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Abstract: We provide an exhaustive spectral analysis of the two-dimensional peri-
odic square graph lattice with a magnetic field. We show that the spectrum consists
of the Dirichlet eigenvalues of the edges and of the preimage of the spectrum of
a certain discrete operator under the discriminant (Lyapunov function) of a suitable
Kronig-Penney Hamiltonian. In particular, between any two Dirichlet eigenvalues the
spectrum is a Cantor set for an irrational flux, and is absolutely continuous and has a band
structure for a rational flux. The Dirichlet eigenvalues can be isolated or embedded, sub-
ject to the choice of parameters. Conditions for both possibilities are given. We show that
generically there are infinitely many gaps in the spectrum, and the Bethe-Sommerfeld
conjecture fails in this case.

Introduction

The Hamiltonian H of a charged particle in a two-dimensional system subjected to a
periodic electric potential and a uniform magnetic field B has a highly non-trivial spec-
tral and topological structure depending on the ratio of the area o of the elementary cell
of the lattice in question and the squared magnetic length E%,I = hc/|eB] (here e is the
electron charge, c is the light velocity, & is the Planck constant). More precisely, denote
by 6 the number of the magnetic flux quanta through the elementary cell: 6 = o/ 27{(%,1.
If 6 is a rational number, then the spectrum of H has a band structure (i.e. the spec-
trum is the union of a locally finite family of segments) and for & # 0 each vector
bundle of the magnetic Bloch functions corresponding to a completely filled Landau
level is non-trivial [33] (for a non-zero integer 6 the Chern number of this bundle is
exactly the value of the quantized Hall conductance in units &2 /2w h [6,35,40]). The
most likely conjecture is that at irrational values of 6, the spectrum of H has a Cantor
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structure. This conjecture was recently proved in the case of the tight-binding model for
the magnetic Bloch electron [4,5,36]; in this case H is reduced to the Harper operator
in the discrete Hilbert space [>(Z). Due to the Langbein duality [28], the same is true for
the Hamiltonian of the nearly-free-electron approximation. As a result of these Cantor
properties, the diagram describing the dependence of the spectrum on the flux 6, the
so-called Hofstadter butterfly, has a remarkable fractal structure, see e.g. [19,21,25].
Little is known for the magnetic Schrodinger operator H in the space L2(R?),

1 e \2
H=o—(p—=A) +V(x.y), (1)
2m c
where A is the vector potential of B and V is a potential which is periodic with respect to
the considered lattice. It is proven in this case, that H has a piece of the Cantor spectrum
near the bottom of the spectrum for a restricted class of potentials V [20].

In this connection, the quantum network models (also called the quantum graph mod-
els) have attracted considerable interest recently. These models combine some essential
features of both discrete and continuous models mentioned above. On the one hand, the
Hamiltonian of a magnetic network model has infinitely many magnetic bands of differ-
ent shape. On the other, the time-independent Schrodinger equation for this Hamiltonian
can be reduced to a discrete equation. S. Alexander was the first who performed this
reduction [3] in the framework of the percolation approach to the effect of disorder on
superconductivity proposed by P. G. de Gennes [11]. A very short and elegant derivation
of the Schrodinger equation for a periodic quantum graph with a uniform magnetic field
and a constant potential on each edge of the graph is given in [23]. On the mathematical
level of rigor the relation between solutions of the Schrodinger equation for H on quan-
tum graphs I and those for a Jacoby matrix J(H) on the corresponding combinatorial
graphs was established by P. Exner [14]. Nevertheless, the main theorem from [14] is
applicable only to finding eigenvalues of H distinct from the Dirichlet eigenvalues on
the edges of I'. As to the points of the continuous spectrum, the main result of [14]
allows an exhaustive analysis only in the case when the direct and inverse Schnol-type
theorems are known for both H and J(H).

It is worth noting that quantum networks are not only a mathematical tool to get
simplified models of various quantum systems, but in many cases experimental devices
really have a shape of planar graphs such that the width of the sides is much smaller than
the parameters of the dimension of length which characterizes the quantity in question,
e.g., much smaller than the magnetic length, the Fermi wave length, the scattering length,
etc. [1,31,32]. In these cases the quantum graph models are the most adequate ones for
simulating spectral, scattering, and transport properties of these devices.

Here we propose an alternative approach to the spectral analysis of quantum graph
Hamiltonians based on boundary triples, Dirichlet-to-Neumann maps, and the Krein
technique of self-adjoint extensions. Such a machinery works effectively in many other
problems connected with explicitly solvable models [2,34]. In the case of square net-
work lattices with a periodic magnetic field (including a uniform one), an arbitrary
L2-potential on edges and 8-like boundary conditions at the vertices (including the Kir-
chhoff boundary conditions), we perform an exhaustive spectral analysis of the network
Hamiltonian H. It is proved that the spectrum always contains Dirichlet eigenvalues
of the edges as infinitely degenerate eigenvalues of H. The rest part of the spectrum is
absolutely continuous and has a band structure, if 6 is a rational number, and is the union
of countably many Cantor sets placed between Dirichlet eigenvalues, otherwise. More-
over, this part is the preimage of the spectrum of the corresponding lattice Hamiltonian
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J (H) with respect to a many-sheeted analytic function which is just the discriminant
of a generalized Kronig—Penney operator (i.e. the Sturm—Liouville operator with a Kro-
nig—Penney potential). The eigenvalues are isolated if the magnetic flux is non-integer,
while for integer magnetic fluxes it depends on the electric potential and on the coupling
at the nodes.

1. Magnetic Schrodinger Operator on the Periodic Metric Graph

Consider a planar square graph lattice whose nodes are the points K,, , := (ml, nl),
(m,n) € Z?, where [ > 0 is the length of each edge. Two nodes K, , and K , are
connected by an edge iff |m — p| + |n — g| = 1. We denote the edge between K,
and K41, by Ep - (right), and between K, , and K, 41 by Ejpy 5. (up). Each edge
Ep n,r/u Will be considered as the segment [0, /] so that 0 is identified in both cases with
Kum.n, and [ is identified with K41, for Ey, , » and Ky 441 for Ep nou, respectively.
The state space of the lattice is

H= @ (Hm,n,r @ Hm,n,u)7 Hm,n,r/u = Lz[o, l]-
(m,n)eZ

The elements of H will be denoted as f = (fin,n.r» f,nu)s fnnrju € Hmon,rju- On
each edge consider the same electric potential V € L2[0, [].

