlier, is largely attributable to
Hofer [Hof93] (though the use of the path £ C W to define a 1-dimensional
submanifold of the moduli space is borrowed from Niederkriiger [Nie06]).
The arguments required for finding an orbit that is not only contractible
but also unknotted are significantly subtler, and here we must make liberal
use of Siefring’s intersection theory [Siell] in the low-dimensional setting.
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To explain the idea, we briefly recall the notion of nicely embedded
holomorphic curves, introduced by the second author in [Wen10al[Wen10b].
The precise definition will be reviewed in §2.4.5] but in essence, a holomor-
phic curve u : ¥ — W in a completed 4-dimensional symplectic cobordism
W is nicely embedded if it has the necessary intersection-theoretic prop-
erties to guarantee that it does not intersect its neighbors in the moduli
space. This condition implies that the moduli space near v can be at most
2-dimensional, and in the 2-dimensional case the curves near u form the
leaves of a foliation on a neighbourhood of u(X) in W. If W is a sym-
plectization R x M or the image of u is confined to a cylindrical end, then
being nicely embedded has the additional implication that u projects to an
embedding into M, i.e. u can be written as

u= (ug,ups) : X — R x M,

where the map ups : 3 — M is also an embedding. It is easy to show that the
seed curves we find in the symplectization of (5%, &q) are nicely embedded,
and the homotopy invariance of the intersection theory then implies that
the same is true for all curves in M(J).

The fundamental principle behind the proof of Theorems [I.1] and
is then the notion that “nice curves degenerate nicely,” i.e. if a sequence
ur, € M(J) converges to a holomorphic building us, € M(J), then we
should expect the component curves in levels of us, to be nicely embedded.
This statement as such is false in full generality (see [WenIOb, Example 4.22
and Remark 4.23] for counterexamples), but we will show that it is true in
the present situation. As a consequence, the plane we find in a lower level
of U has the form (ug,ups) : C — R x M, where up; : C — M is an
embedding asymptotic to a contractible Reeb orbit.

There remains one complication: the fact that w : C — R x M is nicely
embedded does not guarantee that its asymptotic orbit must be simply cov-
ered, i.e. the image of uys : C — M might look like an immersed disk that
is embedded on the interior but multiply covered on its boundary. We will
show in fact that this can happen, but only in very specific ways, and to
prove it, we develop a “local adjunction formula” for holomorphic annuli
breaking along a Reeb orbit.

1.6. Local adjunction. We now briefly interrupt the outline of the proof to
describe a tool of more general applicability. To set the stage, suppose that
Qp — Qoo 18 a C-convergent sequence of contact forms on a 3-manifold M,
and Jp — J is a corresponding sequence with each Ji belonging to the
usual space (see §2.J]) of admissible translation-invariant almost complex
structures on the symplectization (R x M, d(e"ay)). Assume then that

u : ([—k, k] x S,4) — (R x M, Jy)
is a sequence of pseudoholomorphic annuli which are converging in the sense
of SF'T compactness to a broken J,.-holomorphic curve
ur = (ugolus),

where uZ, is the top level with a negative puncture, and ug, is the bottom
level with a positive puncture, both asymptotic to the same nondegener-
ate Reeb orbit v with covering multiplicity m(v). It is natural to choose
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holomorphic cylindrical coordinates around these punctures and thus pa-
rametrize the two levels in the form

ull : ((—00,0] x S1,4) = (R x M, Js),

o0

U ¢ ([0,00) % Sl,i) — (R x M, Jy),

so that the two half-cylinders together can be regarded as a broken holo-
morphic annulus arising as a limit of the finite (but increasingly long) holo-
morphic annuli ug; see Figure Bl This is intended as a local picture of the
neighbourhood of a breaking orbit as a sequence of smooth finite energy
curves converges to a holomorphic building as in ﬂm

Recall from [Sie08] that for any finite energy punctured holomorphic curve
that is not a multiple cover, sufficiently small neighbourhoods of each punc-
ture are always embedded, hence if ul, and u_ are not multiply covered then
we are free to assume without loss of generality that both are embedded.
This implies that each uy, is also embedded near the boundary of [k, k] x S*
for sufficiently large k, but if m(v) > 1, then uy can have finitely many dou-
ble points and critical points that “disappear into the breaking orbit” in the
limit. See §2.4.7] for precise definitions of each of the quantities discussed
below. We let

5(uk) > 0

denote the algebraic count of double points and critical points of u: this is a
nonnegative integer that equals zero if and only if uy is embedded. The half-
cylinders uX are embedded by assumption, but if m(y) > 1, then they may
have “hidden double points at infinity” in the sense of [Sielll, i.e. double
points that must emerge from infinity under generic perturbations of the

curves. We denote the algebraic counts of these hidden double points by
0o (u3) = 0;

they are nonnegative integers that vanish if and only if generic perturbations
of u remain embedded. We denote by

oi(y) =1

the so-called spectral covering numbers of v as in [Siell]: these are
covering multiplicities of certain asymptotic eigenfunctions of ~, and are
thus positive integers that equal 1 if and only if those eigenfunctions are
simply covered (which is always the case e.g. if m(y) = 1). For one last
piece of notation, we let

p(v) € {0,1}

denote the parity of ~, i.e. its Conley-Zehnder index modulo 2. The result
we will prove in §4] can now be stated as follows.

Theorem 1.16 (local adjunction). In the setting described above, assume
up — (ul|uy) is a sequence of holomorphz’c annuli in R x M converging
to a broken pair of half-cylinders, where ul, and uy, are both embedded and
asymptotic to a nondegenerate Reeb orbit v with covering multiplicity m(~),
parity p(y) and spectral covering numbers 61 (7). Then for all k sufficiently
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FIGURE 3. A sequence of pseudoholomorphic annuli wuy
converging to a broken annulus consisting of embedded half-
cylinders ufo asymptotic to a doubly covered breaking or-
bit . In this case, u; can have double points that disappear

in the limit.

large,

20 (u) = 2[0o0 (uds) + boo (s )] + [G4-(7) — 1]
+1o-() =1+ [m(v) = 1 p(y)-

The usefulness of this theorem lies in the fact that every bracketed term
on the right hand side of the formula is known a priori to be nonnegative,
so if we also know that the annuli u; are embedded, then all these terms
must vanish. In that case, we will easily be able to deduce the following
consequence:

Corollary 1.17. In the setting of Theorem [L10, if uy is embedded for
every k, then one of the following is true:
e v is a simply covered orbit;
e v is a double cover of a simply covered orbit 7' such that p(y') =1
and p(y) = 0, and both of the half-cylinders uX have no hidden
double points at infinity.

1.7. Outline of proofs, conclusion. In the situation at hand, our degen-
erating curves are all embedded, so Corollary [LT7] applies and we conclude
that the breaking orbit is always either simply covered or a double cover of a
negative hyperbolic orbit, what is known in the SFT literature (cf. [EGHO0])
as a bad orbit. In the first case we are done, and in the second, we will
show that degenerations of this form can always be glued back together so
that they are interpreted as interior points of the compactified moduli space,
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and the moduli space must therefore have additional degenerations besides
this. In other words, breaking along bad orbits can happen, but it cannot
be the only type of breaking that happens, so there is still guaranteed to be
some breaking along a simple orbit somewhere, producing a nicely embed-
ded curve asymptotic to an unknotted orbit. The resulting constraints on
the Conley-Zehnder index and self-linking number of the orbit then follow
by a straightforward and essentially standard topological computation.

The major differences between the above summary and the proof of Theo-
rem [ 2 are as follows. For the first statement in the theorem, the symplectic
cobordism W is taken to be symplectically trivial, i.e. its completion has the
form (Rx M, d\), where A is a Liouville form matching ey near {400} x M,
and a4 are two nondegenerate contact forms for (M, €), of which a_ is given
but a4 is carefully chosen. The assumptions of the theorem then allow us
to choose ay and a compatible almost complex structure J; near +o0o so
that we find a smooth 1-dimensional moduli space of seed curves. Since this
moduli space is only 1- and not 2-dimensional, it does not form a foliation,
but the curves are still nicely embedded and the same principles therefore
apply: a variation on the same argument described above leads to a nicely
embedded plane asymptotic to a simple Reeb orbit for a_.

Here is an outline of the remainder of the paper. In §2 we clarify the
essential definitions and review the necessary facts about punctured holo-
morphic curves and their intersection theory in dimension four. The purpose
of §3lis then to specify the data at the positive ends of our symplectic cobor-
disms, construct the seed curves and prove that they are Fredholm regular
and nicely embedded. Theorem and Corollary [LT7 on local adjunction
for breaking holomorphic annuli are proved in §4l Finally, 8 carries out
the main compactness arguments, and §6] completes the proofs of the main
theorems.

1.8. Acknowledgements. The second author would like to thank Paolo
Ghiggini for enlightening discussions, and Emmy Murphy for explaining
Example[[.6] and pointing out the connection between exact Lagrangian caps
and Liouville cobordisms. The present paper constitutes a portion of the
first author’s PhD thesis within the framework of the project Intersections in
Low-Dimensional Symplectic Field Theory, funded by the Leverhulme Trust.
The work of the second author was also partially funded by a Royal Society
University Research Fellowship and by EPSRC grant EP/K011588/1.

2. PREPARATION

The purpose of this section is to fix definitions and review some known
results that will be needed in the rest of the paper.

2.1. Contact manifolds and symplectic cobordisms. We begin by re-
viewing some basic definitions from contact geometry and the precise way
in which contact manifolds arise as hypersurfaces or boundary components
of symplectic manifolds.

Suppose (W,w) is a 2n-dimensional symplectic manifold, and M C W is
a smooth oriented hypersurface. We say that M is convex if there exists
a Liouville vector field near M that is positively transverse to M: here a
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vector field V is called Liouville if its flow dilates the symplectic form,
meaning Lyw = w. This is equivalent to the condition that the dual 1-form
A= w(V,-) satisfies dA = w, and being positively transverse to M then
means that the restriction a := A|pps satisfies

a A (da)"t > 0.

This makes « a (positive) contact form on M, and the induced (positive
and co-oriented) contact structure is the co-oriented hyperplane field £ :=
kera C TM. Tt follows from Gray’s stability theorem that if V' is replaced
with any other Liouville vector field positively transverse to M, then the
induced contact structure is isotopic to &, hence the contact form can be
regarded as an auxiliary choice, but the contact structure is canonical up to
isotopy.

Remark 2.1. In this paper, every contact structure is assumed to be co-
oriented and positive (with respect to a given orientation of the mani-
fold), and contact forms are always assumed compatible with the given
co-orientation.

Example 2.2. We denote by &iq C T'S?" ! the standard contact struc-
ture on the sphere, which arises as the convex boundary of the standard
symplectic unit ball with a Liouville vector field pointing radially outward.
In coordinates (1,Y1,---,Zn,yn) € R?", the standard contact form aq
is the restriction to S$?"~! C R?" of the Liouville form %2?21(%‘ dy; —

y; dz;).

Any choice of contact form o determines a Reeb vector field R, on M
via the conditions

da(Rq,-) =0, a(Ry) = 1.

If M is a convex hypersurface in a symplectic manifold (W,w), then the
orbits of R, are precisely the orbits on M of any Hamiltonian vector field
defined by a Hamiltonian function on (W,w) with M as a regular level set;
moreover, convexity implies that a neighbourhood of M is foliated by other
convex hypersurfaces that have the same Reeb orbits up to parametrization.
See [Gei08] for more on contact structures, and [HZ94] for more on the
convexity condition in Hamiltonian dynamics.

