SINGULARITIES OF THETA DIVISORS AND THE
GEOMETRY OF s

G. FARKAS, S. GRUSHEVSKY, R. SALVATI MANNI, AND A. VERRA

ABSTRACT. We study the codimension two locus H in A4 consisting
of principally polarized abelian varieties whose theta divisor has a sin-
gularity that is not an ordinary double point. We compute the class
[H] € CH?*(Ay) for every g. For g = 4, this turns out to be the locus
of Jacobians with a vanishing theta-null. For ¢ = 5, via the Prym map
we show that H C As has two components, both unirational, which we
describe completely. We then determine the slope of the effective cone
of As and show that the component Nj of the Andreotti-Mayer divisor
has minimal slope and the Titaka dimension x(As, N§) is equal to zero.

INTRODUCTION

The theta divisor © of a generic principally polarized abelian variety
(ppav) is smooth. The ppav (A, ©) with a singular theta divisor form the
Andreotti-Mayer divisor Ny in the moduli space Ay, see [AM67] and [Bea77].
The divisor Ny has two irreducible components, cf. [Mum83] and [Deb92],
which are denoted 6, and N/: here 6,,1 denotes the locus of ppav for
which the theta divisor has a singularity at a two-torsion point, and N/ is the
closure of the locus of ppav for which the theta divisor has a singularity not
at a two-torsion point. The theta divisor © of a generic ppav (A, ©) € O,
has a unique singular point, which is a double point. Similarly the theta
divisor of a generic element of N/ has two distinct double singular points =
and —z. Hence scheme-theoretically we have cf. [Mum83],[Deb92]

(1) No = Opun + 2Ng.

As it could be expected, generically for both components the double point
is an ordinary double point (that is, the quadratic tangent cone to the theta
divisor at such a point has maximal rank ¢ — equivalently, the Hessian
matrix of the theta function at such a point is non-degenerate). Motivated by
a conjecture of H. Farkas [HF06], in [GSMO08] two of the authors considered
the locus in 6, in genus 4 where the double point is not ordinary. In
[GSMO07] this study was extended to arbitrary g, considering the sublocus
9?;111 C Onun parameterizing ppav (A, ©) with a singularity at a two-torsion
point, that is not an ordinary double point of ©. In particular it has been
proved that

(2) Hrgujul C O N Né
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In fact that approach yielded a more precise statement: let X; — A, be the
universal family of ppav, and let S C &}, be the locus of singular points of
theta divisors. Then & decomposes into three equidimensional components
[Deb92]: Spun, projecting to O, S, projecting to N, and Sqec, projecting
(with (g — 2)-dimensional fibers) onto A; x Ag—1. It is proved in [GSMO7]
that Ggu_nl is the image in A, of the intersection Spy N'S’. An alternative
proof of these results has been found by Smith and Varley [SV12a],[SV12b].

Thus it is natural to investigate the non-ordinary double points on the

other component N} of the Andreotti-Mayer divisor. Similarly to 67 -

null ? we

define Négfl, or, to simplify notation, H, to be the closure in N} of the locus
of ppav whose theta divisor has a non-ordinary double point singularity that
occurs at a point which is not two-torsion. Since an explicit modular form
defining N/, and the singular point is not known, we also consider the scheme
(3) N§ =09 +2NP T =09 + 2H.

null null

Our results are as follows. We note that ngu:ul is a subset of H, and the
higher Andreotti-Mayer loci N; are contained in H. From this we deduce:

oy g—1
Proposition 0.1. For g > 5 we have 0, € H.

=

To further understand the situation, especially in low genus, we compute
the class:

Theorem 0.2. The class of the locus H inside Ay is equal to

!
[H] = (196( P+ 7g% + 189 +24) — (g +4)294(29 + 1)) M € CH?*(Ay).

Au usual, A\; := ¢;(E) denotes the first Chern class of the Hodge bundle.
Comparing classes and considering the scheme-theoretic inclusion, we get
the following result:

Theorem 0.3. In genus 4 we have the scheme-theoretic equality Hﬁuu =H.

We then turn to genus 5 with the aim of obtaining a geometric description
of H C As via the dominant Prym map P : Rg — As. A key role in the
study of the Prym map is played by its branch divisor, which in this case
equals Nj C As, and its ramification divisor @ C Rg. We introduce the
antiramification divisor U C Rg defined scheme-theoretically by the equality

P*(Nj) =2Q + U.

Using the geometry of the Prym map, we describe both Q and U explicitly in
terms of Prym-Brill-Noether theory. For a Prym curve (C,n) € R4 and an
integer r > —1, we recall that V,.(C,n) denotes the Prym-Brill-Noether locus
(see Section 5 for a precise definition). It is known [Wel85] that V,.(C,n) is a
Lagrangian determinantal variety of expected dimension g — 1 — (T;rl). We
denote 7 : Ry — M, be the forgetful map; our result is then
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Theorem 0.4. The ramification divisor Q of the Prym map P : Rg — As
equals the Prym-Brill-Noether divisor in Rg, that is,

Q:{<Cvn)ER6‘/3(Cvn)7éO}

The antiramification divisor is the pull-back of the Gieseker-Petri divisor
from Mg, that is, U = 7* (gPéA). Both Q andU are irreducible and reduced.

Apart from this Brill-Noether characterization, the divisor Q has yet a
third (respectively a fourth!) geometric incarnation, as the closure of the
locus of points (C,7n) € R¢ with a linear series L € WZ(C), such that the
sextic plane model ¢ (C) C P? has a totally tangent conic, see Theorem 8.1
(respectively as the locus of sections (C,n) € Rg of Nikulin surfaces [FV11]).
The rich geometry of Q enables us to (i) compute the classes of the closures
Q and U inside the Deligne-Mumford compactification Rg, then (ii) deter-
mine explicit codimension two cycles in Rg that dominate the irreducible
components of H. In this way we find a complete geometric characterization
of 5-dimensional ppav whose theta divisor has a non-ordinary double point.
First we describe Gﬁun as the image under P of a certain component of the
intersection Q@ N P*(Opun):

Theorem 0.5. A ppav (A, ©) € As belongs to 0 1 if an only if it is lies in

the closure of the locus of Prym wvarieties P(C,n), where (C,n) € Rg is a

curve with two vanishing theta characteristics 61 and 02, such that
n=601® 05/

Furthermore, 02\ is unirational and [02 ] = 27-44\} € CH*(As5).

Denoting by Q5 C Rg the locus of Prym curves (C,n = 0; ®65) as above,
we prove that Qs (and hence 02 ,, = P(Qj5)) is unirational, by realizing its
general element as a nodal curve

2
Ce IR1~R2/P1><P1(5’5) ,

where Ry € |Opi,p1(3,1)] and Ry € |Op1,p1(1,3)], with the vanishing
theta-nulls 6; and A, being induced by the projections on the two factors.

Observing that [H] # [02 ] in CH?(As), the locus H must have extra ir-
reducible components corresponding to ppav with a non-ordinary singularity
that occurs generically not at a two-torsion point. We denote by Hy C Aj;

the union of these components, so that scheme-theoretically
H = Gy + Hi,
where [H;] = 27 - 49 A\?. We have the following characterization of Hj:

Theorem 0.6. The locus Hy is unirational and its general point corresponds
to a Prym wvariety P(C,n), where (C,n) € Rg is a Prym curve such that
n € Wy(C) — W) and K¢ ® 1 is very ample.
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As an application of this circle of ideas, we determine the slope of As It
D := A, — A, denotes the boundary of the perfect cone compactification A,

of Ay, the slope of an effective divisor E' € Eff(A,) is defined as the quantity
s(E) ::inf{% ca,b>0, a\y —bD —E=cD,c> 0}.

If ¥ = a1 — bD has no component supported on the boundary D, then
s(E) := a/b > 0. One then defines the slope (of the effective cone) of

the moduli space as s(Agy) := inf EeEfi(A,) s(#). This important invariant
governs to a large extent the birational geometry of A,; for instance A, is of
general type if s(4,) < g+ 1, and A, is uniruled when s(A,) > g+ 1. Any
effective divisor class calculation on A, provides an upper bound for s(A,).
It is known [SM92] that s(A4) = 8 (and the minimal slope is computed by
the divisor J4 of Jacobians). In the next case g = 5, the class of the closure
of the Andreotti-Mayer divisor is [ﬁé] = 108\; — 14D, giving the upper
bound s(A5) < 2.

Theorem 0.7. The slope of As is computed by N}, that is, s(As) = %.
Furthermore, li(jgj,ﬁé) =0, that is, the only effective divisors on As having
minimal slope are the multiples of Fé.

To prove this result, we define a partial compactification R of Rg and
via the (rational) Prym map P : Rg --» A5 we investigate the pull-back

P*(N}) = 20 +U + 205, € Pic(Rs).
Since each of the divisors appearing in this linear system admits a uniruled

parametrization in terms of plane sextics having a totally tangent conic, we
are ultimately able to establish the rigidity of any multiple of N{.

