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AN ANOMALY FORMULA FOR RAY-SINGER
METRICS ON MANIFOLDS WITH BOUNDARY

J. BRUNING AND XIAONAN MA

Abstract. Using the heat kernel, we derive first a local Gauss-Bonnet—
Chern theorem for manifolds with a non-product metric near the boundary.
Then we establish an anomaly formula for Ray—Singer metrics defined by
a Hermitian metric on a flat vector bundle over a Riemannian manifold
with boundary, not assuming that the Hermitian metric on the flat vector
bundle is flat nor that the Riemannian metric has product structure near
the boundary.

0 Introduction

Let X be a compact m-dimensional smooth manifold, not necessarily ori-
ented, with boundary X = Y and canonical embedding j : ¥ — X, and
let F' be a flat complex vector bundle over X, equipped with its flat con-
nection V. We denote by H*(X,F) = @D, HP(X, F) the (absolute)
de-Rham cohomology of X with coefficients in F'. For a finite dimensional
vector space F, set det E := A™®FE and denote by (det F)~! := det E*

the dual line. Then it is customary to call the complex line,
m

det H*(X, F) = R) (det H* (X, F)) ", (0.1)
p=0
the determinant of the cohomology of F'.

Next, choose a Hermitian metric b on F and a smooth Riemannian
metric ¢?X on TX. By Hodge-de Rham theory, the de Rham cohomology
H*(X, F) is canonically isomorphic to the kernel of an appropriately chosen
Laplacian. Hence the chosen metrics induce a canonical L2- metric h?*(XF)
on H*(X,F). Then the Ray-Singer metric | |55 e (x,r) On det H*(X, F)
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is defined as the product of the metric induced on det H*(X, F) by hff*(X.F)
with the Ray—Singer analytic torsion [RS], see §4.1.

If Y = () and h*" is flat, then it is known that || |5 e (x, ) does not de-
pend on g7X. Indeed, the celebrated Cheeger—Miiller theorem [Ch], [Miil]
tells us that in this case the Ray—Singer metric can be identified with the so
called Reidemeister metric which is a topological invariant of the flat bun-
dle F' [Mi]. Miiller [Mii2] extended his result to the case where m = dim X

is odd and only the metric induced on det F' is required to be flat.

It is natural to ask whether the Ray—Singer metric will be independent
of the chosen Hermitian metric on F' even without any assumption of flat-
ness. Bismut and Zhang [BiZ1] generalized this discussion to arbitrary flat
vector bundles with arbitrary Hermitian metrics and showed that, in even
dimensions, the independence ceases to hold. Instead, there is an anomaly
formula: the logarithms of two Ray—Singer metrics differ by a local term
involving new secondary invariants.

There are also various extensions to the equivariant case, cf. [LR], [Lii],
[BiZ2]. Recently, Bismut and Goette [BiG], [Go] obtained a family version
of the Bismut—Zhang theorem under the assumption that there exists a
fiberwise Morse function for the fibration in question, which generalizes all
the above results.

Now consider X with Y # (. This case was studied in [LR] and [Lii],
[V], [H], under the assumption that i is flat and that g has product
structure near the boundary. Dai and Fang [DF] were the first to study this
problem with A flat but without assuming a product structure for g7x
near Y'; they used methods completely different from ours. In [LiS], Liick
and Schick computed some examples to show that the boundary term does
not vanish in general. We learned about this problem from [DF] which
was very helpful for us even though we investigate the problem from a
rather different perspective. As an interesting by-product, our reasoning
also leads to a local Gauss-Bonnet—Chern theorem [Ch1,2], see Theorem 3.2
below, for manifolds without a product structure near the boundary. As a
notable feature of our proof, we derive the boundary contribution from the
fundamental solution of the model problem.

Let us now describe the geometric setting in greater detail. Let || ||get #
be the metric on the line bundle det F' induced by Af', and let ¢”¥ be the
metric on TY induced by ¢”*. Denote by VI¥ and VY the Levi-Civita
connection on (T'X, g7X) and (TY, g™Y), respectively, with curvature RT¥
and R™Y. Let o(TX) be the orientation bundle of TX. Let e(TX, VX)),
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e(TY, VTY) be the associated representatives of the Euler class of TX, TY
in Chern-Weil theory, such that e(TX,V?¥) is an o(TX)-valued closed
m-form on X. To account for the boundary, we introduce in (1.17), (1.19)
certain forms on Y, e,(Y, VIX) and B(VTX), such that e,(Y, VI¥) is an
o(TY)-valued m — 1-form on Y. If m is odd, then e(TX,V?¥X) = 0 and
ep(Y, V) = 2e(TY,VTY).

Let Q(X,0(TX)), Q(Y,0(TX)) be the o(T'X )-valued C* formson X,Y.
The algebraic mapping cone of j* : Q(X,0(TX)) — Q(Y,0(TX)) is de-
fined as the following object: we put QP(X,Y,0(TX)) := QP(X,0(TX)) ®
QP~Y(Y,0(TX)) and define, for (o1,02) € QP(X,Y,0(T X)), the differential
by d(o1,02) := (dX a1, j*01 —d¥ 03); then the complex (Q°(X,Y, 0o(T X)), d)
calculates the relative cohomology H®(X,Y,0(TX)) [BoT, p.78]. For
(01,02) € UX,Y,0(TX)), 03 € QX), we define a nonsingular pairing

/ (01,09) N og := / o1 N\og — / o9 N j¥os; (0.2)
(X,Y) X %

this induces the Poincaré duality H*(X,Y,0(TX)) x H*(X,R) — R. By
Theorem 1.9, the relative differential form

E(TX, V) = (e(TX, V), e, (Y, V) (0.3)
is closed in Q(X,Y,0(TX)) and defines the relative Euler class of T'X,
and E(TX) := [E(TX,VTX)] € H™"(X,Y,0o(TX)) does not depend on the
choice of g7¥.

Next let (g2, hi") and (g%, hf") be two couples of metrics on (TX, F).
We will use the subscripts 0, 1 to distinguish various objects associated with
these metrics. In Theorem 1.9, we show that there exists a canonical class

B(TX,VE* vIX) € Q™ 1(X,Y,0(T X)) /dQ(X,Y,0(TX))
such that
dE(TX,VEX VI¥*) = E(TX, VI¥) - E(TX. V{¥).  (04)
It is obvious from (0.4) that E defines the secondary relative Euler class of
TX in the spirit of Chern—Simons theory.

Let O(F, hf") = Tr[(hf") "' VFRE] be the closed 1-form (cf. Definition 4.4),
which measures the variation of the metric || ||qet 71 on det F' with respect
to the induced flat connection on det F'; §(F,hi") vanishes if the metric
| ldet 71 is flat.

The main result of this paper generalizes [BiZ1, Thm.0.1] to manifolds
with boundary; it reads as follows:

Theorem 0.1. Let (¢¢*,hl), (67X, L") be two couples of metrics on
TX and F. Then
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2 2
lo <<|| HdetH (X,F),1 > > _ (_1)m/ log <<|| ||detF1> >E TX VTX
185 zex.7).0 (X,Y) | llaet 7,0
+ | ETX,VEX NTXN(F, Y )+rk(F)[ / B(VTY) / B(V ]
Y

(XY)
(0.5)

Especially, if hf’ = hf is flat, then (0.5) reads

lo ((Hjiﬁ)ﬁ :rk(F)[/YB(VITX)—/YB(VgX)]. (0.6)

In fact, in [Ch, Cor 3. 29] Cheeger states (what is also implicit in the proof
of [RS, Thm. 7.3]) that the left-hand side of (0.6) depends only on the germ
of gl-T X restricted to Y, a crucial fact for Cheeger’s proof of the Ray-Singer
conjecture [Ch, §4]. In subsection 4.5, we find that our results coincide
with the results in [LiS, App. A] where Liick and Schick computed some
examples to show that the left-hand side of (0.6) does not vanish in general.
Note that (0.6) is different from the corresponding boundary contribution
in [DF, Thm.1.1, or §2.2 and §4.4].

Note that in Theorem 0.1, we do not assume that hf (7 =0,1) is flat,
nor do we impose any restriction on the metrics gd % and g{X. To derive
the (somewhat mysterious) local contribution from the boundary (i.e. to
calculate the asymptotics of the left-hand side in Theorem 4.5), we only
do the rescaling of the Clifford variable along Y and, inspired by [BiL,
§13 d), e)], we use a special trivialization of the vector bundles adapted to
the boundary geometry, in order to get a manageable limiting boundary
value problem. Finally, we introduce two extra Grassmann variables and a
strange rescaling.

In this paper, we work out in detail the results associated to the absolute
boundary condition on X. In [BriiM2], we will give the corresponding
results for the relative boundary condition on X, and will apply it to derive
the gluing formula for the analytic torsion in this general setting. Our
results were announced in [BriM1].

This paper is organized as follows: In section 1, we construct the sec-
ondary classes for manifolds with boundary which appear in Theorem 0.1.
In section 2, we express the secondary relative Euler class from section 1
in terms of the Mathai—Quillen current. In section 3, we establish a local
Gauss—Bonnet—Chern theorem for manifolds with boundary which serves as
a model problem for our main result. In section 4, we establish the anomaly
formula for the Ray—Singer metric under the additional assumption (4.30),
and in section 5 we prove Theorem 0.1 in general.
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SOME NOTATION. If the vector space V = VT & V™ is Zy graded under
the involution 7, and if A, B € End(V), then we denote by [A, B] the
supercommutator of A and B, and put

Trs[A] := Tr[TA4].
We will denote by i(-) and w(-), respectively, the operators induced by the
interior and exterior product on forms. For I = {i1,...,ix} C {1,...,m},

and {e;} an orthogonal basis of V with dual basis {e’}, we write w(e!) =
w(e)o---ow(e™) and i(er) = i(e;; ) o---0i(e;, ). Indices a, 8, will always
run from 1 to m — 1, and indices %, j, k will always run from 1 to m.
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Training Network “Geometric Analysis”. The final revision was done while
the second author was visiting Nankai Institute of Mathematics during July
and August 2005. He would like to thank Weiping Zhang for hospitality.

1 Secondary Classes for Manifolds with Boundary

In this section we define the secondary classes for manifolds with boundary
which appear in Theorem 0.1.

This section is organized as follows. In subsection 1.1, we recall the
definition of the Berezin integral [BiZ1, §3a)]. In subsection 1.2, we describe
the geometric setting, especially the connection from [Bil, Def.1.6]. In
subsection 1.3, we state a technical result which we prove in subsection 1.4.
In subsection 1.5, we construct the secondary classes for a fibration of
manifolds with boundary.

1.1 The Berezin integral. For Z,-graded algebras A, B with identity,
we introduce the Zo-graded tensor product A® B and define A := A® I,
and B := I ® B, and we write A := ® such that A® B = AAB. Let E and
V be finite dimensional real vector spaces of dimension n and [, respectively.
Assume that F is Euclidean and oriented, with oriented orthonormal basis
{e;}_, and dual basis {€’}? , with respect to the Euclidean metric h,
and denote by AE* the exterior algebra of E*. Then the Berezin integral
we use is the linear map

B
/ cAVFANAE* — AV, alprcpfer,... en)a, (1.1)
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where the normalizing constant is given by cp := (—1)""+1/2x=7/2_ More
generally, for any Euclidean space E with orientation line o(E), the Berezin
integral maps AV* A AE* into AV* @ o(E).

In the sequel, we no longer assume that F is oriented. Let C be an
antisymmetric endomorphism of E. We identify C' with the element of
AE given by

C=1 3 (e, Cejdei ned. (1.2)
1<i,j<n
This being understood, the Pfaffian Pf[C/27] of C'/27 is defined by
B .
exp (‘2—0) =Pf[£] € o(E). (1.3)

Clearly, Pf[C/2r] vanishes if n is odd.

1.2 The canonical connection of a fibration. Let W be a smooth
manifold with boundary V. Let S be another manifold and let 7wy : W — S
be a fibration with m-dimensional compact fiber X, which induces a fibra-
tion 7y : V — S with compact fiber Y such that Y = 0X. Let TX,TY be
the corresponding tangent bundles along the fibers, and let THW C TW
be a horizontal subbundle such that THW @ TX = TW, with projections
PT"W and PTX. For U € TS, we denote by U? € THW its horizontal
lift.

Let ¢"X be a metric on TX and denote by g’ the metric on TY
induced by g’ . Let N be the (orientable) normal bundle to Y in X which
we identify with the orthogonal complement of TY in T'X.

DEFINITION 1.1. The canonical metric connection VX on (T X — W, g7¥)
is defined by the following properties:
a) On each fiber X, VI¥ restricts to the Levi-Civita connection of
(TX,g"™).
b) If U € T'S, then
ViE = Lyn + 29" (Lyng™). (1.4)

We recall a simple result stated in [BiGS1, Thm. 1.2] (cf. [Bi3, Thms. 1.1
and 1.2]) the proof of which can also be found in [BGV, Prop. 10.2].
Theorem 1.2. If ¢"W is a metric on TW with Levi-Civita connection
VW such that ¢""V induces the given metric ¢'* on TX, and THW is
the orthogonal bundle to TX in TW with respect to g"", then

viX = pTXyTWw, (1.5)

On V, we denote by PY and PV the orthogonal projections from T'X |/
onto TY and N respectively. Set VIV := PTYVTXIV and let RTY be the
curvature of V1V,
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Theorem 1.3 [Bi3, Thm.1.9]. Set THV := (T*W @ N)NTV. Then VY
is the canonical connection on TY defined by the data (my, THV,g™").

Proof. Let ¢g"V be the metric on 7'V induced by ¢g"" in Theorem 1.2;
then THV is the orthogonal bundle to TY in TV with respect to g’V .
Alsoon V, TW = THV @ TY @ N. If PTV is the orthogonal projection
TW |y — TV and if VTV is the Levi-Civita connection on (T'V, g7"), then
clearly VIV = PTVVTW  Thus

VTY — PTYPTXVTW — PTYPTVVTW — PTYVTV (16)
and Theorem 1.3 follows from (1.5). O

For later use, it is useful to extend the splitting TX|y = TY & N to
a neighborhood of V. We suppose that W is compact. Let e, be the
inward pointing unit normal at any boundary point. Then there exists
€ > 0 such that for any y € V, expg(uen(y)) € W, the geodesic in the
fiber X with respect to g7, is well defined for u € [0,¢); we use this map
to identify V' x [0,¢) with U., a neighborhood of V' in W; we denote by
me 1 V x [0,6) — V the natural projection. Then there exists a family of
metrics, g7 (2,,), on TY such that
TX ) TY
9 (Y, xm) =dai, + 9 (Tm),  (y,xm) €V x[0,¢). (1.7)
Let 'TX = m*TY,?TX = 7N, then 'TX and 2T X are smooth orthog-
onal sub-bundles of T'X|y_, and 2TX is the trivial line bundle with the
frame e,, = 0/0xy; and for x = (y,2,,) € Ue, 'TX,,2T X, are obtained
by parallel transport of T,Y, N, with respect to the connection VTX along
the geodesic [0,1] 3 u — (y,ux,,). For j = 1,2, let P"TX be the orthog-
onal projection operator from 7 X |y, onto ITX, and denote by V'TX the
connection on /TX given by V'7X = P’TXyTX  Then the restriction of
V'TX to V coincides with V7. Next let PV = v'TX ¢ V’TX e the
direct sum connection on TX = 'TX @ 2T X with curvature * RTX (where
“sp” refers to “split”), and set
A = TX _spyTX _ p'TXGTX p*TX | p*TXyTX p'TX (1.8)
Then A is a 1-form on U, taking values in the skew-adjoint endomorphisms
of TX which exchange 'T'X and ?TX. By construction,
A VAR - 0, ng(em =0 on U,
Alem) =0, SPRTX |y, =RTY on V.
Moreover, A defines the second fundamental form of Y which measures the
deviation from a metric product structure near the boundary: if yo € V
and 21, Z2 € T,,,Y, we choose extensions Zl, Zg to vector fields on U. by

(1.9)
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extending first to Y and then trivially to V' x [0, ¢); then we get at yo

(A(Z1)Z2,em) = (V5 Zosem) = —(VEX 21, Z2) = —5(Leng" )21, Z2) -
(1.10)

In particular, Ay, (Z1)Z> is symmetric for 7y, Zy € T,,,Y. From (1.8), and

(1.9), we get the Gauss—Codazzi equation for the second fundamental form
(cf. [C, 86.3]): Ifyo €V, Z1,2Z5 € Ty Y, Wi,We € T, X, then

((RLX — SPRZ:)X)(W17W2)Z17Z2>9TX = <A§0(W17W2)ZLZQ>QTX
= (A2 (PTY Wy, PTYWy) 2y, Zo) rx - (111)

For U € TS, let U™V € THV C TV be the lift of U, and U | =

U{;mm) — U™ e TX for (y,xm) € V x [0,¢), then UEN € N on V.

Moreover, [U?V e,] = 0, thus by (1.7), (Lyrvg'X)e, = 0. By (1.4),

(1.7) and (1.9), on V

AU Yem=Va_punem=Vimemn=Lynnem+i(g" ) (Lynng"™ em.
(1.12)

1.3 An identity for e,. Ifw is a smooth section of A(T*W) we identify
w with the section w® 1 of A(T*W) & AW); @ will denote the section
1@ of M(T*W)® AW) as before. We will apply the Berezin integral
from subsection 1.1 to A(T*W)@A@) and A(T*V)@A@), and, for
convenience, we will denote this operation by [ Bx and i BY, respectively.

Let {e;}™, be an orthonormal frame of (T'X, g7*X) and let {¢’} be the
corresponding dual frame of T*X. Set

R™X =1 3 (e, R"™ej)el ned € AA(T*W)RANTX).  (L13)

1<i,j<m

Let 5 : V — W be the natural embedding. We only consider or-
thonormal frames {e; }["; of TX with the property that near the boundary
V, e =: ey is the inward-pointing unit normal at any boundary point.
We will use Greek indices to specify the induced frame of TY, such that
{ea}™! denotes a local orthonormal frame for TY .

Let o(T'X) be the orientation bundle of TX, which is a flat real line bun-
dle on X [BoT, p.88]. To compare the Berezin integrals f Bx and f BY, we
identify o(T X )|y with o(T'Y) as follows: as explained in [BoT, p. 88], we can
view o(T'X) as the real line bundle det(7™X) on the fiber X, with transition
functions in {£1}; then we identify the section (—e™) Ao € det(T*X)|y

—

with o € det(T*Y) on Y. Consequently, for v € A(T*W) and § € A(T*Y")
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on Y, we have

/BX VB AT = 112 /BY 3. (1.14)

(Assume W = X. If X is orientable and (—e™) A el A -+ A e™! defines
the orientation of X, then (1.14) means that e! A--- A e™ 1 is the induced
orientation on Y, such that the Stokes theorem, | vdy = fY v, holds for
v € Q(X). In general, if v € Q(X, AWX)) such that y =~; Ae™ on Y,
then (1.14) means that [y deX y=n"Y2, fBY ~v1; this equation holds
even if X is not orientable.)