Given two closed contact manifolds (M_,¢_) and (M4, &), a strong
symplectic cobordism from (M_,¢_) to (M4, &) is a compact symplec-
tic manifold (W, w) whose boundary can be identified with —M_ LI M, such
that M_ and M are both convex hypersurfaces and the contact structures
they inherit are isotopic to £_ and &, respectively. Note that the orientation
reversal for M_ means that the Liouville vector field points inward at M_
(for this reason we sometimes call M_ the concave boundary component),
whereas it points outward at M. Additionally, (WW,w) is called a Liou-
ville (or exact symplectic) cobordism from (M_,&_) to (M4, &) if the
transverse Liouville vector field defined near W can be assumed to extend
to a global Liouville vector field. This is equivalent to requiring w = d\ for
some 1-form A that restricts to the boundary as contact forms a4 := A|7az,

for &4.
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The symplectization of a contact manifold (M,¢ = ker «) is the open
symplectic manifold (R x M, d(e"«)), where r denotes the coordinate on R.
Its symplectic structure is independent of the choice of o up to isotopy, but

a determines a special class of compatible almost complex structures J («)
on (R x M,d(e"«)) such that J € J(«) if and only if:

e J is R-invariant (i.e. invariant under the flow of 9, );

e JO, = Ry;

° J(§)=¢

e da(-,J-)|¢ is a bundle metric on &.
Given a symplectic cobordism (W,w) from (M_,¢_) to (M4,&y) with in-
duced contact forms a4 at M4, the corresponding Liouville vector fields
defined near M, and M_ determine collar neighbourhoods (—e¢, 0] x My
and [0,€) x M_ respectively in which w = d(e"a). One then defines the
symplectic completion

W = ((—00,0] x M_)Up_ W Upg, ([0,00) x M)
by extending w over the cylindrical ends as d(e" a4 ). We shall denote by
j(VV, W, Q4 O‘*)

the (nonempty and contractible) space of almost complex structures on W
that are w-compatible on W and restrict to the cylindrical ends as elements
of J(ax). Almost complex structures of this type will be referred to simply
as admissible whenever the corresponding symplectic and contact data is
fixed.

2.2. Reeb orbits and the Conley-Zehnder index. Given a contact form
a on a contact manifold (M, §) of dimension 2n — 1, a closed Reeb orbit can
be regarded as a smooth map

v: 8V :=R/Z - M

satisfying ¥ = T'R,(7y) for some T' > 0, which is the orbit’s period. Indeed,
setting x(t) := ~(t/T), such a map is equivalent to a path x : R — M
that satisfies & = R, (z) and z(t + T) = x(t) for all t. The number T" need
not generally be the minimal period, hence v may be a multiple cover
v(t) = vo(kt) of another closed Reeb orbit vy for some integer k£ > 2; when
this is not the case, we say v is simple, and the map v : S' — M is then
an embedding. When ~ is simple and dim M = 3, it makes sense to ask
whether ~ is unknotted, meaning it is the boundary of an embedded disk,
or more explicitly there exists an embedding

u:D? — M
whose restriction to the boundary coincides with the Reeb orbit:
ulopz = 7.

To every closed Reeb orbit one can associate an integer-valued invariant,
the Conley-Zehnder indez, which depends on a trivialization of the contact
structure along the orbit. We will recall the definition of this invariant by
way of a theorem regarding asymptotic operators.
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Fix J € J(a) and suppose v : S' — M is a closed orbit of R, with
period T'. Given any symmetric connection V on M, define A, : C*(y*¢) —
C*(y*€) by
(2.1) Ayn = —J(Vin —TVyRq).

This operator is well defined and independent of the choice of connection V
(see e.g. [Wenel §3.3]), and it is symmetric with respect to the inner product
on C®(~*¢) defined by

1.0 = [ ey (). T 0 (0) .

It also extends to an unbounded self-adjoint operator on L?(y*¢) with do-
main Wh2(y*¢€), referred to as the asymptotic operator associated to 7.
Its spectral properties have been described in [HWZ95].

Proposition 2.3 ([HWZ95]). With the notation above, let o(A,) C R de-
note the spectrum of A, and for any A € o(A,), denote the corresponding
etgenspace by Ey. Then:

(1) 0 € o(A,) if and only if v is degenerate;

(2) 0(Ay) is a discrete subset;

(3) For each A € 0(A,), 1 <dimEy <2(n—1);

(4) All nontrivial eigenfunctions of A, are everywhere nonzero.
If dim M = 3, then the last statement implies that one can define winding
numbers Windq)(n) € 7Z of nontrivial eigenfunctions n relative to any fixed
unitary trivialization ® of v*£. The following statements then also hold:

(5) Ifn,C € Ey are two nontrivial elements of the same eigenspace, then
wind® (1) = wind®(¢), hence we can sensibly denote both by wind®(\).

(6) The map o(A,) — Z: X+ wind®(\) is 2-to-1 (counting multiplicity
of eigenvalues) and increasing. Hence if two distinct eigenvalues
have the same winding, they are consecutive and their eigenspaces
are 1-dimensional.

It follows that one can speak of the largest negative eigenvalue and the
smallest positive eigenvalue associated to the asymptotic operator, and when
dim M = 3, their winding numbers relative to a chosen trivialization ® are
denoted by

a®(

P
7), ay(y) €Z
respectively. Proposition implies that these two numbers differ by either
0 or 1 if v is nondegenerate, and in this case, the Conley-Zehnder index

relative to the trivialization ® of v*¢ can be characterized (according to a

theorem in [HWZ95]) via the relation

(2.2) néz(7) = a2(7) +al(y) € Z,
and its parity (which does not depend on ®) by
(2.3) p(y) = af(7) —al(y) € {0,1}.

As these formulas indicate, ,ug »(7) depends only on the asymptotic operator
and can thus sensibly be written as

MgZ(A'y) = M%Z(W)-
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With this in mind, (Z2]) can also be used to compute Conley-Zehnder indices
in higher dimensions, via the relation

P165...6P, P m
(24) poy T (AL @ @A) = poy (A + -+ g (A,
which holds for any collection of asymptotic operators A; with trivial kernels
on Hermitian line bundles trivialized by ®; for j = 1,...,m. We will use

this to compute the indices of higher-dimensional seed curves in §3.11
While 48, (v) depends generally on the choice of trivialization ®, in cer-
tain situations one can make natural choices to remove this ambiguity. If v
is nullhomologous and forms the boundary of an immersed surface D in M,
we define
pcz(v;D) € Z
as 12, () with @ required to admit an extension to a unitary trivialization of
& along D. The index in this case still depends on the choice of surface D, but
this ambiguity also disappears if ¢;(¢) = 0, which is true e.g. on (52, &4q).
We require the following standard lemma on the behaviour of the index
for multiply covered orbits in dimension three. Let

AR ST Mt s Ay (Kt)

denote the k-fold cover of the orbit v : S — M for k € N, and note that
any trivialization ® of 4*¢ induces a trivialization ®F of (y*)*¢.

Lemma 2.4. Suppose dim M = 3, and that v and all its multiple covers are
nondegenerate. Then for any unitary trivialization ® of v*&,

k k-ud, (v if v is hyperbolic
(2.5) nez (V") = cz()) L
21k0] +1  if vy is elliptic

for every k € N, where in the elliptic case, 0 € R is an irrational number
determined by v and .

We will occasionally also need to deal with Reeb orbits v that are degener-
ate but belong to Morse-Bott families, in which case the following definition
will be convenient. If 7 is degenerate, then 0 € o(A,) but one can find € > 0
such that (—e, 0)No(A,) = 0. It follows that for any ¢ > 0 sufficiently small,
A, +¢€ is the asymptotic operator of a perturbed nondegenerate orbit, whose
index we will denote by

(2.6) pez (v + €)= uz(Ay + o).
This is independent of the choice as long as € > 0 is sufficiently small, and
this perturbed Conley-Zehnder index gives a sharp lower bound on the
indices of possible nondegenerate perturbations of v. The winding numbers
af (v + €) € Z are defined similarly after replacing A, by A, + ¢, and they
are then related to u&, (v + €) by the obvious analogue of (Z2)). Notice that
a®(y+¢€) = a®(v), but a? (v +¢€) and a? (y) may differ if v is degenerate.
Finally, here is a definition that will be needed for intersection theory
when dim M = 3. Observe that for any Reeb orbit vy and integers k > 2,
every eigenfunction in the A-eigenspace of A has a k-fold cover that belongs
to the kA-eigenspace of A%zf. In the three-dimensional case, one can use
Proposition 23] to show that the covering multiplicity of an eigenfunction
depends only on its winding number, thus all elements of the same eigenspace
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have the same covering multiplicity. The (positive and negative) spectral
covering numbers

O+ (")/) eN
are defined as the covering multiplicity of the eigenspace that has wind-
ing af (7). Note that this is only interesting when v = ’y(’)“ for some other
orbit 79 and k > 2; if 7 is simple then 4 (y) = 1 always.

2.3. Holomorphic curves in completed symplectic cobordisms. In
this subsection, fix a 2n-dimensional symplectic cobordism (W, w) with com-
pletion W and admissible almost complex structure J € J(W,w, oy, a_),
with the restrictions of J to the cylindrical ends denoted by Ji € J(ax).

2.3.1. Asymptotics. We will consider asymptotically cylindrical pseudoholo-
morphic curves u : (3,5) — (W, J), where

Y =%\T

is the result of removing finitely many punctures I' C ¥ from a closed Rie-
mann surface (3, 7). The set of punctures is partitioned into sets of positive
and negative punctures I't and I'™ respectively, where z € I'* means that
one can find a biholomorphic identification of a punctured neighbourhood of
z with [0,00) x St or (—00,0] x S! respectively such that for |s| sufficiently
large, u in these coordinates takes the form

u(s,t) = exp(ps 1)) M(s,t) € [0,00) x My or (—oo,0] x M_

for some closed Reeb orbit v : S — My with period T > 0, where the
exponential map is defined with respect to any choice of translation-invariant
metric on the cylindrical ends, and h(s,t) is a vector field along the trivial
cylinder which satisfies |h(s,t)] — 0 as s — +oo. We say in this case that
u is (positively or negatively) asymptotic to 7 at z, and h(s,t) is called
the asymptotic representative of u at z. The asymptotic behaviour of
h(s,t) is described by a formula proved in [HWZ96al[HWZ96blLMor03lSie08]:
namely if the orbit 7 is nondegenerate or Morse-Bott, then for |s| sufficiently
large, h is either identically zero or satisfies

(2.7) h(s,t) = eAs(el(t) +7(s,t)),

where r(s,t) — 0 uniformly in all derivatives as s — +o0, A € 0(A,) is an
eigenvalue of the asymptotic operator of v with +X < 0, and e; € C*(y*¢4)
is a nontrivial element of the corresponding eigenspace.

2.3.2. Moduli spaces and compactness. It is a standard fact that every asymp-
totically cylindrical J-holomorphic curve u : (3,5) — (W, .J) either is some-
where injective or is a multiple cover of a somewhere injective asymptoti-
cally cylindrical curve, and moreover, the set of injective points of a some-
where injective curve is open and dense. A complete proof of this state-
ment may be found in [Nell5], using asymptotic results of Siefring [Sie0g].
Recall that z € ¥ is called an injective point of u if u~'(u(z)) = {z}
and du(z) # 0, and we call u a k-fold multiple cover of another curve
v: (X =X\T"5) = (W,J) if

U=v0¢
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for some holomorphic map ¢ : (3,7) — (X, j") of degree k.
Fix finite ordered tuples of Reeb orbits v* = (v;,... ,'y,;:) and v~ =

(71 5---»7.) in My and M_ respectively (the case k+ = 0 is allowed),
assuming that all of them are either nondegenerate or belong to Morse-Bott
families. For an integer m > 0, the moduli space

M (ST, v7)

of unparametrized J-holomorphic spheres asymptotic to v+ and
~~ with m marked points is defined as the set of equivalence classes of
tuples (X, 4,07, T u, (C1,...,¢m)) where (3, 5) is a closed Riemann surface
of genus zero, I'",I'~ C X are disjoint finite sets, each equipped with an
ordering, the marked points (i,...,(n € ¥ = X\ (T UT™) are all
distinct, and

w: (3,5) = (W,J)

is an asymptotically cylindrical J-holomorphic curve with positive punctures
I'* and negative punctures I'", such that u is asymptotic at the ith puncture
in I'* to fyfc fort = 1,...,ktr. Two such tuples are considered equivalent
if one can be written as a reparametrization of the other via a biholomor-
phic diffeomorphism of their domains that maps marked points to marked
points and punctures to punctures, with signs and orderings preserved. The
topology of M,,(J,4*,~47) can be characterized by saying that a sequence
converges if it has representatives with a fixed domain ¥ and fixed sets of
punctures and marked points such that the conformal structures converge
in C*°(¥) while the maps to W converge in C2°(3) and also in C° up to in-
finity (with respect to translation-invariant metrics on the cylindrical ends).
We shall often abuse notation by referring to the entire equivalence class of
tuples [(3, 5,17, T, u, (C1,...,¢n))] forming an element of M., (J, v, v7)
simply as u. In this paper we will only consider the cases m = 0,1, abbre-
viating the former by

M(J AT y7) = Mo(LyT )
For m > 0, the evaluation map
v : My (J,yT ) =W
(20,0007, (G ey G = (w(G)s s ()

is well defined and continuous by construction.

