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Assumption:

F : R" — R™ composition of elemental C* functions

>Consequence:

y = F(x) : R" — R™is C* with Jacobian F'(x): R" — R™"

and
y = F(x,x) = F'(x)x € R" forany x € R"

x=F(x,y) =yF'(x) €R" forany y € R"

X = F(X,X,y,i) =yF'(x)x+yF'(x) €R" forany y € R™
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Complexity:
max [OPS(F(x,y)), OPS(F(x,x))] < 5 = CLOCK(F(x,y))

0PS(F(x)) = = TCLOCK(F(x))

and _ .

OPS(F(x,¥.%,¥))  _ . CLOCK(F(x,y,%,y))
0PS(F (%)) = = CLOCK(F (x))

BUT in worst case
OPS(F'(x)  ~ OPS(yF'(x))
O0PS(F(x)) OPS(F(x))

and it’s hard to tell the good cases.
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Optimal Design Scenario

eProblem:
Min f(y,u) s.t. c(y,u) =0

where y € R™ and u € R" are state and design variables

eAvailable: .

Code for f(y.u) and Gly,u) &~y — | ey, u)|  cly, u)
eAssumption:

G, f € C*R™™) and [5Gy u)| <p<1
eNotation:

N(y,y,u) = f(y,u) +y G(y,u) = Lagrangian + yy,
where the Lagrangian is formed w.r.t. ¢(y,u) = G(y,u) —y = 0.
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Structured KKT System :

Adjoint Equation:

0 = cly,y,u) = ycyly,u)+ f,(y,u) with ?jT c R"”

Reduced Gradient

Wy, v,u) = §culy,u) + fuly,u) with a’ € R

Coupled System

Optimization in Aerodynamics, HU Berlin, 9. May 2005 6 Andreas C-%riewank, Nicolas Gauger, Jan I-Qiehme, HU Berlin
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Exact Subspace Iteration:

Normal Step
y = Gly.u) = y—cly,u) " e(y,u)
Adjoint Step
g = [y w)ely,u)" and @ =gey,u)+ fuly u)

Optimization Step
w = u— H'al

with preconditioner H € R"*"" incorporating step-size.

(At best) linearly convergent:

- — normal — adjoint — optim — - --

Optimization in Aerodynamics, HU Berlin, 9. May 2005 7 Andreas Griewank, Nicolas C-}auger, Jan I-Qiehme, HU Berlin
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Superlinearly convergent:

- — normal — adjoint — optim — normal — - - -
if
H(1) = Ly+2"Ly + Ly,Z+Z"'L,,Z (1)

Most general substep sequence
.- — [normal]” — [normal, adjoint]" — optim — - -- 2)

for certain repetition numbers r and s.

Hierarchical Approach
p(s—H“) ~ (0= H,= H(l)

otherwise we need more conservative = larger H.
From now on single-step method

.- — [normal, adjoint, optim| — - - - (3)
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Single-step-one-shot = Piggy-Back Approach : 7%,

Yrr1 = G(yr, up) — primal feasibility at
Y1 = Ny(Yk, Ui, up) — dual feasibility at v,

Up1 = Up — Hk_lNu(yk, Ur, up) — optimality at u,

where N, = y G, + [, ~ reduced gradient

and H. i1s a suitable preconditioner

9 Andreas C-}riewank, Nicolas C-}auger, Jan I-Qiehme, HU Berlin
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Questions/Tasks for Piggy-Back:

e Avoid data objects larger than dim(y) - dim(u)

e Analyse convergence of ;. and ;. for fixed u

eDetermine preconditioner [, for fast local convergence

eEvaluate/approximate /7, by differentiation or updating

eGlobalize by tradeoff between feasibility and optimality.

10 Andreas Griewank, Nicolas C-iauger, Jan I-Qiehme, HU Berlin
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Linear Convergence Result

1Gy(y, uw) = Gy(g, w)ll < vy =gl = [1fy(y, w) = fy (5, vl

Im/JAull < o = Im{/JAy

for Ay =y —y(u) , Ay =1, — y(u)

Proof: Based on monotonic reduction of

1Ayl + wl[ Ay

for w small enough.

