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1 LINEAR SPACES

0 Introduction

Linear Algebra Analysis
o matrices o rgal and complex valued func-
e eigenvalues g.of?s e :
o eigenvectors e differentiation, integration
e sequences

in finite-dimensional spaces
p Limits and Estimates

Table 1: Comparison between linear algebra and analysis

The aim of functional analysis is to solve equations (even linear) where the unknown is a function u. Examples:
ODE u/(x) = A(x)u(x) + f(x) with u € C([yo, y1], R™)

PDE Q = Br(0) C RY, Au = f(x) in Qand u|3q = 0 on dQ. Given f € C°(Q)), does there exist u € C2(Q) NC°(Q),
such that the equations hold.

Basic objects:
e Function spaces (more general: infinite-dimensional vector spaces)

e Linear operators on or between such spaces

1 Linear spaces

linear space = vector space
(X, K)withK=RorK =C.

1.1 Banach spaces
Definition 1.1.1
If (X, K) is a vector space, then a function || - || : X — R is called a norm on X if for x,y € X and a € K
(i) x #0 = ||x|| > 0 (positivity)
(ii) ||ax|| = |a|||x]| (scaling)
(iii) ||x +yll < ||x|| + ||y|| (triangle estimate)
The function || - || is called seminorm on X, if only (ii) and (iii) hold.
Example 1.1.2
() X =R"x = (1., %), ||xllp = (e [xil) "7 or |[x]lew = max{|xi| | i =1,...,n} or
1% /IMietke = [[x[l2 + [l 27

(i) X = C([a,b],K) with u € X. Then we have the norms ||u|cc = sup{|u(t)| | t € [a,b]} or ||ulj; = fab |u(t)] dt.

(iii) X = C'([a,b],K). ||u] = fﬂb |t/ (t)| dt is a seminorm. Positivity fails as u = 1, the 1’ = 0 and hence ||u|| = 0.

Proposition 1.1.3
If (X, K, || - ||) is a seminormed vector space, we obtain a normed space by factoring with respect to the equivalence relation ~
defined by

def
x~y < [x—y| =0

This means the following:

We define equivalence classes [x]~ = {y € X | x ~y} C Xand X. = {[x]~ | x € X} is again a vector space over K. We
can also define a norm ||[x]~ || = ||x||. Of course, one needs to show that this definition is well-posed, meaning "independence
of the chosen representative”.

Proof: Exercise 1.

Definition 1.1.4
(i) A sequence (x,)neN in X is called a Cauchy sequence, if Ve > 03ngVn, m > ng : ||x, — xm|| < €
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(ii) The point x € X is called limit of the sequence (xn)neN if Ve > 03ng € NVn > ng : ||x, — x| < e.
(iii) A normed vector space (X, K, || - ||) is called complete if for every Cauchy sequence there exists a limit.
(iv) Complete normed vector spaces are called Banach spaces.

Well known fact: Limits of Cauchy sequences are unique! We will write

: ‘ , X
x=lim x,inX or x=X-limx, or x, =>x or |x,—x||—0
n—oo X—00

Example 1.1.5 (i) Finite dimensional case:
(Q",Q, || - ||2) normed space, but not complete
(R",R, | - ||;) Banach space
(€% C, || - [[p) (C", R, || - || ) Banach space

(i) X = C([a,b],K) with ||u|lec = sup{|u(t)| | t € [a,b]} Cauchy sequence in the || - ||o-norm means uniform
convergence. Hence, a continuous limit function exists. (C([a,b], K, | - /) is a Banach space.

(iii) X =C([a,b]), |lul1 = fab |u(t)| dt is not complete! Consider

o cu(t—a)* fort e |a, %5t " e(la,8)
Uuy(t) = where u, € a,bl).
! 1 fort € #,b "

Claim: (i) (#n)nen is a Cauchy sequence (i) u, does not converge, i.e. there is no limit.

(i)

b

it =l = [ lon(8) = ()]
Ja
Lath

:/a " i (8) — um ()| dt

1
wiog /2 () — () dt = (L= 1) 542 0 for n,m — oo
m>n J, ——— —

>0

(ii) To produce a contradiction, assume there exists a limit 7# € C([a, b]) such that ||u, —ii||; — 0.
4 b
[ ) = a0l dt = [ Jan(t) — (1) dt < w0
Jagb Jagp

b
— #|1—ﬁ(t)|dt:0:>ﬁ(t):1 for te[#,b}

Latb atb

atb athb ath
Simﬂarly/2 |0—ﬁ(t)|dt§/ ’ |O—un(t)|dt+/ ® iy — (b dt
a a

a

—0 —0

—(t) =0 for te [o ]

This is a contradiction and therefore no limit exists.
(iv) Consider the sequence space X = {(ax)ken | ko € INVk > ko : a = 0} with ||(ax)ren]le = max{|ax| | k €
N}. (X, || - ||leo) is @ normed space. This space is not complete. Take the sequence (a™)),cn with (™) € X and

(n) % fork<n

a . Then (for n < m) ||at™ — a(™) ||, = nlﬁ — 0 for n,m — oo.

)10 otherwise

There is no limit! Assume i € X is the limit. Fix k € IN, then (ul({n) JneN isa CSin K:
o = 3"k < 0 —a™ s 0

As al((n) — % for n — oo the limit 4 must satisfy 4, = % — i ¢ X.
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Definition 1.1.6
Assume (X, || - ||) is a Banach space. We call a subset A C X open, if Vx € AJde > 0: Bll‘H(x) C A

A is called closed if X \ A is open. For Banach spaces we have A closed <= ((x,) CSin A = limy 00 Xy € A).

Lemma 1.1.7
(X, || - ||) is a Banach space and U C X is a closed subspace, then (U, || - |||i7) is again a Banach space.

Proof: (i) (U, || -||) is a vector space.

(i) (U,] -]) is complete as U is closed. H

Every normed vector space can be completed in a "natural and unique" way to a Banach space. Examples to complete
QtoR:

(i) Cauchy sequence construction
(ii) Dedekind cuts: (A, B) is a Dedekind cut of Q, if A, B C Q.
Vac€ AVb € B:a<b
AUB =Q.
(iii) Infinite fractions (r = 3.1415805...)
(iv) nested intervals
There are many completions, but essentially all of them are the same.

Definition 1.1.8
If (X, || - ||) is a normed vector space, we call (Y, ||-||) a completion of (X, || - ||) if there exists a mapping | : X — Y such
that the following holds:

(i) ] is linear

(ii) ] is norm preserving, i.e. ||Jx|| = ||x|| for all x € X.
(iii) (Y,||-||) is Banach space.
(iv) [XisdenseinY,ie. Y is the closure of ] X.

Theorem 1.1.9
(i) For every normed vector space exists a completion.

(ii) For any two completions (Y1, || - ||1) and (Ya, || - ||2) for a normed vector space (X, || - ||) there exists a linear, bijective
and norm preserving mapping L1 : Y1 — Ya.

Point (ii) allows us to talk about the completion.
Proof: (i)

We define Ly : 1X — bX,y = Jix > Joax = JbJ{'y. L1 : 1X — Yz is defined as

- 7o . Y, R Xy
J2J5 ! Moreover L; is norm preserving, namely ! 2

]1 norm / \

Jonorm
= ing 1111

- def L _
1Lyl "= 12T a2 77y llx

preserving

Since J;X is dense in Y7 for every y € Y exists a Cauchy sequence (y,)nen With v, € [1X and yy, n, Y.

Define 3
Ly — Lly ify € 1 X
1y = nh_r)r;o Ly, fory, € hXandy, —vy,y ¢ h X

L1 is well-defined, linear and norm preserving, as

Hilyn - il.VMHZ = Hil(.‘/n —Ym)ll2 = llyn — ymll1 — 0

(i) Construction of a completion via Cauchy sequences. Define Z = linear space of CS.

Z = {(xn)neN | ||¥n — xm|| — 0 for n,m — oo} with seminorm ||(x,)nenllz = nlgn |xnllx  (exists)
(e9)
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Note that for CS (x),en the norms (||x,||x)nen form a CS in the complete reals (use |||x, || — |[xn|| <
|xn — xm||). It is easy to check that || - ||z is a seminorm on Z. We define the equivalence relation

def
(xn)nelN ~ (yn)nGIN = H(xn)nelN - (yn)nelN”Z =0
— X3 —Yp— 0 inX.

Y = Z/ = {[(xn)nen]~ | (tn)nen € 2} with [(xn)n]lly = [|(xn)llz = limy e [|2n[|x. Hence, we
found a normed vector space (Y, || - ||y), which is a candidate for the completion of (X, || - ||). We define
J: X — YviaJx = [(x,x,x,...)]~ such that (i) and (ii) hold.

ad (iv): Giveny € Y and ¢ > 0. Find x € X, such that ||[Jx —y|ly < & ¥ = [(¥n)neN]~, (¥n)nen CSin X.
Hence 3ngVn, m > ng : ||x;, — x| < e. Choose x = Xy, then ||Jx — y|ly = limy 0 |5, — x4 | < &

ad (iii): To prove: Completeness of (Y, | - ||). CSin Y: y(") = [(x,in))kg]N]N, ly™ —y™|ly — 0. Fork € N
consider N(k) such that Hx%) - xg;) |x < £ forall ny, ny > N(K). Now define 7 € Y as potential limit via

7 = [(Zx)ken]~ with % = xz(\];zk). To show, that 7 is a CS we use

_ . Def (n "
10 = Sl 2 150 = 50|
< ||x§\7()n) - x,((n)” + ||x1(<n) - x,(cm)H + Hxl(cm) - xg\’;gﬂ)ﬂ for every k

Defof N 1 1
2 ot ||x,((") — x,Em)H + for k > max{N(m),N(n)}

For k — oo we can use klim Hxl((”) - xlgm) H = mx(”) — x(m) H’ Together, we find
—00

1 1
1% — %] < " + H’x(”) —x(m)m + — = 0 forn,m— o

We have to show convergence, i.e. ||y — y¥||y — 0 for n — oo. By definition, we have ||y — y*||y =

limy_,e0 ||x,(€n) — %i||. To show: lim;_ye0 (limk_>OO ||xk") - fk||) =0.

Def

n - n k
R e B e S|

[E;

n k
g™ — x|+ iy = x5l
1 1 1

Loy ® e, 2
i A A '

IN

IN

For k > N(n) we have ||x](<") — X < %+ ly® =y "y +%

2
Hence lim ||xlgn) — %] £ =+ lim ||y(k) _y(")”Y
k—c0 n koo

Since (y(™),c is a CS, we obtain limy, ;eo(limy_,.« Hx,in) — %) <0 = y" = FinY. H

Remark In practice, the abstract completion is not very useful. One needs a more explicit description of one of the
completions. The simplest and most common situation is the following:

(i) Given a normed vector space (X, || - ||).

(ii) Find a Banach space (B, | - ||p) and a norm-preserving linear mapping E : X — B (E for embedding).

(ili) Define Y = (EX)B = closureg(EX) and |ly|ly = |ly||5
(iv) Then, (Y, | - |ly) is a completion of (X, || - ||) (simply by def. of "completion")

Example 1.1.10 X = {(ag)ken | IKVk > K : ap = 0}. ||(ax)||e = max{|ak| | k € N}, which is a non-complete
normed space. Let B be the sequence space with X C B such that E : X — B; (ax) — (ax). With B = £, = set of all
bounded sequences with the usual norm || (ax)ren|le = sup{|ax| | k € N}. (Yoo, || - ||oo) is @ Banach space. (We omit
the straightforward proof). Obviously, we have the desired norm-preserving embedding. We define Y = X" and
claim Y = ¢y = {(ax)reN € leo | ax — 0 for k — oo}.
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Proof:

YCc¢" XCcp = Y= X' ¢ ¢, Hence, it suffices to show that ¢ is closed in B. Take (a(”))nG]N C ¢ and
a") = bin le. We have to show b € ¢, i.e. Ve > 03KVk > K. |br] < e. Choose 1 such that ||a(”) — bl <5
and K such that |a\")| < § for k > K. That implies |b| < [a\" — b| + [ | < [[a® — bl + 5 < e.

"Y D" Givena € cpand € > 0, we have to find @ € X such that || — 4|l < . Asa € ¢y we have |ag| < ¢ for

fork < K
k > K = K(a). Define 4, = {ak O =" thed € X and @ —al| = supp_ g |ax| <e. H

0 fork>K

Limits of CS exist in Banach spaces. Therefore we can solve equations by approximation procedures.

Theorem 1.1.11 (Banach fixed-point theorem)

(also contraction mapping theorem)

Every contraction on a Banach space has a unique fixed point. More precisely, given a Banach space (X, || - ||) and F : X — X
with 3p € [0,1[Vx, % € X : |[F(x) — F(2)|| < p||x — %||, there exists a unique y € X, such that F(y) = y. Moreover, for
each initial value x° € X the Banach iterations x**1 = F(x*) for k € Ny = IN U {0} converge to y such that

k—1
Iy =41 < S IFG) =]

1.2 Hilbert spaces

There are many essentially different Banach spaces. The Hilbert spaces are a small subclass. The new features are
inner products also called scalar product. Hilbert spaces are possibly infinite-dimensional generalizations of the
Euclidean spaces (R", (-, -)).

Definition 1.2.1
(X, K) vector space. A mapping (-,-) : X x X — Kis called a scalar product (or inner product), if it satisfies the following
conditions.

(i) VA1, Ay € KVxq,x2,y € X2 (Ax1 + Aaxo, y) = Aq (x1, ) + Ao (x2,y) (linearity)

(ii) Vx,y € X : (y,x) = (x,y) (symmetry)
(iii) (x,x) > 0 for x # 0 (positivity)
Example 1.2.2 (i) Euclidean space R" or C" with (4, b)giq = Lpe %Dk
(i) (C",(:,-)y) where H = H' =: H* > 0 (H hermitian and positive definite) with (a,b) ; = (Ha, b)g,qiq

(iii) X = C%([a,b],C") H € C°([a,b],C}*" . ) and H(t) > 0 for all t €]a, b[. We define

hermitian

b
(f.8) = [ (HOLO,80)ppera d
This is a scalar product. (i) and (ii) are straightforward. For (iii), note that (f, f) = | ab (H()f(t), (1)) puatia 9t-
If (f,f) =0, then (H(t)f(t), f(t)) = O0forall t € [a,]]. Therefore f(t) = 0 for t €]a, b], since H(t) > 0. Since f

is continuous, we have f = 0.

Each scalar product defines a norm via

1.y = /% %)
Obviously, || - (., satisfies "scaling" and "positivity". To obtain the "triangle estimate"” we need the Cauchy-Schwarz
estimate
Theorem 1.2.3

Cauchy-Schwarz estimate
[y | <=yl forall x,y e X

Proof:

Casel x =0o0ry =0,0 < 0holds.
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Case2 x # 0and y # 0. For all p € K we have

0 < [lx+ pyll* = (x + py, x + py)

< (x,x) +u (y,x) + 1 (xy) + [l (v y)
< |lx|I* +2Re(p (y, x)) + |u* |yl

Choose i € K s.t. yH =e®and Re(u (y,x)) = —|u (y, x) |

< Il = 20p G ) |+ P ly I

x
— 1=l =21 )+ [yl — CSE
O

We have shown that inner-product spaces (X, (-, -)) lead to normed vector spaces (X, || - [|..;). Now we can ask
about completeness of (X, || - [|..))-
Definition 1.2.4
An inner product space (X, (-, -)) is also called pre-Hilbert-space.
Theorem 1.2.5
Consider a pre-Hilbert-space (X, (-, -)). Then, the normed space (X, || - ||,.,.y) has a Banach space completion (Y, || - ||y) and
this space is called a Hilbert space.

Proof: Given (X, (-,-)) we obtain (X, || - [|..,) and consider any completion (Y, | - [|y). We define a scalar

product on Y as follows:
E:X —Y isnorm preserving and has a dense range E(X) C Y
For y,# € Y we define

VA ! nh_r)n (xn,%n)x where Ex, -y and EX, =7

(i) Well-definedness of (,-)y : Y xY — K

Dy
Yy, 73 CS (x,), (¥,) such that Ex, — y, EX, — . Then lim,_,c (x5, ¥,) exists. We use continuity of
the scalar product on (X, [| - |;...y). We use the Cauchy-Schwarz estimate

(x—%,%) F, i)

(x,
| (%, %) = (&%) [ < [(x, %) = (£,3) [+] (%, %) = (T, %) |

CSE _ - - N _
< lx—z|l[%] + 12 — 2|l x|l
Hence we find
| (%, Xn) — (Xm, Zm) | < [0 — x| [ Znl] + [[%n — T ] |20 ]|
——— | ———

—0 <C —0 <C

Taking any other sequences (z,), (2,) in X such that Ez, — y and EZ, — j, we obtain the same limit.
To see this estimate | (x,, ¥,) — (24, Z,) | as above using

E
lxn = zullx =" ||Exy — Ezully = [ly —ylly =0
preserving

(i) (-, -)y is a scalar product.
linearity clear as "lim" and (-, -) yx are linear
symmetry clear

positivity 0 = (y,y) = lim,_e0 (Xp, x,,) implies x, - 0in X = Ex, - 0=1y.
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(iii) (-,-)y induces the norm | - ||y. (this was defined first). In Banach space completion we have ||y|ly =
limy, o0 ||x4 || x for (x,)nenw C X with Ex, — y. This agrees with the def. of (-, ) as

def < X pre-

def
Iyl & tim | 2 1y

]//y>y - nlglc}o {xn, xn>X Hilbert space 11— L]

Example 1.2.6 (i) (R", (-, )pyaiq) is @ Hilbert space (as well as (C", (-, ) guaid))-

ii) The first of the two important Hilbert spaces is lo = {a = (an)en | L1 |an|* < oo} with (a,b) = ¥, a,by,.
p p n=1 n=1

Claim: This is an infinite dimensional Hilbert space
Proof: e /; vector space is trivial.

o (-,-): 0y x £y — Kis well defined. (Y5>, a,b, converges absolutely)

N 1/2 N 1/2 oo 1/2 o 1/2
ot 2 ($1o) " (£1m) " (o) " (Enr) <o
n=1 n=1 n=1 n=1

e (-, -) satisfies all axioms of the inner product.

o llalle, = ({a,a))"? = (T3 laa?)'2

o Completeness is less trivial. Assume (a,),eN isa CSin (€2, | - [|4,). To show
diety: ||11(n) - ﬁng —0

take the component k: (a,(c ))neN isaCSinkK, |ak —ak | < ||a™ — al ||/2 Define @, = limy—00 ”l(c ),
We still need to show

() d € by

(i) a — din ¢ty

ad (i): T ]2 = limyoe T 0l < limyoeo [a®[2, =1 C < oo With K — oo we find
lall, < C.
ad (ii) We argue similarly Zszl |a](<n) — a]((l)|2 < ||a(”) — a(l)H%Z < gforn,l > M. With] — oo we

obtain Zle |a](<n) — dk\z < e for n > M. since M; is independent of K € IN we can take the limit

K — co which yields } ;2 ; |a,(<n) — @ |*> < eforn > M,. H
X = C%0,1]), (f,&)2 = fo ¢(t) dt non-complete pre-Hilbert 1
space. Consider the CS fn deﬁned V1a ‘
Show |
o |Ifu = fullz = 0 t=0] 01 AgE! t=1
o but there is no limit function 2wz 2

(iv) The second of the two important Hilbert spaces. Q0 C R? "domain" (open and connected subset). We define a

pre-Hilbert space as follows

def

X =C(Q) = {u:Q — R | ucontinuous, supp(u) € Q}

supp(u) = {x € Q| u(x) # 0} (support) and € means compact contained, so A € B if there exists a compact
set G such that A C G and B C G. We define an inner product via

(u,9)12(00) :/Qu(x)mdx = /u(x)@dx

supp(u) Nsupp(v)

(Ce(QY), (-, -)) is a pre-Hilbert space.
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Definition 1.2.7
L%(Q) is (one of) the completion(s) of this pre-Hilbert space.

What is a useful version of this completion? The answer will be given in Section 1.3. It is the classical Lebesgue
space L2(Q) of square integrable functions. For instance, Q =)0, 1], the function u : x — x~1/3 lies in L2(]0, 1[) since

f01 |u(x)|?>dx = fol x2/3dx =3 < oo.
Question: Given a norm, is there an associated scalar product?

Proposition 1.2.8
A norm is induced by a scalar product if and only if it satisfies the parallelogram identity:

vy € X lx+yl? + llx —yl* = 2|x[* +2|ly[®
Proof: (Sketch) e Scalar product implies parallelogram identity:
e+ yl? + lx =yl = (x+y.x +y) + (x =y, x - y)

linearity
=l + ST + Gl + ylP + 2 0? — fyt] = Ll + Dyl = 20112 + 2]y )12

e Parallelogram identity implies scalar product: Assume K = R. S(x,y) = %(Hx + |12 — ||x — y||?) (check:
ifl-|| =1 - ||<‘,,>, then S = (-,-)). One can prove that S really is a scalar product. One needs continuity
arguments (— analysis). ]

Example 1.2.9 (C([0,1]), ]| - ||s) is a Banach space but not a Hilbert space: Find f, g € C([0,1]) such that || f + g||Z, +
If = gll% # 2l fII% +2[gl%. Take f(t) =t, g(t) =1—t, (f —g)(t) = 2t — 1. Then you have

[flle =1=1Igllec = [If +&llo = Il f — &llew
124+12#£2.1242-12=4

In Hilbert spaces we can define angles between two vectors:
Definition 1.2.10 (Angle)
If K = R, we have (x,y) = pl||x||||ly|| withp € [-1,1].
<(x,y) = arccosp € [0, 7]
IfK =C,then C > (x,y) = z||x||||y|| with z € C and |z| < 1. We define
<c(x,y) = arccos |z| € [0, 7]
Definition 1.2.11
x is orthogonal to y (we write x_Ly) if (x,y) = 0. For orthogonal vectors we have Pythagoras’ relation
(y) =0 = x+yl? = llx|* +lly|?

