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Abstract. We describe an extension at the level of the moduli space S�g of stable spin
curves of genus g of the map associating to an ineffective spin structure its Scorza curve
(equivalently, the vanishing locus of the Szegő kernel). We compute the class of the Szegő-

Hodge bundle on S�g , then find a new interpretation, in terms of theta constants, of the
Scorza quartic associated to an even spin structure. Our results describe the superperiod
map from the moduli space of supersymmetric curves in the neighborhood of the theta-null

divisor and provide a lower bound for the slope of the movable cone of S�g .
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Introduction

To a smooth projective curve C of genus g and to an ineffective even spin structure (that
is, a line bundle η P Picg�1pCq with ηb2 � ωC such that h0pC, ηq � 0), following [DK], one
can associate the Scorza correspondence SpC, ηq defined as the following curve

(1) SpC, ηq :�
!
px, yq P C � C : H0

�
C, ηpx� yq

�
� 0

)
.

Note that SpC, ηq has a fixed point free involution interchanging the two factors whose
quotient is an unramified double cover q : SpC, ηq Ñ T pC, ηq, where T pC, ηq can be viewed

as a curve inside the symmetric product Cp2q. We denote by S�g the moduli space of stable

even spin curves of genus g constructed by Cornalba [Cor] and by Rg the moduli space of
stable Prym curves of genus g parametrizing admissible double covers over stable curves of

genus g, see [Be, FL]. One can show via [DK, FV2] that for a general choice of rC, ηs P S�g the
1
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curves SpC, ηq and T pC, ηq are smooth and their genera equal to g
�
SpC, ηq

�
� 1� 3gpg� 1q

and g
�
T pC, ηq

�
� 1 � 3

2gpg � 1q, respectively. At the level of moduli spaces, one has the
following commutative diagram of Deligne-Mumford stacks

(2) S�g
ξ //

Sc $$

R1� 3
2
gpg�1q

χ
xxqqq

qqq
qqq

q

M1�3gpg�1q

where Sc
�
rC, ηs

�
:� rSpC, ηqs and ξ

�
rC, ηs

�
:�

�
SpC, ηq

q
ÝÑ T pC, ηq

�
, whereas χ associates

to an admissible double cover the stable model of the source curve. Observe that the
definition of the curves SpC, ηq and T pC, ηq breaks down when either η becomes effective,
that is, h0pC, ηq ¥ 2, or when the curve C becomes singular. A main goal of this paper
is to extend in a modular way the definition of the Scorza map Sc to pairs pC, ηq where

h0pC, ηq � 2 and to the boundary of S�g .

The correspondence SpC, ηq has been considered classically by Scorza [Sc1, Sc2] and used
to prove what in modern terms amounts to say that S�3 is birational to M3. A modern
exposition of Scorza’s work was given by Dolgachev and Kanev [DK]. Scorza’s results were
then used by Mukai [Mu] and Schreyer [Sch] to construct new Fano threefolds.

The Scorza curve SpC, ηq turns out to be intimately related to the Szegő kernel szη
considered in mathematical physics [Fay, HS, TZ], or in superstring theory [DHP, Wi]. For
a spin structure η on C with H0pC, ηq � 0, we denote by θη the function on the Jacobian
JC :� Pic0pCq whose zero locus is the translate of the theta divisor

(3) Θη :�
 
ζ P JC : h0pC, ζ b ηq � 0

(
.

Then the Szegő kernel szη associated to the spin structure rC, ηs is the function on C � C

(4) szηpx, yq :�
θηpx� yq

θηp0q
.

The Scorza curve SpC, ηq is the vanishing locus of the Szegő kernel, see also (15) for details.1

The Szegő kernel is related to the moduli stack M�
g of even supersymmetric curves of

genus g considered in [DHP, DW, Wi]. A point in M�
g corresponds to a super curve Σ of

genus g, which determines a smooth algebraic curve C � Σbos of genus g and an even spin
structure η on C. As explained by D’Hoker and Phong [DHP] and by Witten [Wi, Section
8.3], one can define a super period map

(5) P : M�
g 99K Ag

obtained by integrating the sections of the Berezinian BerpTΣq of the cotangent bundle of Σ
using the Szegő kernel szη. The period map is undefined along the locus of those rΣs PMg

1Occasionally, a slightly different definition of the Szegő kernel, as an antisymmetric function, is put
forward, e.g., [Fay]. This amounts to dividing szηpx, yq by the prime form Epx, yq, which can be regarded
as the unique section of the bundle OC�Cp∆q. This does not influence the vanishing locus of szη.
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where the associated bosonic quotient C satisfies H0pC, ηq � 0. Some of our results can be
interpreted as describing this period map P when H0pC, ηq � 0.

Inside the spin moduli space S�g one considers the theta-null divisor

Θnull :�
!
rC, ηs P S�g : H0pC, ηq � 0

)
.

It is known [T2] that Θnull is an irreducible divisor and its general point corresponds to a

spin structure η with h0pC, ηq � 2. One has furthermore boundary divisors Ai and Bi on S�g
and their corresponding divisor classes αi � rAis and βi � rBis P PicpS�g q for i � 0, . . . ,

X
g
2

\
.

The moduli space S�g being a normal variety, the rational map Sc : S�g 99K M1�3gpg�1q

can be defined along the general point of each divisor in S�g even though the definition (1)

makes no sense when h0pC, ηq ¥ 2, or when C becomes singular. A priori, this extension
need not be modular.

Our first result describes the limiting Scorza correspondence ScprC, ηsq P M1�3gpg�1q,

for a general point rC, ηs P Θnull corresponding to a pencil C
|η|
Ñ P1. Let rCη ÝÑ C be the

double cover branched over the ramification points x1, . . . , x4g�4 of |η|.

We introduce the trace curve of the pencil |η|, that is,

rΓη :�
!
px, yq P C � C : H0

�
C, ηp�x� yq

�
� 0

)
.

Observe that rΓη intersects the diagonal ∆ of C�C at the points px1, x1q, . . . , px4g�4, x4g�4q.

It is easy to show that rΓη is a smooth curve of genus pg�1qp3g�8q�1, whereas gp rCηq � 4g�3.
One has the following result, where we refer to Theorem 1.4 for a more precise statement.

Theorem 0.1. The limiting Scorza correspondence SpC, ηq corresponding to a general van-

ishing theta-null rC, ηs P Θnull is the transverse union of rΓη and the curve rCη meeting at
the p4g � 4q diagonal points px1, x1q, . . . , px4g�4, x4g�4q.

Note that the curve SpC, ηq described in Theorem 0.1 is stable. The case g � 3 of Theorem
0.1 has been established before by Grushevsky and Salvati Manni [GS]. In Sections 2 and
3 we determine the limiting Scorza curves SpC, ηq and T pC, ηq corresponding to a general

point of each boundary divisor Ai or Bi of S�g . The most interesting situation occurs along
the divisor Bi, where i ¥ 1. We describe our result also in light of the connection pointed
out by Donagi and Witten [DW, 3.6] with the moduli space Mg,1 of marked super curves.

A general point of the divisor Bi corresponds to a transverse union CYD of two smooth
pointed curves rC, ps and rD, qs of genera i and g�i (where the points p and q get identified)
and to two odd spin structures ηC and ηD, respectively. We denote by XηC ,p the unique
Z2-invariant curve inside the linear system

��ηCppq b ηCppqp∆q
�� on C � C, and we have a

similar definition for the curve XηD,q � D � D. We then show that XηC ,p and XηD,q are
both nodal with a unique singularity at the point pp, pq, respectively, pq, qq. We denote
by X 1

ηC ,p
, respectively, by X 1

ηD,q
their normalizations and let tp�, p�u and tq�, q�u be the

inverse images of the two nodes in XηC ,p and XηD,q, respectively. The limit Scorza curve
has then the following shape (see Theorem 3.6 for the precise statement):
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Figure 1. X 1
ηC ,p

� �
pηC �Dq Y pC � ηDq

	 � �
pD � ηCq Y pηD � Cq

	 �
X 1
ηD,p

.

Note that Xη1C ,p
meets transversally 2pg� i�1q copies of D attached at the points in the

support of ηC , and a similar statement holds for component Xη1D,q
.

The Szegő-Hodge class on S�g . The Scorza map Sc : S�g 99KM1�3gpg�1q having been

extended as a morphism of stacks along every divisor in S�g , we can attack any problem
related to divisor classes involving this map. It is natural to consider the pull-back under
this map of the Hodge class λ1 P PicpM1�3gpg�1qq. We call this class

λSzH :� Sc�pλ1q

the Szegő-Hodge class on the spin moduli space. We have the following result:

Theorem 0.2. One has the following formula for the Szegő-Hodge class on S�g :

λSzH �
77g � 25

4
� λ�

69g � 21

16
� α0 �

t g
2
u¸

i�1

bi � βi P PicpS�g q,

where bi ¥ 0, for i � 1, . . . , tg2 u..

Note that the coefficients of the boundary classes β0 and αi for i � 1, . . . ,
X
g
2

\
are all equal

to zero. Theorem 0.2 can be compared to a number of similar results in the literature. In
[F1] one finds a computation of the pull-back of the Hodge class under the rational map
Mg 99K Mg1 , associating to a curve C of odd genus g the Brill-Noether curve W 1

g�3
2

pCq

consisting of pencils of minimal degree on C. In [KKZ, vdGK2] the pull-backs of Hodge
classes under various Hurwitz-type correspondences are described.

Theorem 0.2 has applications to the slope of the moduli space S�g . For a projective variety
X, we denote by EffpXq its cone of pseudo-effective divisors and by MovpXq its subcone of
movable divisors consisting of the classes of those effective Q-divisors D on X whose stable
base locus

�
n¥1 Bs|nD| has codimension at least 2 in X. For a rational map f : X 99K Y

between normal projective varieties, one has the inclusion f�
�
AmplepY q

�
� MovpXq. For
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an effective divisor D on S�g , we define its slope as the quantity

spDq :� inf
!a
b
P Q¥0 Y t8u : a � λ� b � α0 � rDs �

t g
2
u¸

i�0

pai � αi � bi � βiq, where ai, bi ¥ 0
)
.

In analogy with the much studied case of the moduli space Mg, see [CFM] and references

therein, we define the slope, respectively, the movable slope of S�g as the following quantities

(6) s
�
S�g

�
:� inf

!
spDq : D P Eff

�
S�g

�)
and smov

�
S�g

�
:� inf

!
spDq : D P MovpS�g q

)
.

Since s
�
rΘnulls

�
� 4, see [F2, Theorem 0.2], it follows that spS�g q ¤ 4. On the other

hand, Θnull is in general not a movable class, as showed in [FV1, Theorem 4.2]. The class

λSzH being obviously movable on S�g , we obtain the following result:

Theorem 0.3. For any g ¥ 3, one has the estimate

smov

�
S�g

�
¤ 4�

32g � 16

69g � 21
.

Question 0.4. Is it true that spS�g q � 4 for every g ¥ 3? Is it true that

liminfgÑ8 s
�
S�g

�
� liminfgÑ8 smov

�
S�g

�
?

For the implications in string theory of a positive answer to the first part of Question 0.4

(formulated as a question on Mg rather than on S�g ), we refer to [MHNS].

The Scorza quartic via Wirtinger duality. The second topic of this paper is an un-
conditional new construction, via Wirtinger duality, of the Scorza quartic hypersurface

F pC, ηq P Sym4H0pC,ωCq

associated to a general pair rC, ηs P S�g , where g ¥ 3. This quartic has been introduced
implicitly by Scorza in [Sc2] using the theory of apolarity and characterized by the remark-
able property that its second polar with respect to pairs of points px, yq P SpC, ηq is a
double hyperplane, that is, a quadric of rank one, see (8) for the precise statement. To this
day, even the most basic properties of the quartic F pC, ηq, like whether it is smooth for a
general rC, ηs P S�g , or understanding the relation between them for various choices of spin
structures remain wide open.

Remarkably, in genus 3, the Scorza quartic defines a plane quartic, different in moduli
from C, and the assignment rC, ηs ÞÑ rF pC, ηqs induces a birational map S�3 99K M3,
introduced by Scorza in [Sc1], [Sc2] and discussed in modern terms in [DK]. The inverse
map M3 99K S�3 associates to a plane quartic curveX � P2 � P

�
H0pX,ωXq

_
�

its covariant
plane quartic curve

C :�
!
a P P

�
H0pX,ωXq

�
: The polar PapF q is isomorphic to the Fermat cubic

)
.

Since dim PGLp3q � dim
��OP2p3q

���1, being projectively equivalent to the Fermant cubic is
a divisorial condition on the space of all cubics. Note that C is endowed with a symmetric



6 G. FARKAS AND E. IZADI

correspondence Ξ :�
 
pa, bq P C � C : rk Pa,bpF q ¤ 1

(
, and one can show that there exists

a uniquely determined even spin structure η on C such that Ξ � SpC, ηq. The assignment
rXs ÞÑ rC, ηs induces a rational morphism of stacks M3 99K S�3 .

We now explain our interpretation of Scorza’s quartic in arbitary genus. Having fixed a
spin curve rC, ηs with h0pC, ηq � 0, let φC : C ãÑ PH0pC,ωCq

_ be the canonical embedding.
For a pair px, yq P SpC, ηq, the line bundles ηpx � yq and ηpy � xq are effective and there
exists a canonical form hx,y P H

0pC,ωCq whose divisor of zeros is

divphx,yq � div
�
ηpx� yq

�
� div

�
ηpy � xq

�
P Cp2g�2q.

We consider the polarization map, see [DK, 1.1]

(7) P :
�
H0pC,ωCq

_
�b2

b Sym4H0pC,ωCq ÝÑ Sym2H0pC,ωCq.

For points x, y P C, we write Px,y � P
�
φCpxq, φCpyq, 

�
, where φCpxq and φCpyq can

be interpreted by evaluating canonical forms at x, respectively, y. Dolgachev and Kanev
[DK, Theorem 9.3.1], building on [Sc2] and assuming several transversality properties that
were ultimately verified generically in [TZ], showed that there exists a quartic F pC, ηq P
Sym4H0pC,ωCq, uniquely determined up to a constant, such that for any pair px, yq P
SpC, ηq, one has

(8) Px,y
�
F pC, ηq

�
� h2

x,y P Sym2H0pC,ωCq.

The construction of F pC, ηq remained puzzling, see, e.g., [DK, p. 218], where the authors
ask: What are these mysterious quartic hypersurfaces of Scorza? Our aim is to shed light
on this matter and present a simple unconditional construction of the Scorza quartic in
terms of theta functions on JC.

