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Abstract. We show that the spectral properties of the Laplace–Beltrami operator
on a compact Riemannian manifold withn semi-lines attached to it are similar to
those for a finite-volume hyperbolic manifold withn cusps. Our results are further
justification of the Gromov–Novikov thesis concerning relations between Hyper-
bolic Geometry on infinity and One-Dimensional Geometry. Asan application of
the corresponding results we obtain a relation between the scattering matrix on a
compact Riemann surface of constant negative curvature andthe Selberg zeta func-
tion for this surface.

1 Introduction

The starting point of our work is the following remark given by S. P. Novikov
[13]: “As Misha Gromov often explains in his lectures, Hyperbolic Geometry is
visible from the infinity as one-dimensional one. Therefore, we may conclude,
that for the discrete groups in 2D Lobachevski Plane with Noncompact Fun-
damental Domain of finite volume, Spectral Theory of the Laplace–Beltrami
Operator should look in a sense ’similar’ to the one on the graphs withk tails.
We discussed this analogy with D. Kazhdan, who pointed out tome that for
arithmetic subgroups there are many discrete eigenvalues drown in the continu-
ous spectrum. They disappear after nonarithmetic perturbation as Peter Sarnak
pointed out. In the case of graphs withk tails, we have simplified version of this
picture for operators with symmetry: exceptional eigenvalues disappear after
generic nonsymmetric perturbation.”



We announce here some results concerning a more realistic model of the men-
tioned Spectral Theory; for this purpose we consider a compact Riemannian
manifold X0 of dimensiond, d ≤ 3, with n one-dimensional tails attached to
it [3], [4], [5]. The resulting spaceX, the so-called ”horned manifold”, is a par-
ticular case of a hybrid manifold or a graph decorated by a manifold [16]; on the
other hand, this space can be considered as a limit of manifolds with cusps with
respect to the Hausdorff–Gromov metric [10]. To define the Laplace–Beltrami
operator onX (or generally a Schrödinger operator onX) we use the operator
extension theory; in our approach, the main role is played bythe Krein resol-
vent formula [1], [2], [14]. Such an approach to hybrid manifolds was proposed
in [8].

2 Basic notations and definitions

X0 denotes a compact connected Riemannian manifold of dimension d,
0 < d < 4.

gµν is the metric onX0, g := det(gµν).

dλ(x) and r(x,y) denote the Riemannian measure and geodesic distance
on X0, respectively.

{q1, . . . , qn} is a subset ofX0 (the pointsq j are mutually distinct).

R
+
j ( j = 1, . . . , n) are copies of the half-lineR+ = {x∈ R : x≥ 0}.

X is the topological space obtained from the disjoint unionX0⊔R
+
1 ⊔ . . .⊔

R+
n by gluing the point 0∈ R

+
j to the pointq j .

dµ(x) denotes the sum of the measuredλ(x) onX0 and the Lebesgue mea-
suresdx on R

+
j ( j = 1, . . . , n) (therefore we identify the spaceL2(X, dµ)

with the direct sumL2(X0,dλ)⊕L2(R+
1 ,dx)⊕ . . .⊕L2(R+

n ,dx)).

Aµ (µ = 1, . . . ,d) andP are real-valued smooth functions onX0 (Aµ we
will consider as the components of a vector potentialA , giving rise to a
magnetic field onX0, andP is viewed as the scalar potential of an electric
field onX0).



H0 denotes the Schrödinger operator which is a unique self-adjoint exten-
sion of the operatorτ defined onC∞

0 (X) by the expression

τ := −g−1/2(x)
(
∂µ+ iA µ(x)

)
g1/2(x)gµν(x)(∂ν + iA ν(x))+P(x) .

G0(x,y;ζ) is the Green function ofH0, i.e. the integral kernel of the resol-
vent(H0−ζ)−1.

S0 denotes the restriction ofH0 to the set{ f ∈ D (H0) : f (q j) = 0∀ j}.

