UNITARY PERIODS, SPHERICAL FUNCTIONS AND
JACQUET’S RELATIVE TRACE FORMULA

OMER OFFEN

ABSTRACT. We present the main result of [LO], which is a formula for the
anisotropic unitary periods of certain cusp forms in terms of special values of
Rankin-Selberg L-functions. The purpose of these notes is to survey some of
the recent developments that led to this formula. A new observation that we
make here is that we can use the fundamental lemma of Jacquet ([Jac05]) in
order to determine explicitly the correct transfer factors for the relevant orbital
integrals.

Our goal in these notes is to survey some new and exciting developments in the
study of periods of automorphic forms. The main result of [LO] is an application
of these new developments. We will present the main formula obtained in [LO] and
then explain each of the main ingredients necessary for the proof, but first let us
recall in a few words our general setting for the study of period integrals. For a
reductive group G defined over a number field F' let 6 be an involution on G defined
over Fand let X = {g € G: g0(g) = e}. Then G acts on X by (g,z) — gz 0(g)~'.
For every = € Xp let H* be the stabilizer of x in G. Let A = A denote the ring
of adeles of F'. A cuspidal automorphic representation m of Gy is distinguished by
H? if there exists a cusp form ¢ in the space of 7 so that

/ é(h) dh # 0.
HE\H}

It is expected that there is a group G’ related to (G, 6) and a functorial transfer (in
the sense of Langlands functoriality) of automorphic forms from G’ to G, so that
distinction by some H? characterizes the functorial image. Furthermore, in many
cases, for distinguished representations, the value of the period integral is expected
to be related to special values of L-functions.

In this work we consider one particular case, where G is the group GL,, over a
quadratic extension and the involution is defined by 6(g) = 'g~! where z +— Z is the
Galois action. Thus X is the space of Hermitian matrices in G. To aline ourselves
with Jacquet’s notation in [Jac05], we shall use throughout the paper, the right
action (z,g) — 'gxrg of G on X. When recalling results from papers that use the
left action (and sometimes a conjugate of 6 rather then 6) we will adjust the results
accordingly. For z € X, the stabilizer H* = {g € G : ‘gzg = x} is then a unitary
group. The group G’ is GL,, over the base field and the relevant functorial transfer
from G’ to G is quadratic base change. Jacquet characterized the functorial image
of base change in terms of non vanishing of unitary periods.
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Theorem 1 ([Jac05], Theorem 4). Let E/F be a quadratic extension of number
fields. A cuspidal automorphic representation © of GL,(Ag) is a base change from
GL,(AF) if and only if it is distinguished by a unitary group.

The formula obtained in [LO] relates anisotropic unitary periods of certain (dis-
tinguished) cusp forms to special values of Rankin-Selberg L-functions. The setting
is the following. Let F' be a totally real number field of degree d and let E be a
totally imaginary quadratic extension of F. Let G' = GL, /F and let G be the re-
striction of scalars of GL,, from E to F. Thus G% = GL,(F) and Gr = GL,(E).
Let a = ‘@ € G be a Hermitian matrix which is either positive or negative definite
in any real embedding of F'. Consider the anisotropic unitary group

H=H"={g €G:ga'g=a}.
Let w = wg/r be the idele class character attached to E /F by class field theory and
let 8 = (0,) € G be such that 9,0, = ta, for every real place v of F' and 6, = e
for every finite place v of F. Let 7 be an irreducible, everywhere unramified cuspidal
representation of G4. Thus, it admits a K-invariant, L?-normalized automorphic
form ¢o, where K = [], K, is the standard maximal compact subgroup of Ga.