Recall that neighbourhoods in M,,,(J,4",~47) can be described as zero-
sets of smooth Fredholm sections in suitable Banach space bundles (see
e.g. [WenlODh]). A curve u is called Fredholm regular whenever it forms
a transverse intersection of such a Fredholm section with the zero-section.
The virtual dimension of M,,(J,yv",~77) at u is given by the Fredholm
index of the linearized section at u minus the dimension of the group of
automorphisms of the domain, and in the case m = 0 is also called the
index of u. If the orbits are all nondegenerate, it is given by the formula

ky ke
(2.8) ind(u) = (n = 3)x(%) + 27 (W TW) + Y udz(7) — Z ez (-

i=1
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Here ® is an arbitrary choice of unitary trivializations of £+ along each of the
asymptotic orbits, which naturally induce asymptotic trivializations of the
complex vector bundle «*TW — 3, and c‘lb(u*TW) € 7 then denotes the
relative first Chern number of «*TW with respect to these asymptotic
trivializations. This term ensures that the total expression is independent
of the choice ®. We will also need a special case of the index formula under
Morse-Bott assumptions: if all positive asymptotic orbits are Morse-Bott
(but possibly degenerate) and all negative orbits are nondegenerate, then

ks ke
(2.9) ind(u) = (n—3)x(2) +2eF (W TW)+ > pds (v +6) = pey(r7)
=1 =1

where € > 0 is assumed sufficiently small (see (2.8])). Note that this is the
virtual dimension of the moduli space of curves near v with fized asymptotic
orbits, i.e. the orbits are not allowed to move continuously in their respective
Morse-Bott families. The index without this constraint would be larger;
see [Wenl0b] for an explanation of (2.9) and the constrained /unconstrained
distinction. Adding a marked point generally increases the virtual dimension
by 2, s0 M, (J,¥",~7) has virtual dimension ind(u)+2m on any component
that includes the curve u € M(J, v, ~v7).

A standard application of the implicit function theorem implies that the
open subset consisting of Fredholm regular curves in M,,(J,y*,~v~) admits
the structure of a smooth finite-dimensional orbifold whose dimension locally
equals its virtual dimension, and it is a manifold near any curve that is
somewhere injective. Moreover, a standard argument via the Sard-Smale
theorem (see [MS04] or [Wenc]) shows that after perturbing J generically in
J(W,w, a4, ) on some open subset Y C W with compact closure, one can
assume that all somewhere injective curves passing through U are Fredholm
regular. Similarly, Dragnev [Dra04] (see also [Wenb|) has shown that on a
symplectization (R x M, d(e"«)), generic perturbations within J (a4 ) suffice
to make all somewhere injective curves regular, and this result can also be
applied to any curves in the cobordism W that are contained in a cylindrical
end.

If the Reeb flows on M, and M_ are both globally nondegenerate or
Morse-Bott, then M,,(J,¥",v7) has a natural compactification

Mo (T T 7)

defined in [BEHT03|, consisting of stable holomorphic buildings of arith-
metic genus zero with m marked points. An example of a holomorphic
building (with higher arithmetic genus) is shown in Figure @l We shall write
holomorphic buildings using the notation

(o, |- lof Twolor |- oy ),
where N, N_ > 0 are integers, vf, e ,vﬁi are each (possibly disconnected

and/or nodal) Jy-holomorphic curves in the symplectizations R x M, form-
ing the upper and lower levels respectively, and v is a (possibly discon-
nected and/or nodal) J-holomorphic curve in W, the main level. Note
that by convention, the main level is allowed to be empty (i.e. vy is a curve
with domain the empty set) if Ny or N_ is nonzero. Each upper or level
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is defined only up to R-translation, and the same is true of all levels when
W is a symplectization, in which case there is no distinguished “main” level
or distinction between “upper” and “lower” levels. The evaluation map ex-
tends continuously over M., (J,yT,~v7) if we also compactify W by adding
{£o0} x My to the top and bottom of the cylindrical ends, i.e. marked
points in upper or lower levels are mapped to {oo} x My or {—oo} x M_
respectively.

Our notation for buildings is convenient but suppresses an additional
detail that will sometimes be quite important: the data also includes a one-
to-one corresondence between the positive punctures of each level (other
than the topmost) and the negative punctures of the level above it, such
that corresponding punctures have matching asymptotic orbits, the so-called
breaking orbits. Additionally, each pair of corresponding punctures is
equipped with a choice of a rotation angle for gluing the corresponding
positive and negative ends along the breaking orbit—this choice is unique if
the orbit is simple, but in general there are m € N distinct choices if the orbit
has covering multiplicity m. All of this data together is called a decoration
of the building. Different choices of decoration often produce buildings that
are biholomorphically inequivalent to each other and thus represent distinct
elements of M,,(J,v",v7).

Whenever (W, w) is a Liouville cobordism (and in particular if W is a
symplectization), Stokes’ theorem prevents the existence of curves with no
positive ends, sometimes referred to as holomorphic caps. The follow-
ing standard result is then immediate from the definition of convergence in

Proposition 2.5. Suppose W is either a symplectization or the comple-
tion of a Liouville cobordism, and ux € My, (J,7,0) is a sequence of J-
holomorphic planes converging to a holomorphic building. Then the limiting
building has the following properties:

e Fach connected component of each level is a punctured sphere with
precisely one positive puncture.

e The lowest level has no negative punctures (so it is a disjoint union
of planes).

e The top level is connected.

e There are no nodes.

O

We shall refer to the components without negative ends in the above
lemma as capping planes; they are not to be confused with “holomorphic
caps,” which have only negative ends.

The converse of compactness is gluing, as discussed e.g. in [Nell3, Chap-
ter 7]. We will only need the following special case.

Proposition 2.6. Assume v is a Morse-Bott Reeb orbit in My, v is a non-
degenerate orbit in M_, m > 0 is an integer, and (volvy) € Mm(J, Voo, 0)
is a (decorated) stable J-holomorphic building such that vg € My, (J, Yoo, Y)
and vy € M(J_,~,0)/R are both somewhere injective and Fredholm regular.
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FIGURE 4. The picture shows the degeneration of a se-
quence of punctured curves of genus 2 into a building with a
main level, one upper level and three lower levels. We label
the building as (v]|vo|vy |vg vz ), where each v is in general
a disconnected nodal curve in a single level. The arithmetic
genus of the building is still 2, and the levels match along
their respective asymptotic orbits.

Then there exist neighborhoods

vo €Uy C Mm(Ja '700,'7)

vy €U C M(J_,~,0)/R
and a smooth embedding

v [0,00) X Z/IO XU_ — Mm(J7’7007®)
such that for any sequences [0,00) 3 ry — 400, U — Uss € Uy and uy, —
U, €U,
\I/(Tk, Uf, uk_;) — (uOO’ugo) € Mm(tL Yoo s Q))

in the SFT topology. Moreover, every smooth curve in M, (J, Yoo, D) suffi-
ciently close to (vg|lvy ) in the SE'T topology is in the image of V. O

Remark 2.7. The notation for buildings used in Proposition 2.6l implicitly
assumes that if multiple buildings can be constructed out of us, and u_ via
different choices of decoration, then (us|us) is the unique choice that is
close to (vp|v; ) in the SFT topology.
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2.4. The low-dimensional case. We now specialize to the case where the
cobordism (W, w) is 4-dimensional, so all contact manifolds under consider-
ation will be 3-dimensional.

2.4.1. Indices of covers. We begin with a pair of convenient numerical ob-
servations. The first is borrowed (along with its proof) from [Hut02].

Proposition 2.8. Suppose J € J(«) for a contact 3-manifold (M,§ =
ker ), and u : (2,j) = (R x M,.J) is a J-holomorphic branched cover of a
trivial cylinder over a Reeb orbit whose covers are all nondegenerate. Then
ind(u) > 0, and equality can hold only when the cover is unbranched or the
orbit is elliptic.

Proof. If the underlying orbit v is hyperbolic, then the index formula gives
ind(u) = —x(2) > 0 due to Lemma 24, which is an equality if and only if
S is the cylinder, in which case the Riemann-Hurwitz formula implies that
the cover is unbranched. If the orbit is instead elliptic, we can make our
lives slightly easier with the observation that u has the same index as that
of some holomorphic building whose connected components are all thrice-
punctured spheres that are also branched covers of the same trivial cylinder.
It therefore suffices to prove that the inequality holds for thrice-punctured
spheres. If for instance u has two positive punctures at v* and ~* and a
negative puncture at v**¢, then Lemma 4] gives
ind(u) = —x(X) + (2|k0] + 1) + (2[40] +1) — 2| (k+ £)8] + 1),

where x(X) = —1, and the index is thus nonnegative due to the relation
la+b] < la] + [b] + 1. In the inverse case with one positive puncture and
two negative, we get the same result using |a| + |b] < |a +b]. O

Proposition 2.9. Suppose dimW =4 andu =vo ¢ : (X,5) — (W, J) is
a k-fold cover of a somewhere injective J-holomorphic curve v : x5 =
(W, J) whose asymptotic orbits are all nondegenerate and hyperbolic. Then

ind(u) > kind(v),

with equality if and only if the cover ¢ : (2,7) = (X',4") has no branch
points in the punctured surface 3.

Proof. This is a direct consequence of the index formula (2.8]) together with
Lemma 4] and the Riemann-Hurwitz formula Z(d¢) = —x(2) + kx(3),
where Z(d¢) > 0 denotes the algebraic count of zeroes of the holomorphic
section d¢ € I'(Homc(TY,¢*TY)), and thus vanishes if and only if the
cover is unbranched. O

2.4.2. Asymptotic defect. Suppose u : Y = Wis asymptotic at z € I't
to a T-periodic orbit v : S* — M, and has an asymptotic representative
h(s,t) at this puncture that is not identically zero. Then the asymptotic
formula (Z7) provides a nonzero eigenfunction e; € C*°(y*¢4), and given a
trivialization ® of v*£4, one can define

wind® (u; z) := wind®(e;) € Z.

If z € T't, then a®(y) is the winding of the greatest negative eigenvalue

of A, thus wind® (u;2) < a®(y), and similarly, wind (u;2) > a2(y) if
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z € T~. The difference a®(y) — wind® (u; 2) or wind2 (u;z) — a®(y) for a
positive or negative puncture respectively is denoted dy(u;z) > 0 and called
the asymptotic defect of v at z € I'. Notice that it does not depend on
the trivialization. The total asymptotic defect of w is then a nonnegative
integer
do(u) = Zdo(u; z).
zel

This is well defined for any curve u that is not identical to a trivial cylinder
in some neighbourhood of any of its punctures; in particular, if W is a
symplectization (R x M,d(e"«)) with J € J(«), then dy(u) is well defined
for every curve other than covers of trivial cylinders.

2.4.3. The normal Chern number and wind,(u). The normal Chern num-
ber of a curve u € M(J,v",~y7) with all asymptotic orbits nondegenerate
is defined by

ke ke
en(u) = (W TW) = x(2) + > a(37) = al(3;),
=1 =1

where @ is again an arbitrary choice of unitary trivializations of £4 along
the asymptotic orbits, and the sum does not depend on this choice. The
index formula and relations between Conley-Zehnder indices and winding
numbers imply

(2.10) 2¢cn (u) = ind(u) — 2 4 29 + #To,

where g > 0 is the genus of the domain (zero in our case) and I'y C ' denotes
the set of punctures of v that have even parity. In the Morse-Bott setting of
[239), the definition of ¢y (u) given above remains valid, and so does ([2.10])
after interpreting I'y as the set of punctures for which the perturbed Conley-
Zehnder index (see (2.4) is even. One can interpret cy(u) as “c; of the
normal bundle” when w is immersed; in particular, cy(u) then predicts the
number of zeroes for a generic section in the kernel of the linearized normal
deformation operator at u, see e.g. [WenI0Ob].

