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1. Markov chains: construction and elementary properties
Definition 1.1. Let (5,.%) be a measurable space. A function

p:S xS —0,1]
ia called transition probability, if

(a) for each z € S p(z, .) is a probability measure on (S,.%);
(b) for each A € . p(.,A) is /-measurable.

Remark 1.2. Let p be a transition probability on a measurable space (5,.%).
i) If f: S = R is .- -measurable and bounded, then also g := [g f(x)p(.,dz) is.

ii) If 44 is a probability measure on (S,.#), then also v := [¢p(z, .) p(dz) is.

PROOF. i) By 1.1(b) the statement holds for indicator functions f = 14 of
measurable sets, hence also (linearity of the integral) for step functions.

If f > 0, there exist approximating step functions 0 < f, ~ f; here ¢, :=
[ fn(z)p(.,dz) is measurable (since f, is a step function) and (by the bound of
/) bounded; on the other hand (monotone convergence) g, * [ f(z)p(.,dz) =
g, such that ¢ is measurable as pointwise limit of measurable functions; ¢ is
bounded with the same bound as f.

More generally, decompose f = f+ — f~ mit f*, f~ > 0; by what we know,
g% :== [ f() p(.,dr) measurable and bounded, hence also g = g* — g~.

ii) For a sequence (A, ),en of pairwise disjoint A, € . we have

v (U An) =/ p(aU An) ptan) = [ >l An) )
ey [ pta ) ta) = 3 v(dy)

moreover v(S) = [y p(x,S)p(dz) 3 Js n(dz) =1 (p probability measure).
O

Definition 1.3. Let S be a Polish space, and (py)nen @ sequence of transition probabil-
ities, u a probability measure. Then let Py := p and

Po(By x -+ x By) := / Pn(Tn—1,dxn)ppn—1(Tn—2,dxn_1) - - p1(xo, dx1) p(dxo)
BoXx--XBp,

for n € Nand B; € . = #A(S).
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By remark 1.2 we obtain recursively that P, is well defined on the semiring’
Ry :={Bo X ---x B, :B; €.7}.
Moreover, P, can be extended to a measure on the o-algebra generated by the ring (%))

c(r( %)= ® - ®.7 =9 (SPélish %’(S”“)) .

(n+1)times

PROOF. P, induces a pre-measure on the ring r(%,). By Caratheodory, to
extend it to o (r(%,)) we have to prove that P, is o-additive on the ring.
Since P, is a finite pre-measure, o-additivity is equivalent to the property of
continuity from above that will be shown in what follows; by recursion and
remark 1.2 it is enough to consider the case n = 1:

Let (Ag)reny be a sequence in r(%#;) with Ay N\, . We have to prove:

k—o0

P (Ar) —— 0. Denoting the intersection by A € r(#1) near x € S with
Ay ={yeS:(z,y) € A},
we obtain by Ap \, 0 for all z € S
(Ak)a N0 (> 00).
By continuity from above of the measure pi(z, .) we get
Pz, (Ap)s) 0 (€ )

and thus by dominated convergence:

P = [ (e (A0)2) i) =5 0.

O

Our next aim is the construction of a Markov chain on SNo with transition probabilities
(Pn)nen and initial distribution p. For this, let S be Polish, endowed with the Borel o-
algebra Z(S) =: .. We verify the consistency condition by Kolmogorov for (P,)nen,-
For this purpose we define:

For F,G C Ny with F' C G let

TQF - s¢ — gF

(zi)iec = (Ti)ieF

LA collection of sets is called & semiring, if (cf. Halmos [HM 74, S.22]):
o for Fe P and F € £ also ENF € &, and
e for F € & and F € & mit E C F there exist pairwise disjoint sets C1,...,C, € &2, such that
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the projection on the smaller index set and herewith mp := 7y, r ; correspondingly let
m,n € Ng with m <n

Tonm Sn+1 Sm+1

(Zoy .-y Tp) — (Toy .-y Tim)
and for m € Ny

T SN0y gmil
(xi)ieNo — (xo, .. ,a:m) .
These projections are measurable for the respective product o-algebras. The uniqueness

theorem for measures (applied to N-stable generators of o-algebras consisting of cylinder
sets) yields for m,n € Ny with m < n the equality

P, o T, 1,1 = P,
of measures on .#™*! ; analogously for finite F, G C Ny with F' C G also

Pgoﬂé}F:P oT =: Pp;
this consistency property implies that (Pr) e, finite defines a pre-measure on (S™0, 2(S)MNo).
By Kolmogorov’s consistency theorem it is even o-additive. Therefore there is a unique
probability measure P, on (SN0, 2(S)No) with

P,omt =P, (neNy). (1)

Satz 1.4 (canonical Markov chain). Let S be a Polish space with transition probabilities
(Pn)nen and probability measure p; let P, be the thus induced probability measure on SNo,
Then

X, = T{n} = TNo,{n} (77,6 No)

1s a Markov chain on
(% F P, (Falneri) = (™0, 7™, By (0(ma)hnena )
i.e. we have
i) Xy is Fn-measurable, and
ii) for alln € No and B € . we have:

P(Xp41 € B|%n) = P(Xp+1 € B| X)) = pnt1(Xn, B) .
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PROOF. i) X,, is measurable with respect to o(X,) C 0(Xo,...,X,) =o(m,) =
Fn, -
ii) We have to show:

/A Lix,em) APy = /A put(Xn, B)dP, (A€ F)

(then also P(X,4+1 € B|Xy) = pnt1(Xn, B), by measurability with respect to
o(X,) C %,). Since 7, (%,) is a N-stable generator of .%,, it is enough, to
prove the above equation for

A=nY(Byx---xB,) = {Xo€By,...,X, € B}
with By,..., B, € %, namely:

Al{xn+163} dr, = P,{Xo € By,...,X, € By, Xpny1 € B}

—~
~

= Pn+1(Bo><"-XBnXB)

pn—l—l(xm B) Pn(dx(b s 7dxn>

[
S

BoXx--XBp,
transé thm / pn+1(Xn, B) dPM '
A

O]

Definition 1.5. Let (S,.7) be a measurable space. Then on the path space 2 = SNo the
family 6 = (0,)nen, of (canonical) shifts 6, : Q@ — Q (n € Ny) is defined by

On(w) == (m+— w(m+n)).
Each 6, is measurable with respect to .# = .o,

We next prove the Markov property (with deterministic times) and then the strong
Markov property (with stopping times). For this we denote E, resp. E, = Es, the
conditional expectations with respect to P, resp. Ps;, on  with underlying transition
probabilities (py)nen. For simplicity we assume that the Markov chain is time homoge-
neous:

Definition 1.6. In the situation of Proposition 1.4 the Markov chain is called X time
homogeneous, if for all n € N we have p, = p1(=: p).

Theorem 1.7 (Markov property). In the situation of 1.4 let the Markov chain X be time
homogeneous; let Y be a bounded, % -measurable random variable on Q. Then

E, (Y 00, |%#,) = Ex,(Y) = E,(Y) L (n € Np) .
PROOF. Note first that Ex,, (V) is indeed measurable with respect to .%#,; this follows from
adaptedness of X and measurability of x — E,(Y") [this one by definition and recursive
application of 1.2 i) clear for indicator functions ¥ = lﬂl[Box_”X Bo] for B; € . the
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general property follows from the monotone class theorem, since by monotone convergence
{Y :  — E,(Y) measurable} is closed for monotone operations |. So we have to prove
the claimed equation. By monotone class arguments, it is enough to argue for the case Y

of the form [] gr(Xy) with bounded .#-measurable random variables go, ..., g, -
k=0

1) We first consider sets %, of the form A := ng[Ao X -+ x Ap] with Ay, ..., A, € .7;
we have

E,(Y 00, 14) = E, <H 9k (Xntk) - 1A>
k=0

1),1.3
(L / ,u(dfﬁo)/ p(l’o,dwl)'“/ p(@n—1,dzy) X
Ao A An

X/SQO($n+1)p(xn7dxn+1)"'/ng(xn—i-m)p(l‘n—‘rm—lydmn—‘rm)

m
ransf. thm
=t OB (Exn (H gk<Xk)> : 1A>

k=0
= EM(EXR(Y)JA) ,
hence the claim follows for all A € %, of the special considered form.

2) Let now £ := {A € %, : claim from 1) valid for A}.According to 1) m,,}(%y) C <&;
since 7, 1(%,) is N-stable, Dynkin’s lemma yields .7, = o(7,, (%)) C Z. O

Our next goal is to extend the Markov property to stopping times.

Definition 1.8. Let Q,.%, (%, )nen,) be a filtered measure space; N : Q@ — Ng U {oo} is
called (:Z,)nen,-stopping time, if {N < n} € %, for all Ny. Equivalently, {N =n} € .%,
for all n € Ny.

To an (#,)n-stopping time N we associate the o-algebra

=
Fn = {Aeﬁ : Am{Ng n}egfnforallnENo};

it is called N-past or o-algebra of events before N.

In the situation from 1.4 and 1.5 we formally enlarge Q by A ¢ Q, increase .% by {A}
and define a (%), )nen,-stopping time N by

On(w) = {HN(W)(W) , N(w) < o0

For a random variable Y on 2 let Y (A) :=0.

Theorem 1.9 (strong Markov property). In the situation from 1.4 assume the Markov
chain X is time homogeneous; let 6 be the shift from 1.5 and N a (F,)n-stopping time. If
(Yo )nen, is a family of % -measurable and (uniformly in (n,w)) bounded random variables,
we have

EM(YN XN ’ ﬁN) = EXN(YN) on {N < OO} )
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In particular, for a % -measurable bounded random variable Y :
E,u(YOeN|yN) = EXN(Y) on {N<OO}

PROOF. Note first that w — Ex () (Yn(w)) is in fact Fy-measurable, since

it is the composition of the measurable maps w — (w, N(w)), (w,n) —
(Xn(w),n) and (z,n) — Ey(Yy).
With A € %y we then have

Ey (Yn 00y - Langveoey) “"="" 3 By (Yo 0 0n - Langn—n})

n=0

MEL ZE# (EXn(Yn) : 1Am{N=n})
n=0

dom. conv.

Eu (Exy (Ya) - Lanv<oc}) -
]

We next aim at investigating invariant measures of a Markov chain. Invariant measures
are strongly correlated with return properties. We therefore assume as a further simpli-
fication that S is countable; for the representation with general Polish state space S see
Meyn & Tweedie [M-T 93].

