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Mathematical model

∂u
∂t

= D
∂

∂x
(u

∂

∂x
(ln

u
f (x)

)), x ∈ (0, 1), t ∈ (0, T ] (1)

Initial condition is given by

u(x , 0) = 1, x ∈ (0, 1), (2)

and boundary conditions are given by

Du
∂

∂x
(ln

u
f (x)

) |(0,t) = 0, t ∈ [0, T ], (3)

Du
∂

∂x
(ln

u
f (x)

) |(1,t) = 0, t ∈ [0, T ], (4)
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Mathematical model

where f (x) is the so-called transition probability function and
given by

f (x) = (
a + A1xk (1 − x)k

b + A1xk (1 − x)k )α1(
c + 1 − A2xk (1 − x)k

d + 1 − A2xk (1 − x)k )α2 (5)

and
u(x , t) is the concentration of Endothelial Cells, D is the cell
diffusion constant and a, b, c, d, A1, A2, k, α1, α2 are some
arbitrary constants.
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Mathematical model

Model describes the endothelial cells movement in capillary
formation.

See, Levine et al.(2001), Othmer & Stevens (1997), David
(1990).
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Iterative operator splitting method

Consider the abstract Cauchy problem

u′(t) = (A + B)u(t), t ∈ [0, T ] (6)

u(0) = u0 (7)

where A and B are bounded linear operators and u0 is initial
condition.
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Iterative operator splitting method

The method is based on iteration by fixing the splitting
discretization step size τ on time interval [tn, tn+1].
The following algorithms are then solved consecutively for
i = 1, 3, . . . , 2m + 1

u′

i (t) = Aui(t) + Bui−1(t) with ui(t
n) = un (8)

u′

i+1(t) = Aui(t) + Bui+1(t) with ui+1(t
n) = un (9)
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where un is the known split approximation at time level t = tn

and u0 ≡ 0 is our initial guess.

The split approximation at the time-level t = tn+1 is defined as
un+1 = u2m+2(tn).

See, Farago & Geiser (2007), Geiser (2008).

Nurcan Gücüyenen , Gamze Tano ğlu Iterative splitting for the capillary formation model



Mathematical model
Iterative operator splitting method

Application of Iterative splitting to mathematical model
Error bound

Stability Analysis via Von-Neumann
Numerical results

References

Outline

1 Mathematical model

2 Iterative operator splitting method

3 Application of Iterative splitting to mathematical model

4 Error bound

5 Stability Analysis via Von-Neumann

6 Numerical results

7 References
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Application of Iterative splitting to mathematical model

Consider equation (1), by setting F (x) = f ′(x)
f (x) we turn it into

simple form

ut = D(uxx − uxF − Fxu) (10)

and after discretizing the space, initial condition becomes

um = 1, 0 ≤ m ≤ N, (11)

and boundary conditions are

D(
∂u0

∂x
− u0F0) = 0, for t > 0, (12)

D(
∂uN

∂x
− uNFN) = 0, for t > 0 (13)
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Application of Iterative splitting to mathematical model

We split the equation

ut = D(uxx − uxF − Fxu) (14)

as diffusion part

ut = Duxx (15)

and as advection-reaction part

ut = −DuxF − DFxu. (16)
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Application of Iterative splitting to mathematical model

Applying the iterative splitting schemes (8), (9) to model
problem (14) then we have

u′

i = D(ui)xx − D((ui−1)xF − Fxui−1) (17)

u′

i+1 = D(ui)xx − D((ui+1)xF − Fxui+1) (18)

where i = 1, 3, . . . , 2m + 1.
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Application of Iterative splitting to mathematical model

Diffusion term at each grid point (xm, t) becomes

∂2u
∂x2 |(xm,t)=

1
h2 (um+1(t) − 2um(t) + um−1(t)) (19)

and advection term becomes

∂u
∂x

|(xm,t)=
1

2h
(um+1(t) − um−1(t)) (20)

where h is the spatial stepping and m = 0, 1, . . . , N.
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Application of Iterative splitting to mathematical model

After assembling the unknowns of (19), for each m, and embedding the
approximation of derivative terms in boundary conditions in (12), (13), we
have the following system of equations in matrix form as follows:

uxx = A1u (21)

A1 = 1
h2

0BBBBB� −2 + (1 − hF0) 1 0 0 0
1 −2 1 0 0
...

...
. . .

