THE GENERIC GREEN-LAZARSFELD SECANT CONJECTURE

GAVRIL FARKAS AND MICHAEL KEMENY

ABSTRACT. Using lattice theory on special K 3 surfaces, calculations on moduli stacks of pointed
curves and Voisin’s proof of Green’s Conjecture on syzygies of canonical curves, we prove the
Prym-Green Conjecture on the naturality of the resolution of a general Prym-canonical curve
of odd genus, as well as (many cases of) the Green-Lazarsfeld Secant Conjecture on syzygies of
non-special line bundles on general curves.

1. INTRODUCTION

For a smooth curve C of genus g and a very ample line bundle L € Pic?(C), the Koszul
cohomology groups K 4(C, L) of p-th syzygies of weight ¢ of the embedded curve ¢, : C — P"
are obtained from a minimal free resolution of the graded S := Sym H°(C, L)-module

T'o(L) = @ HO(C, L),
n>0

The graded Betti diagram of (C, L) is the table obtained by placing in the pth column and gth
row the graded Betti number b,, := dim K, ,(C,L). The resolution is said to be natural if
at most one Betti number along each diagonal is non-zero, which amounts to the statement
bp2 - bpr11 = 0, for all p. In two landmark papers, Voisin has shown that the resolution of a
general canonical curve of each genus is natural, see [V1], [V2].

We now fix a Prym curve of genus g, that is, a pair [C, ], where C' is a smooth curve of genus
g and n # O¢ is a 2-torsion point, n%? = O¢. Prym curves of genus g form an irreducible moduli
space R, whose birational geometry is discussed in [FL] and [FV]. It has been conjectured in
[CEFS] that the resolution of a general Prym-canonical curve

¢KC®77 C— ].)g_2

is natural. As explained in [CEFS], this statement, which came to be known as the Prym-Green
Conjecture, reduces to one single vanishing statement in even genus, namely

Kg—3,2 (Ca KC ® 77) = 07
and to the following two vanishing statements in odd genus:

(1) Ky, (C.Kc®n) =0 and Koz ,(C Kc®n)=0.

The even genus case of the Prym-Green Conjecture is divisorial in moduli, that is, the locus
Z

g =
vector bundles of the same rank over R4. The conjecture has been verified computationally in
[CEFS] for all g < 18, with the exceptions of g = 8,16. The Prym-Green Conjecture is expected
to fail for genera g = 2", with n > 3, for reasons which are mysterious. We prove the following;:

[C,n] € Ry : K%,&Q (C, Ke® 77) #* 0} is the degeneracy locus of a morphism between

Theorem 1.1. The Prym-Green Conjecture holds for a general Prym curve of odd genus.

In particular, via Theorem 1.1, we completely determine the shape of the resolution of a gen-
eral Prym-canonical curve C' C P972 of odd genus g = 2i + 5. Precisely, if S := Clx, . .. , Tg—2],
then the Prym-canonical ideal I C S has the following resolution:
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04— Ic +— S(=2)"1 — oo — (=)t — §(—i — 1)t @ §(—i — 2)P2 —
— S(—i— 32— o §(—2i — 4)brizz

where

p(2i—2p+1) (2i4+4 p+1)(2p—2i+1) (2i+4 ,
A i for p > i.
2i+3 p+1 2i+3 p+2
In particular, the resolution is natural but fails to be pure, precisely in the middle. In this
sense, the resolution of a general Prym-canonical curve of odd genus has the same shape as that
of a general canonical curve of even genus [V1].

bp1 = > for p <4, and bp2 =

The proof of Theorem 1.1 is by specialization to Nikulin surfaces. A Nikulin surface [FV],
[vGS] is a K3 surface X equipped with a double cover f : X — X branched along eight disjoint
rational curves Ni,...,Ng. In particular, the sum of the exceptional curves is even, that is,
there exists a class ¢ € Pic(X) such that ¢®? = Ox(Ny +---+ Ng). If C C X is a smooth curve
of genus ¢ disjoint from the curves Ny, ..., Ng, then the restriction ec € Pic?(C) is a non-trivial
point of order two, that is, [C, ec] € Ry.

Theorem 1.2. Let X be a general Nikulin surface endowed with a curve C C X of odd genus
g > 11, such that C - Nj =0, for j =1,...,8. Then

Ko, (C,Kc®ec) =0 and K%_?Q(C, Ko ®ec) =0.

In particular, the Prym-Green Conjecture holds generically on R.

The techniques developed for the Prym-Green Conjecture, in particular the use of K3 surfaces,
we then use to study more generally syzygies of non-special line bundles on curves. In their
influential paper [GL1], Green and Lazarsfeld, building on Green’s Conjecture [G] on syzygies of
canonical curves, proposed the Secant Conjecture, predicting that the shape of the resolution of
a line bundle of sufficiently high degree is determined by its higher order ampleness properties:
Precisely, if L is a globally generated degree d line bundle on a curve C of genus g such that

2) d>2g+p+1—2nYC, L) - Cliff(C),

then L fails property (NN,) if and only if L is not (p+1)-very ample, that is, the map ¢, : C — P”
induced by the linear series |L| embeds C with a (p + 2)-secant p-plane. The case h*(C, L) # 0
of the Secant Conjecture easily reduces to the ordinary Green’s Conjecture, that is, to the case
L = K¢, see [KS]. If L carries a (p + 2)-secant p-plane, it is straightforward to see [GL1] that
K,2(C,L) # 0, hence the Secant Conjecture concerns the converse implication. The Secant
Conjecture is a refinement of Green’s result [G], asserting that every line bundle L € Pic?(C)
with d > 2g + p + 1 satisfies property (Np). Thus to study the Secant Conjecture for general
curves, it suffices to consider the case of non-special line bundles L € Pic?(C), when d < 29+ p.
Our first result answers completely this question in the case when both C and L are general:

Theorem 1.3. The Green-Lazarsfeld Secant Conjecture holds for a general curve C of genus g
and a general line bundle L of degree d on C.

For an integer d < 2g + p and a non-special line bundle L € Pic?(C), we consider the variety

VZRL) == {D € Cpa : h(C, L(=D)) > d — g — p}

of (p + 2)-secants p-planes to C' in the embedding ¢, : C' — P?9. The line bundles possessing
such a secant are those lying in a translate difference variety in the Jacobian, precisely

(3) VE(L) #0 < L—Kc € Cpro — Cagaip-
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For a general curve C, a general line bundle L € Pic?(C) verifies Vppﬁl(L) = () if and only if

(4) d>g+2p+3.

In particular, the Secant Conjecture (and Theorems 1.3 and 1.7) are vacuous if inequality (4) is
not fulfilled. Of particular importance is the divisorial case of the Secant Conjecture, when the

variety {[C’, L) e ’,Bicg 1 Kpo(C,L) # O} is the degeneration locus of a morphism between vector

bundles of the same rank over the universal degree d universal Jacobian Y.Bic”gl. This divisorial
case can be recognized by requiring that both inequalities (2) and (4) be equalities. We find

g=2i+1, d=2g=4i+2, p=i—1.
In this case, we establish the Secant Conjecture in its strongest form, that is, for all C' and L:

Theorem 1.4. The Secant Conjecture holds for every smooth curve C' of odd genus g and every
line bundle L € Pic?9(C), that is, one has the equivalence

—1
Ky ,(CL)#0 & (311ﬂ-’((1)<9T or L—Kg€Cpa —Cys.
2 2

2

In the extremal case of the Secant Conjecture in even genus, that is, when deg(L) = 2¢g + 1,
we prove the expected statement for general curves and arbitrary line bundles on them:

Theorem 1.5. The Secant Conjecture holds for a Brill-Noether—Petri general curve C' of even
genus and every line bundle L € Pic?9"1(C), that is,

Theorem 1.5 is proved in Section 6, by regarding this case as a limit of the divisorial situation,
occurring for odd genus. The strategy for proving Theorem 1.4 is to interpret the G-L Secant
Conjecture as an equality of divisors on the moduli space Mg 2, of 2g-pointed smooth curves
of genus g via the global Abel-Jacobi map Mo, — ‘Bicgg. For ¢ = 2i 4+ 1, denoting by
T Mgag — M, the morphism forgetting the marked points, we consider the Hurwitz divisor
Mg = {[C] € My : Wl (C) # 0} of curves with non-maximal Clifford index and its
pull-back $Hur := 7~ (./\/l;Z +1)- We introduce two further divisors on My .. Firstly, the locus
described by the condition that the embedding o ()4 tas,) : € = P9 have extra syzygies

6‘)3 = {[Cvxla oo ,Q?Qg] € Mg,?g : Ki*lz (C’ OC’(-Tl ot :EZQ)) # 0}

Theorem 1.3 implies that K;_1 2(C, L) = 0 for a general line bundle L of degree 2¢ on a general
curve C, that is, ©pj is indeed a divisor on the moduli space. Secondly, we consider the locus of
pointed curves such that the image of ¢ (z;+...4a,,) has an (i + 1)-secant (i — 1)-plane, that is,

Gec := {[C,l‘l, ce ,fL‘Qg] € Mg,gg : Oc(l‘l + - +$29) € Ko+ Ciy1 — Cifl}.