Let in the following

T, = inf{neN: X,=y} (yes),
be the first hitting time of y and thus

Pay = Py(T, < o) (x,y€9).

y € S is called { recurrent }, if { Pyy =1 } . The number of visits in y,

transient Pyy <1
o0
Hy = Z 1{Xn:y}
n=1

characterizes recurrence and transience of y in the following way:

Theorem 1.10 (transience and recurrence). Let the Markov chain X from 1.4 be time
homogeneous with countable state space S. Then fory € S :

Pxy

L= pyy
y recurrent <= E,(H,) = 0.

y transient = E,(H,) = <oo (Vzel),
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PrROOF. For k € N let T;’ the time of the k-th visit in y. With this we have
Po(Ty < 00) = pay - Py, (z €S8, keN); (*)
for £ =1 this is just the definition of pgy; for £ > 1 it follows inductively:

P(TF <o) = P, (Tj—1 <00, Ty 0 b1 < oo)

— By(1,4 ., E. (1 ’,ﬁk_l
( {Ty™ " <oo} < {Ty00T§,1<oo} T ) )

str. MP 1.9

By (Lry <)) = o

= pyy - Po(Ty ' < 0)

y
ind. hyp. _
= nypl;y !
Therefore
- *) - p
*
E.(H,) = P, {H, > = el =
:B( y) ; 17{ y_n} pxynzlpyy 1_pyy )
{T] <0}
the geometric series converges for p,, < 1, and diverges iff p,, = 1. O

We next show that recurrence is contagious:

Theorem 1.11. Let the Markov chain X from 1.4 be time homogeneous with countable
S. If x € S is recurrent and pyy > 0 with some y € S, then also y is recurrent and we
have py, = 1.
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PROOF. By recurrence of von x we have

0 = P(Tp,=0) > Px(Ty<oo,T109Ty:oo)

= E, <I{Ty<oo} Eq (1{T109Ty=°°} ‘ gTJ )

~~

tr. MP 1.9
° = Ey(l{Tz:oo}) = (1_Pyz)

= sz(l_Pym) ;

Since by hypothesis p;, > 0, we obtain: p,, = 1.
With this the recurrence of y follows: by pz, > 0 and p,, = 1 there exist
ki, ks € N with

Py( Xk, =y)>0 and Py(Xy, =2)>0.
By Chapman-Kolmogorov for n € N we have:
Py(Xn+k1+k2 = y) = Py(sz = l’) Pw(Xn = .73) Px(Xkl = y) )

hence

Ey(Hy) = ;Py(Xn =y) > Py(sz =z) Eu(Hy) Pe(Xg, =v) -

>0 110 >0

Hence also E,(H,) = oo and y is recurrent by 1.10. O

Thus the set of recurrent states decomposes into classes: For x,y € S let
z~y <= (z=y or (pgy >0and py >0)).

Theorem 1.12. Let the Markov chain X from 1.4 be time homogeneous with countable
S. Then the set of recurrent states R := {x € S : pyp = 1} decomposes into a family
(R;)icr of pairwise disjoint classes, the equivalence classes of ~.

PrROOF. We have to show that ~ is an equivalence relation: reflexivity and
symmetry follow directly from the definition, so that only transitivity remains
to prove:

If x,y,2z € R are fixed, we have to show that with z ~ y and y ~ z also z ~ 2
holds true. For this purpose we may wlog assume x # y and = # z; by definition
of ~ we have p,, > 0 and p,, > 0. Applying the strong Markov property as in
the proofs of 1.10 and 1.11 we obtain:

Prz = Px(Tz<OO) > Px(Ty<OoaTz00Ty<oo) = Paxy Pyz > 0,

whence with 1.11 we get (z € R): p,; =1 > 0, in summary z ~ z. O
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We further consider the following situation: The countable space S is state space of a
canonical time homogeneous Markov chain (X, )nen, with space of trajectories (92, %) =
(SNo . #No) and transition matrix p.

Definition 2.1. A measure p on . is called stationary, if for all y € S we have

ply) = (wp)w) = D p@)ple,y) < oo,

TES
A measure p on . is called invariant, if it is a stationary probability measure.
Example 2.2 (Ehrenfest model of diffusions). In a system consisting of the containers A

and B we have a total of T molecules. Let X, be the number of
molecules in A at time n € Ny. This quantity takes

its values in S :={0,1,...,r}. By A . B
T;k ,ym=k+1 ) e o
p(kj’m);: % 77’;@:]{;_1 o ° .. .
0

, else

a transition probability on S is defined, that is proportional to the number of molecules
in container A. For this transition matrix the binomial distribution on S,

(k) == (]:) 277 (keS={0,1,...,r}),

is an invariant measure.

PROOF. Since p is a probability measure, we only have to show that u(k) =
Yoo p(m, k) p(m) for k=0,1,...,r is valid. With k=1,...,r — 1 we have

Z;zop(m, kyu(m) = plk+1Lk)p(k+1) + p(k—1,k)pk—1)

[ ()

I (r—1)! (r—1)!
=2 {k!(r(kﬂrl))! (km(rk)J

. (r—1)! 1 1
(k—D(r—k-1)|k r—k
r!
- 277
E'(r —k)!
= (k)
In the cases k = 0 and k = r only one summand does not vanish. O

Now we show how to associate with each class of recurrent states a stationary measure;
the Markov chain decouples on these classes. We constantly use

P(Xp=y) = p"(z,y) (z,yeS;neN),

where p"(z,y) is the n-fold matrix product.
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Theorem 2.3. Let x be recurrent and T = T, := inf{n € N : X,, = x} its first hitting
time. Then

T-1 o0
n=0 n=0

defines a stationary measure.

PROOF. First we prove the equation up = p; this way we prove that u(y) < oo for all
y € S. Note that u(x) = 1.
(&) > yes(y) p(y, 2) = p(z) for all z € S
1) If z # x, the Markov property (Thm 1.7) implies:
oo
Fubini
S u@)py.z) =N DN P(Xn=y,T>n)  Py(X;=2)

yes n=0 yes

o)
= ZZPI(Xn:y,T>n,Xn+1:z)
n=0 yes

oo
= ZPw(T>n,Xn+1:z)
n=0

oo
2 Y P(T>n+1, Xpp1 =2)

n=0

o
= ) P(T>n,X,=2)

n=1

o
2 N P(T>n, X, =2)

n=0

n(z) -

2) If z = z, again by the Markov property 1.7:
o
ME
Su)pw.r) = YD P(Xn=y,T>n, X =2)

yeSs n=0 yes
00
- ZPJU(T:n+1) = Paz r=e 1 = p(z).
n=0

(b) u(y) <ooforallyeS:

1) In case pyy > 0: By iteration of (a) we get: u = up" for n € N so

1= p) 2 (up)@) = D yes M) P () (n € N).

Consequently necessarily pu(y) < oo, if p™(y, z) > 0 with some n € N; since p"(y, z) =
P,(X, = ), the latter is implied by py, = Py(T, < oo) > 0, which in the case
considered pgy > 0 by recurrence of x follows from Thm 1.11 (hence z ~ y).

2) If pyy = 0, the definition of p gives pu(y) = 0(< 00). O
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Theorem 2.4 (Uniqueness of stationary measures). Let (X, )nen, be irreducible, i.e. S
has only one class of recurrent states. Then the stationary measure p from Theorem 2.3
18 unique up to multiplication by constants.
PROOF. Let a € S be a recurrent state and p the stationary measure belonging
to a according to 2.3. If v denotes a further stationary measure, we have to
show:

v(2) = u(2) - v(a) (z€5).

By stationarity of v we obtain iteratively for z € S':

v(z) = > v(y)py,2)

yeSs
= v(a)p(a,z) + Zy
y#a
= pla,z) + Y (Z p(x y)) p(y, 2)
yF#a \x€S
= pla,z) + Z ) + ZZ ) p(y, 2)
y#a g
= v(a) Po(X1=2) + Y _v(a) P(X1 #a, Xy = 2)
y#a

PV(XO#ale#a7X2:Z)

= v(a) Py(Xp#aforl<k<m, X, =2z2)

+P(Xo#a, X1#a,....,.Xpn1#a, X, =2)
> v(a) - p(2)

(n — o0) by definition of y; therefore for n € N:

v(a) = S v(@)p"(za) = v(a) Y u(=) p(z,0) = v(a) pla) = v(a).

z€eS z€S

In the previous estimate v(z) > v(a) pu(z) the inequality ”*>”" can only be valid
if p"(z,a) = 0 for each n € N. By irreducibility of for any z there exists n € N
with p™(z,a) > 0. Therefore v(z) = v(a) u(z). O
We give a necessary condition for the normability of stationary measures:
Satz 2.5. If there exists an invariant measure u, all states y with p(y) > 0 are recurrent.

ProOOF. For n € N we have by stationarity u = up"™, hence by Fubini

S uly) = @) S ey 203 ) L < M5
n=1 n=1

ves ves 1= pyy L= pyy

By hypothesis > > | u(y) = oo and p(S) =1 < oo, hence py, = 1. 0
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Theorem 2.6. Let (X;,)nen, be irreducible and p an invariant measure. Then

(x€b8).

PROOF. Note first that all elements of S are recurrent: Each element with
positive mass w.r.t. u is recurrent by 2.5; but since X is irreducible, this
recurrence transfers to all other elements.

Consequently for each fixed = € S by 2.3 there exists a stationary measure pg:

MO(Z) = ZneNo Px(Xn =z, Ty > n) and ,U/O(‘T) =1.

Consequently by Fubini:

Z,uo(z) = Z Z P(X,=2,T,>n) = Z P.(T, >n) = E,(Ty) .
z€S n=0 zeS n=0

By the uniqueness statement in 2.4 this means for the normed measure p :

fo(y) po(y)
nly) = = (yes),
ZzES f1o(2) E,(Ty)
whence by y = x the claim follows, since po(z) = 1. O

x € S is called positively recurrent, if E,(T,) < oo; in the other case x is called null
recurrent.

”‘Positively recurrent”’ is stronger than ”‘recurrent”’. Positive and null recurrence are
properties of classes. In the Ehrenfest model 2.2 every state is positively recurrent.

Corollary 2.7. Let (Xy,)nen, be irreducible. Then the following statements are equivalent:
i) There exists an invariant measure;
ii) There exists a positively recurrent state;

ii1) All states are positively recurrent.

PROOF. iii) = ii) trivial.

ii) = i) Let « be positively recurrent. By 2.3 there exists a stationary measure
po with total mass pg(S) = > cgpo(z) = Ex(Ty) (proof of 2.6), which by
positive recurrence is finite. The norming factor u is therefore invariant:

:u(y) = E'L:O((ijj) = Ex(lTx) ZNGNO P:E(Xn =y, Ty > n) (y € S)

i) = iii) Let p be the invariant measure. By irreducibility pu(x) > 0 for all
x € S (every state x is recurrent, so that po(x) =1 for the stationary measure

o given according to 2.3; by 2.4 we therefore must have u(x) > 0). From 2.6

we conclude: E,(T,) = “(1:6) < oo foreach z € S. O

We now discuss criteria under which p™ converges to the invariant measure.
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0
10

o _ (10 omt+1_ (0 1
p‘<o1 and P =11

In this case no convergence of p"(x,y) is given.

Example 2.8. On S :={1,2} p:= ( > defines a transition matrix. We have

D (neN).

Periodicity prevents convergence to the invariant measure.

Definition 2.9. For a recurrent z € S let?
I, .= {neNy: p"(zx,z) >0} .
d, = gcD(I,)is called period of x.

By the Chapman-Kolmogorov equation I, is a semigroup.
In the above example 2.8 we have I} = I = { gerade Zahlen} and d; = dy = 2.

Lemma 2.10. Let z,y € S be recurrent with x ~y. Then d, = d.

ProOOF. We show?: dy | dy. Since our arguments are symmetric in z and v,
this implies the claim, for by switching the roles of = and y we also have d,, | d,.
Wlog we may assume z # y. By the equivalence z ~ y we therefore have
pzy > 0 and py, > 0; in particular there exist m,n € N with p™(z,y) > 0 and
p"(y,x) > 0. By Chapman-Kolmogorov this implies

Py y) > My, x) p"(z,y) > 0.

Hence by the above definition we obtain d, | n +m.