For curves in the symplectization R x M of a contact manifold (M, & =
ker o), there is a further invariant related to cy(u) and the asymptotic
defect. Let m : TM — & denote the fibrewise linear projection along the
Reeb vector field. Then the nonlinear Cauchy-Riemann equation for u :
> — R x M implies that 7 o du € C®(Homc (TS, u*¢)) locally satisfies a
linear Cauchy-Riemann type equation, so zeroes of 7 o du are isolated and
positive by the similarity principle unless 7 o du = 0. The latter is the case
if and only if w is a cover of a trivial cylinder, and otherwise, we define

wind,(u) > 0

to be the algebraic count of zeroes of 7o du. The asymptotic formula ([2.7)
implies that zeroes of 7o du cannot accumulate near infinity, so wind,(u) is
always finite. It equals 0 if and only if u = (ug,uas) : Y — R x M has the
property that wuys : > — M is an immersion transverse to the Reeb vector

field. From [HWZ95, Prop. 5.6], we have
(2.11) en(u) = windg (u) + do(u).
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In particular, this implies
(2.12) en(u) > do(u) >0  and  en(u) > windg(u) >0

for any curve that is not a cover of a trivial cylinder, so cy(u) = 0 gives a
homotopy-invariant sufficient condition for both the asymptotic defect and
wind,(u) to vanish.

2.4.4. Self-linking numbers. Let v be a nullhomologous transverse knot in a
closed contact 3-manifold (M, €), let ¥ C M be a Seifert surface and X a
framing of ~, i.e. a non-zero section of v*¢. The self-linking number of
~ with respect to X is then the algebraic count of intersections between X
and a generic push-off of v in the direction of X:

sl(vy, X) = (exp, X) - X € Z.

Note that this depends on X up to homotopy, but not on 3, as a different
choice of Seifert surface changes sl(, X) by the homological intersection
number of v with a closed 2-cycle, which vanishes since v is nullhomologous.
Replacing X with another framing changes sl(y, X) by the relative winding
of the two framings,

(2.13) sl(y, X1) — sl(y, X2) = wind(X7, X9),

where wind(X1, X2) € Z denotes the winding number of the section X;
along v in the trivialization induced by Xs. Note that the Seifert surface
determines a canonical homotopy class of framings Xy via the condition
that Xy should extend to a trivialization of £ along 3, so with this choice
we shall denote
sl(7;X) == sl(v, Xx).

This depends on ¥ since X, does, but the dependence vanishes if ¢; (§) = 0.

With this definition in mind, suppose 7 is an unknotted Reeb orbit and
u = (ug,ups) : C - R x M is a J-holomorphic plane asymptotic to v for
which ups : € — M is embedded. The closure of up/(C) is then a Seifert
disk D C M for , and we claim

(2.14) sl(v; D) = wind(Xp, e1(u)),

where Xp is the canonical framing determined by D as discussed above,
and e (u) is the nonzero eigenfunction appearing in the asymptotic formula
@) for the approach of u to 7. Indeed, ej(u) gives the direction of the
approach of u to v and is thus homotopic to the Seifert framing of v, implying
sl(y,e1(u)) =0, so

sl(y; D) = sl(, Xp) = sl(y, e1(w)) + wind(Xp, e1(u)) = wind(Xp, e1 (u)).

2.4.5. Siefring intersection theory. We recall here some useful properties
of the intersection product on classes of J-holomorphic curves in almost
complex manifolds with cylindrical ends. In [Sielll], Siefring associates to
any pair of (not necessarily J-holomorphic) asymptotically cylindrical maps
Uy - 21 — W and uy : 22 — W with nondegenerate or Morse-Bott asymp-
totic orbits an integer

Uy * Uy € 7,
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which matches the homological intersection number [u;] - [ug] if both curves
have no punctures, and in general has the following properties. First, the
pairing is symmetric
UL * Uy = U * U,

and it is invariant under homotopies of asymptotically cylindrical maps with
fixed asymptotic orbits; in fact, u; * uy depends only on the asymptotic
orbits of u; and us and their relative homology classes. If both maps are J-
holomorphic and their images are non-identical, then the relative asymptotic
results of [Sie0§] imply that all intersections between u; and ug are isolated
and contained in a compact subset, so by positivity of intersections, the
algebraic count of intersections uq - uo is finite and satisfies

Ul - Uy > ‘{(21,22) S 21 X 22 ul(zl) = UQ(ZQ)}

with equality if and only if all intersections are transverse. This is then
related to up * ug by

)

Ul * Uz > Uy - U2,

so the condition uy * us = 0 gives a homotopy-invariant sufficient condi-
tion for w; and us to be disjoint. The following computation is an easy
consequence of the definition (cf. [Sielll Prop. 5.6]):

Proposition 2.10. Suppose J € J(«) for a contact 3-manifold (M, =
ker ), and w and v are both J-holomorphic covers of the same trivial cylin-
der in (R x M, J) over a nondegenerate Reeb orbit with even parity. Then
u*xv=0. U

The intersection product also has a natural extension to holomorphic
buildings such that homotopy invariance holds for all continuous deforma-
tions in the SEF'T topology. We will need a particular result about this
extension:

Proposition 2.11. If v = (v]J\r,+|...|vf|v0|vf|...|v;,) is a holomorphic
building in a 4-dimensional completed symplectic cobordism, we have

Ny N_
VXU > Zv;' *v;' + vg *x vg + Zv]_ *vj_ + Zm(y)p(y),
J=1 Jj=1 v

where the last sum is over all orbits v that occur as breaking orbits in v,
with covering multiplicities denoted by m(~y) € N.

Proof. The existence of a formula

Ny N_
_ + ot —
VRV = v * U7 + v * v + vy * 05 +Q
j=1 Jj=1

with some error term @ > 0 is stated in [Sielll Prop. 4.3(4)], and our lower
bound on the error term can be extracted from the proof of that result. The
point is the following. Using notation from [Wend], the pairing u*w can be
written in general as

U W= UOH W — Z Qf(%,%) - Z Q?(%WC)’
(Z7C) (%C)
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where u© e w € 7Z denotes the relative intersection number of u and w
with respect to an arbitrarily chosen asymptotic trivialization ®, the two
sums are over all pairs of positive resp. negative punctures z of u and (
of w, 7, and 7¢ are the corresponding asymptotic orbits, and Qi(%,%)
are integers determined by the winding numbers a2 (v.) and o2 (y¢) (see
[Wend|, §4.2] for a precise formula). The same formula for u * w is valid if
u and w are buildings, and the relative intersection numbers are additive
across levels. The difference between v x v and the sum of the invariant
self-intersection numbers of its levels is therefore a sum of terms of the form
Q% (v,7) + Q2(v,7) where v and 4/ are pairs of breaking orbits of v. All
of these terms are nonnegative, and in particular whenever 4" is a breaking
orbit (with 7 denoting the underlying simply covered orbit), they include

QL (Y™ A™) + Q2 (Y™, 4™) = maf (Y") — ma® (v"™") = mp(y™).
O

If u: X — W is somewhere injective and J-holomorphic, then the relative
asymptotic results of [Sie08| also imply that it is embedded outside a com-
pact subset, so there is a finite singularity count §(u) € Z, defined as the al-
gebraic count of double points {(z1,z2) € x| u(z1) = u(z) and z; # 23}
after perturbing u in a compact subset to make it immersed. Standard local
results due to Micallef and White [MWO95] imply that d(u) > 0 with equality
if and only if u is embedded, but in contrast to the closed case, d(u) is not
generally homotopy invariant. Instead, it satisfies the generalized adjunction
formula
(2.15) wx U = 20¢0ta1 (u) + en(u) + [0(u) — #I7,
where

5total(u) = (5(’&) + (500(’&)

includes an additional contribution do(u) > 0 counting “hidden” double
points that can emerge from infinity under generic perturbations, and the
term o(u) € N is a sum of the spectral covering numbers (see §2.2)) of all
asymptotic orbits, hence 6 (u) —#TI is also nonnegative. The formula implies
that dgotar(u) is homotopy invariant, and since doo(u) > 0, the condition
dtotal(w) = 0 then suffices to ensure that all somewhere injective curves
homotopic to u are embedded. The converse is false in general: a curve can
still be embedded with d¢otar(w) > 0 due to hidden intersections, which can
emerge from infinity under perturbations—but this can only happen if u
has at least one multiply covered asymptotic orbit or at least two punctures
of the same sign that approach covers of the same orbit, thus giving the
following useful criterion:

Lemma 2.12. If u is a somewhere injective curve whose asymptotic orbits
are all distinct and simple, then doo(u) = o(u) — #I' = 0. O

The following is a minor improvement on a definition originating in [Wen10al,
Wen10b].
Definition 2.13. An asymptotically cylindrical J-holomorphic curve u :

> — W is called nicely embedded if it is somewhere injective and satisfies
uxu <0 and dgotar(u) = 0.
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It is clear from the above discussion that if u is nicely embedded, then so is
any other somewhere injective curve u’ in the same component of the moduli
space, and moreover, u and v/ must then be disjoint. Nicely embedded curves
arise naturally in the study of finite energy foliations, initiated in [HWZ03].
Their most important properties for our purposes are the following.

Lemma 2.14. Ifu € M(J,v",v7) is nicely embedded then cy(u) <0 and
ind(u) < 2.

Proof. The first inequality follows directly from the definition and the ad-
junction formula (ZI5]), and this implies the second via ([Z.10]). O

Proposition 2.15. If u € M(J,v",v7) is a nicely embedded curve with
ind(u) € {1,2}, then u is Fredholm regular.

Proof. Since u is immersed by assumption and, by Lemma 2.T4] satisfies
en(u) <0, it satisfies the criterion ind(u) > ¢y (u) for automatic transver-

sality given in [WenlOb]. O

Proposition 2.16. Suppose M™ C My (J,v+,~v7) is an open and closed
subset of the space of nicely embedded index 2 curves, equipped with the
extra data of a marked point, such that all curves in M™ represent the
same relative homology class. Then M™ is a smooth 4-manifold, and the
evaluation map

ev : MU T
is an embedding onto an open subset of W.

Proof. This is a mild generalization of a similar result proved in [HWZ99]
for planes with simply covered asymptotic orbits. We know every u €
Mrice i Fredholm regular by Prop. 215, and ey (u) = 0 due to (Z.I0) and
Lemma[ZT4l It follows that MM is smooth and has dimension ind(u)+2 =
4, and since u * v < 0 (which becomes u * u = 0 when ¢y (u) = 0), invari-
ance of the intersection number implies that no two curves in M™ can
intersect, hence ev : MMM — TV is injective. To see that it is also an
immersion, observe that for a given curve uyg : Y — W and marked point
(o € ¥ with the pair (ug, (o) representing an element of M™<€, the tangent
space T(UO,CO)Mnice is naturally identified with the direct sum of TCOE and
the kernel of the linearized Cauchy-Riemann operator acting on the normal
bundle of uy. The condition ¢y (up) = 0 then implies via [WenlObl Equa-
tion (2.7)] that sections in this kernel are nowhere zero, hence the derivative
of the evaluation map ev(u, () = u(¢) at (ug, (o) is injective. O

Proposition 2.17. Suppose W is a symplectization (Rx M,d(e")) and J €
J (). Then for any nicely embedded J-holomorphic curve uw = (ug,ups) :
> = Rx M that is not a trivial cylinder, the map ups : X — M is embedded.

Proof. Since ¢y (u) < 0 by Lemma 214 wind,(u) = 0 due to (2II)) and
uys is therefore immersed and transverse to the Reeb vector field. To show
that wys is injective, observe that any double point ups(21) = ups(22) can
be interpreted as an intersection of u with one of its R-translations u¢ :=
(ur + c,upr) for some ¢ € R, and ¢ must be nonzero since dgotar(u) = 0
implies that wu itself is embedded. By homotopy invariance of the intersection



UNKNOTTED ORBITS AND NICELY EMBEDDED CURVES 29

product, u * u = u * u® < 0, so such an intersection is possible only if u and
u® are the same curve up to parametrization. But this would imply that «
is also equivalent to u*¢ for every k € N, so taking k — oo, we conclude
from the asymptotically cylindrical behaviour of u that its image lies in an
arbitrarily small neighbourhood of a collection of trivial cylinders. This can
only happen if u itself is a trivial cylinder, so we have a contradiction. [J

Lemma 2.18. Under the assumptions of Prop.[2.17, suppose w = (ugr,ups) :
C — Rx M is a nicely embedded plane asymptotic to a simply covered orbit
andind(u) € {1,2}. Then if D C M denotes the Seifert surface with interior
up(C), we have

2 dfind(u)
3 ifind(u)

L,
2,

pez(y; D) = {

and in both cases sl(y; D) = —1.

Proof. If ® is the trivialization of v*¢ that extends over D, then the relative
c1 term in the index formula vanishes and gives the stated relation between
ind(u) and pd,(v). By Z2) and (Z3), this implies a®(y) = 1. Moreover,
en(u) <0 by Lemma [2Z14] thus (ZI2]) implies that u has zero asymptotic
defect, so the nonzero eigenfunction e;(u) appearing in the asymptotic for-
mula (2.7) satisfies

wind®(e; (u)) = a®(y) = 1.