Definition 1.2.12
(X, (-,-)) Hilbert space. ] index set. S = {x; | j € J} C X.
e S is called an orthogonal system (OGS) if for all j1,j» € ] : j1 # jo = (xj,,%j,) = 0.
o We call an OGS an orthonormal system (ONS), if additionally ||x;|| = 1 forall j € ].
e S is called an orthonormal basis (Hamel basis) if every x € X is a finite linear combination of elements in S, i.e.
X = span$.
e S is called a complete ONS (cONS), if it is an ONS and span S is dense in X. (In that case S is also called a Hilbert

basis, as every x € X can be written as a converging infinite linear combination, see below).

Example 1.2.13 (i) X = fp, ¢, = (0,...,1,0,...). Hen||g2 =1, <en,em>£2 = Opm. S is an ONS. Since span S =
{(aj)jen € €2 | 3n € NVm > n : a, = 0}. We know from earlier, that span S is dense. Hence, S is a complete
ONS.
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(i) X = ¢ and Seven = Se = {eay | n € IN}. Then, S, is an ONS, but it is not complete. Claim: e; is not
in the closure of S,. We use (e1,e2,) = 0. For y € spanS,, we conclude (e1,y) = <€1/ZnN:1 a2n62n> =

_ Pyt. .
22]:1 @, (e1,e0,) = 0. Vy € spanS, : |le — y||*> = |le1 + (—=y)|I*> = |le1l|®> + || — y||*> > 1. No sequence in

span S, can approach ej.

(iii) For Sin (i) we see that S is not an algebraic basis, since span S C X = /5. For instance a = (%) neN € £o \ spanS.

We now want to prove that a cONS allows us to write every x € X in a unique way as a converging infinite linear
combination of the elements in S. We consider a Hilbert space (X, (-,-)), a countable index set J (e.g. N, Z, Z%) and
an ONS S = {e¢; | j € J}. We want to write x € X in this basis.

X Qsx =) (x,ej) e
j€J

The next result shows that this definition is well posed and has all the desired properties.

Theorem 1.2.14
The mapping Qs : X — X is well posed and linear. Moreover, Qs is a projection, i.e. Qs(Qs) = Qg and we have Bessel’s

estimate
2 2 2
1Qsx[l” =Y [ (x,e) |> < llx]|
IS
If S is also complete, then Qg = idx, i.e.

VxeX:x=Qsx=) (xe)e
j€l

2l =3[ (xe)

j€]

and we have Parseval’s identity

This explains the notion "Hilbert basis”, which is sometimes used for cONS.

Proof:

Step 1 Assume | = IN (one particular counting) We want to define

=XN
—
n & N
Qsx:= ) (vej)e = lim } (x.¢)¢
=1 R

j
To show (xn)nen is @ CS. Then Qgx := limy_,00 XN, YN := X — XN.

= Vje{l,...,N}:(yn,¢;) = (x,¢;) —aj =0

N
X = Z ajej +y orthog. decomp.
j=1

N
Ix* =} aj> + |yl Pythagoras
j=1

Hence for all N : Z]-I\Ll laj|? = [|x]|> = [lyn > < [|x]|%. For N — oo we obtain Bessel’s estimate

o0
Yol (xe) P < [lx)?
j=1

We now show that (x)) is a CS. For M > N we have

2
2 Pyt. M 2 N—oo
lxn —xmll” = =) |yl —=0
j=N+1

M
Y. age

j=N+1

Therefore we have a CS and Qgx := Z}’il <x, ej> ¢j is well defined. (Linearity of Qs is simple).

10
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Step 2 Consider any other numbering of the index set J. Renumbering ki — IN bijective. Claim:

N

lim ) <x,ek(n)ek(n)> = Qsx

N—oo =1

We define £y as above and My = max{m | {1,...,m} C {k(1),...,k(N)}}. Since k is surjective, we have

as before My
= L

My — oo for N — oo and hence x,, i1

(x,ej)ej — Qsx. Now

) ONS N—»
Itn —xmy P = Y P < Y am* =0

ne{l,..,N} m>Mpy
k(n)>My

Hence £y — xpm,, — 0 and using xp;,, — Qsx we conclude £y — Qsx as well. Hence we can define
1 {x,e;) e; without referring to any particular ordering in J.
j€] /7% ) yPp g

Step 3 Assume that S is complete. We have to show that Qsx = x. For x given, define y = x — Qgx. By
definition of Qs we have (y,¢;) = 0 for j € J. Thus: x| = [|Qsx||?> + ||ly||>. Since span S is dense, there

exists (s)men With [y — sy || — 0and s, € spanS. Note (y,s,) = Oas (y,¢;) = 0. |lyl* = (v, y) =
(Y, im0 S) = liMyy—c0 (Y, Sm) = 0. Hencey =0 = x = Qgx. ]

Proposition 1.2.15 (Ex. 9)
Assume that (X, (-,-)) is a Hilbert space and S is an ONS and ] countable (e.g N). Then the following statements are
equivalent:

(i) S is complete.

(ii) If x satisfies (x,ej) = 0 forall j € ], then x = 0.
(iii) Parseval’s identity holds
(iv) Vx € X : Tjey (x,¢j) ¢ = x.

The most important application are the

Fourier series

X = L2(]0,27[).
real case | complex case
=7 =7
j = 1ej(t) = J=cos(jt) | g(t) = = exp(ijt)
j=0e(t) = =1
j < 0ej(t) = —=sin(jt)

In both cases we have an ONS. e.g.

(@ é>:/h—i%w le%Wm:AL/héwwﬁwzgla 2T =4
nrtm 0 \/277_[ \/E 27T 0 27_[ n—m n—m
N
Claim: These ONS are complete. Classical analysis shows: If f € C?([0,27]) then Z (f.€;)ej — f uniformly on
j=—N
~——

EspanS~
[0,27]. Hence, span S is dense in C%([0,27]), in C°([0,27]), in L?(]0,27t[) and therefore it is complete.

Remark f : [0,271] — R piecewise C!, fl; ( has an extension f; € C([t, tx11]). Then for all t € [0,277] we
f(#) ift €]0,2[\{t1,..., &}
(f(tx —0) + fr(t+0) fort =ty each fy is

1
2
F(f(0+0)+ f(2mr—0) fort=0o0rt=2m

teotkn

have fy(t) = N (f.ej) ej(t) — f(t) with f(t) =

11
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analytic. We have pointwise convergence, but no uniform convergence.
Gibbs’ phenomenon: "overshooting"

1 forte[Z,3X
f6) = {0 otherwi[sze ’ I fvlloo =109

But nevertheless || fy — f||;2 — 0 as we have a cONS. In L?(Q)) we have | f — f||;2 = 0.

Does every Hilbert space has a complete ONS? Yes, there are many.

Definition 1.2.16
A Banach space (X, || - ||) is called separable, if there exists a countable set that is dense in X.

Example 1.2.17 (i) R” or C" with Euclidean norm are separable, since Q" and (Q + iQ)" are dense and countable.
(ii) €2 = {(a)jen | Z|aj|2 < oo}. D ={¥YN gie;| N€N,q; € Q} is countable and dense.
(iii) (Cla,b],| - |le) is separable. D = polynomials with rational coefficients.

(iv) X = B([0,1]) space of bdd. functions |/f||cc = sup{|f(t)| | t € [0,1]}. There exists an uncountable set U
such that Vf,¢g € U : ||f — gll = 0 or 2. Hence X cannot be separable. For ¢ € [0,1] set fz(t) = Jg and

(v) Without proof (C(]0,1[), | - ||e) is @ non-separable Banach space. f(t) = sin(}) € C(]0,1[).

Theorem 1.2.18
For every separable Hilbert space, there exists a countable cONS.

Proof: We use the Gram-Schmidt algorithm. D = {x; | j € IN} is our dense and countable set. By induction we
construct a ONS {e | k € IN} as follows.

1
e =—x1] — V1= span{el}
[E=t

Vi :=span{xy,...,x¢} and my =dimV, <k
Vi = span{ey, ..., e}
If my 1 > my, then ey, is obtained by Gram-Schmidt.
If my — m* < co after finally many steps, then we have to show that V;,» = X, i.e. X is finite dimensional.
If my — oo, we obtain an infinite countable ONS.
Inboth cases S = {¢; | j € J} where ] = {1,...,m*} or ] = N.
Claim: S is complete. We use that D is dense. Vj : D 3 x; € span§. In fact, x; € V; C span§. Hence, using
D C span S we have shown density of span S in X ]

Example 1.2.19 Using Gram-Schmidt, we generate new cONS. L2([—1,1]) completion of (C([—1,1],(-,*);2). Pos-
sible set for starting are polynomials q1(t) = 1, g,(t) = "} = Q = {q. | n € N}. We know that span Q
is dense in L2(] — 1,1[). Applying Gram-Schmidt to the sequence, we obtain a cONS S = {p, | n € N} with

(Pn, P2 = [ El Pn(£)pm(t) dt = 8y . Up to a normalisation constant, we obtain the Legendre polynomials
P =1 p)=ct  paH)=a(-3)  palt) = (58 - 31)
ps(t) = c5(35t* — 3012 4 3)

Theorem 1.2.20 (structure of separable Hilbert spaces)
Every separable Hilbert space is norm-isomorphic to either K, .. or £.

We say that two Banach spaces (X, || - ||x) and (Y, || - ||y) are called norm-isomorphic, if there exist, a linear bijective mapping
A : X — Y such that || Ax||y = ||x||x for all x. For Hilbert spaces even the scaler products are preserved

(y) = gl +yl? = llx = ylI?)

Proof: Wlog assume the case of a infinite cONS. (X, (-, -)) has some cONS Sx = {e]X | j € N}. (4, (-, -)x) has
the natural cONS S, = {¢; | j € N} with ¢; = (0,...,0,1,0,...). We define

X—)gz
A: {x'—>2}”1 <x,e]X>5j

12
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and find ||Ax|,, Pérszzval I <x,eX> "X x|} because x € X = ||x||2 = X <x,e]X> 2 < co. A is injective,
m £

I/ inXx
since Ax =0 = 0 = ||Ax| = ||x||. A is surjective, because
. 42 — X
| (a) = a]'e]X
is a norm preserving inverse. A =B~!,B= A"l ]

Wavelets

invented by Ingrid Daubechies. Wavelets are localized versions of trigonometric functions.
(i) Generate the first generation by translation.

(ii) Second generation. refine by factor 2.

W = {290y <x 2_06)(])> |jeJ}  d= dimension

Wi

(iii) Choose ¥ suitable (art of I.Daubechies) gives span W = L?(Q)).
b/wpicture  u:Q —[0,1] u € L*(Q)
u = Y jej &jW; complete expansion where a; = (u, V;). compression factor & €]0, 1.
Uipg = Z o Wi
€l
jajl<ellull 5

This is a non-linear mapping.

1.3 The Spaces L*
Elements of Measure Theory
Definition 1.3.1
Let X be a set and . C P (X) a system of subsets, X is called a o-algebra if
(i) De X
(ii) EeX = X\E€X
(iii) (Em)men sequence with E;y € & = Upy>1 Em € Z

Definition 1.3.2
Let X be a set and X € P(X) a o-algebra. Then (X, L) is called a measurable space.

Lemma 1.3.3
Let P C P(X) be a system of subsets. Then there exists a unique o-algebra denoted ¥.(P) such that P C ¥(P).

Definition 1.3.4

Let (X, O) topological space, (e.g. (X,d) metric space, O open subset wrt d). B(X) := X(O) is called the o-algebra of Borel
sets.

Definition 1.3.5

Let (X1,%1) and (Xo, %) be measurable spaces, f : X1 — Xy is called measurable , if f 1 (E) € £y forall E € 2.

Lemma 1.3.6
Let P, C P(Xo) and Xy = X(Py), f : X1 — Xo. Then VE € Py : f"Y(E) € 1 = f is measurable.

Corollary 1.3.7
Let (X, %) be a measurable space and f : (X, %) — (R, B(R)). Then the following statements are equivalent:

13
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(i) f measurable
(ii) preimages of all intervals (a, o) are measurable
(iii) preimages of all closed intervals are measurable.

Eeﬁnition 1.3.8 o
R:=RU{xo0}, BR):={A € P(R)| ANR € B(R)}

Definition 1.3.9
Let (X, X) be a measurable space. A measure on (X, X) is a function p : X — [0, 00) such that

(i) (@) =0
(ii) Let (Em)men be a seq. of pairwise disjoint sets Ep, € 2. Then y (Upen En) = Ypeq 1(En)

Definition 1.3.10
Let p be a measure on (X, X.). Then (X, %, u) is called a measure space.

Lemma 1.3.11
On (R", B(R")), there exists a unique measure such that A((a,b)) = (by —ay) ---- - (by —ay) foralla = (ay,...,an),
b= (by,...,bn) € R" witha; < bj forall j. A is called the Lebesgue measure.

Definition 1.3.12
(X, %, u) measure space. N C X is called a p-zeroset if N C E € X such that y(E) = 0.

Definition 1.3.13
Let S(x) be a statement depending on x € X. We say, S holds p-almost-everywhere (a.e.) if 3Xy € X such that

(i) Vx € Xo : S(x)
(i) u(X\ Xo) = 0.

Lemma 1.3.14 B
Let (X, %, i) be a measure space, such that every zeroset is in X. Let f,, : (X, %, u) — (R, B(R)) be a sequence of measurable

functions, s.t. fu — f : X — Rae. (ie. f(x) — f(x) a.e.). Then f is measurable.

Definition 1.3.15 -
(X, %, u) measure space, f : X — R, E € L, the Lebesgue integral wrt y is denoted as [, f dy.

Definition 1.3.16
f X = Ris called integrable if

(i) f measurable

(ii) [y |f] dx < oo,

Convergence Theorems

Here X = 0 C R" domain, i.e. open and connected. £ = B(Q, u = A). The following theorems hold in a more
general case than this.

Theorem 1.3.17 (Beppo-Levi, monotone convergence)
Let f, : QO — R be a sequence such that

(i) fu measurable
(i) fu < fyur1ae E€EXL
Then fy, converges pointwise a.e. to a measurable function f and limy, o f pfn= f £ limye0 fo-

Theorem 1.3.18 (Fatou, one-sided boundedness)
(i) fn: Q=R EeX
(i) 3integrable g such that f, > ga.e. (e.g. g=0)
Then
/E (liminf f,) dye < lim inf /E Fudu

n—oo

Theorem 1.3.19 (Lebesgue, dominated convergence)
(i) fn:Q — R measurable

14
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(ii) fu — f pointwise a.e.
(iii) 3 measurable g : |f| < g a.e.

Then for E € X, g is integrable on E implies f, f, is integrable on E and limy, o fE fn= fE(limnﬁoo fn)-

The Spaces LP
Definition 1.3.20 .
Let p € [1,00), LP(Q) := {f : Q — R | f measurable and |f|V integrable } with ||f||, := ([ |fIF dx)?

Lemma 1.3.21
0=|If—glly < f=gae, therefore|| - ||, is not a norm. But

Lemma 1.3.22
(LP(Q), || - Ip) is a half-normed space.

Proof: triangle estimate by Minkowski inequality, other properties are clear.

Lemma 1.3.23 (Ho6lder inequality)
p,q, € (1,00) s.t. % + % =land f € LP, q € L% implies f-g € LY and ||f-g|l1 < || f]lplIgllg-

. 'S i T @V ith g = L — g
Proof: Young's inequality: ab < 7 T3 witha = 1Ty and b = gl -
Vsl ¢ g _ 1l 1
—_— e e e T p -
1A lplglla PAfIly 4 L

Lemma 1.3.24 (Minkowski-inequality)
frge Ll = frgeLland|f+glly <Ilfllp +llgllp-

Proof: (for p # 1)
f+8lP < (Ifl+1gh? <2P7H(fIP +181") = f+ger?

- __1 integrate _ _
£8P S IAIIF+lP T +lgllf +8lr " I+ gllp = [ 17+l dx < NIFIS+8P I+ gl +8lP

H'o'l<der p—1 p-1 th P
< AfpILF+ 817 Mg + lglpllf + 8P Mg wit q_ip—l

= (£l + lgllp)ILf +gllb

Definition 1.3.25 (L?)

Let f,g € LP(Q), f ~ g : <= f =gae <= |f—gllp = 0and LP(Q) := LP(Q),. equivalence classes
{g€LP(Q)|g=fae } =[fl € LP(Q).

Lemma 1.3.26

~ is an equivalence relation and (L?, || - ||) is a normed vector space (Proof Ex. 1).

0 xeQn(0,1)
1 xe(R\Q)N(0,1)
f ~ gsince A(QN (0,1)) = 0. Notation; f € L although not quite correct.

Example 1.3.27 Q= (0,1), f,g: Q = R, f(x) :=1, g(x) := {

Example 1.3.28 Let f : Q — R, supp f := {x € Q| f(x) # 0} the support of f. C2(Q) = {f € C°(Q) | supp f is
compact}. f € CO(Q) = [f] € LP(Q).
Properties of L

The aim is (LP(QY), || - ||) is a completion of (C2(Q), || - [|»)-

Theorem 1.3.29 (Riesz-Fischer)
(LP(Q), || - l|p) is complete.

15
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Proof: Let (f)ren be a CS in LP(Q). Choose a subsequence (k;);c such that || fy — fi[|, < 27'Vk,1 > k;. in the
following denote this subsequence again by (fi),. Then

Yo lfer—fillp < Y 27F < o0

keN keN

Now define g; := ch:1 | fea1 — fx|- Now using the Theorem of Fatou (1.3.18) and the Minkowski inequality
(1.3.24):

[ tim gf dye < timiné [ gf de = (timin lgil,)7 < (X firs — fill)? < o0
=00 l—00 el

= llim gi(x) < oae. = fy(x)isaCSa.e.
— 00
Therefore Jlimit f(x) = lim;_, fx(x) a.e. By Lemma 14 = f is measurable and, by Fatou

[ = fordu <timint [[|fi— AlF du = Qimint | f — fil,)” =0
— |If = fill 0

Theorem 1.3.30
LP(Q)) is complete for 1 < p < oo.

Corollary 1.3.31
Let fyu — f in LP(Q)), there exists a subsequence (my)reN such that fu, (x) = f(x) a.e.
Theorem 1.3.32
C(Q) is dense in (LP(Q), || - ||) for p € [1,00).
Remark This is true for C°(Q)) as well.
Proof: Step 1 Define s simple if s = Zil\i 1&ix A, with A; measurable and x 4,(x) = 1if x € A; and 0 otherwise.

Let f € LP and then T, f~ > 0 with f = f* — f~. To choose s;}; (and similarly s,,) decompose [0, o) into
the disjoint intervals

=[5, 4) for j=1,,M? and I, =[M,o) where M =2"
Now define
M24+1 ] -1
A;-” ={xeQlf(x) € I]m} and s, = Z M xaAr
j=1
Then

f=smlP = 1fT =splP +1f " =sulP < IfFIP 1P =1fIP ae
The theorem of dominated convergence (1.3.19) implies || f — s || — 0.

Step 2 Let A(A) < co. We want to show, that
Ve > 03f, € CQ(QY) suchthat |[|fe— xally <e

From the theory of the Lebesgue measure we know that there exists an open set O, such that A C O, and

AMO¢ \ A) < e. Hence, we have ||xa — xo. |y < er.

Thus, we have reduced the task to considering open sets © = A. We consider a decomposition of R into
small semi-open cubes QY = %N (n+4[0,1)4), where n € Z4 is the integer lattice and 27N is the side-length
of the cubes. For a given N € IN consider Ay C A as the union of all cubes QY that are contained in A.
Then, Ay C An41 by construction (subdivision of the cubes). Moreover, A = supyn AN, since A is
open.

Thus, we conclude A(A \ Ap) — 0 for N — co. And by the same argument going from general A to open

A = O, it now sulffices to consider a set Ay instead of a general A. Since A, is a finite union of cubes

Ay = U]K:1 Q%I we only need to find fj. € Cc(Q) such that | fje — xou|lp < . For this simply define
"j

16
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fje(x) as 0 outside of QnMj and as min{dist(x,E)Q,]};I )/8,1} for x € QnM]. . Choosing ¢ sufficiently small, we

have the estimate. Moreover, using the triangle estimate, the sum f, = Z]K:l fj satisfies || fe — xa,llp <e

L

Definition 1.3.33 (L*(Q))
For f : (3 — R, define the essential supremum

| flleo :=esssupp{|f(x)[ | x € Q} := inf sup |f(x)[=inf{R > 0[A(Sg) =0}
AN)=0 xeO\N

with Sg == {x € Q| [f(x)| > R}.

Definition 1.3.34
L2(Q) : {f: Q — R | f measurable and ||f||c < o0}

Lemma 1.3.35
(L2(Q), || - lleo) is a half-normed vector space.

Definition 1.3.36
L®(Q)) := L®(Q) ) where f ~ g: <= ||f — gl = 0.

Lemma 1.3.37
(L®(Q), || - |eo) is complete.

Proof: Let [f,] € L™ be a CS. That implies f, isa CSin L*(Q).

[ee]

©:=U{xeQllfu@)] > lfullo} U U {x € Ql[fu(x) = fu(x)] > llfin = fullo} = A(©) =0

n=1 mmn=1

= Vx € O\ O [fu(x) = fu(¥)| < | fm = fulleo

= fu converges pointwise uniformly on Q\ © to f := lim,e(f - X0\0) € £L7(Q) = [fu] — [f]in L*.