We denote by H0pJC, 2Θηq0 the subspace of H0pJC, 2Θηq consisting of sections vanish-
ing at the origin. To simplify notation, we set Θ :� Θη for the symmetric theta divisor
associated to η. Since η is ineffective, the divisor 2Θ P

��2Θ
�� does not pass through the

origin, in particular the restriction map to Θ induces an isomorphism

(9) res : H0pJC, 2Θq0
�
ÝÑ H0

�
Θ,OΘp2Θq

�
.

By taking cohomology in the exact sequence

0 ÝÑ OJC ÝÑ OJCpΘq ÝÑ OΘpΘq ÝÑ 0,

we obtain the following identification

(10) H0
�
Θ,OΘpΘq

�
� H1pJC,OJCq � H1pC,ωCq � H0pC,ωCq

_,

where the middle isomorphism is induced by the Abel-Jacobi map C Ñ JC.

Furthermore, the difference map ϕ : C�C Ñ JC given by ϕpx, yq :� OCpx�yq contracts

the diagonal ∆ and factors through the blow-up �JC of JC at the origin OC P JC. Denoting

by ε : �JC Ñ JC the blow-up map, we thus have a morphism ϕ̃ : C � C Ñ �JC such that

ϕ � ε � ϕ̃, see also [We]. If E denotes the exceptional divisor on �JC, then

ϕ̃�O
�JC

�
ε�p2Θ� Eq

�
� η b η,
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cf. (15). Identifying H0pJC, 2Θq0 with H0
��JC,O

�JC
p2Θ� Eq

�
, we have a pull-back map

(11) ϕ� : H0pJC, 2Θq0 ÝÑ Sym2H0pC,ωCq.

The map ϕ� assigns to a divisor D P |2Θ| passing through 0 P JC, its quadratic tangent
cone at that point. With this preparation, we state our main result on the Scorza quartic.

Theorem 0.5. For a general even spin curve rC, ηs P S�g of genus g ¥ 3, the Scorza

quartic F pC, ηq : Sym2H0pC,ωCq
_ ÝÑ Sym2H0pC,ωCq can be realized via the following

commutative diagram:

Sym2H0pC,ωCq
_ � Sym2H0pOΘpΘqq //

F pC,ηq
��

H0
�
Θ,OΘp2Θq

�
res�1

��
Sym2H0pC,ωCq H0pJC, 2Θq0

ϕ�oo

The upper horizontal arrow in this diagram corresponds to multiplication of sections and
uses (10). In order to establish that the map F pC, ηq : Sym2H0pC,ωCq

_ ÝÑ Sym2H0pC,ωCq
lies in Sym4H0pC,ωCq and it gives rise to the Scorza quartic from [DK], we will make es-
sential use of the Wirtinger duality asserting the existence of an isomorphism

w : |2Θ|
�
ÝÑ |2Θ|_

having the defining property that for any point a P JC, if Θa :� a�Θ, then

w
�
Θa �Θ�a

�
�

 
D P

��2Θ
�� : a P D

(
.

In the course of proving Theorem 0.5, we find an explicit description of F pC, ηq in terms of
theta constants. Assuming

θη � θ0 � θ2 � θ4 � � � � ,

is the Taylor expansion at the origin of the symmetric theta function θη in terms of the
canonical flat coordinates on JC, we have the following result:

Theorem 0.6. For a general spin curve rC, ηs P S�g , we have that

F pC, ηq �
θ2

2

2
� θ0 � θ4 P Sym4H0pC,ωCq.

The limiting Scorza quartic for a general point rC, ηs P Θnull equals twice the quadratic
tangent cone to the theta divisor Θ at the origin 0 P JC.

Acknowledgments: We benefited from discussions with I. Dolgachev, R. Donagi, S. Grushevsky,
A. Verra and F. Viviani related to this circle of ideas.

Farkas was supported by the Berlin Mathematics Research Center MATH� and by the ERC
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1. Scorza correspondences associated to spin structures

We first collect basic facts that will be used throughout the paper.
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1.1. Moduli of spin and Prym curves. We denote by Rg the moduli stack of stable

Prym curves of genus g, see [Be, FL] for further background. Recall that an element of Rg

corresponds to a triple rX, ε, βs, where X is a quasi-stable genus g curve, ε is a locally free
sheaf of total degree 0 on X such that ε|E � OEp1q for every smooth rational component

E � X with |EXXzE| � 2 (such a component being called exceptional) and β : εb2 Ñ OX

is a sheaf morphism that is non-zero along each non-exceptional component of X. There
exists a finite map π : Rg Ñ Mg assigning to a triple rX, η, βs the stable model of the
curve X. The ramification divisor ∆ram

0 of the map π has as its general point a Prym curve
rX, ε, βs, where X :� C Ytx,yu E is a quasi-stable curve, with C being a smooth curve of
genus g� 1 and E being a smooth rational curve meeting C at two distinct points x, y and
ε P Pic0pXq satisfies ε|E � OEp1q and εb2

|C � OCp�x� yq.

Let Sg be the moduli space of stable spin curves of genus g. Depending on the parity of

the spin structure, we distinguish two components S�g and S�g of Sg, whose geometry has
been studied in detail in [Cor, F2, FV2]. We denote by Mg the moduli space of smooth
supersymmetric (susy) algebraic curves of genus g. It parametrizes smooth supervarieties
of dimension 1|1 endowed with a rank 0|1 maximally non-integrable distribution of their
tangent bundle. It is known [DW, Wi, CV] that Mg is a smooth Deligne-Mumford super-
stack of dimension 3g � 3|2g � 2. The bosonic truncation of Mg can be identified with the
moduli stack Sg of smooth spin curves of genus g and we denote by M�

g the component of

the susy moduli space such that pM�
g qbos � S�g .

1.2. Tautological line bundles on symmetric squares of curves. We set some no-
tation. We fix a smooth algebraic curve C of genus g and denote the two projections
pri : C � C ÝÑ C, for i � 1, 2. We denote by Cp2q the symmetric square of C and let
q : C � C Ñ Cp2q be the natural projection ramified along the diagonal ∆ � C � C. Let
δ P Pic

�
Cp2q

�
be the line bundle uniquely characterized by the property q�pδq � OC2p∆q.

We also introduce the diagonal of the symmetric product

∆ �
 
2 � p : p P C

(
� Cp2q,

therefore q�p∆q � 2∆.

For an effective divisor D � p1�� � ��pd on C we introduce the divisor on the symmetric
square

CD :�
�
C � p1

�
�
�
C � p2

�
� � � � �

�
C � pd

�
P Div

�
Cp2q

�
.

This definition is extended to arbitrary line bundles M � OCpD1 �D2q P PicpCq, with
D1 and D2 being effective divisors on C, by setting

(12) LM :� OCp2q
�
CD1 � CD2

�
P Pic

�
Cp2q

�
.

Note that LM can also be characterized as the unique line bundle on Cp2q such that
q�pLM q � pr�1pMq b pr�2pMq � M bM . Similarly, one defines L1M :� LM p�δq as the line

bundle on Cp2q such that q�pL1M q � pr�1pMq b pr�2pMqp�∆q. The cohomology of these line

bundles on Cp2q is summarized for instance in [I2, Appendix]:
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H0pLM q � Sym2H0pMq, H1pLM q � H1pMq bH0pMq, H2pLM q �
2©
H1pMq(13)

H0pL1M q �
2©
H0pMq, H1pL1M q � H1pMq bH0pMq, H2pL1M q � Sym2H1pMq.(14)

In the notation of Donagi and Witten [DW, 3.3], we have that for integers a, c P Z,

LωbaC pcδq � OC�C

�
a, a, c

��
.

1.3. The Scorza correspondence and the Szegő kernel. We now fix an even theta-
characteristic η on a smooth curve C of genus g such that h0pC, ηq � 0. Following [DK] we
introduce the Scorza correspondence associated to the pair rC, ηs, by setting

SpC, ηq �
!
px, yq P C � C : h0

�
C, ηpx� yq

�
� 0

)
.

The correspondence SpC, ηq being symmetric, it is the inverse under the map q of a curve

T pC, ηq on Cp2q, that is,

SpC, ηq � q�
�
T pC, ηq

�
.

If rC, ηs P S�g zΘnull, then, since SpC, ηq is disjoint from the diagonal, it follows that the
double cover SpC, ηq Ñ T pC, ηq is unramified. It has been proved in [FV2, Theorem 4.1]

that, for a general point rC, ηs P S�g , the curves SpC, ηq and T pC, ηq are smooth. In
particular, by the adjunction formula, the genus of SpC, ηq equals 1 � 3gpg � 1q, whereas
the genus of T pC, ηq equals 1� 3

2gpg � 1q.

The morphism Sc : S�g Ñ M1�3gpg�1q factors through the moduli space R1� 3
2
gpg�1q of

Prym curves of genus 1� 3
2gpg � 1q and, following diagram (2), we can write

Sc � χ � ξ,

where ξ
�
rC, ηsq :�

�
SpC, ηq

q
ÝÑ T pC, ηq

�
and χ : R1� 3

2
gpg�1q ÑM1�3gpg�1q is the morphism

associating to an admissible double cover the stable model of its source. We refer to [FL,
Proposition 4.1] for a detailed study of this map.

We introduce the difference map

ϕ : C � C Ñ JC, ϕpx, yq � OCpx� yq.

Recalling that Θη is the symmetric Riemann theta divisor associated to η (see (3)), it is
well-known, see [DK, Proposition 7.1.5], or [BZvB, 3.4] that ϕ�

�
OpΘηq

�
� η b ηp∆q, thus

(15) OC�C

�
SpC, ηq

�
� pr�1pηq b pr�2pηq bOC�Cp∆q � η b ηp∆q.

Using the canonical identification η b ηp∆q∆ � OC , we can write down the following
exact sequence on C � C:

0 ÝÑ η b η ÝÑ η b ηp∆q ÝÑ OC ÝÑ 0,
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which gives rise to the following exact sequence of cohomology groups:

0 ÝÑ H0pC, ηq bH0pC, ηq ÝÑ H0
�
C � C, η b ηp∆q

�
ÝÑ H0pC,OCq

ÝÑ
�
H0pC, ηq bH1pC, ηq

	
`
�
H1pC, ηq bH0pC, ηq

	
.

Therefore, when rC, ηs P S�g zΘnull, that is, when h0pC, ηq � 0, we have that

H0
�
C � C, η b ηp∆q

�
� H0pC,OCq.

From (15), we obtain that

(16) OCp2q
�
T pC, ηq

�
� Lηpδq.

1.4. From the Scorza curve to the Szegő kernel. We now explain how the Scorza
curve SpC, ηq can be viewed as the zero locus of the Szegő kernel defined by (4).

Definition 1.1. The (symmetric) Szegő kernel of the pair rC, ηs P S�g zΘnull is defined as
the unique section sη of the line bundle ηb ηp∆q on C �C such that such that sη|∆ � id∆.

By definition, sη is a symmetric function on C � C and the Scorza scurve SpC, ηq is its
vanishing locus.

If h0pC, ηq � 0, then SpC, ηq is a uniquely determined curve in its linear system on C�C,
whereas, when h0pC, ηq � 2, we have

h0
�
C � C, η b ηp∆q

�
¥ 4.

The limit of the Scorza correspondence for a general point rC, ηs P Θnull, viewed as a curve
in C � C, belongs to the linear system

��η b ηp∆q
�� which has dimension at least 3. This

limit curve is symmetric, that is, the inverse image of a divisor on Cp2q which has to be an
element of the linear system

��Lηpδq�� on Cp2q. The following calculation shows that the limit

of the Scorza correspondence when h0pC, ηq � 2 exists and it is unique.

Proposition 1.2. If rC, ηs P S�g is such that h0pC, ηq ¤ 2, then h0
�
Cp2q,Lηpδq

�
� 1.

Proof. We consider the following exact sequence on Cp2q

0 ÝÑ Lηp�2δq ÝÑ Lη ÝÑ O∆pLηq ÝÑ 0,

noting that O∆pLηq � ηb2 � ωC . Writing the long exact sequence in cohomology and using
the identifications (13) we obtain the following exact sequence:

0 ÝÑ H0
�
Cp2q,Lηp�2δq

�
ÝÑ Sym2H0pηq

Y0ÝÑ H0pωCq ÝÑ H1
�
Cp2q,Lηp�2δq

�
(17)

ÝÑ H0pηq bH1pηq
Y1ÝÑ H1pωCq ÝÑ H2

�
Cp2q,Lηp�2δq

�
ÝÑ

2©
H1pηq ÝÑ 0,(18)

where the maps Y0 and Y1 are given by cup-product. By, e.g., [I2, Appendix], we have that
ωCp2q � LωC p�δq, therefore by Serre duality we also obtain that

H2
�
Cp2q,Lηp�2δq

�
� H0

�
Cp2q,LωC b L_η p�δ � 2δq

�_
� H0

�
Cp2q,Lηpδq

�_
.
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When h0pC, ηq � 0, then clearly H0
�
Cp2q,Lηpδq

�_
� H1pC,ωCq � C. When, on the other

hand, h0pC, ηq � 2, we then observe that the cup product map Y1 is surjective, because it
is nonzero and h1pC,ωCq � 1. Therefore we obtain the canonical identification

H0
�
Cp2q,Lηpδq

�_
�

2©
H1pC, ηq � C.

We conclude that whenever h0pC, ηq ¤ 2, the linear system |Lηpδq| contains a unique curve,

which is the limit in Cp2q of the Scorza correspondence. �

1.5. The limit of the Scorza correspondence on S�g . The conclusion of Proposition 1.2
offers a way to put forward a definition of the curves T pC, ηq and SpC, ηq for every smooth
curve rC, ηs P S�g . However, this potentially leads to non-stable (or even non-reduced)

curves in Cp2q, respectively, in C � C.

Let ρ : Cg Ñ S�g be the universal smooth even spin curve of genus g, that is, the stack

of triples rC, η, ps, where rC, ηs P S�g and p P C. We denote by C2
g Ñ S�g , respectively, by

ρ2 : Cp2qg Ñ S�g the relative Cartesian and symmetric powers of the universal curve Cg Ñ S�g .

The symmetrization morphism q : C2
g Ñ Cp2qg is ramified along the relative diagonal Dg � C2

g

and we let δg be the divisor class on Cp2qg whose pull-back under q is Dg. Let ηg be a universal
even spin bundle2 over Cg. By definition, the restriction of ηg to the fiber of Cg Ñ S�g over

rC, ηs is the spin bundle η P Picg�1pCq. We denote Lηg the line bundle on Cp2qg such that

(19) q�pLηgq � pr�1pηgq b pr�2pηgq,

where pri : C2
g Ñ Cg are the two projections.

