Part 2. Finite Volume Methods I

The finite volume method is a discretization method which is well suited for the numerical re-
search of various types (elliptic, parabolic and hyperbolic for instance) of conservation laws. Tt is
extensively used in several engineering fields, such as fluid mechanics, heat and mass transfer, or
petrolium engineering.

Some features are equal to the Finite Element methods as arbitrary geometries, using structured
grids, unstructured meshes and robust schemes. An additional feature is the local conservativity
on the numerical fluxes, that the numerical flux is conserved from one discretization cell to its
neighbour, i.e. the out-flux from one cell and the in-flux into a neighboring cell over a common
edge are equal, see also Figure 0.2 below. This makes the finite volume scheme attractive, when
modelling problems for which the flux is of importance.

The finite volume method is locally conservative because it is based on a balance, i.e., a local
balance is written on each discretization cell, often called control volume. Therefore an integral
formulation of the fluxes over the boundary of the control volumes can be obtained.

The grid of control volumes, is the dual grid of the triangulation, which can be either a Voronoi or
Barycentric grid. In a Voronoi grid, the edges are perpendicular to the edges of the triangulation
and intersect them at their midpoints, where as in a barycentric grid, the edges go from the inter-
section of the median lines of the triangles of the triangulation to the midpoint of the edges of the
triangulation.

FiGure 0.1. Example for a triangle with barycentric grid on the left and Voronoi
grid on the right.

From here on we will only consider the Voronoi grid. The out-flux from one cell K over a common
edge with a neighboring cell L is equal to the in-flux into L over this edge.

[IELN

FiGure 0.2. Flux from a cell K into a neighboring cell L over a common edge o,
where the out-flux from K and the in-flux into L over the common edge o are equal.
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1. EXAMPLES FOR FINITE VOLUME METHODS

1.A. Transport Equation. Consider the linear transport equation.

ug(z,t) + div(vu)(z,t) =0 for all z € R* t € RT
u(z,0) = up(z) for all z € R?,

(1.1)

where u; is the derivative in times, u € C?(R? x RY), ug € L®(R?), and v = (v1,vs) is a vector
with vy (z,t), v2(z,t) € C?(R? x RT).

T is a mesh of R? consisting of polynomial bounded convex subsets and K € 7 is a control volume.
We integrate (1.1) over K. Hence we have the following balance equation

(1.2) / ut(x,t) dx +/ v(x,t) - ng(r)u(z,t)ds =0 forallt € RT,
K oK

where ng denotes the normal vector to K. We integrate over (1.2) over (tn,tnt1).

/K/:Hl ut(:ﬂ,t)dtd;p_q-/t:”“ /akv(m,t)'nK(Jc)u(:E,t)dsdt _ 9
(1.3) /K(u"“(:v) —u"(x)) dz + /t:nﬂ /8Ky(g37t) (@) u(z, ) dsdt = 0

Then semi-discretization of (1.3) by implicit Euler yields

/ (un+l(a}) _un(x)) dac—i—At/ U(.Qﬁ,tn-f—l) nK<a?) un-i-l(x) ds = 0
K

0K
(1.4) Ait /K(u("ﬂ)(x) — u(”)(:v)) dx + /8Kv(a:,tn+1) cng(z)u" M (z)ds = 0,

forallm € N, K € T, where At = t,,41 —t,. Let £k be the set of edges of 0K, and nk , the normal
vector on ¢ pointing outward from K. Consider

(1.5) / v(x, tygr) - ng u" T (z) ds = Z 0(,tni1) - N eu™ T (2) ds.
0K

o€€K g
We decide the discretized flux with the up-winding scheme

n+l n+1 . n+1
{ VK 5 Uk lfUK’U >0

n+1_ n+1

(16) Pt =
b : 1
7 Vo ur - if ’U?(—j_o <0,

where v ! = [, v(x,tpy1) - ko ds. Then, full discretization of equation (1.4) yields

K
(1.7) 'At’ (Wit —uk)+ > Fptl =0,

oefk
for all n € N, K € 7T, where u"(z) = u} for all x € K, |K| is the measure of K, u,(co) =

|—11(| S5 uo(x) da.
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1.B. Stationary Diffusion Equation. Consider the stationary diffusion equation
—Au=f on Q=0,1[x]0,1[
u=0 on 0.

on a regular mesh 7. Integrating (1.8) over a control volume and using Gauss theorem with
— [ Vudz = [, Vu-nds yields

Z /Uvu(x)'nK,adSZ/Kf(x)dx.

o€EK

(1.8)

We approximate the flux [ Vu(z) - nk s ds by the finite difference approximation

up, — UK
Fico = lo] “LE,
K,L
where dg 1, := |x;, — x| is the distance between z1, and xx and L is the neighboring control volume

with common edge . Then there holds the linear system of equations

> Fro=|K|fx forall K €T,
ocelk

where fx = ﬁ Jx fz) de.
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2. THE ONE-DIMENSIONAL ELLIPTIC PROBLEM

The formulation is done for the one-dimensional problem and we introduce the error estimates for
the finite volume methods.