Let now an arbitrary k € I, be given. By what has just been proved d, | n+m
we only have to show that also dy, | n +m + k. These two statements imply
dy | k and thus the claim. By Chapman-Kolmogorov and k € I, we get

n+k+m(

P y,y) > p"(y,2) p"(z,z) p™(z,y) > 0,

and thus dy | n+k+m. O
Definition 2.11. (a) A state z € S is called aperiodic, if d, = 1 holds.
(b) An irreducible, recurrent Markov chain is called aperiodic, if each state is aperiodic.

As indicated in the above example, we shall see that aperiodicity is a criterion for the
convergence of the transition probabilities to the invariant measure. The proof of this fact
is prepared by the following lemma.

Lemma 2.12. For aperiodic x there exists mg € N with p"™(z,x) > 0 for all m > my .

2Reminder: p"(z,y) = Pe(X, =) for z,y € S and n € No.

e

3 As usual ”¢|”’ abbreviates ”‘is a divisor of”’.
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PRrROOF. We first prove that there is N € N such that N, N + 1 € I,. For this
purpose let ng,ng + k € I, be fixed. In case k = 1 the proof is finished. In case
k > 2 we choose ny € I, with k { n; (since dy = 1). For this we have (division
with remainder)

ny = mk-+r; (meNy,0<r <k)
and by the semigroup property of I,
(m+1)(no+k) €I and (m+1)ng+n €1, .
For these two elements we have:
(m+ 1)(ng + k) = ((m+ Dng+n1)| = [(m+ 1)k = m]
= |(m+ 1Dk - (mk+r)| = k—-rm < k.

If K —ry = 1, the claim holds with N := (m + 1)ng+ny. If k —ry > 1, we
repeat the step performed with 79 := (m + 1)ng + n1 and k=Fk— r1. After
finitely many iterations we obtain N € N with NN +1¢€ I,.

With this the claim of the Lemma follows with mg := N2, since for m > myg

we have
m—-N? =kN+r (k€eNy,0<r<N)

(division with remainder), so that
m=N24+kN+r = (N—r+k)N+r(1+N) € I,

by the semigroup property of I. O

Theorem 2.13 (Invariant measure is limit of transition probabilities). Let the Markov
chain (X, )nen, be aperiodic and possess the invariant measure (. Then

Pz, y) 5 u(y) = Ey(lTy) (z,y€S).

PROOF(COUPLING OF PROCESSES, W. DOBLIN). On S? = S x S setting

q((xhyl)v (x27y2>) = p(xbe) p(yhyQ) (1’1,$2,y1,y2 € S)

defines a transition probability. Let (X, Yy )nen, be the canonical Markov
chain associated with ¢, that is the Markov chain with state space S? on

(2 7.B) = ()™, (7%, ) .

where P, is the probability measure related to ¢ and an initial distribution o
(on .72 =.¥ ®.¥) according to Kolmogorov.

With 2.12 we now prove irreducibility of (X, Y, )nen, ; from this we get that
this coupled process hits the diagonal of S? in finite time. This will imply
convergence.
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1) (Xn,Yn)nen, is irreducible: If z1,x2,y1,y2 € S are fixed, irreducibility of

X provides times k,l € N with
pF(z1,20) > 0 and Py, 2) > 0.
Aperiodicity yields according to 2.12 also an mg € N, such that for m > mqg we

P (y2,y9) > 0.

have
and

pmH(:cQ,xg) >0
Hence by Chapman-Kolmogorov also

k+l+m(($17y1) ) (56272%2))
= pchrl+m(x17 x2) pk+l+m(y1, y2)
> PPy, w2) P (e, w2) P(y1sv2) PR (o pe) > 0.

q

Therefore S? consists of a unique equivalence class. For irreducibility we have
to show that all states in S? are recurrent. By 2.5 for this we need a g-invariant

measure v with v(z,y) > 0 for all (z,y) € S%. But setting
v(z,y) = p(x)pu(y) (z,y € 5)

provides a g-invariant measure on S? by p-invariance of :

Z (@) pze) p(z1, y1) p(2, y2)

(w1,72)

> vlan,2) q((21,22), (y1, 12))

(z1,2)€52
= pu(y1) u(y2) = vy, y2)

= (@) ple, ) Y p(2) plaz, yo)
1 2
5 26 ) . 2.7 i)
for (y1,y2) € S%; moreover v(y1,y2) = p(y1) u(y2) = 5T BT > 0.

2) Denote by T the first hitting time of the diagonal D := {(z,z) : x € S},
T := inf{neN:(X,,Y,)eD},

Ty 0) the time of first visit in (z, ) € D. Then on the one hand T < T{, .. If
o is an arbitrary initial distribution on S2, on the other hand by the recurrence

proved in 1) we get T, ;) < 00 P,-a.s.; in particular T' < oo P, — a.s. .
X, and Y,, possess on {T' < n} identical laws (n € N), since for y € S:

Py(Xpn=y,T<n) = > P(T=m,X,=1y)

m=1

n
= ZZPQ(T:m,Xm:x,Xn:y)

m=1 xS
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= ZZPQ(Xn:y}T:m,Xm:x) Py(T=m, Xy, =)

m=1zeS
n
E NN P (Xn=y|Xn=2) P(T=m, Xp=2)
m=1zeS
n
= Y P(Ya=y|Ym=2) P(T=m, Yy =ux)
m=1zecS

same arg.

= = Py(Y,=vy,T<n).
Here we used that X and Y possess identical transition probability p.

3) Now we prove the claim of the theorem; for this purpose we show the
following (stronger) convergence:

SO @y) = uly) | 50
yes

for all x € S; the equality pu(y) = 1/Ey(Ty) is already clear by 2.6.
For an arbitrary x € S we fix the initial distribution

0= 0, Qpu
on S? for the coupled process. Thus for all y € S

p(z,y) = Ppo(Xyn=y)

(|2

by equality of the laws proven in 2), and
/L(y) = Pg(Yn:y) = Pg(Yn:yaTgn) + Pg(Yn:y>T>n)

by the p-invariance of p; in summary

DI May) = uy)| = Y| Po(Xa=y) = Po(Ya=1y)|

yeS yeSs
= Z|PQ(Xn:y,T>n) — P (Yo=y,T>n)|
yeSs
< DY [Po(Xu=y,T>n) + B(Yo=y,T>n)]
yes

= 2P,(T>n) == 0,

since T' is P,-a.s. finite, as seen in 2). O



3. Stationary Processes

In this chapter we consider stochastic processes X = (X, )nen, on a fixed probability space
(Q, . #,P) with values in a Polish space S (equipped with the Borel o-algebra .7 := %(S)).
This family of .#-.%-measurable maps can also be considered as a random sequence

X: Q00— SNO s w = (Xn(w))nGNo )

which is .Z-.#No_measurable, with product o-algebra

7% 1= 0 Uy, T80 Bu € 7) = o (U w181 B s

where the second generating system is N-stable, in contrast to the first. The measure
defined by

on .#No is the law of X.
If only distribution properties are relevant, instead of X we can wlog also study its canon-
ical representation (Y),, := (W{n})n on (SNo . #No Py,

Definition 3.1. A stochastic process X = (X, )nen, is called stationary, if we have:

P(X’ﬂ)nENO = P(X’n+k)neNO (v k € N) .

The distribution of a stationary process does not ”‘move”’; this will be enforced in the
following Lemma:

Lemma 3.2. X = (X,,),en, is stationary iff we have:
Pixo,...xn) = PXpr. Xign) (ke N, neNp).
PROOF. "‘="" For all k € N, n € Ny and B € ."*! we have:
P(Xo,-~-7Xn)(B) = P{ (X(),...,Xn) S B}
= P{(Xm)men, € 7";1(3) }
(
(

Xuntk)meno € Ty (B) }
ks« 7Xn+k) € B} = P(Xk’»quLn)(B) ’

>~

"¢<"" By hypothesis we have for all k € N, n € Ny and B € .#"*!:

Pxymery (70 (B)) = Pxmen, (Tn (B))

(see calculation above). But since { U,,cy, 7, ' (B) : B € 2"} is a N-stable
generator of .o this implies Px)m Ny = Pxii)m eNo by the uniqueness

theorem for measures. ]

Example 3.3 (Markov chain with transition probability p). Let (X,)nen, be a Markov
chain on a countable space S (equipped with . = Z(S) = B(S5)) with transition
probability p and invariant measure p. Then (X,)nen, is stationary on (2,.%#,P) =
(SNo N0 P).
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PROOF. Note first that we have for all B := By x By X --- x B, € "1 .

(Pu)(x1, x40 (B) = P{X1€ By, Xo€ By, ..., Xpy1 € By}

= P”{XoES,X1€Bo,X2€Bl, ,Xn_|_1€Bn}

= > ouz) Y plzze) Y plro,x) - > plrn-1,3n)
z€S xro€Bo r1E€B; rnE€By

= > D @) pzae) Y plaer) o > p(Ta-1,7n)
zro€By zES z1E€B1 Tn€Bn

= uxo) Y plao,xr) o D> pEa-1,an)
z0€DBo r1€8 Tn€Bp

= PM{X()EB(),Xl € By, ... ,XnEBn}

= (Pu)(x0,X1,... %) (B) -

By k-fold iteration of this argument we obtain the criterion for stationarity
from 3.2. ]

Example 3.4 (Rotation on circle). Let (Q,.%#,P) := ([0,1), 4|0, 1),)\’:92), where A de-
notes the Lebesgue measure. Then for each fixed 6 € [0, 1) the process (Xp)nen, ,

X, : Q—8:=Q, Xp(w) == w+n-0 (mod 1), n € Ny,
is a stationary Markov chain on (SNO, FNo, Py ) with respect to the transition probability

1, ify=x+4+6 (mod1l) €A,

p:Sx—][0,1], p(z, A) =
0, else.

PROOF. By translation invariance of the Lebesgue measure A is p-invariant,
since for A € .7

1
/0 Adz)p(z,A) = M(A — 6 (modl)) = A(A).

Hence as in Example 3.3 for all B := By x By X --- x B, € "1 .

(P\)(x1,..xms)(B) = PA{Xo€S, X1 €8y, Xo€ By, ..., Xpy1 €8}

= /Q)\(dz) /Bop(z,daco) /Blp(:no,dm) /Bnp(xnl,d:rn)
= /BO /Q)\(dz)p(z,d:ro) /Blp(xo,dwl) /Bnp(l"n—l,dxn)

= / A(dzo) / p(xo,dx1) - / p(Tn—1,dvy)
BO Bl Bn
= (P/\)(mel,...,xn)(B) )

and thus stationarity again from Lemma 3.2. O
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Theorem 3.5. Let the process (Xp)nen, with Polish state space (S,.7) be stationary and
let g:SNo — 8 be SNo_ ' -measurable, where (S',.7") is also Polish. Then

Yk = g(Xk,Xk_H,...) (kEN(])

is stationary (in S').