Obviously Gec is a divisor on My o, and using [GL1], we know that the difference Gnz — Sec
is effective. For any curve C with maximal Clifford index, the cycles K¢ + Cijy1 — C;—1 and
{L € Pic*(C) : K;_12(C, L) # 0} have the same class in H*(Pic*?(C), Q). It follows that

Gy; = Sec + 77 (D),

where D is an effective divisor on M. Via calculations in the Picard group of the moduli space
My 24, we shall establish the equality of divisors ® = ./\/l;ﬂ- +1, and thus prove the G-L Secant
Conjecture in the case d = 2¢g. An essential role is played by the following calculation:
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Theorem 1.6. The class of the divisor &93 on Mg a4 is given by the formula:

. 2g
1/ 2 , , 1
COE (Z 2 1) (~6i+ 22+ i+ 1) Jz_:l 0) € CH (My2).
Here M is the Hodge class on Mg o4, whereas v, ..., 194 are the cotangent classes correspond-

ing to marked points. The divisor class [Sec] has been computed in [Fa] Theorem 4.2:

1/ 2 18i2 + 107 — 2 . 29 .
[GRC] = 2*2 (2 B 1) (*22—_1>\ + (3Z + 1) ;¢J> cCH (Mg,QQ)'

Comparing these expressions to the class of the Hurwitz divisor, famously computed in [HM],

[f)ut]zl( 21 ><6(i—|—2))\_ i+15m—~--) c CH'(M,),

2i\e—1 21 -1 2i—1
we obtain the following equality of divisors at the level of Mg 94:
(5) [Gh3] = [Gec] + i - [Hur] € CH (M, 24).
For a curve C with ClLiff(C') < i, it is easy to show that dim K;_12(C, L) > i (see Proposition
2.6), which implies that the divisor 7*(®D) —i- Hur is still effective on M, 24. On the other hand,
(0 —i- M;,Hl]) = 0; since the map 7* : Pic(My) — Pic(Mg2,) is known to be injective,
and on M, there can exist no non-trivial effective divisor whose class is zero (see for instance

[?, Lemma 1.1]), we conclude that ® =i - M;,Hl-

When (2) becomes an equality and C' is general, we give an answer which is more precise than
the one provided in Theorem 1.3, as to which line bundles have unexpected syzygies.

Theorem 1.7. Let C be a curve of genus g which is Brill-Noether—Petri general. For p > 0,
we set

d=2g+p+1—CIlff(C).
If L € Pic%(C) is a non-special line bundle such that the secant variety %g:pp__34(2KC — L) has
the expected dimension d — g — 2p — 4, then K,2(C,L) = 0.

The condition that dim VI P _4(2KC — L) be larger than expected can be translated into a

g—p—3
condition on translates of divisorial difference varieties, and Theorem 1.7 can be restated:
(6) If KP,Q(C, L) #0, then L — Ko+ Cd_g_zp_g C Od—g—p—l - 029_d+p.

Clearly, if L € Pic?(C) fails to be (p+ 1)-very ample, that is, L — K¢ € Cpy2 — Corg—dyp, then
L also satisfies condition (6). We show in Section 2, that for a general curve C, the locus

V(C) = {L € Pic¥(C) : dim VI 2Ke — L) >d—g—2p — 4}

is a subvariety of Pic?(C) of dimension 2g + 2p — d + 2.

We describe our proof of Theorem 1.3, starting with the case of odd genus g = 2i 4 1.
Comparing the inequalities (2) and (4), we distinguish two cases. If p > i — 1, Theorem 1.3
can be easily reduced to the case d = 2p + 2i + 4. Observe that in this case, the secant locus
K¢+ Cpya — Cgg_qyp is a divisor inside Pic?(C). We use K3 surfaces with Picard number two:

Theorem 1.8. We fiz positive integers p and ¢ > 1 with p > i—1, p > 1 and a general K3
surface X with Pic(X) =Z-C®Z- H, where

C?=4i+2, H*=4p+4, C-H=2p+2i +4.

Then K;2(C,Hc) =0 for j < p. In particular, the G-L Secant Congjecture holds for general line
bundles of degree 2p + 2i+ 4 on C.
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The proof of Theorem 1.8 relies on Green’s [G] exact sequence
o= Kpo(X,H) — Kpo(C He) = Kp13(X,0x(=C),H) — -+,

where the Koszul cohomology group whose vanishing has to be established is the one in the
middle. We look at the cohomology groups on the extremes. For a smooth curve D € |H|, via
the Lefschetz hyperplane principle [G], we write the isomorphism K, 2(X, H) = K, (D, Kp).
Recall that Green’s Conjecture [G] predicts the equivalence

K,2(D,Kp) =0 p < ClLff(C).

Green’s Conjecture holds for curves on arbitrary K3 surfaces [V1] [V2], [AF1]. We show by
a Brill-Noether argument in the style of [Lal] that Cliff(D) = p + 1, hence K, 2(D,Kp) = 0.
Furthermore, we establish the isomorphism

Kp—13(X,0x(=C),H) 2 K,_13(D,0p(-C),Kp)

(see Proposition 2.3). This latter group is zero if and only if

(7) H! (D, /P\ Mg, ® Kg2(—CD)) =0,

where My, is the kernel bundle of the evaluation map H°(Kp) ® Op — Kp. We produce a
particular K3 surface with Picard number three, on which both curves C' and D specialize to
hyperelliptic curves such that the condition (7) is satisfied.
The other possibility, namely when p < ¢ — 1, can be reduced to the case when p =i —1, that
is, d = 2g. As already pointed out, this is the only divisorial case of the G-L Secant Conjecture.
When the genus g is even, we show in Section 4 the following result:

Theorem 1.9. Let g = 2i > 4 be even. Let C be a general curve of genus 2i and let L be a
general line bundle on C of degree 2p + 2i + 3, where p+ 1 > 4. Then

Kj2(C,L) =0 for j <p.

This is achieved via proving Theorem 4.8. We specialize C to a curve lying on K3 surface X
such that Pic(X) = Z-C®Z- H, where this time C? = 4i—2, H? = 4i+4 and C-H = 2p+2i+3.
As in the odd genus case, the vanishing in question is established for the line bundle L = H.
The lattice theory required to show that Ko (X, H) = 0 for j < p in the even genus case is more
involved that for odd genus, but apart from this, the two cases proceed along similar lines.

We close the Introduction by discussing the connection between the Prym-Green and the

Secant Conjecture respectively. First, observe that in odd genus g = 2¢ + 5, Prym-canonical
line bundles fall within the range in which inequality (2) holds. In particular, the vanishing
Ki 12(C,Kc ®n) = 0 is predicted by Theorem 1.7. Overall however, the Prym-Green Con-
jecture lies beyond the range covered by the Secant Conjecture. For instance, we have seen
that K 2(C, Kc ®n) # 0, despite the fact that a general Prym-canonical line bundle K¢ ® 7 is
(i + 1)-very ample (equivalently, n ¢ Ci12 — Cit2, see [CEFS, Theorem CJ).
Structure of the paper: Section 2 contains generalities on syzygies on curves and K 3 surfaces,
as well as considerations on difference varieties that enable us to reduce the number of cases in
the Secant Conjecture. Sections 3 and 4 are lattice-theoretic in nature and present the proofs
via K3 surfaces of the G-L Secant Conjecture in its various degree of precision (Theorems 1.3
and 1.8 respectively). Section 5 is concerned with syzygies of Nikulin surfaces and the proof of
the Prym-Green Conjecture. Finally, in Section 6, we carry out calculations on the space M, 2,4
needed to complete the proof of the divisorial case of the Secant Conjecture (Theorem 1.4).

Acknowledgment: We are grateful to M. Aprodu, D. Eisenbud, J. Harris, R. Lazarsfeld, F.-O.
Schreyer, and especially to C. Voisin for many useful discussions related to this circle of ideas.
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2. GENERALITIES ON SYZYGIES OF CURVES

In this section we gather some general results on syzygies of curves which will be of use. We
fix a globally generated line bundle L and a sheaf F on a projective variety X. We then form
the graded S := Sym H°(X, L)-module

Tx(F,L):= P H"(X,F L)
qEZ

Following [G], we denote by K, ,(X,F, L) the space of p-th syzygies of weight ¢ of the module
I'x(F,L). Often F = Oy, in which case we denote K, ,(X,L) := K, 4(X,Ox,L). Geometri-
cally, one studies Koszul cohomology groups via kernel bundles. Consider the vector bundle

My, :=Ker{H(X,L)® Ox — L},

where the above map is evaluation. We quote the following description from [La2]:

p+1 p
Kpo(X,F,L) ~ coker{ N H (X, L) o HOX,Fo L") - O X, A\M, ® F® Lq)}

p+l p+1
~ ker{Hl(X, ANM e FoLi™l)» \ H(X,L)® H(X,F® Lq—l)}
In particular, for a non-special line bundle L, we have the equivalence, cf. [GL3, Lemma 1.10]:
p+1

Kpo(X,L) =0 H' <X, A Mo L) —0.

Using the above description of Koszul cohomology, it follows that the difference of Betti
numbers on any diagonal of the Betti diagram of a non-special line bundle L on a curve C is an
Euler characteristic of a vector bundle on C, hence constant. Precisely,

. . B d—g\/d+1—g d
® i Kpa(C D) - dim K, 0) = 1) (1 9) (P52 - ).

The following fact is well-known and essentially trivial:

Proposition 2.1. Let C' be a smooth curve and L a globally generated line bundle on C with
hY(C,L) =0 and K,2(C,L) = 0. Ifz € C is a point such that L(—z) is globally generated, then
Kp15(C, L(~z)) = 0.

Proof. Follows via the above description of Koszul cohomology, by using the exact sequence

p p p—1
0 AMp_py®L— AMy@L— \ My, @ L(—z) — 0.

O

2.1. Syzygies of K3 surfaces. The following result, while simple, is essential in the proof of
Theorem 1.3, for it allows us to ultimately reduce the vanishing required in the G-L Secant
Conjecture to a vanishing of the type appearing in a slightly different context in the statement
of the Minimal Resolution Conjecture of [FMP].

