STABLE RELATIVE BESSEL DISTRIBUTIONS ON
GL(n) OVER A QUADRATIC EXTENSION

OMER OFFEN

ABSTRACT. We study regularized periods of Eisenstein series over
unitary groups. They play an important role in the study of uni-
tary periods of cusp forms. A stabilization is used to express the
periods in terms of L-functions. Thanks to recent developments of
Jacquet and Lapid, we obtain certain Bessel identities that gener-
alize identities obtained by Lapid-Rogawski. These identities are
applied in [LOJ.

1. INTRODUCTION

Let G be a connected reductive algebraic group defined over a num-
ber field F' and let # be an involution on G defined over F'. Let

Y ={y € Glyb(y) = e}
where e denotes the identity. The group G acts on the symmetric
space Y by g -y = gyf(g)~'. For every £ € Y = Y(F), let H® be the
stabilizer of £ in G. Let A = Ap be the adele ring of F' and for an
algebraic group Q defined over F let Q4 = Q(A). The Hé-period of a
cusp form ¢ on Gy is defined by the integral

117 (¢) = h)dh
D= [, ey, 2

known to converge by [AGR93]. A cuspidal automorphic representation
7 of Gy is called H¢-distinguished if there is an automorphic form ¢ in
the space of 7 so that IT7 ¢ (¢) # 0. For a general automorphic form the
period integral may not converge. It is possible, however, to regularize
it, as has been carried out in [JLR99] and [LRO3] when 6 is a Galois
involution. The relative trace formula of Jacquet (RTF), is a tool to
study distinguished representations. It is expected that to (G, 6) there
is attached a group G’, so that the automorphic representations of G
that are H-distinguished for some ¢ € Y are precisely those in the
image of a functorial transfer from G’ to G ([JLR93]). We now turn
to the specific setting of this work. We refer to §2 for unexplained
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2 STABLE RELATIVE BESSEL DISTRIBUTIONS

notation and for conventions regarding invariant measures. Let E/F
be a quadratic extension of number fields. Let G’ = GL(n) be regarded
as an algebraic group defined over F' and let G be the restriction of
scalars of G’ from E to F. The associated groups of F-rational points
are then G' = GL(n, F) and G = GL(n, E) respectively. Let 6 be the
Galois involution defined by
9(9) - wntg_lwgla

where z +— 7 is the non-trivial Galois action on E/F and w, is the
permutation matrix in G with unit anti-diagonal. In this case the sta-
bilizers H* are the various unitary groups and the functorial transfer
from G’ to G is quadratic base change. It has recently been estab-
lished by Jacquet, that every representation of G, that is the base
change of a cuspidal representation of G, is distinguished by some
H? ([Jac05]). This is carried out by comparing the RTF for G' with
a Kuznetzov trace formula (KTF) for G’. The cuspidal contribution
to the RTF appears as a sum of relative Bessel distributions attached
to distinguished representations of GG. It matches term by term with
the corresponding sum in the KTF for Bessel distributions attached to
cuspidal representations of G’. Thanks to the fine spectral expansion
of the relative trace formula obtained by Lapid ([Lap06]), the contri-
bution of the continuous spectrum to the RTF can also be expressed as
an integral of relative Bessel distributions defined through regularized
periods of Eisenstein series. The term wise comparison, however, can-
not be carried out directly. It is shown in [LROO0] for the case n = 3,
that the comparison can be carried out using a stable version of the
relative Bessel distributions. Our goal in this work is to generalize to
GL(n) the results of [LR00]. It has been made possible, thanks to the
recent developments of Jacquet [Jac04], [Jac05] and Lapid [Lap06].

If we consider a cuspidal automorphic representation of G, distin-
guished by some H¢ then it is globally the base change of (essentially)
only one cuspidal automorphic representation. Accordingly, the period
integral is factorizable. If now we consider an Eisenstein automorphic
representation then it is the base change of several automorphic rep-
resentations. Accordingly, the regularized period integral is expected
to be a finite sum of factorizable linear forms. The regularized period
I17%(¢) of an automorphic form ¢ of Gy is defined in [LR03]. When
¢ = E(p,)\) is a cuspidal Eisenstein series, II"*(¢) is computed in
[LRO3] in terms of the so called intertwining periods J(n, ¢, A). We
will be interested in Eisenstein series induced from the Borel. Our first
result shows the above expectation holds in this case. We now explain
the result more explicitly.
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Let T (resp. T’) be the maximal torus in G (resp. G’) so that
the group T' (resp. T"), of F-rational points, is the group of diagonal
matrices in G (resp. G') and let B = TU (resp. B’ = T'U’) be the
Borel subgroup of G (resp. G’) containing T (resp. T”) where U (resp.
U’) consists of the upper triangular unipotent matrices. Let x be a
character of T\T}, let A be in the complex vector space apc >~ C"
where the roots of G with respect to T live, and let ¢ : G, — C be a
smooth function such that

(1) o(bg) = 53x(D)o(g), b € Ba, g € Ga.

The Eisenstein series

E(g,0,0) = Y lyg)eMH
veB\G

converges absolutely for Re A sufficiently positive and admits a mero-
morphic continuation to C". According to a result of Springer [Spr85],
every B-orbit in Y has a representative x € Y that lies in the normal-
izer Ng(T') of T. Let [z] denote the class of such an = in the Weyl
group W of G. We obtain a natural map

t:B\Y - W

sending B -z to [z]. Fix £ € Y and let n € G be such that n-§ =z €
N¢(T). For such n let

(N, & -1
H, =H>nn"Bn.
The intertwining period attached to n is the integral

JE(n, 0, \) = / e M) o (nh) dh.
(H5)a\Hj

The result of [LRO3] applied to this case gives us that the integral

defining J¢(n, ¢, \) is convergent for suitable x and A and that

(2) 7 (E(p, \) = > vol(HE\(HE)A)J (1, 0. \).

v(n)=wn

Denote by w = wg/p the idele class character attached to E/F by class
field theory. Let Nm : T — T be induced from the norm map from
E to F. Let x be a unitary character on T\T) which is a base change
with respect to Nm of a unitary character on T"\T;. Denote by B(x)
the set of 2" characters v on T"\T} such that y = v o Nm. The stable
intertwining period J*¢(v, ¢, \) is defined in §4 as the product over
all places of F of its local analogue J*%%* (v, ©,, \) defined in §3. The

period J*¢(v, ¢, \) is invariant under fof where Ay is the ring of finite
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adeles of F'. We can now state our first result. It is the generalization
of Theorem 1 in [LROO].

Theorem 1.

7 (E(p, ) = 27" vol (HX"\(H"")4) Y T (v, M).
veB(x)

In particular, this expresses the left hand side as a sum of factorizable
linear functionals.

Proposition 3 and (13) show that the local factors of the summands
at the unramified places are given as ratios of L-functions. The local
unramified computation was carried out by Y. Hironaka in [Hir99]. We
interpret her computation to suit our setting and hence we obtain a
description of II"*(E(p,\)) in terms of L-functions. Let ¢ = ®q,
be a factorizable section that satisfies (1). Let S be a finite set of
places containing the archimedean places and the places where E/F is
ramified, so that for v € S, &, € K, X, is an unramified character of
T, and ¢, is K,-invariant and normalized such that ¢,(e) = 1.

Corollary 1.

_ vol(HYPm\(HY™)4) vol((H*)® N K¥)
B 2n vol((Hwn)S N KS)
LS(VZ‘V]-_ICU, )\z — /\])

Z (H JSt,ﬁv(VmQOm )\>> H LS(ViV-_l, >\z _ )\j + 1)

veB(x) \veS 1<i<j<n J

(3) " (E(p, )

X

where L stands for the associated partial L-function.

When n = 2 the formula (3) was obtained in some special cases in
([EGMS87], (8.13)) (see [LO] for the interpretation of an anisotropic
unitary period as a finite weighted sum of point evaluations over the
genus of the hermitian form). The formula of Grunewald-Mennicke-
Elstrodt for the special case determines all local terms explicitly and
is applied to obtain new proofs of old identities and new identities
for representations of numbers by binary hermitian and by ternary
quadratic forms. We hope that (3) can be applied in a similar way for
the higher rank arithmetic problems.

We now describe the identities of Bessel distributions. In general,
if (m,V') is a unitary, admissible representation of G, and Ly, Lo are
continuous linear functionals on V', we may define a distribution on
the space of compactly supported K-finite functions f on G, by the
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formula

Bry,1,(f) = ZLl(W(f)@LQ(@
{6}
where {¢} is an orthonormal basis of V' consisting of K-finite vectors.
The sum is then finite and By, 1,(f) is independent of the choice of
basis. The distribution Bz, 1,, can then be extended to compactly
supported smooth functions on G, (cf. [JLR04, §4.1]). The distribu-
tions occurring in the KTF and in the RTF are all of this type. They
are referred to as Bessel distributions and relative Bessel distributions,
respectively. We will consider factorizable functions ® = ®,®, (resp.
= ®,f!) on Yy (resp. G)) smooth and of compact support so that
®, is the characteristic function of K, -w,, (resp. f! is the characteristic
function of K!) for almost all v. The Bessel identities that we wish to
formulate are for matching functions ® and f’. The concept of local
matching depends on a transfer factor. At this stage we can only say
that the transfer factor is one of two possibilities. Locally, if ¢ is an
additive character of F' and 6 € {0, 1}, we say that the functions ¢ and

f' 6-match for ¢ and write oL fhif
/ f’(ulwnaw)d}w(u1u2)dU/u1 dU/UQ =
U'xu’

v, (a uw (e w vlu)dyu
) [ @6 @ )iu)a

for all @ € T'. Here w is the quadratic character of I attached to E/F
by class field theory and

(4) vy = (w,w? ..., w").

