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Objective

@ to contribute higher order operator-splitting method
improved by Zassenhaus product

@ to apply the contribution to classical and iterative splitting
methods

@ to analyze this higher order operator-splitting methods
@ to verify the methods by numerical experiments
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What is splitting method?

Consider the differential Equation

u%= fi(u) + fo(u) u(0)= ug
Divide et impera : Compute (simpler) partial ow
vO=fi(u); v(0)= vo wo= fo(u); w(0)= wo
" 1(vo) = efttvg = v(b); t(vo) = e%'wg := w(t);
and de ne a numerical solution after one step of h by

U1 = n(' n(uo) = e"™"e?"ugt u(h)
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Systematic Schema

fiz) =(h 27
L ]

1+ =z5(h; 27)

Fa =zj(h; 2")
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Motivation: Where is splitting used?

Important areas where splitting is often used include,
@ advection-reaction-diffusion problems

u+r (au)=r (Dr u)+ f(u)

@ large scale air pollution modelling

%+ ro(ue)=r (Krc) ci+gi(x;t)+ R(x;cy;iCm)
where i=1..m. ¢; : concentration of the i-th polutent
terms are advection, turbulent diffusion, deposition,
emission, chemical reaction
@ Schrodinger Equation with smooth potential
i@
@]

or nonlinear cubic potential (dispersive optical bres)

u+ V(x;yu
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Mathematical Description

Let us consider the Cauchy problem :

% = AU(t) + BU(t); witht 2 [0;T); U(0) = Uo;

where U : [0;T) ! X is the unknown function, Ug 2 X is a
given element, A; B are given operators in X when X = RN
then A;B 2 RN N

Exact solution: U(t) = e(A*Blty,
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e Operator Splitting for two operators
@ Classical Operator Splitting for two operators
@ lterative Operator Splitting
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Operator Splitting Methods

Exact Solution:
U(t) = e Bty
Numerical Map:
(= e(AT By (P Ly

with the order p being as high as possible.
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Operator Splitting Methods

Typical non-symmetric composition method often used is

amBt bmAt... alBt blAt

= e?mBlg 1Bl gb1Al g20Bt g boAt 1)
where ag;ay; ::;;am and bg; bq;:::; by, free parameters.
Any exponential operator splitting method involving several

compositions can be cast into the following form,

yn
et(A+ B) — eaitAebitB + O(tm+ 1) (2)
i=1

where A, B are noncommutative operators, t is equidistance
time step.
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Operator Splitting Methods

For example Lie-Trotter splitting method for can be cast into the
general form with
s=1; a; = 1; bl =1
or
a;=0; a,=1, b;=1; b,=0 3)
respectively, that is, the rst numerical solution value is given by

y1 = e®efyo; or yi=eMefly (4)
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Classical Operator Splitting Methods

@ Lie Trotter splitting : e(A*B)t  gBteAtl

fizd’ fazd' ' fied

@ Algorithm for Lie-Trotter Splitting

% = Au(t) with t 2 [t"t"™ 1] and u(t") = uf,
—@ét) = Bv(t) witht2 [t";t™'] and v(t") = u(t™");

forn= 0;1;::;;N 1 whereby qu = Ug: The approximated
split solution at the point t = t"* ! is de ned as

ugy b= v(t™L):

Gamze Tanoglu, Jirgen Geiser Higher Order Operator-Splitting Methods



Classical Operator Splitting Methods

@ Strang Splitting e(A*B)t  gA=2tgBtgA=2t

1 1 1 1
Al B! =A! =!I Al B!l =A
{22} {22}
@ Algorithm for Strang Splitting
@I@(t) = Au(t) with t 2 [t"; " 2] u(t") = ug,
aw _ Bv(t) witht2 [t";t"™1; v(t")= ut"" )
—@gt) = Aw(t) with t 2 [t"™ 12" 1 w(t™ ) = v (™)

where t"* 172 = t" + 0:54 t; and the approximated split solution

atthe pointt = t"™ 1 is de ned as ug; ' = w(t"*?):
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Classical Operator Splitting Methods

@ Symmetrically weighted splitting

A! B
BI A

W >
> W
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Classical Operator Splitting Methods

@ Algorithm for Symmetrically Weighted Splitting

% = Aug(t) , ui(t") = ug
T - Bu® vl = wY

22 - Bu(y)
Ol - o) valt") = e

Uz(tn+ 1) + Vz(tn+ l)
2

n+1l _
Ugp ~ =
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Iterative Operator Splitting Method

Iterative splitting schemes

@Jéft_) = AU;(t) + BU; 1(t); with Uij( t)= Ug (5)
% = AUi(t) + BUj,q(t); with Ui.q( t)= U

wherei= 1;3;:::;2m+ 1, In addition, Ug( t)= Ug; U ;=0
and Ug is the known split approximation at the time level t = t.
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Systematic Schema

I
-
O 1 (f’”lj

convergence

op [

Cm(t™) ~ e(t™) l..m[rnJrl) ~ l,“n+1)
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Iterative Operator Splitting Method

@ All operators are in the method (no problem of boundary
conditions).