Lemma 2.2. Let X be a K3 surface, and let L and H be line bundles with H effective and base
point free. Assume (H - L) >0 and H'(X,qH — L) = 0 for ¢ > 0. Then for each smooth curve
D € |H|, we have that K, (X,—L,H) ~ K, ,(D,—Lp, Kp) for all p and q.
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Proof. The proof proceeds along the lines of [G, Theorem 3.b.7]. By the assumptions, we have
a short exact sequence of Sym H°(X, H)-modules

0> EPH (X, (¢-1)H - L) > @ H(X,qH - L) - P H*(D,qKp — Lp) — 0,
q€EZ q€Z q€Z

where the first map is multiplication by the section s € HY(X, H) defining D. Let B denoted
the graded Sym HY(X, H)-module D,z H 9D,qKp — Lp), and write its associated Koszul

cohomology groups as K, ,(B, H°(X, H)). The above short exact sequence induces a long exact
sequence at the level of Koszul cohomology

(9)
oo 5 Kpy1(X,~L,H) = K (X, ~L,H) = K, (B, H*(X,H)) = Kp_1,4,(X,~L,H) —
The maps K, q—1(X,—L,H) = K, 4(X,—L, H) are induced by multiplication by s, and hence
are zero, see also [G, 1.6.11]. Choose a splitting
HY(X,H)~C{s} ®» H°(D,Kp).
This induces isomorphism
p p—1
» 0 \NHY(X H)~ \ H(D,Kp) @/\HO D,Kp).
The Koszul cohomology of the module B is computed by the cohomology of the complex A,
D p+1
- N\H(D,Kp)® H'(D,(¢ - 1)Kp — Lp) @ N\ H*(D,Kp) © H(D, (¢ — 1)Kp — Lp) —
p—1
A\ H(D,Kp) ® H(D,qKp — Lp) @/\HU (D,Kp)® H(D,qKp — Lp) —
where the maps being equal to (—dp¢—1,dp+1,4—1), with
p+1 P
dpi14-1: \ H(D,EKp)®@ H(D, (¢ - )Kp — Lp) - \ H*(D,Kp) ® H(D,qKp — Lp)

and its shift d, ;1 being Koszul differentials (note that we have used that s vanishes along D).
Thus we have
K, 4(B,H*(X,H))~ K, ,D,~Lp,Kp)® Ky 14D,—Lp,Kp)
and hence via the sequence (9), we obtain
Kp,q(Xa —L, H) D Kp—l,q(Xa —L, H) = Kp,q(D’ —Lp, KD) D Kp—l,q(Da —Lp, KD)'

For p = 0, this becomes Ko 4(X,—L,H) ~ Ky 4(D,—Lp, Kp). The claim follows by induction
on p. ]

Now let, X be a K3 surface, and let L, H € Pic(X) and D € |H| be as in the hypotheses of
the lemma above. Assume further that H%(X, H — L) = 0, and let C' € |L| be a smooth, integral
curve. Following [G, Theorem 3.b.1], we have a long exact sequence

= Kp7q(X,H) — Kp7q(C, Hc) — Kp—l,q+1(X, —L, H) ~ Kp_1’q+1(D, —Lp, KD) —
Thus we have:

Proposition 2.3. In the above situation, assume Ky (X,H) = Kp—14+1(D,—Lp,Kp) = 0.
Then K, 4(C,Hc) = 0.

We will also make use of the following result of Mayer’s [M, Proposition 8].

Proposition 2.4. Let X be a K3 surface and let L € Pic(X) be a big and nef line bundle.
Assume there is no smooth elliptic curve F with (F - L) = 1. Then L is base point free.
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We now turn our attention to the Green-Lazarsfeld Secant Conjecture [GL1]. We fix a general
curve C of genus g and an integer d > 2g + 1 — Cliff(C). Using [ACGH, p. 222], we observe that
a general line bundle L € Picd(C) is projectively normal, that is, the multiplication maps

Sym"H(C, L) — H°(C, L®™)

are surjective for all n. Since obviously also H!(C, L) = 0, via [GL3, Lemma 1.10], we conclude
that ¢, : C — P49 verifies property (N,) for some integer p > 0 with d > 2g+p + 1 — Cliff(C),
(that is, K;2(C, L) = 0 for all j < p), if and only if one single vanishing K, »(C, L) = 0 holds.

Proposition 2.1 is used to reduce the proof of Theorem 1.3 to the following cases:

Proposition 2.5. Let C' be a general curve of genus g. In order to conclude that the G-L Secant
Conjecture holds for C and for general line bundles on C in each degree, it suffices to exhibit a
non-special line bundle L € Pic?(C) such that K,(C,L) =0, in each of the following cases:
(1) g=2i4+1,d=2p+2i+4 and p>i—1
(2) g=2i,d=2p+2i+3 and p>i—1.

Proof. As C'is general, ClLiff(C) = L%j We explain the case ¢ = 27 + 1, the remaining even
genus case being similar. In the case p > i — 1, the two inequalities (2) and (4), that is,

d>29g+p+1-Cliff(C) and d>g+2p+3
respectively, reduce to the single inequality
d>2p+2i+4.

If d is even, we write d = 2q + 2i + 4, where ¢ > p. By assumption, we can find a line bundle
L € Pic!(C) with K,2(C,L) = 0. We may assume L to be projectively normal and then, as
explained, it follows that K,2(C,L) = 0. If d is odd, we write d = 2¢ + 2i + 5, where again
q > p. By assumption, there exists a line bundle L' € Pic®™(C) with K,41(C, L) = 0. We set
L := L'(—x), where x € C' is a general point. By Proposition 2.1, we find that K,2(C, L) = 0,
hence K, 2(C, L) =0 as well.

In the range p < i — 1, the inequalities (2) and (4) reduce to the inequality
d>3i+p+3(=29+p+1-—Clff(0)).

If d < 4i + 2, we apply the assumption in degree 4i + 2 to find a line bundle L’ € Pic**+2(C)
such that K;_12(C,L") = 0. We then choose a general effective divisor D € Cy;y9_4 and set
L :=L'(-D) e Picd(C). Via Proposition 2.1, we conclude that Kg_3;_32(C,L) = 0, hence
K,2(C,L) = 0, as well. If, on the other hand d > 4i + 2, then for even degree, we write
d = 2q+ 2¢ + 4, where ¢ > i — 1 and then apply the assumption as in the previous case. The
case when d is odd is analogous. (|

Especially significant in our study is the divisorial case of the G-L Secant Conjecture:
g=2i+1,d=4i+2, p=i— 1.

Using (8), note that in this case dim K;_; 2(C, L) = dim K;(C, L). For a pair [C,L] € micgg,
we consider the embedding ¢, : C < P9 and denote by I(L) the graded ideal of ¢1(C). The
next observation, to be used in the proof of Theorem 1.7 provides a lower bound for the number
of syzygies of L, when the curve C has Clifford index less than maximal.

Proposition 2.6. Let C be a smooth curve of genus g = 2i + 1 having gonality at most i + 1
and L a line bundle of degree 29 on C. Then dim K;;(C,L) > i.
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Proof. Tt suffices to prove the statement for a general (i + 1)-gonal curve [C] € M3, 411 We
fix such a C, then denote by A € Wil_H(C) a pencil of minimal degree and by ¢4 : C — P!

the associated covering. Let L € Pic?9(C) a suitably general line bundle such that ¢7(C) is
projectively normal, h°(C,L ® AV) =i+ 1 and the multiplication map

RA LAY * HO(CaA) ® HO(CaL ® Av) - HO(Ca L)

is an isomorphism. The vector bundle E := (¢4)«(L) induces an (i + 1)-dimensional scroll
X = P(E) — PH(C,L)" of degree i + 1 containing ¢1(C). The equations of X inside
P21 are obtained by taking the (2 x 2)-minors of the matrix describing the map p4 rgav, see
[Sch]. Precisely, if {01, 02} is a basis of H?(C, A) and {71,..., 7411} is a basis of H'(C,L ® AY)
respectively, then X is cut out by the quadrics

q = (o171¢) - (02Tit1) — (01Ti41) - (0270) € K11(C, L),

where ¢ = 1,...,i. Recall that there is an isomorphism

i—1 i—2
Kis(C,L) 2 Kio1p(I(L), HY(C, L)) := Ker{ \ H*(C,L) & Io(L) ~ [\ H(C, L) @ I5(L) }.

By direct computation, for £ =1, ..., 7, we write down the following syzygies:
7 1—1
Yo i = 2(027'1) VANAN (O'/Q?]) VANV (027‘,‘) & qe € /\ HO(C, L)® IQ(L)
=1

Since the quadrics ¢i, . .., ¢; are independent in K ; (C, L), we find that dim K;;(C,L) >i. O

2.2. Syzygies and translates of difference varieties. For a curve C' and a,b > 0, let
C, — Cy, C Pic®b(C)

be the difference variety, consisting of line bundles of the form O¢(D, — Ey), where D, and Ej
are effective divisors on C' having degrees a and b respectively. A result of [FMP] provides an
identification of the divisorial difference variety, valid for each smooth curve of genus g:

(10) Cg_j_l — Cj = @/\j Qo

The right-hand-side here denotes the theta divisor of the vector bundle Q¢ := MIV(C7 that is,

J
CIRPIE {,g € Picd¥1(C) : hO(C, \ Qe ® €) = 1}.
We fix non-negative integers j < g —1 and a < g — j — 1 and introduce the cycle
V(C) = {L € Picd %=1 (C) L+ Cy € Cy_jy — Cj}.
Obviously Cy—j—_q—1 — C; C V(C). For hyperelliptic curves, one has set-theoretic equality:

Proposition 2.7. Let C' be a smooth hyperelliptic curve of genus g and fix integers j < g —1
and a < g — j — 1. The following equivalence holds for a line bundle L € Picd=2/=21(C):

L+C, C Cg,j,1 — Cj < L e Cg,j,a,l — Cj.

Proof. Via (10), the hypothesis L + C, C Cy_j_1 — C; can be reformulated cohomologically:

J
ho (C7 /\ Mgk, ® Kc(—L — Da)> > 1, for every effective divisor D, € C,.
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If C' is hyperelliptic and A € W4 (C) denotes the hyperelliptic pencil, then the kernel bundle splits
Mg, = (AY)®9~Y and the previous condition translates into h°(C, A=~V @(~L-D,)) > 1.
Since a linear series on a curve can have only finitely many base points, we obtain that

R(C(g—1—7§)A—L)>a+1.

On C any complete linear series g7 with d < 2¢g — 2 is of the form A®"(y; + -+ + yg_2r),
with y1,...,y4—2r € C. It follows that there exists a divisor £ = x1 + -+ + x4_,—1 such that
L= A®(9_j_“_1)(—E). Denoting by zj, € C' the hyperelliptic conjugate of ¢, we obtain

L= 00(3?/1 + -+ x;_l_a_j — Xg—q—j — a;g_a_l) S Cg—j—a—l — Cj.

A consequence of the above is that for a general curve C, we have an equality of cycles
V(C) = (Cyjar = C5) + V'(C),

where V'(C) is a residual cycle of dimension at most g—a—1. Contrary to our initial expectation,
which was later tempered by Claire Voisin, the residual cycle V/(C') can in general be non-empty
and have dimension much smaller than g — a — 1, as the following example shows:

Proposition 2.8. Let C' be a general curve of genus g = 2i and A € W@'1+1(C) a pencil of
minimal degree. We set L := K¢ — 2A € Pic®* 4(C). Then L + C C Cy;_o — C, but however
L §7_£ Cgi_g - C.