Sj ( j = 1, . . . , n) is the closure inL2(R+
j ) of −d2/dx2 defined onC∞

0 (0,∞).

H j ( j = 1, . . . , n) is the self-adjoint extension ofSj determined by the Neu-
mann boundary condition at the point 0.

S:= S0⊕S1⊕ . . .⊕Sn.

H0 = H0⊕H1⊕ . . .⊕Hn.

Q0(ζ) is the Krein Q -matrix defined by the relations[Q0(ζ)]lm =

G0(ql ,qm;ζ) if l 6= m, and[Q0(ζ)]ll = F1(ql ,ql ;ζ) with F1 determined from
the following expansion ofG0(x,q;ζ) near a fixed pointq∈ X0:

G0(x,q;ζ) = F0(x,q)+F1(x,q;ζ)+R(x,q;ζ) .

HereF1 is a continuous functions,F0 is independent of the spectral param-
eterζ and has the form:

F0(x,q) =






−c1(x,q)

2
r(x,q) , if d = 1;

−c2(x,q)

2π
ln r(x,q) , if d = 2;

c3(x,q)

4π
[r(x,q)]−1 , if d = 3;

wherec j(x,q) is a continuous functions ofx and the remainder termR
has the following behavior asx→ q: R(x,q;ζ) = o(r(x,q)) if d = 1, and
R(x,q;ζ) = o(1) otherwise.

Let f ∈ D (S∗0), thena j( f ) andb j( f ) denote the coefficients of the expan-
sion f (x) = a j( f )F0(x,q j)+b j( f )+Rj(x) where the remainder termRj(x)
has the same behavior asR(x,q;ζ) above.



Q(ζ) is the 2n×2n- matrix of the block form

Q(ζ) =

[
Q0(ζ) 0

0 D(ζ)

]
,

whereD(ζ) = (−ζ)−1/2 I with the unitn×n-matrix I .

By definition, theSchr̈odinger operator Hon the hybrid manifoldX is an ar-
bitrary self-adjoint extension ofS. We restrict ourselves to a generic case of
self-adjoint extensions defined by an Hermitian matrixL of dimension 2n×2n
having the following block form

L =

[
B A
A∗ C

]

,

whereB= (β jk) andC = (γ jk) are Hermitiann×n-matrices whereasA= (α jk)

is an arbitrary complexn×n-matrix. ThenL definesH through the following
boundary conditions

b j( f0) =
n

∑
k=1

β jkak( f0)−
n

∑
k=1

α jk fk
′(0) ,

f j(0) =
n

∑
k=1

ᾱk jak( f0)−
n

∑
k=1

γ jk fk
′(0) , j = 1, . . . ,n.

Here f = ( f0, f1, . . . , fn) ∈ L2(X0)⊕ L2(R+
1 )⊕ . . .⊕ L2(R+

n ) is an element of
D (S∗).

3 Spectral properties

If H0 is the Laplace–Beltrami operator (i.e.A = 0, P = 0), we call H the
Laplace–Beltrami operatoron X. The spectral properties ofH are very similar
to those for the automorphic Laplacian on the Lobachevski plane, i.e. for the
Laplace–Beltrami operator on a Riemann surface with cusps.Recall very briefly
the basic spectral properties of such an operator (see e.g.,[9], [11], [12], [17],
. . . ). Let H be the Lobachevski plane viewed as the Poincaré upper half-
planeC