By Proposition 1.2, the generic fiber of pρ2q�
�
Lηgpδgq

�
is one-dimensional. Hence, since ρ2

is flat, the push-forward pρ2q�
�
Lηgpδgq

�
is a reflexive sheaf of rank one. Via the Auslander-

Buchsbaum formula, there exists an open subset S free
g of S�g whose complement S�g zS free

g

has codimension at least 3 such that pρ2q�
�
Lηgpδgq

�
is locally free over S free

g .

Clearly, ηg is only determined up to the pull-back under ρ of a line bundle from S�g and
we normalize ηg in such a way that

pρ2q�
�
Lηgpδgq

�
|Sfree
g

� OSfree
g
.

Definition 1.3. For any smooth spin curve rC, ηs P S free
g , we define the limiting Scorza

correspondence inside the symmetric product Cp2q to be the image of the natural map

pρ2q�
�
Lηgpδgq

���rC,ηs ÝÑ H0
�
Cp2q,Lηpδq

�
.

Definition 1.3 singles out a one-dimensional subspace of H0
�
Cp2q,Lηpδq

�
for a spin curve

rC, ηs P S free
g . The inverse image in C � C of the zero scheme of a non-zero element of this

one-dimensional subspace gives a well-defined, possibly non-reduced, curve in C � C.

2Note that since Sg has the structure of a Z2-gerbe due to the fact that each stable spin curve has a copy
of Z2 in ts automorphism group, the universal line bundle ηg should be viewed as a Z2-twisted line bundle
over Cg, see also the discussion in [DW, 1.1].
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1.6. The limit of the Scorza correspondence at a general point of Θnull. In what
follows, we determine the limit of the Scorza correspondence when h0pC, ηq � 2. To that
end, we fix a general point rC, ηs P Θnull, therefore |η| induces a cover f : C Ñ P1 of degree
g � 1. We may assume that the pencil |η| P W 1

g�1pCq has only simple ramification points.

The ramification divisor Ram of f belongs to the linear system |ωC b f�pOP1p2qq| �
��ωb2
C

��
and consists of 4g � 4 distinct points. We write Ram � x1 � � � � � x4g�4. In particular, the
canonical bundle ωC induces canonically a double cover

(20) rCη ÝÑ C

branched over the points x1, . . . , x4g�4. Note that gp rCηq � 4g � 3.

We introduce the trace curve

(21) Γη :�
!
x� y P Cp2q : H0

�
C, ηp�x� yq

�
� 0

)
and its double cover rΓη :� q�1

�
Γη

�
� C � C. It is well known, see, e.g., [I2, Lemma 2.1]

that

(22) OCp2q
�
Γη

�
� Lηp�δq.

By the adjunction formula, using again that ωCp2q � LωC p�δq, we find that Γη is a curve

of arithmetic genus g
�
Γη

�
� pg�3qp3g�4q

2 . Since |η| is simply ramified, using, for instance,
[vdGK2, Lemmas 2.1 and 2.2], we conclude that, for a general choice of rC, ηs P Θnull, the

curves Γη and rΓη are smooth and irreducible.

Theorem 1.4. We fix a general vanishing theta-null rC, ηs P Θnull.

(1) The limiting Scorza correspondence T pC, ηq is the transverse union of Γη and the diag-

onal r∆ � C, meeting at the 4g � 4 diagonal points 2 � x1, . . . , 2 � x4g�4 P C
p2q.

(2) The limiting Scorza correspondence SpC, ηq is the transverse union of rΓη and the curverCη meeting at the p4g � 4q diagonal points px1, x1q, . . . , px4g�4, x4g�4q.

Proof. We pick a general point rC, ηs P Θnull. Since Γη P
��Lηp�δq��, whereas ∆ P |2δ|,

it follows that that Γη � ∆ P
��Lηpδq��. Since in Lemma 1.2 we also established that

h0
�
Cp2q,Lηpδq

�
� 1, it follows that Γη � ∆ is the only curve in the linear system

��Lηpηq��.
Note that Γη and ∆ intersect at the 4g � 4 point of the form 2 � x, where x P Ram. Since

g
�
Γη

�
� gp∆q �#

�
Γη X∆

�
� 1 �

pg � 3qp3g � 4q

2
� g � 1� 4pg � 1q � 1�

3gpg � 1q

2
,

it also follows that the intersection of the curves Γη and ∆ � C is everywhere transverse,

in particular the curve Γη Y∆ is stable and is therefore the limiting Scorza correspondence
T pC, ηq.

Passing to the cartesian product, the limiting Scorza correspondence as a curve inside

C � C is then the non-reduced curve 2∆ � rΓη. The corresponding stable curve SpC, ηq
must be an admissible double cover having as target a nodal curve stably equivalent to the
stable curve Γη Y∆, where we identify ∆ with C. For i � 1, . . . , 4g� 4, we insert a smooth

rational curve Ei � P1 meeting Γη at the point x̃i :� 2 � xi (viewed as a point of Γη) and ∆
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at the point x�i :� 2 �xi (viewed as a point of ∆). We then consider the following admissible
double cover

(23) f : rΓη Y rE1 Y . . .Y rE4g�4 Y rCη ÝÑ Γη Y E1 Y . . .Y E4g�4 Y C,

where f| rCη : rCη Ñ C is the cover described by (20), f|rΓη : rΓη Ñ Γη is the cover induced by

the map q, whereas for i � 1, . . . , 4g � 4, the restriction f| rEi :
rEi Ñ Ei is the double cover

branched over the points x̃i and x�i .

Note that this is the procedure prescribed by the Stable Reduction Theorem, see , e.g.,

[HMo, p. 125] in order to eliminate the multiple component in the limiting curve 2∆� rΓη.
Indeed, assuming we have a family of curves ϕ : X Ñ pT, t0q, where T is a smooth 1-

dimensional base such that ϕ�1ptq is a smooth curve for t P T ztt0u, whereas ϕ�p0q � 2∆�rΓη,
then the total space X is necessarily singular at the points ∆ � rΓη. Blowing these 4g � 4
points up, making a base change pT, t0q Ñ pT, t0q of order 2 and then normalizing, the

resulting fibration ϕ1 : X 1 Ñ T has central fibre equal to rΓη �E1
1 � � � � �E1

4g�4 �
rCη, where

E1
i is the inverse image of the corresponding exceptional divisor of Bl4g�4pX q, whereas rCη

is the double cover of ∆ � C branched over the points ∆ � E1
i. This finishes the proof. �

2. Extension of the Scorza map to the boundary of S�g
We now turn our attention to the limits of the Scorza curves on the boundary of the

moduli space S�g of stable even spin curves of genus g. One has the rational map

Sc : S�g 99KM1�3gpg�1q, ScprC, ηsq :� rSpC, ηqs,

considered in the Introduction. Since S�g is a normal variety, Sc is defined outside a set of
codimension at least 2, thus the limit Scorza curves exist generically, as stable curves, on

each boundary component of S�g . We now describe explicitly a modular extension of Sc,
generically on each boundary component.

For basic facts about the boundary divisors of S�g we refer to [Cor, F2]. The boundary

divisors of S�g are traditionally denoted by Ai, Bi, where i � 0, . . . , tg2 u.

2.1. The limit Scorza correspondence over a general point of A0. We begin with a

general point of the boundary divisor A0 of S�g , corresponding to the following data:

 A general 2-pointed curve rC, p, qs P Mg�1,2. We denote by X :� C{p � q the
stable curve of genus g obtained by identifying p and q and let ν : C Ñ X be the
normalization map with νppq � νpqq � u P X.

 A line bundle ηC P Picg�1pCq such that ηb2
C � ωCpp� qq and H0pX, ηq � 0, where

we denote by η P PicpXq the locally free sheaf such that ν�pηq � ηC .

Note that giving η P Picg�1pXq is equivalent to specifying ηC , as well as a gluing between
the fibres η

C |p and η
C |q.

Let ν � ν : C � C Ñ X �X be the product map. The limit Scorza correspondence is a
symmetric curve in X�X and we let Σ be its pull-back under ν�ν. We have the following
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exact sequence on X:
0 ÝÑ OX ÝÑ ν�OC ÝÑ Cu ÝÑ 0

which, for any x, y P Cztp, qu gives us the exact sequence

(24) 0 ÝÑ ηpx� yq ÝÑ ν�
�
ηCpx� yq

�
ÝÑ Cu ÝÑ 0,

where to simplify notation, we identify νpxq with x and νpyq with y. We denote by

σx,y P H
0
�
C, ηCpx� yq

�
a non-zero section. The limiting Scorza curve SpX, ηq corresponding to the point rX, ηs P A0

contains the closure of the set of pairs px, yq P X �X such that h0pX, ηpx � yqq � 0, that
is, the image of σx,y is zero in Cu in the exact sequence (24). Note that σx,y � σy,x P

H0pC, ηb2
C q � H0pC,ωCpp � qqq is a meromorphic differential on C with non-zero residue

at both p and q, unique modulo the image of H0pC,ωCq.

Definition 2.1. Given a general spin curve rX � C{p � q, ηs P A0 as above, we define the
correspondence Σ as the closure in C � C of the locus

Σ0 :�
!
px, yq P

�
Cztp, qu

�
�
�
Cztp, qu

�
:

σx,yppq � σx,ypqq, for 0 � σx,y P H
0
�
C, ηCpx� yq

�)
.

The equality σx,yppq � σx,ypqq is to be understood in terms of the identification of the
fibres ηCpx� yq|p and ηCpx� yq|q which is part of the data defining η. Next we determine
the class of the curve Σ:

Proposition 2.2. The correspondence Σ is symmetric of valence g. Furthermore Σ inter-
sects the diagonal ∆ at the points pp, pq and pq, qq.

Proof. The symmetry follows from the fact that the image of Σ in X �X is symmetric.
Since C is general, we can write Σ � apF1 � F2q � b∆. To calculate the intersection of

Σ with a general fibre F1 of the projection C � C Ñ C, we choose a point x P Cztp, qu.
From Riemann-Roch it follows that H0pX, ηpxqq is one-dimensional. Let σx be a generator.
The points y P C such that px, yq P Σ are the zeroes of σx which, via the Mayer-Vietoris
sequence, can be considered a nonzero section of a line bundle of degree g � degpηCq � 1
on C, that is, Σ � F1 � g.

Assume now that px, xq P SpX, ηq. If x P Cztp, qu, then, by semicontinuity, we obtain
that h0pX, ηq ¥ 1, which is a contradiction. To deal with the case x � p, we construct a
family ϕ : X Ñ pB, 0q of spin curves of genus g endowed with two section x̄, ȳ : B Ñ X , such
that ϕ�1p0q � C YE YE1, with E and E1 smooth rational curves such that C XE1 � tpu,
C X E � tqu and E X E1 is one point that we denote p1. Furthermore,

x̄p0q � x P E1ztp, p1u and ȳp0q � y P E1ztp, p1u

are distinct points on E1. We may also assume that each fibre Xb � ϕ�1pbq is endowed with
a spin structure ηb P Picg�1pXbq such that h0

�
Xb, ηbpx̄pbq � ȳpbqq

�
¥ 1. Since the limiting

spin structure on the central fibre ϕ�1p0q � C Y E is given by that corresponding to the
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curve rX, ηs P A0 we started with, it follows that η0|C � ηC , η0|E1 � OE1 and η0|E � OE .

Writing down the Mayer-Vietoris sequence on C Y E1 Y E, we obtain:

0 ÝÑ H0
�
CYEYE1, η0px�yq

�
ÝÑ H0pC, ηCq`H

0
�
E1,OE1px�yq

�
`H0pE,OEq

evp,q
ÝÑ C3

p,p1,q.

Denoting by σC a generator of the vector space H0pC, ηCq, it follows that, given x, the point
y P E is uniquely determined by the condition that the unique section σE1 P H

0pE1,OE1pxqq
that is compatible with σC and with a nowhere vanishing generator σE P H0pE,OEq
vanishes at the point y. This shows that pp, pq P Σ and the same argument yields that
pq, qq P Σ. �

Proposition 2.3. The genus of Σ equals gpΣq � pg � 1qp3g � 2q.

Proof. Use Proposition 2.2 to write Σ � pg � 1qpF1 � F2q � ∆ and couple this with the
adjunction formula. �

Note that h0pC, ηCq � 1 and write supppηCq � tx1, . . . , xg�1u. We may assume that
p, q R supppηCq. By Serre Duality, we find that H0pC, ηCpxi � p � qqq � 0, therefore
pxi, pq, pxi, qq P Σ for i � 1, . . . , g � 1. By symmetry, we also have that pp, xiq, pq, xiq P Σ.

We are in a position to describe the limiting Scorza curve for a general point of A0.

Proposition 2.4. The limit Scorza curve SpX, ηq corresponding to a general spin curve
rX, ηs P A0 is the irreducible stable curve obtained from the smooth curve Σ � C � C by
identifying the following 2g � 1 pairs of points:

pp, pq � pq, qq and pxi, pq � pxi, qq, pp, xiq � pq, xiq for i � 1, . . . , g � 1.

Note that the genus of the resulting curve is, as it should be,

pa
�
SpX, ηq

�
� gpΣq � 2pg � 1q � 1 � 1� 3gpg � 1q.

Proof. We already explained that pν�νq�1
�
SpX, ηq

�
� Σ, therefore SpX, ηq is obtained from

Σ by possibly identifying pairs of points of the form px, pq and px, qq (respectively pp, xq and
pq, xq). Since, by Proposition 2.2, the valence of Σ equals g and we have already exhibited
g distinct points lying in the fibre of Σ over the point p P C (respectively q), we find that
Σ �pr�1

1 ppq � pp, pq�pp, x1q�� � ��pp, xg�1q and Σ �pr�1
1 pqq � pq, qq�pq, x1q�� � ��pq, xg�1q,

respectively. A similar statement holds with respect to the projection pr2. It thus follows
that these pairs of points get identified, which brings the proof to an end. �

2.2. The limit Scorza curve for a general point of B0. We begin with a general
element rX, ηs of B0, corresponding to a nodal curve X :� C Ytp,quE, where E is a smooth

rational curve meeting C at p and q, as well as to a line bundle η P Picg�1pXq, whose
restrictions to the components of X are an even theta characteristic ηC :� η|C on C,
respectively, η|E � OEp1q. Note that rC, p, qs PMg�1,2 may be assumed to be general. We
consider the decomposition of the cartesian product

X �X � C � C Y C � E Y E � C Y E � E,

where the points p and q are thought of as lying on both C and E. In C �C one considers
the Scorza curve SpC, ηq which is smooth of genus 1 � 3pg � 1qpg � 2q. By semicontinuity,
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SpC, ηq appears as a component of the limit Scorza curve. We then consider the pencil
|ηCpp� qq| PW 1

g pCq inducing a regular map f : C Ñ E � P1 and an embedding

p1, fq : C ÝÑ C � E

whose image we denote by C1. Permuting the factors, we define C2 � E � C to be the
image of the map pf, 1q : C Ñ E � C.