Assume further that 7 is the base change from a cuspidal representation 7’ of G.
The main result of [LO] is

Theorem 2 (Lapid-Offen). Under the above assumptions we have

| ouhs) an
Ho\Hg

=4.272d yol(Hf NK)? - ’
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Palm): Ress—1 L(s, 7" x 7')’
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Here A (resp. Ag) is the discriminant of F' (resp. F). The Haar measure on
H§ is the pull-back of the one on H§ (via an inner twist). For the normalization of
measure on Gy see... The term Py (') =[], Pa, () is a product over the places

of F' of local factors. At the archimedean places, thanks to the translate by 6 the
terms are independent of a and are given by

AT (0, X T @ wy)

(in particular Py, (7,) = 1 if 7, is unramified). At the non archimedean places,
the term P, (7)) is expressed explicitly in terms of the value at «, of Hironaka’s
spherical functions if the place v is inert and in terms of Macdonald’s spherical func-
tions for GL,, if v is split. Hironaka’s work is discussed in ...(maybe we should give
here the general formula once Hironaka’s chapter is writen). In [Hir99], Hironaka
computes the spherical functions explicitly in the case of an unramified quadratic
extension. In particular, P, (7)) = 1 whenever a, € K, and v is either split or
unramified in E (hence the local factors of P, (7") are 1 at almost all places). We
refer to ... for explicit formulas for Hironaka’s spherical functions in all cases they
are available. For convenience we summarize here the cases where P, (7) can be

given explicit.

Remark 1. If E/F is unramified at all finite places (thus, in particular d > 1) then
(1) is an explicit formula. Note further that at an archimedean place v if 7 is
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unramified then P, (7] ) = 1. Thus, for example assuming that E/F is unramified
at all finite places, that 7’ is unramified at all archimidean places (and hence at all
places) and that o = e we have

2
/ do(h) dh
He\H¢

=427 vol(Hf NK)? - |Ap|
Remark 2. In the case n = 2, Hironaka computed the spherical functions for a
ramified quadratic extension in the case of an odd resiual characteristic or when
the base field is Q2. Thus, for a general CM-extension E/F under the weaker
assumption that for every even place v of F' either v is unramified at F or F,, ~ Qq
the formula (1) is explicit for n = 2. In particular when F = Q, E = Q[v/—D] for
an integer D > 0 and n = 2 we have...(give the explicit formula).

e-n - L1, X 7 @w)
Ress—1 L(s, 7" x 7')’

Remark 3. In the non archimedean case, over an unramified quadratic extension,
all Hermitian forms are integrally equivalent to diagonal forms. In the case of
a ramified quadratic extension this is not the case, but every Hermitian form is
integrally equivalent to a form which has diagonal blocks of size either 1 or 2.
Using the partial results of Hironaka in [Hir88b], we compute in... the value of her
spherical functions on Hermitian forms which are integrally equivalent to diagonal
forms. Thus, in particular, if « is a diagonal matrix then again, (1) can be made
explicit for a general CM-extension that is unramified at the even places.

Remark 4. The anisotropic unitary period of ¢y has a more arithmetic interpreta-
tion as a certain weighted finite sum of point evaluations. If for example, F = Q
and F is of class number one, then the sum is over classes in the genus class of a.
This aspect and an interesting relation with a conjecture of Sarnak is explained in
[LO] and we do not pursue it here any further (see also [CO] for a relation with
certain representation numbers).

An important tool in the study of period integrals of automorphic forms is the
relative trace formula of Jacquet (RTF). For the case at hand, this is a distribution
on the space of Hermitian matrices. In order to obtain information about unitary
periods, the RTF is compared with the so called Kuznietzov trace formula, which
is a distribution on G’. Let U’ (resp. U) be the subgroup of upper triangular
unipotent matrices in G’ (resp. G). Let ¥ be a non trivial additive character on
F\A. Denote by ¢y the associated character on U, defined by

wU’ (u) = 1/J(U1,2 +---+ Unfl,n)
and similarly denote by 1y the associated character on Uy defined by
Yulu) =Y(ure+ 12+ +Un—1n + Un_1n)-

Let X = {g € G :'g = g} be the space of Hermitian matrices. The comparison of
distributions (between the RTF and the KTF) amounts to an identity of the form

(2) /U (3" W(tazu)) do(u) du

F\UA zeEXF

( Z ®(*u1gug)) Yo (urug) duy dug
9eG

for suitably matching functions ¥ € C°(X,) and ® € C*(G)).

