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Abstract. We show that the spectral properties of the Laplace—Beiaerator
on a compact Riemannian manifold withsemi-lines attached to it are similar to
those for a finite-volume hyperbolic manifold withcusps. Our results are further
justification of the Gromov—Novikov thesis concerning telas between Hyper-
bolic Geometry on infinity and One-Dimensional Geometry. alwsapplication of
the corresponding results we obtain a relation betweendatesing matrix on a
compact Riemann surface of constant negative curvaturénan8elberg zeta func-
tion for this surface.

1 Introduction

The starting point of our work is the following remark giveyn 8. P. Novikov
[13]: “As Misha Gromov often explains in his lectures, Hypelic Geometry is
visible from the infinity as one-dimensional one. Therefave may conclude,
that for the discrete groups in 2D Lobachevski Plane with ddompact Fun-
damental Domain of finite volume, Spectral Theory of the baptBeltrami
Operator should look in a sense 'similar’ to the one on thelgsavithk tails.
We discussed this analogy with D. Kazhdan, who pointed ouméothat for
arithmetic subgroups there are many discrete eigenvahogsdn the continu-
ous spectrum. They disappear after nonarithmetic petiorbas Peter Sarnak
pointed out. In the case of graphs wklails, we have simplified version of this
picture for operators with symmetry: exceptional eigengal disappear after
generic nonsymmetric perturbation.”



We announce here some results concerning a more realistielrabthe men-
tioned Spectral Theory; for this purpose we consider a camRgmannian
manifold Xo of dimensiond, d < 3, with n one-dimensional tails attached to
it [3], [4], [5]. The resulting spac, the so-called "horned manifold”, is a par-
ticular case of a hybrid manifold or a graph decorated by afwidi16]; on the
other hand, this space can be considered as a limit of mdaifakh cusps with
respect to the Hausdorff—~Gromov metric [10]. To define thplaee—Beltrami
operator onX (or generally a Sclidinger operator oiX) we use the operator
extension theory; in our approach, the main role is playethkyKrein resol-
vent formula [1], [2], [14]. Such an approach to hybrid matdk was proposed
in [8].

2 Basic notations and definitions

Xo denotes a compact connected Riemannian manifold of dimealsi
O0<d<4.

Ow IS the metric orXo, g := det(gy ).

dA(x) andr(x,y) denote the Riemannian measure and geodesic distance
on Xp, respectively.

{01, ..., dOn} is & subset 0Ky (the pointsgj are mutually distinct).
Rj* (j=1,...,n) are copies of the half-linB* = {xe R : x> 0}.

X is the topological space obtained from the disjoint uigniR{ L. .. L
R by gluing the point &= R} to the pointg;.

du(x) denotes the sum of the measddgx) on Xg and the Lebesgue mea-
suresdx on IR%T (j =1, ..., n) (therefore we identify the spade (X, dp)
with the direct sun.?(Xo,d\) © L2(Rf,dX) @ ... ® L3(R,dx)).

4y (M= 1,...,d) andP are real-valued smooth functions &g (2, we
will consider as the components of a vector potentialgiving rise to a
magnetic field orKg, andP is viewed as the scalar potential of an electric
field onXp).



Ho denotes the Schdinger operator which is a unique self-adjoint exten-
sion of the operator defined orCg (X) by the expression

Ti=—g (%) (Op+i2p(x)) 97208 () (v +14v(x) +P(x).
Go(X,Y; €) is the Green function dfl, i.e. the integral kernel of the resol-
vent(Ho—2)~ L.

S denotes the restriction éfg to the sef{ f € © (Ho) : f(qj) =0V j}.
Si(j=1,...,n)isthe closure in.*(R}") of —d*/dx* defined orCg (0, ).

Hj (j =1, ..., n)is the self-adjoint extension & determined by the Neu-
mann boundary condition at the point O.

S=0S5®...0S.
HO =Hy®H{® ... ® Hp.

Qo(Q) is the Krein @-matrix defined by the relation$Qo({)|im =
Go(qr,dm; Q) if | #m, and[Qo(Q)]1 = F1(q1,qr; ) with F; determined from
the following expansion 0Bp (X, q; {) near a fixed poing € Xo:

Go(%,0;¢) = Fo(x,q) + F1(x,q;{) + R(X,q; Q) .