On V, set
) m—1 o
Si=1pvi¥em = 1 Z en,Aeﬁ € T*VRAL(T*Y),
=1

FR™Y =10 (e RN eei e € N(TV)RAXTX),
1<i,5<m

Ry =1 Y (e ' R™Nendi ned € A(TV)RANTYY),
1<7,6<m—1

R =1 Y (e . RVes)d A € A(TV)BAX(TYY).

1<v,0<m—1

(1.15)
By (1.8) and (1.11), we have

RTY = RTX|y — 262, (1.16)

The Chern-Weil forms e(T X, VIX) := Pf[RTX /2] and e(TY,VTY) :=
Pf[RTY /2] are closed and e(TX,VTX) is an o(TX)-valued m-form on W
which represents the Euler class of TX. On V', we further introduce

By 1 ok
ey (V, V%) = (-1) 1/ exp (—g(RTXIY)> Z r(E 1)
o0 Sk 1

M(VTX) — ﬁ/BX exp <_%j*RTX> Z m, (1.17)
k=1
B(VTX) . / du /By exp <—%RTY B u252> i ZP(ZLS—):’l)

(There is a misprint in the definition of B(V?¥X) in [BriiM1, (14)], the

right-hand side must be multiplied by —1.) Then e,(V, VI¥) B(VIX)
(resp. u(VTX)) are m — 1 (resp. m)-forms on V with values in o(TY). If
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dim X = m is odd, then by (1.16) and (1.17),

(Vv = [ " (—%(RTX|Y>) > %
k=0
_ E/BY exp ( %RTY> - % (TY,VTY), (1.18)

By 1. . du
TX) _ LTy 282y _
B(V / / exp< 2R > <exp( u”S*) 1) 5

0 2
= / exp < RTY> Z % . (1.19)
Now we present the main result of this subsectlon; its proof will be given
in the next subsection.

Theorem 1.4. On V we have
dVey(V, VIX) = j*e(TX,VI¥), (1.20a)
dVB(VITX) = u(vT¥). (1.20b)
REMARK 1.5. If dim X = m is even, then by (1.32), (1.33) and (1.34),

ep(V, VIX) represents the Chern-Simons class é(V, VIX, spyTX),
With the notation of subsection 1.4 (cf. (1.36), (1.40)), we get in general

B(VT¥) = (—1)m/01% [eb(V, vIX) - %/Byexp (—%(RSTXW))} . (1.21)

1.4 Proof of Theorem 1.4. Set W = W x R, ] = J X idg, T =
W><1dR:W—>S><]R LetpW.W—>W pv.V —V><]R—>V
: W — R be the natural projections. We denote by X the fibers with
boundary Y of the fibration T~ We will denote by T'X the tangent bundle
along the fiber of ;.

We only need to prove Theorem 1.4 on compact subsets of S, thus we
may assume S compact. We use the notation in subsections 1.2, 1.3. Let
g% be a smooth metric on TX such that on V' x [0,¢),

G X (y, ) = dz2, + gTY (0). (1.22)

Let ¢”X be a smooth metric on the bundle TX over W such that for
(z,5) € W x [0,1], with gI ¥ := gTX

9" (x,8) = (1 —8)g3 " + 591" (1.23)
We extend THW on W x {0} to THW on W such that on V x [0,¢) x R,
forUeTS,yeV,z, €0,e), s €0,1],
U (y, 2, 5) = (1 — s)ULY (y) + sUH (y, zn) - (1.24)
Set THW = THW @ pt TR.
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Now we apply the construction in subsection 1.2 to this new fibration
(7577, T H W, g"X). Thus let VI be the canonical connection on TX with
curvature RTX , and let Z, S be the tensors on V x R = W x R defined
by (1.8) and (1.15). Let VI be the connection on TX induced by the
restriction of V:i‘;{ on W x {s} and denote its curvature by RIX. By (1.4)
and (1.23), Vangsen = 0 on OW x [0,1]. Thus for (y,s) € OW x R and
s € [0, 1], we get from (1.10), (1.12), (1.23) and (1.24),

A(y,s) =sAly),  S(y.s) =sS(y). (1.25)
ProposITION 1.6. Ifdim X is odd, then on V x R,

Bx __ o Bx - o
dVXR/ e™ A exp (—%j*RTX) = / 25 Nexp (—%j*RTX> . (1.26)

Proof. The Bianchi identity asserts that [VTX ,RTX ] =0 on W. As the

cormection V71X preserves the metric g7 X, we have, for any smooth section
o of N(T*W)&AMT*X), dV fBX o= fBX V%o (cf. [BGV, Prop. 1.50]).
Thus with (1.15) we get (1.26). 0

LeEMMA 1.7. For s € [0, 1],
TR |y = BTYY = 2(1 = 62)82

m—1
+5 Z <ea,j*RTXem> e Aem +2ds NS Aem. (1.27)
a=1

Proof. From (1.8), with our notation for supercommutators,
§*RTX = sPRTX 4 [Py TXIV 4] 4 A2, (1.28)
By (1.8), (1.23), and (1.25), we get, on OW x [0, 1],

j*VTX _ svaX|V><R + Spﬂ{/A, svaX|V><R :p»{/svaXﬂ/ +ds /\‘C(')/(')s )

(1.29)

Thus
TR |y sy = PRTX 1 %l A% + ds Apy A+ spy [PVTEIV 4] (1.30)
From (1.15), (1.16), (1.28), and (1.30), we get (1.27). O

Proof of Theorem 1.4. Note that for k € N,
L kg L ! 2k g ok 1k kg 22k (k!)?
1— = — 1— =2 1— =—7_ (131
/0( s)"ds 2/_1( s%)¥ds /03( s)"ds (2k+1)!(3)
Let 61 5,11,s € CO(W,A(T*W) @ o(TX)), d2.5, 2.5 € C(V,A(T*V) @ o(TX))
be forms such that

~ > Bx s
6(TX,VTX)\Wx{s}:/ exp (—%RTX> ‘WX{S}ZP*Wul,erds A DYy o1s s
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Bx

S exp < 3] RTX) ‘VX{S} = pypo,s +ds Apyoas. (1.32)
As e(TX, VTX) is closed on W, (1.32) implies

Bx _
AV, = g/ exp (—%RSTX> . (1.33)

If dim X is even, by (1.14), (1.27), and (1.31), we have on V'

Bx . . L~
/ dsj*d1 s = / ds/ exp (—ERTX\Y +(1— 52)S2> (=S Anem)

o 92k
= \/1E exp < _R™X |y ) Z %S%H ep(V,VIX) . (1.34)

From (1.33) and (1.34), we get (1.20a).

Applying (1.20a) on W xR, we get dveb(v, VTX) = }*e~(T)A(:, VT)?), and
by (1.17), the component in A(T*V)® o(TX) of e,(V, VIX) is e,(V, VIX).
Thus (1.32) implies

i = d"ep (V, VEY). (1.35)
Thus by (1.16), (1.17), (1.25), (1.27), and (1.35),
/ —j pir,s = d" / dSS by(V,VEIX) = dV B(VT¥). (1.36)
0

But by (1.17), (1.27), (1.31) and (1.32), we have

—J uls—/ ds/BXexp<——RTX\Y+( 5)S )

X <—§> Z <ea,j*RTXe >e°‘/\em

b (1.37)
/ ds/ Xexp( FRTX (1 —82)52>
_ \/—/Bx exp <—;]*RTX> Z % — u(VTX),

This gives (1.20b) in the even dimensional case.

If dim X is odd, then e,(V, VTX) is closed on V by (1.18). From (1.17),
(1.25), (1.27) and (1.32), as in (1.37)
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1 Bx ) ) ‘
/ _,UJ23 = ﬁ/ ds/ sS exp <—%RTX|Y + (1 . 82)52)
0

71 ea,j*RTXem>éa/\e/”\1 (1.38)

Q

Bx . . .
= \/_/ ds/ exp l]'*RTX - (1—32)52> sS = (V).
By (1.16), (1.25) and (1.27), at s € [0, 1],
RTX|Y = RTX|y = RTY + 25242, (1.39)
Observe that by (1.14), \/7_TfBX e exp (- %RTY) = fBY exp (— %RTY) =
e(TY,VTY) is closed. We combine the identity (1.39) with (1.14), (1.19),
(1.26), and (1.27) to find

ool [ ) )

/ deV/ 1 exp —-(RTX|Y)) —exp (—éRTY)] — dVB(V"Y).
(1.40)
The proof of Theorem 1.4 is complete. O

1.5 The secondary classes for manifolds with boundary. Let
QW,o(TX)), AV, o(TX)) be the o(TX)-valued C* forms on W, V. The
algebraic mapping cone of j* : Q(W,o(TX)) — Q(V,0(T X)) is defined as
the following object: we put

@ (W, V.o(TX)) = 2 (W,o(TX)) & 0 (Voo(TX)),  (141)
and define the differential by
d(oy,09) = (d o1, 501 —dV 09); (1.42)

then the complex (Q(W,V,0(TX)),d) calculates the relative cohomology
H*(W,V, o(TX)) (cf. [BoT, p.78]). Now we define the relative Euler form
of TX associated to V¥
E(TX, VTX ) == (e(TX, VX)), e, (V,VT¥)) € Qm(W, V,o(TX)). (1.43)
Let g¢™X, gI'X be two metrics on TX, and let THW, THW be two hori-
zontal sub-bundles of TW. Let (g7 ),cr be a family of metrics connecting
g% and gf ¥, with a family (T2 W) scr of horizontal sub-bundles. We will

use the subscript s to distinguish the corresponding objects, like 7Y, VX
VIV ete
S ° .
For the fibration 7= : W = W x R — § X R in subsection 1.3. Let

w > ~
TH(W xR)s = THW @ TR, and denote by g’* the metric on TX induced
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by gsTX.~ Then by (1.4), vVIX — VSTX +ds A (% + %(gsTX)A%gsTX), thus
RI% = iy REX 4 ds & (VX — [V, (7)1 2417 (14
DEFINITION 1.8. We define

1 _ .
&(TX, VXY = /0 dsi (2) e(TX,VT5) € Q™ L (W,o(TX)),

1 -
& (V. V%) = / dsi (2) en(V x R, VTX) € 0™ 2(V,o(TX)),
0

B(TX VX vIX):=E(TX,VvIY), —&,(V,VvI¥Y)) e Q"1 (W,V,0o(TX)).
(1.45)

If V =0, then E is the Chern-Simons form associated with the Euler
class of TX, as defined in [BiZ1, (4.53)].

Let €(TY, VEY,VTY) be the Chern—Simons class of smooth m — 2-forms
on V with values in the orientation line bundle o(7TY"), which is defined
modulo exact forms, and satisfies

de(TY, VY V1Y) = e(TY,V]Y) — e(TY,V{Y). (1.46)
If dim X is odd, then we derive from (1.18) and (1.45):
erx,vi¥) =o,
26, (V, VI*) = &(TY, VY, V{Y) in Q" 2(V,0(TY)) /dQV, o(TY)) .
(1.47)
Theorem 1.9. 1. E(TX,VTX) is closed in the complex (QW,V,0(TX)),d)
and, modulo exact forms, it does not depend on the choice of ¢"X and
THW , i.e. the cohomology class E(TX) = [E(TX,VTX)] € H™(W,V,o(TX))
does not depend on g'*X and THW.

2. For a path of metrics on T X and of horizontal sub-bundles of TW
as above,

dE(TX,Vi* VI¥) = B(TX,V{Y) - E(TX,V§Y). (1.48)
Modulo exact forms, E(TX, VgX, VlTX) does not depend on the choice of
the paths g! X and THW . Thus it defines the secondary relative Euler class
of TX in the sense of Chern—Simons.

3. We also have

1 _ 1 N
| i @) () = B) = B(TE) = a” [ asi (%) BV
(1.49)
Proof. 1 is a simple application of (1.20a). From Theorem 1.4 we get
the first part of 2; to get the second part of 2, we use a deformation

argument as in subsection 1.4. Let ggf( (resp. TSHIW) be another fam-
ily of metrics on TX (resp. sub-bundles of TW) such that gg X o= gl
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THW = THW fori = 0,1. Let T:W =W xRxR—5=89xRxR
be the fibration with fiber X induced by my : W — S, and let py, :
W — W be the natural pI‘OJGCthIl Let gs ZX be a famlly of metrics on T X
such that 937 = ¢'X and gs’ = 93,1 , gu = gTX for ¢ = 0,1,
and in the same way, TstW is a family of paths connecting THW
and Ts{q1 W. Set THW = TSZW @ TR @& TR. Then the construction above
applies to the fibration 7. Let 71 € C®(W,pjA(T*W) @ o(TX)),
¥2 € C®(V xR xR, pjy A(T*V) ® o(T X)) be the coefficients of dsdl in

e(TX,VTX) and e,(V x R x R, VIX). Integrating the coefficient of ds dI
in the equations dVe(TX,VTX) = 0 and dV B Rey(V x R x R, VI¥) =
(j x 1d x 1d)*e(TX, VIX) on [0,1]2, we get

e(TX,VIY) —e(1X, VL) =dv / dl / dsy,

a(V.VIy) - (V. Vi +dV/ dl/ dsyg—j/dl/ dsi .

This gives the second part of 2.

From (1.20b), we get dVXRB(VFX) = u(V X) By comparing the
coefficient of ds, we get i(%),u(VTX) = gB(V X) —dv (i ( )B(VTX))
which implies (1.49). O

(1.50)

REMARK 1.10.  Let us make explicit our sign conventions when inte-
grating differential forms along the fiber for the fibration W — S. If v is a
differential form on S and (o1, 09) € Q(W,V, o(T X)) with compact support
along the fibers, then

L((w%v)Aal:v(/Xal), /}/w%w@:v(/yag),
/(X,Y) (o1, 02) = /X T (Dt /Y 2

Then (1.51) is compatible with (0.2) in the following sense: if (07, 09) €
Q(W,V,0(TX)) is closed (resp. exact), then f(X Y) (01,09) is a closed (resp.

exact) form on S. In fact, let d¥ be the exterior differentiation along the
fiber X, then by [BGV, Prop.10.1],

ds/ 02 = /d o9,
dS/ o1 :/ (dWo'l—d 0'1) :/ d 01—(_1)degg1_m+1/j*0_1.
X X X v

(1.51)

(1.52)
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This implies that the form [y e(TX, VI*)w — (=1)4%< [ e, (V, VI¥)w is
closed on S, for any closed form w on W.

2 Secondary Classes and Mathai—Quillen Form

In this section, we construct the secondary relative Euler class for manifolds
with boundary introduced in section 1, using the Mathai—Quillen form.

This section is organized as follows. In subsection 2.1, we recall the
Mathai—Quillen construction of the transgressed Euler forms for Euclidean
vector bundles in the formalism of Berezin integrals [BiZ1, §3b)-d)]. In
subsection 2.2, we construct the secondary relative Euler class.

2.1 A transgressed Euler class. Let W be a smooth manifold with
boundary V. Let mg : E — W be a real vector bundle of dimension m. Let
h¥ be a Euclidean metric on £, let V¥ be a Euclidean connection on (E, )
with curvature RF; then RP is a smooth section of A?(T*W)® End(E).
Also, 75V is a Euclidean connection on 7% (E, hf) with curvature n5 R”,
a smooth section of A>(T*FE) ® End(ryE). As in (1.2) and (1.13), we
identify RP with RF € C(W, A2(T*W) & A2E").

Let {h;}!", be an orthonormal basis of E and let {h*}", be the corre-
sponding dual basis of E*. The connection V¥ defines a horizontal subspace
THE of TE such that TE = THE® E. Let PF be the projection TE — E
and let PP* . B* — T*E be the transpose of P?. Then P¥ is a section
of T*"E ® E and PY = (73,VF)Z. Denote by E > Z — Z° € E* the
isomorphism induced by the metric h¥, then P¥ will be identified with the
section of T*E ® E* given by PP = S (PP*RY) @ hi.

DEFINITION 2.1. For ¢ > 0, let A; be the section of A(T*E) ® W*E@ on
FE given by

AY(Z) = inpRE + VtPS +t|Z)* forall Z€ E. (2.1)

We will apply the formalism of Berezin integrals, summarized in sub-
section 1.1, to TE: If w is a smooth section of A(T*E) ® njAE*, wa is
a smooth section of A(T*E)® n0(E), i.e. a smooth differential form on
E with values in 75o(E). Set e(E,VF) := Pf[RF /21]. Then e(E,VF) is
a smooth closed section of AM™E(T*W)@o(E). If V =0, e(E,VF) is a
Chern—Weil representative of the rational Euler class of E. Of course, if
dim E is odd, then e(E,VF) = 0.
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DEFINITION 2.2. We define two differential forms on E with values in
mgo(E) by

B B
at(Z):/ exp (— A(2)), bt(Z):/ %Aexp(—At(Z)). (2.2)

Let |5, denote the fiber integral of forms on E taking values in 7},0(E).
Now we state an important result of Mathai and Quillen [MQ, Thm. 6.4]
(also cf. [BiZ1, Thms. 3.4, 3.5]).

Theorem 2.3. The forms a; are closed of degree m. For t > 0, the forms
a; represent the Thom class of E, such that f g at = 1. Moreover, fort >0
we have the relations

ap = mhe(E,VE),

by = —ai(Z)ay a1 — —db, .

(2.3)

Then Ve

Y(E,VEP) = lim bedt (2.4)

e—0
exists as an (m — 1)-form on E \ {0} with EVa]l,les in w},0(E).
DEFINITION 2.4. The form ¢(E, VF) is called the Mathai-Quillen form.
In fact, ¥(E, VF) is defined on E as a current (cf. [BiZ1, Thm. 3.7]) and
dy(E, V) = 1he(E,VF) — 6w,
Y(E,VEY\Z) = (sign\)™ (B, VE)(Z), for A € R\ {0}.
REMARK 2.5. If E = TW, then the restriction of ¢(E, V¥) to the sphere

bundle S(F) of E coincides with the transgressed Euler class defined by
Chern (cf. [Che2], [Z, §3.5]).

The following result was essentially obtained in [BiZ1, (6.20)].