/(U% XUR)\(UgxU})
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The group U acts on X by (x,u) — ‘axu. We call an element x € X relevant
if ¢y is trivial on the stabilizer Staby, (z) of « in U,. Similarly, the group U’ x U’
acts on G’ by (g,u1,us) — tuigus and g € G’ is called relevant if 1y is trivial
on Staby;xp, (¢). Only relevant orbits contribute to the integrals in (2). The
comparison in (2) is based on a natural bijection between the relevant orbits in
Xp and in G%. Indeed, a complete common set of representatives for the relevant
orbits consists of elements of the form wp;a where wy; is the longest Weyl element
of a standard parabolic subgroup M’ of G’ and a lies in the center Ay of Mp.
Thus both sides admit a geometric expansion and (2) becomes

ZUMI Z / U (*awyav) Yy (u) du

a€A StabUﬁ (wps)\Us

= ZUM/ Z / O (*uywpaug)) Yy (uiug) duy dus

a€A, StdbleU/ Wt \(UAXUA)

where
Upnr = VOl(StabUF (’LU]\/[/)\ StabUA ('lUM/))

and

vy = vol(Stabyy wur (warr)\ Staby, o (war))-
The functions ¥ and ® have matching orbital integrals if each summand on the
left hand side of (3) equals the corresponding summand on the right hand side.
Since the orbital integrals are decomposable distributions, the matching of orbital
integrals reduces to a local linear condition at all places. The more matching
functions we can find, the more useful the identity (2) becomes for applications. In
82, we overview Jacquet’s results concerning local matching of orbital integrals at
the finite places.

Also crucial for applications, is a spectral expansion for the distributions in each
side of (2). For the right hand side, a fine spectral expansion can be given without
much difficulty, as no convergence issues occur. For the left hand side, Lapid
obtains in [Lap06], the absolute convergence of the fine spectral expansion of the
RTF (see §3). This is the analogue of Arthur’s result in.. for the Arthur-Selberg
trace formula. The results of Jacquet and Lapid combined, allow us, to compare
the contribution of the discrete spectrum to each side of (2). Roughly speaking,
since Jacquet obtains local matching for enough pairs of functions, he can in fact,

for every cuspidal automorphic representation 7 of G5 find matching functions for
which

(4) BY(¥) =) By (®

where the sum is over all cuspidal representations 7’ of G, that base change to
7, the relative Bessel distribution BY is the contribution of 7 to the RTF and the
Bessel distribution B:f, is the contribution of ©’ to the KTF. The distribution B}f
is not zero if and only if 7 is distinguished by a unitary group. If the sum on the
right is not empty, we can choose matching functions so that only one summand
occurs. This way Jacquet obtains Theorem 1. The identity (4) is also where we
begin the computation of (1). More explicitly, the relative Bessel distribution on
the symmetric space X, captures spectral information distinguished by any unitary
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group. It can be expressed as a sum of distributions on G4

Br(w) =3 Bea(fe)
{¢}
where {£} is a set of representatives for the Gp-orbits in Xp and fe € C°(Gy) is
such that

W(ges) = [ felho) dh.

Since we are only concerned with the period integral over H® it is enough to consider
a function ® which is supported on the G4-orbit of a, i.e. we set fe = 0 for every
representative £ # «. For every f = f, we then say that f and ® have matching
orbital integrals if ¥ and ® do. The relative Bessel distribution on G, is defined
by