Optimization in Aerodynamics, HU Berlin, 9. May 2005 11 Andreas C-}riewank, Nicolas Gauger, Jan I-Qiehme, HU Berlin
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Question: Do ||Ay;|| and ||Ay;|| converge equally fast??

Answer: NO — Adjoints lag behind because:

(G, f)eC*, N(y,y,u) =9G(y,u)+ f(y,u)

e
J
— + O (| Ayi|l? + [|Ayi|?
P Rl e B | RGPS VAT

—> provided G, =TTT!, D = diag(T"BT)

G, 0
N,, GT

R
DT~ T

= | A || = 50 Ayl + N Avll = 1Al /1 Agl|~ 1/ — 0.
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Consequence

Adjoints 7, and reduced gradient

df (y(u), u)
du

wr = Nu(Ur, Yi, ur)

lag behind primal feasibility like % For fixed w also

y/ﬁ—l — G(yk‘a yka u) = Gy<y7€7 Uk)yk + Gu(ajkﬁv U)U

and

?k;+1 = G(yka gkr: an ?j/ﬂ u, ’LL) - gk:Gy(y/ﬁ U)

converge, but lag behind according to

IAGll~ Kl Ayl and  [|AGI~ k| Ay

14 Andreas Griewank, Nicolas C-iauger, Jan I-{iehme, HU Berlin
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e Test Problem:
Fly,u) =1 [0 1(wa(€ 1) — 2.2)2 + o (u(€)? + ' (€)?)]dE

Ayy(z) +e?™ =0 forz €0, 1]?

ePeriodic boundary condition

y(0,8) =y(1,§)  for& € [0,1]

eDirichlet condition on lower edge
y(£,0) =sin(2w§)  for & € [0, 1]

eBoundary control on upper edge

y(€,1) =u(§) forg €l0,1]

elteration Function

(G = (nonlinear) Jacobi-method on 5 points descretization.

17 Andreas Griewank, Nicolas (-}auger, Jan I-liehme, HU Berlin
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Spectral Analysis of Piggy-Back

{ ) G 0 G
N Ykt 1, U1, U 1) _ Ny GT N
Yk, Y, k) _H—ylyj\fuy _H—%GT [_Hy—lNuu

has at (y., y., u) as eigenvalues \ the roots of

PO\ = det [H(N) + (A — 1) H]

where

HO‘) [Z(A)Tv ]] vz(y,u)N [Z()‘)Tv ]]T
ZN' = GG, -

Rows of [Z (M), I] span tangent space of {G(y, u) = \y}

Optimization in Aerodynamics, HU Berlin, 9. May 2005 20 Andreas C-}riewank, Nicolas Gauger, Jan I-Qiehme, HU Berlin



Contractivity in convex case

A<l <<= H > 0 1e. H pos. def.
A>—-1 = H > H(-1)/2

Numerical experience on test problem above:

Reduced Hessian H = H(1) — Immediate Blow-up

Projected Hessian H = H(—1) = Full-step Convergence

21 Andreas Griewank, Nicolas C-iauger, Jan I-{iehme, HU Berlin
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Implicit calculation of H () by additional iterations:

g1 = [Gy(ykauk)zk + Gk, ur)]/ A
Z0) =%, Z(0)=% HQ) =
Zk+1 — [Gy(yk, uk)TZ/f + Nyy(yk7 Yk uk>Zk‘ -+ Nyu(yka Yk uk‘)]/ A

Hy = Zk:Gu(yk:: k) + Ny (Y, Ures k) Zy + N (Yre, Uiy U

Convergence with contractive factor |G, ||/|\| = o/|Al.