We assume that the lattice is subjected to an external magnetic field orthogonal to
the plane, B(x) = (O, 0, b(x)), b € C(R?), such that the quantity

1
= — b(x)d
f=2 /F (x)dx,

where F), , is the square spanned by E,, ,, - and E, ,, 4, 1s independent of m, n € Z. This
includes the periodic magnetic field, i.e. the case b (x| +/, x2) = b(x1, x2+l) = b(x1, x2).

The corresponding magnetic vector potential in the symmetric gauge can be written
as A(xy, x2,x3) = (—méxp, m€xy, 0) + (Al(xl, x2), Ay(x1, x2), 0) with

0A 0A
/ [—z(xl,xz)——l(xl,xz)]dxldxz E/
Fopn b 0X1 0x2

ml

(m+1)l
[ A1 =A (1, r+1)])

(n+1)l
+/ [ A2(Gn+ 1)1,1) = Asnl, 1) |de = O forall m.n € Z. 2)
nl

The presence of the magnetic field leads to non-trivial magnetic potentials on the edges,
which are the projections of A(x) on the corresponding directions. The magnetic poten-
tials Ay p,rju O0 Epy p pju are:

Ao (6) = (A(Onl, nl, 0) + (1,0,0)t), (1,0,0)) = —x&nl + Ay (ml +1,nl),
Amnu(®) = (A((ml, nl, 0) + (0, 1,0)1), (0, 1,0)) = w&ml + Ay (ml, nl +1).

On each of the edges E;, -/ We consider the operator

.d 2
Lm,n,r/u = (_ ZE - Am,n,r/u) +V,
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with the domain HZ[0,[]. The direct sum of these operators over all edges is not
self-adjoint, and in order to obtain a self-adjoint operator on the whole lattice it is
necessary to introduce boundary conditions at each node. The most general boundary
conditions involve a number of parameters and can be found, for example, in [24]. We
restrict ourselves by considering the so-called magnetic §-like interaction at K, ,,

1 1
fm,n,r(o) =5 fm,n,u(o) = fm—l,n,r(l) = - fm,n—l,u(l) = fm,m

B p
(i - iAm,n,r)fm,n,r(O) + ,3(i - iAm,n,u)fm,n,u(O)
dt dt 3)
d d
_(E - iAm—l,n,r)fm—l,n,r(l) - ﬂ(a - iAm,n—l,u)fm,n—l,u(l) = afm,ny
m,n €7,

where o € R, 8 € R\ {0}. These quantities have the following physical meaning. The
parameter o # 0 is the coupling constant of a §-like potential at each node. Introducing
the parameter B can be treated as considering a more general form of the Hamiltonian

H:
n=y
Jjk

where m j is the effective mass tensor and 8 is the corresponding anisotropy coefficient
(the ratio of the eigenvalues of the symmetric matrix (2 )). In particular, if 8 = 1, one
obtains H in the form (1); if in addition &« = 0, we get the magnetic Kirchhoff coupling.
This class of boundary conditions covers main couplings used in the physics literature.
The self-adjoint operator obtained in this way we denote by L.

(pj - fAj) (Pk - ;Ak) +Vi(x,y),

1
2m ji c

2. Gauge Transformations
To study the spectral properties of L it is useful to use the gauge transformation

(fm,n,ra fm,n,u) = (Um,n,r(/)m,n,h Um,n,u@m,n,u) giVGIl by

t
fm,n,r/u (t) = exp (1/ Amn,r/u(S) ds)(ﬂm,n,r/u @) =: Unn,rju®mn,r/u(t).
0

2
There holds Ur;,ln,r/uLm»”a’/” Unnyrju = —=— + V., and the boundary conditions (3)

dr?
for ¢ = (Ymn,r> Cmnu) € U~'(dom L) take the form
(’Ef/n,n = aﬁzm,nv (43)
where

~ 1
Pm,.n = §0m,n,r(0) = E (pm,n,u(o)
ml

:exp(—inn9+i/ Al(t,nl)dt)tpm_l,n,r(l)
(m—1)I

1 nl
— —exp (mme +i / Ay(ml, t)dt)(pm,,,_l,u(l) (4b)
B (n—"1)l
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and

Pmn = n.r (0) + By, 1, (0)

ml

—exp(—inn9+i/ Al(t,nl)dt)(p,;,_l’n’r(l)

(m—1)l
nl

— Bexp (inme + i/ Aa(ml, t)dt)go,gl,n_l,u(l), (4c)
(n—1)l

and 0 := &1? is the number of flux quanta through the elementary cells F}, ,. Therefore,
the operator L = U~'LU acts on each edge as @ n,r/u = —(p;,/l,n’r/u + V@ n,r/u O0
functions ¢ satisfying (4), and its spectrum coincides with the spectrum of L.

To simplify subsequent calculations we apply another gauge transformation,

ml nl
Pm,n,r/u = €XP (lA Aq(t, nl)dt + lA Az (0, t)dt)d)m,n,r/u'

Substituting this expression into (4) and using (2) we arrive at an operator acting on
each edge as ¢m n,r/u — _¢l/r/l,n,r/u + Vém,n,ru on functions ¢ = (P n,r, Gmnu)-
Gmon.ryu € H?[0, 1, satisfying

1 —imnd 1 itmb
¢m,n,r(0) = - ¢m,n,u(0) =e ¢m71,n,r(l) = E 5 d’m,nfl,u(l) = d’m,n» (5a)

B
¢r/n,n = AP n, m,n, € 7, (5b)
where
O = bpunr O+ B, (0) =TTy (D) = BT,y D
(5¢)

This operator, which we denote by A, is unitarily equivalent to the initial magnetic
Hamiltonian L. In what follows we work mostly with this new operator.

At this point we emphasize some important circumstances. First, we see that the
initial magnetic field must not be necessary periodic to produce a periodic operator on
the lattice. Second, for the usual magnetic Schrodinger operators in L2 (R?) the spectral
analysis for non-zero but periodic magnetic vector potentials (i.e. with the zero flux per
cell) essentially differs from that for the Schrodinger operators without magnetic field;
even the proof of the absolute continuity of the spectrum is non-trivial [7,39]. In our
case, the operator on the graph with a periodic magnetic vector potential appears to be
unitarily equivalent to the operator without magnetic field. Third, for the usual magnetic
Schrddinger operators the bottom of the spectrum grows infinitely as the flux becomes
infinitely large. In our situation, the spectrum is 1-periodic with respect to the magnetic
flux 6, as changing 6 by 6 + 1 in (5) obviously can be compensated by a unitary trans-
formation. Such periodicity leads to the so-called Aharonov—Bohm oscillations in the
corresponding physical quantities.