Bl = X [ ae)dn [ o) du
¢€ob() HE\Hy Ur\Ua
where the sum is over an orthonormal basis of 7. This is independent of the choice
of basis. If the cuspidal representation 7 is the base change of 7’ then it is also
the base change of ' ® w. Furthermore, if the support of ® is contained in the
kernel of w o det then B;f, (@) = B:f,@w(@). Thus, for suitable matching functions
f and ® (4) becomes Bgfﬂ(f) = 2BY,(®). This identity is our point of departure
for (1). We may choose f to be a translate of a spherical Hecke function on G 4 so
that the left hand side is a unique summand, which is a product of the anisotropic
unitary period we wish to compute with a Fourier coefficient of ¢y and the spherical
Fourier transform of the Hecke function closely related to f. The distributation on
the right hand side is factorizable, thanks to results of Jacquet, up to an explicit
global constant B/ (®) = () [[, Bx, (®,). To obtain the explicit formula for the
period, it remains to compute the local factors at finitely many places. The function
® need not be a Hecke function. Thus, to compute the local terms we use a local
identity of Bessel distributions that relates B/ (®,) to a local analogue of B, «(f)
for matching functions f,, and ®, [Off, Theorem 3]. Since f is (essentially) a Hecke
function, the local relative Bessel distribution can now become a unique summand,
which we can express as a product of Hironaka’s spherical function evaluated at
a, with a local Whittaker function and the spherical Fourier transform of the
Hecke function related to f,. Putting an absolute value squared on both sides,
after some cancelation, we remain with the formula for the period integral in terms
of Hironaka’s spherical functions. As explained in the remarks after Theorem 2,
whenever applicable, we then use Hironaka’s explicit formulas to make (1) explicit.
To summarize, the main ingredients in the proof of (1) are:

Local matching of orbital integrals [Jac98, Jac03b, Jac04, Jac05].

The fine spectral expansion of the relative trace formula [Lap06].

Explicit formulas for spherical functions on the p-adic space of invertible
Hermitian matrices [Hir99].

Local identities of Bessel distributions for principal series representations
[Off].

After setting up notation in §1, we explain in §2-§5 the results of each of the main
ingredients in the order appearing above. As explained in Remark 3, in §4, we also
provide some new explicit formulas for the spherical functions. In §5, we refine



6 OMER OFFEN

the results in [Off, Theorem 2 and Theorem 3] by resolving the transfer factor
dichotomy.

1. NOTATION

We shall alternate between local and global settings. Throughout, denote by
E/F a quadratic extension of number fields in the global case and of local fields
of characteristic zero in the local case and let = +— Z denote the Galois action.
Locally, we shall also allow the split case where £ = F' & F. Globally, we denote
by A = Ap the ring of adeles of F. Let Nm(x) = Nmpg,p(z)zz be the norm map,
Tr(x) = Trg/r(v) = x+Z be the trace map and w = wg/r the quadratic character
associated to E/F by class field theory. In the local split case the Galois action
is (z,y) — (y,x) for z, y € F* and w is the trivial character. In the global case,
for every place v of F we let F, = E ®p F,. If v is inert in F then E,/F, is a
quadratic extension of local fields whereas if v is split in F then E, ~ F, ® F,,.

We shall denote by bold letters such as Y an algebraic set defined over F' and by
the corresponding letter the set of rational points Y = Y (F'). Globally, for every
place v of F denote by Y, = Y (F,) the corresponding local space of F,-rational
points and let Y3 = Y (A).

Let G’ be the group GL,, regarded as an algebraic group over F' and let G =
REg/r(GLy) be the restriction of scalars of GL, from E to F. Thus G = GL,(E)
whereas G' = GL,(F). We denote by

X={geG:g="g}

the space of Hermitian matrices in G and consider it as a right G-space with the
action

(z,9) — 'gag.

For every Hermitian matrix x € X let
Hy={g€G:'grg=2x}

be the associated unitary group.
Let 9" be an additive character of F' in the local case and respectively of F'\ A
in the global case and let

’l/}:I]Z}IOTI'E/F.

In the rest of this section we shall fix notation and conventions with respect to the
group G and the character 1. Similar notation and convention for G’ and v’ will
be appended with a prime.

In the local case we denote by K the standard maximal compact subgroup of G
and in the global case we let K = [[ K, denote the standard maximal compact
subgroup of G5 where the product is over all places in F'. Thus if, for example, v is
a split place of F then K, = K x K. Let B = TU be the subgroups of G so that
B is the group of upper triangular matrices, T is the group of diagonal matrices
and U is the group of upper triangular unipotent matrices in G. We denote by ¢y
the generic character of U in the local case and of Uy in the global case defined by

ZZ)U(U) = 1/)(11,172 +-+ un—l,n)-
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2. ORBITAL INTEGRALS

The orbital integrals that we consider have been studied extensively in a long
series of papers (...), culminating at the remarkable work of Jacquet [Jac05], where
he obtains an explicit identity between orbital integrals that constitutes the funda-
mental lemma for a general Hecke function.