[

Lemma 1.3.38
CY(Q) not dense in L™ (QY).
Addition to earlier proof: Covering of an open set by a disjoint union of open balls.

Definition 1.3.39
IfQ C RY is an open set, we call V = {A; | j € ]} a Vitali covering of Q) if

(i) Vj € ]: Ajisopen

(i) Vx € OVe > 03j € J: x € A; C (Be(x) N QY).
It is easy to obtain Vitali coverings as follows. Take your favorite open bounded set F with0 € F. {Ay¢ | x € Q, ¢ >
0:Aye =x+¢eF C Q}.

Theorem 1.3.40 (Covering Theorem, Vitali 1908, Lebesgue)
IfQ € RY is open and V = {A; | j € J} is a Vitali covering, then there exists a zeroset N C () and a countable subset
{Aju | n € N} of V such that the following holds:

(i) n#m = Aj N Aj, =D (disjointness)
(i) Unen Ajn =Q \ N

back to the proof: O, cover with balls F = B;(0). O:\ N = U, By, (x;) disjoint union. xp, y in LY(Q) since
Xo.(x) = XOE\N(x) a.e. in Q.
C2(Q) is dense in LP(Q) for all p € [1,00[, not for p = co.
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1.4 Sobolev spaces

These spaces contain L? functions whose derivatives are also in L”. They are fundamental for Mathematical physics
(quantum mechanics), partial differential equations (financial mathematics, finite elements,...). To take a weak defi-
nition of derivatives that can be generalized to L? functions. We use the framework of distributions.

Definition 1.4.1
Given Q C RY open. A linear mapping T : C*(Q) — K is called a distribution, if for all open D € Q) there exists k € Ny

and C > 0 such that
IT(@)| < Cligllerqy forall ¢ € CZ(Q) with supp(¢) C D.

Where A € B <D:ef> 3K compact 3O set such that A C K C O C B.

Example 1.4.2
(i) Delta-distribution (Dirac-distribution) For x,. € Q) define

T(¢) = ¢(xs) chooseC=1landk =0

(i) T(p) =9y @(xs) +Ap(%),C=d+1,k=17
(i) Q=R, f(x) =e*
)= /]Rf(x)(p / f(x)p(x)dx well defined

supp(¢)

For D C] —1,1[ we find |Tf(¢)| < ZZelz||g0HCo(Q) if supp(¢) C D.
(iv) For f € LP(Q) we define a distribution Ty via

Tt (9) d:ef/Qf(x) dx—/f x)dx where ¢ € C(Q) withsupp(p) C D eQ
Holder . 1 1
= T < (flleo) ol py with —+— =1
\ 2 p P
finite
’ 1/P’
< 1Mooy (17 5) gl
———
(D)

If 4(Q)) < oo, then p(D) can be estimated by y(Q)) < oo uniformly.
1 .
— R3 -
W) Q=R Telp) =77 | ox)de

Definition 1.4.3 (multi dimensional derivatives)

olal
D“q):W? [X:(lxl,...,ad)eNg ‘0(‘20614-"-0(‘1
X1 X4
lollery == 2 ID"@llcorr) where CO(€)  has | - [|eo
AENg
|a| <k

We motivate the definition of derivatives for distributions as follows: Take u € C*(Q)) and consider the induced dis-
tribution T;, then we want D*(T,,) = Tp«,. (Note that u — T, is an embedding of ck (Q)) into the set of distributions.)

This means

DY(T,)(¢) shouldbe (Tpew)( /Da x) dx = ( \a|/ D*u( x)dx = (— 1)\a|Tu(Daq))

18
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Definition 1.4.4
For any distribution T : C°(Q)) — K and any multi-index « € N we define

wy . CE(Q) = K
() {w (—1)RIT(Dg)

Remark (Consequences) This is compatible to classical derivatives since we have
(i) D*(T.) = Tpeu
(ii) Linearity
(iiiy D*(DPT) = D**PT
Example 1.4.5 Q) = R, u(x) = |x|. We consider T;, : ¢ — [ |x[¢(x)dx

(DT.)(9) % ~Ti(g / xlg'(x

_+/ (+x)¢p dx—/(; xqg' (x) dx
= [xfp(x)](lm—/_ooo 1g(x) dx — [xg(x +/ 1g(x

1 forx>0
= / x)dx with ov(x) =<9 forx=0 witharbitrary v, e.g. v = 42.
-1 forx <0

DT, = T,. We call (any such) v the distributional derivative of u.

If a distribution T has an integral representation in the sense that T = Tf: ¢ = [q fedx, then f is unique (in the
sense of a.e. equality).

Proposition 1.4.6 (Uniqueness of integral representation)
Iff,g € LY(Q) and T¢ = Ty in the sense of distributions, then f = g in LY(Q),ie f=gae inQ.

Proof: Defineh = f — g, then Tj, = Ty o = Ty — Tg = 0. We have to proof that for i € L'(Q) we have
Vo € C /Qh(x)(p(x)dx:O — h=0
We know that C9(Q) is dense in L!(Q). Hence we can approximate h by h, € C2(Q) with ||h — h¢||. Moreover,

C(Q) is dense in CY(Q) (see Exercise sheet 6). Hence, for i € C2(Q) we find ¢, € C°(Q) with || — @nllco —
0. Hence

/thpdx: /Qh(lp—q)n)dx +/Qh<pndx
S N ——
<l l9-galo—s0 =0

— /thpdx:O forall y € C2(Q)

We consider Ty, and obtain

i) =| [ hept

- ‘/Q(hg—h)v,bdx-l-/ﬂhv,bdx
o

=0

(xx)
< e = hllpal[glico < ellgllco
We now choose a test function i) = ;. Idea: Use ¢* = sign(k,) (not continuous). Then
(99) = [yt ax = [ el dx = el

e[yl <e
=1

Ty (¢

IN%E
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To be precise, choose approximations of sign(h,) via ¢ (x) = sign(he(x))|he(x)|}/* and therefore ¢ = My oh, €
cAQ).

k—o0
T (95) = [ el 22— [ e — e .

Domin. convergence
*3k
= ||he|l2 = lim Ty, (¢f) < limsupel[9|co
k—re0 k—o0
= 1' € =
e im [[yiflco = e

Since max{|y¢(x)| | x € Q} = ||he||}/* — 1. Hence ||h¢|[;1 < e and thus

Bl < ||h—hellpa + el <26 =0 = h=0 in I(9) ]

We say that f € LP(Q) has an LP-derivative D* f if there exists g € LV (Q)) such that
D“(Tf) =T
Then we write D*f = g and call D* f the distributional derivative.

Theorem 1.4.7 (Gauf$’ theorem, Divergence Theorem)
v : Q — RY vector field.

/ divo dx = / v-v da withv the outer normal vector
Q F"/ o0 d\/
Zi=1 ax,-vi ):izl Vi

The fundamental version is: f € C1(Q)

Josf@de= [ fv-eda

v-e;
—~—

Vi

Applying to products leads to integration by parts
/Q Oy, (ug) dx = /Q U0y, @ dx + /Q(axiu)godx = /BQ uev; da

By induction

/Q(D"‘u)q?dx: (—1)""‘/QuD“<pdx+/aQ...da

Definition 1.4.8 (Sobolev spaces)
Let Q) be a domain (open and connected) and k € Ny, p € [1,0].

WhP(QQ) = {f € LP(Q) | Va € N with |a| < k: D*f € LP(Q)}
1/p
lhwiriey = ( 1071 )
a<k

Definition 1.4.9
Sobolev spaces are Banach spaces. For p = 2 we have Hilbert spaces

. d " -
Hk(Q) = Wk,Z(Q) with <f/g>Hk(Q) 2( Z /Q D"‘fD“gdx
Ja|<k*

Proof:

Step 1 We have a normed vector space. That is straight forward.
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1.4 Sobolev spaces 1 LINEAR SPACES

Step 2 : Completeness. (interchanging of two limit procedures: converging of CS and differentiation). Take a CS
(fn)nen in WEP(Q), then for all & with |a| < k the sequence (D* f,,) sen is a CS in LP(Q)).

| D fu — Damep < |lfn _fm”wk,n —0

Since LP(Q)) is complete, we find g, € LP(Q) such that |D*f;, — g||, — 0. Of course, we have f = g is
the limit if we forget all derivatives. We expect D*f = g,.
Claim: For all « with |a| < k: D*f = g, (in the sense of distributions). If the claim holds, then

Clalm
1fn = fllier = 3 ID fu = DI Y IID%fu = gally — 0

Using the definition of distributional derivative, we have to show

DY(T)(g) = (-1 [ fD*pdx £ Ty (9) = [ supx

We use continuity of the integral /1 — [ kg dx for ¢ € CP(Q2), namely

hod oo d Holder
oo~ [ pzpis

< ||h1 — hZHU’ Hq’”Ln’
S——

finite

D“(Tf) "X| /f D‘X xcontgulty ’}Ergoana(de
eC""(Q
int. by parts

lim / (D* fu)@dx

PeC®(Q) n—o0

fneWkP(Q)
continuity / dx —
= x =T,
Dt fyrgn an§9 ()
This is the claim D*f = ga, i.e. the distributional derivative D*T has the LP-representation Tg,. ]
Lemma 1.4.10
Q = B1(0) C RY, then
 for0 < x| <1 .
u(x) = x| f 1 for «y arbitrary
vy forx=0

lies in W5P (Q)) if w + k — & < 0. For later we introduce

k o
WP (Q) = WP (Q) = HE(Q) = WH2(0)
Wg’p (Q) is a closed subspace of W*? (). Hence, it is again a Banach space.

Topological vector spaces

Let M be a set. A subset 7 of P(M) (the power set of M) is called topology on M, if
i o,MeT
(ii) arbitrary unions of sets in 7 again are in 7.
(iii) finite intersections of sets in T lie in 7.

The sets in T are called open sets. The complements M \ T for T € T are the closed sets. The pair (M, 7)) is called
a topological space. If (M, 7) and (N, S) are topological spaces, a mapping f : M — N is called continuous, if
preimages of open sets (in N) are open (in M):

VSeS:fYS)={meM|f(m)ecSyeT
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Definition 1.4.11
Let (X,K) be a vector space and T a topology on X. We call (X, KK, T) a topological vector space, if the vector-space
operations are continuous.

[xxXx-oX [Kx XX
N (w,0) —uto (A, u) — Au

Here (K, Tgyciq) is the field with the usual Euclidean topology.
Example 1.4.12 (i) X = K", T = Tguaid-
(ii) Metric spaces (M,d),d : M x M — [0, oo] satisfies
M1 positivity d(x,y) =0 <= x =y
M2 symmetry d(x,y) = d(y, x)
M3 triangle estimate d(x,z) < d(x,y) +d(y, z).

Metric topology 7; on M is defined via open ball B,(x) = {y € M | d(x,y) < r}. T;= smallest topology
containing all B, (x).

(iii) A normed vector space is a topological vector space in the above sense, if we take the topology induced by
normballs B,(x) = {y € X | ||[x —y|| <r}.

(iv) On vector spaces, we call a metric translation invariant if Vx,y,v € X : d(x + v,y + v) = d(x,y). This implies
d(x,y) = d(x —y,0). For example on R", take d(x,y) = /|* — ¥|guaia- If additionally d has the scaling
property d(Ax, Ay) = |A|d(x,y), then x — d(x,0) is a norm.

We have Hilbert spaces C Banach Spaces C topological vector spaces.

Remark Inmany cases, the topology on a vector space is generated by a family (or system) of seminorms (X, K, +, -)
vector space. {p, | « € A} with A index set, p, : X — [0, c0[ a seminorm.

Definition 1.4.13
A family of seminorms is called Hausdorff, if we have the following implication

pa(x) =0 forall a € A = x=0
More general, a topological space (M, T') is called Hausdorff, if any two points can be separated by open sets, in quantifiers:
Vx,ye M with x#y30;, 0y, €T :x€Ox,yc Oy and O0,NO, =0

Definition 1.4.14
Given a family of seminorms SN = {p, | & € A} on X, we define a topology on X as follows: We define the open sets
Our(x) ={y € X | pu(x —y) <7}

Now, Tgy is defined to be the smallest topology containing all O, ,(x) for x € X, o € A,r > 0. Since finite intersections lie
in Tsn, we define
Ousrtnr¥) = {y € X | poy(x =) < 1forj=1,...,n}

which is still open. It can be shown (exercise) that a general subset M C X is open if and only if

Vx € M3nq,...an € A3e > 0: Oy, 0, (¥) C M

For every vector space X and every family of seminorms SN, the topology Tsy makes (X, Tsy) into a topological
vector space. If SN is Hausdorff, then Tsy is a Hausdorff topology .

Example 1.4.15

(i) X = K" (R" or C") with seminorms pj(u) = |u]-|, u = (uy,...,up) € K" index set A = {1,...,n}. SN is
Hausdorff.

(i) X = {f : R — R | f arbitrary}, index set A = R, seminorm p,(f) = |f(«)|. Then SN = {p, | « € A} is
Hausdorff, as 0 = pu(f) = |f(a)| for all « € R implies f = 0.
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(iii) X = C(]0,1[) (no boundedness assumption). Take f.(t) = exp(47) = f« € X. Typical question: f,(t) =

Yotk 7% L € X in what sense? We want to find a topology for uniform convergence on compact
subintervals. A = IN, pi(f) = \|f|[_1+% 1-1] ||L°°([—1+% 1-1))- This defines a Hausdorff family of seminorms.

pe(f) = 0 for all k then
vki f(t)=0 for te[-1+¢1—3] = f=0on]-11
Note: for every K €] — 1,1 there exists k € A = N such that K C [-1+ %,1 B %]

(iv) X =C®(R), A =N, pi(f) = I F"p L=k p)-

Definition 1.4.16 (of convergence and Cauchy sequences)
Consider a topological vector space (X, T ) and a sequence (x,)ncNn- We say that (x,),eN converges to x in (X, T) if

VOeT with x€eOInelNVk>n:x, €0

We write x;, T, x. The sequence (X, )neN is called a Cauchy sequence, if

YOeT with 0 OdnvVkm>n:x,—x, €O

Lemma 1.4.17 (Convergence in case of seminorms)
Assume that the topology T on X is induced by a Hausdorff family of seminorms. Then (x,),enN is a Cauchy sequence in
(X, Ten) if and only if

n,m—00

Vo € A pa(xy — Xm) 0

Convergence to x is equivalent to
n—r00,

Voo € A pa(xy —x) —— 0
The limit point (if it exists) is unique.
Proof:

Step1 CS (xp)nen’ = (pa(xn)) CS. Choose O = O,(0) = {y € X | pa(x —y) < €} then xp — x, €
Oue(0) <= palxy —xpm) <&

Step 2 pa(xx —xm) =+ 0 = (xn)pen in (X, T). Take any O € T with 0 € O. Then
3B, 1 €ATE>0:0€ Op 4,00 CO
~—_——

{yeX| Ppj(y-0)<efor j=1,...]

Vj € {1,...,Z}E|nij,m > nj o pﬁj(xn—xm) < e For km > max{nl,...,nj} we find xp — x €
Opy....pre(0) © O-

Step 3 Characterization of convergence works similarly.

Step 4 Uniqueness of limit. Assume x, T, xand Xy T, % We find fora € A

A-est. B n—oo

pa(x —%) < pu(x—xu) + palxn — Xn) —— 0

Hence, po(x — %) = 0 for all « € A. Since SN is Hausdorff we conclude x = *. ]

With the above examples, we have
Example 1.4.18
(i) X =K", pj(u) = [uj|. SN convergence <= coordinatewise convergence. |[u| = }2; p;(u) is a norm.

(i) X ={f:R — R}, pa(f) = |f(@)]. pa(fu — f) = 0 < fu(a) — a. Thus, convergence means pointwise
convergence. Va € A : py(fu — f) — 0 means here Vt € R : f,(t) — f(t) (simple pointwise convergence).

(i) X = C(] —L1]), pu(f) = ||cho 14111y Vn € N : fy — f uniformly on [-1+ 1,1 — 1], Uniform

n
convergence n compact subsets.

(iv) X = C®°(R). pui(f) = | f || 0(|—kx) implies uniform converges of all derivatives on every compact set. If

f(t) = X" £t then f; U f it exp(t).
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If a family of seminorms is finite and Hausdorff, then ||x|| = Y,c4 pa(x). is a norm generating the same topology,
ie. Tsy = TH-H' If the index set is countable, one can still define a translation invariant metric dgy as follows

dgn : X x X — [0,1]

is well defined and satisfies

(i) dsn(x,y) = dsn(x —y,0) (translation invariance)

.. e Paj(x—y) . .
(i) dsy(x,y) =0 = x = y (positivity). Proof:), = 0 = %W(iy) =0forallj = Vj:py(x—y) =

0 = SN Hausdorff x —y.
(iii) triangle estimate
dSN(X,Z) < dSN(x,y) + dSN(y,Z) <= dSN(x - Z,O) < dSN(X -, 0) + dSN(y —2z, 0)
X1+x2 X1 =X
xl + xz) Pa seminorm - q Pocj(xl) + Pua; (XZ)
/1 + Ptx (xl + xz) monoton1c1ty 2j 1+ sz]- (xl) + th]- (XZ)

B Pa;(x1) 1 Pa;(x2)

© 1
B 212 I 1+ pay (31 +M 2f1+w+m,(xz)
sn(x1

,0) +dsn(x2,0)

21
dsn(x1 +x2,0) sz

Theorem 1.4.19
Take a vector space X and a countable Hausdorff family SN = {py | k € IN} of seminorms. Define the metric

ey =y L_plx—y)
M9 = L F Ty g)

then the topologies Ty and T coincide, i.e. Tsn = Ty C P(X)

Remark We can define more general metrics via d(x,y) = Y32, axg(px(x —y)) where g > 0, Y22 ;a5 < 0, g ¢
[0, co[— [0, 1] continuous, concave and g(0) = 0.

Proof: We have to prove:
(i) YO € Ty: 04 € Toy thismeans Vx € Oy3n € N3e > 0: 01, .(x) C O
(ii) VOsn € TsnVx € OgyIe > 0: BY(x) C Osn.
ad (i) Given O, € T; and x € Oy. By definition of 7, there exists a > 0 such that Bs(x) C O,4. Choose N € IN
such that ZN% < % and define O; N 5/2(x) € Ogsn.
Claim: x € Oy ns/2(x) C Bi(x) C Oy.
Takey € O1  Ng/2(x), then

ad (ii) Given Ogy € Tgy and x € Ogy, there exists N € IN and € > 0 such that x € O1,_n.(x) C Ogy (by
definition of 7sy). Choose § < 5577 and 6 < % and define Bg(x) €T

Claim: x € B4(x) C Oy, ne(x) € Ogy. For y € BY(x) we have I 4 217% < 6. That implies

M< Kok & ¢ B PR
1+pk(x—y)—§2 2N S5 = p(x—y) <e fork=1,...

L

Definition 1.4.20
For a topological space (M, T ') the topology is called metrizable if there exists a metric d on M, such that T = 7.
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2 Linear operators

2.1 Continuous linear operators

Definition 2.1.1
If (X, T) and (Y,S) are topological vector spaces, then an operator (map, mapping) T is called continuous if preimages of
open sets are open.

VSeS:{xeX|T(x)eS}teT

Theorem 2.1.2
If we have two normed spaces (X, 7)) and (Y, S ), then a linear operator T : X — Y is continuous if and only if there
exists a C > 0 such that

ITx|| < Cllx|| forallx € X

Remark A linear operator T satisfying || Tx|| < C||x|| is called linear bounded or simply bounded. A bounded linear
operator means continuous linear operator between normed spaces.

Proof:

"=" T is continuous. We have to find C. Take S = BY(0) = {y € Y | [lyl| < 1} € S.j- The preimage
T-1(S) := {x € X | Tx € S} is open by continuity of T. Since 0 € T~1(S) (note || TOx|| = ||0x|| =0 < 1)
there exists ¢ > 0 such that BX(0x) € T~1(S) == Vx € X with ||x|| < e : ||Tx|| < 1. By linearity
(scaling) we have || Tx|| < 1| x||.

"<" Boundedness implies continuity. To show: preimages of open sets are open. For x € T~!(S) consider
Tx € S open. Hence, 3¢ > 0: BY (Tx) C S. Consider BSX/C(x) C X, then forz € BSX/C(x) we have

ITz = Tx|| = [ T(x —2)|| < Cllx—z[ <e
Hence

T. € BY(Tx) CS = ze T !(S)forallz € BY(x) => Bec C T '(S) => T !(S) open ]

Remark (Notation) For two topological vector spaces X and Y we write £(X,Y) for the vector space of all continu-
ous linear operators. In the case of normed spaces, we introduce the operator norm

]|
]

Il = sup{ [xex\ {0}}

Proposition 2.1.3
If (X, || - 1) and (Y, ||-I) are normed spaces, then (L(X,Y), || - || z(x,y)) is again a normed space. Moreover, if Y is a Banach

space, then (L(X,Y), || - [l z(x,y)) is a Banach space.
Proof:
Step1 L(X,Y) is a vector space.
Step2 |- [lz(x,y) is anorm on £(X,Y). Positivity, scaling and triangle estimate are trivial.