(2.5)

PROPOSITION 2.6.  Let js : S(F) — E be the natural injection. Let
E+ C 74 E be the relative tangent bundle of the fibration g : S(E) — W.
We identify o(EL) to n§o(E) as in (1.14), in viewing S(E) as the boundary
of the unit ball D(E) on each fiber. Let VE* be the connection on E+
induced by F*EVE by taking the orthogonal projection. If dim E is odd,
then on S(E),

JEO(B,VE) = Je(B, V). (2.6)
Proof. Let L C 7} E be the tautological line bundle on S(E), then E= is the
orthogonal complement of L in (7§ F, h™sE). Let PL, PE* be the orthogo-
nal projections from (7§, h™s®) onto L, E*, then vE = PELWEVE. Set
Vi=pPlaiVl A=niVP - (VE" @ VL), then A is a one-form on S(E)
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taking values in the skew-adjoint endomorphisms of 7§ E which exchange
E+ and L. Let o7, be the tautological section of mgkl such that —oy, is the
inward pointing unit vector of S(FE) in D(E). Then jiP¥ = Vo, =
Aop, € T*S(E) @ EL. Set Sy, = $3°,¢7 A (A(g;)or)’ € T*S(E) & B+,
with {g;} an orthonormal basis of T'S(FE) and {¢’} its dual basis. As in
(1.16), we have o

RE" = i RE — 2531; +aA (op)b. (2.7)
Now by (1.14), (2.2), (2.4) and (2.7), if dim F is odd,

0 gt B _

v = [ [ e (—lngE_msgL—Q
-/ Y o exp <——7TsRE>fZ +)f) 2.8)

- g/ (o) exp <_§REL> N %%EL,VEL)-
|

2.2 Secondary relative Euler class. In this subsection, we assume
that there exists a non-vanishing section, o, of E on V'; we assume |o|,z = 1.
Then it follows from (2.5), that on V,
do*(E,VE) = j*e(E,VF). (2.9)
Let (Q(W,V,0(E)),d) be the algebraic mapping cone of j*, with j* as in
subsection 1.5, but with o(T'X) replaced by o(E). Thus we will consider
E,(E, VE) (e(B,VE), 0*p(B,VF)) € H™"(W,V,0(E)),  (2.10)
as the Chern—Weil representative associated to the relative Euler class of
(E,VE).
Let (hE,VE), (hF,VE) be two pairs of metrics and Euclidean connec-
tions on E. Let (h¥)scr be a smooth family of metrics on E connect-

s

ing héf, h{; Let pw : W xR — W be the natural projection such that

(E = pw L, h‘WX{s} = h¥) is a Euclidean vector bundle on W x R. The

section o induces naturally a normalized section of (E, hE )lvxr which we
denote by o. Choose a Euclidean connection VE on (E,h*) such that
Vﬁ/‘,x{o} vE, V‘Wx{l} V¥ and denote by VE its restriction to W x {s}.
We set (cf. (1.45))

e(E,VE) = /01 dsi (%) e(E, VE) e Q" (W, o(E)),

1 o
o (V,VE) ::/Odsi(%)&*w(E,vE) € Q" 2(V,0(E)),  (2.11)

E,(BE,VE,VY) = (6B, VE), —6,(V,VE)) Q™ (W,V,0(E)).
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PROPOSITION 2.7. The cohomology class E,(E,V¥) in H™(W,V,o(E))
does not depend on the choice of (V¥ h¥). Moreover, for a path (VE hE)
as above, we have

dE,(E,VE, V) = E,(E,VY) - E,(E,V{). (2.12)
Modulo exact forms, E,(E,V¥,V¥) does not depend on the choice of
(VE hE )sefo,1]- Thus E, defines the secondary relative Euler class of E
in the sense of Chern—-Simons.

Proof. Since e(E, V) is closed on W x R, we have
dVe(E,VE) = e(E, vE) e(E,VE). (2.13)
By (2.9), we have dV>*R5*y(E, VE) (j x Id)*e(E, VE), hence by com-
paring the coefficient of ds we get - -
25" 0(B.VE) - ' [i (£)50(B.VF)| = (G x10)" i (&) e(E,7F)]
(2.14)
Integrating both sides over s € [0,1] , we get
7 (B, VE) +d"e,, (B, VEY) =™ ¢(B,VY) - oy (E, V),  (2.15)
which together with (2.13) implies (2.12). To get the last part of Propo-
sition 2.7, we use (2.9) and a deformation argument as in the proof of
Theorem 1.9. O
REMARK 2.8. The classes EU,EU depend on the section o, in fact E_,=—F,,
if dim £ is odd. But in the situation of subsection 1.2, there exists a natural
choice of the unit section o, normally e,; thus Proposition 2.7 is applicable.

Set S, = %23 A (@J\U)b € T*W & E* with {f;} a basis of TW and
{f7} its dual basis. From Definition 2.1, for t > 0, 0*A; = %RE—FZ\/ESJ—H.
By (2.4), as in (2.8),

o (B, VE) = \/_/ ot exp <— j*RE> Z ﬂ (2.16)
< 2T (5 +1)
Now if we take o = ey, then by (1.15), S = S(,. By (1.14), (1.17), and
(2.16), we thus get the following result.

PROPOSITION 2.9. With the notation of section 1 we have
e (TX, V) = ey (V, VI (2.17)

3 Local Gauss—Bonnet—Chern Theorem

In this section, we establish a local version of the Gauss—Bonnet—Chern
theorem for manifolds with boundary using heat-kernel methods. We do
not assume that the metric has product structure near the boundary.
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This section is organized as follows. In subsection 3.1, we state the
Gauss—Bonnet—Chern theorem for manifolds with boundary and in subsec-
tions 3.2-3.8 we prove a local version. In subsection 3.2, using [BiZ1, §4h)]
and a key estimate established in [RS, Lemma 5.12] (also cf. [Gr, (2.4.22)]),
we reduce the problem to a problem near the boundary Y of X, and we ex-
plain that we can localize the problem. In subsection 3.3, we recall the Lich-
nerowicz formula from [BiZ1, Thm.4.13]. In subsection 3.4, we reformulate
our boundary condition and in subsection 3.5, we construct a trivialization
and rescale the coordinate Z € T, X; we also use the Bismut-Zhang rescal-
ing on Clifford variables along the boundary Y. Moreover we calculate the
limits of the operators and the boundary conditions. In subsection 3.6, we
establish uniform estimates on the heat kernels of the rescaled operators
with suitable boundary conditions. In subsection 3.7, we obtain the explicit
fundamental solution of our model problem. In subsection 3.8, we use the
result of subsection 3.7 to prove Theorem 3.2, the local Gauss—Bonnet—
Chern theorem.

We use the notation in subsection 1.3.

3.1 The Gauss—Bonnet—Chern theorem. Let X be a compact
smooth manifold with boundary Y and dimension dim X = m, and let
F be a flat complex vector bundle over X with flat connection V¥

Denote by Q(X, F) = @)L P (X, F) = @)L C™(X,AP(T"X) @ F)
the space of smooth differential forms on X with values in /. The bundle
A(T*X) is Z-graded, and so it possesses a natural Zs-grading. The flat
connection V¥ extends naturally to a differential, d’, on Q(X,F). The
cohomology of the complex (Q(X, F),d") is called the (absolute) de-Rham
cohomology of X with coefficients in F, and is denoted by H*(X, F'). Define
the Euler characteristic of F' and X, respectively, by

m
X(X,F):=> (=1)Pdim¢ HP (X, F), x(X):=x(X,C).  (3.1)

p=0
Consider next an arbitrary Riemannian metric ¢’* on X and an arbi-
trary Hermitian metric A on F, and denote by (-,-) AT+ X)oF the in-
duced Hermitian metric on A(T*X) ® F, and let dvx be the Rieman-
nian volume element on (T'X,g7X), then we can view dvx as a section

of A"(T*X) ® o(T'X). We define a Hermitian product on Q(X, F') by

(0,0) = /X (0,0 ) ey dvx (3.2)

for 0,0’ € Q(X, F); the Hilbert space obtained by completion is denoted
by L*(X,A(T*X) ®F). We consider df as an unbounded operator in
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L*(X,AN(T*X)®F) with domain Qo (X, F):={c € Q(X, F); suppo N Y=0}.
The adjoint operator df™* is also defined on Qo (X, F). Let F* be the dual
of F. Then V¥ defines a connection V¥ on F** by the identification F' — F*
induced by the metric h¥. We denote by d¥®(TX) the differential on
Q(X,F* ® o(TX)) induced by the flat connection V¥ on F*. Let " be
the Hodge operator on «" : A(T*X)® F — A(T*X) ® F* ® o(TX) defined
by (o A xFo')p = (o, o) aer+ x)or dvx - Then on QP(X, F),

af = (—l)p(*F)_ldF®°(TX)*F, (3.3)
and so is

D:=d" +ad". (3.4)

Then D? = dF'df™ 4 af™*d¥f : QP(X, F) — QP(X, F) is the Hodge Laplacian
associated to the pair of metrics ¢?X and hf" .

Next we need to define self-adjoint extensions of D by elliptic boundary
conditions. To do so, we use the metric on X to identify the normal bundle
N to Y in X with the orthogonal complement of TY in T X|y. Denote
then by e, the inward pointing unit normal vector field along Y. Then we
put with i(-) interior multiplication

OP(X,F) = {0 € W(X,F); i(en)o =i(eq)(d"d) =0 o0n Y};
Dy = D[Qu(X, F) := D| @, Q8 (X, F); (3.5)
HPY(X,F) :=KerD, N QL (X, F).
Note that D, is essentially self-adjoint.
Theorem 3.1. We have a canonical isomorphism
HY(X,F) ~ HP(X,F). (3.6)
Proof. If b is flat, (3.6) was proved in [RS, Prop.4.2], (cf. also [Briil,
Thm. 4.2], [G, Thm.2.7.3], [Mil, p.239]), but the same proof works in the
general case. O

Recall that V¥ is the Levi-Civita connection on (TX, g?X) and that
the forms e(TX, VIX), e(TY,VTY) and e,(Y, V) are defined in subsec-
tion 1.3. In the case Y = (), the Gauss-Bonnet-Chern theorem [Che2]
gives

(X, F) =1k(F) / e(TX, V)Y,
b'e

If Y # (), then ey(Y,VTX) is an o(TY)-valued m — 1-form on Y. If m is
odd, then

e(TX, V) =0, e(Y,V¥)=Lte(Ty,vTY). (3.7)

Thus we obtain a reformulation of the Gauss-Bonnet-Chern theorem

[Ch1,2], [G, §2.7] in terms of Berezin integrals. This result is essentially
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contained in the work of Chern, but we will give a new derivation by es-
tablishing the corresponding local index theorem in the remainder of this
section.

Theorem 3.2 (Gauss—Bonnet—Chern).

(X, F) = rk(F) / e(TX,VI¥) + (1) 11k(F) / ep (Y, V)
X Y (3.8)
— (C)"k(F) [ BTV,

(X.Y)
using the notation of (0.2) in the last identity.
Let exp(—tD?) be the heat semi-group of D2, with D, from (3.5). By

a’
the McKean—Singer formula, for ¢ > 0 we have
m

X(X,F) = Try[exp(—tD7)] = > (=1)PTrap(x,p) [exp(—tD;)] . (3.9)
p=0
We will prove Theorem 3.2 by computing the right-hand side of (3.9).

3.2 Localization of the problem near the boundary Y. Let d be
the distance function on (X, ¢?™). For z € X, let d(z,Y) = infyey d(z,y)
denote the distance of the point x to the boundary Y. Let e~tDa (x,2"),
(z,2' € X), be the kernel of e~*P4 with respect to dvx (z').

We may and will assume that X is embedded in a m-dimensional
closed smooth manifold X', equipped with a flat complex vector bundle F”,
with flat connection V¥, and metrics ¢g7X and hf", in such a way that
the data on X are obtained by restricting the data on X’ to X. For
0 < e < oo, set U =Y x (—¢g,¢e). For g small enough, the map
Usey 3 (Y, 2m) — expf(azmen(y)) € X’ is a diffeomorphism from Us,
onto a tubular neighborhood Us., of ¥ in X'. We identify Us., with
Y x(—2¢q, 2¢9) and use the notation x = (y, z,,), such that Y x[0,2¢p) C X.

Let duy = €™ be the Euclidean volume form on N, and let dvy be the
Riemannian volume form on (Y, ¢™Y). For y € Y, x,,, € R, || < €0, let
k(Y, m) be the function defined by

dvx (y, xm) =: £(Y, Tm)don (xm)dvy (y) ; (3.10)
note that x(y,0) = 1.

Denote by D’ the analogue of D on X’ and let e =P (z, 2 be the kernel
of exp(—tD"?) with respect to dvx/(2'). For z,2' € X, y €Y, set

Pt(x,x/) _ (e—th _ e_tDIQ)(g;,x/),

p/ (3.11)
I(y) = /0 T [P ), (0 2))] 5 o)y (1)
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Then by [RS, Lemma 5.12] (also cf. [Gr, (2.4.22)]), there exist constants
¢,C > 0 such that for z, 2’ € X, t € (0,1],

|Py(z,2")| < Ct™™/2 exp (=4(d*(z,Y) + d*(2',Y) + d*(z,2))) . (3.12)
Now, by [BGV, Thm.4.1] (cf. also [BiZ1, §4h)]) we have as ¢t — 0,
uniformly on X',

Tr [P (@,2)] dvx (z) = tk(F)e(TX, VT¥) (@) + O(@/2). (313)
Thus we get from (3.9), (3 11), (3.12), and (3.13), as t — 0,

X(X,F):/XTrs[e )] dvx (z)
:/ Trs[e_tDQ(:z:,x)]de(a:)+/ Trs [Pi(z, )] dvx (2)
b's b's

= rk(F)/ e(TX, VTX) +O(t/?) +/ Trs[Pi(z, x)] dvx (2)
X XNU,1/4

1k (F) /X o(TX,V7Y) + /Y Ly)dvy () + OFY2).  (3.14)

To prove Theorem 3.2, it is hence enough to calculate the limit of I;(y)
when t — 0.

LEMMA 3.3. The limit of I;(y) when t — 0 only depends on the restriction
of D? to Ba)g (y).

Proof. Let f be a smooth even function defined on R with values in [0,
such that f(u) = 1 for |u| < gp/2, and f(u) = 0 for |u|] > €g. Set g(u)
1 — f(u). For t € (0,1], a € C, set

1],

Fi(a) = /_:O exp (iuav/2) exp <_TU2> f(ut)%, 15
Hy(a) = /_:o exp (iuav'2) exp <—;—:2> g(u)tal\/—z_7T , |

such that Fy(a)+ Hy(a/t) = exp(—a?). The functions Fy(a), H;(a) are even
holomorphic functions, so there exist holomorphlc functions Ft( ), E[t(a)
such that Fy(a) = Fy(a?) and Hy(a) = Hy(a?). Thus
F(2D?) + Hy(D?) = e 7%, (3.16)

Let ﬁt(D2)(:1; 2), F,(2D?)(z,2) (z,z € X), be the smooth kernels of
H,(D?) and F,(t2D?) with respect to dvx (z).

By the definition, there exist a positive constant ¢ such that for any
k € N, there exists C; > 0, such that

sup |a|¥|Hy(a)| < Crec/? (3.17)
acR
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Thus for any k,l € N,
D H(D2)DZ*| ., < Crpe™/". (3.18)
Moreover, D2 D2k H,(D?)(x, ) verifies the boundary condition for z, z sep-
arately.

By elliptic estimate and Sobolev inequality, we get immediately the
following estimate for any x,z € X,

|H,(D2)(z,2)| < Ce/t", (3.19)

Now we employ finite propagation speed of hyperbolic operators, as
explained in [T, §2.8, §6.1]; it follows that for z,z € X with d(z,z) > e,
we have

F,(t*D?)(x,2) = 0. (3.20)
Moreover, by the same token we see that, given # € X, F,(t2D2)(z,")
depends only on the restriction of D? to BX(z). By (3.16), (3.19), and
(3.20), we get Lemma 3.3. O

3.3 Clifford algebras and the Lichnerowicz formula. For X € TX,
denote by X € T*X the one form corresponding to X under the metric
g7, Set
e(X) = w(X®) —i(X), #X):=wX’) +i(X). (3.21)
Then for U,V € T X, we have the Clifford relations:
c(U)e(V) +¢e(V)e(U) = =2(U, V),
cU)e(V)+c(V)elU) = 2(U,V), (3.22)
c(U)e(V)+e(V)e(U) =0.
From (3.22) we deduce that the maps TX > e — c(e),c(e) extend to
representations of the respective Clifford algebras. Also, End(A(7T*X)) is
generated by the endomorphisms c¢(e) and ¢(e) for e € TX. In particular,
if B € End(TX) is antisymmetric, then the action of B on A(T*X) as a
derivation (cf. [BGV, (1.26)]) is given by
Z(ej,Bei>w(ej)i(ei) = %Z(e]—,BeQ(c(ei)c(ej) —Cl(ei)clej)) . (3.23)
,] 2y
If B € End(TX) is symmetric, then the action of B on A(T*X) as a
derivation is given by
=Y (Bej,eyw(el)i(e;) = —3> (Bej,ei)c(e)dlej)—+> (Bei,e;). (3.24)
2,7 2,7 (2
DEFINITION 3.4. We define a 1-form on X with values in the self-adjoint
endomorphisms of F' by
w(F,hE) .= (WF)~L (VIR (3.25)
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and a unitary connection for (F,hf") by
v = v+ Lw(F nh). (3.26)
Here we view h" as an isomorphism F — F*.

We denote by VAT™X) the connection on A(T*X) induced by V7¥
and by VIX®Fu — gAMI"X) @ [d+1d @ VF the unitary connection on
A(T*X) ® F induced by VAT™X) and v,

Let E be a vector bundle on X and let V¥ be any connection on E. In
the sequel, we will use the notation

AN Z (VE)? - v%_xei) . (3.27)
i=1 '
If E and V¥ are Hermitian, then A¥ = VE*V¥ is the usual Bochner

Laplacian.
The following Lichnerowicz formula was proved in [BiZ1, Thm. 4.13].