Definition 2.1 (Admissible one-dimensional mesh). An admissible mesh of (0,1), denoted by 7°
is given by a family (K;);=1,. n of control volumes with N € Ny, such that K; = (mi_l/gwiﬂ/g)
and a family (z;)i=o,.. n4+1 of nodes such that

0=z = Ty <T1 <Tgjp <...<Zi_y < T <
<Tig172 < ... <Ty_1/2 <IN < Tny1/2 = TN41 = L

We have hz = ’Kz‘ = [Bi+l/2 — [131'71/2.

0 1
T1/2 w52 TN-3/2 TN+1/2
z3/2 TN—-1/2
vo 1 2 EN?L} TN+1
N
FIGURE 2.1

2.A. Example of finite volume method for the one-dimensional Poisson Equation. Con-
sider the following differential equation

—ugz(2) = f(2) 2 €(0,1), feC(R)
@1) u(0) =0, u(1) =0
We can write equation (2.1) in the conservative form
div(F) = f with F = —u,.

The discrete unknowns are denoted by u;, i = 1,..., N and are approximations of « in the cell K.
Equation (2.1) is integrated over each K; and yields

(2.2) —(ua(®it1)2) — ua(®iz1)2)) = /K f(x)dz i=1,..,N.
The approximation of u;(z;11/2) is given by the differential quotient
Uil — Uj
Fipppy = 1"
i+1/2 hz’+1/2

and hjyy/2 = Ti41 — x;. The approximation is consistent, if u € C?([0,1]). Thus, we have by
applying Taylor expansion to u(z;) and u(zit+1) in z;11/2
Uip1 —u;  uw(xipr) — u(w;
hiviy2 Titl — T4

_ ’U,(-'Ifi-‘rl) - U($z) + O(h) _ um($i+l/2) + O(h) _ F’H—I/Q + O(h),

(2.3)

hiy1/2

where F; /2 is the exact flux.
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Remark: The Dirichlet boundary condition is taken into account by using the values imposed at
the boundaries to compute the fluxes on these boundaries
Ui+l — Uy U1

uN
1/2 = Trjs Fyyi12=

hngiye

Fiy12= Iy

Then the numerical scheme looks like Au = b, where u = (u1, ..., uy)?, b= (b, ..., By)T and

oo ui—‘rl_ui_ui_ui—l _ ] o
(2.4) (au); = —( i ) =~ (Fijo = Fiap)

b = /Kif(w)da:.

2.B. Convergence Theorem and error-estimate for the one-dimensional Poisson Prob-
lem. Consider equation (2.1), i.e.,

—ugz(2) = f(2) 2 €(0,1), feCR)
u(0) =0, u(l) =0

Theorem 2.1 (Finite volume error estimate). Let f € C1([0,1]) and u € C?([0,1]) be the unique
solution of the problem (2.1). Let 7 = (k&) =1,..n be an admissible mesh in the sense of Definition
2.1. Thus, there exists a constant ¢ > 0, only depending on u, such that

N ) 32
(2.5) > (eir1 —ei)” < C?*n? and |e;] < Chfori={1,..,N}
— hiti/2
=0
where e; = u(x;) — u;, eo = enyt1 =0, h = max;eqo, . Ny{hit1/2}, and where h; /9 = ip1 — ;.