Step 3 Completeness (exercise). ]

Remark (Notation) Simplifying notation: £(X) := £(X,X) and X' = L(X,K). For T, T, € £(X) we can write
the composition (Ty o T)(x) = T1(Tz2(x)) as T1Tox. We have T1T, € L(X) since the composition of continuous
functions is continuous. The operator norm can be estimated via

ITa Tox|| < [ Tallz(x)
T2 Tox|| < [ Tall 21 T2ll 2¢x) [l ]
ITi T2l 2x) < 1Tall o) T2l 2x)

A Banach space (Y, || - ||) with an additional multiplication satisfying ||y1 ® y2|| < ||y1||ly2]| is called a Banach algebra.
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Example 2.1.4

(i) Multiplication operator: X € LP(Q),Y € L1(Q) with 1 < g < p. Take a function m € L"(Q) with 1 + % = %

I {LP(Q) — L1(Q)
u+— mu

For m fixed, this is a linear operator, as

Holder
[Twutllo = l[mulls < |lm|ee JullLr

Hence, T,y € L(LF, L) with | T | £(zp ray < [Im|Lr-
(ii) Differential operator: Q C RY domain. X = WP(Q), Y = (LF(Q))".

1p p d
T: WH(Q) = LP(Q) with Vu-(au,...,au>
u— Vu 9x1 x4

1

d
[ Tullr = [[Vullr < 1H”||w1rp(n) where [|ul|y1, = (Z ||axi”’|€p>
i=1

Ve L(WYP,LP)
D* e L(WKHIElP (), WEP(Q))) where a € INE

(iii) Integral operator: Q0 C RY domain, integral Kernel K: Q x Q - R, X =Y = Coaa@) - llx =1 - e
(Tiw)(x) = 0(x) = [ K(x,)uly)dy

K yputy) dy

[0]lo = sup
xeQ)

<sup [ [K(x,y)| [u(y)| dy
xeQ N~
<lJull e
< sup [|K(x, )| 1 [l
xeQ)

2Tkl o co) 1]l oo

Take Q = R, K(x,y) = 3¢V, |K(x, )1 = 1, 0(x) = [ 3¢ ¥ Vu(x) dx

Two topological vector spaces (X, 7 ), and (Y, S), L : X — Y, is continuous if preimages of open sets are open. With
T =7|.x and S = T}, we have

IIx
Le L(X,Y) < 3IC>0Vx e X : ||Lx|ly < C||x|x
if T and S are induced by families of seminorms

{pX|acI} forT and {pg|,8€]} for S

Theorem 2.1.5
If (X, T)and (Y,S) are induced by the above families of seminorms and both Hausdorff, then a linear mapping L : X — Y is
continuous if and only if

VB € J3m, ..., an(p € I3C(B)¥x € X : pp(Lx) < C(P) (pal(x) oot paN<ﬁ)(x)>
(Normed spaces are special cases with #I = |I| =1 = #].)

Proof: See exercise 27.
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As an application we consider the space of Schwartz functions
S(RY) := {f € C*(R¥) | Vn,k € N : pyi(f) < o0}
where p,, 1 (f) = sup{(1 + |x|?)"/2|D*f(x)| | x € R, & € N&, |a| = k}. {pux | (n,k) € N3} is a family of seminorm.
Exercise 28 shows that (S(IR?), sy is a complete topological vector space.
There are many classical linear operators that turn out to be continuous:
(i) Multiplication by polynomials (by functions that can be estimated by polynomials)
(ii) f+— D*f is continuous

(iii) Fourier transform

(Fu)(¢) = cd/ e X Cy(x)dx

x€R4

[ SR = SR
7 {u — Fu

With ¢; = 1 in statistics and ¢; = W in functional analysis.
Proposition 2.1.6
F : S(RY) — S(R?) is continuous.
Proof:
Step 1 integrand for each ¢ is bounded by

1

—d
(1+|X|)d+1 xderl,O(u)

=g

()] = ()| € o) = 1Fu@)| < [

(1+ |x|

poo(Fu) < Epai10(u).

Step 2 Assuming that all calculations can be made rigorous by interchanging limits (i.e. dominated convergence
of Lebesgue (1.3.19))

DM(Fu)(@) =ca |

xeR?

d
(i) = (=) T
=1’

Dg(e*ixé)u(x) = cd/ (—ix)%e ™y (x) x

xeR4

We found the formula  D*(Fu) = (—i)* F(x*u(x))
Step 1
Hence sup [D*Fu| = sup |[F(x"u(x))| < Capar10(x*u(x)) < CapPariyialo()

Result:
Pox(Fu) < Eqpas1io(u)

Step 3

EFWE) = [, g ulx)ds
(—i)=lal Dg (e~ixt)

= cy(—i)el /w D% (e~ ) u(x) dx

make rigorous

= 4 / e~ ¥ (D) (x) dx

integration by parts
¢"F(u)(8) = F(Du)

Step 1

pro(Fu) < & Y. parr0(D*u) < Eapasr,r(u)
|a|=L

Step 4 For alln, k € ]NoElc”n,kVu S S(]Rd) : pnrk(]——u) < En’kpd+1+k’n(u).

Message: Fourier transform interchanges smoothness against decay. ]
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2.2 The (four) principles of functional analysis

We want to use specific properties of Banach spaces.
(i) Open mapping principle.
(ii) Principle of the continuous inverse
(iii) Closed graph theorem.
(iv) Theorem/principle of Banach Steinhaus.
(i)-(iv) rely on Baire category theorem.

Theorem 2.2.1 (René-Louis Baire, 1874-1932)

Let (X, d) be a complete metric space. Assume that X is the countable union of closed sets, then at least one of these closed sets
have nonempty interior. In formulas: Let A1, Ay, ... closed in X and X = ;1 Ay. Then 3x € X3r > 03n : B,(x) C A,.
The equivalent formulation via negation and complements says:

If the sets Oy, are open and dense (i.e. A, = X \ Oy, is closed and has empty interior), then the intersection (5.4 Oy is still
dense.

Proof: We consider open and dense sets and have to show
Vy € XVe > 03x € Be(y)Vn e N:x € Oy

We start from a given y and ¢ > 0 and construct a sequence x, such that x, — x. B,(z) = {x € X | d(z,x) <r}.
O is open and dense, hence B, ,, N O is still open and nonempty (by density) .

= dx; € Xdeg >0 Bse, (xl) C Bg/z(y) N Oy

By induction we find x; 1 and e;,1 > 0 such that Bz, ,, (X¢41) C Be, N Oy by density of O 1 and openness
and g1 < gx/3. For the centers and n > k we find the estimate

d(xg,xn) <d(xg, xp1) + -+ d(xg1,x0) <ep+epr++en

<er+e/3+¢e/9+-- <

We have a Cauchy sequence and completeness gives a limit x € X such that d(x,, x) — 0. Moreover

. 3 — construction
d(x,x) = lm d(x, xn) < Fek = X € B3/ae, (Xk) C Bag (X)) € By, (xk—1) N Ok

Hence x € =1 O and x € B,/5(y) C Be(y). ]

Definition 2.2.2
A mapping T : X — Y between topological spaces (X, T ) and (Y, S) is called open, if the image of open sets is open.
vOeT:T(O)CS

2

Example 2.2.3 X = Y = R with Euclidean topology. T(x) = x* is not, since T(] — 1,1[) = [0, 1[ is not open.

Definition 2.2.4
Wecall L : X — Y open if LO is open in Y for open O C X. For normed spaces and linear maps we have an easy
characterization:

L e L(X,Y)open < LBX(0x) D BY(0y) forsomee >0

Proof: "=" Note 0y € LBf(0x) since LOx = Oy. Since LB¥(0x) is open, we find ¢ > 0 as desired.

"«<" Take any O C X openand y € LO. Choose x € O such that Lx = y and § > 0 such that Bs(x) C O. By
linearity

assumption

LBs(x) = L(x + Bs(0x)) = Lx + LBS (0x) =y + LB (0x) O  y+BX(0y) = B5(y)

Since y € BY(y) C LB¥(x) C LO we have shown that LO is open. H
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Theorem 2.2.5 (Open mapping theorem)
If X and Y are Banach spaces and L € L(X,Y) is surjective, then L is open.

Proof:
Step1 Claim: 3¢ > 0: A = m O BY(0y). A is symmetric and convex, i.e.
() ye A < —ye A (BX(0)issymmetric and L linear)
(i) y1,1p € A = %(yl +y2) € A (B¥(0) is convex and L is linear)

Since L is surjective and X = U;_; Bx(0) (countability, balls) we have

YW ix=1r (G Bff(())) - G LBX(0)
n=1 n=1

= J A, with A, =LBX(0)

n=1
Baire’s theorem provides an 19 and a ball Be,(yo) C Ay, with g9 > 0. By scaling and linearity of L we
know A, = nA; := {ny | y € A1}. Hence, again by scaling and linearity, A = A; D BSO/HO(%U]/O). By
symmetry we also know —By /, (%yo) = Bey/ny(— nl—oyo) lies in A. By convexity we also know that

1 1 1 1 1 1 1
EBSO/nO(TTOE/O) + EBSOMO(_TTOI/O) CA:= {Ey-&- + E]/— | Y+ € Beo/n0<i;0y0)}

= Bgy/n,(0x) after some calculation

Claim holds for ¢ = 2%’0

Step 2 Claim: LBX(0) D BY (0) (no closure but half the radius). For every y € BY(0) we have to find a preimage
x € B{(0),ie. Lx =y and ||x| < 1. We do this by approximation:
Step 2.1 Choose z; € BX(0) : {|ly — Lz — 1| < &; = 5}. The existence of such a z; follows by Step 1. (Note
p
that 2y € A. Hence 2y can be approximated by Lx; with ||xk|| < 1, e.g. ||2y — Lx1|| < 2¢. Then let
zZ] = %xl.) We definey; =y — Tz € le(OY)-

Step 2.k By induction (Step 2.k) we let €x,1 = €;/2 and choose z; € B{(/zk (0x) st |lyk-1 — Lzx|] < &

Yk = Yk-1 — Lz
We define x, = Y}, z; and see that x, is a Cauchy sequence, since Y ;7 ; ||zx|| < Yoy zik =1 = «x¢€
Bf (0) is the limit. We still have to check that Lx = y. We know y;,1 = yx — Lzx,q by construction.
Summing over k =0,...,n — 1 gives

continuous

A~
0O+~ y, =y— L (sz> Taking the limit we have 0 =y — Lx

~ =1
€8¢, (0) N
Xp—X D

Example 2.2.6 Let X = Y = ¢2(N) = {(ay)nen | La% < oo} a Hilbert space.
La= (Ya,)yen  LeEL(XY) since [Lfpp=1

L is injective but not surjective. L is not open since LB;(0) does not contain a ball. Assume B;(0) C LB;(0). Take
a= %cﬁ(niﬂ)neﬂ\] and B €]}, [ where Ciz =Y eN n%—ﬂ < 0o = a € B,(0). Butany b € (2 with Lb = a has to satisfy
B

%bn =a, — b, = %cﬁnl_ﬁ. This is a contradiction to b € ¢2.

Theorem 2.2.7 (Inverse Mapping Theorem)
If X and Y are Banach spaces and L € L(X,Y) is bijective, then its inverse is continuous, i.e. L~ € L(Y, X).

This is a simple corollary of the open mapping theorem, since the inverse mapping (assuming it exists) of an open
mapping is continuous.
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Definition 2.2.8

If f + X — Y is a mapping, then G(f) = {(x, f(x)) € X xY | x € X} is called the graph of f. For a linear mapping
L : X — Y the graph G(L) is a linear subspace of X x Y. A graph G(f) is called closed , if G(f) is closed in X x Y. For
normed spaces this means for (x,,yn) € G(f) and x, — x,y, — y we have (x,y) € G(f).

Obwiously, continuous maps have closed graphs, since v, = f(x,) implies y = f(x). However, there are many interesting
operators with closed graphs that are not continuous. Take f(x) = % for x # 0and f(0) = 7{—;, that has a closed graph.

Theorem 2.2.9 (Closed graph theorem)
If X and Y are Banach spaces, and L : X — Y is linear, then we have the equivalence

L continuous <= G(L) is closed

Proof: "=" is trivial.

"<" Z = G(L) C X xY = Banach space with ||(x,y)|| = ||x|[x + |ly|]ly. Hence, (Z,||-||) is a Banach space.
We define Px : X x Y — X as (x,y) — x. Then, the restriction Px to Z is bijective and continuous
Px(x,Lx) = x.

IPx (x, Lx)[|Ix = [[x]lx <1-I(x, Lx)]|

By the inverse mapping theorem (2.2.7) Py 1. X — Zis continuous. Moreover, Py : X x Y — Y, (x,y) > y
liesin £(X x Y,Y) and hence Py|z € £(Z,Y). The composition L = Py Py is continuous. O

Theorem 2.2.10 (Theorem of Banach-Steinhaus)
Let X and Y be Banach spaces and M C L(X,Y) (family of bounded linear operators) with

Vx € X :sup{||Tx|ly | T € M} < co.

Then there exists a constant ¢ > 0 such that ||T||x—y < c¢ forall T € M. In words: Pointwise boundedness of an operator
family implies uniform boundedness. This explains the name Uniform Boundedness Principle (of Banach and Steinhaus).

Proof: We define the set
Ap={xeX|VT e M:|Tx|y <n}

This set is closed, as all T € M are continuous (||Txx|| < n and xy — x = ||Tx|| < n). By the pointwise
boundedness we know X = [J;_; A,. Since X is a Banach space, Blaire’s theorem gives an np € IN and a ball
Be¢(x) C Ay, with € > 0. This means

Vz € Bf(0O)VT € M : || T(x +ez)|| < ng

€Be(x)
By scaling and linearity we obtain for & # 0
o — IZl x
ITx| = == IT(x +eq=) = Tx|
€ 1]
A-est. ||f|| b
< T+ =) [+ || Tl
€ 1277~~~
N— <cy
<ng
N 1 =
Hence || T%|| < E(no +cx) ||%]]. H
~——

=c

Corollary 2.2.11
Let (X, || - |lx) and (Y, || - ||y) be Banach spaces and let (T,,),en in £L(X,Y) be a pointwise convergent sequence, i.e. Vx €
X : (Tyux)pen convergesin (Y, || - ||ly). Let T : X — Y, Tx := lim T,,x Vx. Then

(i) (Ty)nen is uniformly bounded, i.e. 3c > 0 : || Ty||x—y < c.
(i) T e L(X,Y)and ||T||x_y < liminf, e | Tnl|xy-
Proof:

Ad (i): Vx € X : (Tux)yen converges in Y and that implies (T,,x),cnN is bounded. Hence (T, ),en (or {T, | n €
IN'}) is bounded pointwise and by Banach-Steinhaus (T ),cN uniformly bounded.
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Ad (ii): T is linear, because every T, and "lim" are linear.
Vi € X | Txly = fim | Tyl = liminf | Toxly < liminf(| ol oy - ]x)
= (liminf [Ty [ x—y) - [x[lx < cllx]lx

= TeL(XY) and ||T[x-y <liminf|[Ty|x-y

[

Proposition 2.2.12
Let (X, | - ||x) and (Y, || - ||y) be Banach spaces and let (Ty),enN be a sequence in L(X,Y). Then the following conditions are
equivalent:

(i) (Ty)nen converges pointwise, i.e. Vx € X : (Tyx)neN converges in Y.
(i1) (Tn)nen is uniformly bounded and there is a dense subset S C X s.t. Vx € S : (Tyx),eN converges in Y.

If these conditions are fulfilled, then T : X — Y, defined by Tx := limy_yco Tyx is linear and bounded and ||T||x_y <
liminf, e || Tnl| x5y

Proof: (i)=(ii) and the additional statements are consequences of the previous corollary. It remains to show
(i)=-().
If (ii) is fulfilled, there isa ¢ > 0s.t. ||[Tylxsy < c¢. Letx € X, lete > 0. As S is dense in X, there is

az € Sst |x—zl|x < 5. z€ S = (Tyz)nen converges in Y, hence is a Cauchy sequence. Hence
dng € NVm, n > ng : | Tuz — Tuz|ly < 5.

Vm,n > ng 2 | Twx — Txlly < [|Twx — Tuzlly + | Twz — Tuzlly + | Tmz — Tax|ly
<N Twllx=vllx = zllx + 1 Tmz = Tuzlly + [Tl x—y - Iz — x|l x

e € €
—t+5tc-=¢

Stz T s,

Hence (T,x),en is a Cauchy sequence in Y and as Y is a Banach space, we know that (T, ),cN converges in Y.

[

2.3 Projections
In linear algebra, one considers direct sum decompositions X = Y & Z of a vector space X into two linear subspaces
Y and Z, and the associated projections
Py: X=X Pz:X—=X
where Py is defined as Vx € X3!(y,z) € Y X Z: x = y + z, then Py(x) :=y.
X=Y®Z <—= X=Y+Z:={y+z|yeY,zeZ} and YNZ={0}

In functional analysis, we are interested in decompositions which respect the topological structure of X, e.g. Py and
Pz should be continuous, or Y and Z are closed subspaces of X.

Important question: When does a closed subspace Y has a closed complement Z (i.e. X =Y @ Z).
Definition 2.3.1
Let M be a set. Then a map P : M — M is called a projection if
PoP=P ie P*=P <= VYxe M:P(P(x))=P(x) <= Ppa) = idp)
Remark (Linear projections) Let X be a vector space and P : X — X a linear projection.
(i) idx — Pis also a linear projection. Linearity is clear and
Vx € X: (idx — P)((idx — P))(x) = (idx — P)(x — P(x)) = x — P(x) — P(x — P(x))
x — P(x) — P(x) + P(P(x))
=x—P(x) —P(x)+ P(x) = x — P(x) = (idx — P)(x)
— (idx—P)O(idx—P> =idx — P
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(ii)
R(P) :=Im(P) = P(X) = {P(x) | x € X} istherangeof P
and N(P):= ker( )=P710) = {x e X|P(x) =0}
with y € R(P) =Im(P) <= P(y) =y <= y—P(y) =0 < (idx - P)(y) =0
< y € N(idx —P) = ker(de —P)
Hence R(P) = N(idx — P) and N(P) = R(idx — P).

(iii) Claim: X = R(P) @ N(P) = Im(P) & ker(P).

e x€R(P)AN(P) — x "PZRP) p(oy XK ) pat implies R(P) A N(P) = {0}
e Let x € X. That means P(x) € R(P), x — P(x) = (idx — P)(x) € R(idx — P) = N(P) or directly:
P(x — P(x)) = P(x) — P(P(x)) = P(x) — P(x) =0
Hence x = P(x) + (x — P(x)) = X = R(P) + N(P).
Hence X = R(P) @ N(P) and P is the projection onto R(P) with respect to this decomposition.
Remark If (X, | - ||x) is a normed space and P : X — X is a linear bounded projection, then

Vx e X : [[Px]lx = [P(P())lIx < IPllx-x - [Pxllx < (IPllx-x)? Ixllx
———

c
= ||P|lxsx <c = (|Plx>x)* = [|Pllxsx=0 or ||P|xsx>1

Theorem 2.3.2 (continuous projections)
Let (X, || - ||x) be a Banach space and P : X — X a linear projection. Then

P e L(X,X) <= R(P)and N(P) are closed subspaces of X.

Proof: "=" P € L(X,X) implies N(P) = P~1(0) = P~1({0}) is the preimage of a closed subset, hence itself
closed. Alternatively: (x,),en sequence in N(P), x, — x € X. Then P(x) = limy e P(xy) = limy 460 =
0. Moreover, P € L(X,X) implies idx — P € L(X,X) continuous linear projection. Hence R(P) =
N(idx — P) is closed. (x;),eN sequence in R(P):
Xy > x€X = x= lim x, = lim P(x,) = P(lim x,) = P(x) = x € R(P)

n—oo n—oo n—o00

"<" (X, | - ||x) Banach implies by closed graph theorem (2.2.9), that is suffices to show that the graph I'(P) =
n—oo,

{(x,Px) | x € X} isclosed in X x X. Let (x,,Px,) —— (x,y) in X x X. We have to show, that
(x,y) € I(P),ie.y= Px.

losed
- (Pxy)en converges to y in X and Px, € R(P)Vn € N R(P) close y

€ R(P). Hencey = P(y).
N(P )closed

- (x4 — Pxy)pen converges to x —y in X and x, — Px, € N(P)Vn € N —y € N(P).
0=P(x—y)=Px—Py=Px—y = y=Px.
= T'(P) is closed and, by closed graph theorem, P € L(X, X). ]

Example 2.3.3 (i) X = LP((—a,a)),a>0,p € [1,00]. P: X — X, f — Pf, where

(PAE) = 3 (£ + F(=6) = 2(F() +5(6)) forall ¢ € (~aa)
=:g(t)

Hence Pf(—t) = Pf(t) forall t € (—a,a). Pislinear and R(P) = {h € X | h(t) = h(—t)Vt € (—a,a)}.

"C"is clear and Vh with h(t) = h(—t), (Pf)(t) = L(h(t) + h(—t)) = (h(t) + h(—t)) = h(t). Hence Ph = h.
That implies R(P) = {even fct. € X} and Pg(p) = wl r(p)- Therefore P is a projection.

Vf e X |IPfll = ll3f + 38l < 3llflly + 3llglher = I £l

= P continuous and ||P||pr_r <1 Laat IP||Lp sy =1
N(P) ={f e X | f(t) = —f(—t)Vt € (—a,a)} is the set of odd fcts.
((idx = P)f)(t) = 3(f(t) — (1))
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(i) (X, (-, -)) inner product space, f,g € X:(f,8) #0.P: X = X, x — %f linear.

(x8)
e projection: Vx € X : P(Px) =P ((x,g)f> = <<f’g>f,g>f _ (xg) <f'g>f (8 >f Px

(f.8) (f.8) (f.8){(f,8)°  (f.8)
. pall = |28 S el gl - continons an <Al
e v >’ e |<f’|%>| |lf|| - III;IIII ||t e 7||J|f|<||| ||>| e
e following inequali olds: = 3 N
the following inequality holds: || Pg|| Xz g>|||f\| 9 | gl = IPlx-x = Wy

R(P) = span{f}, N(P) = {x € X | (x,g) =0} = {g}".