A final application concerns the divisor in As of Pryms obtained from
branched covers. The Prym variety associated to a double cover f: C' — C
branched over two points is still a ppav. When g(C') = 5 (and only in this
case), the Prym varieties constructed in this way form an irreducible divisor
Drm = P, (AF*™) inside the moduli space. We have the following formula
for the class of the closure of D™™ in Aj:

Theorem 0.8. [D'#m] = 12 (153\; — 19D) € CH'(A5).

Since the classes [P*(Da™)] and 6§*™ are not proportional, one obtains
that the general Prym variety (A, ©) € D™™ obtained from a ramified cover

C — C (with g(C) =5 and ¢g(C) = 10), is also the Prym variety induced
by an étale cover C; — C; (with g(C1) =6 and g(Cy) = 11).

1. THETA DIVISORS AND THEIR SINGULARITIES

In this section we recall notation, definitions, as well as some results from
[GSMO8]. We denote H the Siegel upper half-space, i.e. the set of symmetric
complex g x g matrices 7 with positive definite imaginary part. If ¢ =
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(ch Z) € Sp(2g, Z) is a symplectic matrix in g x g block form, then its action

on 7 € Hy is defined by o - 7 := (a7 + b)(cT + d) ™!, and the moduli space of
complex principally polarized abelian variety (ppav for short) is the quotient
Ay =H,/Sp(2g,7Z), parameterizing pairs (A;, ©7) with A, = C9/Z91+79,
an abelian variety and O, the (symmetric) polarization bundle. We denote
by A;[2] the group of two-torsion points of A,. Let €, € (Z/2Z)9, thought
of as vectors of zeros and ones; then x = e7/2+6/2 € A;[2], and the shifted
bundle t}0 is still a symmetric line bundle. Up to a multiplicative constant
the unique section of the above bundle is given by the theta function with
characteristic [e, §] defined by

4]

6 {Z] (1,2) = Z exp i [t(m + g)T(m—l— g) +2m+ %)(g + 5) )

We shall write 6(7, z) for the theta function with characteristic [0,0]. The
zero scheme of 6(7, z), as a function of z € A, defines the principal polar-
ization ©, on A,.

Theta functions satisfy the heat equation

020 [g] (1,2)

£
00 {5] (1,2)
82’j82’k

=2mi(1 +6;
(where 6, is Kronecker’s symbol).

The characteristic [e, 9] is called even or odd corresponding to whether the
scalar product ¢ - § € Z/27Z is zero or one. Consequently, depending on the

characteristic, 6 [ﬂ (7,2) is even or odd as a function of z. A theta constant

is the evaluation at z = 0 of a theta function. All odd theta constants of
course vanish identically in 7.

A holomorphic function f : H,; — C is called a modular form of weight k
with respect to a finite index subgroup I' C Sp(2¢,Z) if

f(o-7) =det(cr +d)* f(7) Vr e Hy,Vo €T,

and if additionally f is holomorphic at all cusps of H,/I". Theta constants
with characteristics are modular forms of weight 1/2 with respect to a finite
index subgroup I'y(4, 8) C Sp(2g,Z). We refer to [Igu72] for a detailed study
of theta functions.

We denote by

¢ Xy = Hg % Cg/(SP(Q%Z) X ZZg) - Ag = Hg/ SP(297Z)

the universal family of ppav, and let ©, C X, be the universal theta divisor
— the zero locus of 0(r,z). Following Mumford [Mum83], we denote by
5



S = Sing.; ©4 the locus of singular points of theta divisors of ppav:
(4) y
S = U Sing ©, = {(T,Z) eHy xCI:0(r,2) = 8—%(7,2) =0,1i= 1,...,9}

TEA,

(computationally, by an abuse of notation, we will often work locally on S,
thinking of it in the universal cover Hy x CY9 of &y). It is known that S C &},
is of pure codimension g+ 1, and has three irreducible components [CvdG00],
denoted Spui, Sqec; and S’. Here S, denotes the locus of even two-torsion
points that lie on the theta divisor, given locally by g + 1 equations

(5)

Spul = {(1,2) € Xy : 0(1,2) =0, z = (¢ + §)/2 for some [¢,4] € (Z/2Z)%,

even

To define S4ec, recall that a ppav is called decomposable if it is isomorphic
to a product of lower-dimensional ppav. We denote then

(6) Sdec := SN AL x Ag_1)

Since the theta divisor of a product (A;,©01) x (Ag,©9) is given by the
union (071 x Az) U (A1 X O3), its singular locus contains ©1 x ©9 and is of
codimension 2 (see the work [EL97] of Ein and Lazarsfeld for a proof of a
conjecture [ADC84] of Arbarello and De Concini that Ny_s is in fact equal
to the decomposable locus). Thus the fibers of Sgec — A1,4—1 are all of
dimension g — 2, and the codimension of Sqec C X is equal to g + 1. (We
note that any other locus of products A x A,—j, has codimension h(g — h),
and contributes no irreducible component of §).

Finally, &’ is the closure of the locus of singular points of theta divisors
of indecomposable ppav that are not two-torsion points.

The Andreotti-Mayer divisor is then defined (as a scheme) by

No := ¢4(S) = {7 € A, : Sing ©, # 0}.

It can be shown that Ny is a divisor in A4, which has at most two irreducible
components, see [Deb92],[Muma83].
The theta-null divisor Oy, C Ay is the zero locus of the modular form

Fy(r):== [ ¢ H (1,0).

meven
Geometrically, it is the locus of ppav for which an even two-torsion point lies
on the theta divisor, and it can be shown that 6,1 = ¢« (Spun). Similarly for
the other component we have N} = %@ (8') (the one half appears because
a generic ppav in N/ has two singular points =z on the theta divisor).

Remark 1.1. The two components of Ny are zero loci of modular forms

(with some character y in genus 1 and 2): 6,y is the zero locus of the

modular form Fy of weight 2972(29 4 1), while N must be the zero locus of

some modular form I, of weight g!(g + 3)/4 — 2973(29 + 1) (the class, and

thus the weight, was computed by Mumford [Mum83]). Unlike the explicit

formula for F,, the modular form I, is only known explicitly for g = 4,
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in which case it is the so called Schottky form [Igu8lal,[Igu81b]. Various
approaches to constructing I, explicitly were developed in [Yos99],[KSM02].

2. DOUBLE POINTS ON THETA DIVISORS THAT ARE NOT ORDINARY
DOUBLE POINTS

We will now concentrate on studying the local structure of a theta divisor
near its singular point. For this, we will look at the tangent space to S and
the map between the tangent spaces.

Proposition 2.1. Let xg = (19, 20) be a smooth point of S. Then the map
(d})zy : Ty (S) = Ty (No) is injective if and only if the Hessian matriz
920 920
021021 (.%'0) T 8z1829 (mo)
H(xo) == . )
0% 020
024021 (:CO) Tt 0zg0zg ([L‘Q)
has rank g.

Proof. Since the subvariety S C A} is defined by the g + 1 equations (4),

the point g is smooth if and only if the (79(9;1) +9) x (g + 1) matrix
00 oo o0 0
oT11 e 8299 021 t 0z
926 00 020 926
0210 0210 0210 Tt 0210
Mg, ) 1= | P20 7 T v D
3% %0 9%0 9%
0z10T11 """ 0210Tgg 0zg0z1 """  0zg0zg

evaluated at z¢ = (79, z0) has rank g + 1. We compute

00 90
887;01 (1'0) . %qug (350) 8260 e 8290
M (70, 20) = W(%) ah m(%) m(wo) - m(mo)
829‘ 329' 920 829‘
0z10m11 (zo) ... m(xO) m($o) o F,07 (x0)
Since the map ¢ is the projection on the first w coordinates, the propo-

sition follows. O

Remark 2.2. From the heat equation for the theta function it follows that
if the Hessian matrix H(zo) has rank g, then z¢ is a smooth point of S.

We also note that from the product rule for differentiation and the heat
equation it follows that the second derivative

) g
0“0 [5] (1,2)
aZjaZk |Z:0

3

restricted to the locus 6 [5

] (1,0) = 0 is also a modular form for I'y(4, 8).
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Since we have different, easier to handle, local defining equations (5) for
Spull, we can obtain better results in this case.

Proposition 2.3. A point g € Spun 1S a smooth point of Spun unless
99 (20) =0 for all 1 < i,j < g. The map (dp)a, is injective if and only if

oTij
the Hessian matriz H(xg) has rank g.

Remark 2.4. If zg is a smooth point of Sy, while the corresponding 7
is singular in 6,,1, this implies that at least two different theta constants
vanish at 7.

Using the above framework, we get a complete description of the inter-
section S, N'S’, obtaining thus an easier proof of one of the main results
of [GSMO7].

Proposition 2.5. For xg € Sy, the point xq lies in S’ if and only if the
rank of H(xq) is less than g.

