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ABSTRACT

In this paper, we consider quadratic forward-backward SDEs (QFBSDEs), when the drift in
the forward equation does not satisfy the standard globally Lipschitz condition and the driver of
the backward system satisfies a nonlinearity of type f(|y|)|z|?, where f is any locally integrable
function. We prove both the Malliavin and classical derivative of the QFBSDE and provide
representations of these processes. We study a numerical approximation of this system in the
sense of [19] in which the authors assumes that the drift is Lipschitz and the driver of the BSDE
is quadratic in the traditional sense (i.e., f is a positive constant). We show that the rate of
convergence is the same as in [19].

1. INTRODUCTION

In this paper, we address the problem of the Malliavin and the classical differentiability of a class
of quadratic forward-backward SDEs (FBSDEs) with rough drift. FBSDEs have attracted a lot of
interest in the last four decades due to their applications to optimal control, financial/insurance
mathematics and the theory of PDE via the non-linear Feynman-Kac formula. Of particular
interest is the class of BSDEs whose drivers grow quadratically in the control variable Z. Such
a BSDE appears for example in exponential utility maximisation or in the Epstein-Zin utility
maximisation problems. To the best of our knowledge, the first result on existence and uniqueness
of BSDEs with quadratic drivers and bounded terminal value is due to Kobylansky ([27]). This
result was extended to the case of unbounded terminal value in [9, 10] and in other different ways
authors in [18, 33, 12, 5].

Recently the authors in [3] studied a new class of unbounded quadratic BSDE when the gen-
erator g has the following growth condition |g(t,y, z)] < C(1 + f(y)|z|?), where f is an integrable
function. Their approach is based on an exponential transformation and an It6-Krylov formula
for BSDEs. This result was extended in [2]to the case of locally integrable function f by using the
so called domination method.

Another question of importance that arises in the study of BSDEs is the characterisation of
the control process Z. When the coeflicients of the FBSDEs are smooth enough, Z is given as
the "derivative”, either in the sense of the non linear Feynman-Kac formula or in the Malliavin
sense via the Clark-Ocone-Hausmann formula. Moreover, (Z;)e[o,r7 has a continuous version
given by the Malliavin derivative of the backward equation (D;Y;):epo,77- The later turns out to
be a crucial concept when one deals with novel discretization of BSDEs implemented with deep
learning regressions (see for instance [34]). When the parameters are not smooth, the existence of
Malliavin and classical differentiable solutions to FBSDEs remain a challenging question.
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Smoothness of solutions of FBSDEs, in both the classical and Malliavin sense when the co-
efficients are smooth enough were established in [36, 24]. In the quadratic case, the first re-
sults were derived in by the authors in [1] assuming that the driver is of the form g(¢,x,y,2) =
U(t,x,y,2) +alz|? with £ € C! and Lipschitz continuous in (z,y, z). This work was then extended
to non-linear quadratic generator in [20]. Their method for establishing the classical differentiabil-
ity relies on differences of difference quotient together with the completeness of the vector space.
In order to prove the Malliavin differentiability, they proposed an approximation procedure via a
family of truncated BSDEs and a compactness criterion argument. Using a technique based on
Kunita’s method (solving an abstract BSDE with stochastic Lipschitz conditions), the authors in
[7] proved a differentiability result in the classical sense for solutions to quadratic FBSDEs. Other
related results include the work [22] for differentiability of FBSDE driven by continuous martingale
with quadratic growth and the work [17] for classical differentiability of FBSDEs with polynomial
growth. For instance, the results obtained in the aforementioned papers do not cover the case of
non uniformly Lipschitz drift coefficients. In [37], the authors established a result on Malliavin
derivative solution to coupled FBSDEs with discontinuous coefficients. Their method exploits the
regularization effect of the Brownian motion when the diffusion coefficient is a constant and the
regularity of the weak decoupling field combined with a compactness criterion argument. However,
the authors did provide a representation satisfied by the Malliavin derivatives in terms of BSDEs.
This is mainly due to the very mild assumptions that were considered there.

In this paper, we assume that the driver is of the form f(|y|)|z|?, where f is any increasing and
locally integrable function and the drift is either measurable and bounded or bounded and Holder
continuous. We then study both the differentiablity in the Malliavin and classical sense of the
solution to the quadratic FBSDE. We follow the method developed in [I, 20] and work under much
weaker conditions. In case of the forward equation, the representation of the Malliavin derivative
is given in terms of local time (case of bounded measurable drift) or in terms of Young’s integral
(case of Holder drift).

Another motivation of this paper is the numerical approximation and namely the time dis-
cretisation of the solution to decouple FBSDEs. When the drift is Lipschitz, such a question was
studied in [6, 11, 40]. Assuming that the driver is quadratic, [38] investigated numerical approxi-
mation of quadratic FBSDEs. The method is based on a truncation of the quadratic driver. The
rate of convergence is then obtained by using the differentiability of the solution to the FBSDE.
Their results were refined and generalized by in [39]. In this work, we generalized the result in [38]
in two directions. We assume a more general class of driver and allow for bounded and Hdlder
continuous drift. One of the main difficulties is to find the bound of the supremum norm of the
inverse of the first variation process of the forward equation. This difficulty is circumvented by
using a Zvonkin transform of the drift. We obtain the same rate of convergence as in [38].

The remaining part of the paper is organized as follows: in Section 2, we provide basic definitions
and results on BSDEs. The existence and uniqueness results as well as the main a priori estimates
are given in Section 3. Section 5 is devoted to the smothness of the solution of the FBSDE whereas
Section NA is concerned with rate of convergence of the numerical approximation of the solution
to the BSDE.

2. GENERAL SETTINGS AND NOTATIONS

2.1. Some notation. Throughout this paper a stochastic basis (2, §,{S:}i>0, P, {Bi}i>0) is
given. Here {F;}+>0 is the standard filtration generated by the d-dimensional Brownian motion
{B:}+>0 augmented by all P-null sets of §. For fixed T'> 0,d € N, p € [2,00), we denote by:

LP(R?) the space of Fr-adapted random variables X such that | X[}, = E|X|P < oo;
L>=(R%) the space of bounded random variables with norm || X|| e := essup,¢cq | X|;
SP(R?) the space of all adapted continuous R%-valued processes X such that || X,

(RY) °T
E supyepo,7y [X¢? < o0

HP(RY) the space of all predictable Re-valued processes Z such that ||Z]|
E(fy | Z:|*ds)P/? < oo;

P
HP(RY)
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e S®(R?) the space of continuous {§s}to<i<r-adapted processes Y : Q x [0,7] — R? such
that [|Y|loc 1= essup,cq SUPc(o,7] Y] < oo;

e BMO(P) the space of square integrable martingales M with My, = 0 such that
[MllBmo@) = sup,epo,r [E(M)T — (M)T]/STH(;/;2 < oo, the supremum is taken over
all stopping times 7 € [0,T7;

e Hpno the space of R%- valued HP-integrable processes (Zt)tejo,r) for all p > 2 such that
Zx B = [, Z,dB, € BMO(P). We define || Z||3py0 = || [ ZdB|mo);

o L=([0,T]; CJ(R% RY)) the space of all vector fields b : [0,T] x RY — R? having all com-
ponents in L ([0, T1; C’f(Rd)) and L*([0,T7; C’bﬁ(Rd)) stands for the set of all bounded
Borel functions b : [0, 7] x R — R such that

b(t,z) — b(t
[blgr = sup sup M < 0o
tel0.7] oryert 1T — Y]

Below, we briefly introduce the spaces of Malliavin differentiable random variables D*?. For
more information on Malliavin calculus we refer the reader to [13, 35]. Let S be the space of
random variable £ of the form

5=F((/O hLidw} )1<Z<n,---,(/0 hiqwe )KM)

where F € Cg°(R™*4),hl,... k" € L([0,T];R%) and n € N. For simplicity, we assume that all
h7 are written as row vectors. For £ € S, we define D = (D*,--- , D) : S — L2(Q2 x [0, T])? by

n T
Di¢ _Z&E”(/ hidw,, - /0 h?th)h;’],OgegT,lgigd,

and for k € Nand § = (0y,--- ,0x) € [0,T]% its k-fold iteration as
k i1 7
D( ) =D"- D1k<11 Lip<d®

For k € N and p > 1, let D*® be the closure of S with respect to the norm

k
€2, = €2, + S NDOEl2,,, .-
i=1

The operator D®*) is a closed linear operator on the space DFP. Observe that if £ € D2 is
Ti-measurable then Dpé = 0 for 6 € (¢, T|. Further denote D*>° = ﬂp>1Dk7p.
For k € N,p > 1, denote by Ly ,(R™) the set of R™-valued progressively measurable processes
w=(ul,---,u™) on [0,7T] x Q such that
(i) For Lebesgue a.a. t € [0,T],u(t,-) € (DFP)™
(i) (t,w) — Dhu(t,w) € (LQ([O T)HHF))2xm admits a progressively measurable version;
(iii) fully,, = Nl + iy DDl < oc.

For example if a process ¢ € Lg 2(R), we have

T T T
||<||12L1,2=1E[/0 |Ct|2dt+/0 /0 |D9Q\2d9dt],

T T T
162, = Wl + B[ [ [ [ Do DusGuPaaaseat].
o Jo Jo
2.2. Some preliminary results. Consider the following BSDE

T T
:§+/ g(s,w,Ys,ZS)ds—/ stBs (21)
t t

and recall the ffollowing result on the Malliavin differentiablity of solution to the BSDE (2.1)
in the Lipschitz framework (see for example [25]).
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Theorem 2.1 (Malliavin differentiability). Suppose & € D*2 and g: Q x [0,T] x R x R? — R is
continuously differentiable in (y, z), with uniformly bounded derivatives. Suppose for each (y,z) €
R x R, the process g(-,y, z) belongs to Ly 2(R?) with Malliavin derivative denoted by Dag(t,y, 2).
Let (Y, Z) be the solutwn of the associated BSDE (2.1) and suppose in addition

(i) (9(t,0,0))sep0,r) € H(R) and & € L*(R),
(ii) fo [[Dp€]?]d8 < oo fo 1(Dog)(t,Y, 2)|3,2d0 < oo a.s. and for a.a. 6 € [0,T] and any
t€[0,T), (¥4 2Y), (y', 21) e R x RY
\Deg(t,yl, ') = Dog(t.y*,2*)] < Ko(O)(ly' —y°| + 2" —2°)) as
with {Ky(t),0 < 0,t <T} a positive real valued adapted process satisfying fOT [ Kol[3,.d8 <
0.
Then (Y, Z) € L*(DY2 x (DY2)). Furthermore for each 1 < i < d a version of {(D}Yy, DiZ;);0 <
0,t <T} is given by
DyY; =0, DgZ; =0, 0<t<O<T;

T
DY, = D;L§+/ [(Dhg)(s,Ys, Zs) +((Vg)(s, Ys, Zs), (DY, Dy Zs))]ds 7/ D} Z.dB, 0<t<T.
t

Moreover {DyYy;0 <t < T} defined by the solution to the above BSDE is a version of {Z;;0 <
t<T}.