HereF is a continuous function§y is independent of the spectral param-
eter{ and has the form:

)
_01(>2<, ) r(x,q), if d=1;

CZ<X7q) :
X.q) =< — _ 5
Fo(X,q) = 1 o Inr(x,q), if d=2;

C3(X,C]) - . _a.
o r(x,q)t, if d=3;

wherecj(x,q) is a continuous functions of and the remainder terrR
has the following behavior as— q: R(x,q;{) = o(r(x,q)) if d =1, and
R(x,0; () = 0(1) otherwise.

Let f € »(S;), thena;(f) andbj(f) denote the coefficients of the expan-
sion f(x) =aj(f)Fo(x,dj) +bj(f)+Rj(x) where the remainder terRy(x)
has the same behavior B&, g; () above.



Q(Q) is the 2 x 2n- matrix of the block form

Q(¢) O
0 D()

whereD(2) = (—{)~ Y21 with the unitn x n-matrix|.

Y

- |

By definition, theSchibdinger operator Hon the hybrid manifoldX is an ar-
bitrary self-adjoint extension db. We restrict ourselves to a generic case of
self-adjoint extensions defined by an Hermitian maltriaf dimension 2 x 2n
having the following block form

B A

L —
A" C

)

whereB = (Bjx) andC = (yjk) are Hermitiam x n-matrices wherea& = (o jx)
Is an arbitrary complex x n-matrix. ThenL definesH through the following
boundary conditions

n n
bj(fo) = 3 Bika(fo) = > ajfk’(0),
k=1 k=1
n i n .
fi(0) = 5 akja(fo) — 5 vifk'(0), j=1.....n.
k=1 k=1

Here f = (fo, f1,..., fn) € L2(X0) ® L2(R]) @ ... ® L2(R}}) is an element of
D (S).

3 Spectral properties

If Ho is the Laplace—Beltrami operator (i.ez = 0, P = 0), we callH the
Laplace—Beltrami operatoon X. The spectral properties éf are very similar
to those for the automorphic Laplacian on the Lobachevsieli.e. for the
Laplace—Beltrami operator on a Riemann surface with cuRpsall very briefly
the basic spectral properties of such an operator (sed9.d11], [12], [17],

). LetH be the Lobachevski plane viewed as the Poiaagpper half-
planeC™ = {z=x+1iy: x€ R,y > 0}, I be a Fuchsian group of the first
kind which is not co-compact, n > 1, be the number of cusps for, —Ar



be the Laplace—Beltrami operator on the hyperbolic surkce=T \ H. Then
o(—Ar), the spectrum of-Ar, consists of three parts with mutually orthogonal
invariant subspaces: (bho(—Ar ), absolutely continuous spectrum, which fills
the half-line[1/4, «) with multiplicity n; (2) ocusd —Ar ), the cuspidal spectrum

of —Ar, which consists of eigenvalues imbedded into the contissmectrum;
Ocusg—Ar) can be empty; only+co can be a limiting point obocysy—Ar);
points of ocusg —Ar) can have only finite degeneracy. Moreover, the resol-
vent (—Ar — )~ ! is compact when restricted to the corresponding subspace
Lgusp(xr)); (3) ores(—Ar ), the residual spectrum ofAr; it consists of points
A=5s(1-s9),se (1/2,1], such thassis a pole of the determinant of the scat-
tering matrixr (s); the corresponding subspalcg Xr) is finite-dimensional
and 1€ ores(—Ar). HenceL2(Xr) = L3(Xr) @ LaysdXr) & Liag(Xr ). Whether
Lgusp(xr) # {0} is by no means obvious [15]. The complete set of generalized
eigenfunctions of the continuous spectrum is given by dmabontinuations

of the Eisenstein seridsj(z,s) (j =1, ..., n); for fixeds, s=1/2+it,t > 0,

the functionsE;(z s) correspond to the spectral pokt= s(1—s). The eigen-
functions frongusp(Xr) are the Maass cusp forms, they are automorphic func-
tions which has no zero-th term in the Fourier expansionsytasp. Finally,

the eigenfunctions of the residual spectrum are residuéssehstein series at
pointss = ¢ corresponding to the points of this spectrum.

To describe now the spectrum of the Laplace—Beltrami opemt the horned
manifold X we introduce firstly the scattering matrix and the scattgstates
for H. Let us write the matrixQ(¢) — L] 1 in block form

whereW({) = (wim(€)) andV () = (vim({)) aren x n-matrices.

Theorem 1. There exists a discrete subsegj 6f R such that for every §
{1,...,n} and every k> 0, k? ¢ Zy, the equation H = k?f has a unique solu-
tion f = (fo, f1,..., fn), f € L2(Xo) LE.(R]) @... ® L (R}), satisfying the
conditions:

(i) fo(x) = —2m§1wm i(K2)Go(X, Gm; K2)



(i) fi(x) =s;j(k)exp(ikx) forl > 0,1 # j;
(i) fj(x) = exp(—ikx) + sjj (k) exp(ikx) .