PROOF. By measurability of g for each k € Ny also
ge : SN — & x +— g o bk(x),
is measurable, where 6 = (6i)ren, (see 1.5) denotes the measurable shift
0 : SNo — gNo | (n)n — (Tnak)n-

Let now B € (&)Y be fixed; by measurability of all gz also A :=
(90,91, ---)~H(B) is measurable and by Y}, = gk((Xn)n) we obtain for m € N:

P(Yk)keNo (B) = P((Ya)ren, € B) = P((Xn)nen, € A)
Y2 P(Xprm)neno € A) = P((Yiem)ren, € B)
= P(Yk+m)kewo (B),
hence the stationarity of Y. O

Example 3.6 (Bernoulli-Shift). On (Q2,.#,P) := ([0,1), #4|0, 1),)\‘9,) (Yo )nen »

idg n =0,

Y, : Q—Q, Y, =
2Y,—1 (mod 1), neN,

is stationary.
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PROOF. Let (Xp)nen, be a Bernoulli sequence with rate %, realized as prod-

uct measure P on Q := {0, 1}15IO ; hence (X,), is a sequence of i.i.d. random
variables in S := {0,1} with P{X,, = 0} = P{X,, = 1} = 1. Then (X,,), is
stationary. Moreover

g:Q={0,1} —Q=10,1), (Tp)n — Zooio 2, 277! (mod 1)

is measurable and so Pog™! =P (dyadic intervals may be written as sets of the
form {Xy = ig, ..., Xy = ix} with dg,..., i € {0,1}). Because of Theorem
3.5 we have that

2y = g(Xk,Xk+1,...) (kGN())
is stationary; on the other hand we have:

27y = 2¢(Xo, X1,...) = Xo + Z;X"Q_n (mod 1)
— X, + Z:O:O Xpi1 2~ (mod 1)
= g(Xl,XQ, ) = Zl;

by iteration we obtain: 2 Z,,_; = Z, (n € N), hence with Z also Y is stationary.
OJ

Definition 3.7 (measure preserving map). Let (£2,.#,P) be a probability space. A .%-
Z-measurable mapping ¢ : Q — Q is called measure preserving, if we have: Po p~! = P.

Remark 3.8. Let ¢ be measure preserving on (2,.#,P) and X : Q@ — S a Z#-7-
measurable map with values in a Polish space (59,.7). Then (X, )nen, with

X, =0
X, = "
Xop", neN
is stationary.
ProoF. For B € .t we have:

Pix,,...x)(B)

P((Xo, ..., Xn) € B)

= ]P)((XOv oo ,Xn) © (pk € B) = ]:P)(Xk,,Xk+n)(B) )

IIE

so that stationarity follows from Lemma 3.2. U

The situation of the preceding remark does not only provide an example for a stationary
sequence. It already depicts the general situation.

Satz 3.9 (standard model for stationary sequences).

Let (Yy)nen, be stationary on (2,.%,P) with values in a Polish space (S,.%). Then there
exists a probability space (¥, ', P") with a measure preserving map ¢ : ' — Q' and a
random variable X : Q' — S such that with X,, := Xgo ¢™ (n € N) we have:

]P)/(Xn)neNO = P(Yn)nGNO .
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PrOOF. Let (@, . 7" P) := (SNO,yNO,P(Yn)neNO) and Xo := 7y (projection
at time 0) and ¢ := 0 (shift). By stationarity of Y ¢ is measure preserving,
since for A’ € F' we have:

Pe(4) = P((Ya)aew (4))
= P((Yag1)n € 4)
I P(Veed) = PA).
The claimed equality of laws follows from the definition of P'. O

Definition 3.10 (invariant, ergodic). Let ¢ be a measure preserving mapping on (2, %, P).

. invariant [ oH(A) = A P-as.
A€ 7 s called { strictly invariant }’ if { e (A)=A '

¢ is called ergodic, if for all A € .# := { invariant sets} we have: P(A) € {0,1}.

Remark 3.11. i) .7 is a o-algebra (sub-c-algebra of .%);

ii) For A € .7 there exists a strictly invariant set B € .% with B = A P-a.s.
(for example B := liminf, _, ¢ "(A)).

iii) For A € .# there exists B € 7 := (02, 0(Xy, Xpt1,...) with? B = A4 P-a.s.
(for example again B := liminf,, o, ¢~ "(A), since B = ¢ ¥(B) € o(Xp, Xp41,...)).

47 is the o-algebra of terminal events;
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Example 3.12. Let (X,,)nen, be independent random elements in a Polish space S (wlog
defined on the sequence space), i.e.:

Then we have P(A) € {0,1} for A € 7; i.e. the shift ¢ := 6; is ergodic.
Example 3.13 (Rotation on the circle). As in 3.4 we consider the transformation
v:Q—Q, p(w) == w+6 (mod 1),

on the probability space (2,.%#,P):= ([0,1),4[0,1), )\‘y) , where A denotes the Lebesgue

measure. Then ¢ is ergodic iff 8 is irrational.
PROOF. 7‘="" Let 6 be rational, hence 8 = % with integers n > m > 1.
Moreover let B € Z = #[0,1) with 0 < A\(B) < . Then A := J'(B + )
is invariant, but 0 < A\(A) < 1.

7¢<"" This can be proven with a Fourier series argument; see e.g. Shiryaev
[Sh 95, p.408] or Kallenberg [KB 97, p.174/9]. O

Example 3.14. Let (X, )nen, be the canonical Markov chain on S := {1,2,3,4} with
transition probability

o O
o O

O O wiho wi
@) S W= Wi

e L Sl
PN ST

(p is a stochastic matrix, since the sums over the lines equal 1). A measure p on S is
invariant, if we have:

4
() = Y p(i,j)u(i) (7=1,234).
i=1
This is satisfied for instance by the measures
1
po(l) = po(2) = 5, ko(3) = po(4) =0
and
1 2
/j“l(]') = M1(2) = 05 Ml(?’) = ga Hl(4) = g
But then also each
pg = (1= PB)uo + P (0<p<1)

is invariant. With respect to the canonical shift ¢ := 6; we have now:
A= {X,e{l,2},neNy} € & and B = {X, €{3,4},ne Ny} € 7.

Hence we further have: P, (A)=1- 3 and P, (B) = . Consequently ¢ is ergodic iff
g€ {0,1}.
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Theorem 3.15. Let (X,,)nen, with Polish state space (S,.7) be ergodic and
g: SN — 8 be SN0 measurable, where (S',.7") is equally Polish. Then

Y. = g(Xk,Xk+1,...) (k?ENO)
is ergodic (in S').

PrOOF. Wlog let again (2, #,P) = (SNO,yNO,P(Xn)nENO) and X, = 7y
(projection at time n) and ¢ = 6; (shift). Equally let (&, #" P') =
((S’)NO,(y’)NO,]P’(yn)neNo) and ¢ = 6. Moreover denote by .# resp. &’
the systems of invariant sets associated with ¢ resp. ¢’.

Let now A € .#' be fixed; for B := (go, g1,...) }(A) we then have:

¢ '(B) = (91,92,--)7"(4)
= (90,91,--.)"" ((90/)_1(14))
= (go,gl,...)_l(A) = B,

hence B € .#. By ergodicity of ¢ we get: P'(A) = P(B) € {0,1}. O

Example 3.16 (Bernoulli shift). As in 3.6 we consider i.i.d. random variables (X)), in
S :={0,1} with P{X,, =0} =P{X,, =1} = % Moreover let

g: {07 1}NO — [07 1) 9 (xn)n — Zooio Iy 2—n—1 (HlOd 1) .

By example 3.12 X is ergodic, hence according to Theorem 3.15 also

Y, = g(Xk,Xk_H,...) (I{IGNQ).



4. Birkhoft’s ergodic theorem

Let (92, #,P) be a probability space with measure preserving mapping ¢ : Q@ — Q and a
random variable X : Q — R. We now study the asymptotic behavior of the stochastic
process defined by

X, = Xopt  (keNp).

Theorem 4.1 (Ergodic theorem, Birkhoff). Let X € L'(P). Then we have P-a.s. and
in LY(P):

1 n—1
- > Xogh 22 E(X|).
k=0
The proof is based on the following estimate:

Lemma 4.2 (Maximal-ergodic Lemma, Hopf). In the situation from 4.1 let

n—1
S, = Xo4+ -+ Xnq = ZXocpk (n € N) and
k=0

M, := max{0,51,...,5.} (n € Np).

Then we have:
E(X 1{a,50p) > 0 (n € Np) .

PRrOOF. In case n = 0 nothing is to be proven.
1. First we show:

X 1li,s>0p 2 Lag,soy (Mn — My o) (n € N);

by the definitions above we have Sy — M, < 0 for all k € {1,...,n}, hence
also

X > X"‘(Sk_Mn)O(P = (X'i‘SkO(P)_MnOSD = SkJrl_MnOSD

and thus
X > max{Sq,...,S} — M,op;

in particular we have shown:

X 1{Mn>0} > 1{Mn>0} ma,x{Sl, ey Sn} - 1{Mn>0} Mn o
= Liv,>0) (Mp, — My 0 @) (n €N),

hence the desired claim.
2. But this implies:

E (X La>o0))

v

/ (M, — My, o ) dP
{M,> 0}
= /(Mn—MnO(p)d]P) - 07

where we finally use that ¢ is measure preserving. O
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PROOF OF BIRKHOFF’S ERGODIC THEOREM 4.1 Wlog assume E(X|.) = 0;
else we consider X := X — E(X|.#), which is possible thanks to the invariance
of E(X|#)op=E(X|Y) (P-as.).

1. P-almost sure convergence: For this purpose we will show that with

n—1

5 S, 1
X := limsup — = limsup—z X 0¥
n—oo N n—oo T pr
and with B
D ={X>ec} eI (for arbitrary € > 0)
we have
P(D) = 0;

analogously one can show lim inf Sn—" > 0, by considering —X instead of X.
To show P(D) =0 we give D an alternative description: With

X* = (X—e)lp

St = X*4X'op+--+ X ol
M} := max{0,S7,...,S5;}

F, == {M'>0}

we have

D = {supS:L>O} = UF”'

n
neN neN

Upon applying the maximal-ergodic Lemma 4.2 on X*, we obtain:

0 < E(X*1p,) (Lemma 4.2)
7% K (X* 1y, Fn) (dom. conv., since X € L1)
= E(X*1p) (above char. of D)
= E(X1p)—eP(D) (definition of X™)
= —P(D) (E(X|.#)=0and D € .¥)
< 0,

in summary: P(D) =0.

2. L'-convergence: For this purpose we truncate X; with some fixed K > 0
let
X/ = X1{|X\§K} and X” = X —X/.

The P-a.s. convergence proved above applies in particular to X’; since this
convergence is dominated by K, we obtain for X’ :

i
L

n—o0

X' opF 2 E(X'|.#) in LY(P).
0

S|
>
Il
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In addition we have

1n1
E<
n

z_: X" o Sok
k=0

where we use that ¢ is measure preserving; moreover we have by Jensen (].| is
convex):

) LS g (170 o) = E(X").

k=0

E(|EX".7)]) < E(E(X"[].7)) = E(X"]);

combining the preceding two inequalities we obtain

“

Let now an arbitrary € > 0 be fixed; then we may choose K > 0 such that

1 n—1
— 3 Xogh - E(XW)D < 2E(|X").
n

k=0

E(X")) < 3

(dominated convergence, definition of X”). With the parameters ¢ and K by
the above L'-convergence for X’ we can choose ng € N, such that we have:

(‘ ZX'O@ ny)‘><§ (n > ng) .

Since now X = X’ + X" | the preceding three estimates yield:

( Sixout - ””D

SE(

Example 4.3 (Strong law of large numbers). Let (X,)nen, be i.i.d. random variables,
wlog defined on the sequence space Q := RY with P = Py = Px, ® Px, ® --- and
ergodic shift ¢ = 61 (see example 3.12). If Xy € L'(P), we infer from Theorem 4.1 with
Proposition 3.9:

1 ZX’ o " —E(X'|.9)
0

n_

n—1
>+E ('TllZX"ogpk —E(X”]/)D < e.

k=0

0

1 n—1

Xk = — X00g0
n

0 k=0

i
L

P-a.s., L1 (P
b el ®, g(Xls) = E(Xo) .