We now introduce the orbital integrals. The group U’ x U’ acts on G’ by

(5) (u1,us, g) — "urgus, ur, us €U, g€ G'.

An element g € G (or its orbit) is called relevant if the function (uq, u2) — Py (urusg)
is trivial on the stabilizer Stab, of g in U’ x U’. For a function ® € C°(G’) and a
relevant g € G’ let

(6) Q[®,¢:g] = / ®(‘urguo) vy (urug) duy dus.
Staby \U’x U’

Similarly, the group U acts on S by
(7) (u,s) — tasu,ue U’ s €S

and s (or its orbit) is called relevant if u — g (w) is trivial on Stabs. For ¥ €
C(S) and a relevant s € S let

(8) QU,y,E/F :s] = /St ) \U\I/(tﬂsu)wU(u) du.

The matching of orbital integrals is based on a natural bijection between the relevant
(U’ x U")-orbits on G" and the relevant U-orbits on G. Indeed, a complete common
set of representatives for the relevant orbits consists of elements of the form wy; a
where wyy is the longest Weyl element of a standard parabolic subgroup M’ of G’
and a lies in the center Ay, of M’. Clearly,

QP, ¥ : furgus] = o (urug) " QP : g]
and
Q[U, 4, B/F : tusu] = Yy (u) " Q[¥, ¢, E/F : s].
It is therefore enough to study the orbital integrals on the representatives wjsa.
In a sense that we shall soon explain, the orbital integrals are determined by their
values on representatives of orbits of maximal dimension, i.e when wy; = e and
then a € A’ is any diagonal element of G’. Let y(a) be the transfer factor defined
by
y(a) = w™(ay) - w(an_1)w(an,).
Note that it differs from Jacquet’s transfer factor in [Jac05] by a factor of w(det a).
We say that ¢ and ¥ have matching orbital integrals for ¢ and write ¢ Lwif

Q[®, 4 : a] =~(a) Q¥,,E/F :a], ac A.
Theorem 3 (Density ([Jac03a], Théoreme 1.1)). If & € CX(G') is such that
Q[®,1:a] =0 for all a € A’ then Q[®, : g] =0 for every relevant g € G'.
Theorem 4 ([Jac03a], Théoreme 2.1). There exist transfer factors y(wpra, ) such

that whenever ® N U we also have

Q[@,’L/J : wM/a] = ’y(wM/CL,’(/J)Q[\IJ,’l/},E/F : wM/a], a € Ay
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In fact, assuming that F' is of characteristic zero and that E/F is unramified,
with some mild restrictions on the residual characteristic, Theorem 3 and Theorem
4 were already proven in [Jac98]. But once developing his machinery for the study
of orbital integrals Jacquet’s proofs in [Jac03a] become much simpler.

For global applications, there are two major tasks in matching orbital integrals.
The first is to show the existence of enough pairs ® «— ¥ of matching functions.
We refer to this problem as smooth matching. The second, is the more difficult
problem of explicitly matching a bi K’-invariant function on G’ with a K-invariant
function on S, which is the fundamental lemma for the relative trace formula...
Jacquet obtained the following results:

Theorem 5 (Smooth matching [Jac03b]). For every ® € CX(G') there exists
U e C(S) so that © U and vice versa.

Denote by ¥(© the characteristic function of S N K.