Theorem 3.5. With k the scalar curvature of (T X, g*) we have

D? = ATX@Fu 4 £ Z <ek,RTX(ei, ej)er)c(e;)c(e;)cler)eler)

1,5,k,l
D @R E) = § Y (cleeley) — alealey) (@B h0) (eive;)
—% > c(ei)’c\(ej)(VZ;X(@F’“w(F, hF))(ej). (3.28)

Let {ea}Z:ll be an orthonormal frame for TY, with e,, = e, € N as in
subsection 3.1. The following result is [BiZ1, Prop.4.9].
PROPOSITION 3.6. Among all monomials in the variables c(e,) and ¢(eq,)
(up to permutations) only c(ej)c(er):--c(em—1)c(em—1) has a nonzero
supertrace in End(A(T*Y)). Moreover,
Trs [c(e1)c(er) - - c(em—1)c(em—1)] = (=2)™ 1. (3.29)
In the vector space TY @TY , we view {e,} as an orthonormal frame for
the first summand and {€,} as one for the second. Likewise, {¢®} and {e®}
denote the corresponding dual frames of the first and second summand in
T*Y @ T*Y. Now we use the rescaling introduced by Bismut-Zhang [BiZ1,
(4.20)] along the boundary Y: For 1 <a <m —1and ¢t > 0, set
cileq) =tV 4w(e®) — tY%i(eq), @len) =t Y4 w(e®) +t/4(E,) . (3.30)
Since these operators satisfy the relations (3.22), we see that there is an al-
gebra homomorphism, ¢; : End(A(T*Y)) — End(A(T*Y) ® A@)), map-
ping c(e) to ¢i(e) and ¢(e) to ¢;(e) for e € TY.
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Since the operators w(e*’)w(;})i( K)i ( ) (I,J,K,L C{1,. —1})
are linearly independent in End(A(T*Y) ® ( Y)), Yu(B) is a hnear com-
bination of such operators, for any B € End(A(T*Y")). Let {C}™** € R be

the coefficient of the monomial w (el =1y (ellm=1}) in the expansion
of C € End(A(T*Y)® A(T*Y)); then by Proposition 3.6, we have

Try[B] = 21 (—1) ™55 [y (B) ™. (3.31)

3.4 Reformulation of the boundary condition. Now we reformu-
late the boundary condition (3.5). We use the notation in subsection 1.2.
Let {eq }n” 1 be an orthonormal frame of (T'Y, g”"). We denote by VIX®F
the connectlon on A(T*X)®F induced by VIX and V¥'. Likewise, we intro-
duce the corresponding objects induced by **V7X which are distinguished
by a prefix sp. Especially, SPVA(T*X), sPyTX®F are the connections on
AT*X), A(T*X) ® F induced by **VT¥ and V¥

OnY x[0,e) C X as in subsection 1.2, let {e,} be an orthonormal basis
of 'TX. Let ATY € 2T"X ® End('TX) C T*X ® End(TX) be defined by

m—1
AT (e,,)ep = (em, Aleq)es)ea, ATY (e) = 0. (3.32)
a=1
By (3.24), the action on A(T*X) induced by ATY is defined by
AT ey o= = YT (e, Alea)eg)w(e®)i(ep)
1<a,f<m—1
1 m—1 1 m—1 (3 33)
=3 > (em, Alea)es)c(eq)e( ~3 az::l em, Alea)ea),

ANTTY) (ea) :=0.
PROPOSITION 3.7. The boundary condition (3.5) is equivalent to
i(em)wly = (PVEXOE 1 AMNTY) (e, ) )w(e™)wly = 0. (3.34)

€m

Proof. Since V¥ is torsion free, it is clear that (cf. [BGV, Prop. 1.22])
Zw yVIXSE, (3.35)

By (1.8), (1.9), (3.23), and (3.35), we have on Y,

m

i(em)dt =i(em) Zw(ei)<spvz;X®F + ) <ek,A(ei)ej>w(ek)i(ej)>

i=1 Gk=1
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m—1
=i(em) Y w(e®)PVLXEr (3.36)
a=1

m—1
—i—i(em)w(em)(‘wvg’f@F— Z <em,A(ea)65>w(ea)i(65)>.

a,f=1
Applying (3.36) to the kernel of i(e;,), we get (3.34). O
Let *?VT%4 be the connection on TX defined by
PYTHA = gty ATV, (3.37)

Let *? RT%4 be the curvature of PVTXA. Let sPVTX®FA b the connection
on A(T*X) ® F induced by **VT¥4 and V¥, then
svaX®F,A _ svaX®F + AA(T*Y)‘ (338)
For z = (y,xm) € Ue, we identify (A(T*X) ® F), with (A(T*X) ® F),
by parallel transport with respect to the connection PV X@F A along the
curve [0,1] 3 u — (y, ux,,) which induces an identification
c (UE,A(T*X) ® F) — C’OO([—e, €], C®(Y,(AMT*X) ® F)|y)) .

3.5 Rescaling. To calculate the limit of I;(y) in (3.11) when ¢ — 0,
we will localize the problem on Y. We construct first a trivialization,
(which may be viewed as a simpler version of what has been used
in [BiL, §13 d),e)], where Y is a sub-manifold of the complex manifold X);
then by using (3.31), we transfer our problem for operators acting on
C®R",A(T*X)® F), where RT = R™ ! x Ry, to a problem for op-
erators acting on
Co (R, (AMT*Y)RAT*Y) D AN*) @ F)y,) ,

by an appropriate rescaling.

Denote by (W) the injectivity radius of the Riemannian manifold
(W, g™™), we choose € with 0 < € < Tmin{r(X),r(Y)}. If y € Y and
Z € T,Y, then R 5 u — ~(u) = exp?j(uZ) € Y denotes the geodesic
along Y such that y(0) = z,4(0) = Z. Also, for any metric space X, we
denote by BX(z) the metric ball of radius ¢ > 0 around z € X. Then
T,Y 5 Z' — exp, (Z') identifies BgTyY(O) to BY (y); and ¥ : (T,)Y & N,)) >
(Z', zmen) — (exp;/(Z’), Zm ) identifies BZyY(O) x By (0) to BY (y) x [—¢, €.
We will always use these identifications in the following.

Now we fix yo € Y. For Z' € BaTyOY(O), we identify (A(T*X) ® F)y
with (A(T*X) ® F)y, by parallel transport with respect to the connec-

tion PVTX®EA along the curve [0,1] 3 u +— uZ’. In fact, the above

two steps identify (A(T*X) ®@ F)z (Z = (Z',Zm) € B2 (0) x BX"(0))
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with (A(T*X) ® F),,, by parallel transport with respect to the connec-

tion PVTXEFA along the curve vz : [0,1] 3 u — uZ’, [1,2] 3 u —
Z'+ (u—1)Zpy,.

€m

Z =(Z''Zm)
X v,
Y=
Y
Yo A

This defines a trivialization U : (BY (yo) X [—¢€,€]) X (A(T*X) ®@ F)y, —
(A(T"X) @ )|y (yo)x[—e,]- Thus we obtain an invertible linear map

D COO(BEY(yQ) X [—e, e, A(T"X)® F)

— (B (0) x [—e, ], (MT*X) @ F)y,) ,
(®0)(Z', Zm) =0 (o(V(Z', Z))) -
For an operator C' on C*®(BY (y) x [~¢€,¢], A(T*X) ® F) we write Cg :=
PCP L.

We use the notation in subsection 1.2. Let {e,}"~ be an orthonormal
frame of T},Y. Denote by €,(Z) the parallel transport of e, with respect
to *PVTX along vz, then {€,(Z)}™= is an orthonormal basis of 'T X,
while €,, = e,, = 0/0x,, spans 2T X.

By Lemma 3.3, we know that our calculation will localize near Y.
In order to use rescaling arguments, we want to view D2 in the chosen
trivialization as the restriction of a suitable differential operator defined
on R™ = T,)Y & Ny, with general point z = (2, z,) corresponding to
Z = (Z', Zy,) via the basis {e;}. To construct the extension explicitly, let
¢ : R — [0, 1] be a smooth function such that

[ 1 for J|ul<e,
plu) = { 0 for |u|>2e. (3:39)

Denote by V := V7% the canonical connection on Ty, X such that Vs
is the ordinary differentiation operator on 7, X in the direction U, and let
ATwX = —3~.92/922 be the standard Euclidean Laplacian on T,, X with
respect to the metric g7v¥X. We introduce the operator

LY = @2 (|2DHD)e + (1 — ¢ (J2])) (tAT0X) (3.40)
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on C®(R™, (A(T* F),,) and we denote by L( )

X)®
ments of C*(RT, (AM(T"X) ® F'),,) satisfying
{@* (2D (i(em(2)))a + (1 = @*(|2]))ilem) fw|, _o=0,
{¢*(l2])(w(e (Z))”’VTX@FA) (3.41)
+(1 = @*(|2))w(e™)Ve,, jwlzp=0 = 0.
Note that if U,V are smooth sections of TX then, forc=cor ¢,

its restriction to ele-

[PV (V)] = (VX Y). (3.42)
From (1.9), (3.38), and (3.42), we derive the identities for z € R™,
(c(em)) g (2) = clem) (SZ’VZmX@)F’A)@ .=V, . (3.43)
Then, by (3.43), the boundary condition (3.41) is equivalent to
i(em)wlzm=0 =0,
{ vemw( m)w|zm:0 = 0 . (344)

Fort > 0,0 € C®(R™,(AM(T*X) ® F),,), and z € R™, set
(Si0)(2) =0 (2/VE), LP:=57'LMs,, (3.45)

such that ng) is a differential operator on R™ with coefficients in
End(A(T*X) ® F'),,. Next we enlarge the coefficient space (as is common
in local index theory) and replace (A(T*X) ® F)y, by

Ky, = (MI'Y)BATY)BAN) @ F) . (3.46)

Using (3.21), (3.30), and the algebra homomorphism 1, we see that L§2)
induces a differential operator L§3) with coefficients in End(K,) which
has the Clifford variables c(e,) and ¢(ey) replaced by ci(en) and ¢ (ey)
1<a<m-1).

If C is any suitable differential operator, we will denote by C’t(s) the oper-
ator obtained from C' by rescaling the Clifford variables and the variables z,
as prescribed in (3.30), (3.45).

We will denote by L( ) the operator L( " with the corresponding bound-
(%)
ary condition (3.44). Now denote by e Lw(z,w) (z,w € RTi = 1,2,3)
(#)

the smooth kernels associated to e Tta with the corresponding boundary
condition, calculated with respect to dvr, y (w') dvy(wy,), and likewise let

(@) . (4)
e %' (z,w) (z,w € R™) be the kernel associated to e % . For z,w € RT,
P} (z,w) = (e "ta —e Mt ) (z,w). (3.47)
By (3.11) and the argument of the finite propagation speed of the wave
equation as in Lemma 3.3, we know that there exist C',c > 0 such that for
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Oézm<6/2,0<t<1,
| PL((0, ), (0, 2 )R (0, 2m) — P (0, 2m), (0, 2n))| < Ce™/t. (3.48)
By (3.45), for z,w € R,
PV (2, w) = t—™/2p? ( =, f) (3.49)
and by (3.31),

Tro [P ((0, 2m), (0, zm))]

= 9m=1 (1) "5 D2y [1PP((0, 2n), (0, 20))™] . (3.50)
Thus we derive the identity
£1/4

/0 Ty [P (0, 2m), (0, 200))] doy (z0)

[ e [ (o) 03] o

t71/4
_ m(m 1) max
_ / 9m=1 (1) ™5 T, [P (0, 2m), (0, 200) )" dun (2) - (3.51)
0
Hence to calculate the limit (3.11), we only need to calculate the limit

(3.51) when t — 0, by (3.48). Calculating the limit of the operator Lf’a) we
arrive at the following model problem.

Theorem 3.8. The above limit equation is
i(em)wlz,=0 =0,
i 1 a2
(8- (5% — S0) — LI & + SETX|Y)y Jw =0
Proof. Let sPTTXA TF and TF% be the respective connection forms of
spyTXA TF and V', computed with respect to the frame {&;} for TX
and any fixed frame for F' which is parallel with respect to VI along the

curves vz (cf. the beginning of subsection 3.5). By (1.8), (3.37) we know
that for Z € T, X,

vIX —spgTXA L4, ATY
ree =18 + Lo(F,pf), TF =0.
Thus from (3.23), (3.38), (3.43), and (3.53),
VTX@F,U _ spVTX®F,A _ AA(T*Y)(.)

(3.53)

+ Z (Vems €a) (c(em)c(€a) — Elem)e(Ea)) +THU() . (3.54)

a=1

[



Vol. 16, 2006 ANOMALY FORMULA FOR RAY-SINGER METRICS 797

From (3.23), (3.24), we know also

svaX@FA v + Z spFTXA 61, €]>w 6;)

i,j=1
m—1
sppT X, A ~ PN
=V.+1 (*PT ;5" ()ea, e3) (c(€a)c(€g) — C(ea)c(es))  (3.55)
a,ﬁ:l,a;ﬁﬂ
m—1
s A\~ ~ g Al

ST ) (0068 ) S PTEA (J2).

a,B=1 a=1

From [ABP, Prop.3.7] (cf. [BGV, Thm.1.18]) and (3.32) we infer that
PPAU) = PPRIXN(Z,U) + O(1ZP)U, i Z,U € T,)Y.  (3.56)
By construction,
FrIXA Wy =0 if Z €T, X,U € N, . (3.57)
Observing that by (3.56), (3.57) and [em,eq] = 0, for X a section of
TX such that SPVSTW)L(’AX = 0, we have
PRIXA (e, e0) X = PVIXPGTNA Y — (vemSPrTXvA(ea))yOX. (3.58)
Thus we find that
PPLAU) = PRINNZ,U)+0(|ZP)U it Z € Ny, U € Ty, Y . (3.59)
Note that the equations (3.56), (3.57), and (3.59) were obtained in [BiL,
(13.64)—(13.66)].
From the definition of €, and (3.42), we get for 2/ € R™"! c¢=cor ¢,
(C(Ea))(b(z/) = c(eq) - (3.60)
From (3.33), (3.38), and (3.42), we have for V € 'TX
m—1

[PVEXEEA (V)] = e(PVEXV) = (em, A(V)Es)lep),

)

(3.61)

3

[PVEXEEA V)] = e(PVEXV) = D (ems A(@3)V )e(@p) -
B
Thus, from (3.60), (3.61), we get for z € R™

m—1
(c(€a)) g (2) = (14+0(|21*)) clea)

Il
,_.

(2m (em, A(ea)es)+O(|21*))les)

jivg

(3.62)
(E(Ea))(b(z) = (1+O(|z|2))5(ea)— (zm<em,A(eg)ea>—|—0(|z|2))c(eg).

3
L

i
I
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Now from Theorem 3.5, (1.15), (3.30), (3.33), (3.43), (3.54), (3.55),
(3.56)-(3.59) and (3.62) we conclude that as t — 0,

3 o 9 o N = 1
Ly — Ly’ =— <% — S(y0)> - 2 @ + Q(R 1Y )yo (3.63)
in the sense of distributions. O

. . . 7.3
3.6 Uniform estimates for certain heat kernels. Let e "/t (2, w)

wL®

be the smooth kernel of et " on R™ for z,w € R™, calculated with

(3)
respect to dvaOX(w). Likewise, for z,w € R, let e_“Ltva(z,w) be the

(3)
“Lia | calculated with respect to dvr,, x (w).

The following two theorems arise as special cases of the main results in
[Bi2, §11], [BiL, §11] if we set Zp =0, T'=1, V = 0 (in the notation used
there).

Theorem 3.9. For any k € N, there are constants C,C’ > 0 and r € N

such that
gl L® ! T —Clz—w?
g ¢ " (V) | < C (1 fe] o ul) e (3.64)

uniformly for |al, |o/| < k, u,t € (0,1], z,w € R™.

smooth kernel of e~

m
2

Theorem 3.10. For u > 0 fixed, we have
(3)
e (2, w) (3.65)

uniformly on compact subsets of R™ x R™,

—uL£3) (

lime zZ,w) =
t—0

Sketch of the proof. Using standard methods of functional analysis one
proves the estimate (3.64) without the exponential factor [BiL, Thm. 11.13].
To improve this to (3.64), one applies in addition the finite propagation
speed for hyperbolic equations. In our case, each step is somewhat simpler
than loc. cit. as our operator is simpler.

Now, as LES) — Lgs) for t — 0 in the weak operator topology, we get

(3) (3)
limy emuli” = euly’ (3.66)
Thus, using the uniform bounds of (3.64), we get Theorem 3.10. O

To establish the analogous estimates for e_“L’(fii and the uniform esti-
mate (3.117) to be used later, we will first apply the techniques used in
[Bi2, §11] and [BiL, §11] to our boundary value problem. Combining this
with the finite propagation speed for boundary value problems [T, §6.1],
we achieve the desired estimates.
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If C is any differential operator on C*°(R™, (A(T*X)® F),, ), we denote
by C @ the operator obtained from C by rescaling the coordinate z by Sy,

t,u

in (3.45), and the Clifford variables as in (3.30).
Using (3.45), we set

L) = 5, uLs, . (3.67)

We denote by Lgil ., the operator Lgﬂ with domain defined by the boundary

condition (3.44) (which is invariant under rescaling). We form the heat

kernels for the operators Lgiz and Lgﬁla exactly as before. Then we get
from (3.67)

(3) (4)
e (Vi z, Vaw) = uTm e (2, w) (3.68)

Ty,

Now we equip A(T*X),, with the metric induced by g7»* and denote

by | | the corresponding norm. We put
Kryo = @piqer (AP(T7Y) B A(TY) AN © F),

)

R 0 (3.69)
K, = (MTY)QAMNT*Y) ® F)yo .

As before, {e;} is an orthonormal basis of T, X, and V7 denotes the
standard derivative on Ty, X in the direction Z. For u,t € (0,1], z € R™,
set, with ¢ from (3.39),

gu(z) = 1+ (1+u)2[) ¢ <@> . (3.70)

DEFINITION 3.11. For k € N, t,u € (0,1], 0 € C*(R}, K, ), set

lolfoi= [ loPaam Do, x(z), (371a)
Ry
k m
HO-H?,u,k = Z Z ”veil te V@il‘f”iu,o . (371b)
1=0 i1,...,i;=1

We denote by (-, - )¢ 4,0 the corresponding inner product. We also denote
by | |22 the the norm of ordinary Hermitian product on L*(R™, K,).

Let C§5..q(RY, Ky,) be the elements of C*°(RY, Ky,) with compact
support which verify the boundary condition (3.44). Let Hﬁu@ be the
Hilbert space completion of Cg";%a(RT,KyO) with respect to the norm
(3.71b), such that Hp, , = L*(R™", K,,) as vector spaces. Let Ht_ula be the

t,u,a
Sobolev space of order —1 associated with Cg5 ,, ,(RT, Ky, ) and let || [|¢u,—1
(", o)tu0l/ll0" [l e1-

The following theorem is analogous to [BiL, Thm. 11.26].