... 0
0 0 1 −2 1
0 0 0 1 −2 + (1 + hFN)

1CCCCCA
(N+1)×(N+1)

Nurcan Gücüyenen , Gamze Tano ğlu Iterative splitting for the capillary formation model



Mathematical model
Iterative operator splitting method

Application of Iterative splitting to mathematical model
Error bound

Stability Analysis via Von-Neumann
Numerical results

References

Application of Iterative splitting to mathematical model

ux = B1u (22)

B1 = 1
2h

0BBBBB� −(1 − hF0) 1 0 0 0
−1 0 1 0 0
...

...
. . .

... 0
0 0 −1 0 1
0 0 0 −1 (1 + hFN)

1CCCCCA
(N+1)×(N+1)

.

Nurcan Gücüyenen , Gamze Tano ğlu Iterative splitting for the capillary formation model



Mathematical model
Iterative operator splitting method

Application of Iterative splitting to mathematical model
Error bound

Stability Analysis via Von-Neumann
Numerical results

References

Application of Iterative splitting to mathematical model

We fix the functions F (x) and F ′(x) at each discretization points
m = 0, 1, . . . , N and we use central difference approximation for each F ′(xm).
Redefining equations (17),(18) we have

u′

i = Aui + Bui−1 (23)

u′

i+1 = Aui + Bui+1 (24)

where A = DA1, B = −DF (x
¯
)B1 −DF ′(x

¯
). We then solve Eqns. (23) and (24)

by using midpoint method on each subinterval [tn
, tn+1], n = 0, 1, ..N.
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Application of Iterative splitting to mathematical model

Algorithms can be read as:

un+1
i = (I − τ

2
A)−1((I +

τ

2
A)un

i +
τ

2
B(un

i−1 + un+1
i−1 )) (25)

un+1
i+1 = (I − τ

2
B)−1((I +

τ

2
B)un

i+1 +
τ

2
A(un

i + un+1
i )) (26)

where τ is time discretization step and starting for i = 1, initial guess
u0(t) = 0, initial conditions u1(t) = u0 and u2(t) = u0.
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Error bound

Theorem

Let A, B ∈ L(X ) be given linear bounded operators. The cauchy problem is in
(6). Then the problem has a unique solution. The error bound of the iteration
(8), (9) i = 1, 3, . . . , 2m + 1 in terms of the operator norm is given by
for i is odd

||ǫi || ≤ (K1.||A||)
i−1

2 .(K2.||B||)
i+1

2 .||ǫ0||
t i

i!
(27)

for i is even

||ǫi || ≤ (K1.||A||)
i
2 .(K2.||B||)

i
2 .||ǫ0||

t i

i!
(28)

where ǫ0 is the difference between the exact solution and initial guess,
||exp(At)|| ≤ K1, ||exp(Bt)|| ≤ K2 for t ≥ 0.
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Error bound

Proof.
we know the exact solution of

u′(t) = (A + B)u(t), u(0) = u0 (29)

from variation of constant formula

u(t) = eAtu0 +

Z t

0
eA(t−s)Be(A+B)su0ds (30)
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Error bound

Proof.
For the first iteration, again from variation of constant formula

u1(t) = eAtu0 +

Z t

0
eA(t−s)Bu0ds (31)

after substracting and taking the norm we have

||u(t) − u1(t)|| = ||

Z t

0
eA(t−s)B(e(A+B)s − u0)ds|| (32)

||ǫ1|| = ||

Z t

0
eA(t−s)Bǫ0ds|| (33)

||ǫ1|| ≤ K1.||B||.||ǫ0||t (34)
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Error bound

Proof.
For the second iteration

||u(t) − u2(t)|| = ||

Z t

0
eB(t−s)A(e(A+B)s − u1)ds|| (35)

||ǫ2|| = ||

Z t

0
eB(t−s)A(ǫ1)ds|| (36)

||ǫ2|| ≤ K2

Z t

0
||A||.||ǫ1||ds (37)

||ǫ2|| ≤ K2.K1.||A||.||B||.||ǫ0 ||
t2

2
(38)

Then go on by induction.
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Error bound

Theorem

The local error of the iterative splitting method which based on
midpoint rule has more accuracy then the error of midpoint
without splitting.
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Error bound

Proof.
The error of iterative splitting with midpoint rule is

|uspl(t) − uexact(t)| ≤ AB(A + B)
t3

6
u0 (39)

and without splitting is

|umid (t) − uexact(t)| ≤ (A + B)3 t3

12
u0. (40)
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Error bound

Proof.
Let

||ǫspl || = ||uspl(t) − uexact(t)|| ≤ ||A||.||B||.||A + B||
t3

6
u0

and

||ǫmid || = ||umid (t) − uexact(t)|| ≤ ||(A + B)3||
t3

12
u0

then we have estimation

||ǫspl ||

||ǫmid ||
≤ 1 (41)

where 2||A||.||B|| ≤ ||A + B||2.