Projections in Hilbert spaces can be described in more detail in Hilbert spaces because of the additional geometric
structure given by a scalar product. We can even investigate non-linear continuous projections such as

x o ifx]| <1
= if x| > 1

[lx]

P:X%X,x}%{

Theorem 2.3.4 (Orthogonal projection)
Let (X, (-,-)) be a Hilbert space, © # A C X a nonempty convex and closed subset. Then
(i) Forevery x € X there is a unique point Px € A s.t. ||x — Px|| = Zlgfl |x —z||. Themap Py := P : X — X, x +— Px is
then called orthogonal projection onto A.
(ii) For x € X, Px € Ais the unique point satisfying Re((x — Px,z — Px)) < 0 forall z € A.
(iii) Forx,y € X : 0 < Re((Px — Py, x —y)) and |Px — Py|| < ||x — y||. In particular, P is Lipschitz-continuous.

Proof: A closed, X Hilbert space. Then A is a complete metric space.

(i) Existence Letx € X = 3(yy)pen in A s.t. ||x — || — mf |x — z|| =: d. Then

+ Yn

Vm,n € N : ymz

€ A by convexity

2
44% < 4 x_w 1

= [[(x = ym) + (x = yn)

Parallelogram
=" 2l =yl + 202 —yal® = lyn —yml® ()
Iy = yull? < 2llx =y 1? + 2]l — yul|* — 4d°

If ¢ > 0, then choose ng < N s.t. [|x — y,[|* —d? < £

<2£+2£:£ Vm,n > ny

4
Hence (1, )nen is a Cauchy sequence in A and that implies Px = lim,,_, i exists, Px € A. Therefore
||lx — Px|| = limy 00 || ¥ — yu|| =d = existence proved.

Uniqueness If y € A also satisfies ||x — y|| = d, then %px €A

()
48> < 2||x — Px|* +2||x — y||* — || Px — y||?
=2d4*+2d*> — |Px —y||* = |[Px—y|*<0 = y=Px
Hence P is well defined.

Projection with R(P) = A: R(P) C Aand Vx € A :inf,c4 ||x —z| = ||x — x| = 0, so Px = x. Hence
ACR(P) = A=R(P)and P4 =idy = P isaprojection.

(i) e Lety e Asatisfy Re((x —y,x —z)) <0forallz € A. Then

Vze A |x—z[P = [lx =y +y—z|* = |x —yll* +2Re((x —y,y —2)) + |ly — 2 > [[x —y?
N—_——
>0 >0
— [lx -yl = inf |[x —z[| = y=Px.
z€EA
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ez€ A, A€ (0,1) = Px+A(z— Px) € A.
It — Px|]2 < llx — (Px — A(z — Px) |2 = [|(x — Px) + A(z — Px)|2
= |lx — Px||*> — 2Re((x — Px, A(z — Px)))
— 2\ -Re((x — Px,z — Px)) < A?||z — Px|)?
— Re((x — Px,z — Px)) < A||z— Px||*> forall A € (0,1)

= = Re((x — Px,z—Px)) <0

o Vx,yc X

Re((x — Px,Py— Px)) <0 by (iij)as Py € A

Re((y — Py, Px — Py)) <0
= —Re((Px,Py — Px)) < —Re((x, Py — Px))
Re((Py, Py — Px)) < Re((y, Py — Px))
Addbothinequaliies po((Py — Px, Py — Px)) < Re({y — x, Py — Px))
= 0 < ||Py — Px||> = Re((Py — Px, Py — Px)) < Re((y — x, Py — Px))
CSE
IPy — Px||* < Re({y — x,Py — Px)) < | (y —x,Py = Px)| < |y —x||- | Py — Px|
= [Py —Px|| < [ly —x[| if [[Py—Px[| #0
If || Py — Px|| = 0, then this is trivially fulfilled. H

Let (X, (-,-)) be an inner product space, M C X a subset. We put M+ := {x € X | (x,y) = OVy € M}.

Theorem 2.3.5 (orthonormal projections onto linear subspaces)
Let (X, (-,-)) be a Hilbert space and V C X a closed linear subspace (= V # @,V convex). Let P = Py be the projection
from the previous theorem. Then

(i) Vx € X : Px € V is the unique point s.t. x — Px € V+.
(ii) P is linear, N(P) = ker(P) = V*+, R(P) = Vand X = V @ V= is the corresponding direct sum decomposition.

Proof: (i)
Uniqueness: Lety € V bes.t. x —y € V+. Hence to show: y = Px.
5 5 as above 2
VoeV:x—ol*=[x-y+u-o) " = [x-yl
S—— SN

cve ev
= ||x—y||=vig§|\x—v|\ = y=Px

x—PxeV':VoeV:z=0v+Px €V = Re({(x—Px,v)) = Re((x — Px,z— Px)) < 0. This also
holds for —v € V instead of v. Hence Re((x — Px,v)) = 0forallv € V.

If K =R, then (x — Px,v) =0 forall v € V implies x — Px € V..

IfK=C,thenVvo € V:iv € V = 0 = Re({x — Px,iv)) = Re(—i,(x — Px,v)) = Im({x — Px,0)).
Therefore (x — Px,v) = 0 forall v € V and hence x — Px € V1. ]

M reX % x_PreViPreV — x= (x—Px)+ Px —> X = V4V, Is this a direct

N——
1%
evi €

decomposition?

veVNVt = ||v]P=(0)=0 = v=0
— X =V @V, and Pis the projection onto V w.r.t. this decomposition
— P linear and N(P) = R(idx — P) = V*

Corollary 2.3.6
If (X, {(-,-)) is a Hilbert space, then every closed linear subspace V has a closed complement (namely V).
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2.4 The Riesz Representation Theorem

General considerations: If (X, || - ||) is a normed space, then X’ := £(X,K) is called the dual space to X. (X', || - ||x),
where || - ||x := || - || x>k is a Banach space.

Lemma 2.4.1

If (X, (-,-)) is an inner product space, then

Jy: X =K

is an element of X’
x = (x,y) f

Vye X: {

Themap | : X — X', y = J, = J(y) is norm-preserving and antilinear, i.e.

Vyz€X:J(y+z)=](y)+](z) VAEKVYyeX:J(Ay)=A-](y)

Proof: Vy € X : ], linear is clear.

CSE
Ve X: |y =[xy | < lIxl-lyl = Jy € X, Tllx < llylix
y=0= J;,=0 = [[yllx =0=|ylx
y#0 = [, = 1wy =Iv* = ILlIx = lvlx

Hence ] is norm-preserving. | is antilinear by properties of (-, -). ]

Theorem 2.4.2 (Riesz Representation Theorem)
Let H = (X, (-,-)) be a Hilbert space. Then ] : X — X' is a norm-preserving, antilinear bijection, i.e.

Vo e X'Alye X:g(x) = (x,y) forallx € X
Every element | € H' can be uniquely represented via the scalar product (-, -) ;.
Proof: | injective, norm-preserving, antilinear by the lemma. Remains surjectivity: Let ¢ = 0, then takey = 0. If

@ # 0: ker(¢) = ¢~1(0) € X is a closed proper subspace. Hence X = ker(¢@) @ (ker ¢)* = (ker ¢)* # {0}.
Hence 3z € (ker @)+ \ {0}.

VxeX:p (x _ qo(x)z> = g(x) — ?(X)q)(z) =

¢(2) ¢(2)
— - 88z ckerg — (x-202) —0
~ = (5e) - S
— o= (= L)
Sowe can puty = 27z 0

We also have an existence and uniqueness result. It provides existence and uniqueness of solutions for certain partial

differential equations. However, there are many other representations of H'. In fact, often other representations are
more important.

Example 2.4.3 (i) For a € R we define the Hilbert space
L2(R%) = {u: R? = R | u measurable, p"u € L2(R%)}

where the weight p is given via p(x) = /1+[x[% [lull2 == ([ |p“u|2dx)l/2. Note, that K, : L?(R%) —
L2(R%),v + p~% is a linear norm-preserving mapping. The scalar product (u,v) = [re P¥*uv dx. What is the
dual space L2(R%)'? Of course (L2)' = £(L2,R). But we really want to know representations.

Remark (Representations) (i) Riesz: (L2)' =; L2 VI € L23lv € L2Vu € L2 : 1(u) = [pa p*vudx.
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(i) (L2) = L2, VIe€L23we L2 Vu € L2:1(u) = [psp’wudx. Simply choose w = p*
(ili) Generalization: (L2)" 2; L? for any b by Choosmg ¢ € R in the representation /(u f]Rd pzudx.
There are many representations, only two are special:
e Riesz representation using the H scalar product
e use classical representation for distributions. u € L'(Q) = Tu(¢) = [ ugdx.
Example 2.4.4  (ii) Sobolev spaces HS(Q) = Wg’z(Q) Hilbert spaces. HS(Q) = WHIHH}(. Representations of
(H§(Q))" = L(HF(Q), R).
(a) Riesz representation: V/3!v € H§(Q)Vu € HS(Q) : 1(u) = (u,0) i = [ Yjaj<k D*uD*vdx
(b) Representation by distributions: H=¥(Q) = def {T:CX(Q)) - R | 3CV¢ € C(Q) : |T(¢)| < Cll@]| gx}-
[Tl g+ = supg 4 I‘\qJ(H(P)k' This gives a representation of H5(Q)' = L£(HA(Q),R) via the distributional

representation. Recall that C2°(Q2) is dense in H(Q2), hence every T in H¥(Q) has a unique continuous
extension T : H§(Q) — R.

(iii) H}(] —1,1[) (Q C R! one dimension).
Cr() - R
50 H
¢ — ¢(0)
Claim: 6) € H~!(] — 1,1[) to show 3C > 0Vg € C(] — 1,1]). |do(9)| < Cllo|| i1

0
¢(0) = / ¢'(x)dx where we use ¢(—1) =0
-1

0 < [ 1-lg!(0)lar < (/01 12dx)1/2 (/Ol o/ (o)
SHUA I¢’<x>|2dX)l/z <1-Jlglm

"6p € H}(Q)"" if we use the distributional representation. "5y ¢ H{(Q)"" if we use Riesz representation.

Riesz representation theorem can be generalized as follows

Theorem 2.4.5 (Lax-Milgram Lemma, 1957)
Let H be a Hilbert space of K and a : H x H — K sesquilinear form such that there exist constants 0 < ¢ < C < oo with

(i) Continuity |a(x,y)| < C||x||||y| for all x,y € H.
(ii) Coercivity |a(x,x)| > c||x||? forall x € H.

Then for all | € H' there exists a unique u in H such that a(x,u) = 1(x) for all x. Moreover the mapping K : H' — H,l — u
is antilinear and invertible satisfying

1 -
IKllrsm =2 K g <C

Remark Taking a(x,y) = (x,y)y the theorem is reduced to the Riesz representation and ¢ = C = 1.

Note that a is not assumed to be symmetric, i.e. a(x,y) # a(y, x) is allowed.

Proof: (similar to Riesz’ theorem)

(i)
u)| < Cllu||||x||. Hence I, € H' and Riesz

Step 1 For u € H fixed, the mapping [, : x — a(x, u) satisfies |a(x,
= I,(x) = (x,v) for all x € H. The mapping

representation yields a unique v = Au such that a(x, u)
A:H — H,u+ vislinear and

v, X a(x,u)| (@)
4l = ol = sup LG = sup ] <
X

=g [ B
Hence A € L(H,H) =: L(H).
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2.5 Elliptic partial differential equations 2 LINEAR OPERATORS

Step 2 Aim: Show that A is invertible. We have

5 CSE
cllx[|” < fa(x, x)[ = | (x, Ax) | < ||x[[||Ax]|
(*) Vx € X : || Ax|| > cl|x||

This implies N(A) = ker A = {0} and hence A is injective. We need to show that A is also surjective. For
the range R(A) = {Ax | x € H} is in fact closed, since yx € R(A) and yx — y. Then y; = Axy for some
X
)1 1
I =l < ZIA G = x| = 2 ¢~ yll 0

Using A € L(H) we conclude xy - x = vy, = Axy — Ax =y. Hencey € R(A). Thus R(A) is closed.
In order to produce a contradiction we assume R(A) C H. Take P € L(H) to be the uniquely defined
orthogonal projection with R(P) = R(A). Choose xg € H \ R(A) then x; = xo — Pxg satisfies x; # 0 and
Px; = 0. Hence x7 is in the orthogonal complement of R(A), i.e. (x1,y) = 0forally = Ax with x € H.
However

(i)
cllx1]|? < |a(xy,x1)| = | (x1,Ax;) | =0 = x; =0 contradiction!

We conclude R(A) = H. Hence A : H — H is bijective. By () we know ||A~1u| < 1|u||

Step3 K : H' — H is the composition of | : H' — H Riesz mapping and A~!,i.e. K = A~'] and hence all
properties of K follow. ]

2.5 Elliptic partial differential equations

ellipticity means coercivity of a quadratic form.

—Au+u =f inQQ  PDE

Lapl ti
aplace equation () { u =0 ondQ BC (boundary condition)

PDE for the unknown u : O — RR.
classical solution u € C*(Q)) NCO(Q) PDE and BC are satisfied everywhere
strong solution u € H*(Q) = W??(Q), f € L?>(Q)) PDE is satisfied in L?(Q)), BC are imposed by u € H}(Q)
For the weak solution u : O — R we only ask for u € H}(Q). The second derivatives are taken in the distributional
sense, namely in H~1(Q)). We test the equation (x) by a test function ¢ € C&(Q).
Div. Theorem

. . _ " ST Ga:uB ' . —
/Qf(pdx—/ﬂ( Au+u)@dx /Q( dlv(%)+u)godxIntegr.byparts./Q(Vu Vo +up)dx = (u,@)mp

where —Au +u = f in H-1(Q) is defined as
/Qfgodx:/QVwV(p—i—u(pdx forall ¢ € HY(Q)

Here we use density of C°(Q) in H}(Q)). The weak form () is the following problem. Given f € L2(Q)) find
u € H}(Q) such that
(u, q)>H3(Q) = /Qfgodx forall ¢ € H}(Q)

The concept of weak solutions is compatible with the concept of strong or classical solutions. If a weak solution is
smoother than needed for a weak solution, then it is also a strong solution.

Proof: Assume u € H?(Q) is a weak solution. Then, we have to show that u is a strong solution. We know

/Qf(pdx:/QVu-Vg0+uq)dx forall ¢ € C°(QY) 0
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2.5 Elliptic partial differential equations 2 LINEAR OPERATORS

For distributional derivatives we know D*(T,) = Tps, if u € H>(Q) and |a| < 2.
/qu)x /Q( u+u)pdx
€L2(Q)
— 0= / (—Au+u— flode forall g € CX(Q) e 12(Q)
O N—_———r
€L2(0))
= —AMutu=f inl*Q)

Proposition 2.5.1
For each f € L2(Q) the problem () has a unique weak solution.

Proof: | : ¢ — [, fedx is a continuous linear mapping on H}(Q2).

@) < I fllr2llllr2 < [If N2l @l m

Riesz representation theorem (2.4.2) gives a unique u € H}(Q) s.t.

(1, @) p :/(‘)Vu-Vq)+ugodx:l(q)) :./g‘)fq)dx forall p € H}(Q) 0

Example 2.52 Q =] — 1,1[, —u" +u = 6y € H (] —1,1[), u € H}(Q). There is no strong solution but there is a
unique weak solution:

1
e +ugdx = 5o(g) = 9(0)

asinh(x +1)

The solution is given by u(x) = {ocsinh(l O wW(07)—u/(0) =41 = a= Cos%l(l).

We look at more general linear PDEs in the form

(55) —div(A(x)Vu) +b(x) - Vu+c(x)u =f inQ
u=20 on 02

A function u € H}(€Q) is called a weak solution of (*x) if it satisfies

/Q(A(x)Vu) Vo + (b(x)Vu+c(x)u)pdx = /Qf(pdx forall ¢ € H}(Q)

We define the bilinear form
a(u,v) = / (A(x)Vu)-Vo+ (b-Vu)v+ cuvdx
(@)

a: H{(Q) x H}(Q) — R must be a bilinear form with (i) boundedness = continuity, (ii) coercitity.
AeL®(QR™)  pel®(QRY) cel®(Q)
Then
a(u,0)] < [ AI1Vul[Vo]+ 6l [Vullo| + el ullo] dx

S Al V2Vl 2 + [Plleo [ Vull 2 [[0]l2 + llefleo]lull2[0]]2
< ([[Alloo + [1b]]o + [[cleo) [[2t]] g1 2] 1
=:C

For coercivity, we have to bound a(u, u) from below.
a(u,u) = / Vu- A(x)Vu+ ub(x) - Vu + cu® dx
Q

We assume
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2.5 Elliptic partial differential equations 2 LINEAR OPERATORS

(i) Saen > 0Vx € VG € R?: & A(x)E > aen |G
(ii) c(x) >y >0forallx € O
(iii) |b(x)| < (aeny)/? forall x € Q.
Hence we find
a(u,u) 2/roeu\VuF—|b||Vu|u+'yu2dx xy < 1x2 4 1y
bl Vulu < /aeny|Vullu] < joen|Vul? + 3oyu?

a(u,u) > /Q aen | Vut|? = Joen | Vu|* — Fu? + yu? dx

nﬁn{allv}
= [T s> TG,

Theorem 2.5.3 (Existence and uniqueness for "simple elliptic" PDEs)
If A, b and c satisfy the above assumptions, then (xx) has a unique weak solution u € H}(Q) for every f € H™1(Q).

Remark In many applications ¢ is not uniformly positive. In fact, quite often one has ¢ = 0 and b = 0. In fact, using
that u = 0 on 9() sometimes we can estimate [ u* dx in terms of Jo IVu 2 dx.

Theorem 2.5.4 (Poincaré inequality)
Assume that Q) is bounded, then there exists a constant Cq, such that

Vn € H(Q) : / u?dx < Cq / |Vu|?>dx  Poincaré’s estimate

Q Ja
Corollary 2.5.5
If Q) satisfies the Poincaré estimate, then the two norms ||u|| g1 and ||Vu|;2 are equivalent, i.e.
Se0 > 0+ callullp < [ Vullz < 1l g
forallu € H}(Q)
Proof:
el = lullfz + IVullfz < (14 Ca) [ Vulfs = ca = (1+Ca)"/?

Corollary 2.5.6

If Q) satisfies the Poincaré estimate, then — div(A(x)Vu) = f in Q, u = 0 on Q) has a unique weak solution u € H}(Q) (A
and f are as above).

Proof: a(u,v) = [, Vo A(x)Vu x bounded bilinear form on H}(Q2).

a(u,u) = /QVu-AVu dx > /szeu|Vu|2dx = zxeu||Vu||%2 > DCEHCQ”uHHé = coercivity

0

Proof: (of Poincaré inequality) It suffices to show the estimate on the dense set () is bounded implies 3a,b € R
such that Q CJa,b[xR%! = . Every ¢ € C®(Q) can be excluded by 0 to a function ¢ € C*(RY) where
¢jox = 0. For x € ¥ we have

o
p(x) = /’J 0x,9(G1,X2,...,x4)d¢  since @(a,xa,...,x5) =0

2 2 oo n 2
pP<|[ 1 < ([T o) ([ paoka)
———
<b—a
b b
/ |q)(x1,x2,...,xd)|2dx1 < (b—a)//|ax1go(§1,x2,...,xd)d§dx1

¢ a a

b b

<-a) [ [ 1o dg ax

a

b
= (b= [ o, p(x)2dxy
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3 DUAL SPACES AND WEAK TOPOLOGIES

Now integrate over (x, ..., x;) € R4 to obtain

. . . b
/Q ‘§0|2dx B ./Z goz dx = ,/Rdfl '/ﬂ goz dx1 d(XQ,. . .,Xd)

b
= /H‘Qd—l(b —11)2/{1 |ax1(p|2dx1 d(xz,...,x3)
= (b—a)*||9x, 9|72 < (b—a)||Vo|1.

3 Dual spaces and weak topologies

(X, || - ||) normed space
X' = L(X,K) with £ = linear and continuous

is called the topological dual (the algebraic dual contains all linear functionals, also the non-continuous ones). X' is
always a Banach space if it is equipped with the operator norm

el = sup{'“x)' xe X\{O}}

]

The elements in X’ are simply called linear functionals on X.
Duality questions:

e Does X' characterize X uniquely?

e Can we use X’ to study properties of X?

Linear functionals define hyperplanes H = {x € X | {(x) + « = 0 for £ € X' and a € R}. (— Geometry, —
separation into two parts.)

Is there for each x € X at least one ¢ € X’ such that ¢(x) # 0?

e Can we extend continuous linear mappings from subspaces to the whole space?

Example e X =l =bounded sequences. Y C X, Y = {(ay) | a, is periodic }. (a,) periodic iff IN : a, Ny = an
foralln € N. £:Y = R, (a4y)pen — % 2HN:1 a,. What is a continuous extension of this "average" to all
sequences?

o X=L([0,1]),Y=C%[0,1]) C X. £:Y = R, f — f(3).

3.1 Hahn-Banach theorem

Another name is the extension principle of Hahn and Banach. 1t states the existence of a suitable extension from a
subspace to the full space. The general version relies on the Axiom of Choice (existence result). An equivalent "axiom"
is Zorn’s Lemma (transfinite induction, well-ordering theorem).

Lemma 3.1.1 (Zorn’s Lemma)
Let M be a partially ordered set with order < such that every chain (=totally ordered subset) has an upper bound. Then there
exists at least one maximum element.