Proof. If g € 8’ N Syun, then it is a singular point in S, hence the rank of
H(xg) is less than g by the above proposition. To obtain a proof in the other
direction, since 2y is a two-torsion point, the matrix M (7, z9) appearing in
the proof of the proposition above has the form

B o @) 0 .0
920 920

M(m ) o O P 0 821821 (LE()) - m(fﬂo)
0) — ) ‘
. . : 920 9%

0 - 0 Dzg001 (CL’()) - m(xo)

Hence if the rank of H(x) is less than g, x is a singular point of S; thus
either it is a singular point of Sy, or it lies in the intersection Sy NS’.
The first case cannot happen for dimensional reasons (the singular locus of
Spul is codimension at least 2 within Sy, see also [CvdG00]), and thus we
must have 29 € Spun NS O

Corollary 2.6. Set theoretically we have
¢*(Snull N S,) = 9971

null *
Remark 2.7. From the proof of the proposition it also follows that Sing Spu1 C
Snull ns'.
Our further investigation will consider the sublocus
H =81 = {9 = (10,20) € S" : tk H(zp) < g} C &,

(notice that since the derivative of a section of a line bundle is a section of
the same bundle when restricted to the zero locus of the section, this is an
algebraic subvariety of X,), and its pushforward

2H := 2N = ¢.(S771) C A,
8



Unlike the case of the theta-null, H ¢ Sing S. Indeed, if 2y is not a two-
torsion point, the condition rk H(x¢) < g does not imply that rk M (79, zg) <
g + 1, as the matrix M at zy does not have as many zero entries as in the
theta-null case. Still, we have the inclusions

St NS’ CH and 69 C H.

The locus H is given locally by (g + 2) equations (the g + 1 equations for
S’ together with the vanishing of the Hessian determinant), and thus each
irreducible component of H has codimension at most g 42 in X,;. However,
we note that Sqgec C H C S is an irreducible component of codimension
g+ 1. We now check that all other irreducible components of H are indeed
of expected codimension g + 2. Indeed, we first note that by the results
of Ciliberto and van der Geer [CvdGO8| the locus Ny, (parameterizing ppav
whose theta divisor has singular locus of dimension at least k) with 1 < k <
g— 3 has codimension at least k+2 in A, and thus its preimage in S cannot
be an irreducible component of S for dimension reasons. Now for both &’
and Sy it is known that generically the singular points of the theta divisors
are ordinary double points, and thus H cannot be equal to either of these
loci. Finally, by the results of Ein and Lazarsfeld [EL97] the locus Ny_s is
equal to the locus of indecomposable ppav, and each component A, x A,_p
of it has codimension too high, except for h = 1.

The above discussion leads to the following result:

Proposition 2.8. The Andreotti-Mayer locus N1 is contained in H.

Proof. Indeed, for 79 € Ny we let z(t) C Sing©, be a curve of singular
points such that z(0) = zy is a smooth point of the curve. Differentiating
(4) with respect to t, we get g non-zero equations (the derivative of the first
one will vanish):

=0.

29: 9%0(10, 2(t)) 0z;(t)

= 8zi82j 8t

_ (92 0z |
v = 8t,,at t=0

this means that H(zg) - v = 0, and since by our assumption zj is a smooth
point of the curve and thus v # 0, the matrix H(xo) has a kernel, and in
particular is not of maximal rank. O

Denoting

Corollary 2.9. For g > 5 the locus of Jacobians J, is contained in H.
Hence for g > 5 set-theoretically 91 C H.

null =

Proof. Indeed, we have J, C N1 C H for g > 5. However, since for all g the

divisor 0y, does not contain J,, we must have that J, C H \ 9;‘1;111 . O
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3. CLASS COMPUTATIONS IN COHOMOLOGY

In this section we compute the class of the components of the expected
dimension of the loci H and H in Chow and cohomology rings (our compu-
tation works in both, as we only use Chern classes of vector bundles) of X,
and Ay, respectively.

Recall that Mumford [Mum83] computed the class of N/ in the Picard
group of the partial toroidal compactification of the moduli space A4 (the
class of 6, is easier, and was computed previously by Freitag [Fre83]). We
shall compute the classes of the codimension 2 cycles H and Gggul ,on Ag.
As a consequence we will obtain a complete description of H in genus 4,
rederive some result of [GSMO8], and prove that for g > 5 the locus H has
other components besides Hﬂ;lll. Debarre [Deb92, Section 4] computed the
class of the intersection 6, N, and used this to show that this intersection
is not irreducible. In spirit our computation is similar, though much more
involved.

For the universal family ¢ : X; — Ay we denote by 2 X,/ A, the relative
cotangent bundle, by E := ¢.{x /4, we denote its pushforward — the rank
g vector bundle that is called the Hodge bundle. Then the Hodge class
A1 = c¢1(E) is the Chern class of the line bundle of modular forms of weight
one on Ay.

The basic tool for our computation of pushforwards is the following

Lemma 3.1. The pushforwards under ¢ of powers of the universal theta
divisor © C Xy can be computed as follows:

0 ifk<yg

g if k=g
*ek =
9+(67) Wy it k=g+1

W2 if =g 42

Proof. The first three cases are consequence of the computation in [Mum83,
page 373]. The last case is the next step of the same computation, recalling
that co(IE) = A\2/2. In full generality the pushforwards of the universal theta
divisor were computed and studied in [vdG99] (note that the universal theta
divisor trivialized along the zero section, that is, the class © — A\ /2, is used
there, and it is shown that ¢, ((© — A1/2)*) = 0 unless k = g). O

Note that the locus S is given as the scheme of zeroes of theta function
and its derivatives, i.e. given by zeroes of a section of Qy, /4,(0) ® Ox,(©)
(cf. [Mum83]). Hence

[No] = ¢ (Cg(qu/Ag(@) ®0n, 0@)) -
Recall now that S9=! C & is defined by the equation det H(zg) = 0. On

S, each second derivative of the theta function is a section of O, and the
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determinant of the Hessian matrix is known (cf. [GSMO7],[dJ10]) to be a
section of

Ox,(90) ® ¢*(det E)*? ® Os.

Using the above formula for the class of S, to get H we would want to
compute the push-forward

Du (¢ (x,/4,(0)10) - (9O + 20" \1))

The computation becomes rather delicate since S9~! is not equidimen-
sional. We set

Sindec =38 \ Sdec = S, U Snulla

which is then purely of codimension g + 2 in &}, and thus we have

(S8 k] = ([Sdec]) - (90 +2X1) € CHIP2(X,).

indec

However, for dimension reasons is turns out that we often do not need to
deal with the class of Sgec:

Proposition 3.2. For g > 4 we have the equality of codimension 2 classes
on Ay:
NG = ING dec] = [04(Sfhaec)]

0, indec indec

Moreover this class can be computed as

NS = Z(g° + 79> + 189 + 24)02 € CH?(A,).

5 (
Proof. The first statement is a consequence of the fact that the map ¢ has
(¢ — 2)-dimensional fiber along Sgec, and generically O-dimensional fibers
over Sindec- (Note that this is the place in the argument where we are
using the assumption g > 4 to ensure that Sﬁldic is in fact non-empty, and
that the codimension of its image under ¢ is lower than the codimension of

A x Ag—1.) We now compute
INg '] = s (cg (Q,/.4,(©) - ©) - (9O + 20" A1)
= ¢s ((@g + 097N + 0928 Ay + ... ) - (9O + 2067 \y))
*\ 2
<g (@9+2 + 09 e A + @9¢’ > + (2091 p* A, + 2@9¢*A§)>

( (9;2 (ggl)-+g(29)!+(g+1)!+29!>A%

|
98(9 g2 + 189 + 24)A2.
0

We now compute the class of the locus Hﬂ;lll: recall that a theta constant
is a modular form of weight 1/2, and that the determinant of the Hessian
11



4]

matrix of 6 [E] (7,2) evaluated at z = 0 is a modular form of weight %

3

5] (1) (cf. [GSMO8],[dJ10]). We thus get:

along the zero locus of 6 [

Proposition 3.3. For g > 2 we have

(091 = (g + 4)2973(29 + 1)A2.

null

Proof. Indeed, we have

3

020 [g} (1,2)
691 7 € Hy : Jle, 0] even ,0 [5] (1) = det

[ SN =0
azjazk |Z_0 ’

null —

Since there are 2971(29 + 1) even characteristics, for each of them we get a
contribution of A;/2 (for the zero locus of the corresponding theta constant)
times (g + 4)\1/2 (for the Hessian). O

4. THE CASE g =4

In this section we will work out the situation for genus 4 in detail, even-
tually proving Theorem 0.3. By the above formulas for g = 4 we have
[Bra] = 27223 [N§] =3 272)F
Moreover, going back from Ngil to H = N(l)g 71, we recall that for arbitrary
genus we have N§ 1= 9?;111 +2H by definition, and since at the intersection
of the two components 6,1 and N} the singular points lie on both, we also
have

As an immediate consequence we obtain:
Proposition 4.1. The following identity holds scheme-theoretically on Ay:
NG =363

null*

Proof. From the formulas above we see that 262 , is a subscheme of 2N{3,
and thus that BGI?;UH is a subscheme of N§. Since the Chern classes are
equal and Gf’mu is equidimensional, we need to rule out the possibility of
Ng having an extra lower dimensional component. However, for genus 4
we know geometrically that N/ is the locus of Jacobians. Using Riemann’s
Singularity Theorem for genus 4 curves we then see that the period matrix
of a Jacobian is in N§ if and only if its theta divisor is singular at a two-
torsion point, i.e. if this Jacobian lies in 3 , (notice that this reproves a
result of [GSMO0S]). O
12



In fact we can prove something more: let Iy be the Schottky modular
form of weight 8 defining the Jacobian locus. Let then

Oly 10y 10l
on1 20ms 20
1ol Tl TG
det D(I4) = det 2 07121 0T22 2 0724
1 014 Oly
2 BT41 .« .. “ e 87_44

The restriction of this determinant to the zero locus of I is a modular form
of weight 34 = 8 - 4 + 2. By Proposition 2.1 we know that for a point in
N\ H the matrix D(I4) is proportional to the Hessian matrix H(x(), hence
it vanishes exactly along 63 . The class of the locus defined by

null*
Iy =detD(Iy) =0
is 8- 34 A\? = 272 \2. Thus we obtain
Proposition 4.2. The locus QI?;HH C Ay is a complete intersection given by
Iy = det D(14) = 0.