S|
il

Example 4.4 (Rotation on the circle, Weyl’s equidistribution law). Let
v:Q—Q, p(w) == w+6 (mod 1),

n (,.7,P):=([0,1),4]0,1), )\}77) be given as in 3.4 and 3.13, where X is the Lebesgue
measure. Moreover let § € Q°. Then from Theorem 4.1 with example 3.13 for A € A|0, 1)



Birkhoft’s ergodic theorem

we obtain:

SN

n—1 1
IRV aen LN, AA).
k=0

27



5. The subadditive ergodic theorem of Kingman

Let (22, #,P) be a probability space with a measure preserving transformation ¢ : Q — €.
In the preceding section we have investigated the asymptotic behavior of %, where S, is

of the form ZZ;(I) X o P, so in particular satisfies the additive cocycle property
Snam = Sp + Smo " (n,m € Np).
Now we are interested in the following generalization:

Definition 5.1 (subadditive sequences of random variables). A sequence (Y;,),, of random
variables (n € Ny or N; state space R U {—o0}) is called subadditive, if we have:

Yiim < Yo + Yy 00" (n,m € Np) .

A sequence (Y},)nen, is called superadditive, if (=Y, )nen, is subadditive, and it is called
additive, if it is both sub- and superadditive.

Example 5.2. Let (X,)nen, be a sequence of i.i.d. random variables, realized wlog by
X, = mny on the sequence space (2, 7, P, ¢) = (SNo . #No, Pix,) 01). Let

neNg’

n—1
k=0

Then (Sy)nen, is additive and (|Sp|)nen, subadditive.

Proor. Additivity of (Sy)n is immediate, since ¢ = ;. Moreover we have:

n+m—1 n—1 n+m—1
wwz\ AR AR S
k=0 k=0 k=n
m—1
= ’Sn’ + Xko@n = ‘Sn‘ + |Sm’090n~
k=0

0

Example 5.3. (discrete version of linear stochastic differential equation) Let By, By be
d X d matrices with real values, W a one-dimensional Brownian motion, 6; the shift by
time one on Wiener space. We consider the discrete version

Tnt1 — T = Boxp + Bi(Wyi1 — Wy)
of the stochastic differential equation
dxy = Boxydt + Bz dWy.
The discrete equation may be written

Tptl = (I + By + B (W1 — W()) o 0”)a:n = (A o 9”) T,
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with the random matrix A4 : Q — R given by A = (I + By + By(W; — Wp)). This is
a special case of the following example. On a probability space (£, #,P) with measure
preserving map ¢ let a random matrix be given, i.e. a measurable mapping A : Q — R4,
Moreover let

Ay = (Ao H(Aop"™2) ... A and thus
Y, = log| A, | (neN),
where || .|| denotes a matrix norm. Then (Y,), is subadditive.
PRrooFr.
Yosm log|| (Ao ™ T op™) -+ (Aoglop)(Aop"!) .- A

log || (Am 0 ¢") An ||

log [([| Am [l o¢™) || An ]

Norm
<
= log ([Amllop™) +logllAn|| = Yinop" +Y,.

O

Now we aim at getting a convergence statement for subadditive (Y},),. This will be
achieved in the subadditive ergodic theorem 5.7 of Kingman. For this we state the three
following Lemmas.

Lemma 5.4 (Riesz). Let u,...,u, € R (n € N). With

0, j=0
S5 = .
w+---+uy, je{l,...,n},
define

vj = Vjp = ke?;axn}( Sk — Sj) = max{ 0, Ujt1, Uj+1 + Ujp2, Ujpl + -+ Un }

for 7=0,1,...,n. Then we have:

n—1

> uit Lm0 = 0.
j=0
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PRrOOF. 1) First we have for all j € {0,1,...,n}:
v; = max{ 0, ujt1 +vj41 } = (uj41 +vj41)" .

This follows directly, since

vj = max{0, wjy1, Ujp1 + Ujyo, Ujp1 + -+ Up } and
= max{0, max{u;41, ujt1 + Ujy2, U1+ Funtt
= max{0,uj41 + max{0, ujy2, uj1o + wjts, - ujp2 + -+ upt}

= max{0, uj1 + vjq1}-
2) By 1) we have:
vj < Vi1 F Uil o (7 €1{0,1,....n}).
Indeed, if v; = 0, this is trivial, and in case v; > 0 we have:

1) v; >0
0 < vj = (Uj+1 +’Uj+1)+ = Vj+1+ Ujt1.

3) From 2) now follows the claim of the Lemma, since:

0 <w = wv—vy = z(vj_vj—i-l) < Z Ujr1 gy, >0 -
j=0 j=0

0

In the proof of the subadditive ergodic theorem of Kingman we will compare subadditive
sequences (Y;), with additive sequences X,, = Z?;Ol Xo o ¢". For this purpose we need
the following auxiliary argument, for which the preceding Lemma of Riesz will be useful.
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Lemma 5.5 (maximal inequality). Let (Y,)nen, be superadditive on (Q,.7,P,¢) and
assume Yy, > 0 for all n. Moreover let X > 0 be an integrable random variable; set

n—1
V= sup(Y,—X,)— Y0, where X, = ZXocpi.
n€Ng i=0
Then we have: E(Y, |.7)
E(X 1lysop|#) < sup ————=.
neN n
k=1 '
PRrROOF. Let vj, := max (Yk—Yj - > Xogp’) for j=0,1,...,n.
ke{g,...n} i=j
1) At first we have:
n—1 .
Y, =Y Xoyl gy, 0 (neN);
§=0

since with Yj11 >Y; (by superadditivity and Y;,, > 0) we obtain:

n—1
Yn > Yn_}/z) = (}/}+1_}/})
j=0
n_l 54 N1 A
2 (Vi1 —Y)) lyy,50p 2 Z Xoy! 1g,, >0,
j=0 j=0

where the last step follows from Lemma 5.4 with uj :=Y; —Yj_1 — X o /71,
2) From 1) we get:

n

E(Yn|f) > E(X1{00k>0}’f) (TlGN);
k=1

since for k > j by superadditivity Y, —Y; > Yj_;o0¢’ and thus v, >
Vo(n—j) © ¥’ , hence in summary (with the measure preserving property of ¢):

3
—

E(Y,|.7) > E(XWJ‘ 1{vjn>0}‘ ,ﬂ)
=0
1

<
I

3

n

E( [X l{vo(nfj)>0}} © ('Dj ‘ j) = L E (X Livgr>0} | j) :

v
kﬁ.
=}

3) By Fatou and {vgx, > 0} {V >0} (k — oo0) we obtain from this:

E(Y,|.#) 2 .. . .1«
> — > .
sup ——--— > liminf };E(X Livges0y | #) = E(X Liysgy | #)
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Lemma 5.6. If Z is a measurable function on (Q,.F,P, @) with Z > Z o ¢, we have
Z = Zo . If in particular (Yy)nen, is superadditive and

— Y, Y,
Y := limsup —, resp. Y := liminf =,
nooo N n—oo 1

we have:
Y =Yooy, resp. Y =Yoop.
PrROOF. We first prove the statement on Z and for this assume Z > Z o ¢ on
a set of positive measure, so
P(Z>q>Zoyp) >0
for some ¢ € Q. Then we get:

P(Z<q) =" P(Zop<q)
= P(Zop<q<Z)+P(Zop<q,Z<q)

% P(Zop<q<Z)+P(Z<q)
=0
> P(Z<q),

a contradiction.
With what has just been proved, it now remains to show:

Y >Yoop, resp. Y >Yoyp;
but by the superadditivity of (Y},), we now have:

Yn+1 > Yy Y, o 2
n+1l — n+1 n+1
Y1 n Y

— 4 n .
n—+1 n+1no<p

Theorem 5.7 (subadditive ergodic theorem, Kingman).
On (Q,.7,P,p) let (Yn)nen be a superadditive sequence of integrable random variables.
Then we have:

Yn P-a.s 1
— 45 —EY,|f) = v < .
nws}ggn(n\) T
Here v is integrable iff sup %E(Yn) < 00 . In this case we also have

neN

Y, 1

e CONN

n n—o00

Moreover there exists a set Q € & with Q C o' Q and P(Q) =1, so that we also have:

Y., -
— S5ty on Q.
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PROOF. To simplify notation we set Yy := 0 (else replace Y,, by Y;, — Yy, n > 0);
then (Y5, )nen, is furthermore superadditive.

1) We first show that we can assume wlog

Y, >0 (n e N).
For this purpose let
n—1 )
Gn =Y, — F,, with Fp =) Yioy'.
i=0
Then
Y, = G, + F,.

The sequence (F},), is an additive cocycle, so that the assumed integrability
provides due to Birkhoffs ergodic theorem 4.1 a random variable vr such that

F,
— = F
n
P-a.s. and in L!(P). The claims about Y follow, if we have shown
Ghn -
— — (P-a.s. and in L*(IP)),
n
since then in particular
Yy -
— — ¢ +F (P-a.s. and in L*(IP)).
n

But now by inductive application of superadditivity

Gn = —Yi-Yiop— - =Yiog"? —Viop" ! + ¥,
> —Y1 —Yiop— - = Yo" P 4+ Y,
> Y1 —Yiop -+ Yy
Z ......
> =1 —Yiocp+Y, > 0;

on the other hand superadditivity of (Y,), is transferred to (Gp),. There-
fore the claims for (Y;,), reduce to corresponding convergences for the positive
process (Gp)n-

2) We further prove that wlog we can assume
Y, >n (neN):

Since Yi4m +n+m > Y, +n+ (Y, +m) o™ with (Yy,), also (Y, +n), is
superadditive. If % — v/, so also % —y:=9 1.
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3) % — ~ P-a.s.: For this we show Y <~ and Y > ~, where again

— Y, Y,
Y := limsup — resp. Y := liminf ~* .
n—oo N n—oo N

i) Y <~ P-as.: For 2 <r €N we define
. = 1
X" == min{r,Y —-} > 0;
T

with this the inequality follows, since by 2) Y > 1. By Lemma 5.6 we have
n—1 .
moreover X" = X" o, hence X] := > X" o¢' =nX"; with this we have
i=0
V= sup(Y,—X,)—Yy = sup(Y¥,—nX") > 0;
n&€Np n€Ng

here the latter inequality follows from the definition of X": in case Y, < nX"
for all n € Np, the contradiction Y = limsup ¥» < limsup X" = X" <V
would follow. Hence with Lemma 5.5:

But from this as r — co: Y < v P-a.s..

ii) Y >« P-a.s.: First we have that (Y},), is increasing, by superadditivity and
positivity; from this we conclude:

k n—1 n—1
FYpper 2 Y (Vi = Yiuo1) = Y (Yjk = Y)) (k,n € N);
I=1 j=0 j=0

consequently for each k € N:

Yy = hminfM
n—oo n+k—1

S SN
= liminf ntk
n—o0 n

.. kY
lim inf D ontk—1
n—o0 n

v
T = I

n—1
Yk — Y
lim inf g e R (prec. rem.)
n—00 o n

v

El

n—00 n

n—1 Y. o j
lim inf Z koY (superadditivity)
j=0

- %}E(Yk | 7) (Birkhoff 4.1)

hence also Y > ~.
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4) ~ integrable < sup 1 E(Y,) < oo: For this let Z,, := % From what has
neN
been shown: Z, — v P-a.s. and Ey > EZ,, ; therefore ‘="’ has been shown.

