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1 a) Prove that vector bundle (E, π,B) of rank k is trivial if and only if it has k sections
s1, . . . , sk such that s1(b), . . . , sk(b) are linearly independent for each b ∈ B.

b) Show that the tangent bundle TS1 over the circle S1 is trivial.

2 Let (TM, τM ,M) be the tangent bundle over an m-dimensional manifold M and denote
by T 2M the subset of elements in ξ ∈ TTM which satisfy τTM(ξ) = d(τM)(ξ). Denote
by τ 2,1M the map τTM |T 2M .

Show that (T 2M, τ 2,1M , TM) is not a vector bundle in any natural way, although the
typical fibre is Rm. Compare T 2M and τ ?MTM.

Is (TTM, τM ◦ τTM ,M) a vector bundle?

3 a) Consider the Möbius strip R2/ ∼ with the relation

(x, y) ∼ (x+ n, (−1)ny) for n ∈ Z.

Let p : R2/ ∼ → R/Z be the projection on the first component. Show that
(R2/ ∼, p, R/Z) is a non-trivial vector bundle.

b) Let E be the total space of the canonical line bundle over RP1. Show that the map

g : R2/ ∼ 3 [(x, λ)] 7→
([(

cosπx
sin πx

)]
, λ

(
cosπx
sin πx

))
∈ E

is a bundle isomorphism between the Möbius strip as a bundle over R/Z and the
canonical line bundle over RP1.
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