Now by (@I,
sl(y; D) = — wind® (eq (u)) = —1.

3. SEED CURVES IN THE POSITIVE END

In this section we describe the seed curves that will generate the moduli
spaces required for proving Theorems [[T] and

3.1. The standard sphere. The following construction is for the proofs of
Theorems [[LT] and

Regarding S?"~! as the unit sphere in C”, fix the standard contact form
agtq described in Example 2] along with the unique admissible complex
structure Jyq € J(gtq) on R x §27~1 that restricts to &iq C T.S? 1 C C®
as the standard complex structure i. Recall that the diffeomorphism

(3.1) (R x 8% Jiq) = (C\ {0},40) : (r,2) — ¥z

is then biholomorphic, so we can regard holomorphic curves in C" \ {0} as
Jstq-holomorphic curves in the symplectization of (5?71 &q). With this
understood, define for each w € C*~1\ {0} the holomorphic plane

Uy 1 (C,7) = (C"\ {0},4) : 2 — (2, w).
As a curve in R x $?"71, each u,, is asymptotic at co to the same closed
Reeb orbit in (S2"71, agiq), namely

Yoo 1 ST = STl s (€270, ..., 0).
This orbit belongs to a (2n — 2)-dimensional Morse-Bott family of closed

embedded Reeb orbits with period 7, which foliate S?*~!; indeed, they
form the fibres of the Hopf fibration S! < §2"~1 - CcpPn—1
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Lemma 3.1. For each w € C" 1\ {0}, ind(uy,) = 2n — 2.

Proof. Abbreviate W = R x §?"~1. The fibres of the contact bundle along
Yeo are naturally identified with {0} & C"~! ¢ T'S?"~! C C", so V% ua
has a natural trivialization, which we will denote by ®, and it extends to
a natural trivialization of the normal bundle N,, — C of u,,. The latter

implies ¢f(Ny,,) = 0, so writing v, TW = TC & N,,, gives

et (ugp, TW) = x(C) + ¢} (Ny,,) = 1.
To compute M%Z(’yoo + €), we observe that the asymptotic operator A,
splits with respect to the obvious decomposition
Vibga=S'xCl=L,®...0L,

into trivial complex line bundles, so we can write A, = A2 ®...® A,,, and
the trivialization ® is now also a direct sum ®5 @ ... ® b, of trivializations
of these line bundles. The kernel of A,_ is a complex (n — 1)-dimensional
space of sections along v, that point in the directions of other Hopf fibres,
and its intersection with each of the summands L; for j = 2,...,n is a
complex 1-dimensional space spanned by a section of the form

n;: St = Lt~ (0,...,0,e*™0,...,0).

We thus have wind®s (n;) =1, and A, + € therefore has a real 2-dimensional
eigenspace with the smallest positive eigenvalue € and winding 1. By Propo-
sition 23], the largest negative eigenvalue A; 4 € must then have winding 0,

w0 by E2)
@ .
IU’CJZ(AJ + E) =1,
and (Z4) then implies

n
@.
ez (Yoo +€) =Y iciy(Aj+€) =n—1.
=2

Finally, (Z9) gives
ind(uw) = (n = 3)X(C) + 267 (up, TW) + p¢iz (Y0 + )
=Mn—-3)+2+(n—-1)=2n-2.

Lemma 3.2. The Jgq-holomorphic planes u,, are all Fredholm regular.

Proof. Note that the standard genericity arguments do not apply here since
Jsta is very far from being generic. But in this case we can check regularity
explicitly. Recall that by [WenlOb, Theorem 3|, it suffices to check that the

linearized normal operator
DY W'P(N,,) — L (Homc(TC, N,,))

is surjective, where ind(DY ) = ind(u,). Here p € (2,00), and § > 0
is a small exponential weight, meaning that if sections n : C —+ N, in the
domain of D{L\fw are written near co in cylindrical coordinates (s,t) € [0, 00) X
S' corresponding to z = €257 ¢ C, then the section ¢*7(s,t) must be
of class WP on [0,00) x S!. This definition also assumes a translation-
invariant metric on R x $2"~! for computing LP-norms of sections along .
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Note that since p > 2, sections of class WP are continuous, and we can
therefore assume

(3.2) n(s,t) -0 as s— o0

for n € WHPI(N,, ).

From a different perspective, however, DN is an extremely simple oper-
ator: sections 7 of the normal bundle to wu,, : C—cn \ {0} can be identified
canonically with functions 7 : C — C"~! using the obvious trivialization of
N, and since DY is the linearization of the standard (and thus already
linear) Cauchy-Riemann operator d, n € ker Divw implies that 7 is a C"~1-
valued holomorphic function. Under the transformation (3.1I), the condition

(B2) then implies

n(z

|77|( |)| —0 as z— o0,
z

so the growth of 77 at infinity is strictly smaller than that of an affine function.

Complex analysis then implies that the singularity of 7 at co is removable,

so 77 is constant, proving
dimc ker Divw =n—1.

The real dimension of the kernel of DfLVw is thus equal to its index according
to Lemma B.I] so DY has trivial cokernel. O

Lemma 3.3. Up to parametrization, every asymptotically cylindrical Jgq-
holomorphic curve in R x S?"~1 with a single positive puncture asymptotic
to Yoo and arbitrary negative punctures is either the trivial cylinder over vso
or one of the planes ..

Proof. Since no Reeb orbit in (S2, agq) has period smaller than that of v,
any curve u : X — R x §27~1 of the specified type with a nonempty set of
negative punctures would satisfy f2 uw*agq = 0 by Stokes’ theorem, and since
the positive asymptotic orbit is simple, u in this case could only be a trivial
cylinder. If u has no negative punctures, then it defines via ([B]) a proper
holomorphic map v = (uy,...,uy) : Y — C" such that ug,...,u, : ¥ — C
are all bounded holomorphic functions that decay to 0 at the unique punc-
ture, so these all extend to holomorphic functions on the compact domain
> and are therefore constant. The remaining function u; : ¥ — C has a
pole of order 1 at its unique puncture, thus it extends to a nonconstant
holomorphic map ¥ — S? of degree 1, implying that ¥ = S? and, after a
suitable reparametrization, ¥ = C with u; : C — C an affine map. U

Lemma 3.4. In the case dim M = 3, the planes wu,, satisfy cy(uy) =0 and
are nicely embedded.

Proof. We saw in the proof of Lemma B that p&, (Ve + €) is odd and
ind(uy) = 2, so (2I0) implies cy(uy) = 0. Since wu,, is embedded and
has only a single simple asymptotic orbit, diotal(ty) = 0(uy) — 1 = 0 by
Lemma 2121 Thus by Siefring’s adjunction formula (2.15]),

Uy * Uy = 26total(uw) + CN(uw) + [5(uw) - 1] =0.
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3.2. Reducible tight contact 3-manifolds. We now describe the seed
curves for the first case of Theorem Assume M is a reducible closed
oriented 3-manifold with a contact structure &; we are free to assume £ is
tight since the overtwisted case will be dealt with separately in §3.3] below.
The reducibility hypothesis means that M is either S! x S? or a nontrivial
connected sum M;# Mo, and in the latter case, tightness of £ implies via
Colin’s connected sum theorem [Col97] that (M, &) = (M, &1)#(Ms, &) for
some tight contact structures & on M;, i = 1,2. The case S' x S? can also be
understood via connected sums since the unique tight contact structure on
St x S? is the one that is obtained from (5%, &q) by attaching two disjoint
neighborhoods in S? to each other via a self-connected sum. In either case,
(M, &) contains a special embedded 2-sphere

S?>~ 8 c M,

the belt sphere of the connected sum, and £ takes a certain standard form in
a neighbourhood of S. Moreover, S represents a nontrivial element of 7o (M ):
this follows from the Poincaré conjecture after applying [Hatl Prop. 3.1] to
deduce that [S] € ma(M) can be trivial only if S bounds a contractible
submanifold in M.

The desired .J-holomorphic curves in R x M can now be borrowed whole-
sale from a construction of Fish and Siefring [FS18]. Specifically, Theo-
rem 5.1 in their paper provides a nondegenerate contact form a4 on (M, &)
and an almost complex structure J; € J(ay), which may be assumed
generic outside a neighborhood of R x S, such that there exists a nondegen-
erate embedded Reeb orbit

%0:51—>M

with even Conley-Zehnder index and with image in S. This orbit splits S
into two hemispheres Sy and S_, and there exists a pair of nicely embedded
and Fredholm regular Jy-holomorphic planes

uF = (ug,ui;) :C = Rx M

with index 1, both asymptotic to v, such that uf/[((C) is the interior of Sy.
They satisfy

=UuU U =1Uu

:I:) + + +*u*:0’

en(u

and they approach v, “from opposite sides” in the sense that after suitable
R-translations, one can arrange
)

er(u”) =—ey(u),

where e1(u®) denotes the nontrivial asymptotic eigenfunction appearing in
the asymptotic formula (Z7) for u*.

Lemma 3.5. Up to parametrization and R-translation, every asymptotically
cylindrical Jy-holomorphic curve in R x M with a single positive puncture
asymptotic to Vo and arbitrary negative punctures is either the trivial cylin-

der over Yoo or one of the planes u™.

Proof. We use Siefring’s intersection theory. Fix a trivialization ® of &
along 7. The first observation is that since do(u®) < cy(u™) = 0, the
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eigenfunctions e; (u*) both have maximal winding a® (ys). Since u&,(7s0)
is even, Proposition 23] implies that there is only a 1-dimensional eigenspace

E) € C(75%8)

of A, with negative eigenvalue and winding a® (), and ey (u®) € E).
Denoting the trivial cylinder over 7o, by R X 7, this implies

ut * (R X 7o) = 0.

Indeed, there are no geometric intersections between u* and R x 74 since
uic/[((C) is the interior of Sy, but one must still rule out asymptotic contri-
butions, i.e. “hidden” intersections at infinity. These are characterized in
[Siell] in terms of relative winding numbers, and in the present situation,
the asymptotic contribution to u® * (R X 74,) vanishes if and only if the as-
ymptotic representative describing the approach of u* to R X 74 at infinity
has maximal winding. This is true since wind® (e; (u*)) = a® (750).

Now suppose u: 3 — Rx M is a J-holomorphic curve with the specified
properties. We claim

(3.3) uxut =0,

To see this, first use R-translation to move u® until its image is contained
in [0,00) x M, which is possible since u* has no negative punctures. Then
notice that since w has only one positive puncture and it is asymptotic
t0 Yoo, u admits a homotopy through asymptotically cylindrical (but not
necessarily J;-holomorphic) maps to a map whose intersection with [0, 00) x
M is identical to the top half of the trivial cylinder R X ~,,. Using the
homotopy invariance of the intersection product, it follows that u % u® =
uF * (R X 750) = 0.

Finally, let e;(u) denote the nontrivial asymptotic eigenfunction in (2.7
that controls the approach of u to v at its positive puncture. If e;(u) € E},
then wind®(e; (1)) < a® (7o) = wind® (e (u®)). In this case the projections
of uw and u™ to M obviously intersect each other near 7., implying that some
R-translation of u intersects u®, but this is impossible by ([3.3]). We therefore
have ej(u) € E). But observe now that applying R-translations to u modi-
fies e1(u) by multiplication with a positive constant, so since dim Ey = 1 and
e1(u™) and eq(u~) have opposite signs, there exists a unique R-translation
for which e (u) precisely matches either e;(u™) or e (u™). For concreteness,
suppose e1(u) = e1(ut). Then the main results of [Sie08] imply that unless
T up to parametrization, there is a nontrivial asymptotic eigenfunction
controlling the approach of u to u™ at their positive ends, and it lies in a
different eigenspace, with winding strictly less than a® (7). The character-
ization of asymptotic contributions in [SielI] then implies that u * u™ > 0,
again contradicting (3.3)). O

U =1Uu

Remark 3.6. The above lemma does not specifically require the manifold
M to be reducible: it only requires the existence of a simple Reeb orbit
Yoo spanned by two disjoint embedded index 1 holomorphic planes u* that
approach 7., “from opposite sides” in the sense described above. The con-
ditions cy(u*) = vt x uF = ut x u~ = 0 follow automatically from these

assumptions via (ZI0) and Siefring’s adjunction formula (Z.15]).
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3.3. Overtwisted contact 3-manifolds. If (M,¢) is overtwisted, then
Eliashberg’s appendix to [Yau06] uses the following geometric picture to
prove vanishing of contact homology. There is a nondegenerate contact form
ay and an almost complex structure J; € J(a4) admitting an embedded
Fredholm regular J;-holomorphic plane

u™® = (ug,u3y) :C >R x M
with index 1, asymptotic to a simple Reeb orbit
Yoo 1 ST = M
with even Conley-Zehnder index, such that u® is (up to parametrization
and R-translation) the only nontrivial J,-holomorphic curve in R x M with
one positive puncture asymptotic to 7o (and arbitrary negative punctures).
A more detailed version of this construction can be extracted as a special
case from [Wenl3a), using intersection-theoretic arguments similar to those
of P32 above. Since u™ is asymptotic to a simple orbit, Lemma 212l implies
Joo(u™) = a(u™>) — 1 = 0, and since it is also embedded, d¢otal(u™) = 0.
Moreover, by (ZI0), cy(u™) = 0, so the adjunction formula (ZI5]) now
gives
U™ * u™ = 2040121 (™) + en (u™) + [0(u™) — 1] = 0,

implying that 4> is nicely embedded.