Theorem 6 (The fundamental lemma of Jacquet [Jac05]). Assume that F' has odd
residual characteristic and that ¥ has conductor Op. For every Hecke function
f € Ha(K) we have

b(f) <L f 50O,

We now wish to explain the machinery developed by Jacquet and to very roughly
explain the idea behind his proofs. It turns out to be more useful to linearize the
problem and consider more general orbital integrals. The group U’ x U’ also acts
on the linear space M, (F) by (5) and relevant orbits in M, (F') can be defined as
before. For a Schwartz function ® € C°(M,,(F)) and a relevant g € M,,(F) we
define the orbital integral Q[®, ) : g] by the formula (6). Similarly, let

H,(E/F)={X € M,(E):'X = X}

be the linear space of n x n Hermitian matrices and let U act on H,(E/F) by
(7). For a Schwartz function ¥ € C°(H,(E/F)) and a relevant s € H,(E/F)
we define the orbital integral Q[¥, ¢ : s] by the formula (8). A diagonal matrix
a = diag(ay,...,a,) with entries in F' is relevant if and only if a1 ---a,—1 # 0.
Allowing all relevant diagonal matrices, we generalize the definition of matching for
for Schwartz functions. In [Jac03a], Theorem 3 and Theorem 4 are in fact stated for
all Schwartz functions and we therefore consider from now on only orbital integrals
of relevant diagonal matrices. When a = diag(ay, ..., a,) is relevant we sometimes
also denote

Q[@, ¢ :ar,...,a,] = QP :a] and Q[U, E/F, ¢ : aq,...,a,] = Q[V, ¢, E/F : al.
It will also be convenient to normalize the orbital integrals. We set

Q@9 :ay,...,an) = ’a?_la;‘_Q e an_llF Q[P, 1 : d]
and
QU, ¢, E/F :ay,...,a,] =n(a?  ad ™2 - an_1) ’a?_la;_z e an_1’F Q[P : a).
Let

OYF)={aw— Q[®,¢:a]: e C®(M,(F))}
and let
OY(EJF)={a— QV,¢,E/F :a]: ¥ c C*(H,(E/F))}.
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Since ¥y (u) = ¥y (eue™?t) for € = diag(1,—1,1,—1,...) and similarly for ¢y and
since €2 = e, it is easy to see that O¥ (F) = ﬁ( ) and that O¥(E/F) = O¥(E/F).
For a Schwartz function f either in C° (M, (F)) or in C°(H,,(E/F)) and an integer
k denote by f[k] the product of f with the characteristic function of {X : |det X |, =

’w’ﬂ )+ Since det is fixed on the orbits, it follows that

¥

(9) if & <5 then [k] 2 W[k].

By linearity, it follows that Theorem 5 reduces to the equality
(10) Oy (F) = O} (E/F).

The advantage of the linearized problem of smooth matching, is that we may use
Fourier analysis on the vector spaces of Schwartz functions. We define the Fourier
transform F = Fy, as follows. For ® € C2°(M,,(F)) let

F(@)(X) = / BV )b(— Tr(Ywn X)) dy
and for U € CX(H,(E/F)) let

F(U)(X) = YY) (= Tr(Ywp Xwn)) dy.
Hn(E/F)
The Fourier inversion formula is the statement that F; o 7, = Id. To make use
of the Fourier transform Jacquet introduced a transform on the spaces of orbital
integrals. For a function w on the set of relevant diagonal matrices, whenever well
defined the Jacquet transform J = Jy is given by the iterated integral

d@)anesan) = [wlbree b Zban+1 z+Z

Not without effort, Jacquet shows that the Jacquet transform is well defined on
OY(F) and on OY(E/F) and that the Jacquet and the Fourier transforms essen-
tially intertwine with the operation of taking orbital integrals. More precisely,
[Jac03b, Theorem 1 and Theorem 2] state that the following diagrams commute:

(11)

) db,, dby—1 -+ - dby.

za'n i

C2(Mo(F)) 2% Op(F) C(H,(E/F)) % OY(E/F)
L Fy 1 Iy and L Fy 1 3y
oM (F) 25 ov(p) Cx(H (E/F) % O¥(E/F)
where

(n-1)
Qy(®)(a) = Q[®, 1) : a], Qu(¥)(a) = c(E/F,v) QU ¢, E/F : a
and ¢(E/F, 1) is the Weil constant defined by the identity

/gb (axz d:L'*|a|F n(a)e(E/F, ) /gb alzz) do
for all ¢ € C°(E) and a € F*, where the Fourier transform ¢ is defined by

