Prof. Dr. J. Sprekels Humboldt-Universität zu Berlin Institut für Mathematik

"Partial Differential Equations" (BMS) – SS 10 – Exercises No. 8 to be presented on June 16, 2010

Exercise 22:

Let 1 ≤ p ≤ ∞, f ∈ L^1(R^n) and g ∈ L^p(R^n). The convolution f ∗ g is defined by

(f ∗ g)(x) := {∫ R^n f(x − y)g(y) dy , if y → f(x − y)g(y) ∈ L

1(R^n) 0 , else . Show the following properties of f ∗ g:

(i) f ∗ g ∈ L^p(R^n);

(ii) ‖f ∗ g‖_Lp ≤ ‖f‖_L1 ‖g‖_Lp ;

(iii) (f ∗ g)(x) = ∫ R^n f(y)g(x − y) dy for almost every x ∈ R n; (iv) supp(f ∗g) ⊆ supp f +supp g := {x ∈ R^n | ∃ y ∈ supp f, z ∈ supp g with y+z = x}.

Exercise 23:

Let T ∈ D^′(R^n), φ ∈ D(R^n) and (T ∗ φ)(x) := T [τ_xφ]. Then for every i = 1, . . . , n ∂ ∂x_i

(T ∗ φ) = ( ∂ ∂x_i T ) ∗ φ.

Exercise 24:

Let I ⊂ R be an open interval and T ∈ D^′(I) such that T^′ := DT ≡ 0. Prove that T is constant in the sense of distributions, i.e. there exists a constant c ∈ R such that T = cT_1, where 1 : R → R is defined by 1(x) = 1 for every x ∈ R. (Hint: First show that for φ ∈ D(I) with T_1[φ] = 0 holds T [φ] = 0 and then that c = T [ψ] for some ψ ∈ D(I) with T_1[ψ] = 1.)