4. A LOCAL ADJUNCTION FORMULA FOR BREAKING HOLOMORPHIC
ANNULI

The aim of this section is to prove Theorem and derive Corollary
[LT7 We assume throughout that M is a 3-manifold endowed with C*°-
converging sequences of contact forms ap — @ and admissible almost
complex structures Ji € J(ax), k < oo. Fix a nondegenerate closed Reeb
orbit v : ST — M for as, with covering multiplicity m € N, period T' > 0
and parity p(v) € {0,1}. We consider a sequence of Ji-holomorphic annuli

ug, : ([— Ry, By x i) — (R x M, Jy),
where Ry, R — oo and uj converges in the SFT topology to a broken
Joo-holomorphic annulus
up = (ugo|us)
in which both levels are embedded and ~ is the breaking orbit. More pre-
cisely, uZ, are embedded J..-holomorphic half-cylinders

ug, : [0,00) x ST = R x M, ul, 1 (—00,0] x ST 5 R x M

oo
with
U, (8,) = eXPrs (1) I (5, 1)
for some translation-invariant metric on R x M and asymptotic representa-
tives satisfying hy(s,-) — 0 with all derivatives as s — Foo. To say what
the convergence uy — (ul,|ug) means, denote the R-translation action on
R x M by
Te:RXM—>RXM:(rz)— (r+czx)
for ¢ € R. Then we require

Ty, © U (- +R;§,-) — u;ro in  Cp.((—00,0] x Sl,R x M)



UNKNOTTED ORBITS AND NICELY EMBEDDED CURVES 35

for some sequence r; — —oo, while
Tr 0 up(- — Rp,) = usy  in CR2([0,00) x ST, R x M)

for some sequence rp — 4oo. Additionally, choose diffeomorphisms ¢_ :
[—1,0) — [0,00) and ¢4 : (0,1] = (—00,0], let mps : R x M — M denote
the natural projection, and define the continuous map

T oud(p4(s),t) if s >0,
a [<1,1] x ST = M : (s,) = < () if s =0,
maou(p—(s),t) if s <O.

We then also require the existence of a sequence of diffeomorphisms ¢y, :
[—1,1] x St — [~ Ry, R}] x S! such that

Tarougopp — . in CY([-1,1] x S', M).

With these hypotheses understood, the statement of Theorem is that
for all k sufficiently large,
20(uk) = 2[00 (uo) + oo (uce)] + [04(7) = 1 + [7-(7) — 1] + (m — 1)p(v).
The proof is based on a relative adjunction formula in the style of Hutch-
ings [Hut02]. Since ul, and uy, are embedded, we are free to assume uy is
embedded near the boundary of its domain for sufficiently large k; moreover,
if we reparametrize uZ by suitable shifts to focus only on neighborhoods of
400, the corresponding adjustments in u; can be arranged so that its tangent
spaces are close to those of a trivial cylinder for large k. This means replac-
ing the domains [—Ry, R;] x S 1 of uy, with smaller domains that nonetheless
still expand to infinite length, and we do not lose any singularities this way
since uZ are both embedded on the corresponding portions of their domains
that are being discarded. With this understood, if we choose a trivialization
® of ¢ = ker a, along 7, this determines a trivialization of the normal bun-
dle of u; along its boundary uniquely up to homotopy for large k. Define
the relative self-intersection number of uy,

U 0 U € Z

as the algebraic count of intersections between u; and a generic perturbation
of uj that is pushed in the direction of ® near the boundary. This number
depends on ® up to homotopy. We can similarly define ugco 5 uéﬁo with the
condition that the second copy of uZ is pushed by some small but nonzero
amount in the direction of ® both near its boundary and near infinity. The

convergence ug — (ul |uy) then implies
(4.1) Uy, 0@ Up = UL, e ul +u ey uz,
for sufficiently large k. The relative adjunction formula relates these self-

intersection numbers to the count of double points and corresponding rela-
tive first Chern numbers

e (ufT(R x M), ¢ (uZ)"T(R x M) € Z,

defined by regarding ® as a trivialization of the normal bundle of u or uL

over the boundary and/or near infinity—this sums with the canonical par-
allelization of the domains (annuli and half-cylinders) to give trivializations
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of the pulled back tangent bundle on these regions. Appealing again to the
convergence uy, — (ul|ug,), we have

(42) T (WiT(R x M)) = P ((ud)* T(R x M)) + cF ((ugz,) T(R x M))

for large k. Note that if uj is immersed with normal bundle N,,, then
(TR x M)) = ¢?(Ny,) since the domains have vanishing Euler charac-
teristic. If uy is not immersed, one can perturb it to an immersion without
changing ¢f (u}T(R x M)), so the same argument used to prove the adjunc-
tion formula for closed holomorphic curves gives the relative formula

uy, o up = 206(uy,) + cf (upT(R x M)).

This makes crucial use of the fact that u; is embedded near the boundary
for large k, so pushing it in normal directions determined by ® does not
produce any intersections near the boundary.

The analogous story for uZ is slightly more complicated if v has covering
multiplicity m > 1, because new intersections can appear near infinity after
pushing off via ®. This phenomenon was observed in [Hut02, §3.2] and
quantified in terms of the writhe of a braid determined by the asymptotic
behaviour of uZ . Using notation adapted from [SielT §3.2] (see also [Wend]
§4.3]), we denote by

it (ui) e

[e.e]
the algebraic count of intersections near infinity between ujE and a small
perturbation of itself via ®. This number matches the erthe described
in [Hut02] up to a sign. It is only nonzero if m > 2, and in that case it
depends on ® up to homotopy; in [Siell] it is expressed as a sum of winding
numbers of asymptotic eigenfunctions that control the relative approach
of different parametrizations of uZ near the orbit. The bounds on these

winding numbers coming from Proposition lead to the bound

(4.3) i (1) = QF(7) := £(m — DaZ () + [7£(y) — 1],
which furnishes the definition of the number 4 (u%) counting “hidden”

double points at infinity:

o0 [e.9]

(14) i) = 5 [i% (%) ~ 02()] > 0.

Including the contribution from intersections near infinity, the relative ad-
junction formula for uZX takes the form
U ew U, = 20(ux) + ¢f ((ug) T(R x M) + i, ().

We are now ready to prove both the theorem and the corollary.

Proof of Theorem[1.16l We can use the various relative adjunction formulas
to rewrite both the left and right hand sides of (&1]), thus

20(uy,) + cf (U T(R x M)) = 26(ul) + ¢f (ul)*T(R x M)) + & (ul)
+20(ugy) + ¢ ((uzy)*T(R x M)) + i (uz).

The terms 6(uL) vanish since uf and u_ are embedded, and combining

this with (£2]) gives
26 (uy) = i (ud) + i (uzy).

o0 o0
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Now plugging in &4) and p(y) = a?(y) — a®(7) gives the stated formula.

O

Proof of Corollary[I.17 The local adjunction formula implies that if §(uy) =
0, then

(1) doo(udy) = doo(uz) = 0,

(2) 04.(7) =o-(y) =1, and

(3) ~ is either simply covered or has even parity.
In the case with even parity, we can derive further constraints on the mul-
tiplicity m from the condition on the spectral covering numbers: recalling
Proposition 23] the extremal winding numbers a$ () for positive and nega-
tive eigenvalues match, and 4 (y) = 1 means that any nontrivial eigenfunc-
tion in the corresponding eigenspaces FE4 is simply covered. Both of these
eigenspaces are also 1-dimensional, and since v has multiplicity m, there is a
linear Z,,-action on each E1 generated by the map that sends an eigenfunc-
tion e € E4 to e(- + 1/m). This defines a real 1-dimensional representation
of Z,,, and the representation must be faithful since EL1 contains simply
covered eigenfunctions. Real 1-dimensional representations of finite groups
can act only by 41, so the only possibility for m > 1 is that m = 2 and the
generator of Zo acts by —1. We claim finally that in this case, the underlying
simple orbit has odd parity. Indeed, Proposition 23] implies that it would
otherwise have two eigenfunctions with the same winding but eigenvalues
of opposite sign, and E+ would then have to consist of the double covers of
those eigenfunctions, which is a contradiction. O

5. COMPACTNESS FOR NICELY EMBEDDED PLANES IN COBORDISMS

In this section we fix the following assumptions. Let (W, d\) denote a 4-
dimensional Liouville cobordism with concave boundary (M_,{_ = kera_)
and convex boundary (M,,{; = keray), where A7y, = at, with o
assumed nondegenerate and oy Morse-Bott. The symplectic completion of
W will be denoted as usual by W, and we choose J € J(W,w,ay,a_) to
be generic in the interior of W such that its restriction J_ to the negative
end is also generic; in particular, this means that all simple J-holomorphic
curves in W that pass through the interior of W have nonnegative index,
and all simple J_-holomorphic curves in R x M_ other than trivial cylinders
have index at least 1. Fix a simply covered Reeb orbit

’yoo:Sl —>M+.

The main objective of this section is the following theorem, which char-
acterizes the closure in the SF'T compactification of the set of planes in
M(J, Vo0, D) that are nicely embedded in the sense of Definition For
application to our main theorems, the results of §3] permit us to ignore holo-
morphic buildings with nontrivial upper levels.

Theorem 5.1. Suppose uy € M(J,Vx0,0) is a sequence of nicely embedded
planes converging in the sense of ﬂm to a holomorphic building u, €
M(J, Yoo, ) with no nontrivial upper levels but at least one nontrivial lower
level. Then all components of the levels of us other than trivial cylinders
are nicely embedded, all breaking orbits are either simply covered or are
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FIGURE 5. The six types of holomorphic buildings in Theorem [B.11

doubly covered bad orbits, and us fits one of the following descriptions (see
Figure[3):

Type (1): (vo|vy ), where vy is an index O cylinder, v{ is an index 1
plane, and the breaking orbit has even parity.

Type (1I): (vol|vy ), where vy is an index 0 cylinder, vy is an index 2
plane, and the breaking orbit has odd parity.

Type (II1): (volvy ), where vy is an index 1 cylinder, vy is an index 1
plane, and the breaking orbit has even parity.

Type (IV): (volvy ), where vy has index 0 and two negative punctures,
vy 18 a disjoint union of two index 1 planes, and both breaking orbits
have even parity.

Type (V): (volvy |vy ), where vy has index 0 and two negative punc-
tures, v, s the disjoint union of a trivial cylinder with an index 1
plane, and vy is an additional index 1 plane, with all breaking orbits
having even parity.

Type (VI): (volvy |vy ), where vy is an index O cylinder, v{ is an in-
dex 1 cylinder and vy is an index 1 plane, the breaking orbit between
vg and v has odd parity, and the breaking orbit between v and vy
has even parity.