We observe that, by Riemann’s Theta Singularity theorem, this is the
locus of Jacobians with theta divisor singular at a two-torsion point. More-
over, the form \/Fj is well defined along the Jacobian locus and it has the
same weight, hence we get a different proof of the following result recently
obtained by Matone and Volpato [MV11]:

Corollary 4.3. On Jy we have the equality \/Fy = cdetD(ly) for some
constant c¢. The locus 63 | can also be given by equations

nul
Iy = /F, =0.

Contrary to the situation in genus 4, for higher genera we know that we
have other components, see Corollary 2.9. This fact can also be deduced
from our class computation as follows.

Proof of Proposition 0.1. Recall that the statement we are proving is that
scheme-theoretically Hfujul C H for any g > 5. We first note that the above
discussion for the genus 4 case shows that the scheme-theoretic inclusion
holds. Secondly, since we have computed both classes, we see that for g > 5
the class of N ~!is not equal to 3 times the class of 0191;111 . In fact the growth
orders of the degrees of these two classes are respectively

-1 —4 3 -1 9 3
deg 07 1 ~ 497" deg 0, 11; deg N§~ " ~ i deg Ng,
and one would thus expect many additional components. O

The rest of the paper is devoted to studying the geometry for ¢ = 5 in
detail; in this case we will be able to describe all components explicitly, and
will also obtain many results describing the classical Prym geometry of the
situation.

13



5. PRYM THETA DIVISORS AND THEIR SINGULARITIES

While for higher g the geometry of the locus H C A, appears quite
intricate, for ¢ = 5 one can use the Prym map P : Rg — As. We begin by
setting the notation and reviewing the basic facts about Prym varieties and
their moduli, which will be used throughout the rest of the paper.

Let R4 be the moduli space of pairs (C,n) with [C] € Mg, and 7 a non-
zero two-torsion point of the Jacobian Pic?(C). We denote by f : C — C
the étale double cover induced by 7, by i : C — C the involution exchanging
the sheets of f, and by Y ey : C — PH?(C, K¢ ®n)" the Prym-canonical
map. The map ¢k gy is an embedding if and only if n ¢ Cy — Co (where
we denote Cj, := Sym*(C)).

We recall the definition of the Prym map P : Ry — Ay_1. Consider the
norm map Nmy : Pic?~%(C') — Pic?9~2(C) induced by the double cover f.
The even component of the preimage

Nm; ! (Kc)* = {L € Pic?2(C) : Nmy(L) = K¢, h°(C, L) = 0 mod 2}

is then an abelian variety of dimension g —1. Denoting by O C Pic?9 _2(C~' )
the Riemann theta divisor, scheme-theoretically we have the following equal-
ity ©alx myl(Ko)t = 2=, where Z is a principal polarization. The Prym
variety is defined to be the ppav
P(C,n) = (Nm[ ! (o)™, E) € Ay,
The polarization divisor can be described explicitly following [Mum74]:
2(C,n) :={L € Nm;'(K¢o)™ : B°(C, L) > 0}.
A key role in what follows is played by the Prym-Petri map
py s NPHY(C L) — HY(C,Kc ®1), uAvu-i*(v) —v-i*(u),
where one makes the usual identification H(C, K¢ ® ) = HO(C’,I](~
el85],

with the (—1) eigenspace under the involution i. Following [Wel8
(C,n) € Ry and r > —1, we define the determinantal locus

V.(C,n):={L € Nm}l(Kc) :h%L) >r+1, h°%L) =r+1 mod 2}.

)7
for

For a general Prym curve (C,n) € Ry, the map p; is injective for every
Le Nm;l(Kc), and dimV,(C,n) =g —1— (T;rl), see [Wel85].

For a point L € =, we recall the description of the tangent cone TC’Q (2).
Suppose h%(C,L) = 2m > 2 and we fix a basis {s1...,s2,} of H*(C,L).
Consider the skew-symmetric matrix

My, = (pp (s A Sj))lgk,jgm

and the pfaffian Pf(L) := \/det(M) € Sym™ H°(C,Kc ® n). Via the
identification Ty, (P(C,n)) = H°(C, Kc ®n)Y we have the following result of
[Mum?74]:

14



Theorem 5.1. If h°(C, L) = 2 then Pf(L) = 0 is the equation of the pro-
jectivized tangent space PTp(Z). If m > 2 then L € Sing(Z) and either
Pf(L) = 0 in which case mult(Z) > m + 1, or else, P{(L) = 0 is the
equation of the tangent cone PT'CL(E).

Note that one can have L € Sing(E) even when m = 1 and Pf(L) is
identically zero, so that the Prym theta divisor Z can have two types of
singularities, as follows:

Definition 5.2. For a point L € §ing(E), one says that
(1) L is a stable singularity if h°(C, L)=2m >4,
(2) L is an unstable singularity if h°(C, L) = 2 and Pf(L) = 0.

Let Singjct(E) = V5(C, n) be the locus of stable singularities and Sing’" (=) be
the locus of unstable singularities. Clearly Sing(Z) = Singjct(E) U Sing"(Z).
We call a singularity exceptional if it is a limit of unstable singularities and
define Sing*(E) := Sing}"(E) to be the locus of exceptional singularities.
Note that these notions depend on the étale double cover f : C — C and
are not intrinsic to =. Every singularity of a 4-dimensional theta divisor =
can in fact be realized as both a stable and an exceptional singularity in
different incarnations of (A4,Z) € As as a Prym variety.
For a decomposable vector 0 # u A v € A2H(C, L), we set

div(u) = D, + B, div(v) = D, + B,

where D,,, D,, have no common components and B > 0 is an effective divisor
on C. The next lemma is well known, cf. [ACGHS85, Appendix C]:

Lemma 5.3. For 0 #uAv e A2HO(C, L) the following are equivalent.

(1) wi(wAv) =0,

(2) Dy, D, € |f*M| where M € Pic(C) with h°(C, M) > 2.
In such a case we write L = f*(M)®Os(B), hence Ko = M®?@0¢(f+(B)),
in particular h%(C, K¢ ® M®(=2) > 1 and the Petri map puo(M) is not
injective. Furthermore, L € Sing§*(Z) if and only if h°(C, L) > 2 and there
exists M € Pic(C) with h%(C, M) > 2 such that H(C,L ® f*M") # 0.

Suppose L € V3(C,n) is a quadratic stable singularity, hence h%(C, L) = 4
and Pf(L) # 0. Setting P° := P(A2H°(L)V) and P92 := P(H(Kc®n)Y),
we consider the projectivized dual of the Prym-Petri map
§:=P((u)"): P92 - PP,

The Pliicker embedding of the Grassmannian G* := G(2, H(L)") c P®
is a rank 6 quadric whose preimage Qr, := 6~'(G*) is defined precisely by
the Pfaffian Pf(L). Note also that rk(Qr) < rk(p ). On the other hand let
G = G(2,H°(L)) c P(A2H°(L)) be the dual Grassmannian. It is again a
standard exercise in linear algebra to show the equivalence

rk(Qr) <4 <= GNP (Ker(uy)) # 0.
15



For a point L € Singjct(E) one has multz,(Z) = 2 if and only if h°(C, M) < 2
for any line bundle M on C such that h%(C, L® f*M") > 1, see [SV04]. We
summarize this discussion as follows:

Proposition 5.4. For a quadratic singularity L € Sing?(E) the following
conditions are equivalent:

(1) k(Qr) < 4.

(2) P (Ker(uz)) N G #0.

(3) L € Sing§ (=) N Sing§(Z).

6. PETRI DIVISORS AND THE PRYM MAP IN GENUS 6

This section is devoted to the study of singularities of Prym theta divisors
of dimension 4 via the Prym map P : Rg — As.