Remark 1. 1t is worth noting that A is invariant with respect to the so-called magnetic
translation group Gy [41]. In our case this group is generated by the magnetic shift
operators 7 and T,

Tr¢m,n,r/u @) = einn9¢n1—l,n,r/u @, Tu¢m,n,r/u @) = eiinmgd)m,n—l,r/u ).
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The properties of this group depend drastically on the arithmetic properties of 6 [9]. In
particular, if 0 is irrational, then G, has only infinite-dimensional irreducible represen-
tations which are trivial on the center of G ;. Therefore, for any irrational 6 each point
of spec A is infinitely degenerate.

Proposition 2. The operator A is semibounded below.

Proof. Let ¢ € dom A. Using the integration by parts and changing suitably the sum-
mation order one obtains

(@, Ag) = Z (<¢m,n,rv _¢];/1’n’r + V¢m,n,r> + <¢m,n,u, _¢)/7/1,n,u + V¢m,n,u))

m,n

= Z(¢m,n,r(0)¢;n,n,r(0)_¢m,n,r(l)d);n,n,r(l)*'(pm,n,u (O)¢;n7n,u (0)_¢m,n,u(l)¢;n,n,u(l)

1 1
+ /O (1mnr >+ Vidmnrl?)dx + /O (80 + VI nl?)dx)
[ )
=>{ / (1.1 + VImn.r 1) dx + / (1mmal + VIdmnl)dx
mn 0 0

+ B (o O+ B0 (©) = TGy ) = BT, D))

1 1
([ PVt P [ 0P+ Vibm P 0,

I
M

l l
{ /0 (10 P4V S 1P)d /0 (165 +V B 4t

g

n

Now choose ¢ € (0, 1) and C € R with
!
la||h(0)]* 5/ (clh')? +(V + O)|h|*)dx  forallh € H'[0,1]
0
(the existence of such constants follows from the Sobolev inequality), then

[
letl |G, nl* = letl| @, (0)|* < /O (cl@pypr* + (V +C)dmnr|?)dx,

and
l
0. (A+C)g) = D /0 {0 = 016}, + 18100+ (V + Ol | d = 0

m}
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3. Boundary Triples

Here we describe briefly the technique of abstract self-adjoint boundary value problems
with the help of boundary triples. For more detailed discussion we refer to [12].

Let S be a closed linear operator in a Hilbert space H with the domain dom S. Assume
that there exists an auxiliary Hilbert space G and two linear maps I', I’ : dom § — G
such that

e forany f, g € dom S there holds (f, Sg) — (Sf, g) = (['f,Tg) — (I'"f, Tg),
e themap (I, TV) : dom S — G @ § is surjective,
o the set ker I' Nker I'" is dense in H.

The triple (G, ", ['’) with the above properties is called a boundary triple for S.

Example 3. Let us describe one important example of boundary triple. Let V e L2[0, []
be a real-valued function. In H = L?[0, /] consider the operator

d2
S = —oa+ Vs dom S = H?[0, 1], (6)
then one can set
) _ (SO P (O]
g =C-, Ff_(f(l))’ Ff_(—f’(l))' (7

If an operator S has a boundary triple, then it has self-adjoint restrictions provided S*
is a symmetric operator (see Theorem 3.1.6 in [18]). For example, if T is a self-adjoint
operator in G, then the restriction of S to elements f satisfying abstract boundary con-
ditions I'" f = TTf is a self-adjoint operator in H, which we denote by Hr. Another
example is the operator H corresponding to the boundary conditions I'f = 0. One
can relate the resolvents of H and Hr as well as their spectral properties by the Krein
resolvent formula, which is our most important tool in this paper.

Letz ¢ spec H.For g € G denote by y (z)g the unique solution to the abstract bound-
ary value problem (S — z) f = 0 with I'f = g (the solution exists due to the above
conditions for I" and I'’). Clearly, y (z) is a linear map from G to H. Denote also by Q(z)
the operator on G given by Q(z)g = I'"y(z)g; this map is called the Krein function.
The operator-valued functions y and Q are analytic outside spec H. Moreover, Q(z) is
self-adjoint for real z.

Proposition 4. (A) (Proposition 2 in [12]) For z ¢ spec H U spec Hy the operator
Q(z) — T acting on G has a bounded inverse defined everywhere and the Krein
resolvent formula holds,

(H-2)'—(Hr —2 ' =y@(0@) - T) 'y*@).

(B) The set spec Hy\spec H consists exactly of real numbers z such that 0 €
spec (Q(z) — T).

(C) (Theorem 1 in [16]) Let z € spec Hr\spec H, then z is an eigenvalue of Hr if and
only if 0 is an eigenvalue of Q(z) — T, and in this case y (z) is an isomorphism of
the corresponding eigensubspaces.

This statement is especially useful if the spectrum of H is a discrete set and the
spectrum of Hr is expected to have a positive measure, because one can describe the
most part of the spectrum of Hr in terms of Q(z) — T.
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Example 5. Consider the example given by (6) and (7). The corresponding Krein function
5(z) can be obtained as follows. The restriction D of S given by I'f = 0 is

Df =—f"+Vf, domD={feH0,11: f(0)= f() = 0)}. (8)

In what follows we denote the eigenvalues of D by ux, k = 0,1,2..., uo < p1 <

n2 < ....
Let two functions u;, uy € H2[0,1] satisfy

ui(0;2) =0, u)(0;2) =1,

uy, uy € ker(S —z), 1r(0:2) = 1. u/z(O; 2 =0. 9)

Clearly, for their Wronskian one has w(z) = u/ (x; 2)ua(x: z) — u1(x; 2uy(x; 2) = 1.
Both u1, uy as well as their derivatives with respect to x are entire functions of z.
Let z ¢ spec D, then any function f with — f” + Vf = zf can be written as

_ SO = fOuz(ls2)

f(x;2) )

ui(x; z) + f(O)ua(x; 2),
and the calculation of f’(0) and — f'(I) gives

__ (w1 \__ 1 (@ 1

It can be directly seen that s(z) is real and self-adjoint for real z. Clearly, the matrix s has
simple poles at px, which are at the same time simple zeros of u{(/; z). More precisely,
by the well-known arguments, see e.g. Eq. (I1.4.13) in [29], there holds

dur(l; 2)

l
= un (5 ) / ui(s, k) ds,
0z =k 0

and us (15 pr) # 0 due to uy (I; wp)ua(l; pur) = wlpg) = 1.

