Prof. Dr. J. Sprekels Humboldt-Universität zu Berlin Institut für Mathematik

"Partial Differential Equations" (BMS) – SS 10 – Exercises No. 10 to be presented on June 29, 2010

Exercise 28:

Let Ω ⊂ R^n be bounded, f, g ∈ W^{1,p}(Ω) (1 ≤ p ≤ ∞). Prove the following:

a) |f| ∈ W^{1,p}(Ω) (where |f|(x) := |f(x)|) and

D|f| =

Df , a.e. on {f > 0} −Df , a.e. on {f < 0} 0 , a.e. on {f = 0} .

In particular it is |D|f|| = |Df| a.e.

(Hint: Consider for ε > 0 the function G_ε : R → R defined by G_ε(z) := √ z^2 + ε^2 −ε.)

b) max{f, g}, min{f, g} ∈ W^{1,p}(Ω) and

D max{f, g} =

Df , a.e. on {f > g} Dg , a.e. on {f < g} Df = Dg , a.e. on {f = g} ;

D min{f, g} =

Dg , a.e. on {f > g} Df , a.e. on {f < g} Df = Dg , a.e. on {f = g} .

Exercise 29:

Let f : R → R be given by f(x) = 1 − |x|. Show:

a) f ∈ W̊^{1,p}(−1, 1) for every p ∈ [1, ∞), f ∈ W^{1,∞}(−1, 1) but f /∈ W̊^{1,∞}(−1, 1).

b) f^{′′} = 0 a.e. on [−1, 1] and f(−1) = f(1) = 0.

c) f is not a weak solution to

u^{′′} = 0 in (−1, 1) and u(−1) = u(1) = 0.