We set SpC, ηCqp � tx1, . . . , xg�1u and SpC, ηCqq � tx11, . . . , x
1
g�1u. We normalize the

map f in such a way that

(25) fpx1q � � � � � fpxg�1q � fpqq � p P E and fpx11q � � � � � fpx1g�1q � fppq � q P E.

We identify the points pxi, pq P SpC, ηCq and pxi, fpxiqq � pxi, pq P C1, as well as the
points px1i, qq P SpC, ηCq and, respectively, px1i, fpx

1
iqq � px1i, qq P C1 for i � 1, . . . , g � 1,

where we use (25) throughout. Similarly, we identify the points pp, xiq P SpC, ηCq and
pfpxiq, xiq � pp, xiq P C2, as well as the pairs of points pq, x1iq P SpC, ηCq and pfpx1iq, x

1
iq �

pq, x1iq P C2 for i � 1, . . . , g � 1, respectively. Therefore SpC, ηCq meets transversally both
C1 and C2 at 2g � 2 points. Finally the points

pfpqq, qq � pp, qq P C2, pfppq, pq � pq, pq P C2(26)

pp, fppqq � pp, qq P C1, pq, fpqqq � pq, pq P C1(27)

can also be identified in pairs, thus C1 and C2 meet transversally in two points denoted by
pp, qq, respectively, pq, pq.

Figure 2. The Scorza curve corresponding to a general point of B0

Proposition 2.5. The Scorza curve corresponding to a general point of B0 is the stable
curve

SpC, ηCq Y C1 Y C2,

where its components meet along the identifications described by (25) and (26).
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Proof. Let
�
ϕ : X Ñ pB, 0q, ηX

�
be a one-dimensional family of stable spin curves with�

ϕ�1p0q, ηX |ϕ�1p0q

�
�

�
C Ytp,qu E, η

�
as before, and such that x̄, ȳ : B Ñ X are sections of ϕ with h0

�
Xb, ηbpx̄pbq � ȳpbqq

�
¥ 1 for

each b P B, where ηb :� η|Xb . Set xp0q �: x and yp0q �: y.

If x, y P Cztp, qu, then using the isomorphism H0
�
X, ηpx � yq

�
� H0

�
C, ηCpx � yq

�
, we

obtain that px, yq P SpC, ηCq, which accounts for this component in Proposition 2.5. Let
us assume now that x P Cztp, qu and that y P Eztp, qu. Writing down the Mayer-Vietoris
sequence on X we obtain:

0 ÝÑ H0
�
X, ηpx� yq

�
ÝÑ H0

�
C, ηCpxq

�
`H0

�
E,OEp1qp�yq

� evp,q
ÝÑ C2

p,q.

Therefore there exists a section 0 � σC P H0
�
C, ηCpxq

�
and a section σE P H0

�
E,OEp1q

�
uniquely determined by the conditions σEppq � σCppq and σEpqq � σCpqq. The point y P E
is the unique zero of σE , that is, x determines y. Assume now that x, x1 P C are two distinct
points such that fpxq � fpx1q P E, that is,

h0
�
C, ηCpp� q � x� x1q

�
� h0

�
C, ηCpx� x1 � p� qq

�
¥ 1.

We now argue that if y, y1 P E are such that H0
�
X, ηpx�yq

�
� 0 and H0

�
X, ηpx1�y1q

�
� 0,

then y � y1, which will show that C1 is the component of the limit Scorza curve lying in
C � E. We may write H0

�
C, ηCpx � x1q

�
� xσC , σ

1
Cy, where H0

�
C, ηCpxq

�
� C � σC and

H0
�
C, ηCpx

1q
�
� C � σ1C . By assumption�

σCppq, σ
1
Cppq

�
�

�
σCpqq, σ

1
Cpqq

�
P E � P1.

But this is precisely the condition that the same section σE P H0
�
E,OEp1q

�
glues to both

σC and to σ1C at the points p and q, thus showing that y � y1. A similar argument shows
that the curve C2 � E � C is contained in the limit of the Scorza correspondence.

Via a similar Mayer-Vietoris sequence, one shows that the case when at least one of the
points x, y specializes to Eztp, qu does not occur. When, on the other hand, x specializes
to p and y specializes to q, by blowing-up X at the points p and q, inserting exceptional
divisors and writing down the Mayer-Vietoris sequence on the resulting central fibre, we
easily concludes that this case is possible and corresponds to the intersection of C1 and C2

at the points pp, qq and pq, pq.
Finally, we discuss the limit Scorza curve along the intersection of C � C and C � E

(respectively, E � C). In this case, we may assume, without loss of generality, that y � p
and x P Cztp, qu. We blow-up X at p and denote the exceptional divisor E1. Denoting the
proper transforms of C and E by the same symbols, we consider the new central fibre

X 1 � C Y E Y E1, tp1u :� E X E1, E X C � tqu, E1 X C � tpu,

where y P E1ztp, p1u and the spin structure ηX 1 is defined as the pull-back of η. From the
exact sequence

0 ÝÑ H0
�
ηX 1px� yq

�
ÝÑ H0

�
C, ηCpxq

�
`H0

�
E,OEp1q

�
`H0

�
E1,OE1p�yq

� ev
ÝÑ C3

p,p1,q,
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we obtain that necessarily H0
�
C, ηCpx � pq

�
� 0, that is, x P tx1, . . . , xg�1u, in which

case the point pxi, pq P SpC, ηCq can be identified with the point pxi, fpxiqq � pxi, pq P C1,
where we have used (25). This completes the proof.

�

2.3. The limit Scorza curve at a general point of Ai, when i ¥ 1. The general point

of the boundary divisor Ai of S�g corresponds to general 1-pointed curves rC, ps P Mi,1

and rD, qs P Mg�i,1 together with even theta-characteristics ηC and ηD on C and D,
respectively. To this data we associate the even spin curve of genus g

(28)
�
X � C Y E YD, η|C � ηC , η|E � OEp1q, η|D � ηD

�
P Ai,

where E is a smooth rational curve meeting C at the point p and D at the point q. We fix
such a general point of Ai.

We consider the Scorza curves SpC, ηCq � C � C and SpD, ηDq � D �D. Using [FV2,
Theorem 4.1], we may assume that the curves SpC, ηCq and SpD, ηDq are smooth, and then
of course g

�
SpC, ηCq

�
� 1� 3ipi� 1q and g

�
SpD, ηDq

�
� 1� 3pg � iqpg � i� 1q.

Using Definition 1.3, it easily turns out that SpC, ηCq (respectively SpD, ηDq) is the
component of the limit Scorza curve lying in the component C �C (respectively D�D) of
the cartesian product of the genus g stable curve given by (28). We are left with determining
the limit Scorza components in C �D and D � C.

Put tx1, . . . , xiu :� SpC, ηCqp and, similarly, ty1, . . . , yg�iu :� SpD, ηDqq. For a general

choice (28) of a point in Ai the points tx`u
i
`�1 and tyku

g�i
k�1 are pairwise distinct.

Inside C � D we consider the “vertical” copies tx`u � D, where ` � 1, . . . , i, as well as
the “horizontal” copies C � tyku for k � 1, . . . , g � i. These intersect at the ipg � iq points
px`, ykq P C �D. The point px`, qq of the “vertical copy” tx`u �D � C �D gets identified
with the point px`, pq of the curve SpC, ηCq � C � C. The point pp, ykq of the “horizontal
copy” C � tyku gets identified with the point pq, ykq of the curve SpD, ηDq � D �D.

By symmetry, inside D�C we consider the “vertical” curves tyku�C for k � 1, . . . , g�i,
as well as the “horizontal” curves tx`u �D for ` � 1, . . . , i, which intersect in the ipg � iq
points pyk, x`q P D � C. The marked point pyk, pq of each component tyku � C is then
identified with the marked point pyk, qq of the Scorza curve SpD, ηDq. Finally, the marked
point px`, qq of each component tx`u �D is identified with the marked point px`, pq of the
Scorza curve SpC, ηCq.

We are now in a position to describe the limiting Scorza curve for a general point in Ai:

Proposition 2.6. The limit Scorza curve corresponding to a general point (28) of the
boundary divisor Ai is the following stable curve:

SpC, ηCq
¤ ��

tx1u �D
�
Y . . .Y

�
txiu �D

�
Y

�
C � ty1u

�
Y . . .Y

�
C � tyg�iu

�	 ¤
SpD, ηDq

¤ ��
D � tx1u

�
Y . . .Y

�
D � txiu

�
Y
�
ty1u � C

�
Y . . .Y

�
tyg�iu � C

�	
.



SZEGŐ KERNELS AND SCORZA QUARTICS ON THE MODULI SPACE OF SPIN CURVES 19

Figure 3. The Scorza curve corresponding to a general point of Ai

This decomposition corresponds to the components C �C, C �D, D�D and D�C (in
this order) of the cartesian product.

Remark 2.7. Note that none of the components of the Scorza curve vary in moduli as the
point of attachment p (respectively q) varies on either C (respectively D). Observe also that
the stable curve described in Proposition 2.6 has ν :� 2 � 2pi� g � iq � 2 � 2g irreducible
components, all smooth. The sum of their genera equals

σ :� g
�
SpC, ηCq

�
� g

�
SpD, ηDq

�
� 2

�
pg � iqi� ipg � iq

�
� 2� 3ipi� 1q � 3pg � iqpg � i� 1q � 4ipg � iq � 3g2 � 2gi� 2i2 � 3g � 2.

These components meet at a total number of δ :� 2ipg � iq � 2pg � iq � 2i � 2pig � i2 � gq
nodes. It follows that the arithmetic genus of the curve described in Proposition 2.6 equals
pa
�
SpX, ηqq � 1� σ � δ � ν � 1� 3gpg � 1q, which provides a numerical verification of the

conclusion of Proposition 2.6.

Proof of Proposition 2.6. To simplify notation, we will identify the marked point p P C and
q P D, respectively. We consider the curve of compact type C Yp D as above and assume
a pair px, yq P pC YDq � pC YDq lies in the limiting Scorza correspondence SpX, ηq. We
may assume that x � y and that p R tx, yu. If x, y P C (respectively, if x, y P D), we
quickly reach the conclusion that px, yq P SpC, ηCq (respectively, that px, yq P SpD, ηDq).
We may assume thus without loss of generality that x P Cztpu and that y P Dztqu. The
limiting condition on px, yq can be stated as saying that there exist a limit linear series of
type g0

g�1 on C YD (in the sense of [EH]), obtained by twisting the spin structure by the
Cartier divisor x � y on the stable curve C Y D. This means that there exists sections
0 � σC P H0

�
C, ηCppg � i� 1q � p� xq

�
and σD P H0

�
D, ηDppi� 1q � q � yq

�
such that

(29) ordppσCq � ordqpσDq ¥ g � 1.
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We claim that px, pq P SpC, ηCq, that is, x P tx1, . . . , xiu, or else py, qq P SpD, ηDq, that
is, y P ty1, . . . , yg�iu. Indeed, if neither of these possibilities is realized, then necessarily
ordppσCq ¤ g�i�1 and ordqpσDq ¤ i�1, thus ordppσCq�ordqpσDq ¤ g�2, which contradicts
(29). Assuming for instance x � x` P SpC, ηCqp for ` P t1, . . . , iu, then ordppσCq � g � i,
in which case ordqpσDq ¥ i� 1, which is automatic by Riemann-Roch, showing that y P D
can be chosen arbitrarily. This accounts for the component tx`u �D � C �D inside the
limiting Scorza curve SpX, ηq. The remaining components can be explained similarly. l

3. The Scorza curve at a general point of the divisor Bi, when i ¥ 1

Determining the limit Scorza curve along the boundary divisor Bi of S�g turns out to be
more delicate than in the case of the divisor Ai. We need some preparation and start with
a smooth pointed curve rC, ps PMg,1 and with an odd theta characteristic on C.

We have the exact sequence in cohomology on Cp2q

0 ÝÑ H0
�
Lηppqp�δq

�
ÝÑ H0

�
Lηppqpδq

� ρ
ÝÑ H0

�
C,OCp2pq

�
ÝÑ H1

�
Lηppqp�δq

�
,

where we have used that O∆

�
Lηppqpδq

�
� ηb2 b ω_C p2pq � OCp2pq.

Lemma 3.1. Let rC, ps P Mg,1 be a smooth pointed curve and fix an odd spin structure η
on C with h0pC, ηq � 1 and assume p R supppηq. The natural map

H0
�
Cp2q,Lηppqpδq

� ρ
ÝÑ H0pC,OCp2pq

�
above is an isomorphism. In particular, if p P C is not a hyperrelliptic Weierstrass point of
C, then the linear system

��Lηppqpδq�� contains a unique curve Yη,p � Cp2q.

When p P supppηq, the map ρ is zero. However,
��Lηppqpδq�� still contains exactly one curve

Yη,p � Cp2q.

Proof. We use the identification provided by (13) and write

H0
�
Cp2q,Lηppqp�δq

�
�

2©
H0

�
C, ηppq

�
and

H1
�
Cp2q,Lηppqp�δq

�
� H1

�
C, ηppq

�
bH0

�
C, ηppq

�
.

If p R supppηq, then h0pC, ηppqq � 1 and H1pC, ηppqq � 0, therefore H i
�
Cp2q,Lηppqp�δq

�
� 0,

for i � 0, 1, which establishes the canonical identification

(30) H0
�
Cp2q,Lηppqpδq

�
� H0

�
C,OCp2pq

�
.