—1
be the normon Hy , , defined by ||o||¢,u,—1=suPosoeny , .
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Theorem 3.12. There exist constants Cq,Cy,C3 > 0 such that for
u,t € (0,1] and any 0,0’ € C§5, (R, Ky,)

Re<L(4)

> Cillollfu = Calloluo

0, J>t

(2 0,0)en0] < Cslolltolno. (3.72)

t,u,a

100 0 ) w0 < Csllolleullof e -

Proof. Let TTX®Ft he the connection form of the connection VI X®F:u on
A(T*X) ® F associated with the frame induced from the trivialization W.
By (3.28), we get for z € R™

L (z) = (1 — @ (Viul2])) ATwX
+ ¢ (Vtul2]) [— fj (Va (i) + VEu{TTXSF0(E (2) } 1)

t,u
=1

+mz vraz, (e + VE{TTXOF(GTXG) ) | tue ()
u /o o N\ s A sy (D)
—l—{%<ek,RTX(e,-,ej)el>c(ei)c(ej)c(ek)c(el)}t (2)
“)

Ftu{§ (@R ) @) 4 (c@)el@)~e@)e@)) (W(F. ) @8}, (@)

— Ltu{c(@)e(E;) (VEXEmy (F,hF))(Ej)}iﬁ(z)} (3.73)

Note that by (1.9) and (3.53)-(3.59),
gm(\/EZ) = €m,
Ej(\/ﬁz) —ej :O( tuz) el,Y, for1<j<m-—1.
We deal first with the contribution of V? = in Lgﬁz. Let 0,0’ €
CGuaRY, Ky yy) then there exist o1, 09,07, 09 € C°(RT, K, ), such that
o=o01+¢€" Ao, 0/ =0} + €™ Aol Then

2
(—V2 0,0 w0 =D (V2 0i,00)1u0- (3.75)
i=1
By (3.44), o9 = o5 = 0 on R™"! x {0}, and V
R™~1 x {0}, thus for j = 1,2,

(—V2

(3.74)

= V01 =0 on

€ m

O'jyo';'>t,u,0 = <V U]av g, >t u,0

Em]

+ (Ve 22m =7 = 2)(9u Ven9t)95) - (3:76)

€m
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The families of operators on ng,a, given by

Lygalj<ac (@(e) = VEi(er)) 1 mp cac(w(el) = V(&) (3.77)
are uniformly bounded for ¢,u € (0,1]. We also have |V, ;| < C. Using
(3.62), (3.67), (3.73), (3.74), and (3.76), we get Theorem 3.12. O

If A€ L(Héfuﬂ,Hf;,a), k > —1, we denote by || Hff, the norm of A
with respect to the norms || || and || ||¢ux-
From Theorem 3.12, we get the following analogue of [BiL, Thm. 11.27],

Theorem 3.13.  For u,t € (0,1], there exist constants 01,2 > 0 such
that the resolvent (A — L( ) )~! exists in

tu,a
U:={X€C; Re(\) <& Im*(\) — &}, (3.78)
and extends to a continuous linear operator from H, ul’a into Htlua More-
over, there is C' > 0, independent of u,t, and yo € Y, such that

Jo -z <,

tua

(3.79)
[ = Zin ) o < e+ )

t,u a
Proof. This is an easy consequence of Theorem 3.12, cf. [BiL, p. 165-167]. O

PROPOSITION 3.14. For k € N, there exists C, > 0 such that for 0,0’ €
C(())Sf,u,a(RT’ Kyo)

(Ve [Ver- s [Veo s Lil] . 10,0 ) ewo| < Crlloltanllo’lleur » (3.80)
for any u,t € (0,1] and i1, ...,i; € {1,...,m}.

6“7 5i27"

Proof. Observe that [Ve, ,[Ve,,,...,[Ve, Lg%]] ...] has the same structure
as Lg 3, hence we get Proposition 3.14 using the same arguments as in the
proof of Theorem 3.12. O

We now fix 1,62 > 0 as in Theorem 3.13.

Theorem 3.15. For any k € N, there exist mp € N, C > 0 such that if
u € (0,1] and A € U, the resolvent (A — Lg% o)L maps HF(R™, K,,) into
HFMYRT, K, ), with norm estimate

[ = L )T I < C(1+A) ™ (3.81)

tua

Proof. For 1 < i < m — 1, V., preserves the boundary condition (3.44),
thus

(Ve A= L ) = (A= L )7V, LY J =L )71 (3.82)
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The equation (3.81) means that we need to prove that there exist

Cy > 0, my, € Nsuch that for Ve, ,..., Ve, € {V¢ }, s € CF(RY, Ky,
we have

[ Ver - Veo A= L) ) "llwo < Ce(1+ )™ [Isllrur - (3.83)

If 1 <ig,...,ig <m—1, then we can express Ve, -+ Ve, (A— Lffﬂ Bk

as a linear combination of operators of the type

V., [V Ve, (A= LY v Ve, . K <k. (384)
Ve, Ve, LE-

Ve, A= L )]

ejl 8]'2’ .. ejlc’Jrl

Let Ry, be the family operators R, = {[V

Clearly, from (3.82), any commutator [v@jl [V%, ..
is a linear combination of operators of the form

(A= Ly " RiA = Ly ) R+ Rio(A = LGy )™ (3.85)
with Ry,..., Ry € Ry .

By Proposition 3.14, the operators R; € Ry, are uniformly bounded in
L(Htl,%a, Ht_ula) From Theorem 3.13 we see that there exist C' > 0 and
my, € N such that the norm in L(ngp, H},,) of the operators (3.85) is
dominated by C(1 4+ |A])™*.

If there are only one Ve, in Ve, ;... Ve, then we move this term to

the left side, thus we can assume V., = V., , and the above proof still

€1

gives (3.83). ’
If there are at least two V.  in V%, . ,Vei then we move all V.
to the right side. Now we can express Ve, -+ Ve, (A— Lffﬂ L)t as
Ve, Ve, (Ve FA = Lin )™t k+1<m+1. (3.86)

For k < 2, we obtained the estimate (3.83) for this operator. We need to
reduce k > 2 to the case k < 2.

Let gij(z) = (ei,ej) rx(2z) and (¢”(z)) be the inverse of the matrix
(9i5(2))i%=1- By (1.7), we know that gmi(2) = gim(2) = 0, gmm(z) = 1.
Thus we have
ATX®@Fu_ vTX@Fu ng vTX@F uvTX®Fu VTX@)FU) ] (387)

VTXe
i,j=1

Thus we know from (3.54) and (3 87) the second order term in Lﬁfﬁj is

Z 9" (Vtuz) )Ve Ve, - (3.88)
1,j=1

Now, if k > 2, we replace (Ve, )2(A — L§4> )~1 in (3.86) by

L+ (= A+ (L) + (Ve,,;) ))(A— LY )L (3.89)
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Now by (3.88), we can continue the processes to get (3.86) with k£ < 1.
Thus we have proved (3.83). O

Now we use Theorem 3.12 and Proposition 3.14 to establish the follow-
ing uniform estimate (cf. [Bi2, §11h)], [BiL, §11n)]).

Theorem 3.16. For any k € N there exist Cy,C > 0 and r € N such that

olal+le’| (4) r
- qua( ,w)l < C(1+ 2]+ |wl) e~ Colz—wl* (3.90)
azo‘ﬁw

uniformly for t,u € (0,1] and z,w € R?, if |af, |¢/| < k.
Proof. Let T' be the contour in C defined by

I'={\eC; ReX =4 (Im)\)? — 02} . (3.91)
Using Theorem 3.13 we find that

ette = oo [0 1)
r

21

_ (3.92)
(=¥ l(k—l)!/ A ) \—k
= L .
27i T (/\ t,u a) d/\
From Theorem 3.15 we deduce that for ¥ e N, A € U
ATy 28 )00 < 399

Next we study ng , the formal adjoint of LEJ with respect to the usual
Hermitian product on L*(R7T,K,.): L*(R7T,K,) > 0,0 — (0,0') =
nyO x (0,0") dvr, x(2). Then Lﬁz* has the same structure as the opera-
tor Lgiz except that the operators w(e?),i(e;),w(e?),i(&;) are replaced by

i(ei),w(ei),i(é}),w(;), respectively. For 0 € C*(R?, K, ,,,) we now set

o2, 0 = / 0P g1 (2202 D oy, o (2). (3.94)

Tyo X

We denote by LW* the operator L(4)* with the dual boundary condition.

t,u,a
Then the analysis of the operator (A — Lffg “)~2 proceeds exactly as before

with respect to the new Hilbert norm, in particular (3.93) is true for Lg% o

We take adjoints again with respect to the ordinary Hermitian product | |72
on L?(RT, K,,). Thus we get for ¥ € N and A € U the estimate
T 4) Qk’
H yO Lz(f u, a H <Ck . (395)

Thus from (3.92)—(3. 95) for any k, k' € N,

H Tyo Tpo)k —Liﬂ a z’w)H273 < Ckk' . (396)
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Take p € N. We equip L2(BRT

il (0), Ky,) with the Hermitian product
2

m
R

0,0’ € L*(B 1, (0),Ky,) — (0,0") () = / (0,0")dvr, x(2), (3.97)
Pa |Z|<p+3

. R"L
with norm || [|,). If A € L(L2(BPI% (0), Ky,)), let || Al be the operator

norm of A corresponding to || ||(,). Clearly, there is C' > 0 such that for
any o and p € N,

lollgy < lolltwo,  llolleuwo < CQ+ )™ ol - (3.98)
Now, from (3.96), we find that
’ (4)
H (AZpo)k(Agpo)k e—Ltjlu’a (Z, w)H(p) < C”(l _’_p)4m—4’ (3'99)

which together with Sobolev’s inequality implies that for k, k' € N,
sup  |(ATON (AT NV e L (2, w)| < C"(1 4 p)*™t. (3.100)
|2, |w|<p+
Using the Sobolev inequality again, we get (3.90) for Cy = 0.
To get the required exponential estimate, we now proceed as in the
proof of [Bi2, Thm.11.14]. Let R 5 u +— k(u) be a smooth even function

such that 0 % | < 172
or |u| < ,
k(u) = { 1 for |u/>1. (3.101)

For ¢ e R%, a € C, set

+00
Kq(a) == 2/0 cos (t\/§a) exp(—t2/2)k <2> \j—Zt_w . (3.102)

Clearly, K4(a) is an even holomgrphic function of a. Therefore, there is a
holomorphic function a € C — K,(a) such that
K,(a) = K,(a?). (3.103)
Given ¢ > 0, set
V. = {)\ € C,Re()) > W 02} ,

4c2

(3.104)
Toi={XeCRe(n) = U325 — 2}

Then by [Bi2, (11.53)], for any ¢ > 0, there exists C’ > 0 such that, given
m,m’ € N, there exists C' > 0 with

su‘I/) |a\m‘fz'q(m/)(a){ < Cexp(—C'¢?), (3.105)
acVe
for ¢ > 1. Also,

LI T . V10,

K(Lioa) = 3= /F A (3.106)

t,u,a
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Let I?q(Lgiz’a)(z,w) be the smooth kernel associated to Iz'q(Lg’g,a) with
respect to dur, x(w). Using (3.105) and proceeding as before, we get the
following analogue of [Bi2, (11.59)]: there is Cp > 0 such that for any k € N,
there exist |C"f| Q‘ and r € N such that

sup L,kq(Lgﬂ o) (zw)| < C(1+\z|+\w\)rexp(—C0q2), (3.107)
lo,|o/ | <k 0z%0w™ o
uniformly for ¢ € N*, z,w € R?, and t,u € (0,1].

If t > q, then k(t/q) = 1. Using again finite propagation speed for

cos (s\/Lgila), we find a constant C{} > 0 such that

(4) ~
e~ Lina(z,w) = Ky (LY ) (z,w) if |2 —w| > Clq, (3.108)

t,u,a

uniformly in ¢ € N*. From (3.107), (3.108) we deduce that

gttt
g ¢ (B w)

<CO(1+ |2+ |w|)rexp(—C’0q2) if |z—w|>Cyq (3.109)

uniformly in ¢ € N*, z,w € R, t,u € (0,1].
For z,w € R, let ¢ € N such that Cjq < |z —w| < C{(g+1). By (3.90)
with Cy = 0 and (3.109), we get (3.90). O
Let || ||o,u,0 be the limit norm of || || 0 ast — 0. For a=(a, ..., an)EZT

a multindex, we write 2% = 27" - - - 257",

DEFINITION 3.17. For k € {—1,0,1} and k¥’ € N, let Hg”f/ be the set of
o € H¥(R}, K,,) such that 2% € H¥(R™, K,, ) for |a| < K. For o € Hy¥

we write ) 5
o116 0,k 1) = Z 2% (1, - (3.110)
oo <K/

Theorem 3.18. There exist C' > 0 and k, k' € N such that
I(O=LE ) == L0 ) el o < CE2 4 llollou o) » (3.111)

t,u,a 0,u,a
uniformly in t,u € (0,1],A € U, and 0 € L*(R?, K,).
Proof. Note that from (3.44), the boundary condition is fixed for t,u €
(0,1], thus if o’ € C*(R7, Ky,) is in Dom(Lé%J, then o’ € Dom(Lgﬁa).
Thus
(A=L{h )T ==L )T ==L ) T L - L (AL, )71 (3.112)
Observe that || [tuo < || llowo. For o € Cfy, (RY, Ky), o €
C8Gua(RY, Ky, ), we know by (3.73) and the arguments in the proof of
Theorem 3.12,

(S = L))o, 0" Yool < CE 00 mrn 107 e »

U

sup
e’ |<k
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hence @ (4
H (Lt7 LO U Ht u,—1 — < Ct1/2“a“0,u7(174) : (3’113)

Now after taking the limit, Theorem 3.13 still holds for ¢t = 0. Set
zj = zjfor 1 <j<m-—1,and z,, = (1 — ¢(2m))zm. From (3.73), for
i1,...,0p € {1,...,m}, we get

H[giu [512 o Zzpa L(4 H (3.114)
Now by (3.114) and z; (1 < i < m) preserves the boundary condition

(3.44), as in (3.81), we know that for £ € N, there exist C' > 0, ¥’ € N such
that for u € (0,1], A € U, if o € Cfy ,, (R, Ky,),

O = 2627 0l o 1y < C+ D N0 llo0 0 - (3.115)

0ua

Now (3.111) follows from Theorem 3.13, (3.112), (3.113), and (3.115). O

(4)
Observe that the norm | |72 is smaller than || ||z, thus e “tuwe —
(4)
e Touwa in the strong topology. Using the uniform bounds in Theorem 3.16,

we get

Theorem 3.19. For z,w € R,

(4) (4)
}/in% e Prua(z,w) = e Fowa (2, w). (3.116)

Theorem 3.20. There exist r € N, Cy > 0 such that for any | € N, there
exists C' > 0 such that for t € (0,1] and z,w € R'?,

‘zin(e_Lg —e_L§3))(z,w)| < C(1+ 2|+ |w])" exp (— Colz —w|?) . (3.117)

Proof. Let J* be the restriction of the functions on R™ to R'". Observe
first that (A — Lg?a))_l(/\ - Lg?a))a = o holds only if o € Dom(Lg?a)). Thus
with ¢ from (3.39),

(A=) =IO = L) = 0= L) = L) - L)
+ 9(22n) =L ™ = A=LE) T A=LP) (1= (22m)) T (A- L) !
= p(22m) 0" (A — L)+ (A — LE) T p(22m)
+ (A= L) p(2zm), L] T (A - L)
(A — L(?’))‘k — T\ = L)k (3.118)

k—
Z (A=LEN L =T =L)ALy R+ g,

Now for k‘
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(3) (3)
Eim(e_Lt»a —e L )(z,w)

~ 1)k (k—1)!
- % / e (A=LENF =T A =LP) "k T*)dx . (3.119)
r
By using z,,¢(2z,) = 0, (3.114), (3.118), (3.119) and proceeding as in the
proof of (3.100), we get : there exists r > 0 such that for any [ € N, there
exists C' > 0 such that

(3) (3)
2 (e P — el (2, w)| < C(1+ 2] + Jw])" (3.120)
From Theorems 3.9, 3.16 and (3.120), we get (3.117). O

3.7 The model problem on R} = [0,00). In this subsection, we
find the explicit fundamental solution of the model problem (3.134) for
i = 4. The following formula is due to Sommerfeld (cf. [CaJ, §14.2]) and
was also used in [APS, §4].

PROPOSITION 3.21. Consider the boundary value problem for —9? /x>
in L?(R,,C") with domain
{0 € C§°(R4,C™); ((% +a)o| _,=0},
where «v is a n x n matrix. Then the heat kernel, F,(t,x,&), of this problem
is given by
1

(2—8)2 (16) a [T @iyre?
F.(t,x,&) = e @ H4e @ )+—— / e” T & e™dy. (3.121

Note that the heat kernel, Fp;., for the Dirichlet boundary condition is
given by

1
FDiT(tvxag) = \/m

For the integral in (3.121), we have if { =z

« 00 (wtem)? t o [ee 2
— e” 1 edydx = 2\/j04/ / e~ (@) eQﬁo‘ydy dx
Vit /0 /0 ™ Jo Jo
= 2\/204/ dz 6_22/ e2Viay gy, (3.123)
™ Jo 0

k
1 /OO —22( 2Vtaz . akt§
= — e % (e —1)dz = Z —
VT Jo (5 +1)
Likewise, in the sense of power series

o0 (o] ( 21)2 2t o z
\;L_t/ / P dydr = Ta dze / ezﬁay(z —y)dy
7t Jo 0 ™ Jo 0

(z—8)? (z+6)2
G i (3.122)

L e i R = he1gk v (3.124)
_\/;/0 ¢ [2\/Ea(e 1) z}dz_zg(%ﬂ) L

k=1
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Thus by (3.121), (3.122), and (3.123):

0o o] ko E
—Ftp; x,x)dr = Ptz g, E 7()[ £
A (Fa FDZ?“)(t7 d \/, / ZF( +1) (3.125)

For later purposes, we also note the following 1dent1ty resulting from
(3.121), (3.122), and (3.124):

x,x)dr = 2\/_0‘2 —1)dz
[t = Fou e, \f/ 1)d
o ltz
2:

(3.126)

(3)
3.8 Proof of Theorem 3.2. Let e_ULoya(z,w),e_“Lé@ (z,w) be the

(3) (3)
smooth kernels of e “LOE, e Lo

R™ 1 set

with respect to dvr, x(w). For PR

’oo —m=l 2" — /|2

K(u,z,w') = (4mu)” "2 exp ) (3.127)

By Theorems 3.10, 3.19, 3.20, (3.11), (3.48), and (3.51), we get

m (m 1) max
}%MW—A 2 (=) T [[BSY((0, 2m), (0, 20)) vy (22m)
(3.128)
Let Q(t,z,w) € (A(T*Y) @ A(T*Y) @ End(A(N*) @ F))y, (2,w € R™,
t > 0) be the fundamental solution of the following problem with respect
to dvr, x(w),

i(em)w|z,,=0 =0,
w(e™)[Ve,, +S(yo)wlz,=0 =0, (3.129)
(% +ATy0X) w=0.
Then we get from (3.52) and (3.129)
(3) : . .
e~ %Loa 3 2 (2, w) = eZmS(yO)Q(u7 Z,w) exp <—%(RTX‘Y)yO) e—me(yO)7
(3)

e o (2, w) (3.130)
2
_ —m/2 |z —wl _UoaTX (Zm—wm)S(yo)
= (4mu) exp < 1u exp ( 5 (R |Y)y0> e .
Note that on A(N*),
Trg[w(e™)i(em)] = —Trs[i(em)w(e™)] = —1. (3.131)

Decompose

Q =: Qrw(e™) + Qi(en) + Qzw(e™)i(en) + Quilem)w(e™).  (3.132)
with Q; € (A(T*Y)&A(T*Y) ® End(F)),,. By (3.47), (3.130), (3.131),
and (3.132),
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T, [P (0, 2m) (0, 2))™]
= Tep [[(Q1 = Qa) (1. (0, 2), (0.2m)) exp (=3 (BTX|Y ), )| | (3:139)

Thus it rglﬂns to determine ;. Let @ be a smooth section of
(MT*Y)® (A(T*Y)® F),, with compact support in R. Then for i = 1,2,
QiV|t=0 = 0, by the uniqueness of the solution and (3.129), we know that
@1 = Q2 = 0. Now, from (3.129), we have for i = 3,4

Qitli=0 =¥, .
Q3¢|zm:0 = 07 (vem + S(yO))Qﬁlw‘zm:O = 07 (3134)
(2 + ATwX) Qi = 0.
By separation of variables and Proposition 3.21, we get
Qs(t, z,w) = K(t, 2, w ) Fpir(t, 2m, wnm) ,
Qu(t,z,w) = K(t,7, fw/)FS-(t, Zmy Wiy -
Thus using (1.1), (1.17), (3.128), (3.133), (3.135), and (3.125) we arrive

(3.135)

at
By

. 1, . 2 S(y)k

lim I (y)dv =rk F/ ex <—— RT™X|y ) —

oy L (y)doy () = rk(F) P, ];) or (5+1)  (3.136)
= (=)™ rk(F)ey (Y, VX)) .