4. Reduction to a Discrete Problem on the Lattice

To describe the spectrum of A we use the Krein resolvent formula. Denote by IT the
operator acting on each edge as ¢y r/u H> —d);,’w’r et V®m,n,r/u o0 functions sat-
isfying only the condition (5a). Clearly, for such functions the expression ¢;n’n given
by (5¢) makes sense. This operator is not symmetric, as it is a proper extension of the

self-adjoint operator A.
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Proposition 6. The operator Il is closed and the triple (lz(Zz), r, T )

T :dom Tl 3 ¢ = (Gmns Gunu) = (dmn) € 127D,
I dom I3 ¢ = Bmnrs Gmn) = (D)) € 227,

is a boundary triple for TI.

2

d
Proof. Denote by E the direct sum of operators 7 + V with the domain H?[0, /]

over all edges E, /. Clearly, E is a closed operator, and the functionals

1
gm,n,1(¢) = ¢m,n,r(0) - E ¢m,n,u(0)’
8mn2(@) = b (0) — €™y (D),

1 .
gm,n,?:((p) = d’m,n,r(o) - E elnme(pm,n—l,u(l)

are continuous with respect to the graph norm of E. Therefore, the restriction of E to
functions on which all these functionals vanish is a closed operator, and this is exactly
I1. For any ¢ € domII the inclusions '¢p, V¢ € [*(Z?*) follow from the Sobolev
inequality, and both ", T'/ are continuous with respect to the graph norm of TIT.

Let ¢, ¥ € dom I1, then the integration by parts gives

(@, TIy) — (Mg, )
= 2 (Bunis Vi + Vi) = (=i + Vs Vi)

m,ne€l, i=r,u

> (@i =V = i V)

m,nel, i=r,u

> s O, 0

m,nez

m”MO m,n,u
ﬂqﬁ 0)BY 1.0

l ——+ /
5 Gmn—1,u OBy 14D

1
B B (O BYm.n.u(0)

+¢m 1.n, S DYm—10,r D)+

= Ot DYy, (D) —
- ¢y/n,n,r(0)wm,n,r(0) -

ﬁqu,, L DBV (D)

= 2 P Vinns © 4 BBt .4 ©)

m,nel
_ einn9¢m M/,’;I Ln, r(l) _ ﬂe_i”m%m,nlﬁ,/n,n_l,u(l)
mnr(o)l/fmn ﬂ¢mnu(0)1/fn1n
+¢m Im, r(l)elnnel/fm,n + /3¢m,n_1,u(l)eiinm91/fm,n]
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= D BV O+ BV 00

m,nez

— E_innell[;{n—l,n,r(l) - ﬂeinmew;n,n—l,u(l)) - ( m,n, r(O) + 'B¢m n, “( )
_ e—inn0¢;n71,n)r(l) _ ﬁeiﬂm0¢;{n,n71,u(1)) llfmn}
= 2 @waVinn = Fp¥mn) = (F6. T'9) (6. Ty).

m,nel

Now we verify the surjectivity condition. Choose functions fy, f1 € H 210, 1], with

fo0) = f10) =1, £{0) = f1(0) =0, £ 1) =0, j,k =0, 1. Let g, ¢’ € [2(Z).
For any p, ¢ € Z denote

Hpg 1 () = gp.q fol) + g"—’qfl ),

hp.q2(x) = Bgp.q folx) + ,Bfl(x)

/
p.g3(x) = gpqae ™ foll —x)+e ™4 g'jT’qﬁ (I —x),
/
Rp.ga(x) = Bgpge ™ foll —x)+ e"”l"’gj—;ﬁ ( —x),

thenhp 4 ; € H2[0,1], j=1,...,4, and these functions satisfy

1 » 1.
hpg1(0) = 3 pg2(0) =e ™,  5(1) = 5 ePh, 0 a(l) = 8p.g,

. . g/’
pa1O) = BHy 2 (0) = =TV h, 5 () = —p e TR, 4 () = =7E,
hpga) = hp,q,z(l) =hpg30) =hp44(0)

Define P9 = (q)(pn o ,(,,”,;Z‘{L) € H with

¢]()P[,qu = h!’»q’]’ ¢p q, u = hp,q,27 (b;ll({y)q’r = hp,qg, ¢§7{7£](131,u = hp,q,47
¢,51p’nq3 =0 forallotherm,n € Zandi =r, u.
Clearly, by construction ¢??) € dom IT and there holds (F¢(P’q))m L= r(nlf-nq) —

8p.qOmpdng and (F’qb("’q))m’n = (q)(”’q));nm = 8 4Ompdng> m,n € L. Itis easy to see
that the series ¢ = Zm’n #"™ converges in the graph norm of IT, hence ¢ € dom IT.
Since H2[0, []is continuously imbedded in C0, 1], we have 'y = Zm’n F(ﬁ(’"’") =g
andT'¢p =3 T ¢ = g'. The surjectivity condition is proved.

It remains to note that the set ker I'Nker I'' contains the direct sum of C3°(0, [) over
all edges and is obviously dense in H. O
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The operator A is the restriction of IT to the set of function ¢ satisfying I'¢ = aT'¢.
Consider another self-adjoint extension Iy given by I'¢ = 0. Clearly, I is exactly
the direct sum of the operators D from (8) over all the edges E, ;. /. In particular,
spec [Ty = spec D.

Let z ¢ specD, g € I>(Z*) and Y be the solution of (IT — z)¥, = O satis-
fying the boundary condition I'y, = g. Consider the corresponding Krein function
0@ : 127 > g— T Yo € 12(Z3). Application of Proposition 4 gives the following
implicit description of the spectrum of A.

Proposition 7. A number z € R \ specIlp = R \ spec D lies in spec A iff 0 €
spec [Q(z) — oz]. Such z is an eigenvalue of A iff 0 is an eigenvalue of Q(z) — «.

Therefore, outside the discrete set spec I1g = spec D we can reduce the spectral prob-
lem for A to the spectral problem for Q(z) — «. Let us calculate Q(z) more explicitly;
actually this is our key construction.