If, on the other hand, p P supppηq, then H1
�
Cp2q,Lηppqp�δqq � Hom

�
H0pηp�pqq, H0pηppqq

�
,

hence we conclude that the map H0
�
C,OCp2pq

�
Ñ H1

�
Cp2q,Lηppqp�δq

�
is injective and ρ

is 0. Therefore H0
�
Cp2q,Lηppqpδq

�
�

�2H0
�
C, ηppq

�
(also see Appendix A.3 of [I2], noting

that one can use Serre Duality and the fact that ωCp2q b pLηppqpδqq�1 � Lηp�pqp�2δq). In

both cases it follows that the linear system
��Lηppqpδq�� contains a single curve. �
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We denote by Xη,p :� q�1pYη,pq the inverse image in C � C of the curve Yη,p � Cp2q

singled out by Lemma 3.1. Observe that OC�CpXη,pq � ηppqb ηppqp∆q. Therefore, by the
adjunction formula, we obtain that papXη,pq � 3g2 � g. Similarly, we obtain that

(31) papYη,pq �
g

2
p3g � 1q.

We will show that in general Yη,p is a smooth curve. We begin with the following result:

Proposition 3.2. Fix a general point rC, η, ps P S�g,1. Suppose x� y P Yη,p with x � y and

none of the points x, y belong to supppηq. Then Yη,p is nonsingular at the point x� y.

Proof. It is sufficient to prove that H0
�
Cp2q, I2

tx�yu{Cp2q
b Lηppqpδq

�
� 0. We have the

following Koszul resolution of the ideal I2
tx�yu{Cp2q

0 ÝÑ OCp2qp�C2x�yq
à

OCp2qp�Cx�2yq ÝÑ

OCp2qp�C2xq
à

OCp2qp�Cx�yq
à

OCp2qp�C2yq ÝÑ I2
tx�yu{Cp2q ÝÑ 0,

which, after twisting by the line bundle Lηppqpδq, becomes

0 ÝÑ Lηpp�2x�yqpδq
à

Lηpp�x�2yqpδq ÝÑ Lηpp�2xqpδq
à

Lηpp�x�yqpδq
à

Lηpp�2yqpδq

ÝÑ I2
tx�yu{Cp2q b Lηppqpδq ÝÑ 0.

(32)

Since p, x and y do not belong to supppηq, by using suitable twists of the exact sequence
0 Ñ OCp2qp�2δq Ñ OCp2q Ñ O∆ Ñ 0, via the identifications (13), we obtain (also see
Appendix A.3 of [I2])

H0
�
Cp2q,Lηpp�2xqpδq

�
� 0, H0

�
Cp2q,Lηpp�2yqpδq

�
� 0 and H0

�
Cp2q,Lηpp�x�yqpδq

�
� 0.

We therefore obtain from (32) the following exact sequence

0 ÝÑ H0
�
I2
tx�yu{Cp2q b Lηppqpδq

�
ÝÑ H1pLηpp�2x�yqpδqq `H1pLηpp�x�2yqpδqq

ÝÑ H1pLηpp�2xqpδqq `H1pLηpp�x�yqpδqq `H1pLηpp�2yqpδqq ÝÑ � � �

which, after applying Serre duality, yields by taking duals the following exact sequence:

H1
�
Lηp�p�2xqp�2δq

�
`H1

�
Lηp�p�x�yqp�2δq

�
`H1

�
Lηp�p�2yqp�2δq

� γ
ÝÑ

H1
�
Lηp�p�2x�yqp�2δq

�
`H1

�
Lηp�p�x�2yqp�2δq

�
ÝÑ H0

�
Itx�yu{Cp2q b Lηppqpδq

�_
ÝÑ 0.
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We now consider the following morphism of exact sequences
(33)

Sym2H0pηp�p� 2xqq H0pωCp�2p� 4xqq H1pLηp�p�2xqp�2δqq

` ` `

Sym2H0pηp�p� 2yqq H0pC,ωCp�2p� 4yqq H1pLηp�p�2yqp�2δqq

` ` `

Sym2H0pηp�p� x� yqq H0pωCp�2p� 2x� 2yqq H1pLηp�p�x�yqp�2δqq

Sym2H0pηp�p� 2x� yqq H0pωCp�2p� 4x� 2yqq H1pLηp�p�2x�yqp�2δqq

` ` `

Sym2H0pηp�p� x� 2yqq H0pωCp�2p� 2x� 4yqq H1pLηp�p�x�2yqp�2δqq

µ

α β γ

j

where µ is the direct sum of the corresponding multiplication maps at the level of global
sections, whereas β is given componentwise by βpa, b, cq � pa� c, b� cq. The last horizontal
arrow in diagram (33) is surjective because

H1
�
Cp2q,Lηp�p�2x�yq

�
� 0 and H1

�
Cp2q,Lηp�p�x�2yq

�
� 0,

which follows because of our generality assumptions via the identifications (13). To conclude
that the map γ is surjective it remains to show via (33) that

(34) Impjq � Impβq � H0pC,ωCp�2p� 4x� 2yqq
à

H0pC,ωCp�2p� 2x� 4yqq.

Since the summands Sym2H0pC, ηp�p � 2x � yqq and H0pC,ωCp�2p � 4xqq map via
the maps j, respectively, β only into the summand H0

�
C,ωCp�2p � 4x � 2yq

�
(a similar

conclusion holds if we interchange x and y), a sufficient condition for (34) to hold is that

(35) j
�

Sym2H0pC, ηp�p�2x�yqq
	
�H0

�
C,ωCp�2p�4xq

�
� H0

�
C,ωCp�2p�4x�2yq

�
and

(36) j
�

Sym2H0pC, ηp�p�x�2yqq
	
�H0

�
C,ωCp�2p�4yq

�
� H0

�
C,ωCp�2p�4y�2xq

�
.

Note that h0pC,ωCp�2p� 4xqq � g � 1 and h0pC,ωCp�2p� 4x� 2yqq � g � 3.

As observed earlier, the assumption that p, x, y do not belong to the support of η implies
h0pC, ηp�p�2x�yqq � 2, therefore dim Sym2H0pC, ηp�p�2x�yqq � 3 and (35) amounts
to proving that the intersection

(37) j
�

Sym2H0pC, ηp�p�2x�yqq
	£

H0
�
C,ωCp�2p�4xq

�
� H0

�
C,ωCp�2p�4x�2yq

�
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is 1-dimensional. Similarly, the equality (36) amounts to the statement obtained from (37)
if we interchange x and y.

Observe that H0
�
C,ωCp�2p � 4xq

�
is the subspace of H0

�
C,ωCp�2p � 4x � 2yq

�
con-

sisting of sections vanishing with multiplicity at least 2 at y. We choose a basis pσ1, σ2q of
H0pC, ηp�p � 2x � yqq, where ordypσ2q ¥ 1 and ordypσ1q � 0. Assume there is a further
element other than jpσ2

2q in the intersection (37). Without loss of generality we may assume
it to be jpσ2

1�σ1 �σ2�σ
2
2q. We obtain ordypσ

2
1�σ1 �σ2�σ

2
2q ¥ 2, which implies ordypσ1q ¥ 1,

that is, h0pC,ωCp�p� 2xqq � 2, which is a contradiction. This finishes the proof. �

Theorem 3.3. For a general choice of rC, η, ps P S�g,1, the curve Xη,p has a unique nodal

singularity at the point pp, pq, whereas Yη,p is a smooth curve.

Proof. First, we show that Xη,p is singular at the point pp, pq P C �C and, to that end, we
prove that the intersection multiplicity at pp, pq of Xη,p with both the diagonal ∆ and with
the translated curve C � tpu is at least two.

We may assume that p P C is not a hyperelliptic Weierstrass point and p R supppηq. We
have the following exact sequence

0 ÝÑ H0
�
Cp2q, It2�pu{Cp2q b Lηppqpδq

�
ÝÑ H0

�
Cp2q,Lηppqpδq

�
ÝÑ H0

�
Opp2pq

�
.

Using (30) and the fact that since H0pC,OCppqq � H0pC,OCp2pqq, the map

H0
�
C,OCp2pq

�
Ñ H0

�
Opp2pq

�
is equal to zero, therefore Yη,p passes through the point p̃ :� 2 � p P ∆.

We consider the embedding ι : C ãÑ Cp2q given by ιpxq :� p� x so that Impιq � Cp (see
Section 1.2). Then ι�

�
Lηppqpδq

�
� ηp2pq P W 1

g�1pCq, that is, the intersection cycle Cp � Yη,p
can be regarded as an element of the pencil |ηp2pq| that passes through the point p. Since
h0pC, ηppqq � 1, one must have

Cp � Yη,p � 2p� supppηq P Cpg�1q,

that is,
�
Yη,p � Cpqp̃ � 2 (since p R supppηq). It immediately follows that we also have�

Xη,p � C � tpu
�
pp,pq

�
�
Xη,p � tpu � C

�
pp,pq

� 2

Next we determine the intersection of Xη,p with ∆. Denoting by j : C Ñ C � C the
embedding jpxq :� px, xq, since j�pLηppqq � OCp2pq and h0pC,OCp2pqq � 1, it follows that�

∆ �Xη,p

�
pp,pq

� 2.

Since the curves ∆ and C�tpu have distinct tangents at pp, pq, it follows that Xη,p is singular

at pp, pq. On the other hand the curves ∆ and Cp are tangent at the point 2 � p P Cp2q, so

the above argument only shows that Yη,p is tangent to ∆ at p̃.

In order to show that Yη,p has no other singularity, we specialize to the situation when
p P supppηq, in which case ηppq PW 1

g pCq is a pencil. We consider the trace curve

(38) Γηppq :�
!
x� y P Cp2q : H0

�
C, ηpp� x� yq

�
� 0

)
.
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Then, via [I2, Lemma 2.1], we observe that OCp2qpΓηppqq � Lηppqp�δq. Since, via Lemma

3.1, we have that h0
�
Cp2q,Lηppqpδq

�
� 1, it follows that the curve Yη,p splits into the union

of Γηppq and ∆. Assuming that ηppq is simply ramified, the union Yη,p Y ∆ is transverse.

Furthermore, using again [vdGK2], the curve Γηppq is smooth, therefore the union ΓηppqY∆
is a stable curve. In particular, Yη,p is a nodal curve for a general choice of rC, η, ps.

Assume x0 � y0 P Yη,p is a singularity, where x0 P supppηq and y0 P Cztx0, pu (see

Proposition 3.2). Considering the embedding jx0 : C ãÑ Cp2q given by jx0pyq :� x0 � y,
since j�x0

�
OCp2qpYη,pq

�
� ηpp � x0q, and |ηpp � x0q| � |ηpx0q| � p, it follows that y0 is

one of the ramification points of the pencil ηpx0q P W 1
g pCq. Assume first y0 R supppηq.

Since
�
Cy0 � Yη,p

�
x0�y0

¥ 2, we obtain that H0pC, ηpp � y0 � 2x0qq � 0. It follows that

H0pC, ηpx0 � 2y0 � pqq � 0, that is, p has to be one of the anti-ramification points3 of the
pencil ηpx0q. Since there are finitely many such pencils, this singles out a finite number of
points p and, for a general choice of p P C, this scenario does not occur. If, on the other
hand y0 P supppηq, we obtain that

(39) H0pC, ηpx0 � 2y0q � 0 and H0pC, ηpy0 � 2x0q � 0.

In this case, ηpx0q has y0 as a base point, which is impossible for a general rC, ηs, which
implies that (39) is impossible. It follows that Yη,p has no singularities at a point px0, y0q,
where x0 P supppηqztpu. Combining this with Proposition 3.2, we conclude that the last
possible case to be ruled out is when Yη,p has a nodal singularity at the point p̃. We consider
the cover q : Xη,p Ñ Yη,p and recall that pp, pq is a nodal singularity of Xη,p. Since q is étale
everywhere on Xη,pztpp, pqu, we reach a contradiction with the fact papXη,pq � 2papYη,pq,
which finishes the proof. �

Corollary 3.4. Let g ¥ 3. For a general choice of rC, ηs P S�g , the curve Yη,p is nodal for
every p P C.

Proof. It suffices to combine Proposition 3.2 and Theorem 3.3. It follows that Yη,p is smooth
when p R supppηq, whereas, when p P supppηq, the curve Yη,p is the transverse union of the

smooth trace curve Γηppq defined by (38) and the diagonal ∆ of Cp2q. �

Remark 3.5. The double cover q : Xη,p Ñ Yη,p is not admissible in the sense of [HM]. We
describe the associated admissible double cover. We take the normalization ν : X 1

η,p Ñ Xη,p

and let tp�, p�u :� ν�1
 
pp, pq

(
. We attach a smooth rational curve E to the smooth curve

Yη,p at the point p̃ � 2 � p P Yη,p. Then the associated double cover is given by

(40)
�
f : X 1

η,p Y E1 ÝÑ Yη,p Yp̃ E, f�1pp̃q � tp�, p�u
�
,

where f|X 1
η,p

� q � ν and E1 is a smooth rational curve meeting X 1
η,p at the points p� and

p� with f|E1 : E
1 Ñ E being a double cover mapping the points p� and p� to p̃ P E.

With this preparation in place, we now determine the limit Scorza correspondence of
a general point of Bi corresponding to pointed curves rC, ps P Mi,1 and rD, qs P Mg�i,1

3For a cover f : C Ñ P1, we say that a point p P C is an anti-ramification point if it lies in a fibre of f
over a branch point of f .
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together with odd theta-characteristics ηC on C and ηD on D. We write supppηCq �
tx1, . . . , xi�1u and supppηDq � ty1, . . . , yg�iu.

The spin structure η �
�
ηC ,OEp1q, ηD

�
on the curve X :� C Yp�0 E Yq�8 D has a

two-dimensional space of global sections. Imposing the simple-minded limit of the condition
h0pX, ηpx�yqq ¡ 0 on the pair rX, ηs, we obtain that the limit of the Scorza correspondence
contains several two-dimensional components. We therefore need to once more take into
account that the Scorza correspondence is the inverse image of a curve in the symmetric
product of C YD.

Consider a one-parameter family of even spin curves pX , ηX q Ñ pB, 0q with central fiber
pX, ηq as above and generic fiber a general element of S�g . We choose a point px, yq of
the central fibre lying in the limiting Scorza curve. Suppose first x, y P Cztpu. As in the
proof of Proposition 2.6, there exist sections 0 � σC P H0

�
C, ηCppg � iq � p � x � yq

�
and

0 � σD P H0
�
D, ηDpi � qq

�
such that ordppσCq � ordqpσDq ¥ g � 1. Since p R supppηDq, we

obtain that ordqpσDq ¤ i, therefore ordppσCq ¥ g � i� 1, which leads to the condition

H0
�
C, ηCpp� x� yq

�
� 0,

which is automatically satisfied for arbitrary points x, y P C. However, the component of
the limiting Scorza correspondence lying in C � C must also be the pull-back of a curve
in Cp2q, and this curve lies necessarily in

��LηCppqpδCq��, therefore, using Lemma 3.1, it must
be the curve XηC ,p. A similar argument yields that the component of the limiting Scorza
correspondence lying in D �D is the curve XηD,q.