Globally, there is an analogue notion of d-matching and decomposable
functions ® and f’ have d-matching orbital integrals for an additive
character ¢ = ®,1, of F\A whenever ®, and f, J-match for v, at
every place v of F'. We often suppress 1 from the notation. From the
definition it follows that both in the local case and in the global case
we have

(5) &< ' if and only if & <5 £/
where f/(g) = w(detg)f'(g). Jacquet established the trace formula
identity
RTF(®) = KTF(f),
whenever ® < f’. As already mentioned, the cuspidal contribution to

the identity of trace formulas can be compared term wise. Our goal is
to formulate and prove an analogue for the distributions coming from
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the most continuous part of the spectrum. Let y be a unitary character
of T\T) and let

I(x,\) = Indgi (Xe<’\’H(')>)
be the associated representation on G, induced from the Borel. Fix
a set of representatives {{} in Y for the set of G-orbits in Y. For

a function ®, we associate a family of smooth functions of compact
support {f¢} on G, so that

o) = [ g

The relative Bessel distribution is defined in terms of the regularized
periods as follows

B(®,x, ) =Y > T(EI(fS, x, N, ) W(p, —A)
£ v

where ¢ runs through an orthonormal basis of I(x, A). For v € B(x),
the Bessel distribution is defined by

B/(f/7 v, >‘) = Z W/<[/<f/7 v, )‘)(10/7 )‘>W/<()0/7 _)‘)

The Whittaker functionals W(p, A) and W (p, A) are defined in §2. We

denote by W(yp, \) and W/(<p, A) their complex conjugates respectively.
Since there is more then one representation whose base change is I(, A)
some stabilization of the relative Bessel distributions is required in
order to obtain a comparison. For v € B(x) we define

B @, v ) =Y { /Y A B(y) I (v, o, A)dy] Wig, — ).

©
It is shown in §6 that

B(®,x,A) = 27" vol(HX™\(H!")s) Y B (®,v,)).

veB(x)
The next result generalizes to GL(n) Theorem 2 in [LR00]. Further-
more, we do not make any assumptions on the archimedean places.
Theorem 2. There exists § = d(n) € {0,1}, depending only on n,
such that whenever x is a unitary character on T\Ty, v € B(x) and
$,6

D < f" we have,

2" vol(B\B})
vol(B\B', ) vol(Hyw\(Hy")4))

BH(®, v, \) = B'(f,v,\).
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Next we state the local analogue of this theorem. The distributions
in Theorem 2 are factorizable. Their local counterparts are defined in
85. Locally, for a character u of F'* we introduce the Tate ~-factor

L(p, s)
Y, 8,9) = :
059 = s D)L 1= 5)
For a character v = (v1,...,v,) on T" and A € C" set,
(6) (v, \,¢) = H Y(vvy tw, i = A, ).
1<i<j<n

For an additive character ¢ of F, let d% be the self dual Haar measure
on F' with respect to . If ¢’ is another character of F' we denote by
(d% : d%) the positive number for which d¥ = (d% : d%)d%. We set
e(v)) = (dlﬁ : dﬁo) where 1)y is a character of conductor O in the p-adic
case and y(z) = e*™F/=(z) in the archimedean case. If ¢ = (a-)
for some a € F* is another character then, e(y) = |a|ze(s). For
a quadratic extension E/F of local fields, we define in §2.3 a certain
quantity [dp : dp X dywn] which depends proportionally on the Haar
measure on B and inverse proportionally on the Haar measures on B’
and on H*".

Theorem 3. For a quadratic extension E/F of local fields of charac-
teristic zero, there exists a root of unity kg/p = kp/r(v), depending
only on n, on Y and on the extensz'on E/F, so that for any unitary

character v of T'and any o f’ we have
B, v, \) = k() e(@)” "™V dp : dp xdggon |y (v, A, ) B (f, v, A).
If ¥ = (a-) for some a € F* is another character then, kg p(y)') =

w(a)™V g p(1). Moreover, if E/F is unramified and of odd residual
characteristic and if 1) has conductor Op then kg p() = 1.

The element §(n) € {0,1} is determined in Theorem 2. In the un-
ramified places, we determine kg, p by taking ® to be the characteristic
function of Y N K and f’ to be the unit element of the Hecke algebra
Her. We then directly compare both sides of the equation. As already
mentioned, for this we use Hironaka’s computation. The identity we
obtain is also valid in the case of even residual characteristic, but in
this case we do not know the fundamental lemma, and therefore can-
not determine xkg/r. We do not attempt to determine xkg,/p in general.
We remark however that in a global situation, as in [LR00], we have
IL, kE./p, = 1.

Theorem 3 is our main motivation for this work. In an upcoming
joint work with E. Lapid we apply the local Bessel identities in order to
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obtain a new expression for the compact unitary period of certain cusp
forms in terms of special values of L-functions ([LO]). This in turn,
has an application towards a recent conjecture of P. Sarnak about the
L>-norms of automorphic forms ([Sar04]).

Although not necessary for the application we have in mind, it would
be interesting to determine d(n). In [Off] we conjecture a generaliza-
tion of the fundamental lemma of Jacquet that would, in particular,
determine 6(n). We prove the conjecture for the case n = 2 and obtain

5(2) = 1.

1.1. acknowledgement. During the preparation of this work, my re-
search at the Weizmann Institute of Science is being supported by an
Edith and Edward F. Anixter Postdoctoral Fellowship. This project
was suggested to me by E. Lapid. I would like to thank him for many
fruitful conversations and constant encouragement.

2. NOTATION AND PRELIMINARIES

Throughout, E/F denotes a quadratic extension of number fields or
local fields of characteristic zero. In the global setting we set E, =
F,®p E for every place v of F'. Thus E,/F, is a quadratic extension of
local fields whenever v is inert and F, ~ F, ® F, whenever v is split. In
the local setting we therefore also consider the split case £ = F & F.
Denote by Nm(z) = zZ the norm map from E* to F* and by w
the quadratic character attached to E/F by class field theory. In the
global setting it is an idele class character and in the local setting it
is a character on F*. If E = I'® F then w is trivial and Nm is the
map (z,7y) — xy. Fix an algebraic closure F of F. We will use bold
letters such as X to denote an algebraic set defined over F', which we
identify with the set X(F). We will use plain letters such as X to
denote the set of F-rational points of an algebraic set, i.e. X = X(F).
If F' is global we also denote X, = X(F,) for every place v of F' and
Xa = X(A) where A is the adele ring of F. We keep the notation
introduced in §1. In particular G’ = GL(n), G = Resp/p(G’) and
Y = {y € G|yf(y) = e} are all defined over F. Note that Yw, is the
space of Hermitian matrices in G and for each ¢ € Y, H¢ is the unitary
group with respect to F/F and the Hermitian form (§w,)™'. We shall
fix some further notation and conventions for G similar notation and
conventions will apply for G’ with a prime appended. In the global
setting, the standard maximal compact of G is denoted by K. In the
local setting, the standard maximal compact of G is denoted by K.
Globally, we have K = [], K., the product being over all places v of
F. We denote by W the Weyl group of G. Let af = X*(T) ®z R,
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where X*(7T') is the lattice of rational characters of 7" and denote the
dual space by ay. We identify aj and its dual space with R". The
W-invariant pairing (-,-) : af X ap — R is then the standard inner
product on R™. The height map H : G, — ag is characterized by the
condition e/ ®HWh) — |o(t)| for all @ € X*(T), u € Uy, t € Ty and
k € K. For an algebraic group Q defined over F, we denote by dg
the modulus function of ), in the global setting and of () in the local
setting. Denote by p € af half the sum of the positive roots in X*(7')

with respect to B, thus
5y = 2PHO).

Let x be a unitary character of Ty. For all A € aj we identify the
spaces of the induced representations I(x) = I(x,A) with the pre-
Hilbert space of smooth functions ¢ : G4 — C such that

1
p(utg) = op(t)x(t)e(9)
for u € Uy, t € Ty and g € Gx. The scalar product on I(y) is given by

(o1, 2) = /B ez

The representation I(y, \) is defined by

(g, x: Nplg) = eMTD=HTN o (gfg).
It is unitary if A\ € ia}. Let w € W and let “x(¢) = x(wtw™!). The
(un-normalized) intertwining operator
M(w, \) : I(x, ) — I("x, w\)
is defined by

(M (w, Np)(g) = e~ WAHE / MWD o (wug) du.
(UAﬁwflUAw)\UA

It is absolutely convergent in a suitable cone and admits a meromor-
phic continuation in A. We will use similar notation for induced rep-
resentations and intertwining operators in the local setting. In the
non-archimedean setting, let Hg be the Hecke algebra of compactly
supported, bi-K-invariant functions on G. When y is unramified, let
f(x, ) denote the spherical Fourier transform of f € H evaluated at
I(x, ). Denote by bc the base change homomorphism

be: Hg — Her.

It satisfies f(x,\) = f'(v, \) whenever f' = be(f) and x = voNm. We
fix a non-trivial character ¢ of A/F. For u € Uy we set

Yy(u) =1 (TrE/F(Ul,Z) + -+ TFE/F(Un—l,n)) .
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For p € I(x, ) we let E(p, A) be the Eisenstein series on G, induced
from . The v-th Fourier coefficient WY = W of E(¢p, \) is defined by

W) = /U  El o VT

We define similarly the character ¢y of U, by

Yur(u') = (u’12 +eet u/n—l,n) .

For a character v of T} and ¢' € I'(v, A), the ¥-th Fourier coefficient
W' (¢, A) of the Eisenstein series F(v, ) on G is defined in a similar
way with respect to ¥y.

2.1. Orbits in Y. Denote by G\Y the set of G-orbits in Y. Given a
set of representatives {¢} in Y for G\Y the map g — ¢! - £ defines a
bijection
(7) | |HO\G — Y.

{&}

Next, we consider B-orbits in Y. According to a result of T. Springer
[Spr85], every B-orbit in Y intersects the normalizer Ng (7). In fact
the map O — O N Ng(T) is a bijection between B-orbits in Y and
T-orbits in Y N Ng(T'). We define a map

L:B\Y - W

by O — T(O N Ng(T)). We wish to analyze the B-orbits in ¢ *(w,).
It is observed in [LROO0] that for ¢t € T" we have tw, € Y if and only if
t € T', and that the T-orbit of tw, is Nm(7T)tw,. Set

A=T'"/Nm(T).
As in [LRO0] we have,

Lemma 1. There is a bijection
1 Hw,) = A
defined by O «— (O NT'w,)w,".