Proposition 8. For z ¢ spec D there holds
Q@) = (1+B%) (s1(2) +522(2)) +s12()IM 6, B), (11)
where M (0, B) is the discrete magnetic Laplacian in [*(Z?),

iTne —imn6 20 —i 0 [ 0
(M©,B)g),,, =™ gmein+e ™ guotn+ B (€7 g st + €™ gy 1),

8= (gm,n) € IZ(ZZ)-

Proof. Note that for ¢ = (¢m.n.r» Pm.n.x) in the notation of Proposition 6 there holds

b O s ®)
¢m n r(l) / _¢
o =Clr¢, T'¢p=8 .
0 . 19 )
¢m,n,u(l) (m’n)GZZ _¢m,n’u(l) (m,n)EZz

with operators B : [*(Z%) ® C* — [>(Z*) and C : [*(Z*) — [*(Z*) ® C* given by

1
Iy
hih ) | —innb () 3) immd  (4)
B : h(j) = (hmn +e hm_l’n + ,ma’n + Be hm,n—l)’
m,n
4
Iyt
and
) %m,n
elﬂn g 1
C : — m+1l,n ,
(&m.n) ﬂgm,n

— 0
Be™ M 8m,n+1

cf. (5).
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Let g € [>(Z?). For z ¢ spec S, finding the solution ¢ with (IT — z)¢ = 0 and
['¢ = g reduces to a series of boundary value problems for components of ¢,

d2
(= 25+ VO =2)bnnrn® =0.
¢m,n,r(o)
Gmnr() _
mnn(0) | | =8
G n,u(l)
and
;n,n,r(o) s11(z)  s12(2) 0 0 ¢m,n,r(0)
_¢;n,n,r(l) _ $21(2)  $22(2) 0 0 ¢m,n,r(l)
o (O 0 0 5112 s122) | | Pmn,u(0)
S ()] 0 0 $21(2)  $22(2) Gmnu (D)
For Q(z)g = I''¢ one has
Gy (0)
/ _ _d);nyn’r(l)
V=1 6
_¢r/n,n,u(l)

Therefore, Q(z) = BK(z)C, where K (z) is a linear operator on 12(7*) ® C* with the
matrix

s11(z)  s12(2) 0 0

s 521(2)  $22(2) 0 0
K (z) = diag 0 0 s11(2)  s12(2)
0 0 521(z)  $22(2)

In other words, for any g € />(Z?) one has

~ 8m.n
Cg — elrmegm+l,n
B&m.n
ﬂeimmegm,nﬂ

S11 (Z)gm,n + 6'”"0S12(Z)gm+1,n

521(2)gmn + €' 7" 522(2) gm+1.n
K Z C — ) . )
@ & ﬁ(sll(z)gm,n +e l.ﬂmesl2(z)gm,n+l)
B(521(2)gmn + e 525 (2) gm n+1)

imné

and, finally,

(0@sg),,, = (BK(2)Cg),,,
= (1+ %) (511(2) +522(2)) gmn + €™ 512D gme1.n + € 521 (D gm—1.n
+ B2 515(2) gmnet + B2 521 (2) gmon—1.- (12)
As can be seen from (10), there holds s12(z) =s21(z) and (12) becomes exactly (11). O
Corollary 9. A number z € R\ spec D lies in the spectrum of L iff

0 € spec [(1 +B%) (s11(2) +522(2)) — a +512(2)M (6, B)].
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5. Spectral Analysis

To describe the spectrum of A we need some additional information on the Krein matrix
s(z) from (10).

Proposition 10. The matrix s(z) has the following properties:

(A) 512(z) # 0 for all 7 ¢ spec D.
(B) For any o € R the function

a 511(2) +522(2)
@) = —— —(1+pH) ———= (13)
512(2) 512(2)
can be extended to an entire function.

1
(C) The function m n(z) is the discriminant of the (generalized) Sturm-Liouville
operator

d2
P = 7 + W(t) + Wkp(t), (14)

where W is the periodic extension of V, W(t +nl) = V(t),t € [0,]), n € Z,
o

TR kezza(t — k); such
operators P are also called Kronig-Penney Hamiltonians.

(D) There holds n(uy) < —2(1 + B2) for even k and n(uy) > 2(1 + %) for odd k.
(Recall that i are the eigenvalues of D.)

(E) For all real z with |n(z)| < 2(1 + B%) there holds ' (z) # 0. The function n has no
local minima with n = 2(1 + B?) and no local maxima with n = —2(1 + ).

and Wxp is the Kronig-Penney potential, Wxp(t) =

Proof. Recall that s(z) is given by (10) with u, u> from (9). There holds s12(z) =

0 and s12(z) # O for all z ¢ spec D since z +— u(l; z) is an entire function. This
uill; z
proves (A).

Substituting (10) for z ¢ spec D in (13) one arrives at

1) = 1+ () ) +ua(l; 2)) +aur (5 2)

and n obviously has analytic extension to all points of spec D. This proves (B).
To understand the meaning of 1 look at the operator (14). This operator acts as
f+ —f"+Wf onfunctions f € H*>(R \ [Z) satisfying

o
f'(kl+) L5\ (f'kI-)
= 1 , keZ. 15
( £ (kl+) 0 +1f’ Fkl—) € (15)
Let y1, y2 be two solutions of (P — z)y = 0 with y;(0+;z) = y,(0+;z) = 0 and
¥1(0+; z) = y2(0+; z) = 1. Consider the matrix

_ iU+ ) Y+ )
M@ = (yi(n; Dl z)) '

It is well-known that the spectrum of P consists exactly of real z satisfying tr M (z) =
yi(I+; 2) + y2(I+; 2) € [—2, 2], see e.g. [15,22]. The function tr M (z) is called the dis-
criminant or the Lyapunov function of P and plays an important role in the study of



100 J. Briining, V. Geyler, K. Pankrashkin

second order differential operators; if « = 0, the study of this function is a classical
topic of the theory of ordinary differential equations, see e.g. [10,29].

On the other hand, note that on the interval (0,[) the solutions y1 and y; coin-
cide with u#1 and u; from (9), respectively. In particular, y; 2(I—; z) = u1.2(/; z) and
y1 y(U—=52) = ul 2(l 7) Therefore, taking into account the boundary conditions (15) we
can write M (z) in the form

o
l; I _ - I xE
M@) = (1+,32 ur(l; 2) +uy(l; 2) v uz(l; 2) + ujy( ,z))’
ur(l; 2) uz(l; 2)
1
and tr M (z) = e ————1(z), which proves (C). The items (D) and (E) describe typical

properties of the discriminants of one-dimensional periodic operators.
To prove (D) note that for any k one has ui(/, ux) = 0, and n(ux) = (1 +

1
B ((uy (T ) + uz (1 pp)), e R

nant of the classical periodic Sturm—Liouville problem (« = 0), for which the requested
inequalities are well known, see e.g. Lemma VIIL.3.1 in [10].