+ = {z = x+ iy : x ∈ R, y > 0}, Γ be a Fuchsian group of the first
kind which is not co-compact,n, n ≥ 1, be the number of cusps forΓ, −∆Γ



be the Laplace–Beltrami operator on the hyperbolic surfaceXΓ := Γ\H. Then
σ(−∆Γ), the spectrum of−∆Γ, consists of three parts with mutually orthogonal
invariant subspaces: (1)σac(−∆Γ), absolutely continuous spectrum, which fills
the half-line[1/4, ∞) with multiplicity n; (2) σcusp(−∆Γ), the cuspidal spectrum
of −∆Γ, which consists of eigenvalues imbedded into the continuous spectrum;
σcusp(−∆Γ) can be empty; only+∞ can be a limiting point ofσcusp(−∆Γ);
points of σcusp(−∆Γ) can have only finite degeneracy. Moreover, the resol-
vent (−∆Γ − ζ)−1 is compact when restricted to the corresponding subspace
L2

cusp(XΓ)); (3) σres(−∆Γ), the residual spectrum of−∆Γ; it consists of points
λ = s(1− s), s∈ (1/2,1], such thats is a pole of the determinant of the scat-
tering matrixϕΓ(s); the corresponding subspaceL2

res(XΓ) is finite-dimensional
and 1∈ σres(−∆Γ). Hence,L2(XΓ) = L2

ac(XΓ)⊕L2
cusp(XΓ)⊕L2

res(XΓ). Whether
L2

cusp(XΓ) 6= {0} is by no means obvious [15]. The complete set of generalized
eigenfunctions of the continuous spectrum is given by analytic continuations
of the Eisenstein seriesE j(z,s) ( j = 1, . . . , n); for fixed s, s= 1/2+ it , t ≥ 0,
the functionsE j(z,s) correspond to the spectral pointλ = s(1− s). The eigen-
functions fromL2

cusp(XΓ) are the Maass cusp forms, they are automorphic func-
tions which has no zero-th term in the Fourier expansions at any cusp. Finally,
the eigenfunctions of the residual spectrum are residues ofEisenstein series at
pointss= sk corresponding to the points of this spectrum.

To describe now the spectrum of the Laplace–Beltrami operator on the horned
manifold X we introduce firstly the scattering matrix and the scattering states
for H. Let us write the matrix[Q(ζ)−L]−1 in block form

[Q(ζ)−L ]−1 =

[
N(ζ) W(ζ)

M(ζ) V(ζ)

]

,

whereW(ζ) = (wlm(ζ)) andV(ζ) = (vlm(ζ)) aren×n-matrices.

Theorem 1. There exists a discrete subset ZH of R such that for every j∈
{1, . . . ,n} and every k> 0, k2 /∈ ZH , the equation H f= k2 f has a unique solu-

tion f = ( f0, f1, . . . , fn), f ∈ L2(X0)⊕L2
loc(R

+
1 )⊕ . . .⊕L2

loc(R
+
n ), satisfying the

conditions:

(i) f0(x) = −2
n
∑

m=1
wm j(k2)G0(x,qm;k2) ;



(ii) fl (x) = sl j (k)exp(ikx) for l > 0, l 6= j ;

(iii) f j(x) = exp(−ikx)+sj j (k)exp(ikx) .

Here the complex numbers sj j (k) form a unitary matrixΣ(k) of the form

Σ(k) =
[
C+A∗(Q0(k

2)−B)−1A+ ik−1I
]
×

[
C+A∗(Q0(k

2)−B)−1A− ik−1I
]−1

.

The matrixΣ(k) is the scattering matrixfor H. The solution f depends on
j ∈ {1, . . . ,n}, x∈ X, and onk ∈ (0,∞): f = f j(x,k); as a function ofk it has
an analytic continuation to a meromorphic function onC.

To avoid cumbersome statements in Theorem 2 below, we restrict ourselves to
the case of positive operatorH0, in particular, we can chooseH0 = −∆, the
Laplace–Beltrami operator on the compact manifoldX0.

Theorem 2. There is a decomposition L2(X) = L2
ac(X)⊕ L2

cusp(X)⊕ L2
res(X)

into subspaces which are invariant with respect to H such that the following

statements are true.

