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Challenges in Large-scale Numerical Computing

High Performance Computing Challenges

e Climate Models e.g. Community Climate System Model

e High-temperature Superconductor model calculation
Supercomputer Systems

e Superscalar e.g., SGI Altix, IBM Power and Power4

e Parallel vector supercomputers e.g., Earth Simulatory &da

Widening gap between sustained and peak performancel!
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Krylov Subspace Methods

Solve forx e R"
Ax=D

whereA € R™" is large and sparse.

Main computational tasks in a Krylov subspace method (eajigate Gradient)
1. sparse matrix times vector (MVP):w = Av
2. dot productc = x"y
3. vector update (saxpyy.=y+ax,a € R

4. preconditioning operation
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Exploiting Sparsity

Target architecture: Vector supercomputers e.g. The Eanttulator, CRAY
X1

1. Regular structure: e.g., banded: Store the diagonals; can be implemented ¢ffi-
ciently with excellent performance (flops).

2. General structure: Either adapt the diagonal storage scheme or reorder the ma-
trix to obtain a diagonal structure.

Observation:

On vector machines long vectors can improve the performancef MVP calculation
significantly
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Compressed Row Storage (CRS)
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80 31 22 33 204 80 41 a3 a4

a10 ajq 0 0 0 a10 ajq 0 0 0

asn 0 aso 0 0 asn aso 0 0 0

azp 0 0 aza 0 azp az3 0 0 0

a0 0 0 0 a4 a0 g 0 0 0

(a) (b)

400 a01 402 a03 a04 410 a11 a20 a2 430 433 840 444
0 2 3 4 0 1 0 2 0 3 0
0 7 9 11 13

Figure 1: (a) Sparsity pattern of the 66 “arrow-head” matrix. (b) The “arrow-head” matrix after SR
compression. (c) Compressed Row Storage (CRS) data s&udotuhe “arrow-head” matrix.
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MVP in CRS

for (int 1 =0; 1 <m; i++) {
upper = rowptr[i+1]; // fetch the upper index
Il | oop over row i
for (int j =rowdtr[i]; J < upper; |J++) {
b[i] =Db[i] + value[j] * v[colind[]]];

Figure 2: Matrix-vector multiplication in CRS scheme

Most rows contain only few nonzero entries ;) compared with the matrix dimen-
sion —p; < nimplies shorter vector in the inner for-loop.
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Jagged Diagonal Storage(JDS)

a0 0 0  ap3 0 a0 203

a0 a1 0 0 0 a0 a1

a0 0 a2 0 0 a0 a2

a3p 431 a2 a3 a4 a3p 431 a2 a3 Ay

a0 0 0 0 ajq a0 ay4 0 0 0

(a) (b)

value a30 a10 a0 ano 340 a3l ai1 a2 ap3 a4 a3z a33 a34
colind ol ol o| o] o 1 1 2 | 31 4| 2] 3| 4
jdptr 0 5 10 11 12 13
perm 3 1 2 0 4

Figure 3:(a) Sparsity pattern of thex66 row permuted “arrow-head” matrix. (b) The row-permutedav-
head” matrix after JIDS compression. (c) Jagged diagonah@to(JDS) data structure for the “arrow-head’
matrix.
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for (int | =0; | <rho_max ; |++) {
upper = jdptr[j+1]; // fetch the upper index
Il | oop over jagged diagonal |
for (int i = jdptr[j]; 1| < upper; i++) {
col =colind[i];
b[i] = b[i] + value[i] * v[col];
}
}

Figure 4: Matrix-vector multiplication in JDS scheme

e Needs anm-vector to store the original row order.

e Extra work to restore the correct order in the result .
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(80 a1 @2 a3 as
a0 a1 a2 Az a4
axo 0 0 0 0
azp 0 0 0 0

\aw O 0 0 0 )

value Qoo | Qo1 | Qo2 | Qo3 | Aoa | A0 | Q11 | A2 | @33 | A4 | @0 | A0 | Ao
rowind o(ofo0ojo0o|O0O|1|212|2|3|4|2]|3|4
tjdptr O|5 (10| 11 | 12 | 13

(b)

Figure 5:(a) The “arrow-head” matrix after the columns have been cesged. (b)
Transposed jagged diagonal storage (TJDS) data struciutiesf “arrow-head” matrix.
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MVP In TIDS

for (int i =0; 1 <col-mx ; i++) {
upper = tjdptr[i+l]; // fetch the upper index
ind =0; //index to iterate over v's elenents
/'l 1oop over jagged diagonal |j
for (int j =tjdptr[i]; j < upper; |j++) {
row = row nd[j];
b[row] = b[row] + value[j] * v[ind];
I nd++;
}
}

Figure 6: Matrix-vector multiplication in TJDS scheme

No need for a permutation vector in TIDS scheme
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Bi Jagged Diagonal Storage (Bi-JDS) — New Sparse Matrix
Storage Scheme

1. JDS and TJDS are suitable for MVP calculation on vectorimmass.

2. The number of nonzero entries in each row may vary coreddierfor
general sparse matrices e.g. the arrow-head matrix undeodDJDS is

stored as many short jagged diagonals.

