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|l (Search Heuristic)

© Hamiltonian system of ODEs
| (Discretization)

© Mid-point rule = Sequence of NLPs
|l (quasi-Newton method)

© Linear Algebra of shifted/updated Hessian
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@ Controlled Temperature and Pressure
@ Feed m= (my,my,...,my) > 0, m; = moles of species i.

@ Norm: b(m) = hard sphere volume
< volume v occupied by m.
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Problem description

Mixed Fluid (e.g. Reservior Qil)
Controlled Temperature and Pressure
Feed m= (my,my, ..., my) > 0, m; = moles of species /.
Norm: b(m) = hard sphere volume
< volume v occupied by m.

Molar density d =m/ve D={0<d e R": b(d) < 1}.
Energy density E(d) = %G(m, v) = G(d, 1) (Gibb’s Free
Energy).
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Problem description
Phase splitting in mixed fluids Primal and dual problems
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Problem description

Mixed Fluid (e.g. Reservior Qil)
Controlled Temperature and Pressure
Feed m= (my,my, ..., my) > 0, m; = moles of species /.

Norm: b(m) = hard sphere volume
< volume v occupied by m.

Molar density d =m/ve D={0<d e R": b(d) < 1}.
Energy density E(d) = %G(m, v) = G(d, 1) (Gibb’s Free
Energy).

Assumptions E : D — R U {o0}
IO\/_Ever semicontinuous in D
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Problem description
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Duality principles

Tangent plane criterion

Primal and Dual problems

Primal Problem Withd; e D,v;e Rfori=1,...,p> 1

p P
min ) viE(d) s.t. Y vidi=m.
i= i=

rr S
<> [  DFG Research Center MATHEON
T~ Mathematics for key technologies

A. Griewank Phase stabili



Problem description
Phase splitting in mixed fluids Primal and dual problems

Duality principles

Tangent plane criterion

Primal and Dual problems

Primal Problem Withd; e D,v;e Rfori=1,...,p> 1
p p
min ) viE(d) s.t. Y vidi=m.
i=1 i=1

0
Dual Problem For g € (R")?P

maxg'm s.t. g'd<E(d)vVdeD
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Duality principles

Weak Duality For every feasible point (dj, v;)?_, and g
satisfying g" d < E(d) ¥d € D we have

p p p
Z ViE(d)) > Z vighdi=g" Z vidi=g'm.
i=1 i=1 i=1

rr rl\,
<> | DFG Research Center MaTHEON
T~ Mathematics for key technologies

A. Griewank Phase stability by Global Optimi:



Problem description
Phase splitting in mixed fluids Primal and dual problems

Duality principles
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Duality principles

Weak Duality For every feasible point (dj, v;)?_, and g
satisfying g" d < E(d) ¥d € D we have

p p p
Z ViE(d)) > Z vighdi=g" Z vidi=g'm.
i=1 i=1 =1

Strong Duality Forevery m>03df € Dand v/ >0
Vi=1,...,pas well as g. € R" such that

p
G.(m)=> ViE(df) =g/ mwithp <n.

i=1

where G, is the convex conic hull of E. T[f
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Problem description
Phase splitting in mixed fluids Primal and dual problems

Duality principles
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Tangent plane criterion

For each p solving the optimization problem locally gives us
points d € D and a Lagrange multiplier vector

g. = VE(d")Vi=1,...,p, which satisfy the KKT conditions.
This point is globally stable if and only if

Hd) = E(d)—g/d>0vd e D

and
t(d)=0Vvi=1,....,p.

Here t(d) forms a tangent plane to the energy surface at the
points d. The question is whether or not does the energy
~ surface intersect the tangent plane, so that ¢(d) < 0 at such a
' pointd € D. I s

T2 Mathematics for key technologies

A. Griewank Phase stability by Global Optimization




Problem description
Phase splitting in mixed fluids Primal and dual problems
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Tangent plane criterion

Tangent plane criterion

Instable One Phase Stable One Phase

Energy Surface Energy Surface
Tangent Plane -~ Tangent Plane -

OorRrNWhUION
OoOrRrNWhUION

we need to find the whether the global minimum of t(d) is less than 0, in

which case, this phase split is unstable and we obtain a split into p + 1

Y -phases. t(d) is, essentially, a smooth but non convex objective on :

" compact domain D C R”. itk
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Observations
Hamiltonian trajectory search
Global Optimization Hamiltonian systems

Optimization problem

Global Optimization — Observations

© Mostly “optimization” = local optimization.
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@ Local = global only for “convex” case.
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@ space covering (requires Lipschitz constants).
e curse of dimensionality.