Proof. There exists a unique vector u = (u1,...,un)? € RY solution to (2.1). We multiply (2.4)
with u; and summing for ¢ = 1,..., N gives

i(Au)”u'_ﬁ+]§<(ui+1—ui)2) + ux _ih'f"u'_ib"u‘
— it Uy = h1/2 < hi+1/2 hN+1/2 = — iJi - Uy = = i Ug,

where f; = % I K, f(z)dz. If f; =0, then u; = 0 due to uniqueness and existence. We integrate
the equation —ug, = f over Kj;, as above in Definition 2.1, i.e.,

(Au); = _(Fi+1/2 - Fi_1/2) = h;A; = b;.
The exact and the discrete flux yield

—Fz+1/2+F1;1/2=/K fx)dz = hif;

—Fiip+Fi1p = hifi,

respectively. Subtracting both equations and defining G119 := FZ-H/Q — Fit1/2, we have Gy /9 —
Gi_1/2 = 0. The consistency of the flux yields

Fiy12 = Fipija + Riga)o,
as in equation (2.3), where Rii1/2 < ¢;h. We can write the error e; as
e; =u(r;) —u; fori=1,...N with eg = ent1 =0.
Using equation (2.3), we have
Uir1 —u;  u(wigpr) — u(w; €it1 — € ,
Gz‘+1/2=U:p($i+1/2)— : L= +1) J = = - +Ri+1/2 i1=1,...,N.

hit1/2 hiv1/2 hit1)2
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Multiplying G y1/2 — Gi_1/2 with e; and summing up from i = 1 to NN, there holds

N e e N e e N N

1+1 — & v — Ci—1

oo G I A —ZRi+1/2 €; +ZRi—1/2 €;
= hig1y2 = hic1y2 | P

e N+1 N+1

+1 — — €4

= = — R+1261+ R, 1/2 €i-

Z hz+1/2 ; hz 12 Z i+1/ Z i—1/

Thus we have that

N
Z €z+1 < Ch Z |€erl

=0 Z+1/2 =0
since N Nal N
+ 2 2 2
Citl — € — ¢ €l (eit1 —€i)” | ey
— €& — € = + + .
; hivi ; hz 1/2 hay2 ; Rit1/2 hiy
Using Cauchy-Schwarz inequality, there holds
N
leir1 — ei|>\ /2 1/2
Ch Z leip1 — €] < Ch (Z o~ ) (Z hz-+1/2)
i=0
N——

=1

Thus we have

N 2

(€it1— ei) < %2,
P hit1/2
O

Remark: The error estimates did not use the discrete maximum-principle (which means: f; > 0 for
alli=1,..., N implies u; > 0 for all i = 1,..., N), but coercivity is used.'3
Comparison with finite difference method: With the same notations as in finite volume method,
we consider u; as an approximation of u(z;)

1 /w1 —uy uy —ui—q

RS
i i+1/2 i—1/2

But this is not a consistent approximation of —ug,(z;) in the finite difference sense, since the dif-

ference quotient does not test to zero, if h — 0.

r=Au—b withr = (ry,...,rn)7 and b; = f(z).
Applying Taylor expansion, we get

1
w(Tip1) = w(w) + higr jouq () + §h?+1/zum($i) +O(h?)
and
1 higaye = hicyye
h; 2
which in general does not tend to zero, if h — 0.

Uge () + O(h3),

T, = —

Ezample: Let f = 1, then consider (0,1) and**

(
L5 — T .
g for odd 1, xi:M fori=1,...,N.

hi=h foreveni, h;= 5

L3But where is coercivity used??
e example needs corrections or further explanation.
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Then there holds

1 1
r; =—— foreveni, r;=—= forodd:.
4 2

Hence sup{|ri|, i=1,...,N} /0 for h — 0.

A consistent finite difference method is given by

4 Uitl — Ui | Uj — Uj—1
— + ) = flx;).
hi—1+2h; + hiy1 < hiy1/2 hi—1/2 fla)
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3. ELLIPTIC PROBLEMS IN TWO OR THREE DIMENSIONS

We discuss the discretization of elliptic problems in several space dimensions by the finite volume
methods. The one-dimensional case is easily generalised to non-uniform rectangular, or parallel-
epipetic!® meshes. For a generalization of control volumes, the definition of the schemes (and
proofs) require some assumptions, which define an ”admissible mesh”.

The proofs are based on the discrete ”Poincaré inequality” for the Dirichlet- and Neumann-
boundary conditions. The error estimate between the finite volume approximated solutions and
the C?- and H'-regular exact solutions is also proven.

Consider the following elliptic equation

(3.1) — div(A Vu(z)) + div(vu)(z) + bu(z) = f(x)

for all z € 0Q2. Assumptions:

(i) ©Q is an open bounded polynomial set of R? with d = 2, 3.
(ii) b > 0.
(iii) v € C1(Q), dive > 0.
(iv) g € C(09) such that there exists g € H'(Q2) with 5(§) = g on 09, where 7 denotes the
trace operator from H'(Q) to L2(99).
(v) A is coercive.
One can show by the Lax-Milgram theorem and under the assumptions above, that there exists a
unique solution u € H*(Q) of problem (3.1). For a proof, see [EGH].