The Bi-JDS schemepartitions a sparse matrix into two segments and com-
presses the matrix in both column and row directions.

N /
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Figure 7:(a) Bi-JDS partition of the & 6 “arrow-head” matrix. (b) The “arrow-head” matrix afterlgmn

Bi-JDS Data Structure

~

ag1 ap2 ap3 ag4
apo ag1 ap2 ap3 ao4
°11 0 0 0 a a 0 0 0
: 10 11
0 a | 0 0 1 column compression
22 azp aro 0 0 0
0 0 azj 0 0 0 0
asp asa
0 0 0
. a4 asn aj4 0 0 0
<— row compression
(a) (b)
apo aio azo asp a40 ap1 arg azo as3 agq ap2 a03 an4
0 0 0 0 0 1 1 2 3 4 0 0

11 14

and row compression. (c) Bi-jagged diagonal (Bi-JDS) datacture for the “arrow-head” matrix
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I/ The jagged diagonals are full-length; so jptr array is not needed.
for (int j =0; j <rhomn; j++) {

ind = 0;

for (i =n¥j; 1 <nF(j+1); i++) {

col =row.colind[i];

b[ind] = b[ind] + value[i]*v[col];
| nd++;

}

}

/'l Now update the product with the contribution fromtransposed jagged di agonal s.
k = 0;
for (int i =0; i <rcol_mx; i++){
I nd=m nr ow+1;
for (int indtjd=tjdptr[i]; indtjd < tjdptrr[i+1l]; indtjd++){
row = row_colind[K];
b[row] = b[row] + val[indtjd]*v[ind];
I nd=i nd+1,
k=k+1;
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Storage Requirements

memoryjpg:  2NNZ(A) + Prax +1+m
memoryrjpg:  2NMNZ(A) + Kmax +1
memongjjps: 2MNzZ(A) + ngjg +1

Ntjd = (Kmax — Kmin)

Pmax = Maximum number of nonzero entries in any ronwApf

Kmax = Maximum number of nonzero entries in any colummpand
Kmin = Minimum number of nonzero entries in any columrAof

N /
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Computational Experiments
Table 1: The Harwell-Boeing Test Problems Info.
Nr. | Name m n NNZ | Pmax | Pmin | Kmax | Kmin
a. | canld4 144 | 144 720 15 6 15 6
b. | can838 838 | 838 | 5424 32 6 32 6
Cc. | canl054 | 1054 | 1054 | 6625 35 6 35 6
d. | canl072 | 1072 | 1072 | 6758 35 6 35 6
e. | add20 2395 | 2395 | 17319 | 124 2 | 124 2
f. bfw398a | 398 | 398 | 3678 23 3 21 3
g. | bfw398b | 398 | 398 | 2910 13 2 13 2
h. | bfw782a| 782 | 782 | 5982 13 2 13 2
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Figure 8: Properties of the jagged diagonals in sparsegg@ehemes.
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Computational Experiments

Figure 9: Estimate of storage requirements in sparse s@eEmes.

Cannes problems x 10” Misc. problems
8000 ‘ ‘ 2 H
B oS I DS
[ ]TipS [ ]1ibs
000! I Bi3DS | I I Gioos ||
16}
6000
- 14}
5000
() 12 B
Q
IS
o
(%]
© 4000 - 1t
o
8
@ 0.8f
3000
0.6 M
2000
0.4f
1000
0.2f
0

L | L | L | 0 L | L |
@ O (© (d) @ O (© (d)

~




RBWOG6 Sparse Storage

4 )

Concluding Remarks

1. The BIJDS scheme produces more full-length jagged dizlgas well as
longer non-full jagged diagonals compared with JDS or TJEI&me.

2. The BiJDS scheme is also space efficient and does not nesdréothe
permutation order of the rows of the matrix.

3. Can be combined with blocking strategy to reduce indimegnory access.

4. Extensive numerical tests on practical problems.
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