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1 Let D ∈ Diffk(M,E1, E2). Show that

D̂(ξ) ∈ L(E1,p, E2,p), p ∈M, ξ ∈ T ?
pM,

defined by

D̂(ξ)[e] := ikD

(
φk

k!
s

)
(p),

is well defined if e ∈ Ep, ξ ∈ T ?
pM, s ∈ C∞

c (M.E) with s(p) = e, φ ∈ C∞
c (M) with

φ(p) = 0, dφ(p) = ξ.

2 Show that for Di ∈ Diffki(M,Ei, Ei+1), i = 1, 2, one has

D̂2(ξ) ◦ D̂1(ξ) = D̂2 ◦D1(ξ).

3 Assume that M is Riemannian and oriented, and that Ei → M is smooth with
hermitian metric hEi , i = 1, 2, and consider D ∈ Diffk(E1, E2). Define for sj ∈
C∞

c (M,Ei), i, j = 1, 2,

(s1, s2)L2(Ei) :=

∫
M

〈s1, s2〉hEi (p) volM(p);

Show that there is D† ∈ Diffk(E2, E1) such that for sj ∈ C∞
c (M,Ej)

(Ds1, s2)L2(E2) = (s1, D
†s2)L2(E1).

Prove that
D̂†(ξ) = D̂(ξ)?.

4 Let M be an orientable Riemannian manifold. For X ∈ τ 1(M), define the divergence
by

divX :=
m∑
i=1

〈∇k
ei
Xei, 〉TM ,

where (ei) is any local orthonormal frame for TM. Show that for any X ∈ τ 1(M), f ∈
C∞(M)

a) divX volM = LX(volM), L the Lie derivative;

b) div(fX) = Xf + f divX;

c) X† = −Xx divX, if X is considered as a first order differential operator on C∞(M);

d)
(
∇E

X

)†
= −∇E

X − divX for any smooth hermitian bundle E → M and any metric
connection ∇E.
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