Definition 3.1.2
e (M, <) is a partially ordered set if

(Pi) Vm:m <m
(Pii) Ymq,mp,ms 2 (my < mp Ay < mz) = my < mg
(Piii) Ymy,my: (my <mpAmpy <mp) = my =my
e m is called upper bound of S C M ifVs € S:s5 < m.
o C C M is called a chain if Viny, my € C : either my < myp or mp < my

o m, is called a maximal element if there does not exist any m € M such that m # m, and m, < m.
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3.1 Hahn-Banach theorem 3 DUAL SPACES AND WEAK TOPOLOGIES

We apply this to sets of linear mappings from subspaces Y of X into R. The ordering will be by "extension"
fl Y] — R,0: Y, - R we say fl </t if Y1 CY, and £2|Y1 = fl

This means ¢, is an extension of 1. A maximal element in terms of extension is a mapping that cannot be extended
further.

Theorem 3.1.3 (of Hahn (1926) and Banach(1929))
o Let X be a real vector space (no norm needed).

o A sublinear function p : X — R, i.e.
(i) plax) =ap(x) foralla >0, x € X
(i) p(x +y) < p(x)+p(y) forall x,y € X.
e Y subspace and f : Y — R is linear with bound f(y) < p(y) forally € Y
Then, there exists a linear extension ¢ : X — R (i.e. £(y) = f(y) for y € Y) such that

l(x) <p(x) forall xeX
Proof: We apply Zorn’s Lemma using the following set
M:={G:Ys - R|Y C Yg, Gy = f,Y¢ subspace of X, G(y) < p(y) forally € Yg, G linear}

We use the partial order defined via extension. We have to show that each chain has an upper bound. Let
C={Gy:Yy >R |a€ A}. WedefineY = UpcyYaand G : Y — R,G(y) = Gu(y) ify € Y,. This is
well-defined, since for every g € A withy € Y we have G4(y) = Gg(y) since either G, is an extension of Gg or
vice versa. By construction G is an extension for all G4, a € A. Hence G is an upper bound.

Hence Zorn’s lemma provides a maximal element ¢ : Y; — R, which means that ¢ cannot be extended non-
trivially. This is certainly the case if Y, = X, and this is the last point we have to show. We argue by contradic-
tion. If Y, # X, we construct a non-trivial extension.

Assume Y, # X, i.e. z € X\ Y;. We look for a linear extension on Y = Y, @ span{z} 2 Y, in the form
I(y+Az) = £(y) +cA for asuitable ¢ € R to be chosen
Y is a subspace of X and 7 is linear. We have to find ¢ € R such that ?(y + Az) < p(y + Az) forally € Y, A € R.

We choose ¢ such that
Se=sup{l(y) —ply—2z) |y e Y} <c<L:=inf{p(+2z) —F) [F€ Y}
such a ¢ exists if and only if S, < I,

() +0@) "0y ) 'S py+) (0=z-2)

=ply—z+7+2)
p sub-linear

< ply—z)+p@lH+z) forall y,ge€Y,
Hence ((y) —p(y—2z) <p(f+z)—4L4(H) forall y,7ecy,

We now show #(y 4+ Az) = £(y) + Ac < p(y + Az). For A = 0 this is clear as £ € M. For A > 0

ply+A2) Uy +A2) = Alp(3y+2) — (3y) —©) > AL —€) 20

The case A < 0 is analogous using S. ]

A Banach space version reads as follows

Proposition 3.1.4
(X, || - ||) Banach space, Y C X subspace f : Y — R is continuous (i.e. |f(y)| < Cl|lyl||). Then, there exists an ¢ € X' =
L(X,R) such that £y = f and

el =sup {00 [y e v (03 = v

(Short: There always exists an extension with the same norm.)
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3.1 Hahn-Banach theorem 3 DUAL SPACES AND WEAK TOPOLOGIES

Proof: We define p : X — R, x — N||x|| which is sub-linear and
fWI <Nyl =ply) forall yeY

Hahn-Banach gives the extension ¢ with ¢(x) < p(x) for all x. Hence ¢(x) < p(x) = N||x|| and
{(x) = —£(=x) = —p(—x) = =N||x]|

Hence |¢(x)| < N|x||. H

Corollary 3.1.5
X Banach and x € X \ {0}. Then there exists ¢ € X' such that £(x) = ||x|| and ||¢||x = 1.

Proof: Choose Y = span{x} and f(ax) = a||x||. Then, f : Y — R is linear and sup {% lyeY\ {0}} =1

By the above proposition (version of Hahn-Banach) there exists an extension ¢ with norm 1. ]

For mappings between Banach spaces we define the adjoint mapping T
as to the right with T € £(X,Y). We define the adjoint T’ € £(Y’,X’) X——=Y
as follows : 3 3duahzation
T/
(T'y)(x) € y/(Tx) for y €Y, xeX X Y

Lemma 3.1.6
If X and Y are Banach spaces, then for each T € L(X,Y) we have |T'|| £y xy = I Tll £(x,v)

Proof: For all y’ € Y’ we have

||T/yl||X/ by:def S |(T,y/)(x)| defgf T su |y/(Tx>|
of norm in X’ x#£0 ||x|| x#0 ||x||
by def Iy Iy I Ty 1y 1T vl
< su <sup
of normin Y x#£0 ||x|| x#0 M

=Tl lly'lly = T' e L', X") and [T zvrx) < I Tllgexy)

For the opposite inequality choose x, with ||xx|| = 1 and ||Txx|[y — |[T[|z(x,y)- The corollary of the HBP

provides an element y;, € Y’ such that |[y,[|y» = 1 and y;,(Txn) = ||Txx|ly We can estimate ||T'|| z(y/ x/) from
below by inserting one element in the corresponding sup Hﬁ%”
, lynll=1 . [lxn [l =1 , defof T' | by constr. by constr.
TN xny = Tl = WTyn) )l =" [yu(Txa)| = = [Toxully =— ITllzxy)
Hence || T'|| £(vr xy = (Tl 2(x, vy W

The geometric versions of the HBP are the so-called separation theorems. We want to separate disjoint convex sets
by hyperplanes.

Warning: A, B convex and disjoint is not sufficient for existence of a separation hyperplane (only valid in finite
dimensions).

Theorem 3.1.7 (Geometric form of HBP)
(X, || - ||) normed space. A, B are convex subsets. ANB = @, A is open. Then there exists an { € X' and a constant ¢ € R

such that
l(a) <c forall a€ A and ((b)>c forall b€ B.

Le. the hyperplane H = {x € X | {(x) = c} separates A and B.

Proof:

Step 1: We assume that B = {xp}. Wlog we assume 0 € A (otherwise do a translation ( = affine)). Since A is
open, there exists ¢ > 0 such that B;(0) C A. We define the Minkowsky functional for the set A:

pa(x) d:efinf{r >0|1xe A}
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Claim: p, is sub-linear. pa(ax) = apa(x) follows from the definition. pa(x +vy) < pa(x) + pa(y) by
convexity of A.

For xp € B we obtain p4(xg) > 1, since xg ¢ A. We define a linear functional f : span{xp} — R via
f(axg) = apa(xp). This f is dominated by p4 on span{xy}.

palaxp) ifa >0
flaxg) = apa(xg) = ¢ —pa(—axg) ifa <0
—_————
<0<pa(axg

Hence the HBP can be applied and we find £ : X — R linear such that
(x) <pa(x) forall xeX
Since B¢(0) C A we have p4(x) < 1forall x € B¢(0). By scaling we find pa(x) < 1|x| forall x € X.
Hence, ¢(x) < x| and ¢(x) = —¢(—x) > —1||x|| implies || ¢||x < 1, ie £ € X'
We still have to show that ¢ separates A and B. For a € A we have

<still needed
by constr. of ¢ def. Mink.

ta) < pala) < 1<pa(xo) asxy ¢ A

Step 2: Now B is general again. To transfer to the first step we define

C¥A_B={a—blacAbecB)

Claim: 0 ¢ C, C is open and convex.
(a) 0 ¢ Csince ANB=0Q.
(b) C = Upep(A — b) open as arbitrary union of open sets.
(c) straight forward
By Step 1 we can separate C from {0} by a functional ¢, i.e. Vx € C: ¢(x) < ¢ < £(0) = 0. Hence

Vae AYbe B:4(a—b) <0

Define ¢ = inf{/(b) | b € B}, thenVa € A : {(a) < c. We still need to show the strict estimate. We use
again that A is open. Assume Ja, € A : {(a.) = c. Then 36 > 0 : Bs(a.) C A (since A open). Hence,
Va € Bs(ay) : l(a) < c={l(ay) = l(a—a,) <O0foralla € Bs(a,) = ¢ = 0 which is a contradiction
to our assumption that ¢ is non-trivial. Hence, we have strict inequality. ]

3.2 Reflexivity and the bidual X"

X" = L£(X,K) is a Banach space. The bidual is the dual of the dual X" = (X’)’ (topological duals). We can embed
the space X in a natural way into X”:

X — X"
]BD : X - K
X
i £(x)

JsD is called the evaluation mapping. We have to show Jgp(x) € X"

def. of |

[Jsp (%) (£)] (L) < lIxlIxll¢llx = Jep(x) € X" and  |[Jp(x)[lx» < [[x]Ix

Obviously, Jgpp € L£(X, X") and moreover it is norm-preserving, i.e. ||Jpp(x)||x» = ||x||x. By Corollary of HBP for
each x € X3/, such that ||¢x]|x = 1 and £x(x) = ||x||. Now

1o (x) | xr > 1o (x) (€0)] “L [0 (x)]

X" contains a "copy of X" In fact, [gp(X) is a closed subspace of X"

by constr.
= |«
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Definition 3.2.1
A Banach space X is called reflexive, if Jpp : X — X" is surjective (i.e. it is a norm-preserving isomorphism).

Example 3.2.2
(i) All finite-dimensional Banach spaces are reflexive. (R")" = R" = (R")".
(ii) All Hilbert spaces are reflexive, see below.
(iii) cg, 41, are non-reflexive Banach spaces.
Exercise 37: (cg)' = 41, (1) = leo, c0 S loo = (c0)”.

Theorem 3.2.3
All Hilbert spaces are reflexive.

Proof: Idea: We use Riesz representation theorem: H' = H. Twice (H')' = H' = H.

For a given x”” € X" we have to construct £ € X such that Jpp(£) = x”. Denote by Ig : H — H’ the Riesz isom.
and define ¥ (y) = x"(Ix(y)) fory € H. Now set £ = I3 '(&'). Then x"(Ix(y)) = #'(y) = Ir(y)(%) forally € H.
I is surjective, hence x” (¢) = ¢/(%) for all ¢ € H'. Hence, x”" = Jgp(%). ]

Theorem 3.2.4
(i) X,Y Banach spaces, T € L(X,Y) topol. isomorphism (T~ € L(Y,X)). Then, X reflexive <= Y reflexive.
(ii) If X is reflexive, then every closed subspace Z C X is reflexive as a Banach space with the same norm.
(iti) X is reflexive if and only if X" is reflexive.
Proof: iii) is an exercise on sheet 11.

T

i) Itsuffices to show "=", the other direction follows by exchanging X and Y. We X Y
know that T and [x have continuous inverses. We simply check the identity 3 T 3
/) —1 /
Jy =T7IxT x| X r Y |y
(straight forward by definitions). An exercise gave that T’ has a continuous 3 3
inverse, namely (T~1Y. Iterating gives T” has a continuous inverse, namely o T'=(T') v

(T~1)". Hence, J;* = TJx(T")~!. In particular Jy is surjective.

ii) X reflexive, Z C X closed subspace. To show: ] : Z — Z" is surjective. This means Vz""3z € Z : Jz(z) =
Z" forall 2’ : 2" (z') = 2/(z). We have to bring in X”. For x" € X’ we consider xfz € Z'. Namely

Ix], Iz = sup{|x'(2)| | llz] =1} < sup{|x'(x)] | [|x[| = 1} = [|"[|x

Hence Z and X have the same norm.

For z" € Z" given we define
! !
X"
x/ Z//(x|/Z)

We have x’ € X" since

12" |xn = sup{[x" ()| | [|12'[lxr = 1} = sup{|z"(x[,)[ | x| = 1}

< sup{l|z”lz7 Ix/zllz X' lx =1} < 12"z
<1

Since X is reflexive, there exists £ € X with Jx (%) = x”.
Claim1 : £ € Z. Take any x’ € X' with xiZ =0, then
& 1
Y(8) T x()() =2 () UET 2 (x]) = 0

Now assume £ ¢ Z to produce a contradiction. Choose ¥’ such that X, = 0 and choose ¥'(£) =
1 (usage of Hahn-Banach) (see literature for C-version). This contradicts the above statement for
general X’ with xiy =0.
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Claim 2: Jz(®) =Z". Take any z’ € Z'. We can extend it to x’ € X/, i.e. x" = z'. Then

V4

/
2(#) = x/(£) CET () LT 2 (x],) =1L () forall? = 2" = 7(2)

iii) as exercise. ]

Example 3.2.5 (i) Finite-dim. spaces are always reflexive.
(ii) Hilbert spaces are reflexive.
(iii) Later: £7 sequences, L (Q)) Lebesgue spaces and W*? (Q)) Sobolev spaces are reflexive for 1 < p < oo
iv) C°(Q),LY(Q),L®(Q),co, £}, £ are not reflexive

Lemma 3.2.6
If X is reflexive, then for all x' € X' there exists x € X such that ||x|| = 1 and x'(x) = ||x'||x (i.e. sup = max, there exists
a maximum).

Proof: Using the corollary of Hahn-Banach, there exists x” € X" with ||x”| x» = 1 and x”(x) = ||x’||x'. Since
X is reflexive, there exists x € X such that Jx(x) = x”. Moreover

Ixllx = Ix"llx» =1 and x'(x) = x"(x") = x| x O

Proof: (C°(Q2), L(QY), L (Q2) are not reflexive) (i) Choose X = C°(Q)), O C R? domain. Define a norm-
preserving embedding of L!(Q) in C°(Q0)'.

C°(0) - R

LYQ)s frr E {u o (o, fudx

We have |x(u)| < S U Mullpe dx < || fllz2lju]lx. To show 1% l[xr = [Ifllr we choose u, € C%(Q) with
luellco < 1and ue(x) — sign f(x) (pointwise) for ¢ — 0.

fe
¥yue) = [ fuedy 2 [ Fign(f)dr = ||f]

convergence

for example C° 3 fein L! Ue

Now take an f € L1(Q) such that f(x) = 1 for Q1 and f(x) = —1for Q_. withQ = Q. UQ_,Q; N
Q- =Q@and u(Qy) >0,u(Q-) > 0.

Claim: Yu € X = C%(Q) with ||u|| = 1 we have |x}(u)| < |Ifllzr = Jq |f(x)| dx. We have x}(u) = [ fudx
with |u(x)| <1 forall x € Q.

?

Il = ) = [ [f(0)] = F) u(x) dx Lo
+1

N~
[-]<1
= f(x)u(x) =+1 ae. inQ
= u(x) =41 ae. inQy contradicts continuity

= X =C%Q) cannot be reflexive

(ii) C°(Q) is a closed subspace of L®(Q)). Hence L®(Q)) is not reflexive.
(iii) Exercise: L® = L1(Q)’ = L!(Q) is not reflexive. Otherwise L (Q)) would be reflexive. H
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3.3 Uniformly convex Banach spaces

Definition 3.3.1
(X, || - 1) is called uniformly convex if
Ve>036>0:x,y€B1(0) and |x—y|>e = |s(x+y)|<1-0

Theorem 3.3.2 (Milman and Pattis)
Uniformly convex Banach spaces are reflexive.

Proof: (idea) (for full proof, see standard literature)
X reflexi Attainment sup = max
TELOXIVE ==y 3x : ||lx|| = 1 A ¥ (x) = |||
M&Pﬂ
X uniformly convex

Lemma 3.3.3
If X is uniformly convex Banach space, then

V' e X'Ix e X:|x||=1 and x'(x)=|x||x

Moreover, if x' # 0, then for all sequences (xn)neN with ||x,]| = 1 and x'(x,) — ||x'|| x we have x, — x, with x'(x,) =
||| x and ||x«|| = 1. In particular this x = x, is unique. (strict convexity gives uniqueness)

Proof: For x’ = 0 the result is trivial (take any x with [|x|| = 1). Consider x’ # 0 and any sequence (x,),eN

lenllx =1 x'(xn) = sup{x’(x) [ x € X, [[x]| <1} = [|x[|x

1
13 (en +2m) | > = | X (3(xen+xm)) | =1 for n,m — oo
— 0 Wh———_
€B1(0) =2l
Ve > 03ng(6(e))Vn,m > ng(d) : ||xn — xm|| < e
= (¥n)pen isaCSand x, — x«
= 1= ||xu]| = ||x«]| and x'(xy) — x'(xx) = ||x|| = Existence

Uniqueness follows since every such sequence is converging. ]

Example 3.3.4 (i) All Hilbert spaces are uniformly convex. Parallelogram identity:

I3x+ 1>+ 13 =)I* = 3P+ [yl
e2/4 <1

2
(x+y)lP<1-%

2
x4y < (- )2 =1- o)

I2
|

(ii) For p €]1,00[ all LP-space are uniformly convex. We consider L?(Q) for Q@ € R? and p > 2.
Clarkson’s estimate  f,g € LP(Q) « || f +gllp + [If = gllp < 2" (I£15 + llgllp)

In R? we have
la+b|P 4 |a —b|F < 2P71(|al? 4 |b|P) a,beR
For f,g € LP(Q) choose a = f(x) and b = g(x) and integrate the estimate over x € Q). The result is Clarkson’s

estimate. Using Clarkson’s estimate and f, g € Bf ro (0) we obtain

If+glh <2 A+ —If gl <2~ = [3(F+9)lp < (1 (5))7 =1-d()

Corollary 3.3.5 (of Thm. Milman and Pattis)
If p €]1, 0], then LP (Q)) and £, are reflexive. Moreover, setting p' = % (the dual exponent to p) we have a norm-preserving

isomorphism between LP (Q)) and LV (Q) given by
LY (Q) — LP(Q)’

Ry : o LP(Q)) - R
§ u— [ngudx
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Proof: p > 2 : LP(Q) is reflexive (by Clarkson and Milman-Pattis) and hence LP(Q)’ is also reflexive. The
mapping R as defined above is a bounded linear operator from L' (Q) into LP(Q))’. By Holder’s estimate we

have H]RHE(U’/(Q

ey ST

Claim: R is norm-preserving, i.e. Vg € L¥ (Q)) : IRp(&)lLr(y = lIgll- By Holder we know "<" We have to find a

u € LP(Q) \ {0} such that Holder’s estimate gives an equality [, gudx = [|ul|rrlgl, -

,U/

Yo / 1
u=gv" =lg|7 g P

r_ —
p (p-p p-1

_ 200151 — [ 1ol dy — lloll?’
[ ugx=[lgPlsl7 " = [ 1917 dx = gl

s v
Jullr = ’g# ‘ = llgl

We have ,
12 P
/ngdx = lIglizy = sl s = liglyy = llullzrligl

Hence ||Ry(8)[r > Rp(@) )] _ Igll;,» Since the embedding RPU’/(Q) C LP(Q)) is norm-preserving, the

= ulw
image is a closed subspace of the reflexive dual space L¥(Q))’. Hence RPL?’/ (Q) is reflexive (Thm ii)) and

thus L¥' (Q) is reflexive (Thm i).

We now show that Ry, is surjective. Assume R,LY(Q) € LP(Q). By Hahn-Banach there exists x” €

LP(Q)" such that x” # 0 and x”(R,(g)) == forall g € L¥' (). Since LP(Q)) is reflexive, there exists
f € LP(Q) such that

X = Jipy(f) and f#0
We have
0= x"(Ry(8)) = Rp(g)(f) = [ gfx

r
Now choose ¢ = f*' to obtain a contradiction.

Hence Ry, is a norm isomorphism between LY (Q)) and LP(Q))'. Hence R, gives a representation of L” (Q2)".
(Representation theorem of Riesz and Fischer.) Hence, the result is proven. ]

Corollary 3.3.6 .
For p €]1,c0[ and k € N the spaces W5 (Q0) and Wy (Q0) are reflexive.

Proof: by Exercise

3.4 The weak and the weak” topology

Again X is Banach space and X its dual. (X, || - ||) with the norm topology 7. .

Definition 3.4.1
(i) The weak topology Tw on X is defined via the system of seminorms given by

{Ix'() [ " € X'}

A sequence (xi)ren converges weakly to x, in X if for all x" € X" we have x' (x;) — x'(x4).

(ii) On the dual space X' we can define the weak topology Ty as above using {|x"(-)| | x” € X"}. Moreover, we define
weak* topology Ty to x}, if V& € X : x}.(£) — x(%)

"Xy — x" means norm convergence

"xx — x" means weak convergence

"

*
X, — X" means weak™ convergence.
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3.4 The weak and the weak* topology 3 DUAL SPACES AND WEAK TOPOLOGIES

The two seminorms systems are Hausdorff (use Hahn-Banach).
Example 3.4.2 (i) Norm convergence implies convergence in X’. Weak convergence implies weak* convergence

(ii) In a reflexive dual space X’ weak convergence and weak* convergence are the same (same topologies)

(iil) €2 = {(an)nen | La3 < o} ey = (0,...,0,1,0,...). |len —en|| = V2 for n # m That implies bounded
sequences without accumulation point in the norm topology. Claim: e, — 0 By Riesz representation we know
that all x" € £} have the form (-, b). To show: (e,, b) — 0forall b € £,.