We end this section by recalling the following result (see [35, Theorem 1.2.3])

Lemma 2.2. Let (F,),>1 be a sequence of random variables in DV? that converges to F in L*(Q)
and such that
supE [||DFy||12] < oc.

n>1
Then, F belongs to DY2, and the sequence of derivatives (DF,),>1 converges to DF in the weak
topology of L*(Q2 x [0,T)).

3. BSDES WITH QUADRATIC DRIVERS

3.1. Standing assumptions and solvability. Our main aim in this section is the well posedness
of the BSDE (2.1) when the parameters £ and g satisfy the following assumptions:

Assumption 3.1. & is an Fr-measurable uniformly bounded random variable, i.e., ||€]|p~ < 00;

Assumption 3.2. The function g : [0,T] x 2 x R x R? — R is F-predictable and continuous in
its space variables. There exist Ao, Ay, A, > 0, and a locally bounded function f: R — Ry; f €
L} (RY) such that for all (t,w,y, 2), (t,w,y’,2’) € [0, T]xAxRxRY, o € [0,1) ||g(¢,0,0)||n=~ < Ag
and

90,9, 2) =g (5" 2 )] < Ay (1410 +112 ) ly—y/|+A (1 QD+ £y D) (1241 ) |2='] a.s.

Remark 3.3. [t is readily seen that under Assumptions 3.1 and 3.2, the generator g is necessary
of the following form:

lg(t, -y, 2)| < Ao+ Aylyl + Az (12| + f(lyD)]2I?) as. (3.1)
Indeed,
lg(t,y,2)| < 1g(t,0,0)| +1g(t,y,0) — g(t,0,0)[ + |g(t, ¥y, 2) — g(t,y,0)]
< Ao+ Aylyl + Azlz] + 2A. f([y])|2]* a.s.

Unless otherwise stated, in this paper ¢ stand for the smallest continuous and increasing func-
tion such that f(z) < ¢(z) for all z € R (compare with [2]).

The next result concerns the existence and uniqueness of solution to the BSDE (2.1) under
Assumptions 3.1 and 3.2.

Theorem 3.4 (Existence and uniqueness). Under Assumptions 3.1 and 3.2, the BSDE (2.1) has
a unique solution (Y, Z) € S®(R) x H2(R?).
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Proof. Existence: Since the generator g is of quadratic type, using [2, Theorem 3.1 and Corollary
3.2], the equation (2.1) has a maximal solution (Y, Z) € §® x Hpmo -

Uniqueness: Let t € [0,7] and let (Y, Z) and (U, V) € 8® x Hpmo be two solutions to BSDE
(2.1). The §*°-norms of the processes Y and U are uniformly bounded by the constant T that
only depends on ||{||z, Ay and T (see the Lemma below). Now, set 6Y =Y - U, 62 =2 -V
then the dynamics of (6Y); is given by

T T
Y, = / (g(s,YS7 Zs) — g(s, US7ZS))d8 — / 0Z:dBs.
t t

Let 'y, & and II; be defined by

- g(taYtaZt)_g(tvUtazt) ~ /t~

Iy = 1 = Iy 2
t Y, — U, {v;-U:#0}>  Ct exp ( 0 éds)’ (3.2)

=9t U Z) —gt. U, Vi) .,

II; - = |Zt — Vt|2 (Zy ‘/;&)1{|Z,—Vt\;éo}- (3.3)

From Assumption 3.2, we obtain |II| < A, (1+2f(|U|)(|Z] +|V]), from which we have ||TT||3py0 <

A= L(VT +o(|Ulls=) (1 Z|1rnuo + IV [3530))s Where o([[U]ls=) := supg<y< v #(¥) < 00.
Thus II % B is a BMO martingale since Z,V € Hpmo. Hence the probability measure Q with
Radon-Nykodim density dQ/dP = £([; [L.dB.) is well defined and the process B = B. — [, I ds
is a Q-Brownian motion. Moreover for > 1, we have £(II) € L" (see Lemma A.1). On the
other hand, using Assumption 3.2 once more, we deduce that |T| < A(1 4 2|Z|*). This implies
that T € Hpmo. Thus, the process € is integrable (see (P4) in Lemma A.1) i.e., there is p > 1
and ¢ € (0,2) such that E[exp (p I |ft|€dt)] < o0. In addition for all p > 1, & € SP(R). The

Girsanov theorem and Hoélder’s inequality yield: for every r > 1

E@[/OT |és|2\6Zs|2ds] SE[f(/OTﬁsst) 02?5T|ét|2/0T |5ZS\2ds}

< E{E(/OT f[sdBS)T} i]E[()iltlET |ét|2q(/OT |5Zs\2ds)q} ! < oo,

where ¢ is the Holder conjugate of r. Thus, the stochastic integral fo é55Z5d39 defines a true
@—martingale. By applying Itd’s formula to the semimartingale (€6Y); under Q, we obtain that

T ~ T ~
E,0Y, + / €40Z,dBY = / Es[~Ts0Ys + g(s,Ys, Zs) — g(s,Us, Z,)]ds = 0. (3.4)
t t

It follows that &48Y; = 0 Q-a.s. for all t € [0,T]. Thus, &48Y; = 0 P-a.s. for all ¢ € [0,T] (since Q
and PP are equivalents). Consequently 0Y; = 0 P-a.s. for all ¢t € [0,T] provided that é,(w) > 0 for
all w outside a P-negligible set A. The later is satisfied due to the continuity of the process é; for
all t € [0,T)]. Hence, Y; = U; P-a.s.,Vt € [¢t,T]. Using (3.4) and the fact that §Y = 0, we deduce

from the Ito’s isometry that EQ fOT |€5|%|6Z,]?ds = 0, the latter implies that Z; = V; dt®@P-a.s. [

Below we provide a more precise bounds for both the §°° and Hgnyo norms of the processes Y
and Z respectively

Lemma 3.5. Under Assumptions 3.1 and 3.2, the solution (Y, Z) to the BSDE (2.1) satisfies the
following bounds:

[V [ls <0 = (|[&]| L + AoT)eM T, (3.5)
| Z % B|lpyo < T® :=27® (T<1> +T(Ao + A, + AyT(l))) exp(4)|(L+ Az f)llpijory)- (3-6)

Proof. Let TI; be defined by: |Z;|*I1; := (g(t,Y;, Z;) — 9(t,Y:,0))Zi1{ 7,40y By using the same
observations as in the proof of the previous theorem, we have that £(II* B) is uniformly integrable
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and the process B¢ = B. — fo II;ds is a Q-Brownian motion with the measure Q given by dQ =
E(IT x B)dP. Then,

T T
Vi <E2(jel+ [ lolo Yo 0lds/3:) < [l + AT+ B[ [Vlds/50).
t t
Therefore, the Gronwall’s lemma yields : |V;| < (||€]|n= + AT)e ™.
On the other hand for any integrable function f;, we define:

K(y) = /Oy exp ( - 2/: fl(u)du)dz
v(z) = /Ow K (y)exp (2 /Oy fl(u)du) dy.

It’s readily seen that v € Wlif (R) and satisfies almost everywhere: 1/2v"(z) — f1(x)v'(x) = 1/2
(see [2]). Moreover for any R > 0 such that |z] < R, we have |v(z)| < R® exp(4/ 1]l z10,x;) and
[v'(x)] < Rexp(4]/fillL1p,xm7). Recall from Remark 3.3 that the driver g satisfies [g(t,y, 2)| <
A+Aylyl+ fi(ly])]z|?, where A = Ag+A, and f1(]y|) :== A.(1+ f(|y|)). Then, using the It6-Krylov
formula for BSDE (see [3, Theorem 2.1]) we obtain that

T T
1
o(IY:]) = v(|Ya) + / sen (V) (Vi) (u, Yo, Zu)du — / o (|Yal)| Zu P du + DT
1T T T T
gv(|YT|)—§/ |Zu|2du+/ (A+Ay|Yu\)v'(|Yu|)du+Mf

for any stopping time 7. Here MI represents the martingale part. By taking the conditional
expectation with respect to §,, we deduce that

35 [ ks <s(ovi+ [ AR,

T

The result is obtained from the bounds of Y, v and v’. This completes the proof. O

Remark 3.6.

(1) Note that the bound in (3.5) does not depend on «, A, thus not on the Hpypo-norm of
the control process Z. In addition, if f = 0, i.e., the driver g is Lipschitz in z and still
stochastic Lipschitz in y, the BSDE (2.1) has a unique solution (Y, Z) € S°(R) x H%(R?)
such that the bound of Y is given by (3.5).

(2) Assume the driver g is deterministic and Lipschitz in y and z. Assume further the
terminal value & is uniformly bounded and Malliavin differentiable with || DE||s~ =
supg<i<7 || D&l < 0o P-a.s. Then, the BSDE (2.1) has a unique solution (Y,Z) € S* x H?
(see [S, Proposition 2.4]) such that:

Vel < (€l + AoT)e™ T and |Z,| < 7| DE| s

The above remark leads to the following result which can be seen as an extension of the lemma
2.1 in [8].

Proposition 3.7. Let Assumptions 3.1-3.2 be in force with g deterministic and Lipschitz in
y(a =0). Assume further that & has a bounded Malliavin derivative. Then, the BSDE (2.1) has
a solution (Y, Z) € §% x 8.

Proof. Let us remark that, the key bound for the proof is given by the (3.5). This bound does not
depend on A, nor on the BMO-norm of the martingale Z * B = fo ZsdBs. Then we can obtain
the result by applying similar technique as in the proof of [8, Lemma 2.1]. This concludes the
proof. O
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3.2. Comparison theorem and a-priori estimates. In this subsection, we provide a compar-
ison theorem for quadratic BSDEs whose generators satisfy Assumptions 3.1-3.2. The proofs of
the following Lemmatas are deported in Appendix B.