We then have a decomposition
A= || 4
ceG\Y
where
Ac={a€ A:aw, CC}.
Set
X = F*/Nm(E™).
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Thus, A ~ X™. In the global setting X, is then F*/Nm(E)). Let
XA = @’L}X’U

and define A, similarly. The group X imbeds diagonally in X,. By
class field theory, [X, : X| = 2 and therefore [A, : A] = 2". Let

dIAA—>XA

be the map defined by the determinant. We also denote by Gx\Yy
the set of Gu-orbits in Y,. It is identified with elements C = (C,),
where for each place v of F', C, is a G,-orbit in Y,, and for almost all v,
C, = G, - w,. By abuse of notation we will also denote by d the map

d:Gy\Yy — Xy
defined by d(C) = det(Cwy,,). For C € G,\Y, we denote
Acn ={a € Ay : Vo, a,w, CC,}.
We have d(a) = d(C) for all @ € A¢ 4. There is a natural map
i:G\Y — Gy\Ya

sending a G-orbit to the Gx-orbit that contains it. The local to global
principle for Hermitian forms says that this map is injective. We thus
have the following commuting diagram

A — AA
[
G\Y < Gu\Yau
| !

X — XA

where in both sides the upper vertical map sends a to the orbit of aw,
and the other vertical map is d. An orbit C € Gu\Ya lies in i(G\Y)
if and only if d(C) € X. Another way to describe the local to global
principle is to say that for C € G\Y and for £ € Y we have

(8) che(€) = [ ] che. (&)

v

where chr denotes the characteristic function of a set I'.

2.2. Fourier inversion and stabilization. We recall here some Fourier

analysis on A, from [LRO00]. If ¢ is an absolutely summable function
on Ay, we define its Fourier transform

i(®) =Y rla)g(a)

a€EA,
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for any character x of Ay. We have the following inversion formula
2" gla) = g(k).
CLGAA HEAA

If in addition g is of the form
g(a) =[] go(a)

where g, is a function on A, for all v and the infinite product absolutely
converges then by Lemma 2 of [LR00] we have

g() = [T gu(0)
where k, is the restriction of x to A, and

Go(Ko) = Z Ko@) go(ay).

Ay GA’U

2.3. Measures. Since we want to emphasize the dependence of the
Bessel distributions on the various invariant measures, we do not, at
this stage, make explicit choices of measures.

We denote by dg a right Haar measure on a locally compact group
Q. If R is a closed subgroup of @), we denote by dg\¢ the equivariant
measure on R\(Q) determined by dr and dg. To be precise, it is the
functional on the space — smooth functions f on @) of compact support
modulo R, such that f(rq) = 5R5él(r)f(q) forallr € Rand q € Q —
such that

[ o@iaa= [ [ ori)sodi (r)dur dnoi
Q R\Q JR
for every smooth function of compact support ¢ on ). When this
relation holds we denote symbolically
dQ =d R X d R\Q-

If ¢ : Q1 — Q2 is an isomorphism of locally compact groups, and if R;
is a closed subgroup of @;, i = 1,2 such that Ry = ¢(R;), then ¢ and
dpr,\@, determine an equivariant measure d(ﬁh\Ql on R1\@Q;. We denote

by (Z;iz; Jo = (dr\Q: : dry\Q,)e the positive number such that
drpar = (drnas : dre)ody, o,
Clearly

. -1 _ .
(de\Ql . dRz\Q2)¢ = (dRZ\QQ : de\Q1)¢_l'
When clear from the context, we will often supress the index ¢ from
our notation.
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The Haar measures will be bound by the following constrains. Dis-
crete groups will be endowed with the counting measure. If Q is an
algebraic group defined over a global field F', we fix a decomposition
dg,q = ®.dg,q,- The groups HE are all inner forms of one another.
We assume that the Haar measures

dys = @udys, E€Y

are chosen compatibly in the following sense. If Q and Q' are two
reductive algebraic groups defined over a local field F' which are inner
forms of one another, it is explained in §15 of [JL70] how a Haar mea-
sure dgq on () determines a Haar measure dg/¢’ on @)’ by pulling back
the associated invariant differential form via an inner twist. Globally,
we assume that for &, ¢ € Y the measures ng and ng are such that
for every place v of I’ the measure d e is the pull back of ng in the
above sense.

Fix a set of representatives {£} for G4 \Y. For a representative &,
we let Hg = [T, HS* be the restricted product with respect to HS* N
K, for almost all v. The measure ng = ®UdH§v is a Haar measure

on Hg. The Gy-invariant measure dy, on Y, is determined by the
isomorphism g +— ¢! - ¢ from the disjoint union over {£} of Hg\GA to
Y, and by the invariant measures d HEG, By our choice of compatible
measures on the unitary groups, the measure dy, is independent of a
choice of representatives for the Gx-orbits and decomposes as dy, (y) =
®,dy, (y,) where dy, is the G-invariant measure on Y,, determined by
the isomorphism (7) and the measures d e, .
Let £ €Y, a € A and n € G be such that n - £ € aw,. Denote

H! =H* N7y 'B.

It is observed in [LROO] that the groups nHSn_l are independent of &, a
and 7 as above and consist of the elements diag(ay,...,a,), a; € F;
where

={r € E* :Nm(z) = 1}.
We fix a decomposable Haar measure on (E), and let d( HS), = Rpd HS

be the Haar measure on Hf] determined by the isomorphism Hg ~
(£1)".

Next we define the local proportionality constant that appears in
Theorem 3. Fix measures on T and on U so that dg = dydr and
similarly let dg: = dyrdp. We set

[dB : dB’ X dH;fm} = [dT . dT’ X Hw"”dU dU’]
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where the terms on the right are defined as follows. There is an exact
sequence

1— Ho — 77

and a positive number [dr : dp» x H*"| such that

/ f(t) th = [dT : dT/ X H;U"]/ F(QT) dT/aT
T Nm(T)

where F(Nmt) = f(yt) dyeny.
H™

If F is non-archimedean we set U) = U' N K'. If F is real we let U] be
the set of all uw = (x;) € U’ such that for all j < k we have z;; € [0, 1]
and if F' is complex we let U] be the set of all u = (2;) € U’ such that
for all j < k we have zj; = ;) +iy;x with z;; € [0, 1] and y;, € [0,1].
Let Uy be the analogue subgroup of U. We set

dy (Up)

[dU : dU/] = m

3. LOCAL PERIODS AND STABILIZATION

Fix a unitary character y of 7" which is a base change from a character
of T". Denote by B(x) the set of characters v of 7" that base change
to x, i.e. that satisfy v o Nm = . For v = (v4,...,1,) € B(x) let

] ={v,wr}
where wv = (wvy,...,wry,). Let C € G\Y and let £ € C. Let a €
Ac, t € a and n € G be such that
n-& = twy,.
It is shown in [LRO3] that the integral
T (0,0, ) = / e H o (nh) d e, e
Hi\HE o

where ¢ € I(x, ), converges for Re A sufficiently positive. The char-
acter v, was defined in (4). Note that v — v, v permutes B(x). For
v € B(x) and a € A let

Aﬁ,n( A) = (wa)@)e%(Aer,H(t))
and define the normalized period integral by
9) T(a, 0, 0) = A5, (N T (0,9, 0).

The normalized period is independent of our choices of ¢ € a and
n as above. We may keep track of the dependence on ¢ as follows. If
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£ = g-¢ € C, we may choose 0 =ng', then nf-& = tw,, H¢ = gH¢ g™
and Hs, = gHSg™". We then see that

(10) T (a, I(g,x, N, A) = JS(a, 0, \).

We will come back to the dependence on a choice of a representative
¢ € C later, when we define the stabilization of the relative Bessel
distributions. When a ¢ Ae we set JS(a, 0, \) = 0. We define the
stable local period integral

T (0, N) = ) TS a0, N).

acA
Note that

(11) T (wr, 0, N) = w(det(Ewy ) J5E (v, o, A).

In [LROO], the meromorphic continuation of the stable period is
proved in the non-archemidean case for the case n = 3 using the prin-
ciple of Bernstein. The proof carries over verbatim for any n. Let
E/F be a quadratic extension of p-adic fields and let ¢ = g be the
cardinality of the residual field of F'.

Proposition 1. The stable period J*4¢(v, o, \) admits a meromorphic
continuation to a rational function in ¢*.

In 84 we explain how the meromorphic continuation follows also for
the archimedean case (cf. Remark 1).

3.1. The split period. If £ = FF® F then G = G’ x G'. We have
0(g1,92) = (9(g2),9(g1)), where ¥(g) = w,tg  w;t, g € G'. In this
case

Y ={(9.9(9) "lg € G}
is a unique G-orbit, and the B-orbits in Y are in bijection with the
Weyl group W via the Bruhat decomposition of G'. The stabilization
is then trivial. For any & = (go,9(go)™") € Y we have

H* ={(g9,9,-1(9))lg € G'}

where 9, (g) = 9(g'g9"™"). We take n = (1,w,9¥(go)) € G. Thus,
n-& = (wp,,w,) and

Hy = {(t,0,1(t))[t € T'}.

Up to a ratio of certain measures, the local period can be expressed
in terms of an intertwining operator. Note that the isomorphism g —
(g,t¢g7") from G’ to H*" maps T' to H*". Let y be a character of
T = T x T, which is base change from 7’. Thus it has the form

x = (v,v) and B(x) = {v}.
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Proposition 2. For ¢ = 1 @ o € I(x) = I'(v) ® I'(v) we have
JSt’g(V7 1 Q Pa, /\) = (ng’n\Hwn . dT’\G”)(dB’ : dU’ dT’) X

[ AT 0 N 0 02) D)
BN\G'
Proof. With our convention on compatible measures we have,

(dT’\G’ : st’”\Hwn )JSt,g(Va P1 & P2, >‘) =

(MH(9)+H (wnP(go)d_—1(9)) . . )
/ e it () s (0D 900y (§))dnri =
T/ G/

/ \ MA@ o (§) (1 (go, v, N)2) (wa(§))drner§ =
T\G
(dB/ : dU/ dT/)X

/ L) / ePH ) (11 (g0 1 N)oo) (wn D (w)D(§)) gy dipn g
Bl ! !