We review a few facts about the Deligne-Mumford compactification ﬁg
of R, and refer to [FL10] for a general reference. If 7 : R, — M, denotes
the forgetful map, one has the formula [FL10, Example 1.4]

(7) 7 (80) = 0y + 8y + 265 € CH'Y(R,),

I 1

where 0y := [Ay], 6y := [Ag] and §5*™ := [AF™] are boundary divisor classes
on R, whose meaning we recall. Let us fix a general point [Cy,] € Ag
corresponding to a smooth 2-pointed curve (C,z,y) of genus g — 1 and the
normalization map v : C' — Cy,, where v(x) = v(y). A general point of A,
(respectively of Ag) corresponds to a stable Prym curve [Cy,, n], where n €
Pic’(Cyy)[2] and v*(n) € Pic’(C) is non-trivial (respectively, v*(n) = O¢).
A general point of AF™ is of the form (X,7), where X := C Ug, P! is
a quasi-stable curve with p,(X) = ¢, whereas n € Pic’(X) is a line bundle
characterized by np1 = Op1(1) and 5 = Oc(—x — y). Often we content
ourselves with the study of the partial compactification ﬁg =1 Y {MGUA)
of R,. Note that CH(R,) = Q(\, 6y, 0y , 652™).

The extension of the (rational) Prym map P : R, --» Ay_1 over the
general point of each of these boundary divisors is well-understood, see e.g.
[Don92]. The Prym map contracts A, and all boundary divisors 7*(A;) for
1 <i < |4]. The Prym variety corresponding to a general point [Cyy, 7] €
Ay as above, is the Jacobian Jac(C) of the normalization. Thus P(Ay) =
Jg—1. The effect of the Prym map on divisors has been recently described
in [GSM11], and one has the following formulas:

(8) P*(\) = A — 504 . P*(D) =4,

Remark 6.1. We sketch an alternative way of deriving the first formula in
(8). For each Prym curve (C,n) € Ry, there is a canonical identification of
vector bundles Ty, ) = H°(C, K¢ ®n) ® Op(c,y- The pull-back P*(E) of

the Hodge bundle can be identified with the vector bundle A on R, with
fibre N1(X,n) = H°(X,wx®n), over each point (X, n) € R, (we skip details
16



showing that this description carries over the boundary as well). Therefore
P*(A1) = c1(N1) = A — 255, where we refer to [FL10] for the last formula.

We have seen that for [C ER C] € Ry with Sing* (=) # 0, the curve C

fails the Petri theorem. Let 977;,C C M, denote the Gieseker-Petri locus
whose general element corresponds to curves C' carrying a globally generated
pencil M € W}(C) with h°(C, M) = 2, such that the multiplication map

IUO(M) : HO(CvM) ®HO(C7KC®M\/) - HO(C¢KC)

is not injective. It is proved in [Far05] that for % < k < g —1, the locus
QP; . has a divisorial component. In the case of Mg there are two Gieseker-
Petri loci, both irreducible of pure codimension 1, described as follows:

e The locus QP%A of curves [C] € Mg having a pencil M € W} (C) and
h(C, K ® M®(*2)) > 1. We have the following formula for the class of its
closure in Mg, see [EH87]:

[GPg 4] = 94\ — 1265 — 508, — 7855 — 8853 € CH' (M)
e The locus 973%75 of curves with a vanishing theta characteristic; then

(GP 5] = 8 (65X — 85) — 310; — 453, — 4953) € CH' (M).

The Prym map P : Rg — As is dominant of degree 27 and its Galois
group equals the Weyl group of Eg, see [DS81],[Don92]. The differential
of the Prym map (dP),, : H°(C, K&V — (Sym? HY(C, K¢ ®n))v is
the dual of the multiplication map at the level of global sections for the
Prym-canonical map ¢x,gy. Thus the locus

Q= {(0,77) € Rg : Sym? H(C, Ko @17) = HO(QKgQ)}

is the ramification divisor of P. We denote by D := P(Q) C As the branch
divisor of P. At a general point (A, ©) € D the fibre of P has the structure of
the set of lines on a one-nodal cubic surface, that is, P~1(A4,0)N Q consists
of 6 ramification points corresponding to the 6 lines through the node. The
remaining 15 points of P~1(A, ©) are in correspondence with the 15 lines on
the one-nodal cubic surface not passing through the node. We summarize
these facts as follows:

Proposition 6.2. Set-theoretically the branch divisor D C As of the map
P is equal to D = P(Q) = Ny. Scheme-theoretically, P.[Q] = 6[N{].

We turn our attention to the geometry of Q. First we compute the class
of its closure in Rg, then we link it to Prym-Brill-Noether theory:

Theorem 6.3. Ihe ramification divisor @ C Rg is irreducible. The class
of its closure in Rg equals

/ 3 1" -~
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where we have the estimate cgr > 4.
0

Proof. The irreducibility of Q follows from [FV11, Theorem 0.5], where it is
proved that Q can be realized as the image of a projective bundle over the
irreducible moduli space j’-'én of polarized Nikulin K3 surfaces of genus 6.
To estimate the class of the closure Q of Q in ﬁ6, we set up two tautological
vector bundles A and Ns over R having fibres

Ni(X,n) = H(X,wx ®n) and Nz(X,n) = H(X, 0§ @n?)

over a point (X,7) € Rg. There is a morphism ¢ : Sym?(N;) — N3 between
vector bundles of the same rank given by multiplication of Prym-canonical
forms, and we denote by Z the degeneracy locus of ¢. Using [FL10, Propo-

sition 1.7] we have the following formulas in CH'(Rg)
1 / 11
a(N) =X — 166”“ and ¢ (Na) = 13X — 6y — 6y — 365°™,

thus [Z] = ¢1(Ma)—6e1(N1) = TA—8,—3d, — 365, By definition, Q = ZNR.
Furthermore, ¢ is non-degenerate at a general point of Aé and AF™, hence
the difference Z — Q is an effective divisor supported only on Ag.

Assume now that (X,n) € Ag is a generic point corresponding to a nor-
malization map v : C' — X, where [C, z,y] € M52 and z,y € C are distinct
points such that v(z) = v(y). Since v*(n) = O¢, we obtain an identification
HY(X,wx ®1n) = H°(C, K¢) whereas HO(X,w$? ® n®?) is a codimension
one subspace of H°(C, K, ?2(256 + 2y)) described by a residue condition at x
and y. It is straightforward to check that the kernel

Ker ¢(X,n) = Ker {Sym2 H°(C,K¢) — H°(C, K%Q)}
has dimension 3. Thus Z — @ — 3§, > 0, which implies that cr 24 O

Remark 6.4. We shall prove later that in fact ¢y = 4.
0

Even though the locus Q is defined in terms of syzygies of Prym-canonical
curves, its points have a characterization in terms of stable singularities of
Prym theta divisors.

Theorem 6.5. The theta divisor of a Prym variety P(C,n) € As has a
stable singularity if and only if P ramifies at the point (C,n), that is,

Q= {(C, 1) € Re : Sing{,\(E) # @} :

Proof. Let us denote by W := {(C,n) € R¢ : V3(C,n) # 0} the Prym-Brill-

Noether locus corresponding to stable singularities of Prym theta divisors.

Our aim is to show that W = Q and we begin by establishing the inclusion

W C Q. First note that if [C] € Mg is trigonal, for any two-torsion point

n € Pic’(0)[2] — {Oc} we can write Kc @ = A® A, where A € W} (C)

and A’ € W (C). This implies that Ky 1(C, K¢ ® 1) # 0, hence (C,7n) € Q.
18



Fix now (C,7) € R¢ and a line bundle L € V3(C, 7). If h%(C, L) > 6, then
C (and hence C' as well) must be hyperelliptic, so (C,7) € Q by the previous
remark. We may thus assume that h°(C, L) = 4 and consider the associated
Pfaffian quadric Qr € Sym? H(C, K¢ ®n). If Qr # 0, then it contains the
Prym-canonical model ¢ ,qn(C), in particular (C,n) € Q. If Q, =0, then
there exists M € Pic(C) with h°(C, M) > 3 and an effective divisor D on
C, such that L = f*(M) ® Og(B). If deg(M) < 4 then C' is hyperelliptic,
hence (C,n) € Q. If deg(M) = 5, then B = 0 and C is a smooth plane
quintic such that h°(C, M ® n) = 1. Tt is known, see [Don92, Section 4.3],
that in this case P(C,n) is the intermediate Jacobian of a cubic threefold
and the differential (dP)c,,) has corank 2, thus once more (C,7) € Q.

Therefore W C Q. We claim that WV has at least a divisorial component
which follows by exhibiting a point (C,n) € R¢ and a line bundle L €
V3(C, n) such that p; is surjective. Assuming this for a moment, we conclude
that W = Q by invoking the irreducibility of Q.