Lemma 3.8 (Comparison theorem). Let (Y, Z%) € 8 x Hpyo be the solution to the BSDE
(2.1), with terminal value £ and generator g* for i € {1,2}. satisfying Assumptions 3.1-5.2 hold.
In addition, suppose

<& and g (t, Y2, Z2) < ¢*(t, Y2, Z7)  dt® dP-a.s..

Then for all t € [0,T] Y,! <Y? P-a.s.. If either €' < &% or g'(t, Y2, Z2) < ¢*(t, Y, Z2) in a set
of positive dt @ dP-measure then, Y3 < Y.

The next Lemma provides the main (a-priori) estimates of this paper. These bounds will be
extensively used to establish both the classical and variational differentiability of solution (Y, Z)
to the BSDE (5.2).

Lemma 3.9 (A priori estimates). Let (Y, Z") € 8> x Hpmo be the solution to BSDE(2.1), with
terminal value £ and generator g* fori € {1,2} satisfying Assumptions (3.1) and (3.2). Then for
p > 1, there exists ¢ € (1,00) only depending on, T, r and the BMO norm of Z x B such that

2pq} 3

T
HYl Y2||S2p + HZI Z2||’H2p < OE[|§1 - €2|2pq + (/ |gl(sa}/327Z§) - 92(57}/327Z§)|d5)
0

We also deduce the following stability result.

Corollary 3.10. Let {&,}nen be a sequence of bounded Fr-adapted random variables that con-
verges P-a.s. to £. Let (gn)nen be a sequence of drivers satisfying Assumption 3.2 with the same
constant A and the same function (f) , such that for dtxdP-a.s. (t,w) € [0, T]XQ (gn)nen(t, w,y, 2)
converges to (g)(t,w,y, z) locally uniformly in (y,z) € R x R%. Let (Y™, Z") € S®(R) x H*(R?)
be the solution to the BSDE (2.1) with parameters (§n,gn). Then the BSDE (2.1) has a unique
solution (Y, Z) € S®(R) x H2(R?) such that P-a.s. Y;* converges to Y; uniformly in t € [0,T] and
Z" converges to Z in H*(R?)

The proof of Corollary 3.10 is straightforward from Lemma 3.9, we will not provide it here.

4. DIFFERENTIABILITY OF PARAMETERIZED QUADRATIC BSDES

In this section we discuss the both the Malliavin and the classical differentiablility of the so-
lutions to the BSDEs (2.1). We provide below, sufficient conditions for these differentiabilities to
hold.

4.1. Malliavin Differentiability. In this sebsection we show under some weak conditions on the
generator that the solution (Y, Z) to the BSDE (2.1) is Malliavin differentiable and the Malliavin
derivatives (DyY;, DuZt)u tejo,r) are given as solution to a BSDE. In addition to Assumptions
3.1-3.2, we will suppose the following additional assumptions

Assumption 4.1.
(M1) (i) The function g : [0,T] x 2 x R x R+ R is adapted, measurable and continuously dif-
ferentiable in (y,z). There exist constants Ay, A, > 0, and a non-decreasing function
f (the same function as in Assumption 3.2) such that for all (t,y,z) € [0,T] x R x R?
and o € (0,1)
Vag(t,y, )| < Ao(1+ f(lyDI=]) as
(i) The random variable & belongs to D':>°.

(M2) For each (y,z) € R x RY, it holds that (g(t, 2))tefo,r] € Li2p(R) for all p > 1. Its
Malliavin derivative denoted by (Dyug(t,y, 2))u,tclo,1) Satisfies

Dug(t,y, )] < Ku(O)(1+ [yl + [f(JyDI=l]*) + Ku(®) (L + [2* + F(y])]2]) a.s
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for any (u,t,y,2) € [0,T] x [0,T] x R x R o € (0,1). Here (Ku(t))uepo,r) and
(Ku(t))u,te[07'1“] are two positive adapted processes such that for all p > 1

T
sup / EIK o (8)2du + | K ()] 2 < oo
o<t<T Jo

Below, we state the main result in this subsection:

Theorem 4.2. Suppose g and & satisfy Assumptions 3.1-53.2, and j.1. Then the solution process
(Y, Z) to the BSDE (2.1) is in Ly 2 x (L1,2)* and a version of (DyY;, DyZy)y o) is the unique
solution to

D,Y;=0and D, Z; =0, ift € [0,u),

T
D,Y; = Duf - / D,ZdB;
t

T
+/t [(Dug)(s,0s) + ((Vg)(s,05), DuOs)]ds, if t € [u, T]. (4.1)

Moreover, {D;Y; : 0 <t < T} is a version of {Z; : 0 <t <T}.

The strategy to prove the above theorem is also well known and analogous to [1, 19, 20, 38]. It
is performed in two main steps. We first build a family of truncated BSDEs that approximate the
BSDE (2.1) and then, prove some uniform bounds for solutions to the truncated BSDEs. Second
we apply a compactness result (Lemma 2.2) to derive the desired result.

4.1.1. Family of truncated generators. : Let us consider the family (p,)nen of smooth (continu-
ously differentiable) real valued functions, that truncated the identity on the real line. We use
this family of functions to truncate the variables y and z simultaneously in the driver g(-,y, 2),
for (y,z) € R x R%. If the procedure is well known (see for example [I, 20, 35]), it is worth
mentioning that truncating the two variables at the same time is not so common in the literature.
This approach is motivated by the form of the driver which is not uniformly Lipschitz in y.

The family of functions (p,,)nen are such that:

(a) (Pn)nen converges uniformly to the identity. For all n € N and z € R

n—+1, T >n+2,
pn(z) =1 z, |z| < n, (4.2)
—(n+1), < —(n+2).
In addition |p,,(z)] < |z| and |p,(x)] < n+ 1.
(b) The derivative Vp,, is absolutely uniformly bounded by 1, and converges to 1 locally
uniformly.

Let (gn)nen be the sequence defined by
gn(t,y,2) := g(t, pn(y), pn(2)) for (w,t,y,2) € A x [0,T] x R x R?, n €N, (4.3)

where p, : R? = R% 2+ pp(2) = (pn(21), .-, pn(24)),n € N.
Let us consider the following sequence (Y™, Z™),>1 satisfying the BSDE

T T
Y =¢ +/ gn(s, Y, ZM)ds — / Z7dB;, te[0,T],n eN. (4.4)
t t

Fix n € N. Using (M1), the family (g,)nen satisfies: for (¢,y,2) € [0,T] x R x R4
IVygn(t: 9, 2)[ + [Vagn(t,y, 2)| < Ay(T+ (n+1)%) + A (14 (n+ 1) f(n+ 1)).

In addition, using the mean value theorem, we obtain for all ¢t € [0,T], 3,3’ € R, and z, 2" € R?
lgn(t, Yy, 2) — gn(t, ¥, 2")| < An(ly — ¥'| + |2 — 2’|). Thus for each n € N, the family of functions
(9n)nen is Lipschitz continuous in its spatial variables.

The next Lemma gives the uniform bounds of (Y, Z") solution to the BSDE (4.4) in the
Banach space S®(R) x H2(R?).
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Lemma 4.3. For each n € N, the BSDE (4.4) admits a unique solution (Y™, Z™) which is
uniformly bounded in S (R) x H2(RY). In addition, the process Z™ € Hpno, and sup,, ey |E(Z™ *
B)|lsmo < Y@ where Y@ is given in Theorem 3.4. Furthermore, there exists r > 1 independent
of n such that sup, cy |E(Z™ * B)|| 1 < oc.

Proof. The existence and uniqueness of solution to BSDE (4.4) follows directly from standard
results in the theory of BSDEs, since the generator g,, satisfies for each n € N a Lipschitz condition
in the space variables. Let us remark that the function g,, satisfies (thanks to condition (M1)) a
similar condition to equation (3.1), that is for all (¢,,2) € [0,T] x R x R%,

190 (t, 5, 2)| < Ao+ Aylpn ()] + Az (lon(2)] + f(15n(y)])]on(2)])
< Ao+ Aylyl + A (2 + f(lyD)I2?).
Hence conditions on the existence of a maximal solution to the BSDE (4.4) in Theorem 3.4 are
satisfied. Therefore, sup,,cy [HE(Z” * B)||BMO] < o0.
The existence of such a constant r for which the bound holds follows directly from (P2) in

Lemma A.1. O

Remark 4.4. As a consequence of Corollary 3.10, the sequence (Y™),en converges to' Y uniformly
on [0,T], the sequence (Z™),en converges to Z in H?(R?) and (Y, Z) solves the BSDE (2.1).

Recall that L, o stands for the set of progressively measurable processes (1:)o<¢<7 which are
Malliavin differentiable, with (Dsn:)s<i<7 having a progressively measurable version and such

T T T
that |||, := E[fo [neldt + [ o |Dsnt|2dsdt} < 400.

Lemma 4.5. Suppose & € DY and for each n € N, let g, be as in (4.3). Then the solution
O" = (Y™, Z")en to the BSDE (4.4) belongs to Ly o x (L1 2)%. A wersion of {(D.Y", DuZ}),0 <
u, t < T} is given by

DY =0 and D, Z{* =0, ift € [0,u),

T
<mw%ﬂgf/‘mzm& (4.5)
t

+ / [(Dugn) (5, 07) + ((Vga) (5. O7), DO ds, if t € [u, T].

Moreover {D;Y;*,0 < t < T} defined by the above equation is a version of {Z}*,0 < t < T}.
Furthermore for any p > 1, the following holds:

T
sw/EWmW%+wﬂ%%m<m (4.6)
neNJo

Proof. The proof of the first statement concerning the Malliavin derivatives (DY™, DZ") of O™ =
(Y™ Z™)en and the representation (4.5) follows from Theorem 2.1 under Assumptions 4.1.

