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Numerical System Inversion

Physical mo del of a manipulato r:
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Goal : Compute input fo r prescrib ed output!
W

in
ke

l  
   

in
 d

eg

-20

-10

0

10

20

0 0.5 1 1.5 2

PSfrag replacements

�

time t

angle

in deg

~y1(t ) = sin � (t )
~y2(t ) = cos� (t )

?
=)

~' 1 ~' 2

~l2

~u2

time t

~u1

-0.75

-0.5

-0.25

0

0.25

0.5

0.75

1

0 0.5 1 1.5 2



� First � Prev � Next � Last � Full Screen � Close � Quit

Matheon W orkshop: Computing by the Numb ers 4 Griew ank, Riehme, Utk e, Matheon & HU Berlin

ADOL-C vs. Mathematica

C co de generated by Mathematica ( CForm):

derivative order lines of C co de

d y(d)
1 y(d)

2

0 1 1

1 2 2

2 49 49

3 416 421

4 4149 4164

5 56619 57027
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Runtimes:

order d

Jacobians by ADOL-C

m
s

T aylo r co e�cients and

T aylo r co e�cients
y 0; : : : ; y d by ADOL-C

(b y CForm)
Computation of y (d)
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Gea r T o oth Contact Analysis and Optimization

Virtual Machine T ool

F : R3 � Rnp ! R3 :
(w; p) 7! x = F (w; p)

?
=)
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Evaluation of Restricted Higher Derivative T enso rs

r k
SF (u) �

@k

@vk
F (u + Sv)

�
�
�
�

v=0
2 R3� qk

;
u � (w; p) 2 R3+ np

S 2 R(3+ np )� q

q Maple ADOL-C Ratio

1 0:12 ms 0:20 ms 0:60

2 0:13 ms 0:45 ms 0:29

3 0:14 ms 0:99 ms 0:14

q Maple ADOL-C Ratio

1 1:02 ms 0:25 ms 4:1

2 1:20 ms 0:60 ms 2:0

3 | 1:28 ms |

T able 1: np = 0 T able 2: np = 6

q Maple ADOL-C Ratio

1 | 0:28 ms |

2 | 0:67 ms |

3 | 1:49 ms |

q Maple ADOL-C Ratio

1 | 0:32 ms |

2 | 0:82 ms |

3 | 1:49 ms |

T able 3: np = 12 T able 4: np = 18
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T aylo r Co e�cients and Jacobians

Supp ose F is d times continuously di�erentiable on some

neighb orho od of a point x0 2 Rn . Then we have

y(t ) = F

 
d� 1X

i =0

x i t i

!

=
d� 1X

i =0

yi t i + o(td� 1)

and yi = F i (x0; : : : x i ) has the Jacobian

@yj

@x i
=

@F j

@x i
� A j � i (x0; : : : ; x j � i ) fo r all 0 � i � j < d ;

with A i � F 0
i (x0; : : : ; x i ) the i th T aylo r co e�cient of the Jacobian

of F at x(t ), i.e.

F 0(x(t )) =
d� 1X

i =0

A i t i + o(td� 1) :
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Ca rtesian Derivative Structure fo r n = 2

PSfrag replacements
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Practical W orries � Sto rage  ! Access Pattern

� Numb er of Arithmetic Op erations
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Conversion to F amily of univa riate T aylo r P olynomials

PSfrag replacements
e1

e2

Computed and desired values fo r p = 2 and d = 4
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Prop osition:
T aylo r to T enso r Conversion

Let F : Rn 7! Rm be at least d-times continuously di�er-
entiable at some point x 2 Rn and denote by Fr (x; s) the
r th T aylo r co e�cient of the curve F (x + ts) at t = 0 fo r
some direction s 2 Rn . Then we have fo r any seed matrix
S = [sj ]

p
j =1 2 Rn� p and any multi-index i 2 Np with ji j � d the

identit y

@j i jF (x + z1s1 + z2s2 + � � � + zpsp)

@zi1
1 @zi2

2 : : : @zip
p

�
�
�
�

z=0
=

X

j j j= d


 ij F j i j(x ; S j ) ;

where the constant co e�cients 
 ij are given by the �nite
sums


 ij �
X

0< k � i

(� 1) j i � k j
� i

k

� � dk =jk j

j

� �
jk j
d

� j i j

:
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Multva riate  ! Uni{univa riate

Example
F (x; y) =

X

i � 0� j

cij x i y j

Substitution

z(t ) = F (t2; t3) =
X

i � 0� j

cij t2i+3 j

= c00+ c10t2+ c01t3+ c20t4 + c11 t5+? t6 + c21 t7 + O(t6)