(en,b) = by if b= (by)men y_ by < o0

m=1
forallb € /5.
(iv) X =co X' =1, X" = leo x, = (0,...,0,1,0,...) € £1. |[x} — x|, = 2if k # m. Claim: x] = 0'. To show:
Va € ¢g : x3(a) — 0'(a) = 0. We have x;(a) = ¥ dpam = ar — 0.
x'(a) =Y amby if (bw) € {1 = cp
for a € ¢( fixed and k — 0.

Claim: x; does not converge in Ty. We have to find x” € X" = / such that x”/(x}) does not converge. We
have to find (Ly,)men such that Y 1 Loy, = Ly does not converge. Take L, = (—1)" then (L) € fo and
no convergence.

(v) In the spaces LP(Q)) with p € [1,00] we have f, — gif Vh € LF'(Q) : Jo fuhdx — [, ghdx. (use R,) For a
sequence in L(Q2) we have f, = giff Vh € L7(Q) : [ fuhdx — [ ghdx.

Proposition 3.4.3
Closed convex sets in a Banach space are closed, i.e. x, € A with A closed and convex and x,, — x., then x, € A.

Example 3.4.4 X = {, and M = {a | ||al|,, = 1}, then M is closed and bounded, but not weakly closed. x, = e, =
0,...,0,1,0,...) € M. ey — 0= x, ¢ M. Thenorm || - ||, is not weakly continuous.

Proof: Assume x, ¢ A. Then, we define B = {x.}, thatis compact and BN A = @. Now, the geometric form of
the Hahn-Banach principle (separation theorem) provides « € Rand x’ € X' : x'(x,) > a > x'(a) foralla € A.
However x,, — x, implies

<a >
/ /
x'( %y ) = x'(x4) Thisis a contradiction.
N~

Lemma 3.4.5
Let X be Banach space.

(i) xp — xe = sup ||xn||x < o0
nelN

(ii) x}, > x| = sup ||} ||x < o0
nelN

Moreover

||| < liin inf || x| and ||| x < linlinf |lx),||5r. The norms are lower semi-continuous with respect to weak
—a n—eo
(weak™) convergence.
Proof:

Step 1: Consider case (ii): x/, — x, means pointwise convergence of the operator family {x/, | n € IN}. The
uniform boundedness principle of Banach-Steinhaus gives sup, . ||| < c°.

Step 2: Consider (i). We use the embedding into the bidual X". x// = Jx(xn) € X", xy — x. <= xI/ > .
Hence sup ||x), ||x» < co by Step 1. Since Jx is norm-preserving, i.e. ||x,||x = ||x} ||x», we have the result.

Step 3: x, — xx <= VX' € X' : ¥/ (xn) — ¥ (x4).
’ BERT ’ . ’
¥/ ()] = lim [¥' ()] < limin [l 1x
SEEA|

[ ()| < [l [[ e Timuin x|
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By Hahn-Banach, choose x with ||x’|| = 1 and x’(x.) = ||x«||, then the result follows. The other case
(x' = x!) works similarly. ]
Theorem 3.4.6

An equivalent and often more useful criterion for weak convergence

(@) supyen [[xul] < eo

— Xy
o {(b) 3D C X' with span D is dense in X': Vy' € D : y/(xn) — y' (x*)

Proof: "=" (a) by Lemma and (b) holds with D = X'.

"«<" Follows from the corollary of the Banach-Steinhaus theorem. Boundedness and covergence on a dense set
imply pointwise convergence on all of x'. ]

Example 3.4.7 (Applications) (i) X = L2(]0, [), uy — u, in L2(]0, 7[)

T T 7T
= sup/0 (un)?dx < oo and VkeN :/0 up (x) sin(kx) dx === A s (x) sin(kx) dx

Here D = {sin(k-) | k € IN} is a countable set such that the span is dense.
(i) X = H}(Q), Q C RY domain, v — v, in H}(Q)

< sup Qz;%—|—|Vvk|zalx<oo and V@ECS"(Q):/ka(p—}—Vvk-Vgodxk_>—°°>/v*go+Vv*-Vgodx
kelN

Hence, it suffices to show sup; ”kaHé < o0 and v — v, in L1(Q).

Theorem 3.4.8 (Banach selection principle, 1932)
If X is a separable Banach space, then every bounded sequence in X' has a weak*-convergent subsequence.

Remark (i) Abstract version of Helly’s selection principle ("one can select a converging subsequence")
(ii) Generalisation of Bolzano-Weierstrafs
(iif) Existence result: There exists an accumulation point.
(iv) This is a result on sequential weak®* compactness.

Theorem 3.4.9 (Weak™ compactness Borbaki, 1938, Alaogu 1940)
(More general but less useful version:)

For every Banach space X the closed unit ball in X' (ie. B' = {x' € X" | ||x||x» <}) is weak* (covering-)compact. (In general
(e.g. if X = L®(Q)), B is not sequentially weak*-compact.)

Proof: (of Banach’S selection principle) Choose a countable set D = {z,, | m € IN} that is dense in X (use
that X is separable). Let (x},),en be any bounded sequence in X’'. Using Cantor’s diagonalisation principle we
find a subsequence (x;, )N such that Vm € N : xj, (zm) — am. Now, the corollary of the Banach-Steinhaus

principle (using that (x}, );ei is bounded in X’) shows x}, = x... H

We want to get rid of separability and to make direct statements on the space X. For this reflexivity will be helpful.
We need the following lemma:

Lemma 3.4.10
If the Banach space X has a separable dual, then X is separable. The opposite is wrong. (1 = c{, are both separable, but
leo = U} = cy is not separable.

Proof: Let D = {x} | k € IN} be a dense set in X’. For each k € N choose z; € X : |x}(z()| > 3| x| and

llzk|]| = 1. Let Z = span{z; | k € IN}. Then, Z is closed, separable subspace of X. (since {gzx | ¢ € Q,k € N} is
dense and countable).
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Claim: Z = X, then we are finished. Assume Z C X to produce a contradiction. By Hahn-Banach (3.1.3) we find
y' € X' such thaty’|z = 0 and y' # 0. We use that y’ can be approximated by x} € D.

ly" = xillxe > 10" = xi0) (20 | =1y (z%) =2k (20| = 3l
=1 )
triangle

> syl =y =«
estimate

= [¥'llx <3lly" - xllx

By density we obtain ||y'||x» = 0 which contradicts y’ # 0. Hence the claim is true. H

Theorem 3.4.11 (Kakutani 1939, Shmulyan 140, Eberlein 1947)
A Banach space is reflexive if and only if any bounded sequence has a weakly convergent subsequence.

Useful direction: reflexivity == selection principle. "<=" is proven in classical textbooks on Linear Functional
Analysis.

Proof: (Only "=>") We start with a reflexive space X and a bounded sequence (xy)rcN. Define

Z = span{x; | k € ]N}X

then Z is a separable, closed subspace of X since {} >, qx; | ¢ € Q,k € IN} is countable and dense in Z.
(Z, || - ||x) is again a reflexive Banach space and that implies Z"” = J;(Z) is a separable reflexive Banach space.
The previous lemma gives us that ’ is separable as predual of Z"). Consider z; = Jz(x;) € Z" as bounded

sequence in Z"”. Hence (z}/)ren has a weak® convergent subsequence z;c’[ 2 2/, Define z := Jz 1(z), then
Xy, = Zin Z (use 2’ (xx) = Jz(x) (2') = 2/ (2'))-
SoVz' € Z': 2/ (x,) — 2'(Z). Weneed Vx' € X" : x’(xi,) — x'(Z). This holds since for any x” € X' the restriction
we have x'|7 € Z'. Hence

' (x) = ¥'|z(xz,) = x'[2(2) = ¥'(2) ]

Example 3.4.12

(i) X Hilbert space, LP(Q), £,, W57 (Q) (with p €]1, o)) implies selection principle. Every bounded sequence has

a weakly converging subsequence.

(ii) Nothing similar for C°([0, 1]).

(iii) For L*(Q) we can apply Banach’s selection principle, since L®(Q) = L'(Q)" and L!(Q) is separable. For
every bounded sequence in L*(Q) there exists a weakly* convergent subsequence.

cos(5)* | e

- +xx2 + 1 g arctan(n + x)

fullie =< 1 +1%

Q=R fu(x)=

Claim: 3¢ € L*(R) : f, — g. This means
vh e L'(R) : / h(x) fu(x) dx — / h(x)g(x) dx
R R
(iv) X =6 = {(@)ren | T52q lax] < o0}, ) = (0,...,0,1,0,...). (x"),cn does not have a weakly convergent
subsequence but it is bounded. Take any subsequence (x("));c and choose z’ € ] =l as follows:

(1) ifk=mn
0 else

2= (ZK)ken  z = {

Hence 2’ (x(")) = (—1)! does not converge for | — co.

However, Banach'’s selection principle applies, since X = ¢1 = ¢{, and ¢y is separable. In fact, x(m X0,

Application of these compactness results in the calculus of variations: X Banach space. I : X — R nonlinear
functional. Aim: find minimizers of I.
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4 SPECTRAL THEORY

Weierstrafl’ extremal principle

A continuous function I on a compact set M attains its minimum, i.e. 3xg € MVx € M : I(xg) < I(x)

Theorem 3.4.13 (Generalised Weierstraf§ principle)
X reflexive Banach space, I : X — R with

(i) 1is coercive, i.e. I(x,) — oo if ||xy|| — o0,
(ii) Iis weakly lower semi-continuous, i.e. xy — x, == I(xy) < limy o I(xg).
Then, there exists a minimizer x.

Proof: We define « = inf{I(x) | x € X} € RU {—oo}. We have to find xj such that I(xp) < «. Choose x; € X
such that I(x;) — a.

— sup{[|x¢|| | k € N} < oo Dby (i)
= Jconv. subsequence (xy;)ieN : Xn, — X € X

Using weak™ convergence (i.e. ii) we obtain I(xg) < liminf;_,, I(xy,) = a. ]
Corollary 3.4.14
Let X be a reflexive Banach space, I : X — R a norm-continuous, convex, and coercive. Then, I has a minimizer.

Proof: We have to show that norm-continuity and convexity imply weak lower semi-continuity (ii). For g >
a = int{I(x) | x € X} consider the sublevel

Sﬁ:{xEXH(x)Sﬁ}

I continuous implies Sg is (norm-)closed. I convex implies that Sg is a convex subset of X. Now take any
sequence x; with xx — x.. Define 7 = liminf;_,, I(x). There exists a subsequence (x,) such that x;, — x.
and I(x,) — . Fore > 03ly = lo(e)Vl > Iy : I(xy,) < v +e. Hence xi, € Sq4. Lemma on weak closeness of
convex sets implies Xy € Sy1e = I(xy) < v+e = I(x4) <y = liminfy_, o I(xy). H

4 Spectral theory

"Infinite dimensional version of eigenvalues and eigenvectors".
o Characterise the spectrum of a linear operator (= set of all eigenvalues)
e eigenvectors or generalisations
e invertibility of equations (T — Al)x = g.
Throughout the whole section, X will be a Banach spaceand T € £(X) = L(X, X).

4.1 Spectrum of an operator

e N(T) =kernel(T) = {x € X | Tx =0}
e R(T) =range(T) = {Tx | x € X}

Definition 4.1.1
Resolventset o(T) = {A € C| N(T — AI) = {0}, R(T—-AI) =X}

Resolvent equation (T — Al)x =b

Resolvent operator (T —AI)~!: X — X for A € o(T).

Spectrum of T o(T) =C\ o(T)

Pointwise spectrum 0,(T) = {A € C | N(T — AI) # {0}}, i.e. there exists an eigenvector for A, Ix # 0 : Tx = Ax
Continuous spectrum o, (T) = {A € C | N(T — AI) = {0},R(T — AI) € X,R(T — AI) = X}

Residual spectrum 0,(T) = o(T) \ (0,(T) Ucc(T)).
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4.1 Spectrum of an operator

4 SPECTRAL THEORY
Spectral radius (T) = sup{|A| | A € 0(T)}

AL e £(X).

T—Al € L(X). A € o(T) <= T — Al bijective. Hence (by Inverse Mapping Principle) the resolvent operator (T
Example 4.1.2 i

(i) X = C" or R" finite dimensions. Then T € K"*" matrix (see matrix theory)
0p(T) = set of eigenvalues (at most 1)

A& oy(T) = (T —Al)x =g uniquely solvable
Only point spectrum o(T) = 0,(T) = 0.(T) = 0;(T) =D

= A€ o(T)
(i) X = 4. Ta = (al,%az, 303, ..,%ak,. ..), T = diag(1, 5 3,...%,...). The eigenpairs (%,ek), A
¢ € 0p(T) for all k € N. Claims: 0 € 0.(T). Namely:

Ta=0 = a=0 = N(T—0I) = N(T) = {0}

R(T —0I) = R(T) ¢ Xsince Ta = (1,3,%,...) = a. € ¢, has no solution a € ¢, since Ta = a. gives gy = 1
However R(T) is dense in X since D = {(ay)

Claim: o(T) = 0(T) Uoc(T) with 0p(T) =

ken | 3N € NVk > N,a, = 0} is dense in ¢, and D C R(T)
{z# | ke N}, 0.(T) = {0}.
VA ¢ o(T) we show that (T — Al)a = b is uniquely solvable

VkENZ(%*/\)ﬂk:bk — ai

by

For A ¢ o(T) we have (2

(iii) X = C([

1
1_)

»\H
>

) € Loo. Resolvent operator a = (T — AI)~'b, [[(T = AI) 7| £(4,,6,) = SUP
—1,1]), (Tu)(x) = u(—x) the reflection with T = I

| < .
E-
Tu=Au = u=T(Tu) = T(Au) = ATu = A*u = 0,,(T) C {+1,-1}
Claim: ¢(T) = {+1,—-1} = 0,(T). u even implies Tu = u = infinte dim. eigenspace. u odd (e.g
e(x) = x*"*1) implies Tu = —u infinite dim. eigenspace again. Hence 0,,(T) D {+1, —1}. Now we calculate
the resolvent:
Resolvent equation Tu — Au =b € C°([-1,1])
Vx  u(x) —Au(—x) =b(—x)
(u(=x) = Au(x) = b(x))

uy = (T—AI)"'b

uy, = ﬁ()\b(x) —b(—x)) €CY[=1,1]) for A ¢ {—1,1}
— (T-A)"'eL(X) for A¢g{-1,1}
(iv) X =L*(] —1,1]), T € £L(X) with (Tu)(x)

(x). Note [|Tul| ;2 = (1 (xu(x))? dx)? < [Jul| 2
Tu =Au = xu(x) = Au(x) ae.in]—1,1]

(U)u(x) =0 = u=0 ae. = 0p(T)=0
#0a.e.

Resolvent equation xu(x) — Au(x) = b(x) b€ L?(]—1,1])

u(x) = ——=b(x) ae

Eigenpairs:

Takeb=1land A =0 = u(x)

_ 1
x5 eCO([-1,1],C)

a.e. which is a contradiction to u € L2(Q). Assume A € C \ |
1

—1,1]. Then
1
x—A

o dist(A, [-1,1])

| 15|/~ (Holder estimate). Claim: o(T)
remains to show R(T — AI)is densein X = L?(] — 1,1]) forall A € [-1,1]

Then A € o(T) and ||(T — AI)"Y|;2,2 <

(T —ADu(x) = (x — A)u(x)
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For A € [—1,1] we define x, € L*(] — 1,1[) such that

(x) = 0 forlx—A[<!
An )11 otherwise

Forall b € L?(Q) we have ||b — xub||,2 — 0
—0
——
/ |b—xnb|* dx — 0 by Lebesgue dominance
—————
|-|<|b|2 majorant

Moreover Vb € L2(Q) :xub € R(T — AI)

since for u,(x) = );n_(x/i b(x)
——
eL=(]-1,1))
Xn
<
X—Allpe !

we have (T — Al)u, = xnb. Hence (T — A)u, approximates b in L?(Q2)

Proposition 4.1.3

Let X be a complex Banach space and T € L(X). Then, o(T) is an open subset of C and the resolvent operator (T — AI)~!
depends analytically on A € o(T) C C. Moreover, the spectral radius r(T) = sup{|A| | A € ¢(T)} < ||T||. Hence, o(T) is
a compact subset of C.

Proof: u € o(T), |A — u| small implies that there exists a power series expansion. For y € o(T) we know
(T—ul)~t € L(X).
(T-Au=b < (T—uu+(up—MNu="»>
(T—Au=b < Iu+p—A)I—pl) tu=(T—ul)" b
Neumann series (Ex. 19)
u—Au=>b and |A| <1
= u= i Alb  unique solution
j=0

, 1
<Y A €

o .
LA
j=0

For A — | < m we have [|A[| < 1and hence u = ¥ ((A — p)(T — ul)~)/(T — u)~'b is the unique
solution, i.e. A € o(T). Estimate

-1
IR (G b -~ o
(T =AD" < A= [T = )] = Analyticity of A — (T — AI)~" and openness of o(T).

Still to be proved: o(T) C ET\:TH (0).

(T—A)u=0b where [A|>|T|

u—1Tu=—1b with [A] = ‘}7||T|| <1
N
=:A
Neumann series implies (T — AI)~! € £L(X) = A € o(T). 0

4.2 Compact operators
Definition 4.2.1

X, Y Banach spaces. An operator T € L(X,Y) is called compact , if for every bounded sequence in X its image has a (norm)
convergent subsequence in Y. We shortly write K(X,Y') for the set of compact operators.
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Remark (i) Ty, T, € K(X,Y), 1,00 € K = a1T1 + a1, € K(X,Y). Take (x)ren bounded in X and choose a
subsequence Ty xy, X y1, Taxy, X yp for I — oo. Then (a1 Ty + ocsz)xkl — K1Y1 + agl>.

(ii) Composition of "continuous" and "compact" gives "compact”. Let T € K(X,Y), R € L(X1,X), S € L(Y,Y>).
Then TR € K(X3,Y) and ST € K(X,Y;). For TR : Take a bounded sequence (i )ken in X = (RFy)ren is
bounded in X. By compactness choose subsequence %, (TR)%, = T(R%,) — y. Case ST is similarly.

Special case X =Y. K(X) C £(X). £(X) is a Banach algebra = Banach space with continuous multiplication.
T, The LX) = ' e LX) |TiTz]| <|Th||T2]] =  vector space and multiplication group

K(X) is anideal in £(X), hence VK € K(X)VT € L(X) : TK,KT € K(X).

(iii) (X, Y) is a closed subspace of the Banach space (L(X,Y), | - [[x=>y)- Tn € K(X,Y)and T, — Tin L(X,Y). To
show: T € K(X,Y). Take any bounded sequence (x)ren in X. To construct: subsequence (xi, )jen @ TXk, — Y-
(Tuxx) ke is countable number of sequences. Using Cantor’s diagonal sequence we find the sequence (x, )jen

such for all n € IN: Tj,xy, X y1 for | — oco. We estimate

HTxk,l — Txklz ||y < ||Txk]1 — Tnxkll || + ||Tnxkll — Tnxklz || +||Tnxk12 — Txklz H
=
Using sup{||x¢|| | k € N} < Cx < oo we obtain
1T, — T, [| < NT = TullCx + [ Tux, — T, I + [IT = Tal|Cx
For given & > 0 find ng(e) such that ||T — Ty ||x—yCx < § and then choose Iy = Iy(¢, ug(€)) such that VI, I, >
lp:* < 5 = (Txg,)en is a Cauchy sequence.
(iv) T € L(X,Y) is compact <= T’ € L(Y’,X’) is compact (for proof see textbooks).

(v) fdimX < coor dimY < oo then £(X,Y) = K(X,Y). For ex. if dim X < oo then Ix : X — X is compact.
For T € L(X,Y) wehave T = ToIx. In general, K(X,Y) C L(X,Y). If X = Y and dimX = oo, then
K(X) € L(X), namely Ix ¢ K(X). This will be proved below. The tool to do so is the so-called "almost
orthogonal vector".

Proposition 4.2.2
Let X be a Banach space and Y C X is a closed true subspace. Then for all 0 €)0, 1] there exists x € X \ Y with ||x|| = 1 and
dist(x,Y) > 6. (In Hilbert spaces orthogonal projections yield 6 = 1).

Proof: Choose ¥ € X\ Y, since Y is a true subspace. Then dist(%,Y) = inf{||¥ —y| | v € Y} > 0 (otherwise
e €Y | —yll — O = X = limg_ 00 Vi and Y closed = * € Y). Moreover, for our 6 €]0, 1] there exists

geyY:||x—j| < dlst FEY) Now define x = I yl\' For all y € Y we have the estimate
X—1 dist(%, Y
eyl = | = =] = g - G =gl > ) >0
1% — 7l lx—gl" S 1% —7ll
2 |:|
Corollary 4.2.3

If X is an infinite dimensional Banach space, then Ix ¢ K(X).

Proof: We construct a bounded sequence (x¢)ien such that ||xx — x,|| > 1 for k # n. Then, there does not
exists a convergent subsequence. We do this by induction: Choose x; arbitrary with ||x1]| = 1, Y1 = span{x; }.
Next choose x; with [|xp|| = 1 and dist(xp, Y1) > 3 = |[x1 — x2|| > 1. By induction x;, 1 with |[x,q]| = 1
and dist(xy,1, Yx) > § where Y; = span{xy,...,x} = |[|xg41 — xa|| > % forn = 1,..., k. We have an infinite
sequence since for all k we have X'\ Y # @. H

Example 4.2.4 (of compact operators) (i) T € K™*" = £(K",K™) = (K", K™)

(ii) Nuclear operators yx € Y,x;, € X', ¢ € Kwhere [yilly < 1, |x;]|x < 1and Y32 |cx| < . Now define
T e L(X,Y) via

Tx =Y cpxp(x)yx
k=1
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Claim: T € K(X,Y). Tyx = L&, cxx}(x)yx € K(X,Y), rank(Ty) < N since R(Ty) = span{yi,...,yn} = Yn
finite dimensional closed subspace of Y. Claim: Ty — Tin £(X,Y)

[Tn = Tllx—y = sup [ Tnx — Txlly

[lx]<1
[ee]
!
= sup kX (%) Yk
<1 ||k=N+1 v

[ee]
< sup Y el () lyxlly
[[x||<1N+1

[e)
< Y ol =0 for N—oo
k=N+1

(iii) Ex45Q C R” domain. For K € L2(Q x Q) define T : L2(Q) — L?(Q) with f — Txf and

(Tx f)(x) :/QK(x,y)f(y) dy integral operator

Integral operators occur as inverse of differential operators. For example QO = B;(0) C R® and K(x,y) =
1—|x|?