The solution satisfies u = w + §, where § € H*(f), such that v(§) = g and w is a unique function
of H}(Q).

/ V- (@) + div(vw) (@) () + buw(x) ¥(x) d

(3.2)
/ —Vg(z) - Vi (z) — div(vg)(@) ¥(x) — bg(x) ¥ () + f(x) P(z) dx

for all v € HE(Q).

3.A. Structured Meshes. We can generalize the one-dimensional scheme. Rectangular meshes

for the Laplace-operator
3.3 —Au(x,y) = f(-T,y) for all (xay) €
(3:3) w(z,y) =0 for all (z,y) € 90.

Let

be an admissible mesh of (0, 1) x (0, 1) with the assumptions above, i.e., let N1, No € N, hy, ..., hn, >
0, k1, ..., kN, > 0 such that

Np Ny
Z h; =1 Z ki=1.
=1 =1

Furthermore, let hg = hn,+1 =0 and kyp = kn,4+1 =0. For ¢ =1,..., Ny, let
T1/2 = 0, Tit1/2 = Ti—1/2 T hi, ITN1+1/2 = 1

15What means epipetic?
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and for j =1,..., Ny

Y12=0, Yjy12=Yj—12 T kjy  Tnpp12 =1
Then, K; ; is defined by
Kij = [xi_1/2, Tiy1/2] X [Yj—1/2: Yjt1/2]-
Now, we can apply the finite volume scheme to equation (3.3) and get

Yj+1/2 Yj+1/2
—/ Uy (Tig1/2,Y) dy+/ Uy (Ti-1/2,Y) dy

Yj—1/2 Yj—1/2
Tiy1/2 Tit1/2
+/ Uy(%yifl/z) dx — / uy($7yi+1/2) dx = / f(z,y) dx dy.
Ti-1/2 Ti—1/2 Ki,j
Applying the numerical fluxes in the same way as in the one-dimensional case, we get
(3.4) Fipi25 — Ficvye + Fijrie — Fij—12 = hij fij
for all (i,7) € {1,..., N1} x {1,..., Nao}, where h; ; = h;k; and f;; is the mean value of f on K ;.
k.
Fiyipg = _ﬁjl/? (wiy1,j — uiy)
F, = i
W2 S T (Wij41 — Uiy)
Uoj = UN; 41,5 = Ui0 = UjNot1 = 0,

fori=1,...,Ny,and j =1,..., No.

3.B. General meshes and schemes (unstructured meshes). For the generalization of the
meshes and the schemes, we concentrate on the convection-diffusion equation. The advantage of
finite volumes using non-structured meshes is simple; because of the bounding integrals, which also
fit in the non-structured case and stability. We obtain a robust scheme for any admissible mesh.
Therefore the use of a non-structured meshes allows for the computation of a solution for any shape
of the physical domain.

Definition 3.1 (Admissible mesh). Let Q be an open bounded polygonal subset of R? with d = 2, 3.
An admissible finite volume mesh of 2, denoted by 7, is given by a family of control volumes, which
are open subsets of  containing hyper-planes of R?, denoted by £ (edges or sides of the control
volumes), which are strictly positive (d — 1)-dimensional measures, and a family of points of Q
denoted by P satisfying

(i) the closure of the union of all control volumes is €,

(ii) for any K € 7T, there exists a subset £k of £ such that

OK=K\K= ] 7,

o€k

(ili) for any K,L € T with K # L either the (d — 1)-dimensional Lebesgue measure of K N L
is zero or K N L = o for some o € £ also denoted by K|L,

(iv) the family P = (k) ke7 is such that for 25 € K and g € FI, the straight line from x g
to x intersects o, where 0 = K|K' # () and K # K,
(v) for any o € €, with o € 99, let K be the control volume such that o € .
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3.C. Example for Grids. Triangular mesh: Let Q be an open bounded polygonal subset of R2.
Let 7 be a family of an open triangular disjoint subset of €2, such that two triangles having a
common edge, also have two common vertices.

We assume all angles of the triangles are less than 7/2. This is sufficient for the bisections to
intersect the sides of each triangle. Defining the points x; € K with either barycentric or Voronoi
grid construction, we obtain an admissible mesh, also see Figure 0.1 and 0.2.