Assume that x P Cztpu and y P Dztqu. Then there exist non-zero sections

σC P H0
�
C, ηCppg � i� 1q � p� xq

�
, σD P H0

�
D, ηDppi� 1q � q � yq

�
,

and σE P H0
�
E,OEppg � i� 1q � p� pi� 1q � qq

�
,

with ordppσCq� ordppσEq ¥ g� 1 and ordqpσEq� ordqpσDq ¥ g� 1. In this situation either
y P supppηDq, leading to ordqpσDq � i and ordppσCq � g � i � 1 (and σE being uniquely
determined up to a constant by the conditions ordppσEq � i and ordqpσEq � g � i� 1), or
else x P supppηCq. This accounts for the components C�tyku, respectively, tx`u�D of the
limiting Scorza curve.

A similar calculation shows that the cases x P Cztpu, y P Eztp, qu, or, respectively,
x P Dztqu, y P Eztp, qu do not appear. Finally, we deal with the case when both x � y lie
on E. Then there exist non-zero sections

σC P H0
�
C, ηCppg � iq � p

�
, σD P H0

�
D, ηDpi � qq

�
and σE P H0

�
E,OEp1qppg � i� 1q � p� pi� 1q � q � x� yq

�
.

We get ordppσCq ¤ g � i and ordqpσDq ¤ i, therefore divpσEq ¥ pi� 1q � p� pg � i� 1q � q.
Given x P E, the point y is uniquely determined by the condition that σE vanishes at y.

The curves XηC ,p and XηD,q are nodal at the points pp, pq and pq, qq, which get identified.
We consider their normalizations X 1

ηC ,p
and Y 1

ηD,q
with the points p�, p� P XηC ,p, respec-

tively, q�, q� P XηD,q, as described in Remark 3.7. We join X 1
ηC ,p

and X 1
ηD,q

by identifying

p� and q�, respectively, p� and q�.
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Proposition 3.6. The limit Scorza curve at a generic point rC Y D, ηC , ηDs of Bi is the
transverse union of the following curves in the Cartesian power C2 YC �DYD�C YD2.

X 1
ηC ,p

¤ �
pηC �Dq Y pC � ηDq

	 ¤ �
pD � ηCq Y pηD � Cq

	 ¤
X 1
ηD,q

.

The decomposition corresponds to the components of the Scorza curve in C � C, C � D,
D � C and D �D (in this order).

Remark 3.7. The curve exhibited in Theorem 3.6 has ν � 2pi� 1� g� i� 1q� 2 � 2g� 2
irreducible components and δ � 2pi � 1qpg � i � 1q � 2pi � 1 � g � i � 1q � 2 � 2ipg � iq
nodes. The sum of the genera of its irreducible components equals

σ � pa
�
X 1
ηC ,p

�
� pa

�
X 1
ηD,q

�
� 2pi� 1qpg � iq � 2pg � i� 1qi.

Taking into account that pa
�
X 1
ηC ,p

�
� 3i2�i�1 and pa

�
X 1
ηD,q

�
� 3pg�iq2�g�i�1, we verify

that the arithmetic genus of the limiting Scorza curve equals 1� σ� ν � δ � 1� 3gpg� 1q.

4. The weight of the Szegő-Hodge class on S�g

We shall determine the Szegő-Hodge class on S�g , that is, the pull-back of the Hodge

class under the Scorza map Sc : S�g 99KM1�3gpg�1q. We recall that via Diagram (2), the
morphism Sc factors through the morphism

(41) ξ : S�g 99K R1� 3
2
gpg�1q, rC, ηs ÞÑ

�
SpC, ηq Ñ T pC, ηq

�
,

that is, χ � ξ � Sc. We denote by λ1, δ1i the standard generators of PicpM1�3gpg�1qq, where

i � 0, . . . ,
Y

1�3gpg�1q
2

]
. Furthermore, let λpr P Pic

�
R1� 3

2
gpg�1q

�
be the Hodge-Prym class

and δ10, δ
2
0 and δram

0 be the boundary classes on R1� 3
2
gpg�1q corresponding to Prym structures

having an irreducible underlying curve, see [FL, Example 1.4] for details. In particular δram
0

is the class of the ramification divisor ∆ram
0 of the morphism R1� 3

2
gpg�1q Ñ M1� 3

2
gpg�1q

and its general point corresponds to an admissible double cover f : Y 1 Ñ Y , where Y is an
irreducible stable curve of genus 1� 3

2gpg� 1q having a single node n P Y , whereas Y 1 is an
irreducible stable curve of arithmetic genus 1 � 3gpg � 1q having a single node n1 P Y 1 and
such that f�1pnq � tn1u. We write

(42) λSzH :� Sc�pλ1q � cλ � λ�

t g2 u̧

i�0

�
cαi � αi � cβi � βiq P PicpS�g q.

In this section we determine the coefficient cλ in this expression. We denote by S�g the

open substack of S�g consisting of smooth spin curves rC, ηs such that h0pC, ηq ¤ 2. It is

well known, see [T1, Theorems 2.13, 2.18] that codim
�
S�g zS�g ,S�g q ¥ 5, therefore replacing

S�g by S�g has no effect on any codimension one calculation on S�g . Let ρ : C�g Ñ S�g be the
(restriction of the) universal spin curve and by ηg P PicpC�g q the (restriction of the) universal
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spin bundle. Let E be the Hodge bundle on Sg and we also introduce the rank 2g�2 vector
bundle on Sg

(43) E3 :� ρ�
�
ωρ b ηg

�
, E

3
��rC,ηs � H0pC,ωC b ηq � H0pC, ηb3q, for any rC, ηs P Sg.

Denoting by E1 the Hodge bundle on M1�3gpg�1q and by Sc� : S�g 99K M1�3gpg�1q the
restriction of the Scorza map Sc, the Szegő-Hodge bundle is then, by definition, the pull-
back

ESzH �
�
Sc�

��
pE1q.

Slightly abusing the notation, in this proof we consider the restriction ξ : S�g Ñ R1� 3
2
gpg�1q

of the morphism ξ to the open substack S�g . We shall explicitly describe ESzH in terms of
a tautological bundle on S�g defined in terms of the geometry of the symmetric square of
curves.

We denote by Epr,� (respectively by Epr,�) the invariant (respectively anti-invariant) part
of the Hodge bundle on R1� 3

2
gpg�1q. Using [FL, Proposition 4.1], we obtain

(44) c1pEpr,�q � λpr, c1pEpr,�q � λpr �
δram

0

4
and χ�pλ1q � 2λpr �

δram
0

4
.

Furthermore, we introduce the invariant (respectively anti-invariant) part of the Szegő-
Hodge bundle, by setting

(45) E�SzH :� ξ�
�
Epr,�

�
and E�SzH :� ξ�

�
Epr,�

�
.

We shall separately determine the first Chern classes of the bundles E�SzH and E�SzH.

Proposition 4.1. One has c1

�
E�SzH

�
� 20g�7

2 λ P PicpS�g q.

Proof. We start with a point rC, ηs P S�g . Via Definition 1.3, we introduced the double cover

SpC, ηq Ñ T pC, ηq, where T pC, ηq is the only curve of the linear system
��Lηpδq�� on Cp2q. We

have the canonical identification of the fibre of E�SzH over a point rC, ηs P S�g

E�
SzH

��rC,ηs � H0
�
T pC, ηq, ωT pC,ηq

�
.

By the adjunction formula

ωT pC,ηq � ωCp2q
�
T pC, ηqq��T pC,ηq � LωCbηp�δ � δq��T pC,ηq � L

ηb3
��T pC,ηq.

Twisting by Lηb3 the exact sequence

(46) 0 ÝÑ OCp2qp�T pC, ηqq ÝÑ OCp2q ÝÑ OT pC,ηq ÝÑ 0,

then taking cohomology, we obtain the following long exact sequence:

0 ÝÑ H0
�
Cp2q,LωC p�δq

�
ÝÑ H0

�
Cp2q,Lηb3

�
ÝÑ H0

�
T pC, ηq, ωT pC,ηq

�
ÝÑ H1

�
Cp2q,LωC p�δq

�
ÝÑ H1

�
Cp2q,Lηb3

�
ÝÑ 0.
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Using the identifications (13), we obtain the following natural exact sequence:

0 ÝÑ
2©
H0pωCq ÝÑ Sym2H0pωC b ηq ÝÑ H0pωT pC,ηqq ÝÑ H1pωCq bH0pωCq ÝÑ 0,

which globalizes to the following exact sequence of vector bundles on S�g :

(47) 0 ÝÑ
2©

E ÝÑ Sym2E3 ÝÑ E�SzH ÝÑ E ÝÑ 0.

In order to estimate the first Chern class of E3 (which was defined via (43)), we apply
Grothendieck-Riemann-Roch to the universal spin curve ρ : C�g Ñ S�g and write

c1

�
E3

�
� c1

�
ρ!pωρ b ηgq

�
� ρ�

��
1� c1pωρq � c1pηgq �

pc1pωρq � c1pηgqq
2

2

	
��

1�
c1pωρq

2
�
c2

1pωρq

12

	�
2
�

11

24
ρ�
�
c2

1pωρq
�
�

11

24
ρ�
�
c2

1pωρq
�
�

11

2
λ,

where we have used that 2c1pηgq � c1pωρq, as well as Mumford’s formula ρ�
�
c2

1pωρq
�
� 12λ.

From the sequence (47), using that c1

�
Sym2E3

�
� p2g � 1qc1

�
E3

�
, we then compute that

ξ�pλprq � c1

�
E�SzH

�
� λ�c1

� 2©
E
�
�c1

�
Sym2E3

�
� λ�pg�1qλ�p2g�1q

11

2
λ �

20g � 7

2
λ.

This completes the proof. �

We can now determine the weight of the Szegő-Hodge bundle on S�g , that is, the λ-
coefficient cλ in the expression (42) of the class λSzH.

Theorem 4.2. Sections of the Szegő-Hodge bundle are Teichmüller modular forms of weight
77g�25

4 on S�g , that is, cλ �
77g�25

4 .

Proof. We are going to compute the first Chern class of the vector bundle ξ�
�
Epr,�

�
, which,

coupled with Proposition 4.1, via (44), amounts to determining the class ξ�pδramq. The
essential part in the proof is establishing that

(48) ξ�
�
δram

0

�
� 12pg � 1qrΘnulls P PicpS�g q.

To that end, we first note that there is a set-theoretic equality ξ�p∆ram
0 q � Θnull. Indeed,

given a spin curve rC, ηs P S�g , assuming that ξprC, ηsq P ∆ram
0 , necessarily the associated

cover SpC, ηq Ñ T pC, ηq is ramified, in particular SpC, ηq intersects the diagonal ∆, therefore
we obtain h0pC, ηq ¥ 2. The converse inclusion has been established in Theorem 1.4. To
complete the proof of the claim, we explicitly describe the pull-back ξ�

�
Epr,�q.

We denote by Z the subvariety of the universal symmetric product ρ2 :
�
C�g
�p2q

Ñ S�g
consisting of the triples rC, η, 2 � xs such that h0pC, ηq � 2 and H0pC, ηp�2xqq � 0. Fur-

thermore, we let T be the effective divisor on
�
C�g
�p2q

whose fiber at every point rC, ηs P S�g
is T pC, ηq. Clearly Z � T and codimpZ, T q � 2. By slight abuse of notation we denote by
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ρ2 � ρ
2
��T : T Ñ S�g the universal curve and δg :� δ

g
��T P PicpT q. We consider the following

vector bundle on S�g

(49) B :� pρ2q�
�
ωρ2 b δg

�
, with fibres B��rC,ηs � H0

�
Cp2q, ωT pC,ηq b δ|T pC,ηq

�
.

The fact that B is locally free and has this description of its fibres follows from Grauert’s

theorem, coupled with Proposition 1.2. Let f : rT Ñ T be the blow-up of the subscheme
Z � T and introduce the universal curve

rρ : rT Ñ S�g , rρ � ρ2 � f.

We denote by E the exceptional divisor of f .

We fix a general point rC, ηs P Θnull as in Theorem 1.4. In particular, we write again
Ram � x1 � � � � � x4g�4 for the ramification divisor of the pencil |η|. Considering the curve

Γη introduced in (21), we denote by x̃j :� 2 � xj P C
p2q the points of intersection of Γη with

the diagonal ∆. Identifying ∆ with C, the image ξ
�
rC, ηs

�
is then the stable Prym curve�

X � Γη Y E1 Y . . .Y E4g�4 Y C, ε
�
P R1� 3

2
gpg�1q,

where each Ej is a smooth rational curve meeting Γη at x̃j and C at xj for j � 1, . . . , 4g�4
(while being disjoint from the other components of X), whereas ε P Pic0pXq is the line
bundle such that ε|Ej � OEj p1q for all j, ε|Γη � δ_|Γη P Pic2�2gpΓηq and ε|C � ω_C . We have

the natural fibrewise identification ξ�pEpr,�q��rC,ηs � H0pX,ωXbεq. Since ωXbε|Ej � OEj p1q

for all j, the evaluation map evxj ,x̃j : H0
�
Ej , ωX b εEj

�
Ñ C2

xj ,x̃j
of the Mayer-Vietoris

sequence on X is an isomorphism. Therefore, from the Mayer-Vietoris sequence on X, we
obtain the following canonical identification:

(50) H0pX,ωX b εq � H0
�
C,ωb2

C

�
`H0

�
Γη, ωΓη b δΓη

�
.

On the other hand, writing down the Mayer-Vietoris sequence on the curve T pC, ηq � ΓηY∆,

taking into account that, via the identification C � ∆, we have Lηb3bδ��∆ � ωb2
C , we obtain

the following exact sequence:

(51) 0 ÝÑ H0
�
ωT pC,ηq b δ

�
ÝÑ H0pC,ωb2

C q `H0
�

Γη, ωΓη b δΓη

�4g�4¸
j�1

x̃j
�	
�

4g�4à
j�1

Cx̃i .

The pull-back ρ�1
2 pΘnullq splits into two components DΓ and D∆ corresponding to the

decomposition T pC, ηq � ΓηY∆ given by Theorem 1.4, for a general element rC, ηs P Θnull.