Ty 4= Tf is the unique solution of the elliptic equation —Vu = f in () and # = 0 on 0.

(iv) Compact embeddings. Often one space X is embedded into another space via the natural embedding. X =
p & P p &
Wé’p(}a, b[) = Y = C*([a, b]) (see Exam Ex. 4) with &), = 1 — % C* Holder continuous functions.

u j—
s = 1l + sup S =Y w € € (Ja,bl) < Wy (1,0
Ty
y ’ y -1
u () —u) = [ @ldy <| [ el oo
X X
-yl P

lullce < Cllul|yrp- The embedding E; : Wé’p(]a,b[) — C*([a,b]), u — u is continuous. Now consider
Ey : C*([a,b]) — C°([a,b]), u — u. Ey € K(C*([a,b]),C%a,b])). Arcela-Azcoli theorem: bounded in C*
implies equicontinuity = allows us to extract a uniformly convergent subsequence.

continuous compact o continuous
= C —

Wo (Ja, b) “"5 ¢ L1(Q)

Theorem 4.2.5 (Rellich’s compactness theorem)
The embedding of H} (Q) into L(QY) is compact, if Q) is a bounded domain in RY.

Proof: () bounded implies IR : QO C] — R, R[?=: Q. We embed H} into H}(Qr) via extension by 0. Note
C(Q) C €7 (Or)

Now take a bounded sequence (uy)ren in H}(Q). Then the extensions (il )ren C H{(Qg) are still bounded
since ||u|| HI(Q) = |7k || HI(Q)" Hence, it suffices to proof the result for Qg rather than Q.

We consider a complete ONS, namely ¢, (x) = ]—[;i:l sin(%"j(xj +R)) with n € N and ¢,(x) € H}(Qr).
(@, @) g = cndy . Our functions iy can be uniquely written in this cONS

~ P 1
il =" Y kP llpnllZ,
lpallfz =co  IIVeullz2 = (§)?Inl>co
Using ||7k|| ;n < C we find

Z |VZ|2(1+ n|?) <€ forall k

nelN9

By Cantor’s diagonal argument, we find a subsequence such that ¥n € IN : P, = piasl — oo

55



4.3 Spectral and Fredholm theory for compact operators 4 SPECTRAL THEORY

Claim: ||dy, — ux||;2 — 0 where u. = Y, -\a Hi @n. Proof:

P 1
LOET Y kg~ uiPeo(1+0)
nelN9
= Y (i, —plifPeo+
[n|<M
~————
-0 0 SCOCA<%

e, — s

1
14+ M2

Yo lui i Poo(l+ [nf?)
|n|>M

Hence the claim holds and the theorem as well. ]

The most important application is solving the elliptic problem — div(A(x)Vu) = f in Q) and u = 0 on 9Q). Here
AelL®(Q, ]Rg;l‘i) and A(x)&- & > a|¢|? (ellipticity). The Lax-Milgram Lemma shows that there is a bounded linear
operator T : L?(Q)) — H}(Q), f — u. T € L£(L*(Q), H}(Q)) solution operator, E : H}(Q2) — L?(Q)) embedding.
We define T = ET € L(L*(Q)). If Q is a bounded domain, Rellich’s compactness result yields T € K(L?(Q)).

One is interested in the eigenfunctions of the Laplace operator

—Au=Au inQ)
u=0 onodQ)

Applying T as solution operator <= u = ATu.

4.3 Spectral and Fredholm theory for compact operators

X Banach space, T € K(X), compact operator, resolvent equation (T — AI)x = f.

Proposition 4.3.1
T € K(X)and A # 0. Then N(T — AI) = {0} implies (T — AI)~' € L(X),ie. A € o(T). Hence A # 0 = either
A€ o(T)or A € 0p(T). For T € K(X) we have o(T) C op(T) U {0}.

Proof: To simplify notation, let L = T — Al

Step1 Claim: 3¢ > 0Vx € X : ||Lx|| > c||x|. Proof by contradiction. If no such ¢ > 0 exists, there exists
k—o0

(Xn)nen : ||xn]| = 1and || Lx,|| — 0. T € K(X) = Jsubseq. (x,,)3z : Tx,, — z. We have the
identity
x=1(Tx—Lx) forA #0weobtain xu = 1(Txy, —Lxy) — +(z—0) = 1z
~—

N~
—Z —0

Hence Lz = Llimy_, o (Axy, ) = Alimy_,o Lxy, = A0 = 0. Using N(L) = {0} we conclude z = 0. However
1

x| =1 = WHZH =lim ||x, || =1  Contradiction!
Thus, ¢ > 0 as desired.

Step 2 Range(L) = R(L) is closed. (Argument as in the proof of the Lax-Milgram Lemma (2.4.5)). Take a CS (y,)
in X with y, € R(L). To show y, = limy, € R(L). Step 1 shows L : X — R(L) is injective. By the inverse
mapping principle (2.2.7) L~! € £L(R(L), X). Define x, = L™'y,, i.e. Lx, = yn, then

Step 1
lxn — x| < %Han—Lme:%||yn—ym||—>0:>xn—>x* in X

Since L € £(X) we have Lx, = limLx, =limy, =y, = y. € R(L)
Step3 R(L) = X (then A € o(T)). Proof by contradiction. Assume R(L) =: X; C X. Define Xy = X and

=

Xu+1 = LX, = R(L"). We obtain a decreasing sequence of subspaces X = Xo 2 X3 2 Xp 2 ---.
Applying Step 2 to Lx, |, we obtain that all X, are closed subspaces of X, since

Lk = L‘Xk = T‘Xk — AIIXk with T‘Xk € ]C(Xk)
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Choose xg € X\ X1 = X\ R(L). Then x,, = L"x satisfies x, € X, \ Xj;4+1. Proof by contradiction:

b
xn € Xpp1 = L"x0 € Xy dzyf R(L"Y = 3yeX:L'xg=L""y = L"xy—Ly) =0

€:

Using N(L) = {0} we find xo = Ly. This contradicts xo ¢ X; = R(L). Hence, X,,11 € X, for all n € INy.
Using the result on the existence of almost-orthogonal vectors, we find

Yn € Xn \ Xpg1: |lyn]l =1 and  dist(yu, Xy41) > %
(Yn)nen is a bounded sequence. For m > n, we have

Tyn — Tym = Lyn — Lym + A(Yn — ym) = )‘(yn — [ym — %L(yn *ym)])

eXn+1

By the choice of y,,, we have

Al

ITyn = Tymll > [A| dist(yn, Xni1) = 5= >0 (for A #0)

Hence, there does not exists a convergent subsequence. Since T is compact and (v, ),en bounded, this is

a contradiction.

Hence R(L) = X. H

Theorem 4.3.2 (Spectral theorem for compact operators of Riesz-Schauder)
X Banach space, T € K(X). Then

(i) if dim(X) < oo, then o(T) = 0(T), if dim(X) = oo, then o(T) = 7,(T) U {0}
(ii) 0(T) consists of a countable number of {Ax | k = 1,... N} where N € INU {oo} such that |Ay| — 0 for k — oo if
N = oco.
It turns out, that the resolvent operators T — Al € £(X) for A # 0 have special properties, which are formulated in

terms of the Fredholm theory:

Definition 4.3.3
Let X, Y be Banach spaces. An operator T € L(X,Y) is called a Fredholm operator, if

(i) R(T) is closed in'Y
(i) dim N(T) < o0
(iii) codim(R(T)) < oo.
Then, the Fredholm index is defined via ind(T) = dim N(T) — codim(R(T)). Here
codimy (Z) :=inf{dimW | Y = W+ Z} € N,

Remark The Fredholm index is preserved under suitably small perturbations. Moreover, adding arbitrary large
compact perturbations, the index does not change.
Example 4.3.4 (i) Inlinear algebra T € £(X,Y) with dim X < co and dim Y < co.
dim X = dim N(T) 4+ dim(R(T))
codim(R(T)) = dimY — dim(R(T))
ind(T) = dim(N(T)) — codim(R(T)) = dim X — dimR{T) — (dim Y —W} =dim X —dimY
If X =Y we obtain for T € £(X) thatind(T) = 0.

(i) X =Y = ¢, with shift operator. T(ay)xen = (a2,a3,4a4,...) (Ex46). N(T) = span{e1 }, R(T) = X, dim N(T) =
1, codimR(T) =0,ind(T) = +1. A € K"™*", Ax = f.

Theorem 4.3.5 (Fredholm alternative)
Let X, Y be Banach spaces. If T € L(X,Y) is a Fredholm operator with ind(T) = 0, then

e cither N(T) = {0} and Tx = f is uniquely solvable for all f € Y or
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e N(T) D {0}, then Tx = f is solvable if and only if y' (f) = 0 for all y' € N(T"), where dim N(T’) = dim N(T).

Proof: Using ind(T) = 0, the case N(T) = {0} gives codim(R(T)) = 0, i.e. (R(T)) = Y. This gives solvability.
From N(T) = {0} we have uniqueness. If dim N(T) > 1, then codim(R(T)) > 1i.e. R(T) C Y. Hence, Tx = f
is not always solvable. For any i’ € Y’ we have

Y EN(T) «= T/ =0 — Vxe X: (T'y)(x) =0 LA vx e x: y/(Tx) = 0 "L v e R(T) - /() = 0

The relation dim N(T’) = dim N(T) follows easily since dim N(T) = codim R(T). (Use Hahn-Banach 3.1.3 to
extend functionals.) ]

Theorem 4.3.6 (Riesz-Schauder)
Let X be a Banach space, T € K(X), A # 0. Then T — Al is a Fredholm operator with ind(T — AI) = 0. This is equivalent to

ind(I-K) =0

We can always reduce to the case A = 1: A # 0, ind(AL) = ind(L), K € K(X) = 1K e K(X). T—AI=-A(I-1T).

4.4 Selfadjoint operators

Definition 4.4.1

For a Banach space X the adjoint of an operator T € L(X) satisfies T' € L(X'). For a Hilbert space H we can use the Riesz’
isomorphism (2.4.2) Jg : H — H to define a Hilbert-space adjoint in L(H). More general, for two Hilbert spaces Hy and
Hy and T € L(Hy, Hy), we define the Hilbert-space adjoint

T* € L(Hy, Hy) for T € L(Hy,Hy) via VYx € Hy,Vy € Hy: <\T/x/ y >H2 = (x, Ty g,

€H2 H2

Using Riesz isomorphism we have
= TR

Definition 4.4.2
An operator T € L(H) is called self-adjoint (symmetric) if T* = T, i.e. Vx,y € H : (Tx,y) = (x, Ty). Obviously, for
self-adjoint T we always have (Tx, x) € R for all x.

Example4.43 () H=C", TeC™", T*=TH=TT

(i) T:L%(Q,C) — L?(Q,C), u — gu with ¢ € L*(Q, C).

(Tu,v)2 = / (Tu)vdx = / QuUT dx
= / - (g0) dx = / u(T*v)dx = (u, T*v)
Q
= T'v=3v
Hence T* = Tiff g(x) € Ra.e.
(iii) Integral operator with kernel K(x,y) € L?>(Q x Q)

Lemma 4.4.4
H Hilbert space, T = T* € L(H). Then

@) o(T) C[=[ITI [Tl cRcC
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(i) Define y = sup{| (Tu,u) | | lul] = 1}, then |IT]| = .
Proof:ad (i) : For A € C we consider (T — AI)x = f. We take the scalar product (-, x)

(T=ADx,x) = (x,f)  (Tx,x) —Aﬂifll_i: {x, f)
eR SN

Taking the imaginary part yields
—(ImA)|[x|[* =Im (f, x)
i L S 1
VER = Jalf = o () < i)

for ¢ R

= ||<T_)\I>71|| < |Im)\|

Using o(T) C Bﬁ:TH(O) we can conclude o(T) C [—||T||, || T|l]-

ad (ii) It is sufficient to study the quadratic form u — (Tu, u).

erator norm

def of
v < T : | (Tw, u) | < [|Tul] fJull < |l = NIl
~~~ Op

Op.
v = IT] 1T = sup{|[Tull | [lul <1}
= sup{(Tu, v) | [[ull, [Jo] <1}
Using T* = T we have
(T, 0) = L((T(u+v), u+0) — (T( —v), 1 —v))
< 3 (vllu+ol? +yllu— o)
parallelogram ¥ 2 2
= £(2 2
T F @l +2/0l)
=F(2-1+2-1) =9y

From (Tu,v) < « forall ||u, ||v|| <1 we obtain ||T|| < - as desired. H

For compact operators, we have even better properties, namely the existence of eigenpairs:

Proposition 4.4.5
H Hilbert space, T = T* € K(H) and v = sup, | (Tu, u) |. Then, there exists an eigenpair (A, us) such that Tu, =
At ) =1, ho] = 7.

The "sup” is a "max”, attained for the maximal eigenvalue.

Proof: If v = 0, then T = 0, then for every u € H we have the eigenpair (0,u). Now assume v > 0. Choose
(un)nen with (Tuy, u,) — Ay € {—7,7}. Since T is compact,

Jdsubseq. (un, )ken3z € H: Tuy, =z =y, — Uy
We want to show Tu, = z. We show Tu,, — Tu,. In fact
Vx € H: (Tup, x) = (un, T*x) = (s, T*x) = (Tuy, x)
Using Tu,, — z we conclude u. = z and hence Tu,, — Tu. = z.

A

b tructi

y construction <Tunk, unk> . <Tu*/ u*>

Hence, Ay = (Tuy, u,) attainment. We only know ||x,|| < liminfy_,o ||ty || = 1. Let p = ||u4]|, then p € [0,1].

We have p > 0 since A, # 0. Take iI = % then ||7|| = 1 and
_ 1t

(T )| = 5] (Tus ) | = 5 < = 02
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In fact, u, is an eigenvector. W.l.o.g. A, = +79 > 0. Then Vu € H : (Tu,u) < A.||ul|>. Now insert u = u, + ev
(see Calculus of Variations.)

((T —As)(us +ev,us +ev) <0 forall ¢v

O (T — M)t ) +€8 (T — Ay, ) + €2 (T — Ay)v,0) <0 forall e
—_—

= ((T—Ay)uy,0) =0 forall v
= (T—A«) =0 = u, eigenvector

L

Theorem 4.4.6 (Spectral theorem for compact self-adjoint operators)
H Hilbert space, T = T* € K(X). Then, there exists an at most countable ONS {e; | j = 1,...,N} with N € N U {oo} and
a sequence (A;)j=1,.. N such that

(i) Aje Rand A — 0if N = oo
(i) Tu = Zjli 1 Aj (u,ej) e; (spectral representation by eigenvectors)
(iii) If N(T) = {0}, then the ONS is complete.

Lemma 4.4.7
T=T"¢e€ L(H).IfY C Hwith TY C Y (invariant subspace), then its orthogonal complement

Yt={xeH|VyecY:(xy) =0}
is also invariant, i.e. TY* C Y. Hence for Y ® Y, we have T = Ty @ Ty... (Proof is straight forward).
Proof: (of spectral theorem) Inductive construction of eigenvectors:
Yo =|Tll, Ho=H

The proposition yields an eigenvector (A1, e1) with [A1| = 7o, |[e1]]| = 1, Tey = Aqe.

Y, = span{e;} and H;=Y{ in Hy
Hence Ty = T|y,| € K(H;) and Ty = T} Then

11 = sup{| (T, u) [[lu] = 1,u € Hi}

Aslong as 7, > 0 we can construct a new eigenpair (Ax1,ex41) and proceed.

If N < oo, then the remaining operator Ty 1 on span{ey, ..., eN}L is trivial and the spectral representation in
(i) holds. If N = oo, we have to prove A; — 0. Assume |A;| > ¢ > 0 to produce a contradiction via compactness.
(¢j)jen is a bounded sequence and Te; = Aje; by construction.

[ Ten — Tew|| = |[Anen — Aew|| "2 A2 4 A2, > 2¢2
Pythagoras

Hence there is no convergent subsequence which is a contradiction to T € K(X). This proves (i).

To prove (iii), we define Y = span{e; | j =1,...,N}. We have to show Y+ = {0}. TY C Y by construction
which implies (by the lemma) TY* C Y. By construction y(Y*) = 0, since every u € H with | (Tu,u)| > 0
would have been included into Y.

assumption

= Ty =0 = Y C N(T)

{0} []
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Main application:

Completeness of the eigenfunctions of the Laplace operator.

—Au=Au in Q u#0
u= on 90

(A, u) is called an eigenpair of the (Dirichlet-)Laplace operator.

We define the solution operator u = Tf for the Laplace operator via the weak form
Vo € HY(Q) : /QVu -Vodx = /vadx

%

By Lax-Milgram Lemma (2.4.5) T € £(L*(Q)), H}(Q2)). By Rellich’s theorem (4.2.5) the embedding E : H}(Q2)
= {0}

L*(Q), u ~— u is compact (for bounded Q). Hence T = ET € K(L*(Q)). Claim: T = T* and N(T)
Self-adjointness (Tf,g) = (f,Tg). Letu = Tf and v = Tg, then

Lax-Mil.
T y -\ / Vo -Vu dx
< f’g> < fg> u test function J Q) Y
symmetric

v test function
weion | fox = (£,9) = (£, Tg)

Lax-Mil.

Kernel N(T) Tf =0 = 0(Tf,f) = [ |Vu[?dx = u = 0by the boundary conditions.

Inverse operators for (elliptic) partial differential operators are typically compact (if (2 bounded). Hence, the spectral
theory applies.
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p-almost-everywhere, 14
u-zeroset, 14
o-algebra, 13

adjoint mapping, 42
adjoint operator

Hilber-space, 58
angle, 9

Baire’s theorem, 28

Banach algebra, 25

Banach fixed-point theorem, 6
Banach selection principle, 49
Banach spaces, 3

Bessel’s estimate, 10

bidual, 43

Borel sets, 13

bounded, 25

bounded linear operator, 25

Cauchy sequence, 2, 23
Cauchy-Schwarz estimate, 6
chain, 40
Clarkson’s estimate, 46
classical solution, 37
closed, 4
graph, 30
Closed graph theorem, 30
codim, 57
coercive, 51
coercivity, 36
complete, 3
completion, 4
continuous, 25
contraction mapping theorem, 6

Delta-distribution, 18
derivative, 18
Dirac-distribution, 18
distribution, 18

dual space, 35, 40

essential supremum, 17
evaluation mapping, 43
extension, 41

Fredholm index, 57
Fredholm operator, 57

Gram-Schmidt algorithm, 12
graph, 30

Hahn-Banach, 41
Hausdorff, 22
Hilbert basis, 9
Hilbert space, 7

inner product, 6
integrable, 14
Inverse Mapping Theorem, 29

kernel, 51

Lax-Milgram Lemma, 36
Lebesgue measure, 14
Legendre polynomials, 12
limit, 3

linear bounded, 25

maximal element, 40
measurable function, 13
measurable space, 13
measure, 14

measure space, 14
metrizable, 24

norm, 2
norm-isomorphic, 12
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open, 4, 28

operator, 28
open mapping theorem, 29
operator

compact, 53

nuclear, 54

self-adjoint, 58
operator norm, 25
orthogonal, 9
orthogonal complement, 60
orthogonal system, 9
orthonormal basis, 9
orthonormal system, 9

parallelogram identity, 9
Parseval’s identity, 10
partially ordered set, 40
Poincaré inequality, 39
pre-Hilbert-space, 7
projection, 31
orthogonal, 33

radius, 52

range, 32, 51

reflexive, 44

resolvent equation, 51

resolvent operator, 51

resolvent set, 51

Riesz Representation Theorem, 35

scalar product, 6
Schwartz functions, 27
self-adjoint operator, 58
seminorm, 2

separable, 12

Sobolev space, 20
spectrum, 51

strong solution, 37
support, 8

Theorem of Banach-Steinhaus, 30
topological dual, 40



INDEX

INDEX

topological vector space, 22
topology, 22
weak, 47

Uniform Boundedness Principle, 30
uniformly convex, 46
upper bound, 40

Vitali covering, 17

weak convergence, 47
weak solution, 37

Zorn’s Lemma, 40

63



	Introduction
	 Linear spaces
	Banach spaces
	Hilbert spaces
	Fourier series
	Wavelets

	The Spaces Lp
	Elements of Measure Theory
	Convergence Theorems
	The Spaces Lp
	Properties of Lp

	Sobolev spaces
	Topological vector spaces


	Linear operators
	Continuous linear operators
	The (four) principles of functional analysis
	Projections
	The Riesz Representation Theorem
	Elliptic partial differential equations

	Dual spaces and weak topologies
	Hahn-Banach theorem
	Reflexivity and the bidual 
	Uniformly convex Banach spaces
	The weak and the weak* topology
	Weierstraß' extremal principle


	Spectral theory
	Spectrum of an operator
	Compact operators
	Spectral and Fredholm theory for compact operators
	Selfadjoint operators
	Main application:


	Index