The proposition follows, by making the change of variables u — ¥(u).
U

If x is unramified, £ € K and ¢y = ¢, @ ¢y € I(x,A) is the K-
invariant section so that pg(e) = 1, then
L(Viyfl, )\2 — )\J)

12 M (wp, Nl = don (U .
( ) (w )SOO U( O)H L(Viyfl,)\i _ )\] _|_ 1)

1<j

Since w is trivial in the split case we get that

(13) T (v, g, N) = ’UH L[(/(

-1
Viyj w, )\z — >\])

Vil/j_l, )\Z — /\j + ].)

where v = (dywn\gun : drng)(dp : dyr dp)dy (Ug)(@h, ¢p). In the
p-adic case it is easy to see that

_ dgen (" N K))

N dpn (H¥n N K)

The constant v can also be expressed as a ratio of measures in the
archimedean case.

v

3.2. The unramified inert period. In this subsection F/F is a qua-
dratic extension of p-adic fields. Assume that x is an unramified charac-
ter and let ¢ be the K-invariant element in I(x, A) such that ¢g(e) = 1.
Our goal in this subsection is the following.
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Proposition 3. If E/F is unramified and £ € Y N K then,

T (v, 00, \) = dpgen (H" N K)) 11 L(vv;'w, N — X))
o g (Hm) i Lvivy N — X+ 1)

The rest of this section is devoted to the proof of Proposition 3. It is
enough to prove the proposition when y is trivial and we assume that
x = 17 is the trivial character of T throughout the section. The period
integrals J*¢(v, 0o, \) are interpreted in terms of Hironaka’s spheri-
cal functions on Hermitian symmetric spaces introduced in [Hir88]. In
the unramified case, Hironaka provides in [Hir99] explicit formulas for
the spherical functions, which we use to obtain Proposition 3. The
asymptotic formula obtained in §3.2.2 as well as our interpretation of
the periods in Lemma 5 are provided for a general quadratic exten-
sion of p-adic fields. The partial results in this subsection are therefore
formulated for a general quadratic extension unless otherwise is speci-
fied. In order to interpret the period integrals as Hironaka’s spherical
functions, a certain compatibility condition, of measures induced from
a homogenous space, is required. We start with clarifying this issue.

3.2.1. Compatibility of measures. Let B = TU = UT be the group of
lower triangular matrices in G, with unipotent radical U, and let B
be the associated Borel subgroup of G defined over F. For £ € Y let
C¢ = G - ¢ and let Q¢ = B x HE. There is a right action of Q¢ on G
given by ¢®" = b"lgh, b € B,h € H¢, g € G. Let d; : Y — G, be
the algebraic map, so that d;(z) is the upper left i x i« minor of xw,, if
r €Y and let

X={g€G|d(g-&) #0,i=1,...,n}.

Then X¢ is an open and dense set in G in the Zarisky topology. It
is also a Qf-homogenous space. Recall that Ace = {a € Aldeta €
det(éw,) Nm(E*)}. The Q%-orbits in X¢ are parameterized by Apge.
To a € Ape we associate the orbit

XE={ne X3 e’ (n) € €aw,}.

Then X°¢ is the disjoint union of the Q%-orbits X&, a € Age. We remark
that whenever n € GG is such that n-¢ € aw,, we have Hg = Hé¢Ny 'Bn.

Let Q and Q' be algebraic groups defined over F. Let X' be a
Q’-homogenous space and X any Q-space, both defined over F. Let
v : Q — Q be an isomorphism and let ¢ : X’ — X be an open
imbedding such that ¢(z7) = ¢(2)?@ (both maps are algebraic but we
do not assume that they are defined over F'). A Q-invariant measure
dxx on X is determined uniquely by a top degree invariant differential
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form on X, which can be pulled back via ¢ to a top degree invariant
differential form on X’. Since such a form is unique up to a scalar, it
can be shown that (even if not defined over F') it determines uniquely
a (Q-invariant measure dy-x’ on X'. If in addition we assume that
»(X’) C X then for an integrable function f on X’ we have

[ @it = [ 67 @)

The argument is similar to that given in §15 of [JL70] for the special
case where Q = X and Q' = X’ are inner forms, and we omit it here.
We will denote dxa’ by ¢*(dxx) and refer to it as the pull back of dyx
via ¢.

Let dyex be the restriction of the Haar measure dg on G to X°¢.
It is a Q%-invariant measure, which is also the pull back of dg via
the imbedding of X¢ into G. We take the right Haar measure dg
on B normalized so that dg(B N K) =1 and let dyeq = dgdye be the
associated right Haar measure on Q°. We also denote by db = dz(b™")
the left Haar measure on B determined by dz. For n € X¢, its stabilizer
in Q¢ is

Q;, = {(nhn~", h)|h € HE}.
For n € X¢ such that n- ¢ € T'w, the map h — (nhn~',h) is an
isomorphism from Hf to Q% and we take the Haar measure dge on
Q5 so that (ng : dQ%)
invariant measures on Qg\@g. The first — dQ% \Qf is the measure that
satisfies

= 1. We construct, in two different ways, Q¢-

ng = dQ% X dQ%\Q5‘

The second — ng\Qf — is the pull back of dy¢ via the isomorphism
7

o5(q) =1’
from Q%\Q£ to X¢. To be more precise, we identify Q%\Q5 with the Q*-

orbit of the identity in Q5\Q* and take the restriction of (¢%)*(dxex)
to this orbit.

Lemma 2. There is a constant ¢ € RY so that for all £ € Y and
n € X¢ such that n - ¢ = tw, for somet € T' we have

~ _1

Proof. We denote by |-| the canonical extension of the standard abso-
lute value on F'* to a multiplicative map from " to RX. There exists
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an algebraic map Age from Q¢ to F™ such that do¢(q) = |Aqe(q)| for
g € Q°. Thus, dge extends to a homomorphism from Q¢ to R.

Up to a scalar, there is a unique Q*-invariant measure on Q3 \@Q*. Fix
&, mand t as in the statement of the lemma and let ¢ be the constant
such that

~ 1

das\qe = 05” (D)dgg\ge-

Let &, t' and 1’ be another such triple. Let ¢ € G be such that
g - & = €& Note then that X&' = X¢¢' and H¢ = ¢H¢ ¢~!. By abuse
of notation we also denote by ad(g') the map (b, h) — (b, g'hg'™") from
Q¢ to Qf. Let ¢/ = (V') € Qf be such that ' = (ng')? = b 'ng'h.
Note that t'w,, = b/~! - tw,, and therefore that

1
(14) Oqe (d') = o2(tt"™1).
We have the following commutative diagram

5/
Ous, X¢
!

&
Q\Q o Xe

/ / lq/ ! !
QN\QY & Qﬁg/l\Qf

where the left vertical map is ad(g’), the right is x +— ¢’ and [, is left
multiplication by ¢’. Note also that qbf;, = qﬁf]/g, o ly. We then have

de]//\Qg, = Iy ad(g')"d

Q5\QE — ad(q')" ad(g’)*d

Q5\Q¢

where the second equality comes from the Q¢'-invariance. Recall that
the measures on the compact groups Qg, and Q% are defined via their
isomorphism with E7 and note that ad(g’) o ad(¢q’) defines an isomor-
phism from Qf], to Q5. We therefore also have

dQS’ = ad(q')* ad(g’)*dQ%

and therefore,

JQS/\Qg, X de]r/ = ad(¢")* ad(g’)*(aNZQ%\Qg X dQ%) =

co5*(t) ad(q')" ad(g')"dge-
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But by our conventions on measures ad(g’)*dgs = dge. This implies
that

~ _1

[un

1 _1
65§2 <t>6Q§/ (q,)dQE’ = 05§2 (t)5Q£’ (q/)(in//\Qs' X d@i’/)
Taking (14) into consideration the lemma follows. O

For every a € Age we choose representatives 7 € X¢ and ¢ € a such
that n - & = tw,.

Lemma 3. There is a constant ¢ € R} such that for £ € Y and an
integrable function f on X¢ we have,

15 f )dyex = ¢ 07 / /fbnh dbd, e eh.
(15) e 30 [l O
Proof. We have

/f dxgx—Z/f ng:c—Z/

Qg\qu
a€A e a€Age Q5\Q¢

From Lemma 2 it follows that

FM) e oed = ¢ 522 (1) / i), oed
/Qﬁ,\Qﬁ Q5 \Q¢ B 05\ Q7 \Q¢

for some constant ¢ independent of £, n and ¢t. We now integrate over
Q5\Q* in stages, first over

Q%\(E X Hs) ~ B
and then over
(B x HO\QS = HE\HE.

With these isomorphisms, transforming the measure dz from B to
Q5\(B x Hf) and the measure st\Hg from H{\H® to (B x HS)\Q¥,
the integration in stages gives precisely the measure dQ% \ng' on Q%\Qﬁ
We therefore obtain,

f(n)d e q:/ /fblnhdbdg h.
/Q oS = [ [ g g

Making the change of variables b +— b~! and summing over Ac, the
lemma, follows. 0
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3.2.2. Asymptotic of the period. For a variable A € afj, by lim,_,,, we
will mean the limit as \; — \;;; — oo foralli =1,....,n — 1. Let §;
denote the delta function of the trivial class in A.

Lemma 4. Let £ € K - w, then for alla € A and v € B(17) we have
den (Hw"> . =~
— lim J; A
den (Hwn N K) )\LIEO ,/(CL, ©0, )

equals 61(a) if E/F is unramified and equals (vv,) *(a) chag., (@) if
E/F is ramified.

