Summary of Siefring intersection theory
1. Preparations

M3 with stable Hamiltonian structure (a,w),
E:=kera CTM, w(X,)=0, «aX)=1.

Assume all periodic orbits nondegenerate.

Fix trivialisation & of ¢ along all closed or-
bits v, ~ Conley-Zehnder index pu&, () € Z.

v with period T' > 0 ~ asymptotic operator
Ay i=—J(Ve—TVX) : T(E) —» T (v*)
(V := any symmetric connection on M).

a®(7) := max{wind®(e) | A~ve = Xe, A < 0}
ai(fy) = min{windq’(e) | Aye = Xe, A > 0}
p(v) = aF(y) —a®(y) € {0,1}.

Hofer-Wysocki-Zehnder “Properties II':
u&z () =222 () + p(7) = 22 () - p(7) |

= e.g. a®(y) = gz (1)/2].




2. The intersection pairing

(W%, w) symplectic cobordism with stable Hamil-
tonian cylindrical ends. For : = 1,2, consider
punctured Riemann surfaces

S, =5\ (MFury),
and smooth asymptotically cylindrical maps
w; i — W
asymptotic at z &€ I‘,jt to orbits ~2%. Let

k
[ur]#[ug] i= q®(u,u2)— Y QP(E A0
(z,C)GI_fX I_E—L

Here, ¢®(u1,us) € Z is the relative intersec-
tion number wuy - u$, where u$ = a pertur-
pbation of uo, pushed in direction ® near oc.

QP(+¥,75) € Z is an a priori winding bound
for certain asymptotic eigenvectors:

o QP(V,75) =0 if 41 # 2
o« Q2(+F,7") = min {FhaZ (7)), FlaZ (4N .
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Properties of x:

1. [ui] * [us] depends only on asymptotic or-
bits and relative homology classes; in par-
ticular, it is homotopy invariant.

2. If w; are J-holomorphic and u1(31) #
u>(25), then
[ug] * [up] = 6(u1, u2) + doo(uy, un),

where

e 5(uq,up) > 0 is the algebraic count of
actual intersections;

e dc(ui,un) > 0 is the count of hidden
intersections at oo.

Corollary: [ui] * [uns] > 0 and it bounds
the number of geometric intersections from
above. In particular,

[ui]*[up] =0 = w1 (Z1)Nua() =0.

Converse is false! (But ‘“generically” true.)
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3. The adjunction formula

Closed case: for v : > — W simple,

[u] - [u] = 26(u) 4 en(u),

where

e 6(u) > 0 is the algebraic count of double
points and critical points;

o cy(u) :i=c1(u*TW) — x(X) is the normal
Chern number of w.

Ue

Exercise: cp(u) is related to the Fredholm
index of u by

2cny(u) = ind(u) — 2 4+ 2g.



Consider a simple punctured curve
wiX =S\ (rtur-) = w.

Now d(u) cannot be homotopy invariant, and
c1(u*TW) carries no information (it is always 0).

Ingredient A: the normal Chern number

en(u) 1= T (W TW) —x(3X) + Y. +aZ(+57),
zel=*

where ¢P(u*TW) is the relative first Chern
number with respect to .

Interpretation:

If u is immersed, cy(u) is the algebraic count
of zeroes of a section of its normal bundle,
including “hidden zeroes at infinity" .

Exercise (using HWZ Properties II):

QCN(U) — Ind(u) — 2 —I— Qg —I— #reven ,

where [even := {Z el | M?:)Z(’}/Ez) & QZ}
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Ingredient B: spectral covering number

5(u) = Y Fx(52),
zel+
where for an orbit ~, o41(v) is the covering
multiplicity of any nontrivial eigenvector e of
A~ with wind®(e) = aP(y). One can show:

5+(7) = ged(cov(v), aL(7)).
Remark:
o(u) — #I > 0, and it vanishes whenever all

the orbits are simple.
= we can usually ignore this term!

Ingredient C: double points at infinity

1| k
Soo(u) = Slig(w) = > QP(E )
2 2 CEME, 2
- Y Q2¢»E)| >o.
zeM*

Here, i® (u) is the algebraic count of inter-

sections near infinity of uw with a small(!) per-

turbation u®.



QP (y*) € Z is another a priori winding bound
for certain asymptotic eigenvectors:

QP(YF) 1= F(k — 1)a2 (V") + |52(+F) — 1]

T he adunction formula:

[u] * [u] = 2[6(u) + doo(u)] + ey (u) + [o(u) — #T]|.

Corollary: 6(u) + do(u) is homotopy invari-
ant and bounds the number of geometric
double points from above. In particular,

o(u) + dc(u) =0 = wu is embedded.

Again, converse is false but generically true.

Hidden intersections lemma:

doo(u,v) or doo(u) vanishes whenever all of
the relevant asymptotic eigenvectors achieve
their a priori bound (given by QP(---)).