@ Larger time-steps are possible in each iterative step, due to
separate equations

@ Spectrum of the operator allow to control the stiffness of
the operators.

@ Higher order can be claimed with more iterative steps.

@ Ef cient and simple implementation of the iterative
schemes.
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@ Error Bounds for Splitting Methods
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Splitting Error

@ For arbitrary operators: exp (A + B)t 6 exp (At) exp (Bt)
@ Baker-Campbell-Hausdorff (BCH):

eAteBt = oAt
A = (A+B)+ StBAI+ ot([8:[B;All + [A[AB])
1 . . . .
+ ﬂt3[B, [A;[A; B]]] + O(t%):

[A;B]:= AB BA
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Splitting Error

@ Zassenhaus product form:

B\2 D
e e-"
n=2

eA*B = @A

where 1
D, = E[A; B]:
and q q
D3 = E[A;[A; Bl §[B;[B;A]]:
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Splitting Error

@ local splitting error:

errorsp = Uexact(t)  Uspi(t)

@ p-th order splitting:

errorgp = O(tP*1)
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Consistency Analysis of the Operator Splitting
Methods

@ Consistency of the Symmetrically Weighted Splitting
based on Zassenhaus product formula

Let A and B be given linear bounded operators. We consider
the abstract Cauchy problem. Symmetrically weighted splitting
is consistent with the order of O(t?).
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Consistency Analysis of the Operator Splitting
Methods

Proof First we de ne,

EgBat®: = (1 + Ent2 + Est3:)

1 1

(A+B)t _ L At Bt
—~e = —eMe e
2 2

1 1
Ee(BJ’A)t = EeE‘teAteEZ‘Ze'53t3::: o(I  Ext?+ Ej)td:)
Since E; = E, we have,

1 1
(e(A+ B)t E(eAteBt + eBteAt)) = E(E?: + E3)(t3)+ O(t4)

Higher Order Operator-Splitting Methods
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Consistency Analysis of the Operator Splitting
Methods

where,
E, = IAB] ®)
E, = E, (7)
Es = CIAIAB] S[Bi[BiA] ®)
Es = (BiBA] SIAAB] ©)

Gamze Tanoglu, Jirgen Geiser Higher Order Operator-Splitting Methods



Consistency Analysis of the Operator Splitting
Methods

The truncation error is,

= SCOAIABI+[B:[B;ADUs + O()  (10)
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Splitting Error

Local Error = After one time step h= Splitting Error
@ Lie Trother:
h2
e"TE) efeM = U(h) ' = —[AiB]Up+ O(h%)
@ Strang Splitting
_ - h3
en(ATE) eM=2eMBeM=2 = 2 (([AS[ABI] 2[B; [B; Al)Uo+ O(h*)

@ Symmetrically Weighted Splitting

enAtB) | = g«[A;[A;Bn+[B;[B;A]1)uo+0(h“)
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Higher Order Splitting Methods by Composition
Techniques

The reconstruction process is based on the following product of
exponential functions:

y
et(A+ B) — eaitAebitB + O(tm+ l) (11)
i=1
where A, B are noncommutative operators, t is equidistance
time step, and (ay; ay; ), (by; by;:::) are real numbers. For a
fourth order method, we have the following coef cients,

1 i 2=
A= Y= ———————-, Adr>= Ay = —————————— 12
1797 22 21 27T 202 21 (12)
1 2223
by = bz = m, b, = m, bs=0 (13)
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Higher Order Splitting Methods

@ There have been some composition technigues to get the
higher order splitting methods.

@ The well known higher order composition schemes are
developed by Blanes and Moan, Kahan and Li, McLachan,
Suzuki and Yoshida.