To finish the proof we use a realization of Prym curves (C,n) € Rg with
V3(C,n) # 0 resembling [FV11, Section 2]. For a line bundle L € V3(C,n)
with h%(C, L) = 4, if uf : Sym? H(C,L) — H°(C,K¢) denotes the i*-
invariant part of the Petri map, one has the following commutative diagram:

L,i*L
Eh) P2 x P3 \

f q PY =P (H(L)" ® H(L)V)
ny S

C P? = P(Sym? H(L)Y)

Reversing this construction, if ¢+ € Aut(P3 x P?) denotes the involution
interchanging the two factors, the complete intersection of P? x P? with
4 general (*-invariant hyperplanes in H%(Zps, p3(1,1))" respectively one
general *-anti-invariant hyperplane in H%(Zps, ps(1,1))” is a smooth curve
C c P3 x P3; the automorphism t|c induces a double cover f : C — C such
that Ker(u; ) has 1-dimensional kernel corresponding to the unique element

in HY(Zps, p3(1,1))". For more details on this type of argument, we refer
to [FV11]. O

7. THE ANTIRAMIFICATION DIVISOR OF THE PRYM MAP

In this section we describe geometrically the antiramification divisor U of
the map P : Rg — As, defined via the scheme-theoretic equality

(9) P*(D) =20 +U.
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For a general curve [C] € GPg 4, if M € W{(C) denotes the pencil such
that po(M) is not injective, we let = + y € Co be the support of the unique
section of |Kc @ M®(=2)|. We consider the four line bundles

Luy = f*M ® Op(wu + yo) € Nm ' (Kp),

where 1 < u,v < 2 and f(xy) = 2, f(y») = y. Using the parity flipping
lemma of [Mum?74], exactly two of the quantities h%(C, L,_,) are equal to 2,
the other being equal to 3, that is, Sing}n(E) contains at least two points.

Hence 7 (GP 4) C U. Using Theorem 6.3, equality (9), and the formula for
[gPéA] € CH'(Mg), we compute

U] = P*([N§]) — 2[Q] = 108X — 14X = 7*([GP§ 4]) € CH' (Rs).

Since the A-coefficient of any non-trivial effective divisor class on Rg must
be strictly positive, we obtain the following results:

Proposition 7.1. One has an equality of divisors U = 7*(GPg 4).
We determine the pull-back of F(’) under the rational map P : ﬁg - As.

Theorem 7.2. We have the following equality of divisors on 7%6 :
P*(N}) = 2Q +U + 205 .

Proof. We use the formula [Nj] = 108\; — 14D, as well as Theorem 6.3 and
formula (8) in order to note that the effective class P*(N}) —20 —n* (9777% 1)
is supported only on the boundary divisor Ag.

We now prove that the multiplicity of Ag in P* (Fé) equals 20, or equiva-
lently multAg (P*(No)) = 40, since P(Ag) = J5 ¢ Onun- Let As := Bl (As)

be the blow-up of As along the Jacobian locus and denote by & C ;l;, the ex-
ceptional divisor. Then € is a P2-bundle over J5 with the fibre over a point
(Jac(C),©¢) € J5 being identified with the space P(I2(K¢)Y) of pencils
of quadrics containing the canonical curve C' C P*. One can lift the Prym
map to a map P : Rg --» Ajs by setting for a general point (Cey,n) € Ag

P(Cay,n) := ((Jac(C), 0¢), quy) € As,

where ¢y, € P(I3(K¢)Y) is the pencil of quadrics containing the union
C U {(z,y) C P% Furthermore, P*(£) = A*™, showing that

multAg P* (FO) = multjs (No)

To estimate the latter multiplicity we consider a general one-parameter fam-

ily j : U — As from a disc U 3 0 such that j(0) = (Jac(C),O¢), with

[C] € M5 being a general curve. Let Oy := U x4, © — U be the rela-

tive theta divisor over U. The image of the differential (dj)o(7o(U)) can be

viewed as a hyperplane h C P (Sym2 HO(K, C)) The variety ©p has ordinary

double points at those points (0, L) € Oy where L € Sing(6¢) = W} (C) is
20



a singularity such that its tangent cone Q1 € PIs(K¢) belongs to h. Since
the assignment W} (L) 3 L — Q, € PIy(K¢) is an unramified double cover
over a smooth plane quintic, we find that Oy has 10 nodes. Using the theory
of Milnor numbers for theta divisors as explained in [SV85] we obtain

mult 7, (No) = X(ngn) - x(W4(C)) + 10,

where x(fgen) = 5! = 120 is the topological Euler characteristic of a gen-
eral (smooth) theta divisor of genus 5. We finally estimate x(W4(C)),
using the resolution Cy — Wy(C). From the Macdonald formula, see
[ACGHS5], x(Cy) = (_1)51—1(299:12)@:5 = 70, whereas x(W}(C)) = —20,
because g(W}(C)) = 11. Therefore x(C}) = 2x(W;(C)) = —40. We find
that x(W4(C)) = x(Cy) — x(C}) + x(WE(C)) = 90, thus multz (Ng) =
120 — 90 + 10 = 40. [l
Corollary 7.3. We have the following formula in CHl(ﬁ(g).‘
_ / v 3

We exploit the geometry of the ramification and antiramification divisors
of the Prym map and determine the push-forward of divisor classes on Rg:

Theorem 7.4. The push-forwards of tautological classes via the rational
Prym map P : Rg --+ As are as follows:

P.(\) =18-27\y — 57D, P.(6¢™) =4(17-27\; — 57D),
P.(8y) = 27D, P.(8y) = Pu(6i) = Pu(8ig—i) =0 for1<i<g—1,
Perhaps the most novel aspect of this formula is the calculation of the

class of the divisor P,(Af™) consisting of Prym varieties corresponding to
ramified double covers C' — C of genus 5 curves with two branch points.

Proof. We write the following formulas in CH'(As):

1
210 = PP"Ay = P.(A) = {P(6™),

6- (1081 — 14D) = 6[N}] = P,([Q]) = 7TP.(\) — %P*(agam) — 27P,(5).

From [GSM11] it follows that P,(8,) = 27D, whereas obviously P.(d,) = 0,
which suffices to solve the system of equations for coefficients. O

8. THE SLOPE OF Aj

Using the techniques developed in previous chapters, we determine the
slope of the perfect cone compactification As of As. We begin with some
preliminaries. Let D be a Q-divisor on a normal Q-factorial variety X. We
say that D is rigid if [mD| = {mD} for all sufficiently large and divisible
integers m. Equivalently, the Kodaira-Iitaka dimension (X, D) equals zero.

We denote by B(D) :=,,, Bs(|mD]) the stable base locus of D. We say
that D is movable if codim B(D) > 2.
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Recall that one defines the slope of A, as s(A,) := inf BeEfi(A,) s(E). In
a similar fashion one defines the moving slope of Xg as the slope of the cone
of moving divisors on jg, that is,
s'(Ag) :=inf {s(E) : E € Eff(4,), E is movable} .

Thus s'(Ay) measures the minimal slope of a divisor responsible for a non-
trivial map from A, to a projective variety. It is known that s(A4) = 8
[SM92], and as an immediate consequence of the result about the slope of
M we have that s'(Ay) = s(0pun) = g In the next case, that of dimension

g = 5, the formula [N}] = 108)\; — 14D yields the upper bound s(As) < =3
A lower bound for the slope s(As) was recently obtained in [GSM11].
We shall now prove Theorem 0.7 and establish that
#(As, Nj) = 0,
in particular s(As) = 5—74. To prove Theorem 0.7 we translate the problem

into a question on the linear series |P*(N()| on Rg. One can show that each
of the components of P*(NN)) is an extremal divisor on R¢, however their
sum could well have positive Kodaira dimension. Of crucial importance is a
uniruled parametrization of Q using sextics with a totally tangent conic.

We fix general points qi,...,qs € P?, then set S := Bl{qi}z;ﬂ(PQ) — P?
and denote by {E,}} , the corresponding exceptional divisors. We make
the identification P'® := |Og(6h — 23+, E,,)|, then consider the space of
4-nodal sextics having a totally tangent conic

X ={(T,Q) e P x |0s(2h)| : I"- Q = 2d, where d € (I'yeg)s} -

A parameter count shows that X is pure of dimension 14. We define the
rational map v : X --» Rg

o(I, Q) == (C,n :=v* (Or(1)(—d))) € Re,
where v : C — T is the normalization map. The image v(X') is expected

to be a divisor on Rg, and we show that this is indeed the case and this
construction yields another geometric characterization of points in Q.

Theorem 8.1. We have v(X) = Q, that is, a general Prym curve (C,n) € Q
possesses a totally tangent conic.

Proof. We carry out a class calculation on Rg and the conclusion will be a
consequence of the extremality properties of the class [Q] € Eff(Rg).

Let Ry := RIUT1(A}) be the open substack of Rg, where RY consists of
smooth Prym curves (C,7n) for which dim W2(C) = 0 and h°(C,L®n) =1
for every L € WZ(C), whereas A}y C Ay is the locus of curves [Cy,], where
[C] € M5 — M} 5 and x,y € C. Observe that codim(Rg — R%,ﬁ@) = 2.
Over R, we consider the finite cover

0B = R,
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where ®% classifies triples (C,n, L), with (C,n) € Ry and L € WZ(C). Note

that a curve [Cy,] € A} carries no non-locally free sheaves F' € PicS(Cy,)
with hO(CIy,F ) > 5, for F' would correspond to a g?) on the normalization
C of Cyy, a contradiction. The universal curve p : C — Qﬁ% is equipped
both with a universal Prym bundle P € Pic(C) and a universal Poincaré
line bundle £ € Pic(C) such that Ly,-1(c,1) = L, for any (C,n, L) € ®2.
We form the codimension 1 tautological classes

(10) a:=p, (c1(£)?), b:=p,(c1(L) c1(wp)) € CH (),

and the sheaves V; := p,(£%"), where i = 1,2. Both V; and Vs, are locally
free. The dependence of a and b on the choice of £ is discussed in [FL10].
One has the following formulas in C H!(R}), see [FL10, page 776]:

(11)

ox(a) = —48A+T7*(dp), 04(b) = 36A—37"(dp), o«(c1(V)) = —22X+37" (o).