The first part of (E) is known for much more general potentials, see e.g. Lemma 5.2
in [22]. As for the second part, local maxima with n = —2(1 + ﬁz) and local minima
with n = 2(1 + ,32) would be isolated eigenvalues of P, which is impossible, because
the spectrum of P is absolutely continuous [30]. O

n (k) coincides with the value of the discrimi-

Therefore, up to the discrete set spec D the spectrum of A is the preimage of
spec M (6, B) under the entire function 7. The operator M (0, B) is very sensitive to
the arithmetic properties of 6 and is closely related to the Harper operator, cf. [38]. The
nature of the spectrum of M (6, B) in its dependence on 6 is described in the follow-
ing proposition, which summarizes Theorem 2.7 in [38] (Item A), Theorem 4.2 in [38],
Theorem 1.61in [5] and the main theorem in [4] (Item B), and Theorem 2.1 in [8] (Item C).

Proposition 11. (A) The operator M (6, B) has no eigenvalues for all 0 and B.

(B) If 0 is irrational, the spectrum of M (0, B) is a Cantor set. If, in addition, B = 1, the
spectrum has zero Lebesgue measure.
(C) For non-integer 0 there holds ||M (0, B)| < 2(1 + p2).

The previous discussion gives a description of the spectrum of A in R \ spec D. Let
us include spec D into consideration.

Proposition 12. There holds spec D C spec A. Moreover, each pu € spec D is an
infinitely degenerate eigenvalue of A.

Proof. Consider an eigenvalue u; of D and the corresponding eigenfunction f with
f'(0)=1andleto := f'(I).

Let 0 be rational. Take M € Z such that M € 27Z. Let p, g € Z. Denote by ¢ the
function from H whose only non-zero components are

PpM+jgM.r = Bo’ f, OPpM.gM+ju = —a’ f,

M+j M+j
SpeyMgm+ju =07 T fo Gpmrjgrym,r = =BV,

j=0,....M—1.



Cantor and Band Spectra for Periodic Quantum Graphs with Magnetic Fields 101

Clearly, ¢ € dom A and —¢;,/l)n’r/u +(V — k) Pm,n,rju = 0 forallm, n € Z. Therefore,
¢ is an eigenfunction of A with the eigenvalue u;. As p and g are arbitrary, one can
construct infinitely many eigenfunctions with non-intersecting supports. Therefore, each
W 1s infinitely degenerate in spec A.

Now let 8 be irrational. We use arguments similar to the Schnol-type theorems [27].
Foreachn € Z put ¢_, ., = Be!™% f and ¢_, ., = —e™" f. The “chain” con-
structed from these components does not belong to H, but satisfies the boundary condi-
tions (5). Moreover, —q),;/’_n’r/u + (V — i)Pu,—n,rju = 0 for all n, i.e. this chain is a
“generalized eigenfunction” of A.

Take ¢ € C*[0,1] with ¢(0) = ¢’(0) = 0 and ¢p(I) = ¢’(I) = 1. Forany N € N
construct V) e H such that

N .
1'D(fn?n,r/u = b—n.n.rfu if [n| < N,
N N
wiN),N,r = QP_N.N.r» 1#1(\/’11\/’“ = QON —N.us
1/f,§1N,:, =0 forallotherm,n € Zandi =r,u.
Clearly, ¥ € dom A for any N and [ ™| > 2N| f||. Moreover, the only two
non-zero components of g™ = (A — )y ™) are

N .
gi/\},zv,r _ ,Be’”N@(—go”f —2§0/f/ —(,Df//+(V _/Lk)(Pf)

— —,Bei”Ng(w/’f+2<p’f’),
and

e = =N (— @ f =20 f = of "+ (V — wef) = eV (¢ f 420 7).

Therefore, ||g™ | = (A — p) YNV || =1+ B2 l¢" f +2¢' f']l = C and

A =y ™|
lim S lim —— =0
N—00 Iy M| N—oo 2N| f]
which means that p; € spec A. Let us show that px is an eigenvalue of A. By Proposi-
tion 11(C) one has || M (0, B)|| < 2(1+p2). Recall that the spectrum of A outside spec D
is the preimage of spec M (6, ) under the function 1 and, due to Proposition 10(D), does

not contain px. As g is an isolated point of the spectrum, it is an eigenvalue of A, which
is infinitely degenerate according to the arguments given in Remark 1. O

Now we state the main result of the paper.
Theorem 13. The spectrum of A is the union of two sets,
specA =XgUX, Xg=specD, X = n_l(spec M@®,B)),
and has the following properties:

(A) The discrete spectrum is empty and the point spectrum coincides with X.

(B) The set X is non-empty, moreover, the intersection [, ti+1] N X is non-empty for
any k.

(C) For rational 0 the singular continuous spectrum of A is empty and the absolutely
continuous spectrum coincides with ¥ and has a band structure.



102 J. Briining, V. Geyler, K. Pankrashkin

(D) For irrational 0, the spectrum of A is infinitely degenerate. The part X is a closed
nowhere dense set without isolated points, and ¥ N (g, r+1) is a Cantor set for
anyk =0,1,2,....Ifadditionally B = 1, then the spectrum of A has no absolutely
continuous part and the singular continuous spectrum coincides with 2.

Proof. Proposition 12 shows that ¥y C spec A. The spectrum of A outside spec D is
described by Corollary 9 and, in virtue of Proposition 10(B), coincides with X.

(A) Propositions 8, 10(B), and 11(A) show the absence of eigenvalues of Q(z) — «.
By virtue of Proposition 7 the operator A has no point spectrum in R \ spec D for any
0. Therefore, due to Proposition 12 the point spectrum coincides with spec D, and all
eigenvalues have infinite multiplicity.

(B) The trivial estimate || M (9, B)|| < 2(1+ %) implies the inclusion spec M (6, B) C
[—2(1 + B2), 2(1 + B?)]. The assertion follows now from Proposition 10(D).

(C) Let 6 be rational. Take N € Z with N6 € 2Z. The operator A appears to be
invariant under the shifts (¢m,n.r» Bm.nu) > (Bm+k N n+IN.r> Pm+k N n+iNu)s k, | € Z,
i.e.is Zz—periodic and, therefore, the absence of singular spectrum for A follows from the
standard arguments of the Bloch theory, see e.g. Theorem 11 in [27]. Therefore by (A)
¥ coincides with the absolutely continuous spectrum. The spectrum of M (6, B) consists
of finitely many bands, so is ™! (spec M (6, B)) between any two Dirichlet eigenvalues.