@ We give some examples of higher order splitting in the
following table.
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Higher Order Splitting Methods by Composition
Techniques

Table: Exponential operator splitting methods of order p involving s

compositions.
method order || comp.
Mclachan p=2 s=3
Strang p=2 s=2
Blanes-Moan(BM4-2) | p=4 s=7
Suzuki(S4) p=4 s=6
Yoshida(Y4) p=4 s=4
Kahan p=6 s=10
Suzuki (S6) p=6 s=26
Yoshida(Y6) p=6 s=8
Blanes-Moan(BM6-1) | p=6 s=11
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e Higher Order Operator Splitting Methods based on Zassenhaus pr
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Higher Order Operator Splitting Methods based on
Zassenhaus product formula

@ Standard splitting methods have the problem to be less
effective in the rate of the convergence and CPU times
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Higher Order Operator Splitting Methods based on
Zassenhaus product formula

@ Standard splitting methods have the problem to be less
effective in the rate of the convergence and CPU times

@ Here we propose the followings to overcome these
dif culties:

@ Improve the starting conditions via Zassenhaus product
formula,

@ Accelerate the subproblems via Weighted Polynomials,

@ Extend operator Splitting methods via Zassenhaus product
formula
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Zassenhaus product formula

@ The standard exponential splitting methods are based on
the following decomposition idea:

exp((A+ B)t) = 1_, exp(aiAt) exp(b;Bt) + O(t"1):

Gamze Tanoglu, Jirgen Geiser Higher Order Operator-Splitting Methods



Zassenhaus product formula

@ The standard exponential splitting methods are based on
the following decomposition idea:

exp((A+ B)t) = 1_, exp(aiAt) exp(b;Bt) + O(t"1):

@ Zassenhaus product formula:
exp((A+ B)t) = exp(At) exp(Bt) 2, exp(Cjt)) + O(t™?):

where C; is a function of Lie brackets of A and B.
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Construction of Higher Order Splitting Methods

Figure: By changing initial data, the higher order result can be
obtained.
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Higher Order A-B Splitting Method

Theorem

The consistency error of the A-B splitting is O(t), then we can
improve the error of the A-B splitting scheme to O(t);p > 1 by
improving the starting conditions c¢g as

co=( 2, exp(Cith)co

where C; is called as Zassenhaus exponents, thus local splitting error
of A-B splitting method can be read as follows

n = (exp( n(A+B)) exp( nB)exp( nA)cy,  (14)
= Cr '+ o(f?

where C+ is a function of Lie brackets of A and B.
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Higher Order A-B Splitting Method

@ Second order A-B splitting after improving the initialization:

c (t)

exp(Bt) exp(At) exp( %[B;A]tz)co (15)
exp((B + A)t)co + O(t®)
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Higher Order A-B Splitting Method

@ Second order A-B splitting after improving the initialization:

c (t)

exp(Bt) exp(At) exp( %[B;A]tz)co (15)
exp((B + A)t)co + O(t®)

@ Third order A-B splitting after improving the initialization:

c (t)

exp(Bt) exp(At) exp( %[B;A]tz) (16)

exp((GIBIBIAT SIATABIE)co (17)
exp(B + At)co + Ot
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Higher Order A-B-A Splitting Method

@ Strang-Marchuk or A-B-A splitting :

exp(At=2) exp(Bt) exp(At=2) = exp((A + B)t) + O(t3)
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Higher Order A-B-A Splitting Method

@ Strang-Marchuk or A-B-A splitting :

exp(At=2) exp(Bt) exp(At=2) = exp((A + B)t) + O(t3)

@ Zassenhaus product formula :

exp((A+ B)t) = exp(At) exp(Bt)( Z,exp(Cjt))) + O(t** )
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Higher Order A-B-A Splitting Method

Theorem

We solve the initial value problem on the subinterval [0,t]. We assume
bounded and constant operators A and B. The consistency error of
the A-B-A splitting can be improved to O(tP), for p > 2 by applying
the following steps:

@ Step 1: Improve the starting conditions ¢ (0) = ¢ as

c (0)=( [Z,exp(Cjt))co;Cj : Zassenhaus exponents

@ Step 2 : Accelerate ¢ (0) as
¢ (0)=(exp( At)c (t=2);

@ Step 3: Accelerate ¢  (t=2) as

¢ (t=2) = (exp(At=2))c (1);
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Result :
@ Order of the A-B-A splitting method can be read as follows

exp(At=2) exp(Bt) exp(At=2) = exp((A + B)t) + O(tP*1):
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Higher Order A-B-A Splitting Method by initialization