/¢ —(zy + 77)).
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Applying this identity twice and the Fourier inversion formula we see that

c(E/F,y)c(E/F,) = 1.
Thus, the Fourier inversion formula and the commutative diagrams in (11) imply the
inversion formula of the Jacquet transform on O¥(F) and on OY(E/F). Namely,

Jpody =1d.
The proof is using Weil’s formula for the integral of the Fourier transform of a
Schwartz function on a vector space against a character of second order. It amounts
to an elementary yet complicated computation based on certain intermediate orbital
integrals and an inductive argument. The inversion formula implies that

(n—1)n

(12) ® <Y 0 if and only if Fy (®) <o o(E/F, ) "5 Fy (0).

This equivalence is the main reason for linearizing the problem and introducing the
Jacquet transform. Another useful and much more elementary formula is obtained
in [Jac03b, Proposition 4]. For & € C°(M,,(F)) the function a — Q[®, ¢ : wya]
on F'* is smooth and of compact support, furthermore it satisfies the identity:

13 i =l [ o@D

There is an analogue of (13) for ¥ € C°(H,(E/F)). Theorem 3 and Theorem 4
follow from (12) and (13). Indeed, for the decomposable representatives, i.e. those
of the form wypa = diag(wiay, weas) where n = ny + no with n; > 0 and w;a;
is one of our relevant representatives for GL,, (F), ¢« = 1,2, both the vanishing
stated in Theorem 3 and the existence of transfer factors as in Theorem 4 follow
by induction using certain intermediate orbital integrals. Once this is granted both
theorems are straightforward consequences of (12), (13) and its analogue for V.
The equality (10) and therefore Theorem 5 also follow from (12) and (13) with the
help of the intermediate orbital integrals. The argument, given in [Jac03b, §8], is a
little more elaborate.

Remark 5. In [Off05], the Jacquet transform is defined on an analogue space of
orbital integrals for the space of n x n symmetric matrices over F, it is proved that
the diagram for this case analogue to (11) commutes and therefore that a similar
inversion formula holds for the Jacquet transform. An analogue of the simpler
identity (13) is also provided. See remark ... for the relevant trace formula for this
setting.

Though extremely useful, the inversion formula for the Jacquet transform is
still far from enough machinery in order to face the fundamental lemma. Again
the problem is linearized. Let ®y be the characteristic function of M, (Op) and
similarly let ¥y be the characteristic function of the lattice H,(E/F) N M, (Og).
We assume from now on that ¢ has conductor Op. The linearized version of the
fundamental lemma is the explicit matching [Jac05, Theorem 1]:

(14) b(f) * Bo 2 (f * Vo).

where for a function ¥ on X we let ¥, (z) = w(detx)¥(z). One can use (9) to
deduce Theorem 6 from (14). In fact, the simple argument given in [Jac05, p.
613] provides more explicit pairs of matching functions then Jacquet admits in his
paper to have given. For all k > 0 let ®() = ®([k] and *) = W[k]. Assume that
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f € Ha(K) is supported on {g € G : |det g|, = [@™|z}. Then b(f) is supported
on {g € G’ : |det g = |@®™|,.}. Note then that

(b(f)*®o)[k—2m] = b(f)* @™ and (f+Wo)u[k—2m] = (f+¥*)), = (—1)*fx0®.
Applying (9), (14) and linearity of the orbital integrals we therefore get that

(15) b(f) * W) L (—1)k f 5 W)

for all f € Hg(K) and all & > 0.

Remark 6. This is a more general explicit matching then stated in Theorem 6 for
K-invariant functions on G and bi K’ invariant functions on G’ (which are not
necessarily in the image of base change). In particular, the fact that we have a pair
of matching functions supported on matrices with determinant of odd valuation

(e.g. M) L(—l)k\ll(k) for k odd) is enough in order to determine the dichotomy
of the transfer factor explained in ...