(D) Now let 6 be irrational. The infinite degeneracy of spec A follows from the argu-
ments of Remark 1. In view of continuity of 5, the set of z € R for which |n(z)| <
2(1 + B2) is a union of open disjoint intervals 7,,. Moreover, due to Proposition 10(D)
there is exactly one such interval between any two subsequent eigenvalues of D. Put
J, = I,. Note that UJ,, contains all points z with |n(z)| < 2(1 + ﬂz). Due to Prop-
osition 10(E), the restriction of 1 to J, is a homeomorphism of J, on the segment
[—2(1 + 2), 2(1 + B2)]. Therefore, the preimage

K, = (n|Jn)_l(specM(9,ﬂ)) c Jy

is a Cantor set as is true of spec M (6, ). Moreover, the intersection of any two of sets
K, is empty, which follows from Proposition 11(C) and Proposition 10(D). Therefore,
the set UK,,, which coincides with X, is also closed, nowhere dense, and without isolated
points.

If B = 1, then the spectrum of M (6, B) has zero Lebesgue measure by Proposi-

tion 11(B). Since (1| 1,1)_1 are real-analytic, the sets K, and hence ¥ = UK, are also of
zero Lebesgue measure. Such a set cannot support absolutely continuous spectrum and
does not intersect the point spectrum due to (A), therefore, ¥ is the singular continuous
spectrum. O

In view of the unitary equivalence between the operators A and L, Theorem 13
provides a complete spectral analysis of the magnetic Schrodinger operator on the peri-
odic graph. At the same time, we believe that the operator A may be considered as a
model of quasiperiodic interaction on quantum graphs and may be useful also outside
the problems related to magnetic fields.

We formulate several corollaries in order to answer the following natural questions
arising in the case of rational magnetic flux 6:

e Aretheeigenvalues of A (and of L) isolated or embedded in the continuous spectrum?

e Is the number of gaps in the spectrum finite or infinite? Note that the rank of the
lattice defining the magnetic translation group is equal to 2, therefore, one can expect
the validity of the Bethe—Sommerfeld conjecture for 6 = 0.
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We emphasize that these questions are rather non-trivial even for lattices without
any potentials; for example, rectangular lattices with §-boundary conditions at the nodes
can have very different properties depending on the coupling constants and the ratio
between the edge lengths [13]. We will see that the introduction of scalar potentials on
edges provides a mechanism of gap creation similar to the so-called decoration [37].

The case of a non-trivial magnetic field can be treated by a simple norm estimate.

Corollary 14. If 0 is non-integer, then the spectrum of A has infinitely many gaps, and
all g lie inside the gaps.

Proof. Inthis case the set ¥ does not contain 4 due to Propositions 10(D)and 11(D). O
Let us consider now the case without magnetic field in greater details.

Corollary 15. Let 0 be integer.

(A) The part X of the spectrum of A coincides with the spectrum of the
Kronig-Penney Hamiltonian P from (14). In particular, if there are inifinitely many
gaps in the spectrum of P, then A has the same property.

(B) If V is a convex smooth function whose derivative does not vanish, then all gaps are
open for any a, the spectrum of P and hence also of A has infinitely many gaps, and
all wi are isolated in spec A.

(C) Let the gap of P near i be closed for o« = 0. Then i is an embedded eigenvalue
of A for all a. In particular, i lies on a band edge fora # 0. For V. =0and o =0
all gaps are closed and all 1 are embedded into the continuous spectrum.

Proof. (A) In this case one has spec M (0, B) = [ — 2(1 + B?),2(1 + B?)] and the set

Y = 77_1 ([ —2(1+ ﬂz), 2(1 + ,82)]) coincides with the spectrum of P by Proposi-
tion 10(C).

(B) Denote v(z) = u}(l;2) + uz(l; z), where u; and us are the special solutions

from Example 5. Clearly, v is the discriminant of the periodic Sturm-Liouville operator
2

d
0 = a7 + W with W from (14). If « = 0, then P = Q and n(z) = (1 + ﬂz)v(z)

for all z. Let V be smooth convex with V' # 0 and o = 0, then it is proved in [17]
(see Lemma 3 and Theorem 2 therein) that all gaps of P are open and that pj do
not belong to spec P = X, which means that [v(ur)| > 2. One has n(ug) = (1 +
ﬁz)v(uk) +our(l; ug) = (1 + ,32)1)(,uk), and the gap remains open for all ¢ # 0 as
(o)l > 2(1+ p2).

(C) The case with V. = 0 and @ = 0 is obvious. If the gap near uy is closed,
then v(ug) = +2, n(ur) = +£2(1 + B2), and px € . Moreover, v/ (ux) = 0. As
d.u1(l; k) # 0 (see Example 5), one has n'(ug) # 0 for @ # 0, which means that
n F 2(1 + %) changes the sign at 1. This means that there is a gap near ;. O

6. Concluding Remarks

‘We hope that the approach presented here can be extended to the analysis of more general
periodic magnetic systems, for example, for more complicated combinatorial structures,
for nodes and edges with geometric defects or measure potentials, or with the spin-orbital
coupling taken into account. Another open question is whether one can deal with more
general boundary conditions. Although there are some particular examples for which



104 J. Briining, V. Geyler, K. Pankrashkin

the above construction works, we are not able to present a suitable general picture at
the moment. We hope to clarify the situation, which actually goes beyond the quantum
graph context, in subsequent works.

The first version of the paper was significantly improved by the suggestions of the
referee, who pointed out that the results hold not only for periodic magnetic fields but
also for those with a constant flux per cell. The authors are indebted to him/her very
much for the attention and the careful reading.