Proof. For a point z € C, let p1 +-- -+ p; € C; be the divisor such that x + 23:1 p; € |A|. Since
hO(C, Ko ® AV) = i, there exists an effective divisor D € Cy;_o with D + Z;;ll p; € [Kc® AY|.
It follows, that

L(x) = (KC & Av) & Av(x) = Oc(D +p1+--- —I—pz;l) & Av(l’) = Oc(D —pi) € (Cy_o—C.

On the other, we claim that L ¢ Cy_3 — C. Else, there exists a point y € C such that
HY(C, L(y)) # 0. Via the Base Point Free Pencil Trick, this is equivalent to saying that the
multiplication map HY(C, A) ® HY(C,Kc ® AV(y)) — HY(C,Kc(y)) is not injective. Since
Y (C,Kc ® AY(y)) = h%(C, Ko ® AY), this implies that the Petri map associated to the pencil
A is not injective, a contradiction. ([l

Remark 2.9. The structure of the residual cycle V/(C') remains mysterious. One case that is
understood via the exercises in [ACGH, p.276 | is that when C'is a general curve of genus 4 and
a=j=1 Then V(C) = (C - C) + {F(Kc — 24)}, where A € W4(C), that is, V'(C) is a
0-dimensional cycle.

3. THE GENERIC GREEN—LAZARSFELD SECANT CONJECTURE FOR CURVES OF ODD GENUS

In this section we prove Theorem 1.8. We begin by recalling a few basic facts. Let h be an
even lattice of rank p+1 < 10 and signature (1, p). The moduli space of h-polarized K3 surfaces
exists as a quasi-projective algebraic variety, is nonempty, and has at most two components
both of dimension 19 — p, which locally on the period domain are interchanged by complex
conjugation, [Dol]. Complex conjugation here means that a complex surface X with complex
structure J is sent to (X, —J).

We fix integers g = 20 +1 with ¢ > 1 and p > 7 —1, p > 1. Let ©,4, be the rank two lattice
with ordered basis {H,n} and intersection form:

dp+4 2p— 2
2p — 24 —4
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We let L denote the class H — 7. Notice that (H - L) = 2p + 2i + 4 and (L)? = 4i. We denote
by ©g, the rank three lattice with ordered basis { H,n, E'} and intersection form
dp+4 2p—2¢ 2
2p — 2i -4 0
2 0 0

Obviously ©,4, can be primitively embedded in égp. By the surjectivity of the period mapping,
there exist smooth K3 surfaces Z, and Z, respectively with Picard lattices isomorphic to O,
and O, respectively, and such that H is big and nef.

Lemma 3.1. Let a, 3 € ©,,. Then (o - B) is even and («)? is divisible by four.

Proof. The first claim is clear, as all entries in the above rank three matrix are even. For the
second claim, write a = aH + by + cFE for a,b, ¢ € Z and compute

(a)? = 4a*(p + 1) — 4b* + 4ab(p — i) + 4ac.
O

Corollary 3.2. Let Z, respectively Zg be K3 surfaces with Picard lattices isomorphic to O

respectively (:)g,p. Suppose a divisor « in ©4 ) respectively (:)gp is effective. Then (a)? > 0 and
« s base point free and nef.

Proof. Suppose a divisor a in O, resp. (:)gp is effective. Since there are no (—2) classes in O,
or in O, necessarily (a)> > 0 and « is nef. Since there do not exist classes F with (F)? = 0,
(F - a) =1, the class « is base point free by Proposition 2.4. O

Our next task is to study the Brill-Noether theory of curves in the linear system |H|.

Lemma 3.3. There exists a K3 surface Z, with Pic(Z,) ~ O4, and H big and nef. For a
general such K3 surface, a general curve D € |H| is Brill-Noether—Petri general, in particular
Cliff(D) =p+ 1.

Proof. We have an obvious primitive embedding 0,4, — (:)gp. Note that on Zg, any class of
the form aH + by € Pic(Z,) with a < 0 is not effective, as it has negative intersection with F.
Let Z; be a general O ,-polarized K3 surface which deforms to Zg; i.e. a general element in
an least one of the components of O, ,-polarized K3 surfaces. It suffices to establish that the
hyperplane class admits no decomposition H = A; 4+ A, for divisors Ay, As with hO(Zg, A;) > 2,
for i = 1,2. Indeed, this follows from the proof of [Lal, Lemma 1.3]. For precise details, we
refer to [K, Lemma 5.2]).

Suppose we have such a decomposition on a general surface Z;. Then the A; would deform
to effective divisors on Zg, so we could write A; = a;H + byn for a;,b; € Z, with a; > 0 and
a1 + az = 1. Without loss of generality, we may assume that a; = 0, so (A1)? = —4b%. From
Corollary 3.2, this forces by = 0, so hO(Zg, A1) = 1, which is a contradiction. If Zg is the complex
conjugate of Z, with the induced ©,,-polarization, then the claim above clearly also holds for
the image of H in Pic(Z). O

Corollary 3.4. Let Z, be a general ©g4-polarized K3 surface. Then K;1(Zg, H) =0 for j < p.

Proof. From the above lemma, Cliff(D) = p+ 1 for D € |H| general. Thus the result follows
from [AF1, Thm. 1.3]. O

Whereas for a general O )-polarized K3 surface, general smooth curves D € |H| and C € |L]
respectively, are Brill-Noether general, this is no longer the case for (:)g,p—polarized K3 surfaces,
when both D and C become hyperelliptic.
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Lemma 3.5. Let Zg be a general @g,p—polam’zed K3 surface. Then

J
H1<D7/\MKD ®KD®77D) =0
for 7 < p and for a general curve D € |H|.
Proof. As D is hyperelliptic, we have the following splitting
J
N Mic, = 0p(=jB)*(")
and Kp = 2(p+1)Ep, see [FMP, Prop. 3.5]. We need to show H' (D, np((2p+2—j)Ep)) = 0.
Since ((2p+2—4)E+n)* = —4, we have h%(Z,, (2p+2—§)E+n) = h*(Zy, (2p+2—5)E+n) =0
and thus h'(Zy, (2p +2 — j)E +n) = 0, using Corollary 3.2. Lastly, we compute
(@p+2-J)E+n—H)?=4(i+j)—8p -8 <4(i—p) -8 < —4
and therefore h?(Z,,(2p +2 — j)E +n — H) = 0. Thus H(D,np((2p + 2 — 4)Ep)) = 0 as
required. ]

As an immediate corollary we have:

Corollary 3.6. There is a nonempty open subset of the moduli space of Og4,-polarized K3
surfaces such that K;_13(D,np — Kp,Kp) =0 for all j <p and D € |H|.

We may now conclude this section by establishing the G-L Secant Conjecture for general line
bundle on general curves of odd genus.

Proof of Theorem 1.8. We retain the notation. We have established that there exists a
K3 surface Z, with Picard lattice ©4, such that H is big and nef, K;(Z4,H) = 0 and
K;_13(D,~Lp,Kp) = 0 for j < p for each smooth curve D € |H|. We have h°%(Z,,n) =
h'(Z4,m) =0, h'(Z,, L) = 0. For ¢ > 2 we compute
(qH —L)* = (¢—1)’(4p+4) +4(g—D)(p—1i) — 4
>(q—1)((g—1)4p+4)—4)—4 >4p—4.

Since p > 1, HY(Z,,qH — L) = 0 for ¢ > 2, using Corollary 3.2 (in the case p = 1, use that
gH — L is primitive). Thus Proposition 2.3 applies, and for each smooth curve C' € |L| we have
K;2(C,He) = 0 for j < p. Note finally that h°(C, He) = h%(Z,, H) = 2p + 4, that is, H¢ is
non-special. ]

4. THE GENERIC GREEN-LAZARSFELD SECANT CONJECTURE FOR CURVES OF EVEN GENUS

Suppose g = 2i for i > 2 and p > i —1. Let 5, be the following rank two lattice with ordered
basis { H,n} and intersection form

Ap+4  2p—2i+1
2 — %+ 1 4 ‘
We set L = H — 7 and note that (H - L) = 2p + 2i + 3 and (L)? = 29 — 2. We let Z,,, be the
rank three lattice of signature (1,2) having ordered basis { H,7n, '} and intersection form
Ap+4  2p—2i+1 2
2 — 2% +1 4 0
2 0 0
Obviously Z,, can be primitively embedded in égyp. By the Torelli theorem [Dol], there exist

smooth K3 surfaces Z; respectively Zg with Picard lattices isomorphic to =, respectively é%p,
and such that H is big and nef.
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Lemma 4.1. Let Zg be a K3 surface with Picard lattice given by ég,p and such that H s big
and nef. Then E and H are effective and base point free.

Proof. Both E and H are effective since they have positive intersection with H. We claim that
E is base point free. As (E)? = 0, it suffices to prove that E is nef, [H, Prop. 2.3.10]. Let
R = aH + bE + cn be the class of a smooth rational curve, for a,b,c € Z, and assume for a
contradiction that (R - E) < 0, that is, a < 0. Then (R — aH)? = (bE + cn)? = —4¢? < 0. On
the other hand (R — aH)? = —2 + a?(4p +4) — 2a(R - H) > 0, since a < 0 and H is nef. We
have reached a contradiction, thus F is nef.

To conclude that H is base point free, since H is big and nef, it suffices to show that there
is no smooth elliptic curve F' with (H - F') = 1 (cf. Proposition 2.4). Suppose such an F' exists
and write F' = aH + bE + ¢n. Since F is the class of an integral elliptic curve, E is nef and
20 = (F - E) > 0. We have —4¢? = (F — aH)? = a(—2 + a(4p + 4)), which is only possible if
a=c=0and so FF=bE. Since (bE - H) = 2b, this is a contradiction. O

Lemma 4.2. Let Zg be a K3 surface with Pic(Zg) = égp, such that H is big and nef. Then no
class of the form aFE —+ bn, for b # 0, can be effective.