Here the complex numberg &) form a unitary matrixz(k) of the form

S (k) = [C+A*(Qo(k2) B At ik—ll] x
[C+A*(Qo(k2) ~-B) lA- ik‘ll] -

The matrix%(k) is the scattering matrixfor H. The solutionf depends on
je{1,...,n},xe X, and onk € (0,00): f = fl(x k); as a function ok it has
an analytic continuation to a meromorphic function@n

To avoid cumbersome statements in Theorem 2 below, weaestniselves to
the case of positive operatéty, in particular, we can chooddy = —A, the
Laplace—Beltrami operator on the compact manidid

Theorem 2. There is a decomposition?(X) = L.(X) & L&,sdX) ® LagX)
into subspaces which are invariant with respect to H such tha following
statements are true.

(1) The spectrum of H in4.(X) is purely absolutely continuous and fills the
semi-axig0, «) with multiplicity n. For¢ € C3(X), denote by the func-
tion from L2((0,); C") with coordinates

80 = [ TR 60 dhx.
X

Then the mapping — § is a Hilbert isomorphism of the space§.(X)
and L2((0,);C").

(2) If La,sdX) # {0}, then the spectrum of H inglg(X) (denoted by
ocusp(H)) is discrete and lies on the semi-afs). For a generic choice
ofthe sef{qy,...,qn} C Xo and of the matrix L, the setysgH ) consists of
all the eigenvalues of gwhich have ino(Hg) multiplicity mp greater than
n. The multiplicity m of a numbeX in the spectrum of H equalsgn- n.



Each eigenfunction g which corresponds to an eigenvilae.,spH) has
the form g= (9o0,91,-..,0n) Where g =0for 1 < j <nand g is an eigen-
function of H vanishing at all the pointsjq(j =1, ..., n). Hence, if K
has only simple eigenvalues (this is a generic case), tlﬁ@gb(x) = {0}
andocuspH) = 0. In any casegcysgH) is contained in the spectrum of the
point perturbation of i determined by the matrix B, and the multiplicity
m allows the estimate r mg + 2n.

(3) The space &4 X) is finite-dimensional with dimension<d 2n; moreover,
d > 1 for the Laplace—Beltrami operator H. For a generic choicetlod
matrix A, the numbek = (ik)?, k > 0, belongs tayesif and only if ik is a
pole of the scattering matriX. In this case, the corresponding eigenfunc-
tions are residues of the meromorphic continuation of tinetions  (x, k)
from Theorem 1. In any case, if g is an eigenfunctionXaf oyes(H ),
then g= (do,ds1,---,0n) Where g is a linear combination of the functions
X — Go(X,gj;A) and g (X) = cj exp(—v/—Ax) for j > 1.

Theorem 2 shows that there is a deep analogy

(1) between the functiong (x,k) from Theorem 1 and the Eisenstein series;

(2) between eigenfunctions from the item (2) of Theorem 2 #redMaass
cusp forms;

(3) between eigenfunctions from the item (3) of Theorem 2 gnedMaass
forms which are represented by incomplete theta-series.

4 A formula for the Selberg zeta function

We consider here for simplicity only a compact Riemann si@¥y of constant
curvatureK = —1 with one attached semi-axi®" at a pointg, q € Xo. The
matricesA, B, andC are simply numbers, (3, y, respectively; we will assume
a # 0. The scattering matriX(k) has in this case only one term, namely, the
reflection amplitudeS(k, q), which depends og. Using an expression for the



Selberg trace formula from [6], [7], we get the followingagbn between the
Selberg zeta functiod(s) for Xp and the reflection amplitudgk, g):

2 (25— 1) 20~ (9 + -
’aLan Sll/Ca(S(\/ S(s—1);0))+yv/s(s—1) ) dq}

Herey is the Iogarlthmlc derivative of the Eulérfunction, g is the genus of
X, CaS) stands for the Cayley transform 8f

Conclusion. The statements of Theorems 1 and 2 reinforce th@romov—
Novikov thesis concerning relations between Hyperbolic Gametry on in-
finity and One-Dimensional Geometry. Namely, the spectraliieory of the
Laplace—Beltrami operator on a compact manifold with n attached semi-
axes (infinitely thin horns) completely looks like the spectl theory of the
automorphic Laplacian for a Fuchsian group of the first kind with n cusps.
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