We begin with a few preliminary observations that will be used repeatedly
in the proof. Recall that by Prop. 2l u., must have the structure of a tree,
with all connected components having exactly one positive puncture and the
bottom level being a disjoint union of capping planes. The top of this tree is
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the main level, which will always be somewhere injective since v, is a simply
covered orbit. Moreover, since J is generic, Equation 210l and Lemma 214
imply that the curves u; in our sequence can be assumed to satisfy either
ind(ug) € {1,2} and cy(ug) = 0 or ind(ux) = 0 and cy(ug) = —1. Note
that all the building types in the above theorem have total index 2 except
for Type (I), which occurs in the index 1 case. We shall denote

oo = (volvr |-+ |vy)

where by assumption N > 1, and each v is in general a disjoint union of
m; > 1 connected curves

Vigyeoo,Us,

]71, ) j?mj’
each having exactly one positive puncture. The definition of the normal
Chern number, together with the relation (23] between parities and winding
numbers, implies the formula

N mj N my;
0> en(ur) =cen(vo) + DD en(v,) + 3> p(va),
7j=11i=1 7=11i=1

where v;; denotes the asymptotic orbit at the unique positive puncture of
v, Le. the ;; are all the breaking orbits of u,. Since us, has no negative
punctures in its lowest level, we can conveniently repackage this formula as
N my
(5.1) 0> en(up) = én(vo) + > en(vj,),
j=11i=1
where for any punctured holomorphic curve w, we define éy(w) to be the
sum of ¢y (w) with the parities of the asymptotic orbits at all its negative
punctures.

Lemma 5.2. All the components vy

one of the following holds:

in lower levels have cy(v;;) =0, and

(1) All breaking orbits in us have even parity and the main level vy
satisfies cy(vg) =0, or
(2) The main level vy is a cylinder with cy(vg) = —1 whose negative
asymptotic orbit has odd parity, and all other breaking orbits have
even parity.
Proof. Genericity implies ind(vg) > 0, so by (ZI0Q), cy(vg) > —1 with equal-
ity if and only if all the asymptotic orbits of vy have odd parity, hence
¢n(vo) > 0. For components v, in lower levels, [212)) implies cy(v;;) > 0
unless v, ; Is a cover of a trivial cylinder. If on the other hand v, ; COVers a

K
strict inequality unless v is elliptic or the cover is unbranched. Strict in-

equality would imply cy(v;,;) > 0 due to ([ZI0). The scenario cy(v;;) <0

trivial cylinder over some orbit v, Proposition 2.8 gives ind(v]?) > 0, with

can thus happen only if v is elliptic and ind(v;i) = 0, in which case (ZI0)
gives ¢y (v ;) = —1 and thus én(v; ;) > 0, with strict inequality if v; ; has
more than one negative puncture. Using (5.1I), we conclude that é(vg) = 0
and é(v;l) = 0 for every i, 7, which implies that all components in u, having
negative normal Chern number have exactly one negative puncture, i.e. they
are cylinders. For components in lower levels, this means they are trivial
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cylinders over elliptic Reeb orbits, and no other lower level components can
have any negative asymptotic orbits with odd parity since this would imply
¢n(v;;) > 0. Note that since us is assumed to be stable in the sense of
ﬂﬁﬂ%ﬂ, it does not have any levels consisting only of trivial cylinders. It
follows that if us has any odd breaking orbits at all, then vy is an index 0
cylinder with cy(vg) = —1 and a negative orbit with odd parity, but all
other breaking orbits in the building are even. O

Proof of Theorem [2.1]. Consider first the case where all breaking orbits have
even parity. We know that vy is somewhere injective since v, is a simple
orbit, but each lower level component v could be a multiple cover, say a
k;i-fold cover of a somewhere injective curve w;;. Each w;; that is not a

trivial cylinder satisfies ind(w; ;) > 1 due to genericity, so by Proposition 23]
ind(vj;) > ki - ind(wj ;) > kji,

with strict inequality unless the cover is unbranched. Thus if any k;; is
greater than 1, the fact that ind(uy) < 2 then implies ind(v;;) = kj; = 2,

v;; Is an unbranched double cover of wj;;, and all other components in the

building must have index 0. Note that if this happens, v;; cannot be a
plane, as w;; would then also be a plane and the Riemann-Hurwitz formula
precludes the existence of an unbranched cover C — C. But ue, definitely
also has components that are capping planes, which also must have positive
index, so this gives a contradiction, proving that every v, s either some-
where injective or is a trivial cylinder over an orbit with even parity. Since
the curves uy converging to us, are all embedded, Corollary [LT7lnow implies
that all breaking orbits are either simple or doubly covered bad orbits. To
see that all components are also nicely embedded, we use Proposition 2.1T]
to write
N my
0 > up * ug ZUO*Uo-i-Z Zvj_’i*vj_,z.
j=11d,6=1

Positivity of intersections together with Prop. .10l implies that all terms on
the right hand side are nonnegative, hence all of them vanish, including each
v, * vy, Since en(v;;) = en(vo) = 0, the adjunction formula ([2.15) then
gives 5total(v;u) = Ototal (Vo) = 0, hence all components are nicely embedded.

By Lemma [5.2] we must also consider the case where v is a cylinder with
en(vg) = —1 whose asymptotic orbits are both odd, while all other breaking
orbits are even and all lower level components satisfy cy(v;;) = 0. The
adjunction formula (2I5]) implies vy * vg > —1. For any pair of components
v and Vi that are not both trivial cylinders, positivity of intersections
gives v, * Vi 2 0; note that this is guaranteed even if they are (covers of)
the same curve since R-invariance allows us to push one of them so that
they have only isolated intersections. This trick only fails if both are covers
of the same trivial cylinder, but in that case, we know that the underlying
Reeb orbit cannot have odd parity, hence Prop. B-I0] applies again to give

v; ;% v =2 0. Now Proposition 21T implies

0> ug xup > —14+m(y),
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where v is the odd breaking orbit between vy and v; ; and m(vy) € N denotes
its covering multiplicity; we conclude that this orbit must be simply covered.
It follows that vy is a somewhere injective curve and thus has ind(vy ) >
1. For all curves in levels below this, the absence of odd orbits means
that we can again use the arguments of the previous paragraph to rule
out multiple covers, and we conclude again that all components in u, are
somewhere injective except possibly for trivial cylinders. The constraints on
multiplicities of the breaking orbits and the conclusion that all nontrivial
components are nicely embedded now follow from the same arguments using
the local adjunction formula and Proposition 2171

To obtain the classification of buildings stated in the theorem, it remains
only to add up Fredholm indices, using the fact that ind(vg) > 0 and all
nontrivial components in lower levels have index at least 1. The conclusions
about parities of Reeb orbits then follow directly from the index formula. [

6. PROOFS OF THE MAIN THEOREMS
We shall now prove Theorems [[LT] and in reverse order.

Proof of Theorem [LA[2). Assume (W, d)) is a 4-dimensional Liouville co-
bordism from (M, &) to (M4, &), where (M4, &) is overtwisted, and « is
a nondegenerate contact form for £. After possibly rescaling « by a pos-
itive constant, we can arrange A|rps = « and )\\TM+ = a4, where a is
the particular nondegenerate contact form described in §831 Arguing by
contradiction, assume « does not admit any unknotted Reeb orbit with
Conley-Zehnder index 2 and self-intersection number —1. By Lemma 218,
this means that nicely embedded planes with index 2 and simply covered
asymptotic orbits cannot exist in (R x M, J_) for any J_ € J(«a); we will
use this to exclude some of the possible buildings listed in Theorem [5.J] and
thus derive a contradiction.

Choose J € J (W, d\, oy, ) to be generic in the interior of W such that its
restriction to the negative cylindrical end is a generic element J_ € J(«) and
its restriction to the positive end matches Jy € J () from §3.31 Then the
nicely embedded plane u™ € M(J4, v, ) constructed in that section gives
rise to a 1-parameter family of nicely embedded curves in M(J, v, ), living
in the cylindrical end [0,00) x M, C W; we shall refer to these henceforth
as the seed curves in W. They are Fredholm regular by Prop. Let

M TY € M(J, Y0, D)

denote the set of all nicely embedded planes in M(J, 700, 0) that belong to
the same relative homology class as the seed curves. These all have index 1,
and the uniqueness of curves in (R x M, J;) implies that all of them other
than the seed curves intersect the region where J is generic, thus M™(.J)
is a smooth 1-manifold. Its closure

HHICG(J) C H(J’ 7007 @)
in the SF'T compactification can now be described as follows. If u; €
MMee(J) is a sequence converging to a building with a nontrivial upper
level, then the uniqueness of curves in (R x M, J, ) implies that this build-
ing is (u®| 0), where u® here is an upper level and the main level is empty.
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This can only be the limit if u, consists of seed curves for sufficiently large ,
so a neighborhood of (u*°| ) in M"(J) is homeomorphic to the interval
(—1,0], with (u®] @) as the boundary point. If the limit is any building with
trivial upper levels but a nontrivial lower level, then it is described by Theo-
rem [5.J] and must in fact be a building of Type (I) since all the others in the
list have total index 2. We can thus write the limit as (vg|v; ) for an index 0
cylinder vy in (W, J) and an index 1 plane vy in (R x M, J_), both nicely
embedded. The breaking orbit between these must be a doubly covered bad
orbit due to the assumption excluding unknotted orbits. Proposition on
gluing implies that a neighborhood of (vg|vy) in M (J) is also homeo-
morphic to (—1,0], with the building forming the boundary point. We've
thus shown that each connected component of Mmce(J ) has the topology of
a compact connected 1-manifold with boundary, so either a circle or a closed

interval, and at least one component is of the latter type, namely the one
containing the seed curves. We claim in fact that M" (.J) itself is compact.

In light of the above description, this can only fail to be true if mmce(J )
has infinitely many connected components, in which case we can find a se-
quence of nicely embedded curves uj, € M™(.J) all belonging to separate
components. But these curves are all homologous and thus satisfy a uniform
energy bound, so they have an SFT-convergent subsequence by [BEHT 03,
whose limit is in M (J) by definition. We conclude that M (J) is a
compact 1-manifold with boundary.

The crucial observation is now that since the breaking orbit in (vg|v])
is doubly covered, there are always exactly two choices of decoration which
give two distinct elements of M(J, Vo, ) having the same curves as their
main and lower levels. Indeed, these cannot represent equivalent elements of
M(J, 7Yoo, ) since the levels are both somewhere injective and thus admit no
automorphisms that could change the decoration. Moreover, both buildings
can be glued via Prop. 2.6l to produce smooth 1-parameter families of some-
where injective planes in M (J,yo0,0), which will be nicely embedded since
they are homologous to the seed curves, thus both buildings also belong

to ﬂnice(J ). With this understood, let

.A//Tnice(J) _ Mnice(J)/ ~,
where the equivalence relation identifies any two buildings that have match-
ing levels but different decorations. Topologically, Mrice( ] is formed by
gluing components of ﬂmce(J ) together along boundary points of the form
(vglvy ), all of which become interior points in M™(.J). But exactly one

boundary point of Mnice(J ) does not belong to a matching pair, namely
(u| 0), thus M™(.J) is homeomorphic to a compact I-manifold with one

boundary point, giving a contradiction. U

Proof of Theorem [LA[]). Assume (M, ¢) is a reducible tight contact 3-mani-
fold, and fix the contact form a and almost complex structure J; € J (o)
described in §3.2] so there is a homotopically nontrivial 2-sphere S C M
containing a simple nondegenerate Reeb orbit 7., : S' — M that divides

S into hemispheres S. = uf/l((C) that are each images of nicely embedded
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Ji-holomorphic index 1 planes
ut = (uf,ui;) : C — R x M.

By Lemma[3.5] these are the only J, -holomorphic curves up to parametriza-
tion and R-translation that have a single positive puncture asymptotic to
Y (and arbitrary negative punctures).

Now pick an arbitrary nondegenerate contact form « on (M, ¢§), and sup-
pose it admits no unknotted Reeb orbit with Conley-Zehnder index 2 and
self-linking number —1. We are free to rescale a so that a, = efa for
some f : M — (0,00) without loss of generality. There is then a Liouville
cobordism (W, d\) with

W:{(T,x)ERXM‘Ogrgf(x),xEM}, A=¢ca,

which inherits the contact form « on its concave boundary M_ := {0} x M
and a4 on its convex boundary My := {(f(z),z) | * € M}. Choose a
generic J € J(W,d\, ay,a) that matches J; in the positive end and has
a generic restriction J_ € J(«) to the negative end. The R-translations of
uT and u~ then give rise to a disjoint pair of 1-parameter families of nicely
embedded seed curves in the completion W, living in the positive cylindrical
end.