Let us now focus on the proof of the bound (4.6). Note that, condition (M1) and Lemma 4.3
imply that: V,.g,*B = fo V .gn (s, O5)dBs is a BMO martingale and the measure Q™ with density
dQ" := &(V.g, * B)dP defines an equivalent measure to the probability P. Then, Girsanov’s
theorem ensures that the process By = B; — fg V.gn(s,07)ds is a Brownian motion under the
new probability measure Q™. Thus (4.5) can be written is terms of B™ as follows

T T
DY = D¢ —/ D,Z}dB? +/ F"(s,D, Y, D, Z})ds,
t t
where F™(s,D,Y",D,Z7) = (Dugn)(s,07) + (Vygn)(s,0%2)D,O%. By using once more a
standard linearisation technique and applying It6’s formula to the continuous semimartingale

(e} D,Y{")o<t<T, one obtains

T T
ey DY = e D& — / e D, Z3}dBY —|—/ erDygn(s,©F)ds,
t t
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t F™(t,DuY;",DuZ}")—F" (t,0,D., Z]'
where e = exp( [, alds) and aff = (. Du Y, bu’%ﬂ (t:0. D Z; )1{Du}/tn7g0}. Therefore, the sub-

sequent bound follows as in Lemma 3.9 i.e. for p > 1, there exists ¢ € (1,00) such that

1

2 g 2.\? 2 r 2pay 7
E[ sup DY) + (/ D72 2ds)"| < CE(IDyg[* + {/ (Duga)(t, Y7 21t} )",
te[0,7] 0 0

and ¢ only depends on T, p and || Z™* B||gpapo. Hence, the Jensen’s inequality for concave functions

leads to:
T T »
/ {E[ sup |D,Y"* + (/ |DuZ§‘|2ds) }}du
0 te[0,T] 0

<o ["efmam ([

Since ¢ € DV, it follows that the first term on the right side of the above inequality is finite.
As for the second term is also finite, let us et v = 2pg and recall that the sequence of functions
(gn)nen is given by equation (4.3). From assumption (M2), we deduce

(Duga) ¥ 2 1at) ] du)%.

T v T
B( [ 0wy zjar) " <CB( [ K00+ 1600+ U007 DI ZD])

. T 2y ¥

4 sup RO +{ [ 1Dl + 51607 DIz hat))
te[0,T) 0

Using the properties of ¢ and ¢, the fact that f is increasing, Holder’s inequality and the inequality

lab| < a? + b?, we deduce the following:

T T
B( [ 1Dt yr, Z0lde) <CE( [ K01+ 7]+ (VP DIZE)de+ sup [0
0 0 t€[0,T]

([ avizze s saniza’)
<ce( | R0+ / L U DIz

% 2 T n|o n n Y
s K0P +{ [ iz sqrniza) <o
t€[0,T) 0

The proof is completed. O
We are now in position to prove the main theorem of this section.

Proof of Theorem 4.2 . Let us define by u the measure dy = dP ® du ® d¢t. Using Lemmas 4.3
and 4.5, there exists a subsequence (D, Y}, D, Z}") (still indexed by n) that converges weakly to a
limit process denoted by (Uy.+, Vit),0 < u,t <T in the space of random variables with values in
L2(Q2x [0,T]). Thus, it is readily seen that for almost ¢ € [0, T], the solution (Y3, Z;) to the BSDE
(2.1) is Malliavin differentiable and (D,Y:, Dy Z;) = (U, Vur) dp-ace. in  x [0,T] x [0,T]. To
conclude, we only need to prove that each term in equation (4.5) converges to its corresponding
counterpart in equation (4.1) when n goes to infinity. The convergence off the stochastic intergal
is well known and we do not reproduce its proof here (see [1] or [38, Theorem 3.2.3]).
Using assumption (M1) and the dominated convergence theorem, one can show that

T T
/ ((Vgn)(s,0), D,O%)ds converges to / ((Vg)(s,054),D,0O5)ds
0 0

in the weak topology of L' (€2 x [0, T]). Indeed, let ¢ be any bounded Fr-adapted random variable.
For n € N and for almost all u € [0, T], using Holder inequality, we have

T T
E[g/ Duy;”(2+|zs|a+|zg|a)ds} gcessume[ sup |DuY|? + (/ (4+|ZS|2a+|Z§|2a)ds)]
0 s€[0,T7] 0
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Using Lemma 4.3 and 4.5 and Theorem 3.4, it follows that the right side of the above inequality is
uniformly bounded in n. In addition, the continuity of Vg, the uniform convergence of (Y")nen to
Y and the H? convergence of (Z™),en to Z yield the convergence of (V,g,)(s, O7) to (V,g)(s, O5)
in H2(Q x [0,7]) as n goes to infinity. Since ¢ is chosen arbitrarily, the uniform convergence of
the process (DY ™), ey to DY and the dominated convergence imply that
T T
lim Vygn(s,07)D, Y ds = / Vy9(s,05)D,Yds.
0

n— 00 0

Applying the same reasoning as above, we deduce that
T T
lim V.9n(s,07)D,Z}ds = / V.9(s,04)DyZsds.
Let us now show that
Dyugn(s, Y™, Z™) converges to D, g(s,Ys, Z,) in the weak topology of L?(Q x [0, T]).

Using (4.3), assumption (M2) and the assumptions on ¢, ¢ and the function f, we have

/ / Dugn(s, Y, 27)Pdsdu <E / / Ku() P+ 3] + (SN (2] ?dsdu

= / U+ 2D + £R() (22 dsdu
<8 [ RO+ 7 22 s
0
+E/ / Ru(s)2(1+ (2009 + F(Y2))Z0])?dsdu < C
where the last inequality follows from Lemma 4.3. Therefore, Lemma 2.2 yields that
Dgn (s, Y, Z™) converges to D, g(s,Ys, Z) in the weak topology of L?(2 x [0,T7]). The proof is
completed. O

4.2. Classical differentiability. Throughout this section, we consider the following parame-
terised BSDE

T T
Y® =¢&(x) +/ g(s,w,x, Y Z¥)ds —/ Z¥dB;, te0,T],z € R™. (4.7)
t t
We suppose the following assumption:

Assumption 4.6.

(C1) Letm,d € N. Let g: [0,T] x 2 x R™ x R x R? — R be an adapted measurable function,
differentiable in the spatial variables with continuous partial derivatives in y and z. There
exist a positive process (Ki(x))iejo,r) depending on x € R™ and a locally bounded and non-
decreaszng function f € L} (R,R) such that for all (t,x,y,2) € x[0,T] x R™ x R x RY,

€(0,1)
lg(t, 2,9, 2)] < Ao+ Aylyl + A=(2] + f(ly]) |Z|
Vag(t,,y,2)] < Ki(x )(1+|y|+[ (lyDI=(1%) a
Vyg(t,z,y,2)] < Ay(1+2]*) a
V2g(t 2y, 2)| < A:(1 +f(|y|)|2|)
Furthermore, the process (Ki())iefo,r) satisfies sup,cgm fo E|K,(x)|??ds < oo for any
(C2) p(lz) 1F0r any x € R™, the random variable {(x) is Fr-adapted and sup,cgm [|€(2)|| L) <
00 a.S.

(i) For all p > 1 the mapping v + &(xz) from R™ to L?P(Q) is differentiable and

SUp,egm || Va€(7)] L20 () < 00.
(C3) The function x — V&(x) is continuous.
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Note that even if the process (K¢())e[o,r] does not satisfy one of the standard requirements in
the literature (that is Esupg<;< [K¢(2)[P < 00), we can still use the Holder and the Minkowski’s
integral type inequalities to prove the desire result.

Lemma 4.7. Suppose Assumptions (C1) and (C2) are valid. For allp > 1 and i € {1,...,m}
there exists C > 0 such that for all x,z’ € R™ and h,h’ € R for which (z + he;) and (' + h'e;)
belongs to R™ we have

T
h7 ! h/l i ! Ii
E sup |Y*tx+ 6,7}/;1-"- e|2p+(/ |Zsz+he 7Zsa:+he
0

P
2ds) ] <C(lz— a2+ |h— PP,
t€[0,T]

(4.8)
where (Y7, Z") is the solution to the BSDE (4.7) with parameter r € {x + he;,x’ + h'e; }.

Remark 4.8. It follows rom the Kolmogorov’s continuity criterion,for 0 < t < T the mapping
x — Y has a continuous version for which almost all sample paths are B-Hélder continuous in
R™ for any 8 € (0,1). For (t,x) € [0,T] xR™ the mapping t — Y (w) is continuous P-a.s. w € Q.
This is a mecessary condition to obtain a classical differentiability result for the solution process
(Y*,Z%) to the BSDE (4.7) under Assumption 4.0.

Proof. Set = — a',h = h — b’ and define the following processes: §Y; := (Y;”hei - }Qz/+h/ei),
67 = (zF e — qurh “) and 6§ := ({(x + he;) — &(a’ + h'e;)). From assumption (C1) (8Y,4672)
satisfies the equation

T T
oYy = 66 — / [I;’(:E + he;) + I25Y, + deZs} ds — / 074dBsg,
t t
where the processes I”, IY and I? are given by

1
Ir = / (V29)(s, 2 + he; + 0(z + he;), Yerhei,Z‘f*hei)dﬂ,
0

1
= / (Vyg)(s,2' + h'e, YT — 06, Z5+he)ad,
0

S

S

1
I = / (V.g)(s, 2’ 4 We;, YEthei zether _ 957 )d6.
0
Using (C1), the following bounds can be obtained:
1
FLS [ [ 1 LR L2 ) Ko+ s+ 00+ Fes)| a6,
0

I < Ay (1 + 2770 ),
I < As (L FOYH D (20 + 128 ).
Observe that (I* x B) is a BMO martingale and

sup  (|[I** Blpuo) < sup (|27« Bllpao + 2% + Bl paso) < oo.
z€R™ heR z€R™ heR
Moreover, from (C2), §¢ is bounded. Thus, Lemma 3.9 (see also [22, Lemma A 1]) yields that for
any p > 1:

1

2p 2p 2pq 4 T / / 2rq q
9V + 162135 < CBlagP + (| 11 =&+ 1= WDds) 7], (@9)

where g € (1,00). From (C2) and the mean value theorem, we deduce the existence of a constant
C > 0 such that
E[o¢*? < C(Jw — o' + [h — h'[*),

We now focus on the second term of (4.9). For simplicity, we will write Kf’E(G) = Ki(x + he; +
0(Z + he;)). For any v > 2, using the Holder inequality and Minkowski’s integral type inequality
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we have

T ' 5
([ 1rlae)

T o y
<([ e ) [ K @psar)

0 0

r . ot her i he qant Ny [T Lo ~ \v(-a)
<([ e praverepzerenyFa) T ([ [ e o))

0 0 0

Eh s ly) + FVEE) Z e

SC(/OT (1 + [yj+hes & Ogy‘gﬂm o(y athes|)) Zothe, z)dt)ow(/ol </OT |Kf’ﬁ(9)|ﬁdt)(lia)d9>’y.