Proof. Suppose aFE + by is effective, where b # 0. Since (aE + bn)? = —4b?, there must be an
integral component R of aE + bn with (R - aF + bn) < 0. Since R is integral and not nef, we
must have (R)? = —2. Since (aF +bn- E) = 0 and F is nef, we have (R - E) = 0 and thus R is
of the form xE + yn for x,y € Z. But then (R)? = —4y? # —2, which is a contradiction. O

Lemma 4.3. Let Zg be as above. Then any class A := H+cn with ¢ € Z and satisfying (A)? >0
is nef.

Proof. Suppose by contradiction that A is not nef. As (A)? >0 and (A-E) =2 > 0, the class A
is effective. Thus there exists an integral base component R of A with (R)? = —2 and (R-A) < 0.
Write R = o H +yFE + zn for x,y,z € Z; as (R)? = —2, we obtain x # 0. Since A — R is effective
(R is a base component of A), intersecting with E gives x =1 and A — R = —yE + (¢ — 2)n.
From Lemma 4.2 we have ¢ = z and then y < 0. If y = 0, then we would have R = A which
contradicts that (A)2 >0, s0 y < 0. But now R = H +cn+yE = A+ yFE, so we write

—2=(R)?*=(R-A)+y(E-R)=(R-A)+2y < -3,
for (R-A) <0 and y < 0. This is a contradiction. O
Corollary 4.4. Let Zg be as above, and set L = H —n. Then Hl(Zg,qH —L)=0 forq>0.

Proof. For ¢ = 0, note that (L)? = 2g —2 > 0, so L is big and nef by the previous lemma and
Hl(Zg, —L) = 0. For ¢ = 1, note that ()?> = —4 and that neither 5 nor —n are effective by
Lemma 4.2. Thus Hl(Zg, n) = 0. For the remaining cases, it suffices to show 2H — L = H + 7
is big and nef, since H is big and nef. We have (H + )% = 4p +2(2(p — i) + 1) > 0. O

We have seen that the line bundle L is big and nef. We now show that it is base point free.
Lemma 4.5. For 2g as above, the class L = H — 1 is base point free.

Proof. As L is big and nef, it suffices to show that there is no smooth elliptic curve F with
(L - F) = 1. Suppose such an F were to exist, and write F' = aH + bE + cn. As (F)? =0, we
obtain that a # 0. As (F'- E) > 0, we find a > 0. We calculate

—4(c+a)?=(F—a(H-n))?=0d*29—2) — 2a = a(a(2g — 2) — 2).
As a >0 and 2g —4 > 0, this is a contradiction. O
Lemma 4.6. For 29 as above, the class B := H — (2p + 2 — j)E — n is not effective for j < p.
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Proof. We calculate (B)? = 4(i + j) — 8p — 10 < —6. If B is effective, then there exists a base
component R of B with (R- B) < 0 and (R)? = —2. Write R = aH + bE + cn for a,b,c € Z.
Since R is effective, (R- E) > 0, so a > 0. We have a # 0 because (R)? = —2. Since B — R is
effective, (B — R - E) > 0 which forces @ = 1. Then B— R=—-2p+2—-j+bE — (1+ ).
Applying Lemma 4.2, we see ¢ = —1, and we have 2p+2 —j+b <0, s0o b < —p — 2. But then
R = H + bE — 7 and one calculates

(R\?=4(b+i)—2<4(i—p—2)—2< -6,
which is a contradiction. ([l
Corollary 4.7. Let Zg be as above and let D € |H| be an integral, smooth curve. Then
Hl(D,/\jMKD(KD +77D)> =0 forj <p.
Proof. Essentially identical to that of Lemma 3.5. ]

Theorem 4.8. Let Zg be as above and Z, be a generic Z,,-polarized K3 surface, which is

deformation equivalent to Zg. Let C € |L| be a smooth, integral curve, where L = H — 1. Then
K;2(C,He) =0 for j <p.

Proof. On the surface Z;, we choose a general divisor D' € |H|. By semicontinuity and Corollary
4.7, we have H' <D’, N Mg, (Kp +77)) =0, for j < p. Thus K;_y3(Zy, —L, H) = 0 for j < p.

We further have hl(Zg, gH — L) = 0 for ¢ > 0 from Corollary 4.4 and semicontinuity, as well
as h%(Zy, H — L) = 0 from Lemma 4.2. Thus Proposition 2.3 applies, and it suffices to show
K;2(Z4,H) =0 for j < p. For this it suffices to show Cliff(D’) > p+ 1 by [AF1, Thm. 1.3]. To
establish this, it suffices in turn to show there is no decomposition H = A; 4+ As for divisors A4;
on Z, with h%(Z,, A;) > 2 for i = 1,2.

Suppose H = Ay + As is such a decomposition and write A; = a;H + b;n for a;,b; € Z, when
i = 1,2. By semicontinuity, A; must deform to effective divisors on Zg, and then intersecting
with E shows that a; > 0 for ¢ = 1,2. Since a; + as = 1, we have either a1 = 0 or as = 0. We
assume a1 = 0, so A} = b;n is effective. By semicontinuity and Lemma 4.2, we see b; = 0, so A;
is trivial and the claim holds. O

We thus derive the main result of this section:

Theorem 4.9. Let C be a general curve of genus g = 2i > 4 and He € Pic(C) be a general line
bundle of degree 2p + 2i + 3, where p+ 1 > 4. Then

K;2(C,Hg) =0 for j <p.

Proof. This follows from the above by setting Ho := H|c. Note that we have RY(C, Hp) =
ho(Zy, H) = 2p + 4 (as h°(Zy4,n) = h*(Z4,n) = 0 by deforming to Zg), which is the expected
number of sections for a line bundle of degree 2p + 2i + 3. U

5. THE PRYM—GREEN CONJECTURE FOR CURVES OF ODD GENUS

In this section we prove the odd genus case of the Prym-Green Conjecture formulated in
[CEFS]. We start by recalling a few things about polarized Nikulin surfaces.

The Nikulin lattice M is the even lattice of rank 8 generated by elements N, ..., Ng and
¢ = %25:1 Nj;, where sz = —2for j=1,...,8 and (N;- N;) = 0 for £ # j. For an integer
g > 2, following [GS, Definition 2.1] and [FV, Definition 1.2], we define a Nikulin surface of the
first kind to be a K3 surface X together with a primitive embedding Z - L & 91 < Pic(X) such
that L is a big and nef class with (L)% = 2g — 2.

Such surfaces can be realised as the desingularisation of the quotient of a smooth K3 surface
by a symplectic involution, see [GS, Remark p. 9] (note however that not all such quotients are
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Nikulin surfaces of the first kind when ¢ is odd). By definition, a Nikulin surface X contains
an even set of eight disjoint smooth rational curves Ny, ..., Ng which generate 1 over %Z (but
not over Z). Nikulin surfaces of the first kind form an irreducible 11-dimensional moduli space
]-";n. We refer to [Dol] and [vGS] for the construction of .7-"3t via period domains and to [FV] for
a description of its birational geometry for small genus.

A general element [X,Z - L &N < Pic(X)] € ]_-gt corresponds to a surface having Picard
lattice equal to Ay :=Z- L& MN. Set H = L — ¢ € Pic(X), where 2¢ = Ny + ...+ Ng. For a
smooth curve C' € |L|, since e%Q = 0, the pair [C,e¢] is an element of the Prym moduli space
R4 and

¢, : C — P92
is a Prym-canonical curve of genus g.

Suppose now that g = 2i + 3 is an odd genus. The Prym-Green Conjecture (1) predicts that
KM(C, Hc) =0 and Ki_gg(c, Hc) =0.
This is equivalent to determining the shape of the resolution the Prym-canonical curve ¢ g, (C).

Lemma 5.1. Let g = 2i+3 fori > 2. There exists a Nikulin surface X, with Pic(Xy) ~ Ay such
that L is base point free, H is very ample and the general smooth curve D € |H| is Brill-Noether
general.

Proof. Consider a general Nikulin surface X of the first kind and let 7 : X, — Y be the map
which contracts all the exceptional curves N;. The base point freeness of L is a consequence
of [GS, Proposition 3.1]. Since g > 6, from [GS, Lemma 3.1] we obtain that H = L — ¢ is
very ample. The fact that a general smooth curve D € |H| is Brill-Noether general relies once
more on showing that there is no decomposition H = A; + A, for divisors A; on X, with
hO(Xg, A;) > 2, for i = 1,2. Suppose there is such a decomposition and write A; = a; L + bym,
where a;,b; € Z and m; € N, for i = 1,2. By intersecting with the nef class L, we have that
a; > 0 for ¢ = 1,2. Since a1 + as = 1, we may assume a; = 0 and ag = 1; thus A; € N is
orthogonal to L. This implies that 7w(A;) is a finite sum of points (as m(L) is ample and in fact
generates Pic(Y)). This in turn forces A; to be a sum of the disjoint (—2) curves Ni,..., N,
so that h0(X,, A1) = 1. O

Corollary 5.2. Let Xy and H be as above. Then K;1(Xy, H) = K;—22(Xy,H) = 0.

Proof. Let D € |H| be a general divisor, hence g(D) = 2i + 1. From the previous lemma,
Cliff(D) = 4. Thus the result follows from [AF1, Theorem 1.3]. O

Lemma 5.3. Assume g > 11 is odd and let X4 be a general Nikulin surface with Picard lattice
Agy. Then HY(Xy4,qH — L) =0 for ¢ > 0 and H°(X,, H — L) = 0.

Proof. As already pointed out, H is very ample for g > 6. From [GS, Proposition 3.5], the class
2H — L is big and base point free for g > 10; thus H'(X,,¢H — L) = 0 for ¢ > 2. Furthermore,
H(X, H—L)=HYX,, H— L) =0 from [FV, Lemma 1.3] and H'(X,, L) = 0 since L is big
and nef. O

From the above results and Proposition 2.3, to establish the Prym-Green Conjecture for a
general curve C € |L|, it suffices to show that for a smooth curve D € |H]|

Ki_LQ(D, —LD, KD) = 0 and Ki_373(D, —LD, KD) = 0.