7¢="" follows with monotone convergence.

5) If 7 is integrable, we have: Z, = % — v in LY(P).
In fact, by 0 < (v — Z,)" < v we have on the one hand

E((y=2Zu)") = 0;
and on the other hand also
0 <En~r—-2%2,) =0
by Fatou, so that we also obtain:
E((v=2n)") = “E(v=Zn) +E((v—=Zx)") = 0,

and thus in summary
E("Y_Zn‘) — 0.

6) existence of Q € .# with Q C ¢~ 1Q, P(Q) =1 and % — v on Q: By
Lemma 5.6 Y and Y are invariant. Therefore also

Q={Y =Y}

is invariant; the remaining properties follow from what has been proved (evtl.
choice of an a.s. equal strictly invariant set). O



6. The theorem of Furstenberg-Kesten

Let (2,.7,P) be a probability space with a measure preserving mapping ¢ :  — Q and
A Q — R4 3 random matrix. We now investigate the asymptotics of

Ap(w) = (A o go"_l(w)) (A o cp”_z(w)) (Ao p(w)) (A(w)) (we). (2

Example 6.1 (deterministic, symmetric matrix). Let A € R?*? be symmetric. Then
there exists a diagonalisation of A with real (A symmetric) eigenvalues 6; > -+ > d4;
hence there exists an orthogonal matrix O, so that we have

01 0
A = O0*DO with D = )
0 0
Here we assume 61 > --- > §4, i.e. the eigenspaces F; belonging to §; are one dimensional.
Moreover let x; be an eigenvector in F; and

Vi — Ej@Ej+1EB"'@Ed, j:1,...,d,
T {0y, j=d+1.

In this setting let € V; \ Vj41. Then = can be written as
d
x:Zakxk with a; #0.
k=j

So we have by linearity of A, since xj are eigenvectors:

d d
Ay = ZakA”xk = Zakél’jmk,
k=j k=j

hence

d
1 1
Zlog|A"z| = —1 57
~log|A"z| ~log ijak e

d n
]_ 5 n oo
= — |logd] + log E Qg (k> Tk BAEAN log d; .
k=j

3

We also have the reverse conclusion, in summary:

.1 n )
reVi\Vis1 nl;rrgoglog\\A z|| = logd; (j=1,...,d).

We now aim at showing this analogously also for the sequence (A"),, from (2).
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Definition-remark 6.2 (decomposition according to singular value). Each A € R*¢
possesses a singular value decomposition, i.e. there are orthogonal matrices U,V and a
diagonal matrix

01 0
D = .
0 0d
with 7 > --+ > d4, such that we have
A =VDU.
Thereby 61,...,04 are the eigenvalues of (A*A)l/2 and for the operator norm we have:
|A]l = 61.
ProoOF. First of all, A possesses a polar decomposition, i.e.:
A = W(A*A)Y?  with an orthogonal matrix W .
(In case A is non-singular, this follows with W := A(A*A)"Y/2 ). Let now
D :=diag (01, ...,d4) be the diagonal matrix with eigenvalues §; > --- > d4 of
(A*A)'/2. So the positive semidefinite matrix (A*A)/? can be written as
(A*AV? = U* DU
with an orthogonal matrix U. In summary we have with V := WU*
A = W(A*AY? = WU*DU = VDU .
0
Remark: If ej,...,eq are the canonical unit vectors in R? then Ue; is the vector in

direction of the i-th main axis of the ellipsoid (A*A)/2(S% 1) and §; describes the dilation
in this direction.

For the construction of the analogues of d1,...,d04 in example 6.1 for the sequence A,
defined in (2) we need information on how A, acts on linear subspaces of R? of any
dimension below d. These linear subspaces are elements of the Grassmannian manifolds
which can be defined via exterior products. In the Theorem by Furstenberg-Kesten we
shall investigate the asymptotic behavior of the singular values §;(4,) for 1 < i < d as
n — 0o.

Definition 6.3 (exterior product). For a d-dimensional linear space E let E* be the dual
of E and
ZH(E*) := {k-linear forms on (E*)F} (k=1,...,d).

We thus define AFE, the k-fold "exterior product of E”, as
AE = {f e Z*E*) : f alternating },

hence as the collection of all k-linear, alternating multilinear forms on (E*)* .
An element f € AFE is a k-linear mapping

f:E"x---xE" — R,
R —

ktimes
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which is alternating, i.e.:
f( s Ly oo 3Ty, ) = —f( yLjy e s Tg, ) (Z#j)

Lemma 6.4 (alternating maps). For f € ZL¥(E*) the following are equivalent:

i) f € NFE;
ii) f(x1,...,zk) = 0, 4f (x1, ... ,2zk) not pairwise different;
iii) f(x1, ... ,2x) = 0, 4f (x1, ... ,2x) not pairwise linearly independent;
W) f(Tray, s Tr)) = sg(m) f(z1, ... ,28) for all m € & .
PROOF. 1i)&iv) follows from the representation @ = 73 o --- o 7, with
permutations of two elements 7; , hence sgn(7;) = —1.
i)=ii): If (x1,...,7,) are not pairwise different, from the definition
of an alternating mapping we obtain by exchanging equal elements:
fley, .o xg) = —flxy, .o ok) .
ii)=iii): Let wlog =z = Z;:ll ajz;.  Then with linearity and ii):
k—
f(xl, ,l‘k) = Zi:ll aif(xl, ,(L'kfl,l'i) =0.

iii)=-ii) is trivial.
ii)=-1): Let wlog k = 2. Then we have for z1,x2 € E*:
0 = flx1+m2, 21+ 22)
= f(z1,21) + f(z1,22) + f(22,71) + f(22,72)
= fl@n,22) + fz2,21),
hence f(x1,z2) = —f(x2,x1). O

Definition-remark 6.5. Let f € A*E and ¢ € A'E, where E denotes again a d-
dimensional linear space and k,! € Ng. Then

1
Faglan, o) = o > sen(m) £ (@r)s - Ta(e) 9 @r(iat) s - s Taers))

) ﬂ€6k+l

is called the exterior product of f and g and we have: fAge AFTLE.
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PrRoOOF. We have: fAg e Z™(E*) with m := k+ 1. To see that f A g is
alternating, we apply 6.4 iv); for arbitrary z1,...,x,, € E* let

1
CL(ﬂ') = m f (xw(l) y e 7'%'7r(k)) g (xﬂ(;ﬁ_l) y e 7-%'7r(m)) (ﬂ' S Gm) .
Then
FAG(Trays o 5 Trm)) = Z sgn(7’) a(n’ o )
' ECm
= sgn(m) Z sgn(r’ o) a(r’ o 7)
eGm
= sgn(m) Z sgn(o) a(o)
ceG,
Lemma 6.6 (associativity of the exterior produ o) f A g m)
Let fe NFE, g€ N'E and h € N™E with k,l,m é IQT T%en we 'h'ave .

0
(fAg AR = FA(gAR).

PROOF. Let n :=k+Il+mand T := {7 € &, : 7(i) =ifori > k+1}
moreover let for arbitrary z1,...,z,, € E* and 7 € G,
( ) =f ( Lr(1)y - 7x7r(k)) g (xw(kJrl) ) v 7x7r(k+l)) h (xw(k+l+1) y v )Jjﬂ(n)) .

Herewith by twice applying Remark 6.5:
1
RCEE 2 58 k:'l' D sen(r) alo o)

066 TET
1
= (k:—i—l)' Z Z sgn(ocot)a(oor)

TEY 0€Gy

1 card(T
R Uml (k+z)3 > sen(v) a(y)

v€G,

= e O () aly).

vEG,

Since we obtain this result also, if we (with identical steps) calculate (f A (g A
M) (1, ... ,x, ), the claim is proven. O

Hence it is clear that expressions such as
fiN. . Afm  with f e AME

are uniquely determined. Thus we have:



40 The theorem of Furstenberg-Kesten

Lemma 6.7. Let f; € A\ME forl e {1,...,m}. Then we have with n :=ky + --- + ky,
1
Ancnfm = ]] i > sgn(n) fr
1<Il<m TeGy,

where fr with i :== ki + -+ kj_1 is defined as

fﬂ'(xla s 7$n) = fl (‘rﬂ'(l)7 SUR) xﬂ(il)) f2 ($W(i1+1)7 SUR) xﬂ(ig)) T fm (xﬂ(im-‘rl)? ce 7x7r(n))'

ProoOF. This follows by induction on m. The case [ = 2 is just the definition
of 6.5; the case [ = 3 is shown in the proof of 6.6. ]

Lemma 6.8. Let e1,...,eq be a basis of E** =2 E and by,...,bg the dual basis of E*.
Then we have for all f € AFE :

f= Z iy iy €ig N oo N €y = Qg = f(bila--'>bik> foralliy < - - <ig.
11 <<t

PROOF. Note first that for ¢; < --- < i and j; < --- < ji from Lemma 6.7:

AN AY T (bjl e 7bjk) = Z sgn(w) €iy (bjwu)) Cee €4y (bjﬂ'(k))

TES
= Z sgn(m) 5i17j7r(1) 5ik7j7r(k)
TeS
= 6i1,j1"'5ik,jk (dai1<---<ik)
o ]-7 1f21:j1772k‘:.]k‘
0, else.

¢

="" follows directly from this remark;

e Let g = zi1<~-~<ik fbiys-ooubiy) e, Ao Nej, € AEE . By above re-
mark we have f(b;,,...,b;) = g(bi,,...,b;) for all iy < --- < iy; by linearity
therefore f and g are equal on (E*)*, O

Lemma 6.9. Let ey,...,eq be a basis of E** =2 FE and k € {1,...,d}. Then
{eil/\.../\eik : 1§i1<...<’ik§d}

is a basis of N*E. In particular we have:

d
dim AFE = .
1m <k>

PRrROOF. To prove this, we choose a basis by, ...,bs of E* dual to eq,...,eq and
apply 6.8. O
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Definition 6.10 (scalar product). Let by, ..., by be a basis of E*. Then
<fvg> = Z f(bZ17abZk)g(bz1aablk) (f?gE/\kE>
i1 <<,
defines a scalar product on AFE.
Lemma 6.11. For the scalar product from 6.10 we have:
(g Ao Aug, v AL AL = det((ui,vﬁ)lgdg (uj,v; € E) .
In particular we have for the associated norm.:
|u1/\.../\uk| = \/det(<ui,uj>)1§i’jgk (ui,viEE) .
PROOF. The right hand side h(uq,...,ug;v1,...,05) = det((ui,vj>)1<ij<k
for fixed v1,...,v is an alternating multilinear form in wuq,...,u; and vice

versa, i.e. h(.;vi,...,v5) € AFE* and h(uy,...,ug; . ) € AFE*. Ifeq, ... eq
denotes the dual basis of by,...,b; of F, and if we apply Lemma 6.8 twice,

we obtain:

h(ut, ..., up;v1,...,0k)

= Z h(€iy, .- yeiivi, .., vg) big Ao A by (ug, ...

1< <ig

= Z Z h(eil,...,eik;ejl,...,ejk)bl-l/\...

1 <<t 1< <Jk

,Uk)

A bik(ul, - ,uk)

-bjl/\.../\bjk(vl,...,vk)

= Z bil/\.../\bik(uh...,uk) bil/\.../\bik(vl,..