Taking the expectation on both sides of the above inequality and applying the Holder’s inequality,
we have

E(/OT |If|dt)w
<ol i >dt>1“[m</; e D

T ! (1-a) 25 1(1-a)
SC[E(/ (1 [y hesye o f(y e )|z e ?) ]E/ / K )|1—1adt) de]
0 0

dt) r//EIKM

+ [y e

S SOy |z

(1-a)

+FYETDIZETP)

<CTT [E(/OT (14 [yt = adtde]

Hence, we deduce that

T v
sup E(/ |If|dt)
zER™ heR 0

. 2va T 0 \(-a)
<€ sup (LY L LRy 2o ) sup / E|K, (| 77dt) <.
z€R™ heR reR™ \Jo
The proof is completed. O

It is then possible to identify the couple process (VY* VZ?%) as the derivatives of (Y*, Z%)
under Assumption 4.6 such that the following BSDE

T T
VY = Vab(e) — [ VazzdBo+ [ (Tagls.07) + g5, 007V + Vag(s. 02V 22 )ds,
i t
(4.10)

makes sense for all z € R™, t € [0,T], where O = (x,Y*, Z%).

We only prove the differentiability of (Y, Z*) with respect to the natural topological structure
on the Banach space S?P x H?P, p > 1. Under some additional assumptions (for example smooth-
ness of the parameters) the pathwise differentiablity of the maps x — (Y;*(w), ZF(w)) for almost
all (w,t) € Q x [0,T] can be obtained without major difficulties.

The main result of this subsection is the following

Theorem 4.9 (Differentiability). Suppose the coefficients of the BSDE (4.7) satisfy Assumption
4.6. Then for any parameter x € R™ and all p > 1 the solution function: R™ — S?P x H?P,
x> (Y*,Z%) is differentiable in the norm topology and the couple (derivatives) x — (VY*,VZ¥)
is solution to the BSDE (4.10). In particular for x,z' € R™ we have

Tim {IV,Y = VY 2, + Vo 28 = Vo Zi |3 | = 0.

The proof of Theorem 4.9 follows from well known techniques related to differentiability of
BSDEs with drivers that grow quadratically in the control variable. We refer the reader for
example to [1, 17, 20, 38]. For the sake of better understanding, we sketch the proof below



14 PETER IMKELLER, RHOSS B. LIKIBI PELLAT, AND OLIVIER MENOUKEU PAMEN

Proof of Theorem /.9. We start by observing the following: Assumption (H1) guarantees the ex-
istence of a maximal solution (Y*, Z%) to the BSDE (4.7) in §*° x Hpamo such that the norms
of Y* (resp. Z%) in 8= (resp. Hpmo) are uniformly bounded in z. Using Lemma 4.7 we also
deduce that for all p > 1, x € R™, h,h' € R and i € {1,--- ,m}
lim {Hy;z+hei _ }/tr } — 0’
h—0 H2p
Then, for any candidate (V. Y, V., ZF) for the partial derivatives satisfying BSDE (4.10), the
following can be achieved as in [? , P33]DosReis:
T S
e, =0

The above guarantees the existence of partial derivatives of (Y*, Z%). Using Lemma 4.7 once more,
and the continuity of the derivatives of g, it can be shown that (V,,Y*,V,,Z%) are continuous
with respect to any x € R™. This concludes the proof. O

-z

S2p

xT hei T
(I
h

lim

-V, Y*
h—0 ritt

|
S2p

5. DIFFERENTIABILITY OF QUADRATIC FBSDES WITH ROUGH DRIFT

In this section, we study the smoothness properties of the solution (X*,Y*, Z%) of the following
FBSDE

t
X! =z +/ b(s, X¥)ds + By, (5.1)
0

T T
Y/ :gb(X;i)—k/ g(s,Xf,Yf,Zf)ds—/ Z7dBs, (5.2)
t t

where the functions b, ¢ and g are both deterministic explicit functional that are Borel measurables
and satisfying some conditions that will be made precise below.
In the sequel, the driver g and the terminal value ¢ satisfy the following assumptions:

(AY): The function ¢ : R — R is continuous, measurable and uniformly bounded; g : [0,T] x
R? x R x R — R is a measurable function satisfying: |/g(,0,0,0)|sc < Ao and there

exist positive constants A, A, and A, such that for all (t,z,y,2) € x[0,T] x R x R x RY,
(t,2',y,2) € x[0,T] x R x R x RY o € (0,1)

‘g(thayvz) - g(ta x/,y,z)\ S ACE(]' + |y| + [f(|y|)|z|]a)\x - £L'l|,
lg(t, z,y,2) — g(t, @,y 2" < Ay(L+ (|2 + [Z)y — o' | + AL+ (F(yD) + FUY D)=+ 12'D)|= = 2')),

where f € L} (R,RR) is locally bounded and non-decreasing.
(AY1): The functions ¢ and g are differentiable in x and ¢ is continuously differentiable in (z, y, 2).
There exist non negative constants A, Ay, A, and A4 such that for all (¢, z,y, z) € %[0, T]x

R? x R x RY o € (0,1)

IVag(t, 2y, 2)] < Au(1+ [yl + [f(ly))]2]]%),
IVyg(t, 2, y,2)| < Ay(1+ |2[),
IV.g(t,z,y, 2)| < A(1+ f(|yl)l=2]),

V2| < Ag.

5.1. The case of SDEs with bounded drift. In this section, we assume that the drfit b in the
forward SDE (5.1) satisfies

(AX): b:[0,T] x R* — R? is uniformly bounded and Borel measurable.

It is well known that under (AX), the SDE (5.1) has a unique strong Malliavin and Sobolev
differentiable solution (see for example [30, 32]). Let us recall the following results whose proofs
can be found in [30, 32].

Theorem 5.1. Suppose (AX) is valid.
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(i) The SDE (5.1) has a unique strong solution XF € L*({; Wlif(Rd)). Moreover, for all
s,t €10, T], z,y € R it holds

E X7 = XY < Cl1bllso) (It = 5| + |z — ) - (5.3)

(ii) The strong solution X* is Malliavin difffferentiable and for 0 < s <t < T, the Malliavin
derivative Ds X satisfies

sup sup E[|D:X[7|P] < C (5.4)
z€R s€[0,t]

for allp > 1, where C' is an increasing function off ||b]|ec. Moreover, the following relation
holds

D X7 (0, X5) = 0, X! P-a.s., (5.5)
where 0, X} denotes the first variation of the process x — X7.

The next result pertains with the existence and representation of the Malliavin derivative of
the solution to the FBSDE (5.1)-(5.2).

Theorem 5.2. Suppose Assumptions (AX), (AY) and (AY1) are in force. Then the solution
process (Y®,Z") belongs to L1 x (L1,2)? and a version of (DyY, DyZ¥)y 1cior) is the unique
solution to the linear BSDE

DY =0 and D, Z} =0, if t € [0,u),

T
DJY{ = Vud(X2) Dy X5 +/ Veg(s, X2, YF, Z5)D des+/ V,9(s, X2, YF, 2D, Y ds,
t

T T
—|—/ Vzg(s7X§7Yf,Z;”)DuZ§ds—/ D,Z%dBs, te€ [u,T], (5.6)
¢ t

where D, X" is the Malliavin derivative of the process X*.

Proof. We just need to prove as in [I, 20, 19, 38] that the conditions of the theorem imply that
assumptions (M1) and (M2) in Section 4.1 are satisfied.
Here £(x) = ¢(X7F) and for u € [0,T] we have

Using (5.4), it holds that for any p > 1

sup sup E[|D£@)] < Csup sup E[|DLXE] < oo.
z€R ue(0,T) z€R uwe(0,T]

On the other hand, consider
Jg:OAx[0,T]xR—=R
(W, t,2,y,2) = g(t, X[ (w), y, 2)-
From (AY1), it is readily seen that g satisfies (M1) almost surely. Furthermore,
[Dug(t, z,y, 2)| < Aa D XT|(1+ |yl + [f([yDI2(]%)-

Using once more (5.4) one has supg<,<r fo [[DyXF|?Pldu < oo for any p > 1. Thus (M2) is
satisfied.
]

Remark 5.3. The above result remains true when ¢ satisfies the polynomial growth condition,
e, |[Veo(x)] < C(1+ |z|™), for n € N. Suppose for example that ¢ is of linear growth then for
allp>1

1 1
sup E[(1+[XZ))*[D.XF["] < C[EQ+[X2)*]? sup [E(|D.XF[")]* < co.
we[0,T] u€l0,T]
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Remark 5.4. In the one dimensional case, under assumption (AX), the first varaition process
and the Malliavin derivative of the solution to the SDE (5.1) can be represented explicitely (see
for example [/, 31]) with respect to the local tome space-time integral as follows

t
0, X! = exp ( - / /Rb(u,y)LXz (duw, dy)) dt ® dP-a.s.,
0

t
DX} =exp ( — / / b(u,y) L (du, dy))
s JR
See also Appendiz C.
Remark 5.5. Theorem 5.2 is still valid when the process (Xt>t€[O,T] 1s the solution of the following
SDFE with random coefficients:

O (w) = t s,w, Xs(w))ds to&w, s(w o )
X0 (w) e+/0b<7,X<>>d +/0 (5,0, Xo(w)) B (5.7)

where 0 € L°(Fo; P, R?) and b, o satisfies the conditions in [2]].
Indeed, from [21, Theorem 3.2/, the SDE (5.7) has a unique Malliavin differentiable solution
X in SP. In addition, there exist two adapted processes U and V' such that for 0 < s <t <T :

D, X (w) :U(s,w,Xs(w))—i—/ Vmb(r,w,Xr(w))Der(w)dr—i—/ Vo (r,w, X, (w)) Ds X, (w)d B,

t t
+/ U(s,r,w)dr —|—/ V(s,r,w)dB,, (5.8)

D, Xi(w) =0 for s > t.