Note that DΓ XD∆ � Z. We denote by rDΓ, respectively, by rD∆, the strict transform in rT
of DΓ, respectively, D∆. We have the following relations:

(52) rρ���rDΓ

�
�
�rD∆

�	
� 0, rρ���E�2

	
� �8pg�1q

�
Θnull

�
, rρ���rDΓ

�2
	
� �p4g�4q

�
Θnulls.
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A local analysis relying on (50) and on (52) shows that one has the following canonical
identifications of vector bundles on S�g

ξ�
�
Epr,�

�
� rρ��ωrρ b f�pδgq

�rDΓ

�	
and B � rρ��ωrρ b f�pδgq

�rDΓ � E � rD∆

�	
.

From the exact sequence

0 ÝÑ ω
rρ b f�pδgq ÝÑ ω

rρ b f�pδgq
�rD∆ � E

�
ÝÑ ω

rρ b f�pδgq bO
rD∆�E

�rD∆ � E
�
ÝÑ 0

on rT , we obtain, after tensoring with O
rT p

rDΓq and pushing forward under rρ, the following
exact sequence

(53) 0 ÝÑ ξ�
�
Epr,�

�
ÝÑ B ev

ÝÑ rρ��ωrρ b f�pδgq bO
rD∆�Ep

rDΓ � E � rD∆q
	
.

The image of the morphism ev is then a vector bundle of rank 3g � 3 supported on the
divisor Θnull, corresponding fiberwise to the image of the map H0

�
C,ωb2

C

�
Ñ

À4g�4
j�1 Cx̃j

described in (51). Hence, from (53) we conclude that

(54) c1

�
ξ�pEpr,�q

�
� c1pBq � p3g � 3qrΘnulls.

It remains to determine the class c1pBq, which is a relatively straightforward task along the
lines of Proposition 4.1.

We tensor the exact sequence (46) on Cp2q by Lηb3pδq, take cohomology and then use the
identifications (13), in order to obtain the following long exact sequence:

0 ÝÑ Sym2H0pωCq ÝÑ Sym2H0
�
Lηb3pδq

�
ÝÑ H0

�
ωT pC,ηqbδ

�
ÝÑ H1pωCqbH

0pωCq ÝÑ 0.

One also has the exact sequence, obtained by tensoring by Lηb3pδq and taking cohomology
in the long exact sequence 0 Ñ OCp2qp�2δq Ñ OCp2q Ñ O∆ Ñ 0:

0 ÝÑ H0pLηb3p�δqq ÝÑ H0pLηb3pδqq ÝÑ H0pωb2
C q ÝÑ H1pLηb3p�δqq ÝÑ � � � .

Observe that via the identifications (13), one has H1pCp2q,Lηb3p�δqq � 0. Recalling the

notation (19) for the line bundle Lηg on the universal symmetric product Cp2qg , we introduce
the following vector bundle on S�g
(55) E3|1 :� pρ2q�

�
Lb3
ηg pδgq

�
, with fibres E

3|1
��rC,ηs � H0

�
Cp2q,Lηb3 b δ

�
over rC, ηs P S�g .

The above sequences being natural, they induce the respective exact sequences of vector
bundles on S�g

0 ÝÑ Sym2E ÝÑ E3|1 ÝÑ B ÝÑ E ÝÑ 0,

(56) 0 ÝÑ
2©

E3 ÝÑ E3|1 ÝÑ ρ�pω
b2
ρ q ÝÑ 0.

Using Mumford’s formula [M2, Theorem 5.10] c1

�
ρ�pω

b2
ρ q

�
� 13λ P PicpS�g q, we compute

c1pBq � c1

�
E3|1

�
� c1

�
Sym2E

�
� λ � 13λ� c1

� 2©
E3q � λ� c1

�
Sym2E

�
�

20g � 7

2
λ.
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We can now conclude, using (54) and (44),

c1

�
pSc�q�pλ1q

�
� c1

�
ξ�pEpr,�q

�
� c1

�
ξ�pEpr,�q

�
�

20g � 7

2
λ� c1pBq � p3g � 3qrΘnulls

�
20g � 7

2
λ�

20g � 7

2
λ�

3pg � 1q

4
λ �

77g � 25

4
λ.

�

Remark 4.3. As explained in [DW, Proposition 3.1], the vector bundle E3|1 described by
(55) is the obstruction bundle determining whether the moduli space Mg of supersymmetric
curves is split, that is, there exists a projection Mg Ñ S�g . It is the non-triviality of the
extension class �

E3|1

�
P Ext1

�
ρ�pω

b2
ρ

�
,

2©
E3

	
induced by the exact sequence (56) that is responsible for the moduli space Mg being
non-split for g ¥ 5.

5. The Szegő-Hodge class on the boundary of S�g
In order to determine the boundary coefficients of the Szegő-Hodge class λSzH in (42), we

calculate the intersection of λSzH with standard test curves lying in the boundary of S�g .

5.1. Test curves in S�g . For each 2 ¤ i ¤ g � 1, let us fix general curves rCs P Mi and

rD, qs P Mg�i,1 and consider the following test curves Fi � Ai and Gi � Bi inside S�g .

We fix even (respectively, odd) theta-characteristics η�C P Pici�1pCq and η�D P Picg�i�1pDq

(respectively, η�C P Pici�1pCq and η�D P Picg�i�1pDq).

We define the family Fi (respectively Gi) as consisting of the following stable spin curves

Fi :�
!
t :� rC Yp�q D, η�C , η

�
Ds P S�g : p P C

)
respectively

Gi :�
!
t :� rC Yp�q D, η

�
C , η

�
Ds P S�g : p P C

)
.

Then we have the following formulas, see also [F2]:

(57) Fi � λ � Fi � βi � 0, Fi � αi � 2� 2i, and Gi � λ � Gi � αi � 0, Gi � βi � 2� 2i.

The intersection numbers of Fi and Gi with the remaining generators of PicpS�g q equal zero.

The next one-parameter family of spin curves we construct provides a covering curve

for the boundary divisor B0 � S�g . Let us fix a general point rC, p, ηCs P S�g�1,1. Setting

E � P1 for an exceptional component, we define

H0 :�
!
rC Ytp,qu E, ηC , ηE � OEp1qs : q P C

)
� S�g .

The fibre of H0 over the point q � p P C is the even spin curve�
C Yq E

1 Yp1 E
2 Ytp2,q2u E, ηC , ηE1 � OE1p1q, ηE � OEp1q, ηE2 � OE2p�1q

�
,
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having as stable model rC Yp E8s, where E8 is the rational nodal curve corresponding
to j � 8. Here E1, E2 are rational curves, E1 X E2 � tp1u, E X E2 � tp2, q2u and the
stabilization map for C Y E Y E1 Y E2 contracts the components E1 and E.

We find

(58) H0 � α1 � 1, H0 � λ � 0, H0 � α0 � H0 � β1 � H0 � αi � H0 � βi � 0,

for 2 ¤ i ¤
X
g
2

\
. Hence H0 � β0 �

1
2π�pH0q � δ0 � 1� g.

The last test curve we introduce covers the divisor A1. We fix a general pointed curve
rC, ps P Mg�1,1 and an even theta characteristic ηC � η�C on C. Let

 
rJt, pts

(
tPP1 Ñ M1,1

be a general pencil of plane cubics and we consider the family of spin curves

G0 :�
!
rC Yp�pt Jt, ηC , ηts : ηt P Pic0pJtqr2sztOJtu, t P P1

)
� S�g .

The intersection numbers of G0 with the generators of PicpS�g q have been computed [F2]:

(59) G0 � λ � 3, G0 � β0 � G0 � β1 � 0, G0 � α1 � �3, G0 � α0 � 12, G0 � β0 � 12.

The intersection numbers of G0 with the remaining boundary divisors αj and βj , where
2 ¤ j ¤

X
g
2 u, are manifestly equal to zero.

5.2. The Szegő-Hodge class along test curves. Using the precise description of the

Scorza curve along the boundary divisors of S�g , we determine the intersection numbers of
the test curves introduced above with the Szegő-Hodge class.

Proposition 5.1. One has G0 � λSzH � 6g � 3, H0 � λSzH � 0, as well as Fi � λSzH � 0, for
i � 2, . . . , g � 1.

Proof. We write H0 � λSzH � H0 � Sc�pλ1q �
�
Sc

�
�
pH0q � λ

1, where we have used that the

rational Scorza map Sc : S�g 99K M1�3gpg�1q is, as explained in Proposition 2.5, regular

along the image of the test curve H0. To conclude that pScq�pH0q � λ
1 � 0, we observe that

as t P H0 varies, applying Proposition 2.5, the moduli of the components of the (stable)
Scorza curve Scptq do not vary, only the points where these components are attached to
each other. Similar consideration apply for the intersection number Fi �λSzH �

�
Sc

�
�
pFiq�λ

1,
where we can use Remark 2.7, building directly on Proposition 2.6.

We are left with computing the intersection number G0 �λSzH �
�
Sc

�
�
pG0q �λ

1. For each

rt, ηts, where t P P1, the curve Scptq P M1�3gpg�1q consists of a copy of C, a copy of the

genus one Scorza curve Sc
�
rJt, ηts

�
, which is a translate by ηt of the elliptic curve Jt, two

copies of the fixed curve C and, finally, p2g � 2q copies of Jt. The way these components
meet each other is described in Remark 2.7. In particular, as rt, ηts varies, Scptq contains
2g� 1 copies of Jt and these are the only components varying in moduli. The degree of the

map S�1,1 Ñ M1,1 being equal to 3, since the λ-degree of a pencil of plane cubics in M1,1

equals 1, we conclude that
�
Sc

�
�
pG0q � λ

1 � 3p2g � 1q, as claimed. �
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Proposition 5.2. In the notation of (42), we have:

cα0 �
69g � 21

16
, cβ0 � 0 and cαi � 0, for i � 1, . . . ,

Yg
2

]
.

Proof. This is a direct consequence of Theorems 4.2 and Proposition 5.1. Indeed, via (57),
for each 2 ¤ i ¤ g � 1 we have that 0 � Fi � λSzH � p2i � 2qcαi , therefore cαi � 0,
where we recall the convention cαi :� cαg�i for i ¡

X
g
2

\
. Similarly, via (58), we write

0 � H0 � λSzH � pg � 1qcβ0 � cα1 , from which we conclude that cβ0 � 0. Finally, using (59)
we write that

6g � 3 � G0 � λSzH � 3cλ � 12cα0 � 12cβ0 ,

and since cλ �
77g�25

4 (via Theorem 4.2), we obtain the claimed formula for cα0 . Finally,
in order to conclude that the coefficient cβi in (42) is non-negative for i ¥ 1, it suffices to
observe that p2i� 2qcβi � Gi �Sc�pλ1q � pScq�pGiq � λ

1 ¥ 0. �

Recall that λ1, δ1i denote the standard generators of PicpM1�3gpg�1qq. Before we describe
the pull-back of the Scorza map Sc, we point out that there exists an effective divisor Dsg on
S�g consisting of ineffective spin curves rC, ηs such that the Scorza curve SpC, ηq is singular.
Using [DK, Lemma 7.1.3], this divisor has the following description

Dsg :�
!
rC, ηs P S�g : H0pC, ηq � 0, Dpx, yq P SpC, ηq with

H0
�
C, ηpx� 2yq

�
� 0, and H0

�
C, ηpy � 2xq

�
� 0

)�
,

where the closure is taken inside S�g . The task of computing the class rDsgs will be left for
future work.

Proposition 5.3. One has that Sc�pδiq � 0, for i � 1, . . . ,
X1�3gpg�1q

2

\
. Furthermore

Sc�pδ10q � p2g�1q�α0�p4g�2q�β0�

t g
2
u¸

i�1

�
2pig�i2�gq�αi�2ipg�iq�βi

	
�
�
Dsg

�
�12pg�1q

�
Θnull

�
.

Proof. The fact that Sc�pδ1iq � 0 for i ¥ 1 follows from Theorem 1.4 and Propositions 2.4,
2.5, 2.6 and 3.6. Precisely, we use that the limit Scorza curve of the general point of each
of the divisors Θnull, or the boundary divisors Ai, Bi has no disconnecting node, therefore
it does not belong to the boundary divisor ∆1

i of M1�3gpg�1q. The statement concerning

Sc�pδ10q is clear set-theoretically. The multiplicities in front of each divisor correspond
to the number of nodes of the limiting Scorza curve in question. This is contained in
(48), concerning the multiplicity of

�
Θnull

�
, and in Remarks 2.7 and 3.7, concerning the

multiplicities of αi, βi respectively. �

6. Scorza quartics via Wirtinger duality

In this section we determine the connection between the Scorza quartic associated to
an ineffective spin curve and theta functions on the Jacobian JC. The Scorza quartic in
genus 3 was introduced by Scorza [Sc1] and rediscovered in [DK] as the inverse map of
the rational morphism M3 99K S�3 , which assigns to a plane quartic its covariant quartic.
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A generalization to arbitrary genus g was put forward in [Sc2]. We shall provide a novel
unconditional treatment of the Scorza quartic without using any classical invariant theory.

We begin by recalling Wirtinger duality for second order theta functions. For g ¥ 3, we fix
a spin curve rC, ηs P S�g with H0pC, ηq � 0. We recall that Θ :� Θη is the symmetric theta

divisor on JC � Pic0pCq associated to η (see also (3)) and θ :� θη is the symmetric theta
function on JC whose zero locus is Θ. For a P JC, let Θa :�

 
ξ P JC : H0pC, ξ�η�aq � 0

(
be the corresponding translated theta divisor.

Wirtinger duality [M1, p. 335] is an isomorphism of linear systems

w : |2Θ|
�
ÝÑ |2Θ|_,

such that the following diagram commutes:

JC
ψ //

ϕ2Θ ##F
FF

FF
FF

FF
|2Θ|

w
��

|2Θ|_.

Here ψ : J Ñ |2Θ| sends a P J to the divisor Θa�Θ�a and ϕ2Θ : J Ñ PH0
�
J,OJp2Θq

�_
is

the map induced by the linear system |2Θ|. Hence, via Wirtinger Duality, the image of the
origin 0 � OC P J corresponds to the divisor 2Θ P |2Θ|.