1< <ip

= Z ul/\.../\uk(bil,...,bik) Ul/\-“/\vk(bila--

i1 <<,
= (up A Aug, V1 A... Avg) .
Remark: In particular the preceding statement

holds for F := R? = E* (with the canonical basis).
The norm

lur A ..o A | = \/det(<ui,uj>)1§i7j§k

provides for E = R? the k-dimensional volume of the
paralellipiped spanned by w1, ..., ug.

- Uk)

S biy)
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So we have e.g. in the case k = 2:

1/2
|ug Aug| = det (ur,u) {ur,ug) )
(ug,u1) (ug,usg)
2
- det< > ] fusl cos&)l/
[ur| [uz| cos® [ug |?

= (Jual? Jua]? (1 = cos?0) )"/

= |uy| |uz] | sin @]

Since we want to study the action of A on k-dimensional objects in R?, we now consider
the k-fold exterior product of a matrix:
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Definition-remark 6.12. Let A € R%*?. Then by Lemma 6.9 via
/\kA(ul/\.../\uk) = Auyp A N Auy (uiERd)

a linear operator AFA : AFRY — AFR? is defined, the k-fold exterior product of the matrix

A. For this we have:
i) NlA=A,

NA =det A (by Lemma 6.7),

i1

(AFA)~L = AFA~L if A invertible,

iv

i) A
i)

iii) A*(AB) = (AA)(A*B),
)

v) AF(cA) =cF AF A for c € R,

vi) AFU orthogonal, if U orthogonal and in this case we have (AFU)* = AFU*.

Lemma 6.13 (exterior product of a matrix and eigenvalues). Let A1, ..., \q be the eigen-
values of A € R¥™4. Then A A has the eigenvalues

{Xiy - X 1< < <ip<d}.

PROOF. If uq,...,uq are the eigenvectors of Ay, ..., Ay, fixing indices 1 < i1 <
- < < d, we get:

/\kA (uil/\.../\uik,) = Auil VANPIAN AUZk
= AU AL A )\ikuik
= (>‘%1>‘Zk) (uil/\.../\uik),

so that A;, --- \;, is an eigenvalue with eigenvector u;, A...Au;, . For dimension

reasons these are all eigenvectors and hence all eigenvalues. (|

Lemma 6.14 (exterior product of a matrix and singular value decomposition).
For A e R4 Jet § > ... > 64> 0 be the stngular values and

A=VDU
a singular value decomposition, where D = diag(d1,...,04). Then we have fork =1,...,d:
i) AFA = (AFV)(AED)(ARU) st singular value decomposition of AFA;

i) NED = diag (6;, -+ 6, : 1<ip < - <i < d).
Hence 61 - - -0y, is the biggest resp. dq_ji1 - - 04 the smallest singular value of AFA.

iit) For the operator norm we have:

| AR Al =010k, |detAl=|ATA|=081---0q and | AF A| < |A|F.

PROOF. i) and ii) follow from Remark 6.12 and Lemma 6.13; iii) follows from
ii) and the definition of the operator norm || - || . O
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Theorem 6.15 (Furstenberg-Kesten). Let (2,.%,P) be a probability space and A : Q —

R4 o random matriz, for which we have

log* || A(.) || € L'(P). 3)
Moreover let as in (2)
Ap = (Aog"™h) (Aog"™®) - (Aoyp) A

with a (P-)measure preserving map ¢ : Q — (). . .
Then there exists a set 0 € F with P(Q) = 1 and Q C ¢ 1(Q), and there exist
measurable functions

A — RU{—oc} (k=1,...,d)
with ’y(k)+ € LY(P), such that for all w € Q and k,m € {1,...,d} we have:
1
(k) —  lim - k
7WW) = lim —log| A Aun(w)]l,

B (o) = W),
Frmw) < YW () +9M(w).

Y S
If we define recursively random variables
Ap: Q— RU{—o0} (k=1,...,d)
by
A +...+ A, =%
with
Ap = =00 on {7¥ =—c0},
we have for allw € Q and k € {1,...,d}:
1
Ap(w) = lim —logdg(An(w))
Ap(pw)) = Ap(w),
AMw) > Aw) > ... > MNw) (= —0).

If P is ergodic, so ~%) and Ay are constant by the invariance above (on Q), hence
B =E(®) and A =E(Ay).

Proor. 1) Let
YF = log| AF A, meNk=1,...,d);

then (Y*),, for each k = 1,...,d is subadditive: in case k& = 1 this had been
shown in 5.3; for £ > 1 the calculation can immediately been transferred, since
for all matrices B, C' we have: A¥(BC) = (A*B)(AFC). Consequently with A
also each A A is a cocycle, i.e. we have:

AF A = AP A, 0™ - AR A, .

Hence subadditivity of (Y;¥),, follows.
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2) The existence of Q and v*) with the claimed properties follows from The-
orem 5.7, applied to (—Y,¥),, ; it remains to prove:

but this follows directly from the characteristic property of the 4*) and the
norm inequality

EARF™ An|l < AR Anll - | A™ Aal-

3) We now prove the claims with respect to Ay : By Lemma 6.14 we have for
k=1,...,d:

k

1 1

Sl || AF Al = = 3 logdi(An).
i=1

We have A; =+ and for w € Q we obtain successively:

1
M) = 7* (@) — /W) = lim loghia(4y)
n—oo N
if v¥(w) > oo; if this procedure ends, i.e. if 4% (w) = —o0, then also ¥ (w) =
—oo for all £ > kg and thus also Ay = —oco for all k& > kg. The remaining

statements hold true by
51(An) > a(An) > ... > 0a(Ay)

and the respective expectations exist by hypothesis. O



7. The multiplicative ergodic theorem of Oseledets

Let (92,.#,P) be a probability space with a measure preserving mapping ¢ :  — Q and
A Q — R™4 3 random matrix. According to (2) we define

4 (Ao ) (Aopn?) o (Aop) A, neN,
o I, n=20,

the cocycle generated by A; A, is therefore a cocycle over ¢, i.e. we have:
Apim = (Apo™) - Ap, (m,n € Nyp),

as has already been used in the proof of the theorem of Furstenberg-Kesten.

We are now interested in the asymptotics of |A,z| for z € R? as n — co. We trace this
behavior back to the theorem of Furstenberg-Kesten by means of the following (determin-
istic) proposition 7.3. To prove the convergence statements therein we first establish two
Lemmata:

Lemma 7.1. Let ® € R by symmetric with spectral decomposition

= i AP,
i—1

where r < d and \; the eigenvalues and P; the corresponding orthogonal projectors on the

eigenspaces. Let
Tn

o, = Y MNP

=1
equally symmetric d X d-matrices, so that we have:
n—oo

i) \f ——— \; for all k € X;, where ¥; # 0 are sets of indices (i=1,..., 1);

i) Pri= Y PP P foralli=1,.
kel

Then: &, LNy

Proor. With the convergence statements we obtain:

1=1 kex;
-y Z(AZ—A P (Y PE-PR) | =0,
i=1 L ke¥; keXx;

—0 —0
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Lemma 7.2. Let P,Q be orthogonal projectors in R?, such that we have:
dimU = dimV =1, where U :=ImP and V :=1ImQ .
Then:
(U, V) = [[P=Q = |zAy|l = [sinal (z €Uy eV with |z| = |y[ = 1),

where a is the angle between x and y. Consequently § is a complete metric on P!, the
projective space of all one dimensional linear subspaces of R2.

PROOF. The second equation has already been proved in the remark after

Lemma 6.11.
P —QJ| = |rAy|: As in the remark after Lemma 6.11 we further obtain:
I y
1/2
(z,z) (z,9) >
x A = det
= A9 < (v, 2) (y,y)

= [{z,y)|
1I-Q) P
= P-Q)P] < [P=-Q],
where the idempotence of orthogonal projectors has been used besides the fact
|AB|| = ||BA|| for orthogonal projectors A, B.
Note that ||[PQ|| = [(z,y)| = |cos(a)] = [{z*,y ") = [|(I = Q)(I - P)|I.
On the other hand for w € R?:

[(P-Qw[> = |(P-QP)w—(Q—QP)w/|?
= |(I-Q)Pw—-QU~-Pw|
= |I-Q)Pw|* + |QU - P)w|
< |U-QP|*|Pw* + |QU-P)||* |(I-Pwl|?
N——’
II-Q)P|?

(I =Q)P|?,
hence
1P=Ql < [[T-Q)P].
In summary we proved:
[P=Ql = [I-Q)P| = |zny|.

O

The following deterministic theorem serves to prepare for an application of the theorem
of Furstenberg-Kesten.



48 The multiplicative ergodic theorem (Oseledets)

Proposition 7.3 (Goldsheid-Margulis). Let (A, )nen be a sequence in R with, the prop-
erties:

1
limsup — log [|A,]| < 0 (4)

n—oo T

and assume that &, := A, --- A1 fulfils
1 . .
m i —. ~(0) _
nlg&ﬂlog”/\ O, = 7" € RU{—o00} (5)
for each i =1,...,d. Then we have:

i) There exists (in the topology of the operator norm) the limit

U= lim (@ ¢,)*" > 0.

n—oo

Defining successively A; for i =1,...,d by Ay +---+A; = ®
(if A = —o00, set A; = —00), then the eigenvalues of ¥ are given by

eAl, ey el
and we have
.1 .
Aizr}i}n;oﬁlogéi(Qn) (i=1,...,d).
ii) Let
e << eM
the different (!) eigenvalues of ¥ (where A\, = —oo is possible), Up,...,Ur the

corresponding eigenspaces with d; :== dimU; and let

Vo {{0}, i=p+

Uy®---®U;, i=1,...,p.

Then we have:
Vor1 CVpC Vi Coo-C Vi =RY

and for each x € R?\ {0} there exists the Lyapunov exponent

1
AMz) == lim —log|®,x]|;

n—oo N

we have for all i =1,...,p:
."L‘EV;\V;+1 <~ )\(:E):)\l

resp. equivalently:
Vi={zeR?: Az)< \}.
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PROOF. In case d = 1 nothing needs to be proven, since then ®,, € R and the
claims follow directly from the hypotheses.

For simplicity we now confine our attention to the case d = 2; the general case
can be proved in a similar way, with more technicalities (see Arnold [AR 98|
pp. 144-152).