=) First 8 univa riate co e�cients of z(t )

yield 6 multiva riate co e�cients of f (x; y)
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Generally by Chinese Remainder

d � maximal degree of di�erentiation
n � numb er of indep endent variables

d < pj fo r 1 � j � n ; gcd(pi ; pj ) = 1

m � p1 � p2 : : : pn ' dn ; m i � m=pi =
Y

j 6= i

pj

Univa riate polynomial

x(t ) � (tm1 ; tm2 ; : : : ; tmn ) : R ! Rn

with

F (x(t )) =
mX

j =0

yj t j + o(tnm )

identi�es all derivatives

@(i )F

@i 1
x1 � � � @i n

xn

with
nX

k=1

i k � d

Memo ry is increased by roughly n! if d � n.
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Computational Complexit y of Multiplication

T runcated multiplication of one pair of n-va riate polynomials of degree d in-
volves �

2n + d
n

�
�

d2n

(2n)!
if n � d

real multiplications. Other nonlinea r elementa ries incur simila r costs.
Multiplication of family of pairs of univa riate polynomials of maximal degree d
costs �

n + d � 1
n

� �
d + 2

2

�
�

dn+1

2 n!
if n � d

Multiplication of one pair of univa riate polynomials of maximal degree m � dn

0:5d2n or cdn n log2(d)

when basic or fast convolution metho ds are used, resp ectively .

On closer exp ection one �nds that the single univa riate app roach is numerically
equivalent to the multiva riate app roach (almost).



PSfrag replacements
e1
e2 � First � Prev � Next � Last � Full Screen � Close � Quit

Matheon W orkshop: Computing by the Numb ers 16 Griew ank, Riehme, Utk e, Matheon & HU Berlin

Real analytic ' : R ! R has extension

'
� X

u i t i
�

=
dX

k=1

1
k! ' (k)(u0)

 
d� 1X

i =1

u i t i

! k

Linea r ODE on reals

' 0(u0) = g(u0) + m(u0) � ' (u0)

allo ws recursive evaluation of v = ' (u) =
P

vi 2 R

vi =
1

i

i � 1X

j =0

aj � ~u i � j with ai = gi +
iX

j =0

m j � vi � j

where ~uk � k � uk �

Cost � 2 Convolutions
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Most Imp ortant Cases

Recip ro cal:

vi = � v0

0

@
i � 1X

j =0

vj u i � j

1

A fo r i = 1 : : : d

Loga rithm:

vi =
1

u0

0

@u i �
i � 1X

j =1

j

i
vj u i � j

1

A fo r i = 1 : : : d :

Exp onential:

vi =
1

i

i � 1X

j =0

vj ~u i � j with ~u j = j u j fo r i = 1 : : : d

P ow er:

vi =
1

i u0

i � 1X

j =0

vj u i � j [c � j (c + 1)=i] fo r i = 1 : : : d
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Numerical Example

f =
nY

i =1

sin(x i )

For n = 3 and d = 3, we cho ose (p1; p2; p3) = (4; 5; 7) and so that
m = 140 = 4 � 5 � 7 and get as result fo r x = (1:3; 1:6; 1:9)

index lo cation entry
(0,0,3) 60 0.311375
(0,1,2) 68 0.0266246
(0,2,1) 76 0.311375
(0,3,0) 84 0.0266246
(1,0,2) 75 -0.253026
(1,1,1) 83 0.00252516
(1,2,0) 91 -0.253026
(2,0,1) 90 0.311375
(2,1,0) 98 0.0266246
(3,0,0) 105 -0.253026

Maximum relative erro r vs the directly computed entries 4.38778e-16.

Alternatively we propagate 10 uiva riate directions of degree 3 and get the same
result this time with maximum relative erro r of 1.83766e-14.
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F ast Evaluations �a la Brent et al.

Recip ro cal:

v = 1=u � rec(u) solves f (v) � 1=v � u = 0 yielding by Newton

N (v) = v + (1=v � u) � v � v = v + (1 � u � v) � v
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F ast Evaluations �a la Brent et al.

Recip ro cal:

v = 1=u � rec(u) solves f (v) � 1=v � u = 0 yielding by Newton

N (v) = v + (1=v � u) � v � v = v + (1 � u � v) � v

Loga rithm:

v = log(u) satis�es _v = _u � (1=u) where _w j = (j + 1)wj +1 fo r w = u; v
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F ast Evaluations �a la Brent et al.

Recip ro cal:

v = 1=u � rec(u) solves f (v) � 1=v � u = 0 yielding by Newton

N (v) = v + (1=v � u) � v � v = v + (1 � u � v) � v

Loga rithm:

v = log(u) satis�es _v = _u � (1=u) where _w j = (j + 1)wj +1 fo r w = u; v

Exp onential:

v = exp(u) solves f (u) � log(v) � u = 0 yielding by Newton

N (v) = v � (1 + u � log v)
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F ast Evaluations �a la Brent et al.