Proof. For X positive enough, the integrand in the period Jf (a, v, A)
is bounded uniformly by an integrable function. Indeed the more dom-
inant A is, the smaller the integrand is and convergence for a fixed g
follows from the global convergence proved in [LR03]. We may there-
fore apply Lebesgue’s dominant convergence theorem and compute the
limit inside the integral. Since g is K-invariant, it follows from (10)
that it is enough to prove the lemma when £ = w,,. Let a € Acwn, t € a
and 1 € G be such that
N - Wy = LWy,
We have
T (a, o, \) = Vyw(a—l)e—%u—&-p,H(t)) / €<>\+p,H(nh)>den\Hwnh'
H,}]Un\Hwn K
Let x € G be any element such that x-w, = tw,. Decompose © = auk,
using the Iwasawa decomposition G = TU K. Note that zw,, = tw,0(z)
and therefore
H(z) = H(t)+H(w,0()w, )+ H(w,0(u)) = H(t)—H(x)+H(w,0(u)).
We see that .
H(z) = S[H(E) + H(w,0(w)].
It is well known and easy to prove that H(w,u') is in the negative

obtuse Weyl chamber for any v’ € U and that it is strictly negative
unless v’ € K, i.e.

o OWHw.)y ) 0 U EK
lim e = { 1 ek

A—00

and therefore,

ot AHE@) _ ] 0 2 g TK
e s e { 1 2eTK -

Applying this to x = nh we obtain
Jim J2(a, 0, ) = viss(a”vol(V,)
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where V, = {h € H,;”"\Hw"mh C TK}. Assume first that E/F is

unramified. If a # 1 and h € V, then, nh = ak for some o € T and
k € K. We then have ak - w, = tw, and hence k - w, = o' - (tw,) =
Nm(a) 'tw, € K. Since ¢ is not a norm, this is a contradiction. Thus
V, is empty. For a = 1 we may assume that ¢t = e and take n = e. We
then observe that if nh = ak the above argument implies that o € K.
We therefore get that h € K. Thus V, = H\(H*" N K). This
completes the lemma in the unramified case. If E/F is ramified then for
every a € A we may choose a representative t € K NT whose diagonal
entries are either 1 or a fixed non square unit in F. If a € Acw, then the
number of non square units in the diagonal entries of ¢ is even. For any
unit u € O there exists k € GLy(Op) such that k- wy = diag(u, u)ws,.
This fact follows from [Jac62] (see Proposition 8.1 for the non 2-adic
case and Proposition 9.2.c for the 2-adic case). It follows that there
exists n € K such that n - w, = tw,. The same line of argument now
shows that V, = H;"\(H"" N K) for every a € Acun. O

Corollary 2. Let £ € K - w, then for all v € B(17) we have,

dgen (HY™)
e e 1 Jst,§ A
i (H" N ) Ao (v, 0, 4)
equals 1 if E/F is unramified and equals 2" chyy,, o0y (v) if EJF is
ramified.

Proof. For the unramified case, since
gz (H™)

g 1 ~§-
@) = G (o ) A, T 0 )
we also have
~ drron (H@n
51(y_1) _ He ( e ) lim Jstf(y’ ©o, )\)

N den (Hw” N K)) A—00
But the Fourier transform of the delta function at a = 1, is the con-

stant function 1. For the ramified case we have similarly, the Fourier
transform of the function a +— v '(a)cha,., (@) evaluated at v=! is

on-1 Ch{ywyw,,w}(ljfl) =n-! Ch{,,w’wl,w}(lj). ]

3.2.3. Hironaka’s spherical functions on Hermitian forms. For a € A
let O, denote the B-orbit of aw,,. For s = (s1,...,s,) € C"and a € A,
Hironaka defined the following spherical function on Y,

nlys) = [ cho (k) [T dii-)

Sk



OMER OFFEN 23

where the Haar measure satisfies dx(K) = 1. The integral converges
whenever Res; > 0 for all i and w,(y;s) admits a meromorphic con-
tinuation to a rational function of ¢®. For a quadratic character y
of T, Hironaka also considered the spherical functions L(y, x;s). The
way Hironaka defined those spherical functions, they depend on the
restriction of y to 7” but not on y. Furthermore, for a ramified
quadratic extension, the Hecke eigenvalue of the spherical functions
L(y, x; s) is different for different y. It is therefore, more natural to
define L(y,7;s) for 7 € B(17) using Hironaka’s formulas. Thus, for
T=(T1,...,7) € B(17) let

L(y,T;s) Z (Hﬂ i )wa Yis).

acA
These are spherical functions for the symmetric space Y with a Hecke
eigenfunction independent of 7. If F'/F is unramified then the spherical

functions L(y, 7;s) were computed explicitly in [Hir99]. In particular,
if £ € Y NK then

() L(vivitw, N — \j)
1 : !
(16)  L(&7;s) = <HL (1pe, 1 )HL(VZ-yAl,)\,-—AjJrl)

=1 1<)
where v = (14, ...,v,) € B(1r) is related to 7 by
(17) y; = @t H 7
j=nt1—i
and A = (Aq,..., \,) € C" is related to s by
1
(18) Ai:”; = (Spprsi e S0).

To obtain (16) from the results of ([Hir99]; p. 569-571) we recall that
L(p,z ++/— ) = L(pw, z) for any character p of F* and z € C.

3.2.4. Proof of Proposition 3. The next lemma relates the stable in-
tertwining operator to Hironaka’s spherical functions. This will, in
particular, imply Proposition 3.

log q

Lemma 5. There is a constant ¢ such that

(19) L(&,758) = e J*** (v, 0, \)

forall € Y, v e B(lr) and A € C", where v and T are related by
(17) and X\ and s are related by (18). If E/F is unramified then

dgon (HE) 7 LW, 4)

(20) ©T dge(He 0 K) U LTy
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Proof. We normalize dg so that dg(K) = 1. Let £ € Y and let C¢
denote the G-orbit of £&. We recall that dy¢ is the restriction of dg
to X¢. For a € Ape let t € a and ' € G be such that 7' - £ = tw,.
Let “rt = w,tw, !, “ra = wyaw,* and set n = w,n’. Then, n & =
(“mt)w, € (“ra)w,. Since

cho,(g- &) = chye(g), g € G,

we have

SFZ;dxg.T.

an(&9) = [ o) [ ldia-©

It follows from Lemma 3, that there is a positive constant ¢, indepen-
dent of £ and of a, such that
(21)

nl€is) = st t) [

. [ / chye (bn'R) [T 1di (b - wit)|5idlsb dHf/\th.

B i=1

If t = diag(ty,...,t,) and b = tyuy, with ¢, = diag(by,...,b,) and u,
lower triangular unipotent then,

The inner integral of (21) is then equal to,

e%(ﬁ_)‘vH(wnt»/ChK(bn/h)e<p_)‘7H(wnbwn1)>dle‘
B

After a change of variables b — w,, 'bw,, it becomes
(22) ez (P AH( D) / chy (bnh)ele~MH gl p
B

where dl; is now the left Haar measure on B normalized so that d'5(BN
K) = 1. There is a projection Py : C*°(G) — I(\) defined by

Pa(¢)(g) = e~ M) / (bg)ePMHO) gLy,
B

and it satisfies 9 = Py(chg). Plugging this into (22) and (22) into
(21) and observing that Hf = Hf), we get,

1 wn, ; 1 '
Wl 5) = o2 (t)ex e~ MHTD) / IO o) d g e
H5\H¢

1 o
Since d5°(t) = ePH®) = e=(PH" D) e et that

(23) wa(&;8) = cJS (" a, o, N).
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Taking into account the fact that v = v=! for v € B(17) we get (19).
We now assume that E/F is unramified. Since (19) holds for all &, to
evaluate ¢ we may as well assume that £ € K. From (16) and (19) we
get that

n L(w™, i) L(yinIW, Ai — Aj)
24)  JE (v, 0, A) = ¢! T J )
(24) (v 00, A) = ¢ <H L(1r, 1) g L(vv; ' A=A +1)

We now take the limit as A — oo on both sides of (24). Since
lim L(p,s+d) =1
for any character p of F*, (20) follows from Corollary 2. O
Proposition 3 readily follows. U

4. GLOBAL STABILIZATION — PROOF OF THEOREM 1

Fix a unitary character x of T\T and let v € B(x). Let C € G\Y
and choose £ € C. The intertwining period is defined for A with Re A
sufficiently large, by the integral

J£<a7 P, )\) = / €<A7H(nh)>90(nh)dH‘5\H§ha
(H§)\H !

where a € Ac and n € G is such that - ¢ € aw,. The integral
is independent of the choice of 1 and the dependence on the choice
of £ is given by the global analogue of (10). Tt is proved in [LRO3]
that the integral converges for Re A sufficiently large and that with our
conventions on measures

T (E(p, \) = (dey\(0, (B ED)D)" Y J(a,0,)).

We recall that the individual summands on the right hand side are not
expected to have a meromorphic continuation ([LR00]; Remark 3).

For ¢ = ®,¢p, € I(x), C € Go\Yy, £ € C and A with Re X sufficiently
large define,

(25) T (w0, 0) = [ (v, 0, ).

v

By Proposition 3 and (13) the product converges and the Fourier inver-
sion of §2.2 can be applied. For every place v of F' define the function

9v(a,) = che, (avwn)jgs (@w; P, A)
on A, and set g(a) =[], gu(ay), a € Ax. By (8) we have
g((l) = ChC<a>J§<a7 12 )‘)
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for a € A. We have
2 “gla)=>_g(r) =>_ ] gu(r)-
a€A KEA KEA v
Note that
gv("f;l) = Johe (“v’/w Pos )‘)

and that kv ranges over B(x) as k ranges over the characters of A. We
obtain

(26) T"(E(p,A) = 27" (dn@on (BA\EDL)" Y I (v, A).
)

veB(x

To complete the proof of Theorem 1 we need the following

Lemma 6. The global stable intertwining periods J*%¢(v, o, \) admit a
meromorphic continuation in \.

Proof. We fix an auxiliary p-adic inert place w of F'. For convenience
we choose w such that w,,(det(&,w,)) = 1. For v, € B(xw) there exist
¢w € I(xw) so that J (V) 0y, A) = Oy, w]- To see this, we look
back at the definition of the local stable periods. Fix representatives
{n} as in §3. As observed in the proof of Lemma 6 of [LRO0], the
periods

(27) (wa (777 501117 A))n

are integrals over the 2"~! disjoint open HS*-orbits in B, \G,, and are
linearly independent. The vector (27) can therefore be arbitrary in
C2"™" for different choices of Ow. Write B(xw) = Bi(xw) U Ba(xw) SO
that for all v, € B(xw) the set [1,] N B;(xw) contains a unique element
for i = 1,2. It is also observed in [loc. cit.] that the 2"~! x 2"~1 matrix
A = (A5 (A) 7 )u,eBi(xw)m is invertible (and it is independent of 4 by
our assumption on w). Since

<J5t75w<yw’ SOU)? A))”weBi(Xw) = A(ng (777 Sowg A))n
we may choose ¢, as desired. From (26), we now get that whenever
P = pu @ " with ¢ € ®;_,,I(x») We have
(B, N)) = 217 (s (B (B )T (0,0, ).