Observe that both these statements would follow from the Minimal Resolution Conjecture
[FMP], provided Lp € Pic(D) was a general line bundle in its respective Jacobian, which is
of course not the case. However, one can try to follow the proof of [FMP, Lemma 3.3] and
specialize to hyperelliptic curves while still retaining the embedding of the Prym curve C in a
Nikulin surface. We carry this approach out below.
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Let ¥, be the rank two lattice with ordered basis {L, E'} and with intersection form

20—2 2
2 0/
Consider the lattice T, ® 91, where 91 is the Nikulin lattice. This rank 10 lattice is even, of
signature (1,9); thus by a result of Nikulin and the Torelli theorem [Dol], there exists a K3
surface X, with Picard lattice isomorphic to T @ . After applying Picard-Lefschetz reflections

and replacing L with —L if necessary, we may assume L is nef. Since we have a primitive
embedding Ay — T, ® N, we conclude that X, is a Nikulin surface of the first kind.

Lemma 5.4. Let X be as above with g > 11. Then H =L —¢ € Plc( g) is big and nef.

Proof. As (H)? > 0, we need to show that H is nef. The class H is effective, as (H - L) > 0.
Suppose for a contradiction that there exists a (—2) curve I with (' - H) < 0. We may write

8
T'=aL+bE+Y ¢Nj,
j=1
for a,b € Z and ¢ € %Z for j = 1,...,8. Since (N; - H) = 1 for all j, we have I' # Nj, so
that (N; -I') > 0 and hence ¢; < 0 for all j. Set k := (I'- L) = a(2g — 2) + 2b; since L is
big and nef, £ > 0. From (I' - H) < 0 we have k < Z§:1 |cj| and thus k? < 82 1 J, by the
Cauchy—Schwarz inequality. Further, since (I')? = —2, we find that (aL +bE)? = 2 ijl =2,
and then the Hodge index theorem implies (L)*(aL 4 bE)* < (L - (aL + bE))2 or equivalently
(29—2)(2 ZJ 1 ] 2) < k?. Putting these two inequalities together, we obtain Z] 1 c] <4 = 3,
and so Z 1(2¢)? < 4, for g > 11.

Since 2c] 6 Z, there are two cases. In the first case, ¢, = —1 for some ¢ and c¢; = 0 for j # /.
From k < Z?Zl |cj|, we then have k = 0 and further (aL + bE)? = 0. Putting these together
gives 2ab = 0 and thus ¢ = 0 or b = 0. Using again that k = (L (aL + bE)) = 0, we must have
a=0b=0soI = —Ny, which contradicts the effectiveness of I'. In the second case |c;| < %
for all j, and there are at most four values of j such that c¢; # 0. But since 91 is generated by

Ni,...,Ng and e with 2¢ = Ny + ... 4+ Ng, the only such elements in T, & 91 must have ¢; = 0
for all j. But this implies £ < 0 which is a contradiction. g

Lemma 5.5. Let Xg and H be as above, with g > 11. Then H is base point free.

Proof. From Proposition 2.4 and the previous lemma, it suffices to show that there is no smooth
elliptic curve F with (F'- H) = 1. Suppose such an F' exists and write F' = aL+bE + Z§:1 c;N;
for a,b € Z and ¢; € %Z for j =1,...,8. We have ¢; < 0 since (F'- N;) > 0.

Set k:= (F-L)= a(2g 2)—|—2b >0. Since 1 = (F'-H), we find k = 1+ |ci|+---+|cs|. Note
that (aL +bE)2 =238 i1 J The Hodge Index Theorem applied to L and aL + bE gives

(2 — 2)(228:%2) < k2= (1 +28: |cj|)2.
A P

One has (1+ 35 [ai)? < 1435 20| + 8352 < 141235, ¢?, using the fact that
2¢j € Z. Combining this with the above inequality, we write (4(g —-1) - 12) Z] 1 ? <1 and
hence 2?21(2@)2 =0for g > 6. Thus ¢; =0 for all j and k = 1. But k = a(2g — 2) + 2b is

even, which is a contradiction. ]

We now show that the F is the class of an irreducible, smooth elliptic curve.
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Lemma 5.6. Let Xg and H be as above with g > 11. Then E is the class of an irreducible,
smooth elliptic curve.

Proof. As E is primitive with (E)? = 0, it suffices to show that E is nef, [H, Proposition 2.3.10].
The class E is effective as (E)? = 0 and (E - L) > 0. If E is not nef, then there exists a smooth
rational curve R with (R - E) < 0. Obv10usly, R must be a component of the base locus of
|E|. Write R = aL + bE + Z?Zl ¢jN;, for a,b € Z, ¢; € 1Z. From (R - E) < 0, we have
a < 0. Since L is nef, (R - L) > 0 which gives b > —a(g — 1). Further, £ — R is effective, so
(L-(E—R)) >0, giving b < 1—a(g—1). So either b= —a(g—1), or b=1—a(g—1). In either
case, (R-L) =2(a(g —1)+0b) < 2. The Hodge Index Theorem applied to L and aL + bE yields

2g—2( Zc —2) (R-L)? < 4.

Thus E?Zl(ch)Q <4 for g > 6, as 2c; € Z for all j. Since N is generated by Ny, ..., Ng, and e,

the integers 2c¢; all have the same parity for j = 1,...,8, and so there are only two possibilities,
namely ¢; = 0, for all j, or there is an index ¢ with ¢, = —1 and ¢; = 0, for j # ¢ (intersecting
with Nj, shows that ¢; < 0 for all j as in the previous lemmas). In the case ¢; = ... =cg =0,

we have either R = a(L —(g—1)E) or R =aL+(1—a(g—1))E. Then (R)? = —2 leads to either
a®(g — 1) = 1 which is obviously impossible, or 1 = a(a(g — 1) — 2), which is also not possible
for ¢ < 0. In the case that there exists ¢ with ¢, = 1 and ¢; = 0, for j # ¢, we have either
R=a(L—-(9—1)E)— Njor R=aL+ (1 —a(g—1))E — N;. Then (R)* = —2 leads to either
a’(g—1) =0 or 2a(2 — ( — 1)) =0, either of which forces a = 0, contradicting a < 0. O

As a consequence of the above, we see that any smooth curve D € |H]| is hyperelliptic, with
Op(FE) defining a pencil gi. The next two technical lemmas will be needed later.

Lemma 5.7. Let Xg and H be as above with g > 11 odd. Then L — %E is base point free.

Proof. We have (L — %EV =0and L-(L— gT_lE) =g—1>0,s0 L — %E is effective and
it suffices to show that it is nef. Suppose by contradiction that there is a smooth rational curve
R with R- (L — %E) < 0 and write R = aL +bE + Z?:l c;N; as above. By intersecting with
Nj, we see that ¢; < 0 for j = 1,...,8. Next, since R is a component of L — %E, the class
L— %E — R must be effective, and intersecting it with the nef class E gives a < 1. Further,
R-(L- g—glE) <0yet (R-L)>0,s0 (R-E) >0 and thus a = 1. Intersecting the effective class
L — %51 E — R with the nef class L now yields b < —251. Hence (L + bE)? = 2g — 2+ 4b < 0.
From (R)? = —2 we deduce (L + bE)? = 22] 1 cj - 2 Thus Z?ZI(QCJ-)Q < 4. Using that, as
in the previous lemma 2c¢; € Z have the same parity, we distinguish two possibilities: either all
c; = 0, or else, there exists ¢ with ¢, = —1 and ¢; # 0 for j # /.

In the former case, R = L+ bE, with b < —%, and (R)? = —2 gives —2 = 2(g — 1) +4b. As
g is odd, 2(g — 1) + 4b is divisible by 4, a contradiction. In the latter case R = L 4+ bE — Ny and
(R)? = —2 implies —2 = 2(g — 1) +4b— 2, which produces b = —2-1. But then (L — 4 E)-R =
(L— %E) (L — %E — Ny) = 0, contradicting the assumptions. O

Lemma 5.8. Let Xg and H be as above with g > 11 odd. Then the class cE — ¢ € Pic(Xg) is
not effective for any c € Z.

Proof. By intersecting with L, we see that cF — ¢ is not effective if ¢ < 0. Suppose there exists
an integer ¢ > 0 such that cFE — ¢ is effective and we choose ¢ minimal with this property. Since
(cE — ¢)? = —4, there is an integral component R of cE — ¢ with (R -cE — ¢) < 0. Necessarily,
(R)? = —2. Write R = aL + bE + 2521 ¢jNj, as above. We have (N -cE —¢) =1, so R # N;
and (R - N;) > 0, implying ¢; <0, for j = 1,...,8. Intersecting R with the nef class E yields
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a > 0. Since R is a component of cE' — ¢, we have that cE — ¢ — R is an effective class which we
intersect with E, forcing a = 0. From (R)? = —2, we have 238’:1 c? = 1. As the integers 2¢; all
have the same parity, the only possibility is that there exists £ with ¢, = —1 and ¢; = 0 for j # /.
Then R = bE — Ny, and intersecting with L shows b > 0. We have b > 0, for — Ny is not effective.
But then cE —e¢— R = (c—b)E — e+ Ny is effective. Since Ny- ((c—b)E —e+ Ny) = —1 <0, we
necessarily have that N, is a component of (¢ — b)E — ¢ + Ny, so that (¢ — b)E — ¢ is effective.
This contradicts the minimality of c. O

We are now in a position to show that for the hyperelliptic Nikulin surface Xg constructed
before, the vanishing statements (1) hold.
Corollary 5.9. Let Xg and H be as above with g = 2i +3 > 11 and D € |H| be smooth and
irreducible. Then HO (D, N My, @ K2 ®L})> — 0 and H (D, N2 My, ®K§2®L1V)) —0.

Proof. For the first vanishing, we need to show that H° (D, /\Z‘_1 Mg, ® Kp ® e%) =0. As in
[FMP, Prop. 3.5], the kernel bundle M, splits into a direct sum of line bundles and we have

®(977)

i—1
. (

/\ Mg, ~Op (—(z — 1)ED>
Using that Kp ~ (g —3)Ep, it suffices to show h°(D,Op((i+1)Ep —ep)) = 0. From the above
lemmas, h9(X,, OXg((z' + 1)E —¢)) = 0 and the primitive class L — (i + 1) E is base point free,
that is, it is represented by a smooth elliptic curve. Thus

HY(X,, Og,(i+1)E~L)) = H'(X,, Ox,(i+1)E ~e—H)) =0

and the claim follows.