25 Andreas Griewank, Nicolas Gauger, Jan I-{iehme, HU Berlin
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Tentative explanation:

Z(1) = (I-G,)"'G,

is rich in monotonic modes, 1.e. eigenvectors with eigenvalues close to 1.
lor

Z(-1) = (I+G,) "G,

is rich in alternating modes, i.e. eigenvectors with eigenvalues close to —1.
Also the steps are likely to be predominantly in the alternating directions.

Ayp | _ | A 0 Ayr—1
AZ]{; 0 —A Azk_l
with 0 < A < 1 yields

e — g1l _ ol 1—A
|21 — 211 20| 1+ A

26 Andreas Griewank, Nicolas Gauger, Jan I-liehme, HU Berlin
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It makes sense that the curvature of the Lagrangia
with respect to the alternating modes 1s more critical
than that with respect to the monotonic modes.
If all eigenvalues of G, were real the alternating modes
could be eliminated by considering one double step

G*(y,u) = G(G(y,u),u))

as a single iteration. The resulting H(—1) would be
much smaller.

Working Hypothesis:
Interesting iterations have complex eigenvalues.

27 Andreas Griewank, Nicolas Gauger, Jan I-liehme, HU Berlin
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Implementation at the Software Level:

User supplied routine

input: where:
step(t, ¥, 2 f) z= G(u,y)
!
output : f=f(u,y)

Basic Iteration:
nit(u,z); y=0

while(||ly — z|| > 0)
y=2
step(u,y,z,f)

use(z,f)

Optimization in Aerodynamics, HU Berlin, 9. May 2005 29 Andreas C-%riewank, Nicolas C-iauger, Jan I-Qiehme, HU Berlin
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Applying an AD tool in reverse mode:

Coupled basic and adjoint Iteration:
init(u, z,by);y = 0;bz = 0
while(||z — y|| + ||by — bz]| > 0)
y=2zbz=>by;bu =00y =0,0f =1
bstep(bu, u, by, y, bz, z,bf, f)

30 Andreas Griewank, Nicolas C-iauger, Jan I-{iehme, HU Berlin
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One more differentiation in forward mode yields:.

© ¢ L O © ;L O |
dbstep(bfﬁ,u,du,dbu by, y,dy,dby,bz z dz dbz bf fdf)
Il

Coupled basic with first and second adjoint :
init(u, z, by, dz, dby); y = 0;bz = 0;dby =0
while(||z —y|| + ||by — bz|| + ||dz — dy|| + ||dby — dbz|| > 0)
y=2z,bz="0by,by = 0;bu = 0;dbu = 0;dby = 0
dy = dz/\, dbz = dby /)
dbstep(bu, u, du, dbu, by, y, dy, dby, bz, z,dz, dbz,bf, fdf)

use(z, f, bu, by, dbu, dby)

Optimization in Aerodynamics, HU Berlin, 9. May 2005 31 Andreas C-%riewank, Nicolas C-iauger, Jan I-Qiehme, HU Berlin
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Simplified Implementation:
User supplied routine
input:
Step(llb, yl...99, f)

l
output:

Basic Iteration:
init(u)

while(777)
step(u,yl

use(f)

...y9,0)

where:
yl...y9=G(u,yl...y9)

f=t(u,y)

32
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Simplified reverse mode:

(0) |
bstep(bft, fclb, byl...by9,yl...y9,bf, f)
!

Coupled basic and adjoint Iteration:

init(u);
while(?777)do
bu=0;bf =1

bstep(bu, u, byl ... by9,yl...y9,bf, f)

use(f, bu)

Same structure for second order adjoints = preconditioners.

33 Andreas Griewank, Nicolas C-iauger, Jan I-Qiehme, HU Berlin
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Summary, Conclusion and Tasks

e Sensitivities “easily’ obtainable from fixed point solver
e Storage requirement does not grow with iteration number
e Derivatives converge also linearly but lag a little behind

e Reduced Hessian no good preconditioner for single step piggy-backing

e Optimal substep sequence and preconditioning depends on spectrum(G,)
e Preconditioning cost reducable to ~ cost of simulation step ??7?

e Avoid second derivatives alltogether or at least in iteration !!!!
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