Here, s — DX, is not continuous but only square integrable

5.2. The case of SDEs with C’bﬁ drift. In this section, we assume that the drift b of fthe forward
SDE satisfies:

Assumption 5.6. There exists 8 € (0,1) such that b € L>([0,T7; C'bB(Rd;Rd)).
The following result is from [23]

Theorem 5.7. Suppose Assumption 5.6 and fix any B’ € (0,8). Then
(1) (Pathwise uniqueness) For every s > 0,7 € R? the SDE (5.1) has a unique continuous
adapted solution X% = (X" (w),t > s,w € Q).
(2) (Differentiable flow) There exists a stochastic flow X;"* = ¢s () of diffeomorphisms for
equation (5.1). The flow is also of class C™F" and foranyp>1
sup sup E[ sup ||D¢S,t(x)||p} < 0.
TERO<S<T Ls<t<T
(3) (Stability) Let (b™)nen C L*(0,T; C’bB(Rd;Rd)) be a sequence of vector fields and ¢™ be
the associate stochastic flows. If b™ — b in L*°(0,T; Cbﬂ,(Rd;Rd)) for some ' > 0 then

foranyp>1
lim sup sup E| sup [6%,(z) = bsn(@)"] =0, (5.9)
=00 L eRd 0<s<T Lre[s,T]
lim sup sup E[ sup ||D¢ZT(:17)7D¢S7T(1:)||”} = 0. (5.10)
N0 L eRd 0<s<T  Lrels,T] ’

Similar to [16], we have
Proposition 5.8. Under Assumption 5.6, the solution (XF,0 < t < T) to equation (5.1) is
Malliavin differentiable and for any p > 2

sup E[ sup |D,X[|P] < oc. (5.11)
0<s<t s<t<T
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Let (bp)n>1 be a sequence of compactly supported smooth functions approzimating b and let
(X™P)p>1 be a sequence of corresponding solution to the SDE (5.1). Then we have the following
stability result: For all p > 2

lim sup E[ sup |DsX["" — D X7|P| =0. (5.12)
n=00 pepd  Lo<s<t<T
Proof. Fix A > 0 and consider the following backward Kolmogorov PDE
Owux + Luy — Auy = —b, (t,x) € [0,400) x R,
where Luy = 1/2Auy + b - Duy. It can be shown (see [16, Lemma 6]) that uy €
Le(]o, oo);C’l?+ﬁ(Rd)). In addition for A large enough, the map W, (t,2) = x + u)(t,x) satis-
fies (see [16, Lemma 6]) :

(i) uniformly in ¢, ¥, has bounded first and second derivatives and the second (Fréchet)
derivative D?Wy is globally S-Holder continuous.
(ii) For any t > 0, ¥y : R? — R? is non-singular diffeomorphism of class C2.
(iii) w}' has bounded first and second derivatives uniformly in ¢ € [0, c0).
Let us consider the following SDE

t t
X, = y +/ l;(v7)~(v)dv +/ 6(U,XU)dBv, te[s,T), (5.13)
S S

where b(t,y) = —Aua(t, U5 (t,y)) and &(t,y) = DWA(t, U (t,y)). It is then clear that: b €
L*(]0, 00); Cg'w(Rd)) and ¢ € L*(]0, 00); C;J“B(Rd)). Thus, equation (5.13) has a unique strong
Malliavin differentiable solution (see [35, Theorem 2.2.1]) such that for any p > 2

sup E[ sup |D,X¢|?] < oo.

0<s<t s<t<T
Let (X;,0 <t < T) be the solution to the SDE (5.13). Then we deduce that X; = W' (¢, X;)
is solution to SDE (5.1). Using the chain rule for Malliavin calculus and the fact that W' has
bounded first derivative, we have

E[ sup |D,X,’] < CE[ sup |D,X,|"] < cc.

s<t<T s<t<
Thus, (5.11) follows. The proof of (5.12) follows in an anologous way as in [16, Theorem ??77]) by
observing that in the smooth case both the equations of D; X} and VX[ are similar. O

Remark 5.9. By using the same argumen as above, one can show that :
E{ sup \(VxXt)V’} < 00, Vp €] — o0, 0[U]0, +oo[.
0<t<T
Indeed, the solution X to the equation (5.13) (with Lipschitz continuous coefficients b
and &) is differentiable with respect to z and (V,X;)™! satisfies a linear SDE such that
E {supOStST\(Vth)_HP] < 00, for any p > 1 (see [25]). Then, by using the fact that W1
is differentiable with bounded derivative, we obtain the desired result.

Since b is not differentiable, the representation of the Malliavin derivative Ds X[ in the classical
sense of Lebesgue integrals does not hold. Recently, the representation for the first variation
process V. X7 was given in terms of a system of Young type equations in [29]. The main ingredient
in the proof of this result is to rigorously establish the well posedness of the process Vtk’J (b,X) =
AX[0b7] for every t > 0 and 7,k € {1,...,d} via the so called stochastic sewing lemma.

Theorem 5.10 (Theorem 4.1 in [29]). Suppose Assumption 5.6. For any B’ € (0,0), the first
variation process VX[ satisfies the following system of Young-type equations

d t
O, XPT =0, + Z/ Dy, X72AVFI(b, X), Vi,j€{l,---,d} (5.14)
k=170

IThe case p > 1 was treated in [10]
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where 8; j stands for the Kronecker delta symbol, V"7 (b, X) = AX[0kb7] and (A;)s<i<r is the
unique (up to modifications) stochastic process with values in R satisfying conditions of Lemma
D.1 (see [29, Theorem 2.3]). Moreover, the map t — VX[ is a.s. 1+2ﬂ, -Holder continuous for
every B’ € (0, 5).

Combining the arguments in Theorem 5.10 and Corollary 5.8, we have

Corollary 5.11. Suppose Assumption 5.6. For any 8 € (0,8), the Malliavin derivative of the
solution X7 to SDE (5.1) is given by:

d t
(DLXE)I =5i,j+2/ (DIX2)AVFI(b, X), Vi,je{l,---,d}. (5.15)

Moreover, the map s — DsX*(-) is a.s. 1'*'TﬁlfHé'lder continuous for every 5’ € (0,3).

We have the subsequent results as a combination of Theorem 5.7 and Theorem 4.9.

Theorem 5.12. Suppose Assumption 5.6, (AY) and (AY1) hold. Let x € R? and p > 1. Then
the map © — (Y*, Z%) solution to (5.2) is differentiable in the norm topology and the derivative
process (Vo Y NV, Z7%) solves the BSDE

T T
VY =Vad(XFIVXF [ Vagls, XEYEZOV.XTAs + [ V90 X5 Y2, ZD) VLY ds
t t
T T
—|—/ Vzg(s,X;”,YS"’,Z;”)VIZde—/ V.Z7dBs, (5.16)
t t

where VX% satisfies equation (5.14).

Theorem 5.13. Suppose Assumptions 5.6, (AY) and (AY1) are in force. Then the solution
process (Y%, Z%) belongs to L1 2 x (L12)? and a version of (DuY{®, Dy Z§ )y epo,r) 5 the unique
solution to the BSDE

D,Y? =0 and D, Z7 =0, ift € [0,u),

T
D,Y? =V, ¢(XF)D X7 —|—/ Va.g(s, X3, YE Z2VD Xf”ds—k/ Vy(s, X7, YE Z5)D,YEds,
t

T T
—|—/ Vzg(s7X§7Yf,Zf)DuZ§ds—/ D,Z%dBs, té€u,T], (5.17)
¢ t

where D, X* satisfies equation (5.15).
Moreover, {D:Y;* : 0 <t < T} is continuous a version of {ZF :0 <t <T} and

Zy (V. X7) =V, Y5, (5.19)
Dy Z{ (Vo X[) = VaZ (5.20)

Proof. The first part follows from Theorem 5.2
For the second part, it is enough to establish (5.18) under the additional assumption on b. The
relation (5.19) follows from (5.18) for u = ¢. We also have

T T
D, YV, XE =V d(XT) Dy XEV X2 +/ (Vyg(s,0%), D, 05V, X¥)ds —/ D, Z:V . X dBs,
t t

with terminal value and generator satisfying conditions (C1),(C2) and (C3). Then, from the unique
solvability of BSDE (4.10) we obtain (5.18) and (5.20). Moreover, {D;Y* : 0 <t < T'} is a version
of {ZF : 0 <t <T}. We end the proof by observing that the process DY admits a continuous
version, since it is represented in terms of continuous processes t — VY; and t — (V,X;)™*
(see Theorem 5.12 and Theorem 5.10). Thus, the existence of a continuous version to t — Z;
follows. O



DIFFERENTIABILITY OF QUADRATIC FORWARD-BACKWARD SDES WITH ROUGH DRIFTS 19

6. PATH REGULARITY AND EXPLICIT CONVERGENCE RATE

In this section, we study the path regularity and the rate of convergence of a numerical scheme
to the FBSDE (5.1)-(5.2).

Lemma 6.1. Under Assumptions 5.6, (AY) and (AY1), we obtain for all p > 1

IE[ sup |D5Y2\2p] < 00, (6.1)
0<s<t<T
E[ sup |Zt\2p} < . (6.2)
0<t<T

In addition for all p > 2, there exists a positive constant C), > 0, such that for 0 <s <t <T

E{ sup |Y, — YS\P} < Cylt — s|P/2.
s<r<t

Proof. Under the assumptions of the Lemma, it follows from Lemma 5.13 that the process
{V.Yi (VX)L : 0 < s <t <T}isaversion of {DY; : 0 < s <t < T} Using Holder
inequality and Remark 5.9, for any p > 1 we deduce that:
1 1
E[ sup |D.Y;|*"] SIE[ sup |VIY,5|4P}2E[ sup |(VJUXS)_1|4P}2
0<s<t<T 0<t<T 0<s<T

1
< VoY lsE| sup [(V.X,)7*7)" < oo,
0<s<T

the bound (6.1) follows. In particular, for s = ¢ we obtain the bound (6.2). On the other hand,
we recall that for all s < v <t,

t t
Y, = 6(X) + / 9(0, X0, Yy, Zy)dv — / Z,dB,.

Then from BDG inequality we deduce that
¢ P ¢ p/2
]E[ sup \YT_YSH gc(p){E(/ \g(v7Xv,Yy,Zv)|dv) —HE(/ |ZU‘2dv> }
s<r<t s s

By using the bound: |g(v, X,,.Y,.Z,)| < K(1+ |Yy| + (1 + f(|Ys]))|Z,|?) and the fact that Y, is
bounded we obtain that:

E| swp ¥, - Vil < C(p){“_sp"'E[(/:(l+f(|Yu|))|Zv2dv)p—|— (/StlZUIde)p/2”.