Let |2Θ|0 � |2Θ| be the sublinear system of divisors passing through 0 P JC. Then the
map w induces an isomorphism of |2Θ|0 with the polar of 2Θ, that is, the span x2Θy of the
divisor 2Θ in the space |2Θ|_ � P2g�1. Via the surjective restriction map

H0
�
JC,OJCp2Θq

�
ÝÑ H0pΘ,OΘp2Θq

�
,

the span x2Θy � |2Θ|_ can be identified with the subspace
��2Θ|Θ

��_ � PH0
�
Θ,OΘp2Θq

�_
of hyperplanes in |2Θ| passing through the point 2Θ. So Wirtinger Duality also induces an
isomorphism

w : |2Θ|0
�
ÝÑ

��2Θ|Θ

��_.
Since we assumed that H0pC, ηq � 0, we have 0 R Θ, therefore the divisor 2Θ does

not belong to |2Θ|0 and the restriction map induces the isomorphism described in the
Introduction in (9)

res : H0
�
JC, 2Θ

�
0

�
ÝÑ H0

�
Θ,OΘp2Θq

�
.

Consequently, we also have an induced isomorphism of projective spaces

(60) rw � w � res�1 :
��2Θ|Θ

�� �
ÝÑ

��2Θ|Θ

��_.
Next, we observe that if ϕ : C �C Ñ JC is the difference map px, yq ÞÑ OCpx� yq, then

ϕ�
�
OJCp2Θq

�
� ωC b ωCp2∆q,

and the pull-back on global sections induces the map ϕ� : H0pJC, 2Θq0 � Sym2H0pC,ωCq
described by (11) in the Introduction. As explained in [We, 4.5], the map ϕ� assigns
to a second order theta function vanishing at the origin the quadratic term of its Taylor
expansion around that point.
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We now construct a natural map

Sym2H1pJC,OJCq ÝÑ H0
�
Θ,OΘp2Θq

�
defined as follows. From the cohomology of the short exact sequence

0 ÝÑ OJC ÝÑ OJCpΘq ÝÑ OΘpΘq ÝÑ 0,

since H1
�
JC,OJCpΘq

�
� 0, we obtain the isomorphism

H1pJC,OJCq � H0
�
Θ,OΘpΘq

�
.

To make this identification explicit, we use [BD1, 0.3]. The Abel-Jacobi map C Ñ JC

induces an isomorphism H1pJC,OJCq
�
Ñ H1pC,OCq � T0pJCq. Since Θ is the vanishing

locus of the function θ on JC, given a vector v P T0pJCq, the restriction to Θ of the function
dθ.v � Bvpθ|Θq can be regarded as an element of H0

�
Θ,OΘpΘq

�
, whose zero locus we de-

note by BvΘ. The multiplication map of sections Sym2H0
�
Θ,OΘpΘq

�
ÝÑ H0

�
Θ,OΘp2Θq

�
induces via this identification the natural map

(61) µ : Sym2H1pJC,OJCq ÝÑ H0
�
Θ,OΘp2Θq

�
.

Our first result concerning this map is the following:

Lemma 6.1. One has the following commutative diagram of projectivized linear maps:

(62) |2Θ|0
w //

ϕ� ''OO
OOO

OOO
OOO

O

��2Θ|Θ

��_
tµ
��

P Sym2 H0pC,ωCq

Proof. We choose dual bases pB1, . . . , Bgq and pω1, . . . , ωgq of H1pC,OCq � T0pJCq and of
H0pC,ωCq

_ � T0pJCq
_, respectively. Denoting by pz1, . . . , zgq the coordinates correspond-

ing to the canonical flat structure on JC giving the identification T0pJCq � Cg, we have

µpBi � Bjq � Biθ � Bjθ �
Bθ

Bzi
�
Bθ

Bzj
P H0

�
Θ,OΘp2Θq

�
.

Given a point a P Θ, Wirtinger Duality sends the divisor Θa �Θ�a to the hyperplane of
divisors of |2Θ|Θ| which pass through a. The transpose map tµ of the map µ introduced in

(61) maps this onto the hyperplane Ha consisting of elements
°
i¤j cijBi � Bj P Sym2T0pJCq,

such that
ģ

i,j�1

cij
Bθ

Bzi
paq �

Bθ

Bzj
paq � 0.

The equation of the quadric tangent cone at the origin to the divisor Θa � Θ�a equals�°g
i�1 Biθpaq �ωiq

2 P Sym2H0pC,ωCq. This takes the value
°
cijBiθpaq �Bjθpaq on

°
cijBi � Bj ,

hence defines the hyperplane Ha, which proves the commutativity of the diagram. �

Keeping the notation of Lemma 6.1 and recalling that pz1, . . . , zgq are local coordinates on
T0pJCq corresponding to a choice of basis of H1pC,OCq, we consider the Taylor expansion
at the origin

θ � θ0 � θ2 � θ4 � � � �
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of the (even) section θ � θpz1, . . . , zgq of OJCpΘq. Therefore, θ0 � θp0q, θ2 P Sym2H0pC,ωCq
and θ4 P Sym4H0pC,ωCq, respectively. We have the following fundamental result:

Theorem 6.2. The composition map

β : Sym2H1pC,OCq
µ
ÝÑ H0

�
Θ,OΘp2Θqq

rw
ÝÑ H0

�
Θ,OΘp2Θq

�_ tµ
ÝÑ Sym2H1pC,OJCq

_

is fully symmetric, that is, it is induced by a quartic polynomial F pC, ηq. Furthermore, this
quartic equals

F pC, ηq �
1

2
θ2

2 � θ0 � θ4 P Sym4H0pC,ωCq.

Proof. First observe that, via Lemma 6.1, the map β defined above coincides with the map
in the statement of Theorem 0.5.

Let F P Sym2
�
Sym2H0pC,ωCq

�
be the multilinear form representing β. We evaluate F

on a four-tuple of vectors pv1, v2, v3, v4q from T0pJCq.
The image of pv1, v2q by the map µ is the section Bv1θ � Bv2θ P H

0
�
Θ,OΘp2Θq

�
, where

Bviθ P H
0
�
Θ,OΘpΘq

�
. We need to identify the element of |2Θ|0 whose restriction to the

divisor Θ is the divisor of zeros of Bv1θ � Bv2θ.

For a fixed v P T0pJCq, we denote by θv the function on JC given by u ÞÑ θpu � vq,
Consider the section Gpu, vq :� θpu � vqθpu � vq on JC � JC, where u, v P T0pJCq � Cg.
For any fixed v P T0pJCq, this is a second order theta function on JC, whose zero locus is
the divisor Θv �Θ�v P |2Θ|. We denote by θ�v � Bv1θv � θv � Bv1θ�v the partial derivative of
θpu � vqθpu � vq with respect to the variable v in the direction of v1. As a function of u,
this is still a second order theta function on JC, see [BD2] or [I1]. The second derivative

Bv1Bv2

�
G
�
� θ�v � Bv1Bv2θv � Bv1θv � Bv2θ�v � Bv1θ�v � Bv2θv � θv � Bv1Bv2θ�v

is also a second order theta function. At v � 0, this second derivative, viewed as a function
of u, is equal to

Bv1Bv2

�
G
�
pu, 0q � 2θ � Bv1Bv2θ � 2Bv1θ � Bv2θ,

and, when restricted to Θ, equals the section �2Bv1θ � Bv2θ P H0
�
Θ,OΘp2Θq

�
. To ob-

tain a section of H0pJC, 2Θq0 which restricts to Bv1θ � Bv2θ, we add the multiple a � θ2 to
�1

2Bv1Bv2pGqpu, 0q, where a � 1
θ0
� Bv1Bv2θp0q.

To evaluate this element under φ�, we compute the equation of the quadric tangent at 0
to the divisor of �1

2Bv1Bv2pGqpu, 0q�a � θ
2. Choosing elements v3, v4 P T0pJCq, we find that

φ�
�
a � θ2

�
pv3, v4q � 2aθ0 � Bv3Bv4θ � 2Bv1Bv2θ � Bv3Bv4θ,

and

φ�
�
�

1

2
Bv1Bv2Gpu, 0q

	
pv3, v4q � �θ0 � Bv1Bv2Bv3Bv4θ � Bv1Bv3θ � Bv2Bv4θ�

Bv1Bv4θ � Bv2Bv3θ � Bv3Bv4θ � Bv1Bv2θ.

Combining these, we find
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β
�
v1, v2, v3, v4

�
� φ�

�
�

1

2
Bv1Bv2Gpu, 0q � a � θ2

	
pv3, v4q � Bv1Bv3θ � Bv2Bv4θ�

Bv1Bv4θ � Bv2Bv3θ � Bv3Bv4θ � Bv1Bv2θ � θ0 � Bv1Bv2Bv3Bv4θ � Bv1Bv2Bv3Bv4

�
1

2
θ2

2 � θ0 � θ4



,

which finishes the proof. �

It remains to show that the quartic form F pC, ηq of Theorem 6.2 is precisely the Scorza
quartic considered in [DK]. Recalling that φC : C ãÑ PH0pC,ωCq

_ is the canonical embed-
ding of C, for a point x P C, let φCpxq P H

0pωCq
_ � T0pJCq be the image corresponding

to evaluating canonical forms on C at the point x. Let BxΘ P H0
�
Θ,OΘpΘq

�
be the corre-

sponding section under the isomorphism H1pC,OCq
�
Ñ H0

�
Θ,OΘpΘq

�
.

We consider the Abel-Jacobi map

ρ : Cpg�1q ÝÑ Θ, D ÞÑ ρpDq :� η_pDq.

It is well-known [K] that ρ is a rational resolution of singularities. Having fixed the point

x P C, we introduce the following effective divisors on Cpg�1q

Cpg�2q
x :�

!
D1�x P Cpg�1q : D1 P Cpg�2q

)
, Ex :�

!
D P Cpg�1q : h0

�
C,ωCp�x�Dq

�
¡ 0

)
.

It is easily seen that for any distinct points x, y P C,

ρ�
�
Θx�y �Θq � Cpg�1q

x � Ey.

Indeed, if D P ρ�pΘx�y � Θq, then H0pC,Dpy � xqq � 0, which implies that either D � x

is an effective divisor, that is, D P C
pg�2q
x , or else h0

�
C,OpD � yq

�
¥ 2, or equivalently

H0
�
C,ωCp�x�Dq

�
� 0, in which case D P Ex. Furthermore, this set-theoretic equality is

in fact an equality of divisors on Cpg�1q, see also [We, p.6]. Furthermore, one also has the
equality

ρ�
�
BxΘ

�
� Cpg�2q

x � Ex,

which follows from previous considerations after regarding BxΘ as the limit of the divisor
Θx�y �Θ on Θ, when the points x and y coalesce. We summarize this discussion as follows:

Lemma 6.3. Suppose x, y P C are distinct points. Then we have the following equality of
divisors on Θ �

Θx�y �Θy�x

�
�Θ � BxΘ� ByΘ.

In what follows, we complete the proof of Theorem 0.5. We keep the notation from
Theorem 6.2.

Proof of Theorem 0.5. Let β : Sym2H0pC,ωCq
_ ÝÑ Sym2H0pC,ωCq be as before and fix a

point px, yq P SpC, ηq. Since h0pC, ηq � 0, the linear systems |ηpx� yq| and |ηpy � xq| each
contain exactly one effective divisor and the sum of these two divisors is a canonical divisor
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Dx,y � div
�
ηpx � yq

�
� div

�
ηpy � xq

�
. We choose a canonical form hx,y P H

0pC,ωCq such
that divphx,yq � Dx,y. We shall show that up to a non-zero constant, one has

β
�
φCpxq, φCpyq

�
� h2

x,y P Sym2H0pC,ωCq.

This will imply that the quartic F pC, ηq P Sym4H0pC,ωCq is indeed the Scorza quartic
considered in [DK].

By definition, one has that µ
�
φCpxq, φCpyq

�
� BxΘ � ByΘ P H0

�
Θ,OΘp2Θq

�
. We apply

Lemma 6.3 and obtain

div µ
�
φCpxq � φCpyq

�
� div

�
Θ �Θx�y �Θ �Θy�x

�
.

It follows that

div
�
res�1 � µ

��
φCpxq � φCpyq

�
� Θx�y �Θy�x P |2Θ|0.

Since px, yq P SpC, ηq, the divisors Θx�y and Θy�x both contain the origin 0 P JC.
Furthermore, the divisors Θx�y and Θy�x have the same projectivized tangent space at 0,
namely, the span of the canonical divisor Dx,y. Hence the tangent cone at 0 to Θx�y�Θy�x

is the quadric of rank one qx,y � 2xDx,yy. So, up to a non-zero constant β
�
φCpxq �φCpyq

�
�

h2
x,y, for all px, yq P SpC, ηq. l

6.1. The Scorza quartic hypersurfaces for vanishing theta-nulls. We now observe
that Theorem 6.2 allows us to define the limit of the Scorza quartic F pC, ηq for a general
point of the divisor Θnull. We pick a general point rC, ηs P Θnull, so that h0pC, ηq � 2. In
this case the theta function θ vanishes at the origin, hence θ0 � 0 and, from Theorem 6.2,
we expect that F pC, ηq � 1

2θ
2
2. In fact we can make this expectation precise and argue that

the map β in Theorem 6.2 can still be defined in this case.

First observe that the map µ : Sym2H0pC,OCq ÝÑ H0
�
Θ,OΘp2Θq

�
defined by (61)

remains unchanged, and sends an element
°
cijBiBj P Sym2H1pC,OCq to

°
cijBiθ �Bjθ. The

map res : H0pJC, 2Θq0 Ñ H0
�
Θ,OΘp2Θq

�
has a one-dimensional kernel and therefore is no

longer surjective. However, Impresq � Impµq, therefore
°
cijBipθq � Bjpθq is the restriction

of a pencil of divisors in |2Θ|0 which contains the element 2Θ. Since mult0p2Θq � 4, for
each of these pencils, the map sending a divisor to its quadric tangent cone at 0 is either
undefined or constant. Since h0pC, ηq � 2, for x, y P C, the quadric tangent cone at 0 to
BxΘ�ByΘ is again qx,y. Therefore, on a non-empty open subset of pencils, the quadric cone
map is well-defined and constant and the map

β : P
�
Sym2H1pC,OCq

�
99K P

�
Sym2H0pC,ωCq

�
is well-defined as a rational map. For a general pair px, yq P C, the divisor Dx,y is the sum
of the two divisors of the pencil |η| containing x and y. Hence the symmetric quadrilinear
form associated to the Scorza quartic (that is, to the map β) vanishes on all quadruples of
the form px, y, z1, z2q, where z1, z2 are arbitrary points of xDx,yy. From this, it follows:

Theorem 6.4. The limiting Scorza quartic F pC, ηq P Sym4H0pC,ωCq of a general point
rC, ηs P Θnull is well-defined and equals twice the quadratic tangent cone to Θ at 0.
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