A+ B)t X-
o(A+B)

%(A+ B)ktk = | + (A + B)t (18)
k=0

1 1 1 1
+( EA2+ SAB+ SBA+ E|32)t2+ i

At A2 B2t2
= (I+ =+ — + )i (1 + Bt+ —— + :):
(I > 8 ):(1 + Bt > )
At A%2 ¥ ;
I+ 5+ g+ ) (ePnt™y
n=3

A B A D43 Db
ezeBezelst"gldt":
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Higher Order A-B-A Splitting Method by initialization

Corollary

The Zassenhaus exponent D3 can be found as
Ds = —-[B:[BiAll —[Ai[ABI] (19)
3 - 24 ’ ) 12 ] ]

by comparing the exact solution given in (18) with the
expansion up to the order O(t*) given Eq. (19). Thus if the
weight w; = | + D5t3 is chosen and multiplied by the initial
condition, the order of the A-B-A splitting becomes O(t3):
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Alternating Operators

Consider the subequations of iterative splittings
Z t
Ci(t) = exp(At)cg + exp(At) exp( As)Bci 1ds (20)
0

Z t
Ci+1(t) = exp(Bt)cg+ exp(Bt) exp( Bs)Acjds (21)
0
Assume that ¢; 1 = 0 then for i=1,
ci(t) = exp(At)co (22)
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for i=2,

Co(t)

Z
exp(Bt)(I + texp( Bs)A exp(As) ds)cg (23)
20
exp(Bt)(l + t(I Bs)A(l + As) ds)cg
Z0
exp(Bt)(I + t(A+ A’s ABs+ O(s?) ds)cg
0

A2t2 ABt2

exp(Bt)(I + At + — )co + O(t3)

B2t2 A2t2 ABt2

(1+Bt+ —=)(I+ At+ —— )Co + O(t3)

B2t2 A2t2 ABt2
(1+(A+B)t+ —+ BAt? + ——

)co + O(t°)

exp(At + Bt) + O(t?):
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Iterative Splitting : Accelerated the sub equations by
weighted ideas

There exists a Weighted Polynomial so that the order of the
accuracy of iterative splitting after two iterations can be
increased up to O(t%).
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Sketch of the proof:

Step 1 : Start the initiationasc; ;= 0
Step 2 : Accelerate the c; as ¢; = (1 + Wit + Wot?)cy
Step 3 : Compute ¢, by using the Equation (23) as
YA t
co(t) = exp(Bt)(I+  exp( Bs)Aexp(As)(I+Wis+W,s?) ds)cy
0

Step 4 : Integrate the expression and expand exp(Bt) up to
o(t3)

B2t? B3t3 5 t?
co(t) = (I1+ Bt+T — )1+ At +(A°+ AW, BA)§+

A3 B2A_t3
(7 + A°W; BAZ+ AW, BAW; + T)§)C° + O(th
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Sketch of the proof:

Step 4 :

A+ B)t
Cexact el )

A2 AB BA B2
[+ (A+Bt+(—+ — + — + —)t?
(I+( )+ ( 5 5 5 5 i
AS A’B  ABA AB2 BA? BAB B2A B3
+H— + + + + + + +
6 6 6 6 6 6 6 6

@ Weight function
Wo = | + Wyt + W2t2

where
B2 [A;B].

Wi = B; W, = >
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Theorem

The initial value problem is solved by classical exponential
splitting schemes. We assume bounded and constant
operators A, B.

Then we can nd extensions based on the Zassenhaus formula
given as

exp((A+B)t) = _, exp(aiAt) exp(biBt) [IL; exp(Cjti)+ O(t™?):

where C; is a function of Lie brackets of A and B.
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Comments on p th order Operator Splitting

@ Expand the derivatives with higher order formulas on
standard grid,
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Comments on p th order Operator Splitting

@ Expand the derivatives with higher order formulas on
standard grid,

@ De ne
adjrB = [A;B]
adjzB = [A;[A;B]]
adj\B = [A[A [ [A [A; Bl
then

adjLB 0 for j=1;2;::p;

Gamze Tanoglu, Jirgen Geiser Higher Order Operator-Splitting Methods
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Comments on p-th order Operator Splitting

@ Balancing of time- and spatial discretisation

Theorem

We solve the initial value problem by applying iterative operator
splitting schemes. We assume bounded and constant
operators A, B. While iterating i-time with A and j-time with A,
the theoretical order is given as O(t'*) The initial step is given
as cy1(t) = exp(At) exp(Bt)cg.