The second vanishing boils down to h' (D, Op((i+2)Ep —e¢p)) = 0. The class (i+2)E —e¢ has
self-intersection —4 and satisfies H° (Xg, @] Xg((z +2)E —¢)) = 0 by the above lemma. Moreover
H? (Xg, OXg((i +2)E —¢)) =0, since ¢ — (i + 2)E is not effective, having negative intersection
with L. Also H'(X,,0x ((i +2)E —¢)) = 0 and H*(X,, Og ((i +2)E — ¢ — H)) = 0, since
H — (i + 2)E + ¢ is not effective. Indeed, otherwise the smooth elliptic curve E would be a

subdivisor of L — (i + 1)E, which is also the class of a smooth elliptic curve. 0

Proof of Theorem 1.2. By deformation to the hyperelliptic case Xg, it then follows that there is
a nonempty, open subset of the moduli space .7-";’t of Nikulin surfaces X, such that

i—1 i—2
HO (D, A Mi, © K§2 LVD) —0 and H' (D, N My, ® K3 ® lej) _0,
for a general D € |H|. In particular, K;_12(D,—Lp,Kp) = 0 and K;_33(D,—Lp,Kp) = 0.
Putting everything together, we obtain Ky—s ,(C,Kc ® ¢¢) = Kg-7 ,(C, K¢ ® ¢c) = 0, for a
27 2

general curve C € |L| general on such X,. O

6. THE SYZYGY DIVISOR ON M, 2, AND THE DIVISORIAL CASE OF THE GREEN-LAZARSFELD
CONJECTURE

The goal of this section is to prove Theorem 1.6. We use the convention that if M is a Deligne-
Mumford stack, then we denote by M its coarse moduli space. All Picard and Chow groups
of stacks and coarse moduli spaces considered in this section are with rational coefficients. We
recall [?] that the coarsening map M, — M,, induces an isomorphism between (rational)

Picard groups Pic(M,,,) 5 Pic(My,). In particular, we shall stop distinguishing between
divisor classes on My, and on M, respectively.
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Recall that we have set g = 2i + 1 and d = 2g and defined Gy3 to be the divisor in M, o, of
pointed curves [C, z1,...,za4] such that

Ki 12 (C, Oc(z1+ -+ x29)> # 0.

To ease notation, we set L := Oc(x1 + - - - + x24). We first express determinantally over moduli
the condition that a point belong to the divisor &n3. Let Mps := Qp4(1) be the universal rank g
kernel bundle over PY. Then K;_1(C, L) # 0 if and only if H°(PY, Nt Mps ®Zepa(2)) # 0,
or equivalently, the morphism between the following vector spaces of the same dimension

Plon : HY (Pg, /\1 Mps (2)) — H° (c, /\1 My ® L®2)

is an isomorphism. The statement that the two vector spaces above have the same dimension,
follows because on one hand, it is well-known that

ho (Pg, i/\lMPg(2)) _ B0 (Pg, Qi+ 1)) - i<2i + 3),

7

on the other hand, it is also known [La2] that My, is a stable vector bundle on C, hence
H! (C', /\’71 My ® L®2) = 0, for slope reasons; since u(My) = —2, one computes that

(e /_\1 My @ L) = (2511) (= Du(Mz) +2d+1 - g) = 7,<2le13)

To express Gy3 as a degeneracy locus of two vector bundles over the stack Mg o4, we first
introduce the following diagram of moduli stacks of pointed curves

X s Mg,Qg

| |

C, — M,
where u : C; — M, is the universal curve. For j = 1,...,2¢g, let ¢; : M2, — X be the
section of the universal family v defined by ¢;([C,x1,...,29]) := ([C’,xl, e xgg],mj). We set
E; :=1Im(q;). For 1 < j < 2g, we denote by 1; € Pic(Mg,24) the cotangent class corresponding
to the j-th marked point, that is, characterized by fibres v, ([C’, T1,--- ,:Egg]) = T:E/]- (C). Finally,
A= ¢ (us(wy)) € Pic(My) denotes the Hodge class.

For ¢ > 1, we set Fy := v, (OX (CEy + - - +€E29)). By Grauert’s Theorem it follows that Fy is

a vector bundle of rank (2i 4+ 1)(2¢ — 1) + 1. We define the kernel vector bundle over X via the
evaluation sequence:

0— M —v'Fi — Ox(E1+ -+ Eyy) — 0.

Clearly, M|,~1((C.e1,....00,) = ML, Where we recall that we have set L = Oc¢(z1 + -+ + 2g).
Next, for integers p > 0 and ¢ > 2, we introduce the vector bundle

P
Up.q 7= Vs (/\M ®@Ox(qEy +--- + qug)).

Observe that Gy, = F,. Using the vanishing H'! (C, N M ® L®q) = 0 valid for each line bundle
L € Pic?(C) and integer ¢ > 2, we conclude that G, , is locally free over M ;. Furthermore,
there are exact sequences of vector bundles

p
(11) 0— Gpg — [\ 901 ®Gog — Gp-1.441 — 0,
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globalizing the corresponding exact sequences at the level of each individual curve. Following
the path indicated in [Fa], for each p > 0 and ¢ > 2, we define a vector bundle H, , over M o4
such that

/an([c,l‘l, ey xgg]) = HO (Pg, /\Mpg (q)),

where the last identification takes into account the embedding ¢ : C' — PY9. To define the
bundles H, 4, we proceed inductively. First, we set Ho 1 := Go,1 and then Hg, := Sym? Ho ;.
Then, having defined H;, for all j < p, we define H,, ; via the following exact sequence:

p
(12) 0— Hpy — /\Ho,1 @ Hoyq — Hp1.411 — 0.

There exist vector bundle morphism ¢, 4 : Hpq — Gp,q, Which over each fibre corresponding to
L
an embedding C' J—l P9 are the restriction maps at the level of twisted holomorphic forms:

HO <P9, /,\ Mpg(q)) ~ H° (C, /,\ My @ L®q).

Note that rk(#H;—12) = rk(Gi—12) and ¢ = @;_12 : Hi—12 — Gi—1,2 is the morphism whose
degeneracy locus is precisely the divisor &p3. The following formulas are standard, see [HM]:

Lemma 6.1. Keeping the notation from above, the following identities hold:
(1) () va(Frerwn)?) = 122
(2) (ii) ve(V*A - fFer(wn)) = (29 — 2)\.
(3) (iii) vi([Ej] - v*A) = A
(4) (iv) vx([Ej] - fer(wu)) = oy, for 1 <j < 2g.
(5) (v) va([Ej]?) = =y, for 1 <j < 2g.

Using the exact sequence (12) and (13), we shall reduce the calculation of the first Chern
class of G, ; and H, 4 respectively to the case p = 0. We have the following result in that case:

Proposition 6.2. For { > 1, the following relation holds in CH'(Mya,):

29
V4
c1(Goy) = A — ( ;1) Zl%v
]:

Proof. We apply Grothendieck-Riemann-Roch to the proper morphism of stacks v : X — Mg 94
and to the sheaf £ := Ox(E; + - - + Ea,). Note that Rlv.(L®%) = 0, therefore we can write:

c1(Gop) = vs {(1 +/ 2Zg[Ej] + 522<229[Ej]>2 +- ) ) (1 _ f*012(wu) + f*ciguu) +- )L
j=1

Applying repeatedly Lemma 6.1, we get the claimed formula. g

We now prove Theorem 1.6. The morphism ¢ : H;_12 — G;—1,2 degenerates along Sy3. In the
course of proving Theorem 1.3, we have exhibited a pair [C, L] € ‘.Bicgg with K;_12(C,L) = 0.
Therefore ¢ is generically non-degenerate. In the next proof, we shall use the formulas

r+n—1 \ r—1
"(E)) = E d E) = E
cl(Sym ( )) ( . >cl( ) an cl(/\ ) <n1>cl( )
valid for a vector bundle E of rank r on any stack or variety.

Proof of Theorem 1.6. From the discussion above, [&y3] = ¢1(Gi—12 — Hi—12) € CH'(Mayg,).
We compute both Chern classes via the exact sequences (12) and (13) respectively, coupled with
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Proposition 6.2 and write

i1 i—t—1
c1(Gi—12) = Z(—l)g 61( /\ Go1 ® go,£+2)
=0

— ' (_1>€[rk(go,£+2) . (z 2_22__12> c1(Go1) + (z 2_22__2 1) cl(go,e+2)}

/=0
= g(—l)ﬂfﬁg) ((2¢+ 1)(20+3) + 1)c1(go,1) + <Z2_ZZ_21> ()\— (%3) i%)} _

(2 (4i3+5i24z'2 L 8182 —i—2 §:¢)
-\ (i+1)(i +2) 2(i+1)(i + 2) J

On the other hand, recalling that Hg 4o = Sym Z+27_t071 and that 7—[071 = Go,1, we have

i1 i1
c1(Hic12) = Z(—l)e C1< /\ Ho1 ®7'l0,12+2) =
=0

i—1 , .
2042 2i + 1
(0(—1)5 [(z (- 1) c1(Ho,e+2) + <z . 2> 1k(Hop42) - €1 (7_[071)}

i

-1 . . ‘ .
2042 214+3+7¢ 2i+1 204+34+/4
- —1)¢
;( ) [(i—e— 1> < 041 >01(H0’1) * <z —£—2> ( (42 )CI(HOJ)}
(20 (2 +1)(20 + 3)
- <z> (i +1)(i +2) ( Z%)
Computing the difference ¢;(Gi—12 — Hi—1,2), we obtalned the claimed formula for the class
[Sv3). O
Finally, we explain how the divisorial case d = 2¢g of the G-L Secant Conjecture (Theorem

1.4) implies the conjecture for line bundles of extremal degree d = 2g + p + 1 — Cliff(C) on a
general curve C. The argument proceeds in two steps.