This gives the meromorphic continuation of the functional on ®;_,,7(x»)
defined for decomposable elements by

®’U7éw§011 = H JSt,gﬂ (Vl)v Pus )‘>
vFEW

The lemma now follows from Proposition 1. O
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This completes the proof of Theorem 1. O
Corollary 1 now follows from Proposition 3 and (13). O

Remark 1. From Lemma 6, we also get the meromorphic continuation
of the local stable periods. Indeed, the meromorphic continuation is
given by Proposition 1 for the p-adic inert places and by Proposition
2 in the split places. To obtain the meromorphic continuation in the
inert archimedean case, we now apply Lemma 6 to a global quadratic
extension with a single inert archimedean place, say Q[i]/Q.

We make another observation that will be useful later. For v € B(x)
and £ € Yy it follows from (11) that,
T (wr, o, \) = w(det &) T (v, @, A).
In the notation of §2.1, it follows that whenever det £ ¢ X we have,
(28) T (v, 0, N) 4+ T (wr, o, \) = 0.

5. LOCAL STABLE RELATIVE BESSEL DISTRIBUTIONS

The local Whittaker functional is defined by the integral
(29) Wip ) = [ NI ot Ta)du
U

for ¢ € I(x, ). It converges absolutely for Re A sufficiently large and
admits an analytic continuation. Let ® € C*°(Y) and v € B(x). The
local stable relative Bessel distribution is defined by

) 5@ =X | [ )5 v Nvs| Wi

©®

where the sum is over an orthonormal basis of I(). It is meromorphic
in A. For £ € Y we also define the £-th local relative Bessel distribution
of G by

B (f,u,0) = 3 T (0, 1(f, x Mg, VW (i, = N).

Choose a set of representatives {{} in Y for G\Y and a family of
functions {f¢} in C>°(G) such that

(31) (g~ -¢) = . fE(hg)dyeh.

Lemma 7.

BN ®,v,\) = > BME(f5 0, 0).
1
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Proof. Fix an orbit C = G- € G\Y. Let a € A¢(F) and let - £ =
tw, € aw,. Then,

T 1(FS, s Ao, A) = / / FE(2)e MO o ()t de, e
a{\u¢ Ja !

Making the change of variables = +— h~'z, the last expression becomes

n

Integrating over GG in stages, first over Hfl and then over H};\G and
changing the order of integration we obtain

/ [ fﬁ(hi:)dmh} eNHO (1) d e o =
H\G LJH¢

/5\ q)(j:_l : O@(/\ﬂ(ni))@(nft)d[{f]\cft =
HA\G

[ @l 5 1 N N o
HOG
It now follows from (10) that

Tt ) = [ 8 o e N =
HE\G

/C B(y)JY (0. 0, Ny y.

Note that this implies in particular that the period J&(a, I(f¢, x, \)@, A)
is independent of the choice of representative ¢ and the choice of f¢
representing ®. Summing over a € A we obtain

T (0, TS 30 N g, A) = /C ()" (v, 0, Ny y.

Summing over the representatives of the orbits in G\Y we obtain
(3 I NN = [ BT Vv,
¢ Y

The lemma follows. O

The local Bessel distribution on G’ is defined by
B'(f v, ) = > WU v, N, WW (¢, ).
24

It is holomorphic in A\. Here W'(¢', \) is the analogue of (29) for G’
and the sum is over an orthonormal basis of I'(v).
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Remark 2. We wish to stress the dependence of the local distribu-
tions at hand on the choices of measures. Note that the choice of
an orthonormal basis for I() is inverse proportional to dp\¢, that
W(p, —A) is proportional to dy; and that with our conventions on mea-
sures the stable intertwining period is proportional to dgwn\fe. and

dy is proportional to dgw.\g. Taking all this into account, the distri-

bution B*(®, v, \) depends on the measures on U, B and H*" but it
is independent on the measures on Y on G and on the unitary groups.
Replacing (dy, dp, dgwn) by (ady, fdg, ydg»n) changes the relative sta-
ble Bessel distribution by the factor a8y ~1. Similarly, the distribution
B'(f’,v,\) depends only on the measures on U’ and B’. Replacing
(dpr,dy) by (adpr, Bdy) changes the Bessel distribution by the factor
a3?. Note also that the matching condition is proportional to dy and
homogenous of degree 2 in dy. All in all, this explains the proportion-
ality constant [dp : dp X dgwn] that appears in Theorem 3.

5.1. Local Bessel identity — split case. Asin [LR00], we obtain the
Bessel identity in the split case. Recall that in this case w is the trivial
character. Let ® € C>(Y) and let f'(9) = (dy : dy dy)®(9(g9) 7, 9)

for g € G'. We then have ® < f' for § € {0,1}.
Proposition 4.
BSt((D? v, )‘) - e(¢)—dimU' [dB : dB’ X dHé”"]V(”? /\7 w)B/<f/a v, /\)

Proof. It is enough to prove the proposition for A € ia since all terms
involved are meromorphic. As observed in [LRO0], ¢ — ¥(p)(g) =
©(¥(g)) is a self-adjoint operator on I'(v). By Proposition 2,

T (v, 0 @ 5, ) =
(dpgzn\gon = dpnar)(dpr = dyr dp) (9 o M (w, A) o I'(g, v, Ay, P7)

for y = (g9,9(9)"") € Y. Let f(g) = ®(g,9(g)""). We have,

/ D(y) J* (v, 1 @ 2, \)dyy =
Y
(dH;"n\Hwn : dT’\G’)(dB’ : dU/ dT’)(den\G : dgl)X
@) 0 M (w,X) 0 I'(g, v, Ao, @ )dg =

d Wn W, d / d wn
e\ B )G (9 0 M (w, A) o I'(f, 1, \)gh, BL).

dT’\G’ dU/ dT’ dG’
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If {¢}} is an orthonormal basis of I'(v) then the set {(dp\q X dpn¢r :
dB\G)%gpg ® ¢’} is an orthonormal basis of I(x). Thus,

BH(®, v, \) =
dH;”n\Hwn dB’ dH“’"\G dB/\G’ X dB/\G’ dU y
drng: ~dyrdr” de dp\a dy dyr

Y (Wo M (w,A) o I'(f,v, @i, B Wi, VW (i, A).

,J

Note that
dugomen | dp dgeng, dpner X dpner o dy
dpng: dyrdr” der dpa dyr dy

dg dys
(dB’ dggon dU,)(dU, de)'

Here the map (b1, by) — (by, (t2,15"), up) is an isomorphism from B =
B’ x B' to B’ x H" x U’ where by = tyus with us € U’. By a special
case of a result of Shahidi we have the local functional equation

W<M,<w7 >\)<P,7 w)‘> = e(w)_dimU/dU’(U(;)fY(Va >‘7 77Z))W<90/’ /\)

for ¢’ € I'(v) ([Sha81]). The same computation as that of Proposition
4 of [LROO] now gives

dp dy
A
dB’ dHew” dU’ >(dU’ dU’ )7(1/7 ) ¢)

D W @(f), v, el AW (1, 3)

B (@, v, \) = e(¥) ™V dy (UF)(

where 9(f°)(g) = f(¥(g)™"). Since f" = (dy : dp» dy)9(f°) and
dU/(U(;)(dB : dB/ dHévn dU/) = [dB : dB/ X dH;vn],

the proposition follows. O

5.2. Local Bessel identity — unramified case. Here E/F is an

unramified quadratic extension of p-adic fields and 1 has conductor
Op.

Proposition 5. Let ® be a K—z’nvaz’iant functjon of compact support
onY and let f' € Her be such that ®(x, \) = f'(v,\) . Then

(33) BU®,v,\) = [dg : dp x dge]y(,\¢)B'(f,v,\).
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Proof. Tt follows from (10) and the K-invariance of ® that

/ B(y) (v, I(k, v, N)p, N)dyy = / B(y) I V(v 0, N)dyy
Y

Y
- / B(y) I (v, 0, N)dyy.
Y

for every ¢ € I(x) and k € K. It follows that [, ®(y)J*¥(v, ¢, N)dyy =
0 whenever ¢ is orthogonal to ¢g. Using an orthonormal basis that con-
tains (o, @o) 2o in the definition (30) of the stable relative Bessel
distribution we get that

B(®,v,\) = (o, o) / B (y) I (v, @, \)dy yW(po, —A).

Y
U

The Hecke algebra Hg acts on the space of compactly supported
K-invariant functions on Y by the convolution

£ = [ fo)2lg ™ 5)dag
G
Let & be the characteristic function of K NY, let f € Hg and let
do(K)dy(UN K
f/: G( ) f]( e >bC(f)
dy(U' N K")
By the fundamental lemma of Jacquet, in the case of odd residual
characteristic we have

FY By s f
for 6 € {0,1} where fV(g) = f(g7") ([Jac05]). Note that the matching
is independent of § since f’ is supported in ker(w o det) whenever f’ is
in the image of base change.

Proposition 6. Let v be an unramified, unitary character of B. Then,
(34) BH(fY # Do, ,A) = [dp : dp X dgea]y(v, A, 0)B'(f',v,A).