We shall also use the sheaf £ := p,(P ® £). From Grauert’s theorem we
obtain that &£ is locally free and one can apply Grothendieck-Riemann-Roch
to compute its Chern classes. Taking into account that p.(ci(P)?) = 6™ /2
and ps(c1(£) - c1(P)) = 0, cf. [FL10, Proposition 1.6], one computes
o™ a b

»_r Hl 2'
1 +2 260 (85)

Similarly, by GRR we find that ¢;(V2) = A — b + 2a.
After this preparation we return to the problem of describing the image

v(X) C Rf. For a point (C,n, L) € &2, the two-torsion point 7 is induced

L
by a conic totally tangent to the image of the morphism v : C |—>‘ I c P2 if

and only if the map
X(Cvna L) : HO(Ca Ke® 77) X HO(C7 Ko ® 77) - HO(Ca L®2)/Sym2H0(Cv L)

(12) (&) =A-

is not an isomorphism. Working over the stack we obtain a morphism of
vector bundles over &2

x : E92 = Vy/Sym?(Vy),

such that the class of the locus v(X) is (up to multiplicity) equal to

gect <Syn1;2(vl) - 5®2) = 35X — 5(0p + 0y) + g(sgam = 5[2],
where we have used both (11) and (12). We recall that the cycle Z was
defined in the proof of Theorem 6.3 as a degeneracy locus on Rg with the
property that Z N RS = QN Ry Thus the class [v(X)] € CH'(Rg) is
proportional (up to the divisor d;) to the class [Q]. It is proved in [FV11,
Proposition 3.6] that if D is an effective divisor on Rg such that [D] =
a[Q] + B (5(/)/ , then one has the set-theoretic equality D = Q. Thus we
conclude that Q@ = v(X). O

23




Theorem 8.2. The ramification divisor Q is covered by rational curves
R C Rg with the following numerical features:

R-A=6, R-6,=35, R-0y =0, R-65™ =6, R-6; = R-;.5_; =0,
fori=1,...,4. In particular R- Q <0 and R-U = 0.

Assuming for the moment Theorem 8.2, we explain how it implies Theo-
rem 0.7. Assume that E € Eff(A5) with s(E) < s(N}). First note that one
can assume that F(’) ¢ supp(E), for else, we can replace E by an effective
divisor of the form E' := E — aN} with a > 0 and still s(E') < s(N)).
After rescaling by a positive factor, we can write £ = Fé — €L € Eff(As),
where € > 0. Clearly P*(E) € Eff(Rg) and observe that since NJ is not
a component of E, the ramification divisor Q cannot be a component of
P*(E) either. Thus R- P*(E) > 0, that is,

0<R-P*E)=R-(20+U+205,) — €R - <)\—5O4) :—4—%,

which is a contradiction. Thus s(E) = s(N}) and E must be equal to a
multiple of N{.

Proof of Theorem 8.2. We retain the notation from Theorem 8.1 and fix a
general element (C,n) € Q corresponding to a sextic curve I' C P? having
nodes at qi,...,q4. From Theorem 8.1 we may assume that there exists a
conic Q C P? such that Q- T = 2(p1 + -+ + ps), where p1,...,p6 € I'reg-
Since the points qi,...,qs € P? are distinct and no three are collinear, it
follows that [C] ¢ g773é 4, and this holds even when C' has nodal singularities.

To construct the pencil R C Rg, we reverse this construction and start
with a conic Q C P? and six general points p1, . .., ps € Q onit. On the blow-
up S’ of P? at the 10 points q1, . . ., q4,p1, - - - , D6, we denote by {E,,}%_, and
by {Ey; }jf:l respectively, the exceptional divisors. For 1 <i < 6, let [; € E),
be the point corresponding to the tangent line 7}, (Q). If S is the blow-up of
S"at ly,...,lg, by slight abuse of notation we denote by E,,, Ej, and E,; the
exceptional divisors on S (respectively the proper transforms of exceptional
divisors on §’). Then dim ‘(95(6) (—2X0os By — S (B + Eli))‘ =3,
and we choose a general pencil in this linear system. This pencil induces
a curve R C Rg. Note that the pencil contains one distinguished element,
consisting of the union of () and two conics @)1 and @2 passing through
q1,--.,qs. Considering the push-forward m.(R) C Ms, after a routine cal-
culation we find:

R\ =6, R-(6y+0y +265*™) = m,(R) -0 = 47, m.(R)-6; =0 for i =1,2,3.

79

In particular, as expected R -U = 0. The points in R N AFP*™ correspond

to the case when the underlying level 2 structure is not locally free, which

happens precisely when one of the points p; becomes singular. For each
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1 <7 <6, there is one such curve in R, hence R - 5™ = 6, thus R - 56 =35
and therefore using Corollary 7.3 we find:
— r 3
R-Qz?R-A—R-50—§R-5Eam:42—35—9:—2.
U

Since the divisor F{) is rigid, we obtain that s'(As) > s(ﬁ(’)). Concerning
the value of the moving slope s'(As), we make the following prediction:
Conjecture 8.3. s'(As) = 22

The reasoning behind the conjecture is the following. Assume that just
like in the case g < 5, there exists a modular form F' on A5 whose restriction
to N{, gives det H(I5) or a power of it, where we recall that I is the defining
modular form of N|. Then the slope of F' is computed as

wt(F) 5-108+2 542
) = = 5 0

This construction accounts for the values s'(A3) = 2 and s'(Ay) = L.

9. THE PRYM REALIZATION OF THE COMPONENTS OF H

For each irreducible component of H = N(;4 in As, we describe an explicit
codimension 2 subvariety of Rg which dominates it via the Prym map. As a
consequence we prove that H consists of two irreducible components, both
unirational and of dimension 13. We define two subvarieties of Rg corre-
sponding to Prym curves (C,7) such that ¢k, lies on a quadric of rank
at most 4, cutting a (Petri special) pencil on C. Depending on the degree
of this pencil, we denote this loci by Q4 and Qs respectively.

Definition 9.1. We denote by Qs the closure in Rg of the locus of curves
(C,n) € Re such that C carries two vanishing theta characteristics 61,6, €
W(C) with n =0, ® 6.

Equivalently, Ko®n = 61 ®6,, which implies that the Prym-canonical model
of C lies on a quadric Q C P* of rank 4, whose rulings induce #; and 65
respectively.

Definition 9.2. We denote by 9,4 the closure in Rg of the locus of curves
(C,n) € Rg such that n € W} (C) — W4(C) and K¢ ® 7 is very ample.

Equivalently, Ko ® 1 = A® A’, where A € W}(C) and A’ € W}(C), and
then the image px,wy(C) lies on a quadric Q C P* of rank at most 4, whose
rulings cut out A and A’ respectively.

Remark 9.3. Along the same lines, one can consider the locus Q3 of curves

(C,m) € Rg such that Kc®n = A® A’, where A € Wi(C) and A’ € W (C).

Observe that Q3 = W*I(Méﬁ), in particular codim(Qs, R¢) = 2. However

from the trigonal construction [Don92, Section 2.4], it follows that P(Q3) =
25



Js, that is, P blows-down Qs and thus Q3 plays no further role in describing
the components of H in As.

First we show that Q4 lies both in the ramification and the antiramifica-
tion divisor of the Prym map:

Proposition 9.4. 9, C 9NUY.

Proof. We choose a point (C,n) € Q4 general in a component of Q4 and
write n = M ® O¢(—D), where M € Wi(C) and D € Cy is an effective
divisor. Then we compute

h(C, Kc @ n(=D)) = h’(Kc @ M) =3,

that is, £ := (D) is a 4-secant line to the Prym canonical model ¢ g, (C).
Moreover £ is contained in the rank 4 quadric ) whose rulings cut out on C
the pencils M and Ko ®n® M respectively. The line £ is not contained in
a plane of ) belonging to the ruling A that cuts out on C' the pencil M, for
else it would follow that nn = 0. Then £ is unisecant to the planes in A and if
dy € |M| is a general element, then (D + dyy) is a hyperplane in P%. Thus

Koc®n=0c(dy+D+x+vy),
where z,y € C, that is, H*(C, K¢ @ M®(2) £ 0, and [C] € GP 4- O
Proposition 9.5. The locus Q4 is unirational and of dimension 13.

