Prof. Dr. J. Sprekels Humboldt-Universität zu Berlin Institut für Mathematik

"Partial Differential Equations" (BMS) – SS 10 – Exercises No. 5 to be presented on May 25, 2010

Exercise 12:

Let Ω ⊂ R^n be open and bounded. Show that for u ∈ C^2(Ω) ∩ C(Ω) holds: a) If −Δu < 0 in Ω, then u does not possess a local maximum in Ω. b) If −Δu ≤ 0 in Ω, then max_{x∈Ω} u(x) = max_{x∈∂Ω} u(x).

Exercise 13: Show:

a) The Newton potentials N_a : R^n \ {a} → R given by

N_a(x) =

{_1 2π ln(|x − a|), for n = 2 −1 (n−2)ω_n 1 |x−a|^{n−2} , for n ≠ 2

are harmonic functions in R^n \ {a}.

b) For every fixed y ∈ R^n the function x → P (x, y) is harmonic in R^n \ {y}, where

P (x, y) = 1 ω_n

|y|^2 − |x|^2 |y − x|^n is the Poisson’s integral kernel P : (R^n × R^n) \ {(x, x) | x ∈ R^n} → R. (This is Lemma 3.1.8(i) of the lecture.)

Here ω_n denotes the surface measure of the n-dimensional unit ball.

Exercise 14:

a) Prove the following converse to the mean value property for harmonic functions:

If φ ∈ C^2(Ω) satisfies φ(a) = 1 ω_n ∫ |ξ|=1

φ(a + rξ) dS(ξ)

for each ball B_r(a) ⊂ Ω, then φ is harmonic.

b) Let Ω be a bounded domain, f ∈ C(Ω), g ∈ C(∂Ω) and let u_1, u_2 ∈ C^2(Ω) ∩ C(Ω) be solutions of the Poisson equation Δu = f in Ω. Show:

(i) If u_1(x) ≤ u_2(x) for every x ∈ ∂Ω, then this holds for every x ∈ Ω. (ii) If u_1 and u_2 additionally fulfill the boundary condition u = g on ∂Ω, then u_1 ≡ u_2 on Ω.

(This means there is at most one solution in C^2(Ω) ∩ C(Ω) for the Poisson problem with boundary-value condition and (for f = 0) harmonic solutions are unique for given boundary values.)

c) Let n ≥ 3 and ψ ∈ C^2_0 (R^n). Then any bounded solution of Δu = ψ in R^n has the form u(x) = ∫ R^n

N_y(x)ψ(y) dy + C, x ∈ R^n,

for some constant C.