From to the local boundedness of f and the bound (6.2), we deduce the following

E| sup |V, - YiJ7]
s<r<t

<CE){lt = sl” + [t = sI"E[ sup |Z,[*"] + |t - s|"/*E[ sup |Z,|]}
s<v< s<v<t

<CE){Jt - s + |t - 17/}
The proof is completed. O

In the sequel, Ay stands for the collection of all partitions of the interval [0, T] by finite families
of real numbers. Particular partitions will be denoted by éy = {t; : 0 =tg < --- < ty =T} with
N € N. We define the mesh size of partitions as |dn| = maxo<i<n |tit1 — &3]

Theorem 6.2 (Path regularity). Suppose Assumption 5.6, (AY) and (AY1). Then for allp > 2,
there exists a positive Cp, such that for any partition dn of [0,T] with (N +1) € N points and mesh

size |dn|, we have

N-1 tit1
]EK/ \Z, — Z,.
ti

>

=0

/2
2at)"] < c@)low .
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Proof. For t € [t;,t;11], using the representation (5.19), we have
Zy — Z;, = VY (Vo X)) 7 = VY, (Ve Xy, ) 7
= (VY= VY ) (V. X0) 7+ Y (Ve X)) 7! = (VX))
— 1, + L.
Thus from Holder’s inequality, we have
IE[(/:H \Z, — Zti|2dt)p/2} < |5y |P/2! /:H E[\Zt - Ztﬂ dt

tit1
<lonP’> [ RILP 415
ti
Let us first focus on the term I5. We first assume that b is a bounded and compactly supported
smooth function. Indeed, if b is not differentiable, then, by denseness of the set of compactly
supported and differentiable functions in the set of bounded functions, there exists a sequence
(bn)n>1 of compactly supported and smooth functions converging to b a.e. on [0,T] x R? and the
desired result is obtained from the Vitali’s convergence theorem. Then, the map ¢ — (V,X;)™!
satisfies the following linear equation :

-1
% —(Va X)W (1, X,),

(vao)_l =1,
Iterating the above equation gives for all 0 < s <t

(VX)) = (Vo X)) 7Y = ’Z/ V(s1, XZ) o1 b (s, X2 )dsy -+ - dsg,

k=1 5§<851<...<85, <t

where the symbol ” : 7 stands for the matrix multiplication.

For any p > 2, the Girsanov’s theorem and Holder’s inequality yield
E|(vth)_1 - (vwXS)_1|p

:EHi/ Vs, BE) ot sk, By )dsy - dsy| % 8(/; b(v, B,)dv )|

k=1 §<81<... <8, <t

2p71/2
C([jbl]oo)E ‘Z/ (o1, BL) - Vs, By ) ---dsi| ]

5<s1< .. <sp <t
Using [30, Proposition 3.7],we have
E[(V2Xy) ™" = (Vo X,) 7P < O([blloo) [t — 5772

for all p > 2, where C': [0,00) — [0, 00) is an increasing,continuous function, || - || is a matrix-norm
on R4 and | - || the supremum norm. Thus, the bound remains valid for only bounded and
measurable drift b. Therefore,

E[|Ll) < C(E{OQ?ET'VW”W < (B[lvex0 1 = (7))’

< C|on|P/2.

Let us turn now on I;. We also claim:
I Z / E[|,|Pdt] < C|sn|P/2.

Indeed, noticing that (V,X;,)~! is §,-adapted and using the tower property
E[[(VoY; = VoY ) (Vo XE) TP = E [E[[V.Ys — Vi Ye [P /80| (Va Xe,) 7P
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By writing the equation satisfied by the difference VY; — VY;, for all ¢; <t <, and using the
conditional BDG’s inequality, we obtain

E(IV.Y: - V.Y /5,

<C’E‘/ (Vyg(s,05),VOy) ds

" /5]

SCE[(/; |Vg(s,@s)||V@s|ds> + (/tt VZ,245)" /30 = O

Thus,
N-1
50/271 Z/ E (|17 dt < Clonl?/2 S B (X, 0., | (VaXe) L]
=0
< C|5N|p/2]E[ bup | (V. X1)™ |P Z X[tl,tbﬂl]
< Clon|P B[ suwp |(V,X,)7! |p)q0,T]],
0<t<T
which is finite, thanks to Remark 5.9. This conclude the proof. O

Corollary 6.3 (Zhang’s path regularity theorem). Under the assumptions of Theorem 6.2 , we
deduce the following:

N-1 tit1 .
ZE[/ |Zt—ZgN|2dt] < Clon|,
i=0 i
where
w1 i+
70N = mE[/t Z ds/gt] (6.3)

is a family of random variables defined for all partition points t; of 6y and Z is the control process
in the solution of FBSDE (5.1)-(5.2).

Proof. Tt is well known that the random variable ZfiN is the best §;,-adapted H?([t;,t;11]) ap-
proximation of Z, i.e.,

tita 5 tit1
E[/ \Z, — Zf_N|2ds} —  inf E[/ \Z, — Zi\st].
: : zie (05, L,

tir1 ~ tit1
IE[/ \Z, — ZgNFdS} < E[/ \Z, — Zti|2ds]
ti t;

The result then follows from the Theorem 6.2 by taking p = 2. O

In particular,

Let us introduce the following family of truncated FBSDE

T T
Y] = o(X7) —|—/ gn(s, Xs, Y, Z)ds — / Z3}dBs, (6.4)
t t

where
with g, given by (4.2), p, : R? = R% 2+ p,(2) = (pn(21), -+, pn(z4)) and X stands for the
solution to the SDE (5.1). It is clear that (6.4) satisfies assumptions of Theorem 5.2 provided (5.1)

and (5.2) do satisfy them. Using similar arguments as in the proof of Theorem 3.4 and Lemma
4.3, we have

max{supHZ”*BHBM@||Z*B||BMO} <T@, (6.5)
neN
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Thus for all n € N the sequence (Z"™ % B),en satisfies the properties (P2) of Lemma A.1
i.e. there is a universal constant r > 1 such that £(Z" * B) € L". Then, we deduce that
(Y™ Z™) is differentiable in the sense of Theorem 5.12 and the following uniform bounds hold:

SUP,,en (HVY”HSzp + HVZ”HHzp) < 00. Moreover, we can show as in (6.2) that
supE[ sup |Z]'*] < oc. (6.6)
neN t€[0,T]

Furthermore, the properties of p yield
2
(\ﬁ(Ys") =Y+ p(ZY) - Z?\) < 8((YI) Ly isny + 122 1PI 22 15n)s (6.7)

where sup,,cy |Y7*| < Y1) ( see Theorem 3.4). Indeed, from definition of the function § we deduce
the following:

1p(Y") = Y| = 1gynsny DY) = Y + Ly <ny [P(YS") = Y
= Ly saplp(Y) = Y
<2[YS " 1qyni>n)

Using the same reasoning as above we deduce that |p(Z7) — Z7| < 2|Z2[1{127|>n}-
Below we provide the convergence error of the truncation

Theorem 6.4. Let assumptions of Theorem 5.2 be in force. Let (X,Y,Z) be the solution to
equation (5.1)-(5.2) and (X,Y™, Z™) be the solution of (5.1)-(6.4), n > 1. Then for any p > 1
and k > 1 there exist a positive finite constant C(p,k) depending on p,k,, (6.6), the bound in
Lemma 4.3 and Y such that for n € N

T p
B[ swp [y -vifr 4 ([ 1z - 2.Pas)] < Conm T
te(0,T] 0

Proof. Let (™ be given by

n g(thta}/tn7Ztn)_g(t7Xt7Y;5naZt) n
= I — Z)lign_ .
Gt 20— 7,2 (Z; ) 1zp 2,20}
Then thanks to the assumptions of the theorem, (;** B € BMO(P). In addition for some constant
r > 1, independent of n we have £(¢" * B)~t € L"(Q"). Let II be define by IT := max{||&(¢" *
B)| L@y, I€(C™ % B)~ Y| Lr(gny }- Then, from the Bayes’ rule and Hélder’s inequality, we obtain for
all p > 1 that

T P
B sup vy - vifr+ ([ 1z - zipar)]
te[0,7] 0

n T PANT %

<8 (sup vy -viprre (120 - zipar)")] (6.8)
te[0,7] 0

where dQ™ := £(¢" * B)dP. Using Lemma 3.9, we have

N T pgry L
(5 sy e viper e ([ 1 - )
t€[0,T) 0

<o (7| / lg(s, X0 Y2 22) = gls, XKoo V), plz2p 8] )

In addition for K = max(A,, A.)
|g(87 stysnv Z:) - 9(87 stﬁ(ysn)vp(zg))‘
SAY(L+[p(Z]* + 122 Mp(Y) = Y+ A1+ (F(Ip(Y)D + F(YSDIe(Z) = 28|

SKQA+2(Z0%+4  sup o) Z7)(16(Y") = Y| + [p(Z7) = Z1).
0<y<2r™
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By using the above bound and applying the Holder’s inequality, we deduce that

n T PaYN +
(= [ up, - vito s (120 - zar)”])°
te[0,T) 0

nr [T 2 92pay\ 35
<Cn (B[ [ [Karazieva s piz)]a] ")
0 0<y<2T™

x (m" [/OT (1572) v+ oz — 7))

Since Z" belongs to H? and the function ¢ is continuous, we deduce that the first term in the
above inequality is uniformly bounded in n. It then remains to prove that the second term is also
uniformly bounded. Since, P and Q™ are equivalent, using (6.6) and (6.7), the Holder and the
Markov’s inequalities give

(E@n UOT (|ﬁ(Ys”) — Y|+ p(Z) - ZQI)st} zpq)i

1
2q

SC(E@n /OT ]L[\ysn\>n}ds)ﬁ + C(EQn /OT |Z:|4pqﬂ{|Z§’|>n}dS)i
<C g n n % Q" g n|8pq i g n n i
< (/0 QY| > n}ds) ™ +C(B /0 |Zz[72dis) (/0 Q"{| 77| > n}ds)

e ( [ 89 () o ([ zpman) ([ 1)

Using once more the uniform bounndedness of Y, the Bayes’ rule and the Holder’s inequality, we
derive the existence of a constant C' that does not depend on x and n such that:

(= [ [ (10 = vl otz - z21) "as] ™)

< C(n)% +Cn)T (/OT]E[é'(H” “B) sw |Z§|ﬂ ds) &

. T 2
< C(n)% +CI(n)% (/ E[|Z7)ds) ™
0

< C(n)% +CI(n)™ (E[OquT |Zg\2ﬂq})?