Proof. Since Q4 C Q NU, we use the fact that every curve [C] € 977%,74 is
a quadratic section of a nodal quintic del Pezzo surface. In the course of
proving Theorem 8.2 we observed that a general Prym curve (C,n) € U is
characterized by the existence of a totally tangent conic. We show that a
similar description carries over to the case of 1-nodal del Pezzo surfaces.
We fix collinear points q1, g2, g3 € P2, a general point g» € P2, then denote
by £ := {q1,q2,q3) C P? by S := Bl{qi}?_l(Pz) — P2 the surface whose

image by the linear system ’(’)S/(Qh — Z?‘Zl Eg)| is a 1-nodal del Pezzo
quintic. Set P%, := |Og(3h — Y22_, E,, — 2E,,)|. Note that Aut(S’) = P™.

We consider the 10-dimensional rational variety

V = {(val)' "7p5) : Q S ‘OPQ(Z)‘v P1,-.-,D5 S Q}

and the rational map p : V --» P2 given by p((Q, p1, .. .,Ds)) := pg, where pg
is the residual point of intersection of @ with the unique cubic E € |Op2(3)|
passing through q1,...,q4,p1,...,p5. We consider the linear system

P = {T € |0 (61 - 224:%)( T-Q =20+ +p0) }-
i=1

Claim: For a general (Q,p1,...,ps5) € V, we have dim PQpi,...ps) =4, that
is, the points ¢1,...,q4,p1,...,pe fail to impose one independent condition
on 4-nodal sextic curves.
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Since £+ Q + Pf’g, CP@Qp,..ps)s to conclude that dim P g, . o) > 4, it
suffices to find one curve I' € P (g, . »s) that does not have £ as a compo-
nent. We choose (Q,p1,...,p5) € V general enough that the corresponding
cubic E is smooth. Then 2E € P (g, . ps) and obviously £ & 2E. To fin-
ish the proof of the claim, we exhibit a point (@, p1,...,ps5) € V such that
dim(P (g p, ... p5)) = 4. We specialize to the case p; € £ and let Q2 be the
conic determined by ps,...,ps and ¢4. The cubic F must equal £ + ()2 and
pe €LNQ, sothat £-Q=p1+---+ps. Then P, .y =€+ P’ where

3
Og/(5h =Y By —2Ey,)| : Y-Qa = p1+P6+2(p2+p3+p4+p5)}-
i=1
Because pa, . .., ps € P? are general, dim(P’) = 20 —3 —3 —2—8 = 4, which
completes the proof of the claim.
We now consider the P4-bundle P := {(Q,pl, ...,p5,0):T € P(Q,m,---,ps)}v
together with the map u : P --» Rg, given by

u((Q,p1;---,p5, 1)) := (C,n = Oc(h —p1 — -~ = pg)),

where C' C 8’ is the normalization of T. Then M := O¢(2h — 3¢ E,,) €
W} (C) is Petri special and |M @ 5| 2 |Og/(3h — Y3, By — E?lejﬂ # 0,
hence u(P) C Q4. Therefore there is an induced map @ : P//Aut(S’) --» Q4
between 13-dimensional varieties. Since every curve (C,n) € Q4 has a totally
tangent conic and can be embedded in S, it follows that any M € W} (C)
with h%(C, M ®n) > 1 appears in the way described above, which finishes
the proof. O

P = {YG

Another distinguished codimension 2 cycle in Rg is the locus

Q) :={(C,n) € Rg : n € Wo(C) — Wr(C)}
of Prym curves (C,n) for which ¢k g, fails to be very ample. Writing
n=Oc¢(a+b—p—q), with a,b,p,q € C, then M := Oc(2a + 2b) € W (C)
and the 2-nodal image curve ¢k, g,(C) lies on a pencil of quadrics in P,
thus also on a singular quadric of type (4,6). We show however, that this
quadric is not the projectivized tangent cone of a quadratic singularity L €
Sing?gm(E), hence points in Q@ do not constitute a component of P~1(H).
Proposition 9.6. We have Q) € U. In particular, all singularities of the
Prym wvariety corresponding to a general point of Q' are ordinary double
points, that is, P(Q)) ¢ H.

Proof. Note that Q) is not contained in U, then use Proposition 5.4. U

Proposition 9.7. The locus Q4 dominates via the Prym map the locus Hy,

that is, P(Q4) D H.
Proof. We start with a point z¢ = (79, 29) € S’, corresponding to a singular
point zp € O, such that rk H(zg) < 4 and z( is a general point of a

component of H — 0. In particular (A,,, ©,,) can be chosen outside any
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subvariety of A5 having codimension at least 3. Since each component of S’
maps generically finite onto Ny, we find a deformation {z; = (74, 2¢) },e C
S’, parameterized by an integral curve T' 3 0, such that for all t € T — {0},
the corresponding theta divisor ©; has only a pair of singular points, that
is, Sing(©;) = {*=z}. Since P(Q) = N|, after possibly shrinking 7', we can
find a family of triples {(C}, n, Lt) }ter, such that (Cy,n) € Q for allt € T,
while for ¢ # 0 the line bundle L; € V3(C,nm¢) corresponds to the singularity
z € Sing(Z;). If we set (C,L,n) := (Co, Lo,mo), by semicontinuity we
obtain that h°(C,L) > 4. Since tk H(L) = 1k Qp < 4, it follows from
Proposition 5.4 that L € Sing?tc’n) (E) N Sing(¢, ) (E), which implies that the
Prym-canonical line bundle can be expressed as a sum of two pencils. Since
L is not a theta characteristic and P(C,n) ¢ J5, we obtain that the Prym-
canonical bundle can be expressed as Kc ®n = A® A’, where A € W} (O).
From Proposition 9.6 it follows that Ko ® n can be assumed to be very
ample, that is, (C,n) € Q4. O

4
null*

Corollary 9.8. P(Q4) is a unirational component of H, different from 6

9.1. A parametrization of Qﬁun. Our aim is to find an explicit unirational

. . 4
parametrization of 6 ;.

Proposition 9.9. P(Q5) = o4

null*

Proof. This proof resembles that of Proposition 9.7. If ¢ : X5 — As denotes
the universal abelian variety, recall that we have showed that ¢, (S,NS’) =
91411111. Thus a point (7,2) € Sy NS’ corresponding to a general point
(A-,0;) of a component of 61 |, is a Prym variety P(C,n), where (C,n) €
QNU is a Prym curve such that z € Sing(0©,) corresponds to a singularity
L € Sing, ) (E) N Sing(:,)(E). Then L = f*(61), where 6, € Pic’(C) is a
vanishing theta-null. Since h°(C, L) = h%(C, 01) + h°(C, 6, @ n) > 4, we find
that 0y := 0; ® n is another characteristic, that is, (C,n) € Q5. Therefore
94

~an © P(Qs). The reverse inclusion being obvious, we finish the proof. [J

We can now complete the proof of Theorem 0.5. We consider the smooth
quadric Q := P! x P! and the linear systems of rational curves

P7 = ‘OPIXPI (37 1)‘ and P7 = ‘OPIXPI (173)‘ .
Over P! x P} we define the P*-bundle
U= {(Rl,Rg,F) R;ePlfori=1,2 D¢ |I;I,R2/Q(5,5)|}.

There is an induced rational map v : U //Aut(P' x P1) -—-» Q5 given by
U(Ry, Ry, ) := (C,p1O(1) ® p30(—1)) € Ry,

where v : C' — T is the normalization map and pi,ps : C — P! are the
composition of v with the two projections.
A general pair (Ry, Ry) € P! x P corresponds to smooth rational curves
such that the intersection cycle Ry - Ro = 01 + - -+ 4+ 019 consists of distinct
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points. For any curve I' € |Z 5 (5,5)| we have Ry -T' = Ry -’ = 2(01 +
-++4o010). Since v* : |Ig,.r,(3,3)| — |K¢| is an isomorphism, it follows that
both p7O(1) and p5O(1) are vanishing theta-nulls, hence (U) C Os.

Theorem 9.10. The rational map ¢ : U//Aut(Q) --» Qs is generically

finite and dominant. In particular Qs (and thus 0% , = P(Qs)) is unira-
tional.

Proof. We start with a point (C,601,62) € Qs moving in a 13-dimensional
family. In particular, the image I' of the induced map ¢ (g, g,) : C — P! xP!
is nodal and we set Sing(I") = {01,...,010}-

We choose divisors D, D’ € |0;|, corresponding to lines ¢,¢" € |Og(1,0)]
such that v*(I'-¢) = D and v*(I"-¢') = D’ respectively. Then D+ D’ € |K¢/|,
and since the linear system |Z,, 1...40,,(3,3)| cuts out the canonical system
on C, it follows that there exists a cubic curve E € |Og(3,3)]| such that

10
E-T=D+D'+2> o

i=1
By Bézout’s Theorem, both ¢ and ¢/ must be components of F, that is, we
can write E = ¢ + ¢’ + Ry, where Ry € |Og(1,3)| is such that R, - T’ =
2 Z}Ql o;. Switching the roles of 6 and 6y, there exists Ry € |Og(3,1)] such
that Ry -T = 2321° o;. Tt follows that (Ry, Ro,T) € ¢~ 1 ((C,6; @ 6Y)).
The variety U being a P5-bundle over P] x P} is unirational, hence Qs is
unirational as well, thus finishing the proof. O
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