Remark:

(i) In the case of the elliptic operators, the finite volume scheme defined on such a grid using
differential quotients is a 4-point scheme

-1
1

Sl-1 4 1
h 1

(ii) The consistency is only verified for the approximation of the fluxes, but this together with
the conservation of the scheme, yields the convergence of the scheme.

3.D. Existence and Uniqueness. We prove existence and estimates of the solution. The esti-
mates ensure stability of the scheme and will be obtained by using the discrete Poincaré inequality.
Assumptions for the following Lemma

(i) ZUGEK Fro+ ZaeeK VKo Us +0|K|ug = |K| fx forall K €T,
(ii) Fxo = —Fr, forall o€ &y, ie., if o = K|L,
(i) Fxodreo = —|o|(us —ug) foralo ek, K €T and di, = |25 — TK],

(iv) us = g(ys) for all o € Eex With Eexy C I
Furthermore assuming g = 0 and uzr € X(7) by ur(z) = ug for all x € K the flux

VKo —/v(x) ‘g edx.
g

The value of u, has to be decided for interior edges by for example the upwinding scheme.

To

x
K™ 4k » dr.o

FiGure 3.1

Definition 3.2. H}(Q) with || - |17 is the discretization of H}(Q) with || - [|1, where

1
0
Julls = 3150 e Nz = (3 (Do)
=0

el

Do — lug —ur| if o= K|L € Epy
77 Juk] else.
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Lemma 3.1. Under the assumptions above, let 7 be an admissible mesh in the sense of Definition
3.1. Thus, there exists a unique solution (ug)xe7r to equation (3.1). We assume g = 0 and define
ur € X(7), as in the assumptions above. For z € K and for any K € 7, there holds

lur|lir < diam(Q) || f]l 20,

where || - ||1.7 is the discrete norm H}(f2), defined in Definition 3.2

Proof. 17 Step 1, Existence and uniqueness

Assume that (ux)ger satisfies the linear system with ¢g(y,) = 0 for any o € &y and fr = 0 for
all K € 7. We multiply assumption (i) above with ux and sum over K.

E E Froug + E E VKo Uo UK + b g ]K|u%<:0.
KeT o€l KeT o€k KeT
We reorder the sum and get

E:T(,(Dc,u)2 + ZUU (Ug+ — Up—) Up v + ] Z |K| u%{ =0,

o€l o€l KeT
where u, _ is the downstream value on o with respect to v,

Ug,— = UK if VK, 0<0>

/ v(x) - ndx‘.
Then we have

1
> votio gy — i) = 5D Vo (o — g )+ (o s — o))
oe€ o€e&

ng(u;+ - ug_) = /(div v)ugz(x)de >0,
Q

el

and

Vg =

since divv > 0. Hence there holds

bllurlfag + llurllfr = D |K[ufk + Y (Dou)* 75 <0.
KeT el

Thus we have existence.
Step 2, Estimates: f # 0 use step 1.

bllurli r + lurlis < Y K| fx uxk.
KeT
Using Cauchy-Schwarz inequality, we get

(S ik (S w1 12)

KeT KeT

/
urllz (- IKIJ’}%)1 g

KeT

IN

|ur] i’]’

16Definition of d, and X (7)?
17proof of Lemma needs to be corrected.
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Using the discrete Poincaré inequality we have

lur i 7 < diam(€) || 1| 22(0)
O

3.E. Error Estimate. We will now consider the error estimate for the multi-dimensional elliptic
equation (3.3), i.e.,

—Au(z,y) = f(z,y) forall (z,y) € N
u(z,y) =0 for all (z,y) € ON.
Let T = (K j)i=1,..,N, j=1,..,N, be an admissible mesh of (0,1) x (0,1) as above.

Proposition 3.2. Let Q = (0,1) x (0,1) and f € L?(Q). Furthermore, let u be a unique solution
of (3.3) under the assumptions made at the beginning of this section. Let £ > 0 such that h; > £h

and k; > &h for i = 1,...,Ny and j = 1,...,Na. Then there exists a unique discrete solution
(ui,j)izly._,thjzl _____ N, and a constant ¢ > 0 only depending on u, §2, £ such that
2 2
. Cr i1 — e s
(35) Z (ez-l—ld 617.7) k] + Z ( 1,5+1 Z?]) h’L S Ch2
= hit1/2 7 kiv1/2
and

> (eiy)® hikj < Ch?,
0]
where e; ; = u(x; ;) — ;.

Proof. Apply in x and y direction the one-dimensional case, using a structured grid and decoupling
the directions.
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