As in the overtwisted case, we consider the space M™(.J) C M(J, Vo0, D)
of nicely embedded planes that are in the same relative homology class with
cither family of seed curves, and its closure M (.J) in the SFT compactifi-

cation. Then M (J) contains the two elements (u*| (}) with empty main
levels, plus (by Theorem [B.]) buildings of the form (vo|v; ) with a nicely
embedded index 1 plane v; in the lower level and breaking orbits that are
doubly covered. The same argument as in the overtwisted case proves that

mmce(J ) has the topology of a compact 1-manifold with boundary, where
boundary points of the form (vp|v; ) come in matching pairs with the same
levels but different decorations due to the doubly covered breaking orbit.
The space

M\nice(J) _ HHICG(J)/ ~
defined by identifying matching pairs is thus a compact l-manifold with
exactly two boundary points, the two buildings (u*| 0) and (u=| 0). It
foll(lv\vs that these two buildings belong to the same connected component
in M™(,J), and the images of the curves or buildings in this component
under the projection R x M — M then give a continuous 1-parameter family

of disks with fixed boundary 7, forming a homotopy from Sy to S_ in M.
This is a contradiction since [S] # 0 € my(M). O

Proof of Theorem [l Recall from §3.1] the definitions of the standard con-
tact form agq and the almost complex structure Jgq € J(agq). Given a
Liouville cobordism (W, d\) from some contact manifold (M, &) to (S3, &)
with A|pgs = agq and a nondegenerate contact form A|ras = o on (M, ¢§),
one can choose a generic J € J(W,d\, agq,«) that matches Jgq in the
positive cylindrical end and has a generic restriction J_ € J(«) to the
negative cylindrical end. The seed curves u,, constructed in §3.1] that are
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contained in [0,00) x S can then equally well be regarded as nicely em-
bedded J-holomorphic planes in the completed cobordism W with images
in the positive cylindrical end. Recall that by Lemma B3] every curve in
R x S with one positive puncture asymptotic to the particular orbit s
(and arbitrary negative punctures) is one of these planes.

Let MYic¢(.J) € Mj(J, 70, ) denote the set of all nicely embedded planes
in the same relative homology class as the seed curves, carrying the extra
data of one marked point, and denote its closure in the SF'T compactification
by M;"“(J) € M1i(J,7so,®). All curves in M2°(.J) have index 2 and are

Fredholm regular, so M} (.J) is a smooth 4-dimensional manifold. As a

consequence of Lemma B3] all buildings in MTCG(J ) with nontrivial upper
levels are of the form (u,,| ) with u,, a seed curve and the main level empty.

All other buildings in M (J) are described by Theorem B11

We will now show that if o admits no unknotted Reeb orbits with self-
linking number —1 and Conley-Zehnder index 2, then it must admit one with
Conley-Zehnder index 3. To this end, choose points p, € S% and p_ € M,
and a 1-dimensional submanifold

{(R)CcW

defined via a smooth proper embedding ¢ : R < W such that £(t) = (¢,p4) €
[0,00) x S3 for all t > 0 sufficiently large and £(t) = (¢, f(t)) € (—00,0] x
M for t < 0 sufficiently small, with lim;,_~ f(t) = p—. After generic
perturbations of both p_ and ¢ away from +o0o0, we are free to assume:

(1) ¢ is transverse to the evaluation map on the moduli space of all
somewhere injective J-holomorphic curves in W that are not fully
contained in the positive end;

(2) p— is not contained in any closed Reeb orbit;

(3) R x {p_} is transverse to the evaluation map on the moduli space
of all somewhere injective J_-holomorphic curves in R x M.

Now consider the 1-dimensional submanifold
MGe(J) = ev ™ (U(R)) € MT(J),
and for convenience define
M) < )
to be the set of all buildings in its SF'T-closure that have the marked point
in the main level. The evaluation map then restricts to

My () =5 ¢(R),

and the image of this map clearly contains an interval of the form £([tg, 00))
due to the seed curves. The goal of the next two paragraphs is to show that
this map is in fact surjective onto ¢(R).

Observe first that the restriction of ev to M}'¢(J) is an open map due
to Prop. 216l We claim moreover that any building u € M, (J) with
ev(u) = £(ty) has a neighborhood in M, (.J) whose image under ev contains
(([to, to+e)) or £((tg—e, to]) for sufficiently small e > 0. To see this, note first
that unless u is a smooth curve, it is necessarily one of Types (II) though (VI)

on the list in Theorem [ but our genericity assumptions impose further
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restrictions: since £ intersects the evaluation map transversely, the main
level of the building must have index at least 1, excluding all options other
than Type (III). We can thus write u = (vp|v; ) for an index 1 cylinder vy €
M (J, Y00, 7y) with a marked point, and an index 1 plane v; € M(J_,~,0),
both nicely embedded. Here the lower level v] represents an isolated element
in M(J_,~,0)/R, while vy has a neighborhood Vy C M1(J,7Vx0,7) that is
a smooth 3-manifold, and by choosing this neighborhood sufficiently small,
we can assume that

(6.1) Vo =5 W

has only one intersection with ¢(R), namely at vy, and it is transverse.
Proposition now gives a smooth gluing map

W2 [0,00) X Vo = My (J,~,0)

whose image contains all smooth curves close to (vp|v; ) in the SET topology,
and all of these belong to M}i°(.J). The maps

{R} x Vo — W v ev(U(R,v))

can then be assumed to converge uniformly to (6.1]) as R — oo, implying that
their algebraic count of intersections with ¢(R) is 1 for all R > 0 sufficiently
large. Choosing Ry > 0 large and generic, the subset

Up = {(R,v) € [Rp, 00) X Vo | ev(¥(R,v)) € K(R)}

is then a smooth and properly embedded 1-manifold that intersects {Rg} x
Vy transversely at its boundary Oly, which is a finite set of points. This
1-manifold must have at least one noncompact component, otherwise the
algebraic count of points in OU, could not be 1, hence there exists a smooth
path U C [Ry,00) x Vy whose image under ¥ is a smooth family of curves
up € MP(J) with ¢ € [0, 00) such that

ur — (volvy ) as  t— oo.

The image of this path under ev necessarily contains £((to,to+¢€)) or £((to—
€,to)) as claimed.

Now, given the lack of unknotted orbits with Conley-Zehnder index 2,
the breaking orbit in the building (vg|v; ) of the previous paragraph must
be doubly covered, so that building has a twin obtained by keeping the
same levels but changing the decoration, and the fact that both levels are
somewhere injective implies that the two buildings are not equivalent in
M1(J, Voo, ?). Thus the twin building can also be glued using Prop.
and produces a nearby family of curves in M¥<(J), some of which satisfy
ev(u) € ¢(R) and whose images under ev again cover an interval of the form
{((to,to + €)) or £((tg — €,tg)). But since no two curves in M}i(J) can
intersect, the curves in ./\/l?ice(J ) obtained by gluing the same curves vy and
v; with two distinct decorations necessarily cover two disjoint intervals, so
that the entirety of £((to — €, to + €)) is necessarily in the image of M, (.J)
for sufficiently small € > 0. This proves that that image is an open subset
of £(R), hence it is all of ¢(R).

With this established, we can now find a sequence uy € MP(J) with
ev(ug) = £(tx) for some sequence t;, — —oo, and a subsequence of u; must
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again converge to one of the buildings listed in Theorem (.1l but this time
with the marked point ending up in a lower level and mapping to R x {p_}.
Since p_ is not in the image of any Reeb orbit, the marked point in the
limit does not lie on a trivial cylinder. Transversality of R x {p_} to the
evaluation map thus implies that the component with the marked point
must have index at least 2, which rules out all options in the list other than
Type (II): ug has a subsequence covergent to (vp|v; ) where v] is a nicely
embedded plane in (Rx M, J) with index 2 and an asymptotic orbit with odd
parity, which is therefore simply covered. This is the promised unknotted
orbit with self-linking number —1 and Conley-Zehnder index 3. (]

APPENDIX A. LIOUVILLE COBORDISMS FROM EXACT LAGRANGIAN CAPS

In this appendix, we provide the details behind Example [[L6] using a
general construction that was explained to us by Emmy Murphy.

Proposition A.1. Suppose (M,§) is a closed contact manifold of dimension
2n—12>3, A C M is a closed Legendrian submanifold and L C [1,00) x M
is an exact Lagrangian cap for A. Then L has an open neighbourhood U, C
[1,00) X M such that, after smoothing corners,

W_ = ([0,1] x M) UlUy,

admits the structure of a Weinstein cobordism from (M,&) to some contact
manifold (M',&"), and for suitably large constants T > 1,

W, = ([L,T] x M) \Ug
is a Liouville cobordism from (M’ &) to (M,£).

Proof. Being an exact Lagrangian cap means that for some choice of contact
form a on (M, §) and some constant 7' > 1, the trivial Liouville cobordism

(Z,d)\) == ([1,T] x M,d(e"a))

contains L as a compact and properly embedded Lagrangian submanifold
with OL = {1} x A, such that the Liouville vector field 9, is tangent to L
near 0L and
Alrr = dg

for some smooth function g : L — R. Note that since A is Legendrian and
A annihilates its dual Liouville vector field, g must be constant near 0L; we
shall assume without loss of generality that it vanishes there. By a combi-
nation of the Lagrangian and Legendrian neighbourhood theorems, L has a
symplectic neighbourhood (Uz,d\) whose closure Uy, is symplectomorphic
to the unit disk bundle in DT*L C T*L for some choice of Riemannian met-
ric on L. Note that this disk bundle has boundary and corners, its boundary
consisting of two smooth faces,

O_Up :=DT*L|p;, and 0. UL = ST*L,

where ST*L is the unit cotangent bundle. We shall write points in T*L as
(g,p) for g € L and p € Ty L, and use the metric and its induced Levi-Civita
connection to identify T\, (T L) with T, L © Ty L = T, L © T, L, where the
first splitting comes from the horizontal-vertical decomposition given by the
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connection, and the second uses the isomorphism 7, L = T7' L determined by
the metric. The canonical Liouville form Ay on T*L can then be written as

)\0 = —dFo o J,
where Fy(q,p) = %|p|2 and J is the compatible almost complex structure on

0 ]1>. In particular, Fj

T*L that acts on T(y,\(T*L) = T,L ®© T,L as (—]l 0

is a J-convex function, and therefore so is

Fa.p) = ef(a) + ol

for any smooth function f : L — R if € > 0 is sufficiently small. Setting
Ae := —dF, o J, d\. is then a symplectic form isotopic to d\g on a suitable
neighbourhood of the zero-section L, and since the antipodal map (q,p) —
(¢, —p) is J-antiholomorphic but preserves Fy, it also preserves the Liouville
vector field V; dual to A\, proving that V. is tangent to L.

Now choose f: L — R in this construction to be a Morse function that is
constant with inward-pointing gradient along dL. After possibly shrinking
the neighbourhood Uy, = DT*L of L, we can then assume that V, points
transversely inward at O_U;, and transversely outward at d,U. Since the
Liouville field of (Z,d\) is also tangent to L near OL and points inward at
{1} x M C 8Z (see Figure[ll), we can now assume after an isotopy of U, that
the two Liouville fields match near O_U, meaning A = )\, on that region.
We can therefore use A to extend A from [0, 1] x M over W_ so that the
dual Liouville vector field remains gradient like, making W_ a Weinstein
cobordism from (M,¢) to the new contact manifold (M’',¢’), obtained by
removing a neighbourhood of A from {1} x M and replacing it with ST*L.

It is also immediate from the above construction that W, is a strong
symplectic cobordism from (M’,¢") to (M,§), and the exactness of the
cobordism follows from the fact that L is an exact Lagrangian. Indeed,
let Uy, == U], \O_Up = DT*L|;. Since A and A match near J_Uy, and are
both primitives of the same symplectic form, A\ — A, represents an element of
the compactly supported de Rham cohomology H} (Z/{ 1), which is isomorphic
to H} (L) But under restriction to L, A¢ vanishes and A is exact, so this
cohomology class is zero, implying A = A\ +dh on Uy, for some smooth func-
tion h : U, — R that vanishes near 0_U{;. By multiplying h with a suitable
cutoff function, we can then find a Liouville form on W, that matches A,
near L and matches A outside a neighbourhood of L. O

Remark A.2. If W is a subcritical Weinstein filling of (M, ¢), then the We-
instein filling of (M’,¢’) obtained by stacking W_ on top of W is never
subcritical. To see this, note that the Morse function f : L — R in the
above proof can always be chosen to have exactly one critical point of in-
dex n, in which case F, also has exactly one critical point of index n. If
W is subcritical, this produces a handle decomposition of W Uys W_ that
includes exactly one critical handle, so H,,(W Uy W_) # 0.
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