Nurcan Gücüyenen , Gamze Tano ğlu Iterative splitting for the capillary formation model



Mathematical model
Iterative operator splitting method

Application of Iterative splitting to mathematical model
Error bound

Stability Analysis via Von-Neumann
Numerical results

References

Outline

1 Mathematical model

2 Iterative operator splitting method

3 Application of Iterative splitting to mathematical model

4 Error bound

5 Stability Analysis via Von-Neumann

6 Numerical results

7 References
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Stability analysis via Von-Neuman

Let’s rewrite the mathematical model (14) as

ut = Adu + Baru (42)

where Ad = D∂xx , Bar = −DF (x)∂x − DF ′(x).
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Stability analysis via Von-Neuman

After applying iterative splitting algorithms (8), (9) with midpoint
rule to (42) on [tn, tn+1] interval with time step τ , we have

(

un+1
1

un+1
2

)

= L̃
(

un
1

un
2

)

+
τ

2

(

(I − τ

2 Ad)−1Bar (un
0 + un+1

0 )
τ

2 Ad(I − τ

2 Ad )−1(I − τ

2 Bar )
−1Bar (un

0 + un+1
0 )

)
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Stability analysis via Von-Neuman

where

L̃ =





(I − τ

2 Ad)−1(I + τ

2 Ad ) 0
τ

2 Ad (I − τ

2 Ad )−1(I − τ

2 Bar )
−1(I + τ

2 Ad ) (I − τ

2 Bar )
−1(I + τ

2 Bar )
+(I − τ

2 Bar )
−1 τ

2 Ad





where Ad = D∂xx , Bar = −DF (x)∂x − DF ′(x) are linear operators.
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Stability analysis via Von-Neuman

Suppose that

F (x) < k1, F ′(x) < k2.

Applying a continuous Fourier Transform according the formula

û(w) =
1√
2π

∫

R
e−iwxu(x)dx (43)
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Stability analysis via Von-Neuman

Yields

(

ũn+1
1

ũn+1
2

)

=











1−D τ

2 w2

1+D τ

2 w2 0
−

τ

2 Dw2(1− τ

2 Dw2)

(1+ ∆t
2 Dw2)(1+ τ

2 D(k1wi+k2))

1− τ

2 D(k1 iw+k2)

1+ τ

2 D(k1 iw+k2)

+
−

τ

2 Dw2

1+ τ

2 D(k1wi+k2)











(

ũn
1

ũn
2

)

(44)
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Stability analysis via Von-Neuman

The eigenvalues are

λ1 =
1 − D τ

2 w2

1 + D τ

2 w2 and λ2 =
1 − τ

2 D(k1iw + k2)

1 + τ

2 D(k1iw + k2)
.
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Stability analysis via Von-Neuman

For stability eigenvalues must be |λi | ≤ 1, i = 1, 2.

|λ1| = |1 − D τ

2 w2

1 + D τ

2 w2 | ≤ 1, |λ2| = |1 − τ

2 D(k1iw + k2)

1 + τ

2 D(k1iw + k2)
| ≤ 1

First inequality is true under the condition D ≥ 0.

Second one is true for conditions D ≥ 0 and k2 ≥ 0.
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Numerical results

For numerical computation we consider the problem (1)-(4) with
parameters D = 0.00025, a = 1, b = 2, c = 10, d = 0.1,
α1 = α2 = 1, A1 = 28 × 107, A2 = 0.22 × 109 and k = 16. We
write the computer program in matlab and present our results
on graphs which are taken at different times.
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Figure: Numerical solth. of the problem (1)-(4) with iterative splitting
method for T = 3, T = 10, T = 50, T = 150, T = 300, T = 750.
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Numerical results

Figure shows the concentration of Endothelial Cells at different
times.

See, S. Pamuk, A. Erdem (2007), U. Erdogan et al. (2009).
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