Proof. The set Y N K = K - w, is a unique K-orbit, and therefore the
function ® = ¥« P is supported in G-w,. If £ € Y is such that {w,, £}
is a set of representatives for the two G-orbits in Y, we choose functions
f and f¢ as in (31). We may take fé=0. It is noted by Jacquet in
[Jac05] that we may also take f“ = dg(K)dgw.(H"» N K)~'f. By
Lemma 7, B*(fY % ®y, v, \) equals

dG<K)dH“’" (Hwan»il(@Oa ()00)71‘]81‘/710” (V7 [<f7 X )\)8007 )\) W(@Oa _5\) =
de(K ) dpen (HOK)) ™ (00, 00) " f (00 A) T (1, 00, X) W0, = ).
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Note that (g, 09) tda(K) = dg(BNK). By Proposition 3 we therefore
obtain,

B (fY % ®g, v, \) =

dg(BNK) , — Vszlw Ai = Aj)
do(K)——F—= MW(po, .
G( )dHéUn(H;U")f( SDO ];[ )\ >\]+1)
Note that
dg(BNK)

= |dp : dp dgwn|.
dB/(B’ N K/)dH;Un (Hg’n) [ B :apr X A ]
The rest of the proof applies the formula of [CS80] for the spherical

Whittaker function and proceeds the same way as in Proposition 5 of
[LROO]. O

6. GLOBAL BESSEL DISTRIBUTIONS

We now turn to the global setting. Fix a set of representatives {£}
in Y, for G, \Ya so that £ € Y whenever it is the representative of an
orbit in i(G\Y). For a function ® on Y, let {f¢} be smooth functions
of compact support on G, such that

B €)= [ [ (o)t

The global relative Bessel distribution is defined by

B(@,x,\) =Y | > T(EIfSx, Ve, N) | Wie, =)

© | €€i(G\Y)

where the outer sum is over an orthonormal basis {¢} of I(x). It is
meromorphic in A. The sum is independent of the choice of basis and
we will see later that it is independent of the choice of representatives
{&} and functions {f¢} representing ®. For v € B(x) we also define
the global stable relative Bessel distribution on Y,

) B =X | [ 005w v Wee.-5)

P

and the &-th relative Bessel distribution on Gy

B (f, v, \) ZJ“5 (v, I(f, x, N, OV (0, = N).
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They are meromorphic in A. Set

A =JTL0G" A = A+ 1)

i<j

It follows from [CS80] and our local unramified computation that

T 4000 VB3 (@4, v, A)
converges for Re A positive enough and we get that

. 1 .
BH(®, v, \) = Ty T A O MBS (@4, v V).

From Lemma 7 we therefore obtain also globally,
BH®, v, N) = > BN,
£€GA\Ya
From (28) we get that
DT S DI R LR
veB(x) veB(x) E€i(G\Y)

where the inner sum is now only over orbits with rational representa-
tives. Therefore, combined with (26) we obtain

(86)  B(®@,x,\) =2 " (wol(B\(Ea)" S BY(®,1,).
veB(x)

The identity of trace formulas of Jacquet ([Jac05]), compares between
the RTF for Y and the KTF for G'. For § € {0, 1} and for J-matching

functions ® < f’ we have
(37) RTF(®) = KTF(f')
where

RTF((I)) = . K@(U)iﬂ[](ﬂ)d[]ﬂ,

KTF(f/) = / Kf’(uflaU2)¢U/(U1U2)dU/U1 dyrusg,
UN\Ui JUNU,

ZCID “1o¢) and Kp(z,y) = fo vY).

tey ~EG!

The fine spectral expansion of (37), is now available thanks to Lapid
([Lap06]). The most continuous contribution to the left hand side is
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the sum over all unitary characters x of T\T that are base change, of

Ay (eny, (HE\(H™) a) /

BsH(®, v, \)d\

"% veB(x)
whereas on the right hand side it is the sum over the same set, of

B'( A)d
n!dB/\(B/ B\ B/ / Z f v

iag veB(x)

Here we assume that
dBA = dBé\BA X dBi and dB;& = dB’}&\B& X dB'}%
where
(dBé\BA : d(]R+ n) = (dB’l\B’ : d(Ri)n) =1
We now compare the fine spectral expansion of each side of the identity
and apply Lemma 4 of [LRO0] in the same way Proposition 6 of [LR0O]

applies it. This is now possible, in our more general setting, thanks to
the fundamental lemma of Jacquet, [Jac04] and [Jac05]. We obtain

(38) > BY(®,1,))

veB(x)
2" dB\Bé(B\Bix)

gz, (HE \(HE™ ) ) dp )1 (B\(By)') VE;(X)

B'(f',v,A)

for A € iaf and hence for all A (both sides are meromorphic).

Lemma 8. For a p-adic inert place v of F the local distributions
B, v, \), v € B(x) are linearly independent for \ generic.

Proof. Let € € Y. We write the set B(x) as the disjoint union of
two sets Bi(x) and Ba(x) so that By(x) = wBi(x). It can be shown
as in Lemma 6 of [LROO0] that the distributions {B:"¢(f, v, A)}oeni ()
are linearly independent for ¢ = 1,2. Indeed, the argument in [loc.
cit.] reduces the linear independence of the distributions to the linear
independence of the stable period integrals {J5"*(v, ¢, ) }oep;(y)- The
latter linear independence follows from the fact that the matrix A; =
(A, )veB.(x).n With representatives {n} as in §3, is invertible as in the
proof of Lemma 6. Note that

B(f,wr, A) = w(det(Ew,)) By (f,v, ).

Let & and &, be representatives of the two G-orbits in V', i.e. such that
w(det(£162)) = —1. Assume that the distribution } ) By (®, v, A)
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is identically zero for some constants «, € C. Applying Lemma 7 we
get that the sum over all v in, say B;(x), of

(oz,,+cu(det(é”lwn))aw,,)Bjt’51 (f1,v, )\)—I—(oz,,+w(det(§2wn))aw)Bjt’&(fg, v, \)

is identically zero for any two functions f; and f; on G. We therefore
get that a, + w(det(§wy,))aw, = a, + w(det(&wy,))a,, = 0 for all
v € Bi(x) and hence that a,, = 0 for all v € B(x). O

We recall Lemma 5 of [LR0O].

Lemma 9. Let Vi, Vi, V3 be vector spaces. Consider vectors {xZ i)
and {yl Y™, in V;, j =1,2,3 such that

drlenedl=> yeyey
=1 i=1

If {xf ity s linearly independent in V;, j = 1,2,3, then there exists a
permutation o of {1,2,...,m} such that for all i

Y Ryl eyl = x}f(i) & %27(1') ® xi(i)'
Corollary 3. Assume that E/F is split at all real places of F. There

exists a permutation 7';2 on B(x) such that whenever ® RN f" we have

BH(®, v, \) =
2"dp\ g1 (B\B})
d gz (geny, (HEm\(HEm)a)dp sy (B'\(By)*")

Proof. Using the localization principle of [GKT75], if v is a p-adic inert
place then B'(f!, v,,\) depends only on the relevant orbital integrals
for f! and therefore depends only on ®,. This is an observation of
Jacquet ([Jac01];84). Since every ® has a d-matching f’, we may con-
sider B'(f',v, A\) as a distribution of Yy. As in ([LR00], Corollary 1)
the corollary follows in this case by applying Lemma 9 to (38) using
two auxiliary p-adic inert places. It follows from Lemma 8 that Lemma
9 may be applied. O

B'(f',7(v), ).

6.1. Independence on 1. So far, we suppressed from our notation
the dependence of our objects on the additive character ¢». We will now
justify this, by showing that Theorem 3 (and therefore also Theorem
2) is compatible with a change of additive character ¢. This will also
correct some inaccuracies in [LR0O0]. In order to explain the dependence
of the objects on the additive character, we now append it to our
notation. We even assume that the invariant measures depend on ).
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Let a € F* and let ¢ = ¢(a-). Following the definition of matching,
it is not hard to see that

if Y ' then @, L2 £/
where
Pu(w) = (d = d)R(t ), fulg) = (A dp)*f'(a" M at)
and t = diag(a™',...,a,1). For ¢ € I(x,\) we have
WY (@, N) = (dfy = dp)x ("t e AW (E X, N, A)
and

¥

Héﬂn \H“’"

T (0 ) = (dY,

HYm\ Hwn

)T (v, 0, ).
Similarly for ¢" € I'(v, A) we have
WP A) = (d s dig (et e CHATOWI (L, N, A).

The gamma factor satisfies

Y A ) = w(a) U (o) "5 [H ja| b ujvﬂ(a)] Y, ).

1<J
Note also that
I (fox: N = (dg = dg) IV (f,x Mg
and similarly
I (fov N = (di = de) TP (v, )
We also observe that
(39) I(t,v, VIY(f v, VIt v, )¢ =
(dfy = dip)? (va -+ ) (@) fa] "R T M)
We obtain
B (10, A) = (dy : dip P (dg - dgy)e M0 x
STWEI L, NI v A W (v, N, A) =

/

©
(d% + d%))e= PO (g oy (@) Ja| YRR BY ().

The first equality is obtained by converting v’ to ¢ according to the
recipe provided above. The second equality is obtained by changing
the orthonormal basis {¢'} with respect to ¢’ to the orthonormal basis
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{(dﬁl,\G, : dqé,\G,)%I(tfl, v, \)¢'} with respect to ¢ and applying (39).
Similarly, we obtain

B (@, 0) = (dfy : di)(d]

Wn,
He

- dY

Hon )e<w’\’p’H(t)>Vz(w”t)BSt’¢(<I>a, v, \).
To see this, note that for y = v o Nm and ¢t € 7" we have x(“"t) =
v?(“nt) and after an appropriate change of orthonormal basis apply

(10). We now note that

€<w>\,H(t))V2(wnt) _ (Vl . l/n)((ln_l) |a|(n—l)()\1+-~.+)m) H |a|/\j—)\i VjVi_l(a)'
i<j
It follows that if k is a root of unity, such that

B (@,0,0) = ke(W) "V [dy : dy, x i 10, A0 B (F v, )

HYn
then we also have

B (0,1, A) = (dip, = dig,)(dlyun )(dY : d%)x

ke (w(a) [a]2) T ()= U [d 2 dl x dYa (v, A ) B Y (fh v, A) =

H;un a

(kw(a)¥™Y)e()= U (%« d%, X d¥u.] (v, M, 0) B Y (fh, v, A).

w
HS™

- d?

w
He™

7. THE BESSEL IDENTITIES

In what follows, we normalize the relevant measures in a convenient
way depending on 1 and prove Theorem 3. That the theorem holds
for any choice of measures and any v will then follow from Remark 2
and the discussion in §6.1.

The measures on the local groups will be determined by a non-trivial
character ¢ of F as follows. If F'is a local field we put on F' the measure
d}fi which is self-dual with respect to ¢. If ¥, = ¥(a-), a € F* then

¥ = |al? d%. Set
d%(Op) F non-archimedean,
op =05 = < d%([0,1]) F real,
dqﬁ({:c—l—iy:()gxg %, 0<y<1}) F complex.

If F is non-archimedean and ¢ has conductor Op then 9% = 1. The
same is true if F is archimedean and v¢(x) = €™ T#/E®  We have

b
o = \a]% 4. On F* we take the measure dy., = L(1, 1Fx)d‘FTx. On
B’w we %eﬁne the measure dﬁ, = d}ﬁ/d?, where d}i,x = ®i<jd1§xi7j and
(dps  dipxyn) = 1.