Now (3.11), (3.14), and (3.136) add up to the proof of Theorem 3.2. O

4 Ray—Singer Metrics and Anomaly Formula

The purpose of this section and the next is to establish the anomaly for-
mula for Ray—Singer metrics. By the estimate (3.12), we can split the
problem into an interior part and a contribution from the boundary. In
the interior of X, we can apply directly [BiZ1, §4], so our main contribu-
tion consists in determining the boundary contribution. In this section, we
prove Theorem 0.1 only under the assumption (4.30), while in section 5,
we will prove Theorem 0.1 in full generality.

This section is organized as follows. In subsection 4.1, we define the
Ray—Singer metric of manifolds with boundary. In subsection 4.2, we state a
formula evaluating the variation of Ray—Singer metrics as the constant term
in the asymptotic expansion of the supertrace of a heat kernel multiplied by
an endomorphism. In subsection 4.3, we reduce the problem to a problem
near the boundary Y and in subsection 4.4, we prove Theorem 0.1 under
the assumption (4.30). In subsection 4.5, we compare our results and Liick—
Schick’s examples [LiS, Appen. A].

We use the notation established in sections 1.3, 3. Recall that X is a
compact manifold with smooth boundary 0X =Y and dim X = m. Let F



810 J. BRUNING AND XIAONAN MA GAFA

be a flat complex vector bundle on X with flat connection V. Let hf" be
a Hermitian metric on F and let ¢?X be a Riemannian metric on T'X.

4.1 Ray-Singer metrics on det H®*(X, F'). Let P, be the orthogonal
projection in L2(X,A(T*X) ® F) onto H2(X, F) with P} :== 1 — P,, and
let N be the number operator on A(T*X) ® F', which is multiplication by
pon AP(T*X)® F.
DEFINITION 4.1. For u € C with Re(u) > £ dim X, set

0q (u) : = —Trs [N(DF) " F;']

1 [ dt (4.1)
=——— [ t“Try[Nexp(—tD})P+]—.
F(’LL)/(; S [ exp( a) a] t
Theorem 4.2. When t — 0, for any k € N,
k
Tr, [N exp(—t2D2)] = Y a;t? + O+, (4.2)

j=—1

and 5
RSS! iAo Loty
a_lzrk(F)// 256 Ae /\exp<—§R )

—i—rk(F)/Y/Bymzf_e /\ea/\ZQP exp<—%(RTX‘Y)>’ (4.3)

m
ap = EX(XaF)

Theorem 4.2 generalizes [BiZ1, Thm. 7.10] to manifolds with boundary;
it will be proved in subsection 5.6 and it is used only for Definition 4.3 in
this paper. Thus 6% (u) extends to a meromorphic function in C which is
holomorphic at 0 in view of Theorem 4.2.

Let det H*(X, F') be the determinant line of the cohomology H*®(X, F')
which is the complex line given by det H* (X, F')= @, (det HP(X, F))=0,
By the isomorphism in (3.6), H®(X,F) is naturally equipped with a
L% metric h5F) induced from the scalar product (-,-) on Q(X,F);
| \dL; e (x,r) denote the induced metric on det H*(X, F).

DEFINITION 4.3. The analytlc torsion of X with coefficients in F' is

defined by T, (X, h") := exp { 100, )}, and the Ray—Singer metric on the

ou

line det H*(X, F) is defined by

11135 gre .y = Tal(X, B7) | |detH'(XF) (4.4)

DEFINITION 4.4 (cf. Definition 3.4, [BiZ1, Def. 4.5]). We introduce a real
closed 1-form on X by

O(F,h") = Te[(h)H(VFRT)]. (4.5)
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4.2 An infinitesimal variation formula for the Ray—Singer met-
ric. Let R > s — (g/%,hl) be a smooth family of metrics on TX
and F' and let *5,*5 be the Hodge operators associated to the metrics
gl X (gTX hE). Let D, be the operator D defined in (3.4) attached to the
metrics (g7 %, hl"). Let | |29, (x,F),s be the corresponding Ray-Singer
metric on det H*(X, F).

The following theorem is an extension of [BiZ1, Thm. 4.14], where the

case 0X =Y = () was treated.

Theorem 4.5. Ast — 0, for any k € N, there is an asymptotic expansion

r k
Trs |:<*5—1 a*s+(hf)_1%> e—th,a:| — Z M]7st]/2+0(t(k+l)/2) , (46)

Os Js

j=—m
with )
Mo,s = 2 log ((|| ”detH’(XF ) (4.7)

Proof. The equation (4.6) is an immediate consequence of the results in [S],
[Gr] on the asymptotics of the heat kernel on manifolds with boundary.

When hf = b is a fixed flat metric on F, the equation (4.7) is [Ch,
Thm.3.27], [RS, Thm.7.3] which was proved by using [Ch, Thm.3.10],
[RS, Prop. 6.1]. Especially, [Ch, Thm. 3.27] works with no special assump-
tions on the behavior of the normals at the boundary (i.e. it is not as-
sumed that the unit normal of Y with respect to g/ is independent of
the parameter s). To be complete, we give a proof in the general case by
combining Cheeger’s trick and the proof of [BiGS2, Thm. 1.18].

In the sequel, let {es ;j} be an orthonormal basis of (T'X, g7 X). Let %™
be the formal adjoint of d¥ for the metrics /¥ and hf. Since VI¥ is
torsion free, we obtain from (3.25) (cf. [BiLo, (3.42)]),

A =" (—iles ) VEXEF —i(es j)w(F hE ) (es ) - (4.8)
j=1
By (1.10), (3.23), (4.8), as in (3.36),

m—1
i(esm)df* = —i(esm) Z i(es,a)(spv;Zi@F + w(F, hf)(e&a)
a=1
+ (es,m.) As(esa)e&ﬁ)w(e?)i(esﬁ)) (4.9)
m—1

= —i(esm) i(es,a)(spve{ﬁ@F +w(F, R ) (esq)) -

Il
=

0%

Then from (4.9), we get
i(esm)di oy =0 if i(esm)oly =0. (4.10)
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Set
Q=) = - (TG 6D TEE) . ()
Then by (3.3), - .
5:ds "= —ldg ", Qs] . (4.12)

Now by using (4.10) and Cheeger’s trick [Ch, p. 277-278] to avoid a technical
problem with the boundary condition, we get (cf. also [BiGS2, (1.113)] for
manifolds without boundary)

%Trs [N exp(—tDia)] = —t%Trs [Qs exp(—tDia)] . (4.13)
Set K, = EB?:OKf = Ker D, ,. Let P, be the orthogonal projection oper-
ator from Q(X, F') on Ker Dy , for the Hermitian product ( )5 on Q(X, F)
associated with g?X and hf" defined in (3.2). As dim K% doesn’t depend
on s, from (4.1), (4.13), and Try[Qs(exp(—tD3 ) — P; 4)] decays exponen-
tially when ¢t — oo, we obtain for Re(u) large enough,

%) R T el 2
ges,a(u) = WA t atTrs [QseXP( tDs,a)]dt

S (4.14)
= — Ty, [Qg (exp —tha — P, )dt.
F(u)/o [Qs(exp( ) )]
Using (4.14), we find
% ((987937@) (O) = M078 + Trs [QSPS7CL] . (415)

The line bundle, det H*(X,F), is canonically identified with Ay =
Z“ZO(det K? )(_1)p. Under this identification, the canonical isomorphism
of the line bundle ¢5 : A\g — A is defined by ¢4(0) = Ps 4(0) for o € Ao.

If o and o’ are forms in the kernel of Dg,a, we have by definition

<Ps,aa, Ps,aal>s = / Ps oo N *fPs,aa/. (4.16)
X

From P2 = P, we get (%Ps,a)Ps,a + PS@(%PS,G) = %P&a, thus the

s,a
operator %P&a sends Ker D, , to its orthogonal complement for (-,-)s.
Therefore, from (4.16), we get

%(P&aa, P57aa'>s:/XP57aU A <%*5> Ps,aalz — (Ps,q0, QsPs,aa'>5 . (4.17)
Thus from (4.17), we get
2 2
% log (|¢S(J)|get H°(X,F),s) = _TYS[QsPs,a] . (4-18)
From (4.4), (4.15), and (4.18), we get (4.7). O

4.3 Localization of the problem near the boundary Y. We use
freely the notation in subsections 1.2, 1.3, 1.5, 3.2. In the remainder of this
section, we fix s but most of the time we will omit the subscript s.
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In the sequel, if (3, )y>0 is a family of smooth forms (resp. differential
operators) on X, we write 3, = O(u*) as u — 0 if for any p € N there exists
Cp > 0 such that the CP-norm of 3, (resp. its coefficients) is dominated
by C’puk.

Denote again by VX the Levi-Civita connection on (T'X,gl*) with
curvature RIX | and let {e;} be an orthonormal basis of (T'X, gI*). Set

) ~1
g =(900) T (F9s )
wX = —% Z <gSTXe,-,ej>gr§pxe2 Nel. (4.19)
1<i,j<m
By [BiZ1, Prop. 4.15], we have
*s_l%*; = —% Z <ei,gsTXej>ngc(ei)’c\(ej). (4.20)
1<i,j<m

Let g7 be the metric on TY induced by g7 X. For y € Y, let {eq}"}
be an orthonormal basis of (T,Y,¢lY). Let w! be the smooth section of

T*Y &T*Y on Y defined by

ol =-1 > <gsTXea,eﬁ>gSTXea A€b. (4.21)
1<a,B<m—1
Theorem 4.6. We have the following identities in (4.6):
M;s=0 if j< -2, (4.22a)

Bx '
My, = rk(F)/ / &X exp <—§RSTX)
X

k=0

lim Tr, [(hf)—l%e—mi} - (—1)m/ Tr [<h§>—wg§] E(TX,VTX).
- (x.Y)
(4.22b)

Proof. By [BiZ1, (4.61), (4.71), (4.73)] and [BGV, Thm4.1], as t — 0, uni-
formly on X', and implementing the notation introduced in subsection 1.3,
we find

T, () e a2 dvo ()

= (Tr ()1 252 / ™ e (—%RZ“X)) () +O("/?),  (4.23a)
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Tr, [*s_l 88*; e~tD"? (x, az)} dvx (x)
fBX {exp (—%RSTX) w;XVSTXHE\)} (x) +O(t) if dim X is even,
%rk(F) [PX X exp (_%RE’X) (z) + O(t2) if dim X is odd,
(4.23b)

where 8(F, hY') is defined in (4.5) and the exponents of t'/2 in (4.23b) are of
the same parity as the dimension of X. Note that in [BiZ1, (4.71)], (4.23b)
was worked out for dim X even. But proceeding as in [BiZ1, (4.55)—(4.63)],
we get (4.23b) for dim X odd, too.

We will use the notation of subsection 1.4 associated to the family of
metrics gsTX , in the case W = X. In particular, we denote by X the fibers

of the projection mxxr : X x R — R, with boundary 17, and by RTX
the curvature of VIX. By [BiZ1, (4.74)-(4.85)], and (4.23b), and Stokes’
theorem, we get

/XTrs [*s_l%*;e_tDQ (:L‘,x)] dvx ()
Bx . - ~
:%rk(F)// i exp ( —%RSTX)—I—/ (i () e(@X, V)| (P, nf)
X X

Bx /\ .
/ / 6(F, hF') exp (—%RZX) oX 1Oy, (4.24)

To get the boundary contribution, we proceed as in subsection 3.2.
Arguing as in section 3, by (1.17), (3.11), we obtain as in (3.128), (3.133),
(3.136), s

t

(o) [T [0 G (), ()| o o)

e m(m=1) 1 OnF
=) [T (075 )y
(P2 (0, 2, (0, 2n))] ™| dun (2}, + O(#/4)
= ()" (W) T G ()| (Y, VIY) + 01,
By (0.2), (4.23a), and (4.25), as in (3.14),
%E)% TI'S [(hF) 1838 —th:|

= lim {Trs [(hF) 18h _tDIQ} + Try [(hf)_l%Pt]} (4.26)

t—0

- /(XY) [(hF) mh ] B(TX,V:%).
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For y € Y, set
£1/4

Li(y) = /0 Tr, [*;1%;5 Pt((y,a:m), (y,xm))] K(Y, T )don (T0y) . (4.27)
Then by (3.12),
T, [ G (7P = etP%)| = /Y L(y)dvy (y) + O(e™").  (4.28)

But by (3.125), (4.20), as in (3.128), (3.133), and (3.136), we know that
when t — 0,

fim VL (y)doy (0) = do () [ 27 ()

m(m—1)

Tep [[0Y (1) Ps” (0, 2m), (0, 2m))] ] dv (2m) (4.29)
e [ 8 (L
=) [T Y s e (5.
By (4.6), (4.24), (4.26), (4.28), and (4.29), we get (4.22a). O

By (4.22b), (4.24), and (4.28), it is now sufficient to calculate the asymp-
totics of I;(y) when t — 0.

4.4 Proof of Theorem 0.1: a special case. We use the same no-
tation as in subsection 3.5. In this subsection, we will prove Theorem 0.1
under the additional assumption (4.30) below.

Let ¢”X be a metric on TX. We identify Y x [0,¢) with U. a neigh-
borhood of Y in X as in subsection 1.2; and let g be a smooth metric
on TX verifying (1.22). In the rest of this section, we assume that the
families g7, " (s € [0,1]) featuring in the above analysis are defined by

s

the equation (cf. (1.23))

g =sg"  + (-9~ L =h". (4.30)
LEMMA 4.7.
2 By 1 . >0 Sk
lim dvy (y)I = —Sk(F)| exp(—=(RTX|y ) — .
(4.31)

Proof. For fixed yg € Y, we replace X by R — T, X as in subsection 3.5,
and we use the same trivialization of the vector bundle.

Let Mt(g) be obtained from *3_188*; by rescaling the coordinates as in

(3.45) and Mt(s) be obtained from Mt(g) by replacing the Clifford variables
c(eq), cleq) by ci(eq),ct(éq) (1 < a < m —1). Using Taylor expansion in
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Zm near the boundary, we obtain from (1.7), (4.20), and (4.30)

w1 = — Z $[(Len g™ )i €))2m + O Z])] cler)eley) . (4.32)
1<i,j<m
By (1.10), (1.15), and (4.32), we know that
M0, 2) = M0, 2n) = =251 (50) 2m - (4.33)

By (3.130), (3.131), (3.132), and (4.33), we have for z,, € R,
T [[(M§Y PSP (0, 2m), (0, 2m)))™]
= (47)" " Ty [[—zs'lzm(Q4—Q3)(1, (0, 2m); (0, 2m))

exp (—3(RIYY), )| ] (@39)
By (3.31), (3.48), (3.49), and (3.117), we obtain

t1/4
hm L (yo) = hm/ *;1%"‘; Ptl((O, Zm), (0, zm))] dvn (zm)
£1/4
=lm [ 2n )T
=0 Jo
s [|0n? A7) ((0.2) (0.2)) ] | dew(en)
4—1/4 S
= lim aml (1) " (4.35)

T [ P (0, 2m), (0, 20 v (2)
o0 m— m(m—1) max
- /0 27 (=) T [[(ME PE)((0, 2m), (0, 20)) ™ don (21m)
Note that by (1.25), S5 = s5;. By (1.1), (3.126), (3.135), (4.34), and (4.35),
we get (4.31). 0
Proof of Theorem 0.1 under the assumption (4.30). In this case, W |y =

@Y = 0. Now from (1.25), (1.39), (1.45), (4.7), (4.24), (4.28), and (4.31),

S
we get

2

lo <<M> ):/E(TX,VSTX)/\G(F,hF)Jrrk(F)/B(VTX).
| |detH°(XF X Y
(4.36)

From (1.17), (1.25) and (1.39)

i(2)ep(Y xR, VX)) =0, (4.37)
which gives & (Y, VIX) = 0 by (1.45). Thus (4.36) implies Theorem 0.1.
d
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4.5 Examples. Let f : [0,] — RT be a smooth function such that
f (0) = 1. We choose a family of metrics g/ ¥ on TX such that on Y x [0, €],
X is defined by (1.22), and for s € [0, 1],

92 (g, xm) = f(szm)go ™, b =h". (4.38)
As in subsection 4.3, we denote by X the fibers of the projection mx«Rr :
X xR — R. Then by (1.4), vg’;gs% =0onY x[0,1], thus by (1.10), as
n (1.25), we get for yp € Y, s € [0, 1], Zl,Zg eT,Y,

(A(yo,5)(Z1) Zayem) = =35 (0)(21,Z2>

S 4.39
S(yo,s) = Ss(yo) = 551 (y0) Z e Aed. (4.39)

By (4.20), (4.38), and (4.39), the key equation (4 33) still holds. Now by
the arguments as in (4.34), (4.35), we get again (4.31).