This completes the proof. O

APPENDIX A. SOME PROPERTIES OF BMO-MARTINGALES

The following result give some properties of BMO-martingales which will be extensively used
in this work. We refer the reader to [26] for more details on the subject.

Lemma A.1.

(P1) Let M be a BMO martingale with quadratic variation (M). Let (E(M))o<i<r be the
process defined by
E(M)y := exp{Mr — 1/2(M),}.
Then E[E(M)r] = 1 and the measure Q given by dQ := E(M)pdP defines a probability
measure.

(P2) For a given BMO martingale M, there exists v > 1 such that E(M) € L". Moreover, for
any stopping time T € [0,T] it holds that

BE(M)7[F-] < C(r)(E(M)-)",
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(P3) If |M||Brmo < 1, then for every stopping time T € [0,T]

Blexp((M)r — () }/S) < T

(P4) If fo Z,dB, € BMO, then for every p > 1 it holds that Z € H?*?(R?) i.e

5[( [ 12.0a5)"] <] [ zan

Moreover for any p > 1 and any € € (0,2)
T

]E{eXp (p/o IZsledS)} <C,

where C depends on p,e and || [ ZdB||%0-

2p
BMO'

APPENDIX B. PROOFS OF SOME LEMMAS
proof of Lemma 3.8. Set
Y =Y -Y?2 $Z2=27'-27
65251_52a 69291('5Y27Z2)_92('?Y2aZ2)7

and define the processes

1 1 1 1 2 1 t
g Y Z)—g (Y7, Z
Ft L= ( t ;/2 — Y2( ¢ t)l{YtI*Yf?éO}’ € = exp ( o |Fs|d8), (B].)
t t
1 2 1 1 2 2
g(t,Y,Z)—g(t,Y,Z)
W= e (4= 2Dz -z 0y (B-2)
t t

By following the same arguments developed in the proof of Theorem 3.4, we deduce the well
posedness of the probability measure Q with density dQ/dP = &( fo I1.dB.) and the following
process B = B. — fo II,ds is a Q-Brownian motion. We also have I' € Hpmo, thus T' € H?P, for
every p > 1. Since |I'y| < A, (1 +2|Z}|*). The dynamics of (§Y;) is given by:

T T T
3Y, = §¢ —l—/ 0gsds +/ (gl(s,YSl7 ZhH —g'(s, Y2, Zf)) ds — / 07,dBs. (B.3)
t t t

The It6’s formula yields
T T
e, 0Y; = ;06 + / es0gsds — / es0Z,dB2, (B.4)
t t

where fo es0ZsdBY is a true Q-martingale. Taking the conditional expectation on both sides of
(B) gives

T
etch} = EQ [etég + / es(sgsdsmt] . (B5)
t

We conclude that €,0Y; < 0 and hence for all ¢ € [0,7T] we have ;! <Y;?> Q-a.s. and P-a.s. In
particular set t = 0 and suppose § < 0 or dg < 0 in a set of positive dt ® dP-measure. Then we
obtain Y < YZ. O

Proof of Lemma 3.9. The proof follows as in [22, Lemma A.1]. For the sake of completeness,
we briefly reproduce it here. We keep the same notations as in the proof of Lemma 3.8 at the
exception of the process (e¢)ic(o,r] defined as follows: e; := exp(2 fot |T's|ds). Using It6’s formula,

and the Girsanov transform, the dynamics of the continuous semimartingale (e;0Y;?)¢>¢ is given
by

d[et((SYt)Q] :2((5Yt)2|f‘t|etdt + 2€t5Y2d(5YVt + et|5Zt‘2
=(0Y;)?|T¢|ecdt + 2e,0Y; {—0g:dt — (g" (£, V!, Z}) — g' (¢, Y2, Z}2))dt + 0 Z,d By } + e4|6 2,
= — 2€t6Y269t + et\5Zt|2 + (5th39
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Observe that (et):e[o, 1) is strictly increasing and bounded from below by 1, and for any 0 < ¢ <
s<T

s T
es(eg) ™! =exp {2/ \Fr|dr} < Ar :=exp {2/ K1+ |Z;\°‘)ds}.
¢ 0

Moreover since Z' € Hamo, (et)ecjo,r) € SP for all p > 1. Then, we deduce that

T T T
e (8Y;)? +/ |60Z,|%ds < epde? + 2/ es0Y,0g.ds — 2/ es0Y,0Z,dBY. (B.6)
t t t

Let us first provide an estimate of the norm of §Y; under the measure Q. Dividing both sides
of (B.6) by e, taking the conditional expectation on both sides and using the basic inequality
ab < %az + eb? for € > 0, we obtain

T
5Y;2 <EC [%552 + 2/ %5Y;|5gsld8‘$t}
0

<E2[L sup |V + A3X[3], (B.7)

€ 0<t<T

2
where X is defined by X := |6£]2 +e< fOT |5gs|ds> . Notice that E@ [% SUPg< <7 [0Y7]? St} (respec-

tively E[A2X|F;]) is a right continuous martingale on [0, T'] with terminal random value given by
1 supo<;< [0Y3|? (respectively A7.X). Then by the Doob’s martingale inequality we have that for
allp > 1

e O R e R e AL AL
£ LS[‘ST’T | Bt <(Eg) BT ) (B.9)

Taking successively the absolute value, the p power, the supremum and the expectation on both
sides of (B.7) and using (B.8) and (B.9), we obtain

1
EQ[ sup [8Y;|?] gE@[ sup (E@[f sup |0V|? + AZX

5])]

te[0,T7 t€[0,T € 0<t<T
1
<C(p)(E®[ sup_ |V ] + BT a7]).
€P g<i<T

C(p)

€epP

Choosing € such that

< 1 and using the Holder’s inequality for v > 1, we have

B[ sup_|§Y|] <C(p)EC [a7A7]
t€[0,T]

<CIEYAF 7 Elog + ( /OT s.as) ]

The first term on the right side of the above bound is finite (see Lemma A.1).

Since I * B is a BMO(P) martingale it follows that —IT * B® and II x B are BMO(Q)
martingales. Then from Lemma A.1 there exists 7,71 > 1 such that £(IIxB) € L" and £(—11xB?) €
L. In addition, since &(IT* B)~! = £(—I % BY), we have dP = £(—II% B9)dQ. Let ' and 7} be
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the Holder conjugates of r and 71, respectively. Then using Girsanov theorem, we have

E[ sup [6Y;|*"] = EQ[E(~T1x« BY)r sup |6Y;|*"]
te[0,T] te[0,7
, L
< EQ[E(—T1« BYF|TE sup |%;["1]"
t€[0,T)

< C]E[E(H*B)r]%E“(sgpprgw N (/OT |6gs‘d8>zpr;wf}ﬁ

We obtain the desired estimate for §Y by taking ¢ = r{vr’/. Similar techniques can be used to
provide the bound for 7. This conclude the proof. O

APPENDIX C. INTEGRATION WITH RESPECT TO LOCAL TIME

Here we give some elements of calculus with respect to local time. For @ € R and X = {X;,t >
0} a continuous semimartingale, the local time LX(t,a) of X at level a can be defined by the
following Tanaka-Meyer formula

¢
|X; —a| = |Xo — al +/ sgn(X (s) — a)dX, + LX(t,a), (C.1)
0
where sgn(z) = —1(_s,0](2) + 1(0,400)(z). The local time-space integral is defined for functions in
the space (Hy, | - ||=) (see e.g. [14]) where (Hy, || - ||l) is the space of Borel measurable functions

f:[0,7] x R = R with the norm

i =2 [( [ o mas)" ] 2m]| [ 506,80 Beas

1,

for any p € [1,00). Let f € H,. Then using [1, Lemma 2.11] we have the following representation

/astJC //fszLX (ds,dz) (C.2)

for all ¢t € [0,T]. In addition for f € Hg, we have (see for example [15, Theorem 2.1])

t t T .
/ / f(s,2)LP (ds, dz) = / fs, BB, + [ f(T - s, BF)aw,
0 R 0 T—t

T

[T B

T—t -

ds, 0<t<Tas., (C.3)

where LB” (ds, dz) denotes integration with respect to the local time of the Brownian motion B® in
both time and space, B” is the Brownian motion started at z and B is the time-reversed Brownian
motion defined by

By:=Br_, 0<t<T. (C.4)

The process W = {W;, 0 <t < T} stands for an independent Brownian motion with respect to
the filtration .Ft generated by Bt, and satisfies:

~ T B,
Wt :Bt _BT+‘/t T—Sds (05)
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APPENDIX D. STOCHASTIC SEWING LEMMA

In this section we recall the following lemma corresponding to [29, Theorem 2.1]

Lemma D.1 (Stochastic sewing lemma). Let (Q,§,{S+}tcjo,1], P) be a complete probability space.
Fix p > 2 and define

AL = {(tr, - ta) €[0,T]", 0 <ty <o, <, < T}, (D.1)

and let A : AT — R be a stochastic process satisfying: As s = 0, Aq ¢ is Ts-measurable, and (s,t)
Ag ¢ is right-continuous from AL into LP(Q). Set 0,As¢ = Asy — Asp — Ay for (s,v,t) € AT

and assume that there exists constants 0 > 1, k > %, and c1,co > 0 such that

B[00 As,t|Ss)ll o) < c1lt — 5|7, (D.2)
160 Autll Loy < calt — s (D.3)

Then, there exists a unique (up to modifications) {§ }1>o0-adapted stochastic process A satisfying
the following properties:

(1) A:[0,T] — LP(QY) is right continuous, and Ay = 0.

(2) There exists constants C1,Co > 0 such that for Asy = Ay — As

IE[Ast — Ast|Ts]ll o) < c1Calt — 5|7, (D.4)
|Ase — Astll ey < 1Ot — 5|7 + caCalt — s|". (D.5)

Furthermore for all (s,t) € AT and for any partition P of the interval [s,t], define

AT = Y Ay (D.6)
[u,v]€P

Then AT, converge to A in LP(Q) as the mesh size |P| — 0.
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