Then we reduce order of the iterative scheme to O(t'), while
norm of B is larger or equal than O(%) same is also with the
operator A.

So the balancing below the so called CFL condition is important
to preserve the order of the splitting method.

-
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Explicit versus Implicit methods

@ Explicit Method: Higher order Runge-Kutta Methods

+

Complicated Stability Function, method dependent CFL
condition
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Explicit versus Implicit methods

@ Explicit Method: Higher order Runge-Kutta Methods
+
Complicated Stability Function, method dependent CFL
condition

@ Implicit Method : Pade approximation of exponential,
modi ed vector elds idea

+

Simple Stability Function, method independent CFL
condition
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Q Numerical Experiment
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Test Problems: A-B splitting + Fourth-order
Runge-Kutta

We deal with the following problem:

@) _ 01

@ 10

with the initial conditions up = (1 1) on the interval [0, T].
We split our linear operators into two operators by setting:

@i _ 2 1 2

u+

2U
@ 1 0 2 0
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Test Problems: A-B splitting + Fourth-order
Runge-Kutta, dt=0.01

—_— t
—— without w
- == termw
0ol B B O twotermw [
08|
07
06 D
X
051 >
Q
N
0.4
oo
I
0 0.1 0.2 03 04 05 0.6 07 08 0.9 1
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Test Problems: A-B splitting +

Runge-Kutta, dt=0.01.

Fourth-order

Global Log error

10°
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Test Problems: A-B splitting + Fourth-order
Runge-Kutta

err,, err,,
Lie Trotter Splitting | Without w | 0.1194 | 0.0060

With one w | 0.0292 | 0.0014
With two w | 0.0284 | 0.0013
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Test Problems: A-B-A splitting + Fourth-order
Runge-Kutta, dt=0.01.

0.8

0.7

0.6

051

041
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Applications of the Operator Splitting Methods

@ Parabolic Equation

Consider the following problem,

Problem

Ut = Duyy; (23)

where (x;t) 2 [0:1] [0:1],D = ﬁéodjgz , with exact solution

u(x;t) = sin( x)e P *t and initial conditions are taken from
exact solution, boundary conditions are Dirichlet boundary
condition.
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Applications of the Operator Splitting Methods

the fourth order difference approximation for uy, as
1
Uxx = —5[ 1=12 4=3 5=2 4=3 1=12]:
X

Therefore we obtain the rst order differential equations g iven
by

du

— = Au; 24
i (24)
A=A+ A

where A; = (A, + D); A, = Ay where A, is lower triangular
matrix, D is Diagonal matrix , A, is upper triangular matrix.
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Applications of the Operator Splitting Methods

err,, erry,
Lie Trotter Splitting | Without w | 0.0376 0.0021
With one w | 0.0082 | 2.1848e-004

Table: Comparison of errors for
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x = 0:1 and

t = 0:1.
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Applications of the Operator Splitting Methods

err., err,,

Strang Splitting | Withoutw | 0.0100 | 4.1548e-004
With one w | 0.0011 | 8.8875e-005

Table: Comparison of errors for x = 0:1and t = 0:1.
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Applications of the Operator Splitting Methods

(@) (b)

Figure: (a) Comparison of the solutions of parabolic equation
obtained by Lie-Trotter splitting,

(b) Comparison of the solutions of matrix problem obtained by Strang
splitting.
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Applications of the Iterative Operator Splitting Method

Eigenvalue Problem

We rst deal with the following ordinary differential Equat ion

ew

@ c(t); witht 2 [0;T]; c(0) = 1: (25)
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Applications of the Iterative Operator Splitting Method

We divide our ODE's in sub-equations after applying the one
operator splitting method as following

@;(t)
@]

where ;= land , = 2, initial conditionis c(0) = 1. The
exact solution of the problem is Cexact = €*.

= 1Gi(t) + 26 1(t); with ¢i(t") = c™i= 1;2;:::;m;
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Applications of the Iterative Operator Splitting Method

We exhibit the solution of the eigenvalue problem by using the
weightasw = 1+ 5, since W = B = . The following
Figure shows that the same order of accuracy can be reached
by using the less iteration via Weighted Polynomial.
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Applications of the Iterative Operator Splitting Method

T
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Figure: Comparison of the solutions of Eigenvalue problem obtained
by midpoint method for different number of iterations and iteration
with weight for t = 0:01.
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problems
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@ THANKS FOR ATTENTION !
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