(1) The spectrum of H in L2ac(X) is purely absolutely continuous and fills the
semi-axis[0, ∞) with multiplicity n. Forϕ ∈C∞

0 (X), denote bŷϕ the func-
tion from L2((0,∞);Cn) with coordinates

ϕ̂ j(k) =

Z
X

f j(x,k)ϕ(x)dµ(x) .

Then the mappingϕ 7→ ϕ̂ is a Hilbert isomorphism of the spaces L2
ac(X)

and L2((0,∞);Cn).

(2) If L2
cusp(X) 6= {0}, then the spectrum of H in L2

cusp(X) (denoted by

σcusp(H)) is discrete and lies on the semi-axis[0,∞). For a generic choice
of the set{q1, . . . ,qn}⊂X0 and of the matrix L, the setσcusp(H) consists of
all the eigenvalues of H0 which have inσ(H0) multiplicity m0 greater than

n. The multiplicity m of a numberλ in the spectrum of H equals m0−n.



Each eigenfunction g which corresponds to an eigenvalueλ∈σcusp(H) has

the form g= (g0,g1, . . . ,gn) where gj = 0 for 1≤ j ≤ n and g0 is an eigen-
function of H0 vanishing at all the points qj ( j = 1, . . . , n). Hence, if H0

has only simple eigenvalues (this is a generic case), then L2
cusp(X) = {0}

andσcusp(H) = /0. In any case,σcusp(H) is contained in the spectrum of the
point perturbation of H0 determined by the matrix B, and the multiplicity

m allows the estimate m≤ m0 +2n.

(3) The space L2res(X) is finite-dimensional with dimension d≤ 2n; moreover,
d ≥ 1 for the Laplace–Beltrami operator H. For a generic choice ofthe
matrix A, the numberλ = (ik)2, k > 0, belongs toσres if and only if ik is a

pole of the scattering matrixΣ. In this case, the corresponding eigenfunc-
tions are residues of the meromorphic continuation of the functions fj(x,k)

from Theorem 1. In any case, if g is an eigenfunction forλ ∈ σres(H),
then g= (g0,g1, . . . ,gn) where g0 is a linear combination of the functions
x 7→ G0(x,q j ;λ) and gj(x) = c j exp(−

√
−λx) for j ≥ 1.

Theorem 2 shows that there is a deep analogy

(1) between the functionsf j(x,k) from Theorem 1 and the Eisenstein series;

(2) between eigenfunctions from the item (2) of Theorem 2 andthe Maass
cusp forms;

(3) between eigenfunctions from the item (3) of Theorem 2 andthe Maass
forms which are represented by incomplete theta-series.

4 A formula for the Selberg zeta function

We consider here for simplicity only a compact Riemann surfaceX0 of constant
curvatureK = −1 with one attached semi-axisR+ at a pointq, q ∈ X0. The
matricesA, B, andC are simply numbersα, β, γ, respectively; we will assume
α 6= 0. The scattering matrixΣ(k) has in this case only one term, namely, the
reflection amplitudeS(k,q), which depends onq. Using an expression for the



Selberg trace formula from [6], [7], we get the following relation between the
Selberg zeta functionZ(s) for X0 and the reflection amplitudeS(k,q):

Z
′(s)

Z(s)
= (2s−1)

[
2(g−1)ψ(s)+β−

|α|2
√

s(s−1)

4π(g−1)

Z
X

(
Ca(S(

√
s(s−1);q))+ γ

√
s(s−1)

)−1
dq

]
.

Hereψ is the logarithmic derivative of the EulerΓ-function,g is the genus of
X, Ca(S) stands for the Cayley transform ofS.

Conclusion. The statements of Theorems 1 and 2 reinforce theGromov–
Novikov thesis concerning relations between Hyperbolic Geometry on in-
finity and One-Dimensional Geometry. Namely, the spectral theory of the
Laplace–Beltrami operator on a compact manifold with n attached semi-
axes (infinitely thin horns) completely looks like the spectral theory of the
automorphic Laplacian for a Fuchsian group of the first kind with n cusps.
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