A = 1i_>m Llog §;(®,) for i =1,2 | This follows from (5) with Lemma 6.14 iii):
n—oo

5 .. 1 614 ;. 1
M= D lim = log @ ! lim =~ logdy(®n)

if now A; = —o0, hence v = —o0, by (5) also 42 = —oo = Ag; on the other
hand in this case

1 1
—log 62(®,) < —log d1(P,) — —o0.
n n

If A1 > —o0, we get:

1 1
Ay = 4= Ay = lim —log | A® @l — lim —logd;(Pn)
01(Pn)d2(Pn)

1
= lim —logda(®,).
n—oo n

convergence of operators and Lyapunov exponents | Let now

¢, =V,D,0,

be the singular value decomposition of ®,,, with

D= ("0 s )

from this we obtain:
(@ @,)/2" = (0,D20,)*" = 0;DY"0,

this matrix has eigenvalues 81 (®,,)"/™ and §5(®,,)"/", which according to what
has been shown above converge to e and e’2; so we have the following con-

vergences:
1/n
Dl/nE (51/ ((I)n) ) 0 n—00 CAI 2 .
" 0 8" (@) 0 b

Now the difficulty is that the convergence of O, in general is not guaranteed;
but it is enough to prove convergence of the respective eigenspaces for which
Lemma 7.1 has been established.
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1. CASE: A1 = As =: A1 : As just seen we have D}/n — eM] and Lemma 7.1

imply
(&0, 1/20 2%,

with ]51" = P + P3'. Moreover we have immediately: Vi3 = Uy = R?2, p=1
and d; = 2. Therefore we only have to prove that for all z € R?\ {0} we have:

1
AMz) = lim —log||®pz| = A1
n—oo N

For this let first Ay > —oo; then from the already proven characterization of
Ay, it follows that for each € > 0 there exists c. € (0, 00) with

Lenti=9 < §,(@,) < ce?™), =102,
Ce

Setting z, := Opx, we get

(@01 = [VaDnOnt| = |Dutn| = (01(@0)* ()2 + 62(@n)%(22)?)

n
with 2?, denoting the components of x,,; in summary we therefore have

me”o‘l_e) < |Dpz| < ]a:\cee”()‘1+e)
Ce

)

whence we obtain that A(z) = A;.
If A = —o0, we can in the same way find for each r < 0 a ¢, € (0,00) such that

0 < 6;(Py) < cre™™, 1=1,2.
As above we then infer:
0 < |Ppx| < |x|cre™,

from which we conclude as above: A\(x) = A;. So the theorem is proved in case
A = Ao

. CASE: \{ = A1 > Ay = Xy : Here we have

pin— (8@ 0 s (M0
TELUT 0 0 )

To prove the existence of ¥, we have to show that the orthogonal projectors
PP, Py on the eigenspaces UP, U3 of (®%®,)/?" converge to orthogonal pro-
jectors Pp, Py, since then Lemma 7.1 yields:

(@} D)L/ T, Mp pepy = W,

This will be proved in the following Lemma by means of a Cauchy sequence
argument. For this purpose we remark that the eigenvectors of (®*®,,)'/2" =
O:ZDTI/HOn are given by u’ := O}e; (i = 1,2), where (e1,ez) is the standard
basis of R2. In particular U = span (u}'), i =1,2.
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Lemma 7.4. In the situation above (‘2. case”’ in the proof of theorem 7.3) we have:

1
limsupﬁlogd(Uf,Ui"H) <AXd—X <0 (i=1,2).

n—oo

In particular (UM)nen (i = 1,2) is a Cauchy sequence in the projective space P, that hence
converges to U; € PL. Moreover, this convergence takes place with exponential speed:

lim sup — logé(Ui”, U) < A—M (1=1,2).

n—o0

ProOF oF LEMMA 7.4. Wlog let hereby ¢ = 2, since U7 is orthogonal to Uy,

but the metric § on P! is invariant with respect to orthogonal transformations.
By orthogonality of all (u’f“, u§+1) we may represent uj as

uy = anui™ 4 BLultt (n € N).

1) §(U3,US) = |an|, because:

§(Us, U5 =g AuptY

|(O¢nu7f+1 + Bnu”H) A ug'H]
= ow| [uf ™ Aupt

= |05n‘7

where orthonormality of u} and u§ was used.

, n+1 ecause: First we have
(U, U5 < (| A |52, b Fi h
[Prrus| = Jen®npuf T + Bu®pyrus

= |an Vn+1Dn+lOn+1 On+1€1 + ﬁn Vn+1Dn+1On+1 O:L+162|
lan, 01(Prt1) Virrer + Bn 62(Ppt1) Virrez|

> ap 01(Ppt1) Vataen]
= ‘an’ 01(Pny1) ;

on the other hand
Bt = [Ane1®otif] < [ Aper]| [9n03] = [[Ansr] 52(®,) |

hence in summary

nt+1y D | Pt 1uf| < A d2(Pn)
6(U27U ) ‘ 71‘ = 51(@71-1—1) = H n—l—lH 51((I)n+1) .
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3) First claim of the Lemma: by what has just been proved we get:

1 1
hmsup—logé(UQ,U”“) < 11msup—log||An+1H

n—oo N n—00

+ lim sup — log 92(Pp)
n

n—oo

- lggg.}f —log 61(Ppt1)

< 0+ X — A1,

where we use the first hypothesis of theorem 7.3 and the convergence result
already established.

4) (UR),, converges in P! to some U, : For this purpose let ¢ < A\; — A2 ; by
what has been shown we can choose ng € N such that

1
1og5(U2,U”+1) <X—-AM+e (<0) (Yn > ng).

But then we get for ng <m <n:

(5(U2 , UTH-I) < Z 5 U2 , Uk+1

IN

Z oF2—Ai+e)
k=m

)

Z ek()\g —A1+e)
k=

em()\2—>\1+€) 00

= 1— e>\2—>\1+8 0 )

IN

where the summation formula for geometric series was employed.
5) Second claim of the Lemma: with the arguments just used we also get:

1

Aa—A1+
6(U2n7U2) < en( 2=A1+e) 1 — er2—Aite

and therefore
lim sup —logé(UQ , UQ) < do— A +e.

n—oo

Now the claim follows with € — 0. O
Lem.
7.4
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CONTINUATION OF THE PROOF OF PROPOSITION 7.3. As orthogonal projectors
Py, P> we now choose the projectors on the spaces Uy, Us existing due to Lemma
7.4. By Lemma 7.2 and Lemma 7.4 we get the convergence

pr 12, py (i=1,2).
In summary we obtain
(®F @)1/ 122, Mp pepy =

It remains to prove the claim on the Lyapunov exponents; hereby Vo = Us C
R? =V, such that it remains to prove:

1
zeW\{0} = ILm - log || ®,x|| = A2 and
n—oo
1
reR*\ Vo — nli_)rgoﬁlogH(I)an =A1;

where in each case we may assume |z| = 1.

z € V3 \ {0} = lim % log |®,,z| = A2 : We represent x as

T = anuy + faug
hence again
O, = ap@uul + BnPpuy = a, 01(Py) Vier + B 02(Pr) Viea
and thus

1Bl 62(®n) < [0 61(@,)% + B2 62(2,)%] % = |Bpa]

as in the proof of 1) of Lemma 7.4 we obtain from Lemma 7.2: §(U%, Ug‘“) =
|an |, since & € Vo = Us; consequently by Lemma 7.4 also

1 1
lim sup — log |, | = limsup—logé(Uﬁl,Ug) < Ad—A < 0;
n n—oo N

n—oo

thus we infer:
o
B2 =1-02 221,
and therefore in summary:

Ay = lim —log(|Bn|6g( n))

n—oo N,

< hmlnf—log]@nxl < hmsup log|<I>nx|

1
= 5limsupnlog[Oé 51(Pn)? + B7 62(Pp)?]

n—0o0

1 1

< - max{limsuplogoziél(q)n)2 , hmsup—logﬂ2 92(Py) }
2 n—soco N n—o0

< max{()\g—)\l)—i-/\l , 0+)\2}

A2 .
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z € R?\ Va = lim L log|®,2| = A; : Here we represent  as

z = au+ fv
with unit vectors u € Uy and v € Uy = V5 ; the latter are represented by
v = apul + Brub resp. u = ypui + dpuy .

Also in this case we necessarily get from Lemma 7.4: «,, — 0, d,, — 0 and thus
|Bn] = 1, 7] — 1 (in projective space we have by Lemma 7.4: u} — w and
uy — v).

Therefore we have as above:

1/2
of [l 31(®n) < [(@7n + Ban)? 81(@0)? + (ady + BBa) 62(@0)?]
= [®yz|;
noting that by the position of x always a = (z,u) # 0, we in summary again
obtain:
A= i L 1 01(P
L= lim —log(Ja] bl (@)
1 1
< liminf —log|®,z| < limsup — log|®, x|
n—oo N n—oo N
1. 1
= 5 lim sup — log [(04% + Ban>2 51((1)71)2 + (aén =+ Bﬁn)z 52(@71)2]
n—oo N
< A1
Thus all claims of Proposition 7.3 have been proven. O

To be able to apply the Proposition by Goldsheid-Margulis, it remains to check the first
hypothesis in the special case of stationary random matrices:

Lemma 7.5. Let X : Q — RU{—oc} be a random variable with X+ € L*(Q, #,P). Then

n—oo N

1
QO = {lims.upXogp”1 < 0}

is invariant and we have P(Q;) = 1.

ProOOF. The invariance follows from the definition of €. Moreover €); has full
measure, because:

o0 1 o0 oo
ZP{nXocp”_l > 5} v mpres: ZIP’{X>6n} = ZIP’{X+>5n}
n=1 n=1 n=1

1
S EE(X+) < 00,

hence by Borel-Cantelli: P(;) =1. O

To deduce the main theorem, we apply Lemma 7.5 to X :=log||A||. So we obtain:



The multiplicative ergodic theorem (Oseledets) 55

Theorem 7.6 (Multiplicative ergodic theorem, Oseledets). Let A : © — R pe g
random matriz on (Q,.%,P,p) and

4 [ (Aoer) (Ao ?) o (Aop) A, neN,
T L, n=20,

the cocycle on R? generated by this sequence. Assume
log™ | Al € LY(Q, .#,P) .

Then there exists Q € F with Q C o~ (Q) and P(Q) = 1, such that for each w € Q we
have:

i) There ezists
. * 1/2n
U(w) = lim (4;(w) An(w)) )
i) If

e)‘P(W)(w) < < e)\l(w)

are the different eigenvalues of ¥(w) (where Ay, (w) = —oo is possible), and Uy (w), - -

are the corresponding eigenspaces with d;(w) := dimU;(w) , then we have:
()\i o go) (w) = Ni(w), (di o cp)(w) = di(w), and 1<i<p;w) = (pi o gp) (w) .

ii1) Defining
Viw) = {{0}7 z:ip(w)Jrl
Upw)(w) @ --- @ Us(w), i=1,...,pw),

we have
Vi(w)+1(@) € Vi) () C Vppy—1(w) C -+ C Vi(w) = R

and for each x € R4\ {0} there eists
Mw,z) := lim llog|An(oJ):n|;
n—oo N
and we have for all i =1,... p(w) :
5 € Vi) \ Vip1 () = Aw,2) = hi(w)
resp. equivalently:

Vilw) = {z e R? : \w,z) < \i(w) }.

) If ¢ is ergodic, then p, \; and d; on Q are constant P-a.s..
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PROOF. By the integrability hypothesis Lemma 7.5 is applicable with X :=
log ||Al| and provides the invariant set

Q= {w €N limsupllogHA(npnflw)H < O}

n—oo T

with full measure. We now apply the deterministic MET Proposition 7.3 to
AY = A" ) and Y = A¥... A% ©C2 4 (),

where (4) is valid by definition on Q; and (5) holds true by the theorem of
Furstenberg-Kesten 6.15 on a forward invariant set (o with full measure; con-
sequently Proposition 7.3 is applicable for each w € Q0 NQy =: Q, a forward in-
variant set of full measure, and yields with Theorem 6.15 the desired claims. [J

Definition 7.7. The functions A; from the theorem of Oseledets are called Lyapunov
exponents of the linear cocycle (Ap)nen, -

The spaces V; (for i = 1,...,p) are not the analogues of eigenspaces from the determin-
istic theory. For such an analogy the theory has to be extended to cocycles indexed by Z,
see Arnold [AR 98], Theorem 3.4.11. .



Notations

Ry
No

{teR:t >0}

Nu {0}

(+s) V 0; positive resp. negative part of a real number
or function s

equality by definition

norm

operator norm

disjoint union of M and N

Borel o-algebra on the topological space X

PB(R™)

61(A) > - >64(A) singular values of A € R?*¢

RV
Wlog
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