In the rest of this section, we suppose F' is the trivial bundle C on X.
Let Vol(Y) be the Riemannian volume of (Y, g?Y). By (1.16), (4.7), (4.24),
(4.28), (4.31), and (4.39), we get

Mo, = ——/ /BY exp <—§RTY 252> Z 45(9571)]‘6) (4.40)

By (1. 11)3yand (4.39),
m—1 __ -1 f/ ) )
8 <_> g > (4.41)

\/_
From (4.40) and 4 41 for 5 6 [0,1], , we get

( $)™ = (SON
/ / 4P m—i— 1 /2) - < 1 > Vol(Y). (4.42)
Especially, if (Y, gTY) is flat, then from (4.40) and (4.41), as in (1.19),

1fm—2k—|—1>1lsodd we have

BY B .
My,s = %/Y/ (exp(—sS7)—1) = ( 27)r’f(k:! )! <fz(l )> 21 y61(Y).
(4.43)

If f(xm) = (1 4+ 2™ LY =T ~ R™1/Zm=1 s the flat torus
with the metric ¢ induced by the canonical flat metric on R™~! and
m = 2,3, then (4.42) recovers the results of [LiiS, Appendix A] where Liick
and Schick applied the explicit computation of the first few coefficients of
the asymptotic expansion of the heat operator for manifolds with boundary
by Branson and Gilkey [BrG|. (Note that T,y in [LiiS, Def. 1.8] is —a—u(O)
in Definition 4.3. Moreover, in the computation of the mean curvature
[LiS, p. 564, 1.-11], one missed a sign ‘—’. Thus the last equality of line -7
therein should be corrected to *-- = (47) "1 (1 +u) #0".)
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5 Anomaly Formula: General Case

The purpose of this section is to establish the anomaly formula for Ray—
Singer metrics in the general case. We will introduce two Grassmann vari-
ables and use the techniques associated with the index theorem for fami-
lies. In section 3, two copies of the bundle of Clifford algebras of (T'Y, g*Y)
appeared naturally, and the operators considered exhibited a symmetry
property when these two copies were interchanged, which made the local
index computations rather easy. But, generally speaking, this symmetry
property will be broken in the local family index case, cf. [BiLo]. This is
the reason why we need to introduce an unusual rescaling on these two
Grassmann variables (cf. Remark 5.4) which does not work, however, for a
general fibration.

This section is organized as follows. In subsection 5.1, we derive a Lich-
nerowicz type formula. In subsection 5.2, we explain why the problem is
local near the boundary Y. In subsection 5.3, we explain the rescaling of
the coordinate variable Z and of the Clifford variable. In subsection 5.4, we
calculate the heat kernel of the limit operator with the limit boundary con-
dition. In subsection 5.5, we prove Theorem 0.1, finally, in subsection 5.6,
we prove Theorem 4.2.

We use the notation established in subsections 3.1, 4.1-4.3.

5.1 A Lichnerowicz formula. Let X be a compact manifold with
smooth boundary 0X = Y and dim X = m. Let F be a flat complex
vector bundle on X with flat connection V¥. Let (¢7%,hf)scr be a
smooth family of metrics on T X, F'. We use the notation in subsection 3.1
with a subscript s. In the sequel, we fix s; if convenient, we will omit the
subscript s.

We have already reduced the problem to finding the asymptotics of
I, = Trg| «;" %exp(—ﬂDiQ)] when ¢ — 0 by (4.22b). Hence in the
following we may and will assume that hf = k¥ for s € [0, 1].

By (4.24), (4.27), (4.28) and (4.29), the asymptotic of I, as ¢ — 0 has
a singularity of order 1/¢, but we do not know a direct way to compute its
constant term. We know, however, that the leading term in the asymptotics

of %(tIt) is of order t, hence, in this section, we will identify it with
©, .

[Tr[e™*ta]]%59 where Lg)cz is a 2-order elliptic operator with the boundary

condition (5.4). We need then the “strange” rescaling (5.2) in order to

derive a “convergent” Lichnerowicz formula for the operator Lg)cz ast — 0,

and then we proceed as in sections 3,4, i.e. we separate the interior and
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boundary contribution. Again, our main achievement is to compute the
boundary contribution (5.34).

Let ds be an odd Grassmann variable which anti-commutes with all odd
elements in A(T*X) and ds. If 3 € A(C(ds,ds)), let [3]%?% € C be the
coefficient of dsds in the expansion of 3. If there exist Cy,Cy € A(T*X),
such that v = Cy + ds A Cs, then we write

% = Cy. (5.1)
Now we introduce the scaling map
Py A((C(dg, ds)) S Bo + B10ds + Po1ds + Padsds —
Bo + 32 B10d5 + /2 Byrds + t 72 fadsds € A(C(d5,ds)); (5.2)

then 1y acts on A(C(d5,ds)) ® A(T*X) as ¢ & 1.
Let {e;}™, be an orthonormal basis of (T'X,gl*). Let d* be the
formal adjoint of d¥ with respect to g/ X, h as in subsection 3.1, and put

B,:=B=d*—ad", D}=D?>-2d5AB, (5.3a)
L = 2D2 413245 A [B,x; 1 %] —261/2%ds A B—ds A ds +; " 2. (5.3D)

Then LEO) is an operator acting on the smooth sections of F :=
A(C(ds ® d3))® A(T*X) ® F on X. We denote by LEO) the operator asso-

,a
ciated to Lff)) and the following boundary condition

o€ C®(X,F); ilen)o =i(en) (dFU—%\/ZdS A *3_1%;5 ) =0onY. (5.4)

Note that, by (3.4) and (5.3a), B> = —D?, and recall that PV7X®F
VIX@Fu are the connections on A(T*X) ® F induced by VX V¥ and

VIX vEu  as described in subsection 3.4. Since VIX is torsion free, we
obtain from (3.21), (3.26), (3.35), and (4.8) (cf. [BiLo, (3.42)]),

B, = Z (—’c\(e]—)VZjX@F’u + 3c(ej)w(F, hF)(ej)> : (5.5)
j=1

Recall that D, was defined in (3.5). We introduce B, := B|D(D,), Dia =

D?D(D,); then from (4.10), we get B2 = —D? because the boundary
conditions are the same.

LEMMA 5.1. For o € Q(X, F), we have

(e P2 Bo)(x) = (Boe o) () + / ¢ P (@, )i(en)o (y)duy (y) . (5.6)
yey
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Proof. At first, by the identification of the orientation bundle o(7'X) and
o(TY) in subsection 1.3, and (3.3), for ¢,0’ € Q(X, F),

(dF 0,0y = (0,d"* o) + /Y(U Asfo')p
= (") = [ @ na @), 6D

(Bo,o') = — (o, Bo') + /Y (&)oo'} () dvy (1)
Thus for o € Q(X, F), o/ € D(D,,), by (5.7)

(Bae_tha,a’> —(o,e ~tDip 20') = —(0, Bae LD} >

= (Bo, e ey’ / i(en)o, e />(y)dvy(y) (5.8)
ye

= (o) - { [ i z(en>o<y>dvy<y>,a'>.
From (5.8), we get (5.6). " 0

Theorem 5.2.
1 0%. —2D2 _r©.dsd
2 {tTrs [*51—%56 tDa]} = Tr,[e Fa] B (5.9)

Proof. Let p1, ps be the projections from X x X onto its first and second fac-
tors. By (3.5), (5.3b), and (5.4), there exists P; € A(C(d3)) ® C®(X x X,
PA(T*X) ®@ F) @ p5(A(T*X) ® F)) such that

(0)
et = D2, +ds AP (5.10)
Now, by (5.3b), and (5.4), P; verifies the following equation,
i(em)Prly =0,
ifem) [ (ds A P) = dds Ao 1 Gme Pl | =0, (5.11)

(& + D2) ds APy + (L7 — D2)e tPla — 0,
Thus from the proof of [RS, Lem. 5.12, p.192-193], (5.11),

t t
ds NPy = — / e t=tPL (O _ P2 et Plagh; 4 / dty
0 0

/ e~ (t=t)DEa () <z’(en) (=3)ds Ax; 1%%6‘“)5“) (y,)dvy (y). (5.12)
Yy

5%
From the Volterra series expansion (cf. [BGV, Append. Ch.9]) of e P fa
and (5.6), we get

e Pha = etD% 1 2t d5 A Bgae 'Pa, (5.13)
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Thus from (5.6), (5.10), (5.12), and (5.13), we get
Tr, [0 ] % = T, [0 — D2 e tPha) B
+ t[/ s [i(en) (—3) ds 7! Gz Pha(y,y)| dvy(y)] ds ds
ye

= tTr, [*s_l Eg‘;e_th] — t2Trs [[Ba, *s_l%k;} Bae_tD?l}

(5.14)

+ 12 / Ty [i(en) s ! %k;Bae‘tDZ(y,y)} dvy (y) -
=

Observe that Bye~Pa is a smooth operator, by (5.6),

_ _ 2 _ _($— 2 _ 2
Tr, [*5 1%’;ng6 tDa] = Tr, [*s 185; B,e ( tl)DaBae tlDa]

[ —t1D2 | —1 9%, —(t—t1)D?
= —Trs |Bee "7 ;" F=Be (t=t) a]

1 O%s

= _Tr, e "PeB *y s Bae_(t_tl)Dg}

[ —t1D2 . —1 9% —t1 D2 (5.15)
| [Py (iten) 5 G Bae ) (02 oy (1)
LJyeY

i _ _+D2
= =T, (B! G Bee P2

+ / s [z’(en) * ! %";Bae‘wg(y,y)] dvy (y) -
ye

From (5.14), and (5.15), we get
Trfe 06505 = =2y, [~ L1 d5ds

~Tr, [*;1%e—t2D3] +£2Tr, [*;“{;; (2B2)e~t°Di (5.16)

= % {tTrS [*gl%e_tzl)g}} .
O
Let VIX®Fuy,(F A be the covariant derivative of w(F, k"), explicitly,
VIXEFuy(F b (e;) = VEW(F, W) (e;) + L(w(F, b)) (er,e5) . (5.17)
We will use the notation of subsections 1.4, 1.5 as in (4.24),

especially, 3 :Y xR — X x R is the natural embedding and N)Z' is the
ﬁbers~of the projection mx«r : X X R — R, with boundar~y Y. Then
J*RTX € A2(T*(Y x R)) ® End(TX) is the restriction of RT¥ to ¥ x R,
and the forms RTX and RTX|Y can be defined as in (1.13), (1.15). Let 4, S
be the tensors on Y xR defined by (1.8) and (1.15) for the projection 7y xR.
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Then by (1.4), and (1.8), with s X from (4.19),

(A(&) earem) = (Vifbsearem) = Hi Xeasem) - (5.18)
Thus by (1.15), and (5.18),
. ) 1m—l ‘ e
S =5, — 1 Z <ggxea,em>gSTX ds N e®. (5.19)

a=1
Our goal is a convergent Lichnerowicz formula for the operator

Lgo), as t — 0. To achieve this, we adopt [BiLo, (3.57)] to the fibration

Txxkr : X X R — R and introduce the connection V7 on F,
m

N 1
vF = T = vTX®F,u_d§/\C<.)_|_Z Z (g, >ng dsAc(e;), (5.20)
j=1
such that
Vi =y vyt
5.21
= yIXeku_ \/_ds/\c \/_Z gTx ds A c(ej). (521

We denote by A7 the connection Laplacian associated to Vi as in (3.27).
Then we have the following Lichnerowicz type formula,

PROPOSITION 5.3. Let s be the scalar curvature of (T'X, gl X). We have
L0 = A7 + 28+ 857 (e, RTY (es, ¢)er)eles)ele Jelen)eler)

-

+4t2 Z; [eir (Ve a5 X>e5>ggx—<ez» (Ve 987 )en) g dsic(es)ele; )e(er)

+t7 (42 (W(F B (en) =& 3 (elei)ele;) ~elen)ele)) (0(FB7)) (e ey)
—3) c<ei>6<;>(v2’<®%<F, n)) ()

+12 ZJKQST Yei, ej>ggzw(F, W) (ej)dsAc(e;)—t2 Zi:w(F’ 1) (e:)dsAc(es).

(5.22)
Proof. If ds = ds = 0, (5.22) is exactly (3.28). By using (3.22), (4.20) and
(5.5), we get

LB, 8—18*3 Z(% ez,ej w(F, ht)(e;)c(e;)

Z?]

12 (e (Va9 en)e(en)ele; Jeler)
k
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- Lg e, ej>c(ei)VeTjX®F’“). (5.23)
Thus we obtain the additional contributions from ds and ds. O

REMARK 5.4. The above proposition is a variant of [BiLo, Th.2.11] for
the fibration mxxg : X X R — R. We use a different rescaling for the
variables ds,ds, however, which is crucial here. Also, we get from [BiZ1l,
(4.79)—(4.81)] (or by comparing (5.22) and [BiLo, (3.58)]),

(e R (2 i) ex) = B (en, (VE07 ¥ es)—er, (VEXaT)er) ) - (520

5.2 Localization of the problem near the boundary Y. As in

subsection 3.2, we embed the manifold X into a closed manifold X’ and

ui)()

extend everything smoothly to X’; then we denote by e a(z,2’) and

VL) w2l ond (ot

x, ') the kernel of e~ "on X and X' , with respect
to dvx(z'), respectively.
Again by [RS, Lem.5.12] there exist ¢,C > 0 such that for z,2’ € X,
€ (0,1],

’(e—t%ﬁo) _ e—t%f}z)(x,x’)’ < LB (PEVHEEHE@N) (5 95)

(&

Note that Lff)) = @ZJttQLgo)d)t_l, thus by replacing ds by %ds, ds by #d?

(0) (0)
—*h a(x, '), we obtain e *ta(z, 2’
C
(e

tm+2
By (3.23), (5.20), and (5.24) the curvature of V7 is given by

(V) (eire5) 42 er, R (es, ¢5)en) (clex)c(er) — eler)eler))

. Thus
(dz(w Y)+d? (z')Y)+d?(z,x )) (526)

ine

~

L0 e )¢

T\;|h

:L‘."L“_ e

— (R RY )(ei,ej) - %zk: <ei,RTX (%,ek) ej>gSTX ds N cleg). (5.27)

From (3.22) and (5.20), for smooth sections U,V of TX over X, we have
Vie(V) = ¢(VEEV) = 5ds A(GTXUV) o

Vie(V) =e(VEXV) = 2ds A (U, V) rx -
Now fix xg € X’ and a normal coordinate system in X’ centered at z,
let {€;(Z)} for Z € T,,X' be the orthogonal basis of Tz X' obtained by
parallel transport of the orthogonal basis {e;} of T,,X’ with respect to
VTX" along the geodesic © — uZ. We identify F, with Fz, by parallel

transport with respect to V7 along the curve u — uZ, then under this
identification, by (5.28),

(5.28)
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(@(2)) = cler) — H((IT¥ Zye) g + OZ))dsn,

E(gZ(Z)) = E(ez) — (222‘ + O(|Z| ))
We now introduce a rescaling Jt in sending z +— tz, Ve, t_lvej, c(ej) —
cp(ef), ej) — Cp(€), ds w— t~1/2ds, d5 — t=3/2d5. By using (5.22),
(5.27), and (5.29), we find that as ¢t — 0, the rescaled operator £; :=
1f/;tt2ﬁ(0)1f/;_1 converges to

(5.29)

= AT=X +1 Z e, R — 22,-d§) A (eAJ — 22jd§) —dsAw(F, hF)xo )

(5.30)
in the sense that £,0 — Lyo for any smooth section ¢ with compact sup-
port.

Let e=%0(x,2')(x, 2" € Ty, X') be the smooth kernel of e=*0 calculated
with respect to dvr, x/(z'). By (5.30) and the Volterra series expansion
(cf. [BGV, Append., Ch.9]) of e7*0, we find

e £0(0,0) = (47)"™/% exp (—%Rgf +ds ANw(F, hF)mO) . (5.31)

Thus by (5.30), (5.31), and a standard argument in local index theory
[BiLo, §3], [BiZ1, §4] we see that uniformly on z € X',

lim Tr, [e—LEO) (:L‘, $)] dgdsd’UX (1’) _ 2m(_1)m(m+1)/2 (47r)—m/2
. Max 1dsds
Trp[ [exp <—%RTX + ds A w(F, hF)>] } dvx (z)
B L= ds
_ / : {exp (—%RTX) o(F, hF)} . (5.32)

Here we denote by [ ]M#* the coefficient of ! A---Ae™ A el Aem. Hence
by (5.32),

Sl ] o) = [ (R 00 + 0.
X
(5.33)

By (5.26), (5.33), thus it remains to determine, when ¢ — 0, the asymp-
totics of
s1/4

9,(y) = /0 Tr, [[(e—££?3 _ e—ﬁﬁo))((y,a;m), (W 2m))] ] 5 (Y, 2 ) don () -
(5.34)
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Comparing with (4.27), we see that the constant terms in the asymptotics of
Ji(y) and I;(y), when ¢t — 0, differ by the last term in (4.24). But I;(y) has
a singular term (cf. (4.29)) when ¢ — 0, thus we cannot compute directly
its constant term. Here we will prove in fact that lim; 0 J;(y) exists.

5.3 Rescaling. We use the notation introduced in subsection 3.5.

To calculate lim;0J¢(y), we will first localize the problem on Y.
Then in view of (3.31), we transfer the problem for operators acting on
C®(R™, F) = C®°(R™, A(C(d5,ds)) ® A(T*X) ® F) to a problem for op-
erators acting on

C* (R, A(C(d5,ds)) & (MT*Y) @ A(T*Y) B AN*) @ F),, ) ,

by an appropriate rescaling.

Let PlTX, P*TX e the orthogonal projections from TX = 'TX @?TX
onto 'T'X, 2T X as in subsection 1.2. Let {e,}"_] be an orthonormal basis
of ITX.

Let V74 be the connection on F on Y x [0,¢) C X,

m—1

Z - eg)ds A c(eg)

=1

PyFA = syTXEE _ag AT +

e

-1

3

4 ANTTY) <gg’XP2TX.’ eg>ds Ncleg). (5.35)

1

I

B

As *PVTX is a metric connection, from (3.22) and (5.35), as in (3.61),
if U,V are smooth sections of TX over Y x [0,¢), then

m—1

[spv{;,A7c(V)] — C SPVTXV Z ZTXU A P TXV)e,B> ( ﬂ)
/=1
1/.TX ITx
— §< U,P V> TXd
. (5.36)

[PVTA eV = e(PViRY) - Z (PTXU, A(ep) P TXV )e(ep)

—2ds A (U, V) jrx — LGIX PP TXU, P'TXV )ds .