Proof of Theorem 1.7 in the case d # 2g + 1. We begin with the case of odd genus and take a
smooth curve C' of genus g = 2¢ + 1 of Clifford index i, then set d := 3i + p+ 3, where i > p+ 1.
In particular, inequality (2) is an equality, while inequality (4) is satisfied as well.

We start with a line bundle L € Pic?(C) and let us assume that K,o(C,L) # 0. We set
¢ :=L— K¢ € PicP™"3(C). By using Lemma 2.1, for every effective divisor D € Ci—p-1, we
obtain that K;_12(C, L(D)) # 0. Theorem 1.4 implies L + D € K¢ + Cj11 — Cj_1, that is,

E+Cip_1 CCip1 — Ciy.
This implies that dim Vg (2KC L) > i—p—1, which is contradiction, hence K, »(C, L) = 0.

Assume now that C' is a curve of even genus g = 2i and Cliff(C') = ¢ — 1. We grant Theorem
1.5. Out of this, we derive Theorem 1.7 for all remaining cases. Assume d = 3i + p + 2, where
i > p-+1 (the case i = p+ 1 corresponds to d = 2g + 1, which is our hypothesis).

If L € Pic!(C) satisfies K, 2(C, L) # 0, then by Lemma 2.1, we obtain K, 12(C,L(D)) # 0,
for each divisor D € Cj_,_;. Since deg(L(D)) = 4i + 1 we can apply Theorem 1.5 in that case
and conclude that L — K¢ + Cj—p—1 C Cj41 — Cj_o, that is, dim Vg p 4(2KC L)y>i—p-—1,
which again is assumed not to happen. ([l
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Theorem 1.5, that is, the situation when g is even and d = 2g + 1 can be viewed as a limit
case of the divisorial case dealt with by Theorem 1.4.
Proof of Theorem 1.5. Let C be a general curve of genus g = 2i and L € Pic**(C) a line
bundle with K;_12(C, L) # 0. Write L = O¢(x1 + - - - + 24441), for distinct points x; € C, and
aim to show that

L—- K¢ e Ciy1—Cio.

We fix general points z,y € C and let X := C'UE be the nodal curve of genus 2i+ 1 obtained by
attaching to C' at the points x and y a rational curve E. Since C' has only finitely many pencils
g} 41 and z and y are chosen generically, gon(X) =7+ 2. On X, we consider the line bundle Lx
of bidegree (4i + 1,1), having restrictions Lx|c = L and Lg = Og(1) respectively. Choosing
a point x4;42 € E — {z,y}, note that [X, Lx] corresponds to the (2g + 2)-pointed stable curve
[X,21,...,24542] € M9+1729+2 under the Abel-Jacobi map Mg+1729+2 -—» Tcsz.

We show that K;_12(X, Lx) # 0. To that end, we write the duality theorem [G]

Ki—12(X,Lx)" 2 Kit10(X,wx, Lx).

Using the isomorphisms HY(X, Lx) = H°(C,L) and H°(X,wx) = H°(C, Kc(x + y)) respec-
tively, we write the following commutative diagram, where the vertical arrows are both injective:

AFLHO(C, L) ® HO(C, Ko) 2% ATHO(C,L) @ HO(C,L © K¢)

l l

. d; .
/\H_l HO(XvLX) ®HO<X7WX) ﬂ> /\ZHO<X7LX) ®HO(X7LX ®WX)

This yields an injection 0 # K;i10(C, K¢, L) — Kit10(X,wx,Lx). This implies the non-
vanishing K;_12(X,Lx) # 0, that is, [X, z1,...,22412] € 613, the closure being taken inside
ﬂg+1,29+2. Recall that we have established the following equality of closed sets in Mg+172g+2:

Sz = Sec U Hur.

As already pointed out, X has maximal gonality, that is, [X,z1,...,%244+2] ¢ $Hur, therefore
necessarily [X,x1,..., 22412 € Gec. Rather than trying to understand the meaning of the
secant condition on the singular curve X, we recall the identification [FMP]

Yis1 = Yio1 = ©pi1 C Pic?(Y),

valid for any smooth curve Y of genus 2¢ + 1. The right-hand-side of this equality makes sense
for semi-stable curves as well, in particular for X. Thus Lx @ wy € © A1 Qu and by duality,
wx

i—1
(13) HO(X, \ Muy @020 LY ) 0.

Observe that M, 0 = Mg (g4y) and My, g = Ogg , hence we have the Mayer-Vietoris sequence

i—1 i—1
0— A\ Moy @R LY — (/\ Mooty © (2Ko — L+ 22 + 2y)) @(OE(—l)@(ifl))

i1
— (/\wa ®w}8}2®L§()‘ —0.
x?y
Condition (14) yields H® (C, AN Mg, ® 2Kc — L+ x + y)) # 0. Using again [FMP], this
non-vanishing translates into the condition

(14) L-—Kcg—z—ye€e (CZ — Cz'—l) + (Ci+1 —Ci_g—x— y) C PiCl(C),
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which holds for arbitrary points z,y € C. If, for some x,y € C, the bundle L — Ko —x —y belongs
to the second component of the cycle in (15), we are finished. Else, if L — K¢ —Cy C C; — Cj—1,
then we find that dim VZ-TQI(L) > 2. Applying [FHL, Lemma 4], we obtain that z‘i+1(L) + 0,
completing the proof. O

[AF1]
[AF2]
[AC]
[ACGH]
[CEFS]
[Dol]
[Fal]
[Fa2]

[FMP]

[vGS]
(G]

[GL1]
(GL2)

[GL3]

REFERENCES

M. Aprodu and G. Farkas, The Green Conjecture for smooth curves lying on arbitrary K3 surfaces,
Compositio Mathematica 147 (2011), 839-851.

M. Aprodu and G. Farkas, Green’s Conjecture for gemeral covers, Compact Moduli Spaces and Vector
Bundles (V. Alexeev et al. ed.), Contemporary Mathematics Vol. 564, 2012, 211-226.

E. Arbarello and M. Cornalba, The Picard group of the moduli space of curves, Topology 26 (1987),
153-171.

E. Arbarello, M. Cornalba, P. A. Griffiths and J. Harris, Geometry of algebraic curves, Volume I,
Grundlehren der mathematischen Wissenschaften 267, Springer-Verlag (1985).

A. Chiodo, D. Eisenbud, G. Farkas and F.-O. Schreyer, Syzygies of torsion bundles and the geometry of
the level £ modular varieties over My, Inventiones Math. 194 (2013), 73-118.

I. Dolgachev, Mirror symmetry for lattice polarized K3 surfaces, Journal of Mathematical Sciences 81
(1996), 2599-2630.

G. Farkas, Koszul divisors on moduli spaces of curves, American Journal of Mathematics 131 (2009),
819-869.

G. Farkas, Brill-Noether with ramification at unassigned points, Journal of Pure and Applied Algebra
217 (2013), 1838-1843.

G. Farkas, M. Mustata and M. Popa, Divisors on My g+1 and the Minimal Resolution Conjecture for
points on canonical curves, Annales Sci. de L’Ecole Normale Supérieure 36 (2003), 553-581.

G. Farkas and K. Ludwig, The Kodaira dimension of the moduli space of Prym varieties, Journal of the
European Mathematical Society 12 (2010), 755-795.

G. Farkas and A. Verra, Moduli of theta-characteristics via Nikulin surfaces, Mathematische Annalen
354 (2012), 465-496.

W. Fulton, J. Harris and R. Lazarsfeld, Exzcess linear series on an algebraic curve, Proceedings of the
American Mathematical Society, 92 (1984), 320-322.

A. Garbagnati and A. Sarti, Projective models of K3 surfaces with an even set, Advances in Geometry
8 (2008), 413-440.

B. van Geemen and A. Sarti, Nikulin involutions on K3 surfaces, Mathematische Zeitschrift 255 (2007),
731-753.

M. Green, Koszul cohomology and the cohomology of projective varieties, Journal of Differential Geometry
19 (1984), 125-171.

M. Green and R. Lazarsfeld, On the projective normality of complete linear series on an algebraic curve,
Inventiones Math. 83 (1986), 73-90.

M. Green and R. Lazarsfeld, Special divisors on curves on a K3 surface, Inventiones Math. 89 (1987),
357-370.

M. Green and R. Lazarsfeld, Some results on the syzygies of finite sets and algebraic curves, Compositio
Mathematica 67 (1988), 301-314.

J. Harris and D. Mumford, On the Kodaira dimension of M, Inventiones Math. 67 (1982), 23-88.

D. Huybrechts, Lectures on K3 surfaces, notes available at www.math.uni-bonn.de/people/huybrech/
K3Global.pdf.

M. Kemeny, The Moduli of Singular Curves on K38 Surfaces, arXiv:1401.1047.

J. Koh and M. Stillman, Linear syzygies and line bundles on an algebraic curve, Journal of Algebra 125
(1989), 120-132.

R. Lazarsfeld, Brill-Noether-Petri without degenerations, Journal of Differential Geometry 23 (1986),
299-307.

R. Lazarsfeld, A sampling of vector bundle techniques in the study of linear series, Lectures on Riemann
surfaces (Trieste, 1987), 500-559.

A. Mayer, Families of K3 surfaces, Nagoya Mathematical Journal 48 (1972), 1-17.

B. Saint-Donat, Projective models of K3 surfaces, American Journal of Mathematics 96 (1974), 602-639.
F.-O. Schreyer, Syzygies of canonical curves and special linear series, Mathematische Annalen 275
(1986), 105-137.



24 G. FARKAS AND M. KEMENY

V1] C. Voisin, Green’s generic syzygy conjecture for curves of even genus lying on a K3 surface, Journal of
European Mathematical Society 4 (2002), 363-404.
V2] C. Voisin, Green’s canonical syzygy conjecture for generic curves of odd genus, Compositio Mathematica

141 (2005), 1163-1190.

HUMBOLDT-UNIVERSITAT ZU BERLIN, INSTITUT FUR MATHEMATIK, UNTER DEN LINDEN 6
10099 BERLIN, GERMANY
E-mail address: farkas@math.hu-berlin.de

HUMBOLDT-UNIVERSITAT ZU BERLIN, INSTITUT FUR MATHEMATIK, UNTER DEN LINDEN 6
10099 BERLIN, GERMANY
E-mail address: michael.kemeny@gmail.com