Recip ro cal:

v = 1=u � rec(u) solves f (v) � 1=v � u = 0 yielding by Newton

N (v) = v + (1=v � u) � v � v = v + (1 � u � v) � v

Loga rithm:

v = log(u) satis�es _v = _u � (1=u) where _w j = (j + 1)wj +1 fo r w = u; v

Exp onential:

v = exp(u) solves f (u) � log(v) � u = 0 yielding by Newton

N (v) = v � (1 + u � log v)

Quadratic convergence = doubling of correct terms
=)

Complexit y � Cost (W orkho rse Convolution)
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Mean V alue F orm in T aylo r Calculus

' ( �u + � u) � ' ( �u) + ' 0( �u) � � u

where
R 3 ' 0( �u) �= T•oplitz matrix 2 Rd� d

corresp onds to pre-accumulation of lo cal Jacobian.

Mean value from

v = ' (u) � ' ( �u) + ' 0(u) � (u � �u)

with interval radius

k' 0( �u)k1 � (u) � � (v) � k' 0(u)k1 � (u) :
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Co dep endence and P ostiteration

While naive convolution is single usage and thus optimal

Recip ro cal:

v = 1=u implies v2 = � v0(v0u2 + v1u1) = (u2
1 � (v0u2)=u3

0
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Co dep endence and P ostiteration

While naive convolution is single usage and thus optimal

Recip ro cal:

v = 1=u implies v2 = � v0(v0u2 + v1u1) = (u2
1 � (v0u2)=u3

0

Meanvalue:

M (v) = 1=�u � v � v � (u � �u)
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Co dep endence and P ostiteration

While naive convolution is single usage and thus optimal

Recip ro cal:

v = 1=u implies v2 = � v0(v0u2 + v1u1) = (u2
1 � (v0u2)=u3

0

Meanvalue:

M (v) = 1=�u � v � v � (u � �u)

Newton:

N (v) = �v + (1 � u � �v) � �v + 2(1 � �u � v)( v � �v) :
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Co dep endence and P ostiteration

While naive convolution is single usage and thus optimal

Recip ro cal:

v = 1=u implies v2 = � v0(v0u2 + v1u1) = (u2
1 � (v0u2)=u3

0

Meanvalue:

M (v) = 1=�u � v � v � (u � �u)

Newton:

N (v) = �v + (1 � u � �v) � �v + 2(1 � �u � v)( v � �v) :

Initialization

I (u) based on classical recurrence.
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General Pro cedure

v := I (u); v := v \ M (v)
v := v \ N (v) until v � N (v)

Other cases:
v = log(u) =)

I (u) = lifted _v = rec(u)

M (v) = log( �u) + rec(u) � (u � �u)

N (v) = �v + (u � exp(� �v) � 1) + (1 � �u � exp(� v)) � (u � �u)

v = exp(u) =)

I (u) = classical recurrence

M (v) = exp( �u) + v � (u � �u)

N (v) = �v + (u � log( �v)) � �v + ( �u � log(v)) � (u � �u)
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Recurrence
Mean Value Form
Interative Mean Value Form
Newton iteration (0), init via recurrence, log via recurrence
Newton iteration (0), init via recurrence, log via Integral
Lower bound

Exponential , d=100, e=0.001, Ti=  [-e,e] + (-1)
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Newton iteration (0), init via recurrence, log via Integral
Lower bound
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Recurrence formula
multiplied
Mean Value Form
Iterative MVF, reciprocal via MVF
Iterative MVF, reciprocal via Newton

u
c
 = e

c * log(u)
, log via Newton

u
c
 = e

c * log(u)
, log via Newton, Hansen

Newton iteration
shifted, frac via MVF
shifted, frac via IMVF

Power , d=50, e=0.001, c=0.4, Ti=  [-e,e] + (-1)
i
 / ( 2 + i

1.01
)
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Recurrence formula
shifted, frac with recurrence
Mean Value Form
Iterative MVF, reciprocal via MVF
Iterative MVF, reciprocal via Newton

u
c
 = e

c * log(u)
, log via Newton

u
c
 = e

c * log(u)
, log via Newton, Hansen

Newton iteration
shifted, frac with MVF
shifted, frac with IMVF

Power , d=50, e=0.001, c=0.4, Ti=  [-e,e] + (-1)
i
 / ( 2 + i

1.01
)
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Concluding Rema rks
and Questions

� Conversion: multiva riate ! univa riate family e�cient.

� Conversion: multiva riate ! single univa riate dubious.

� Con
ict between fast and thight interval evaluation ????.

� Interval result can/must be tightened by postiterations.
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