Let T be the torsion of **V7X along the fiber X. Then by (3.23) and
(5.24), the curvature sPRFA of PVF A on YV x [0,¢) is given by
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PR (e, e0) = 1D (e, PR (€3, ea)en) (clex)cler) — eer)eler)
ol

+ % Z <eg SpVTX TX) €q — (SpVTX )e, + g5 XTX(e,-, ea)>ds A c(ep)

3
L

—ds NO(TX (e5,eq)) + & <(SPVZ;XATY) (PZTXe,-)eg, ey )c(eg)cley)
Br=1

—1
+ % <(SPVZQXATY) (PQTXei)eﬁ, eg> + <A(65)ea, PQTXei>d§ Ac(ep)
B=1 B=1

3
L
3

% <ggxea,ev><A(eV)eﬁ,PQTXei>ds Ne(ep)

+ % <(5pVZangX)P2TXe,-, eg>ds Neleg) + %< TX p? TXe,, ea>ds Ads .

(5.37)
By Proposition 3.7, (4.20), and (5.35), the boundary condition (5.4) is

equivalent to
ilem)oly =0,
w(e™) VLA oly =0.

Choose yg € Y = 0X. We replace X by a half-space in T,,X, and
trivialize TX exactly as in subsection 3.5. Let {eq }n "} ! be an orthonormal
basis of T, Y, and let {€,(Z)}7=! (resp. e;) be the orthonormal basis of
'TX,,2T X, defined in subsection 3.5.

For Z = (Z',Zy,) € T,y X, we identify ]-"Z to Fy, by parallel transport
with respect to the connection 1;*? V744! (cf. (5.2)) along the curve vy :
0,1] 2 u— uZ', [1,2] 3 u+— Z'+ (u—1)Z,,. The above trivialization
induces an invertible linear map

®: C=(BY (yo) x [~€, €, F) — C®(BIY(0) x [—¢, ¢, Fyp ) -
For any operator C on C*®(BY (yo) x [—¢, €], F), we write Cg := ®CPL.

With the function ¢ deﬁned in (3.39), we put

(5.38)

1
& = (2D )e + (1= (12D) (PATX) . (5.39)
which we regard as an operator on R™. For t>0,0e€C®R™ Fy), set
(Gio)(2) =o(z/t), L =aeWa,. (5.40)

Then ng) is a differential operator on R™ with coefficients in End(F)y,-
Next we enlarge the coeflicient space as common in local index theory, and
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replace F,, by
Kyo == A(C(d5,ds)) & (AT*Y) BNTY)BANY) @ F), . (5.41)

Then L?) induces a differential operator LES) with coefficients in End(/C,y, )
by replacing the Clifford variables c(e,) and ¢(ey) by ¢2(eq) and ¢2(€g)
(1 <a<m-—1) (cf (3.21) and (3.30)). We denote by L( ) the operator
Lgl) with the boundary condition

{£2(12D)(i(em(2)))e + (1 = £*(|2]))ilem }lem—o =0,

{@2(|Z|)(w(€m(Z))wtspvfm%t Jo + (L= ¢*(|2]))w(e™)Ve,, fols,—0 = 0.

5.42
From (5.36), we derive the identities for z € R™, 2/ € R™m~! -
(C(em ) = c(em) , (W”VQA% )82 = Ve, » (5.43)
(clem) ) =clem) - '
By (5.43), the boundary condition (5.42) is equivalent to
{Z(Em)‘T'Zm:O =0 (5.44)
Ve, w(e™)o|s,=0 =0,

which is invariant under rescaling. We denote by Ll(f[)l
with the boundary condition (5.44).

If C' is any differential operator, we denote by C’t(3) the operator obtained
from C' by rescaling the coordinate z and the Clifford variable as above.
Recall that A is defined in (1.8), for z € R™, set

Aaﬁ = <As Jo (ea)eﬁa em>gg“X )
m—
Z ap¢” + 5(33 o m: €a)ds,

O(z) = Z {€q, (j*RT)?)y ez>zZ — jJw(F, Ay,
1gagme

the operator Ll(f)

(5.45)

Theorem 5.5. When t — 0, Ll(?) converges to

\ a N m—1 2 m—1 a 2
Lé) = —<% _SS(yO) +d§/\ Z ZaAa) - Z <£ +d3/\ZmAa>

%(RTX|Y) +d5ANO(2). (5.46)
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Proof. By (5.36) and the definition of €, as in (3.62), we have for Z € T, X,

m—1
(c(€a))g(2) = (1 +O(z"))clea) = D (Aapzm +O(I2*))e(en)
B=1
— W2 (g1 Z ea) + O(|21%)) ds + 320 (|2]?) d5,
m-l 5.47
(AEa)) 4 (2) = (14+0(|2]*)) Z Aapzm+0(|2]*))cles) (547)

o O e O

(€Em))a(2) = Elem) — 2632 (2 + O(|2]*))d5
From (5.47), we get for z € ]Rm,

(12(c(2a))a }?) (2) = w(e®) + Ot + 1]2?) ,
(12(@(@0))a }?) (2) = w(e®) — 2z0ds + O(t + t]2[?) (5.48)
(12 @em))a )\ (2) = 1/%8(em) — 22mds + O(t]2]?) .

Let 7, ssz 4 be the connection forms of V7, V¥4 on Ty, X with
respect to the trivialization by parallel transport with respect to PV7 4
(instead of ¢y*PV7 44 1) along the curve 7. From (1.8), (3.23), (3.54),
(5.20) and (5.35), we deduce that for Z € T}, X,

m—1
I =I5+ 5 > (AC)em, &) (clem)e(@) —elem)el(@s)) — ANT()
B=1
m— 1
+ 3T ep)ds A clem)+1 TX. &5)ds AE(Eg) + TH. (5.49)
ﬁ:l

By (3.33), (5.43), and (5.48), we obtain for Z € T,y X as in subsection 3.5,
N e 3
${(A(@a)em: Z3) (elem)el@s) — lem)2(E))
= —zmAapds A el + O (Vi +t|z*),
H{ANT ) () 1
m—1

= 3 FAupe® A (¢F — 225d5) +tO(|2?) +tO(1),
a,B=1

(5.50)

(3)
t{\l—[< Xem,€5>d8 N cle 5)}t

= %@s em,eg>ds A (eAﬁ - 2zﬁd§) + (’)(t + t\z|2) .
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In analogy with (3.56)—(3.59),
PTLAU) = L PRIAZ,U) + O(|1ZP) U if Z,U € T, Y ;
=0 if ZeTy,X,UeN,,; (551)
=PRINZU)+O(|Z)U if Z€N,,, UeT,Y.
Observe that at yo, VIXN = SPVngXEa = SPVTX~ =0, thus

Ty (€ares) = Vi) 8 — V) Ca — [€a, €3] = 0, )
Ty)g(em,ea) = —[€m,€a] = Ve&X’evm = Ay, (eq)em .

Now from (5.37), (5.48), and (5.52), for Z € T, X,
m—1
t{zpts”Ryf Awt 1} (tZ,eq) = —ds Z <T;§(zmem,ea),eg>eﬁ
B=1

m—1
+2m Y Aagds A€’ + Sz (gl em, ea)ds Nds + O(t +t|2]*) (5.53)
p=1
m—1 R
= Zm Z Appds A (eﬁ—i-eﬁ)—i-%zm@gzgem, eq )ds A ds+O (t+t]2]?) .
p=1
By (1.9), (5.19), (5.22), and (5.48)—(5.53), we get when t — 0,

m—1

. m—1 2
£ (z) — - <a§m —Ss(yo)+dsA D zaAa> -3 <% +ds A zmAa)2
a=1

a=1

m—1 ~
Z €a G*R yoeg>(ga — 22,d5) A (€ — 2z3d5s)
a,B=1
m—1 ~
+ % Z (e, G*RTX)yOem>eA’Y A (=22, d3)
y=1

_|_

KT,

—ds A Jrw(F, ), = L9(2). (5.54)
The proof of (5.46) is complete. O

(3)
Let et (z,w)(z,w € R™) and ¢~Lha (z,w) (z,w € RT") be the smooth

(3) _,® . .
L7 and e Ltya, respectively, calculated with respect to

dur,, x(w). These kernels have the same structure as their counterparts

kernels of e

in subsection 3.6, and the technique used there also applies to Lgs). Thus
we get the following technical result:
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Theorem 5.6. There exist r € N, Cy > 0 such that for any | € N, there
exists C' > 0 such that for t € (0,1], z,w > R,

(3) (3)
[z (750 — 5 (z,w)| < C(1 |l + [w]) e PFE 0 (555)
Furthermore, for z,w € R'?,

(3) (3) (3) (3)
%in% e Fra(z,w) = e e (z,w), %in% e % (z,w) =e ™0 (z,w). (5.56)
5.4 Limit of the boundary contribution J:(y) in (5.34) when
t — 0. Recall the fundamental solutions F,, Fp;., K are defined in

(3.121), (3.122), and (3.127).

Theorem 5.7. o _
tim 3, (yo)dvy (yo) = [en(Y x R, VT X)]“570(F, hF) + vk(F) [ (V)] ™.
(5.57)

Proof. By the equations analogous to (3.48)—(3.50), (3.131), (5.34) and
Theorem 5.6, we get

lim Ji(yo) =21 (-1)
|l = (0,0, 020 ™) (558)
0

By (5.46), [e‘LéS)(z,z)]maX acts on A(N*) as cldy~), thus

Trs[e_Lg;) (z,z)]™ = 0. Now we need to calculate the kernel of the heat

m(m—1)
2

(3) — —
operator e_LO?a. Let F', H be the sections of
(A(C(ds)) ® A(T*Y) ® A(T*Y) @ End(A(N*)) ® End(F)),,
on R x R such that

e 50 (2,w) = exp (2 — W) Sa(0) ~ A5 A Y (2mze — Wmva) Aa )

xoxp (4 (RTX|Y), ) [F+ds AT (5.59)
Then from (5.44), (5.46), F + ds A H is the fundamental solution of the
following equation:
i(em)ols,=0 =0,
w(e™) | Ve, + Ss(0) = d5 A 07 20da] 010 = 0. (5.60)
(& + ATwX +d5 A O(2)) 0 =0.
By (5.60), F is the fundamental solution of the equation (3.129), thus

F = Q defined by (3.132) and (3.135). As in (3.132), set
H = Hiw(e™) + Hoi(en) + Haw(e™)i(en) + Hailen)w(e™),  (5.61)
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where H; € (A(C(ds)) & A(T*Y) & A(T*Y) ® End(F)),, (1 <i < 4). By
(5.60) and (5.61) and the uniqueness of the solution, we get H; = Hy = 0.
Turning to the coefficient of ds in (5.60), for i) any smooth section of

(A(C(ds))® A(T*Y) @Aﬁ/) ® F)y, with compact support on R, for
i = 3,4, we find from (5.60), (5.61),

Hitpli=o =0,

FSw‘ZnLZO = O’ [venL+§5 (yo)] H4¢_ ZZL:_ll A(XZOZQ41/}‘ZWL:0:O ? (562)
(& + AT X) Hip + ©(2)Qur = 0.
Thus by (1.17), and (5.58), we get

. _om—1/_ m(m=1) [ 1 pTX v
%%Jt(yo)—Z (1) = /0 dzmHexp< 5(R |Y)y0>

— — max- ds
X Tepl(Hy = Hs)(1,(0,20), 0.20)))] | (5.63)
By solving the inhomogeneous problem (5.62) for i = 3, we get

Hs(t,z,w) = — /Ot dr - Qs(t —7,2,2)0(x)Qs3(7, x,w)dx . (5.64)

From Proposition 3.21,
t

ot
lim [ ZF:(t—7,2,0)p(r)dr = —cp(t)—S/ F<(t—7,0,0)p(T)dr . (5.65)
w\o 0 r- S 0 S

Similarly, by solving the inhomogeneous problem (5.62) for i = 4, using
(5.65), we get

Hy(t, z,w) = — /Ot dr Qa(t — 7,2,2)0(x)Qu(T, x, w)dz

RT
t m—1
_ / dT/ Qa4 (t — 7,2, (2, 0)) Z Aao AQu(r, (2,0),w)dz’. (5.66)
0 Rm—1 a=1

By (3.127), (3.135), (5.64) and (5.66),
Hj(t,(0,2m), (0, 2m))

t o0

= —K(t,0, 0)/ dT/ Fpir(t—7, 2m, ©m ) O(0, ) Fpir (T, Ty 2m ) ATy
0 0

H4(t7 (07 Zm)? (07 Zm))

t )
= —K(t,0, 0)/ dT/ F§ (t—, zm,xm)G(O,xm)F§ (Ty Ty 2m ) ATy, -
0 0 S S
(5.67)
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By the semi-group property of heat operators, we have for F = Fp;,
or F;«,
S 0o
/ F(t—1,y,2)F(r, 2,9y )dz = F(t,y,y). (5.68)
0
As Fpi,, Fg act on Fy, as multiplication of the identity, by (3.125),
(3.126), (5.45), (5.67), and (5.68), we get

/0 (Hy— H3)(t, (0, 2m), (0, 2mm) ) dzm,

K(t,0,0) / dmm/ dTO(0, z), ) (F- —FDW)(t,xm,xm)
m—1 |~ s S t(k+2)/2 (569)
= (4mt)” 2 {j*w(F, hF)y R
o ;;) 2r'(% +1)
m—1 0o k1
(k+2)/2
Z <ea, *RTX em ea A Z ti}
a=1 k=1 4P( + 1)
By (1.14) and (1.17),
~k—1
By 1 oo m—1 - [e'e) S
TX ~x pTX a s
_/ eXp <—§R |Y> OZ:: Casy] R €m>€ /\;m
B gk_l
X TX
= exp (—=j*R s = pu(VTX 5.70
Vi [ e (-5 >;2F(§+1) p(V7F). (5:70)
Thus from (1.17), (5.63), (5.69), and (5.70) we get (5.57). O

5.5 Proof of Theorem 0.1. We now summarize our work and show
how the various arguments given above combine to furnish the proof of
Theorem 0.1. Recall that we are given a manifold X with boundary Y, a
flat vector bundle F over X, and smooth families of metrics (g7 X, hL') s€[0,1]
on T'X and F, respectively, which satisfy no additional assumptions.

Our starting point is the variational formula given in Theorem 4.5 which
links the variation of the induced Ray—Singer metrics to a “weighted” heat
trace expansion. For convenience of notation we will now write Li.m.;_g to
denote the constant term in an asymptotic expansion with respect to the

parameter t. Then Theorem 4.5 reads

2108 (1155 s .00%) = LimuaoTry [ (1G5 4+ () 7195 ) P2
=: M{, + M}, (5.71)
=: My .
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We compute the second contribution first; in fact, using the notation
introduced in (0.2), (0.3), we find from (4.22b)
M, = (-1 /(X , Tr (R 2hl] B(TX,VIX). (5.72)
To deal with the ﬁrst7 term, we relate the “weighted” heat trace ex-
pansion to a “true” heat trace, namely for the operator EEO) introduced
in (5.3b); this involves the introduction of a new Grassmann variable ds.
Using the notation introduced at the beginning of section 5, and denoting
by [,E?a) the operator [,EO) with the appropriate boundary condition, we find
n (5.9) that

dsds

(0)
Mg, =1im._oTr,[e Foe] (5.73)

Next we may replace Eg?a) by L'EO) in the part of X with boundary
distance > t'/4, in view of the fundamental estimate (5.26) (expressing
the fact that the associated wave equation has finite propagation speed).
Then, by standard techniques in local index theory, we calculate in (5.33)

the “inner” contribution, Mg, to M{ as
Mg = / [e(TX, V7X)]% A g(F,hE), (5.74)
b'e
where V7 is the connection on TX canonically associated to the family
(g7X). Finally, we use a somewhat strange rescaling and solve the resulting
model boundary value problem to get the boundary contribution, M&’f ,
which is calculated in Theorem 5.7 (which uses the notation (5.34)) as

MY :/ {les(Y x R, VTX))% A j*0(F, hF) +rk(F)[u(va)]d8}. (5.75)
Y
Writing now - N -
B(TX, V") = (e(TX,VT¥), ey (Y x R, VIX)),
these identities combine to

Mo = (—1)m/ Te[(hE) P 2RI E(TX, VIY)
(X,Y)

+/ [E(T)Z,VT??)]dSA@(F,hf)ﬂk(F)/ [1(VT)]™. (5.76)
(X,Y) Y

It remains to evaluate the s-integral of M s over [0,1]. To do so, we first
assume that the path in the space of metrics connecting (gOT X hg ) and
(gtX,hf") is chosen in such a way that g/X = gg X" in a neighborhood of
[0,1/2], and hY = hf" in a neighborhood of [1/2, 1]. Then we can carry out
the integration, observing that

ds

[B(TX, V") % =0, se0,1/2).



834 J. BRUNING AND XIAONAN MA GAFA

Employing the notation introduced in Definition 1.8 and using (1.49), we
arrive at the proof of Theorem 0.1.

Now we may indeed choose any path connecting (g¢ ', h{") and (g7 X, i)
in the space of metrics if we can show that the right- hand side in Theorern 0.1
does not depend on this choice. This is obvious for the third term, by (1.49).
For the sum of the first and the second term we argue as follows.

Denote by Mp, M the spaces of (Hermitian resp. Euclidean) metrics on
F, TX. Then we have a fibration 71 : W = X x M x Mp — M x Mp. Let
p: W — X be the obvious projection, and put THW = 7T M ©T T ME.
Then F = p*F is a flat vector bundle on W with the tautological metric A%
Using (4.5), we find

O(F, h) = p*0(F, hT") + Tr[(RF)~taMr Rt . (5.77)

Thus we may rewrite the first two terms in (5.76), using (1.51), and (5.77),
in the form

(—1)m / Tr (1)~ 2 1F] B(TX, T)
(X,Y) °

+/ [E(TX,V"X)]* n6(F,nF)
(X.Y)

— [/ E(T)N(,VT;()G(ﬁ, hF) ds. (5.78)
(X.Y)

In view of Remark 1.10, the right-hand side of (5.78) is the fiber integral of
a closed m+1-form on (X,Y) x M x Mp over the fiber (X,Y) such that
the path integral of the resulting one-form on M x Mg depends only on
the endpoints. This completes the proof of Theorem 0.1. O

5.6 Proof of Theorem 4.2. We choose the family of metrics such that
gI'X = 5g"X b = h¥ near 1. Recall that px : X x R — X is the natural
projection. Then by (1.12), (1.44) and (4.20), for y € Y, near s = 1,

R™ = pxR"™,  S(y,s) =sS(y),
m (5.79)
D)) ~-N+2.

i=1
By (3.9), (4.6), (4.22a), and (5.79), we know

To, [Ne 8] = Ty, [ 552]_e"P2] 4+ T, [e 7%
= —IM_11 — Moy + 2x(X,F) + O(t).

By (4.22a), —M_; ; is given by a_; in (4.2). By (1.17), (5.76) and (5.79),
we get Mo 1 = 0. We complete the proof of Theorem 4.2. O

(5.80)
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