References

1. Abilio, C.C., Butaud, P., Fournier, Th., Pannetier, B., Vidal, J., Tedesco, S., Dalzotto, B.: Magnetic field
induced localization in a two-dimensional superconducting wire network. Phys. Rev. Lett. 83, 5102-5105
(1999)

2. Albeverio, S., Gesztesy, F., Hgegh-Krohn, R., Holden, H.: Solvable models in quantum mechanics. ond
ed. Providence, R: AMS Chelsea Publ., 2005

3. Alexander, S.:Superconductivity of networks. A percolation approach to the effects of disorder. Phys.
Rev. B 27, 1541-1557 (1983)

4. Avila, A., Jitomirskaya, S.: The ten martini problem. Ann. Math. (to appear) http://arXiv.
org:math.DS/0503363, 2005

5. Avila, A., Krikorian, R.: Reducibility or non-uniform hyperbolicity for quasiperiodic Schrodinger cocy-
cles. To appear in Ann. of Math., http:// arXiv.org:math.DS/0306382, 2003

6. Avron, J.E., Seiler, R., Simon, B.: Homotopy and quantization in condensed matter physics. Phys. Rev.
Lett. 51, 51-54 (1983)

7. Birman, M.Sh., Suslina, T.A.: A periodic magnetic Hamiltonian with a variable metric. The problem of
absolute continuity. St. Petersburg Math. J. 11, 203-232 (2000)

8. Boca, EP,, Zaharescu, A.: Norm estimates of almost Mathieu operators. J. Funct. Anal. 220, 76-96 (2005)

9. Boon, M.H.: Representations of the invariance group for a Bloch electron in a magnetic field. J. Math.
Phys. 13, 1268-1285 (1972)

10. Coddington, E.A., Levinson, N.: Theory of ordinary differential equations. New York etc.: McGraw-Hill,
1995

11. de Gennes, P.-G.: Diamagnétisme de grains supraconduteurs pres d’un seuil de percolation. C.R. Acad.
Sci. Paris, Sér. 11 292, 9-12 (1981)

12. Derkach, V.A., Malamud, M.M.: Generalized resolvents and the boundary value problems for Hermitian
operators with gaps. J. Funct. Anal. 95, 1-95 (1991)

13. Exner, P.: Lattice Kronig-Penney models. Phys. Rev. Lett. 74, 3503-3506 (1995)

14. Exner, P.: A duality between Schrodinger operators on graphs and certain Jacobi matrices. Ann. Inst. H.
Poincaré 66, 359-371 (1997)

15. Gehtman, M.M., Stankevich, I.V.: The generalized Kronig-Penney problem. Funct. Anal. Appl. 11, 51-52
(1977)

16. Geyler, V.A., Margulis, V.A.: Anderson localization in the nondiscrete Maryland model. Theor. Math.
Phys. 70, 133-140 (1987)

17. Geyler, V.A., Senatorov, M.M.: The structure of the spectrum of the Schrodinger operator with a magnetic
field in a strip and infinite-gap potentials. Sb. Math. 88(5), 657-669 (1997)

18. Gorbachuk, V.I., Gorbachuk. M.A.: Boundary value problems for operator differential equations. Dordr-
echt, etc.: Kluwer Acad. Publ., 1991

19. Helffer, B., Kerdelhué, P., Sjostrand, J.: Le papillon de Hofstadter revisité. Mém. Soc. Math. Fr., Nouv.
Sér. 43 1-87 (1990)

20. Helffer, B., Sjostrand, J.: Semi-classical analysis for Harper’s equation III: Cantor structure of the spec-
trum. Mém. Soc. Math. Fr., Nouv. Sér. 39, 1-124, (1989)

21. Hofstadter, D.R.: Energy levels and wave functions of Bloch electrons in rational and irrational magnetic
fields. Phys. Rev. B 14, 2239-2249 (1976)

22. Hryniv, R.O., Mykytyuk, Ya.V.: 1-D Schrodinger operators with periodic singular potentials. Methods
Funct. Anal. Topology 7(4), 31-42 (2001)

23. Kohmoto, M.: Quantum-wire networks and the quantum Hall effect. J. Phys. Soc. Japan 62, 4001-4008
(1993)

24. Kostrykin, V., Schrader, R.: Quantum wires with magnetic fluxes. Commun. Math. Phys. 237, 161-179
(2003)

25. Kreft, Ch., Seiler, R.: Models of the Hofstadter type. J. Math. Phys. 37, 5207-5243, (1996)

26. Kuchment, P.: Quantum graphs I. Some basic structures. Waves Random Media 14, S107-S128 (2004)



Cantor and Band Spectra for Periodic Quantum Graphs with Magnetic Fields 105

27.

28.

29.
30.

31.
32.
33.
34.
35.
36.
37.

38.
39.

40.

41.

Kuchment, P.: Quantum graphs II. Some spectral properties of quantum and combinatorial graphs. J.
Phys. A: Math. Gen. 38, 4887-4900 (2005)

Langbein, D.: The tight-binding and the nearly-free-electron approach to lattice electron in external
magnetic field. Phys. Rev. (2) 180, 633-648 (1969)

Levitan, B.M., Sargsyan, L.S.: Sturm-Liouville and Dirac operators. Dordrecht, etc.: Kluwer 1990
Mikhailets, V.A., Sobolev, A.V.: Common eigenvalue problem and periodic Schrodinger operators.
J. Funct. Anal. 165, 150-172 (1999)

Naud, C., Faini, G., Mailly, D.: Aharonov—Bohm cages in 2D normal metal networks. Phys. Rev. Lett.
86, 5104-5107 (2001)

Naud, C., Faini, G., Mailly, D., Vidal, J., Doucot, B., Montambaux, G., Wieck, A., Reuter, D.: Aharonov—
Bohm cages in the GaAlAs/GaAs system. Physica E 12, 190-196 (2002)

Novikov, S.P.: Two-dimensional Schrédinger operators in periodic fields. J. Soviet Math. 28(1), 1-20
(1985)

Pavlov, B.S.: The theory of extensions and explicitly solvable models. Russ. Math. Surv. 42, 127-168
(1987)

Prange, R.E., Girvin, S.M.(eds.).: The Quantum Hall Effect. New York: Springer-Verlag, 1990

Puig, J.: Cantor spectrum for the almost Mathieu operator. Commun. Math. Phys. 244, 297-309 (2004)
Schenker, J.H., Aizenman, M.: The creation of spectral gaps by graph decoration. Lett. Math. Phys. 53,
253-262 (2000)

Shubin, M.A.: Discrete magnetic Laplacian. Commun. Math. Phys. 164, 259-275 (1994)

Sobolev, A.V.: Absolute continity of the periodic magnetic Schrodinger operator. Invent. Math. 137,
85-112 (1999)

Thouless, D.J., Kohmoto, M., Nightingale, M.P., den Nijs, M.: Quantized Hall conductance in a two-
dimensional periodic potential. Phys. Rev. Lett. 49, 405-408 (1982)

Zak, J.: Magnetic translation group. Phys. Rev. 134, A1602-A1606 (1964)

Communicated by B. Simon




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents suitable for reliable viewing and printing of business documents.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