Globally, we fix a non-trivial character ¢ of F\A. On A we take

the self-dual measure d, with respect to 1. It is also given by ®, dﬁf
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This does not depend on the choice of v, and we have dp\s(F\A) =
1. Similarly, 09p := [], 05, (¢») does not depend on ¢ and in fact
o0p = |AF|_% where Ap is the discriminant of F. On the group of
ideles Ip, we put the measure dj, = ®, d;/;”x. On TL., the kernel of the
norm map, we take the measure dﬂ} so that dﬂ}m \1 18 the pull back of
% under the isomorphism || : Tp\Ip — Ry. Then dpsyp (F*\I}) =
Ress—1 L(s,1px) where L(s,1px) is the completed Dedekind ¢ function
for F'. We also set djg, = ®Ud1§2.

Locally, if E is eitlfer a quadratic extension of F or F' & F', denote
g =1 oTrg/p. Let d}él be the measure on E; defined by the relation

. f(z) dyE :/N - F(x)dyx where F(Nmt)= [ f(yt) d}ély.

Ey

The measure on H*" is such that (d}/}gn ; dszl)") = 1. Globally, for a

non-trivial character ¢ of F\A we set d(gwn, = ®Ud1(p§wn)v.
Note that locally, by our definitions, we have

e(tp) MV [dgE < dyy, x dypun] = 1.

Globally, we also have
2"dp\p1 (B\B})
Az (g y, (HEm\(H2n) o )dpn sy (B\(B))!)

Indeed, by Ono’s formula for the Tamagawa number of a torus ([Ono66))
we have

= 1.

dpenmem), (HE\(H™)a) = (2L(Lw))"
whereas
dpn(py (B\(B))") = (Ress—1 L(s, 1px))"
and
dB\Bi(B\B}Q = (Ress—1 L(s,1px))".
We recall a lemma from [LR0O0] (Corollary 2) that is used to deduce
the Bessel identities. For any finite set S of finite places, denote by Usg

the compact group of unramified unitary characters of Tg = [], . 7).
Let S, be the set of archimedean places in F'.

Lemma 10. Let S = S U Sy be a finite set of places, containing
the archimedean places. Given a place w ¢ S, a unitary character n =
(ﬁv)vegf ofTéf and an open set U C Us,, there exists a Hecke character

o of T§ which is unramified outside S U {w} such that ngln el.
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To prove Theorem 3 in the non-archimedean case, we choose a fa-
vorable global situation. Given a quadratic extension E°/F° of p-adic
fields, there is a quadratic extension of number fields E/F such that

e There is a place vy of F' such that E,,/F,, ~ E°/F°.
e Every real place of F' splits in . If v is an even place of F' and
E,/F, # E°/F° then v splits in F.
o If S] = {vy,...,u} is the set of places of F' that ramify over F
then E,,/F,, ~ E°/F° fori=1,...,1l.
Let S; be the set of places v in F such that E,/F, ~ E°/F°. Note
that S7 may be empty, but in any case S; contains S| and vy. Let u
be a unitary character of T, (and hence of T} for v € S;). Let w; be
an auxiliary place of F', inert in F with residual characteristic p t 2o
and let Sy = {wy,...,w,} be the set of all places of F of residual
characteristic p. Let ¥ = ®,1, be a non-trivial additive character of
F\A so that 1, has conductor O, for v € Sy. For any Hecke character
7 set

Ly(n,s) = H L (1w, 8)-
i=1
Let 7';? be the permutation on B(x) given by Corollary 3. For v =
(V1, ... ) € B(x) let [v] = {v,wr} where wv = (wiy, ..., wiy,).

Lemma 11. There exists an open set Uy C Us,, such that whenever v

is a Hecke character of T} such that vs, € Uy, we have 7(v) € [v].

Proof. Denote 79(v) = v/ = (v, ...,v},). We must show that the con-
dition [/] # [v] imposes a non-trivial closed condition on vg,. Since
voNm = v/oNm, we must have v/ € [i;] for all i. Assume that [v/] # [v]
and let
T={(,j):1<i<j<n, v, =vv ' w}

Our assumption is equivalent to the fact that Z is not empty. Let S be a
finite set of places of F', including the archimedean and the even places,
disjoint from Sy and large enough so that 1, has conductor O, and
vy is unramified for all w ¢ S. Denote S = S USy. Let fo = [[,cq /s
be such that Bg(f{, vg, A) is not zero as a function of A. It follows
from Jacquet’s smooth matching for the p-adic places ([Jac03]) and
the fact that all archimedean places split in E//F, that we can find a

function @5 = ®,esP, such that fs & Og. We set f/ = fo®chys and

® = &5 @ chgsny(psy. Thus @ KA f by Jacquet’s fundamental lemma,
and we get the 1dent1ty

(40) BH(®, v, \) = B'(f,V,\)
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of Corollary 3. We apply the local Bessel identities obtained in Propo-
sition 4 for the split places and in Proposition 6 for the unramified
places. From the same type of manipulations as in the proof of Lemma
8 of [LR0O0] we obtain from the above identity the relation

es,(N) [ L2y i = X+ DL (v ! N = \)) =
(1,9)€T
H LS(ViVj_IW, Ai — A+ 1)LS(I/1'VJ-_1<,<), Ai — Aj)
(i.j)€T
for some rational function cg,(A) in {g)|v € Sy}. If Re\ is positive

enough then the expression in each side is an absolutely convergent
infinite product and can be expressed as a multiple Dirichlet series in

the variables \; — ;11,2 =1,...,n— 1. We can therefore compare the
purely p-powered multi-coefficients to get
HL Vz , )\+1>L( ]laAi_)\j):
(4,)€T
H Lp(ViV]'_ w, )\Z - /\j + 1)Lp(yi1/j_1w, )‘z - /\])
(i,j)€T

This equality holds for all A\. We now fix once and for all s, ..., A\, € /R
such that

Lp(l/l‘l/j_l, )\z — >\j>_1Lp(VZ‘l/j_1w, )‘z — /\j)_l 7& 0
for all (i,7) € Z such that 2 < i. Note that there exist an index jy
such that (1, jo) € Z. Indeed, otherwise v; = vjv, ', for all j and since

vivyt € {1px,w} this contradicts our assumption on v. There is then
a non-zero number ¢ such that for all \; we have

C H L l/1V )\ + 1)Lp(l/11/;1, )\1 — >‘j) =
(14)eT
H Lp(l/ll/; w, )\1 - )‘j + 1)LP(V1V;1W, >\1 — )\])
(Lj)ez

Denote «;, = ylyj’l(wv), and let ¢, = p™ for v € Sy. Let x = p~™

We have
IT TT( - agup™® Dam)(1 - agpmdam) =

(Lj)€T vES2

H H (1 + Oljﬂ)pnv(Aj_l)xnu)(l + aj7vpnv)\jxnu)-
(1,)EZ vES2
This must hold as an equality of polynomials in x. Fix vy € Sy, let

g " = @, and set zg = p~?0(y. The left hand side vanishes at .
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It follows that there exist (j,v) # (jo,vo) with (1,7) € Z and v € S,

such that

NoNj __ Ty A
Qj oD " = =y P 070

This is a non-trivial closed condition on vg,. U

We now note that B'(f/,v,\) = B'(f',wr,\) and therefore from
Lemma 8 and (5) we get that

(41) T;_(S(V) = wT;z(V).

It follows that for v such that vs, € Uy as in Lemma 11 there exists
d(v) € {0,1} such that 72" (1) = v. Using the same argument as in
([LROO], p. 346-7), applying Lemma 10, Corollary 3 and Lemma 11
we obtain locally in the non-archimedean case, that for every unitary
character v of T" there exists §(v) € {0, 1} such that

(42)  if @ f then BU(®, v, 0) = k(v A\ ) B/(f, 1, A)

for a root of unity kg/F as in the statement of Theorem 3. To complete
the proof in the non-archimedean case it remains to show that 6(v) de-
pends only on n. Let E;/F; be a quadratic extension of p-adic fields
and v; a unitary character of T'(F;) for i = 1,2. There exists a qua-
dratic extension E/F of number fields, split at all real places and such
that there are places v; of F' for which E,, /F,, ~ E;/F;. There also
exists a unitary character v of T"\T} such that v,, = v; fori = 1,2. Let
X = voNm and let Ti be the permutation of B(y) given by Corollary

3. It follows from (42) and Lemma 8 that T;i(”i)(u) = v and therefore
from (41) that 6(v1) = 6(v2). This completes the proof of Theorem 3
in the non-archimedean case.

To prove Theorem 3 in the archimedean case it is enough to consider
the global quadratic extension E/F = Q[i]/Q. Let § = d(n) € {0,1}
be the chosen 0 for which Theorem 3 holds in the non-archimedean

case. Let
o/ oo Ao (Xoos A
A (e ) = s
and set
. 1 .
B y® \) = ——— A X,ABSt S Upy A
( ) AOO(XOO,/\) E[ P( p ) p( p )
and

700 00 ,YOO(VOO7>\’¢OO) /
B (L v™A) = A% (x>, ) IZI”YP(VP’/\7¢p)Ap(Xp7)‘)Bp('a’/m/\)
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the products being over all primes and are convergent for Re A suffi-
ciently large. As explained in the proof of Corollary 3, we may regard
both as distributions of Y = H;Y;D via the d-matching. It follows
from the local Bessel identity at the split and at the non-archimedean
places that

I1, ke,/5,
Yoo (Vsos A, es)

(43) Bbo(- v \) = B™(-,v™,\).

If o fL. we denote,

,(N) = B3 (Do, Vso, A) and B, (N) = B.(fL, Vso, A).
From (38) we have

Z Oé,, Bst,oo<"yoo Z /61/ B/OO oo’)\)

veB(x) veB(x)

It follows from Lemma 8 that the distributions (B“’OO(-, V>, N))veB(x)
are linearly independent and therefore that

au()\) = K/(C/Rf}/oo(’/om /\7 woo)ﬁu()\)
where rc/r =[], /ilf:i I, This completes the proof of Theorem 3. [J
Theorem 2 is now immediate from (38) and Theorem 3. O
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