@ Stochastic optimization

e convergence with probability 1.
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Observations
Hamiltonian trajectory search
Global Optimization Hamiltonian systems

Optimization problem

Global Optimization — Observations

© Mostly “optimization” = local optimization.
@ Local = global only for “convex” case.
@ Rigorous global optimization
@ space covering (requires Lipschitz constants).
e curse of dimensionality.
@ Stochastic optimization
e convergence with probability 1.
@ no reliable stoping criteria.
© Averaging seems to be a good idea if the function can be
considered as a sum of an overall convex function and a
bounded purturbation.
P
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Hamiltonian trajectory search
Global Optimization Hamiltonian systems

Optimization problem

Hamiltonian trajectory search

Suppose f(x) Vf(x) known on trajectory x(7), 0 < 7 < £.
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Hamiltonian trajectory search

Suppose f(x) Vf(x) known on trajectory x(7), 0 < 7 < £.
Question Which direction x(t) to move in?

t
Answer x(t) = x(0) + /O —[VAx(r))o(F(x(7)))]dr

s X(1) = ~o(f(x(1) VA(x(1))
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Hamiltonian trajectory search

Suppose f(x) Vf(x) known on trajectory x(7), 0 < 7 < £.
Question Which direction x(t) to move in?

t
Answer x(t) = x(0) + /O —[VAx(r))o(F(x(7)))]dr
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~0 if f>»c
>0 if f=mc
level ( = —0 for phase stability test)

Sensitivity function o(f) { where c is a target
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Observations
Hamiltonian trajectory search
Global Optimization Hamiltonian systems

Optimization problem

Hamiltonian trajectory search

Suppose f(x) Vf(x) known on trajectory x(7), 0 < 7 < £.
Question Which direction x(t) to move in?

t
Answer x(t) = x(0) + /O —[VAx(r))o(F(x(7)))]dr

= X(t) = —a(f(x())VI(x(D)

~0 if f>»c

>0 if f=mc
level ( = —0 for phase stability test)

Local growth assumption X = any local minima then in a small
neighbourhood B, (%) of radius r

- [f(% + ps) — (R)] = pPH(% + 5) — F(X)
@ ﬁﬁﬁg\/\um Research Center MATHEON

T2 Mathematics for key technologies
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Optimization problem

Hamiltonian trajectory search

As a particular choice of o we choose

. 1
o(f) = (7= cyeeri with e =~ b
Resulting ODE X(t) = —V¢(x(t)) with
1 if e>0
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Observations

Hamiltonian trajectory search
Global Optimization Hamiltonian systems

Optimization problem

Hamiltonian trajectory search

As a particular choice of o we choose

| 1
o(f) = (7= cyeeri with e =~ b
Resulting ODE X(t) = —Ve(x(t)) with
1 y .
(x() =4 “2e(f—cpe " ¢~

In(f —c) if e=0
Theorem (Griewank, 1981) xo € B(X), o = X3 (X0 — X)
<0 A c<f(X),ep<1= divergence,

fo >0 A c>f(&),ep>1:>f(x(7))ﬁ’0

DFG Research Center MATHEON
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Observations

Hamiltonian trajectory search
Global Optimization Hamiltonian systems

Optimization problem

Hamiltonian systems

The ODE can be rewritten in following Hamiltonian form
x=v=VyH(x,v), v=—VxH(x, V), where

H(x,v) = SV + 6(x)
= H(X(1), (1) = Ho = 5[]+ 6(x0) ¥ € [0, 00).

1 .

= [Ivoll =
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Optimization problem

Hamiltonian systems

The ODE can be rewritten in following Hamiltonian form
x=v=VyH(x,v), v=—VxH(x, V), where

H(x,v) = SV + 6(x)

= H(X(1), (1) = Ho = 5[]+ 6(x0) ¥ € [0, 00).
1

\/é(f — C)e if Ho =0.

Another invarient of the symplectic flow

;2 (Xo, Vo) — (x(1), v(t)) is the volume |9+(S)| = | S| and
projections onto (x(t), v(t)) planes are constant.

= [Ivoll =

o |/ }
—I 0 4{»‘1}\?’
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Optimization problem

@ The ODE is discretized using the mid-point rule, which is a
symplectic integrator, and the next step at any point is
calculated as an unconstrained and regularized
minimization problem.

@ The Hessian for this minimization problem has the form
By = ail + Bk V2F(xk) + wVF(xk) VT () -

@ «, Bk and v, change drastically from step to step.
@ Solved using a quasi Newton method.

s
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Observations

Hamiltonian trajectory search
Global Optimization Hamiltonian systems

Optimization problem

Linear Algebra Tasks

@ Updating Eigenvalue factorizations
Bk = QX Qf with Qf Qx =1

@ Subject to

e rescalings.
e rank one updates.
e shifts by multiples of identity.

@ Everything with O(n?) effort.
@ Trummer problem solved in principle.
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