The technical heart of the proof of the fundamental lemma is a certain uncer-
tainty principle for the space OY(F). The standard uncertainty principal for a
function f € C°(F) and its Fourier transfor F(f) can be formulated as follows.
If the support of f lies in p¥ and the support of F(f) lies in p~* then f lies in
the one dimensional space spanned by the characteristic function of p*. Jacquet’s
generalization for the space of normalized orbital integrals is described as follows.
Let

Ay ={(m1,...,mp) €EZ" :my > --- > my}.

For m = (my,...,my,) let m = (—my,...,—mq1) € A, and let m < m’ be the
standard partial order on A,, defined by

mi+-4+mp<mi+-4+ml,i=1,...,n—1, m+---+m, =mi +---+ml.
For m € A, let F(m) be the space of functions w € O¥(F) such that the support
of w lies in the set of all relevant a = diag(ay,...,a,) such that
(16) Jar - ail o < || =1,

and the support of J(w) lies in the set of all a such that

(17) |a1"'ai‘p < |wmn+'~+mn+1ﬂ'

o t=1...,n
Since m =< m’ implies that m < M’ we then also have F(m) C F(m'). We also let
D, = (- @w™) and ¥,,, = Yp(w™ - w™)
where w™ = diag(w™*,...,w™"). Note that
F(®p,) = q"m™ T M) @ and F(W,,) = ¢?nmttma)y

Since the diagrams in (11) commute it is therefore not hard to see that the function
a — Q[Py,, ¢ : a] lies in F(m) and that a — Q[¥,,, v, E/F : a] lies in F(2m).

Theorem 7 (The uncertainty principle ([Jac05], Proposition 4)). The functions
a— Q@Y :al, m <m

form a basis of the space F(m).
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We remark first that for m = (0,...,0) this statement was already proved in
[Jac04] and it implies the matching

By (W)

The proof of Theorem 7 is of combinatorial nature and is rather long. We shall
not explain it here. We simply narrate that to describe conditions such as (16)
and (17) on the support of functions in O¥ (F), Jacquet introduces the terminology
of box diagrams and proves a series of lemmas concerning the diagrams in [Jac05,
§7-89]. If m; — mo > 2 then the existence of m’ < m with m, = m;, i > 3
(e.g. m' = (my — 1,ma + 1,ms,...,my,)) simplifies the proof of Theorem 7 using
induction. When my — mo < 1 the proof is more delicate and requires the full use
of the machinery of box diagrams developed.

It follows from the uncertainty principle that there exist unique constants 57’2‘,
for all m’ < 2m such that

(18) (U)o < S e qom'=mr) g,
m’/<2m

For every m € A, let o, € S,, be the associated Schur polynomial. There exist
constants 07, m' < 2m such that

om(2?) = Z 0" & ().
m’<2m
Denote by f£ € Heg/(K') the Hecke function such that fE(z) = ¢¢™*),,(z) and
similarly let f£ € Hg(K) be such that f£(22) = ¢*™) g, (22). Thus f£,m e A,
is a basis for Hg: (K'), fE,m € A, is a basis for Hg(K) and based on the Shintani,
Casselman-Shalika formula for the spherical Whittaker function, Jacquet showed
that

b = Y g

m’/<2m

By linearity, it is enough to prove (14) for f = fE. Jacquet also showed that the
orbital integral of (f£xW,),, is the same as the orbital integral of g2(m:2p) (¥n)w and
that the orbital integral of f x ®q is the same as the orbital integral of ¢\ d,, .
It follows, that in order to prove (14) it is enough to show that for every m € A,
we have

(19) (‘Ilm)w(i) Z ez/q<m/_2m7p>q)m,_

m’/<2m

With this in mind, Jacquet defines the linear map 8 : Hg(K) — Heg (K') by
By = > a0l g,

m’'<2m
The constants €7 were so defined that
(U)o < S0 gl =2mr)g,,.
m’'<2m

Using the above arguments we then see that

B(f) * B 2o (f + Wp),,
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for every f € Hg(K). To prove the fundamental lemma it is therefore left to
show that 8 = b or what amounts to the same that £ = ™ whenever m/ <
2m. Computing the constants explicitly, Jacquet shows that 5;;;" = 6’%/ whenever
m1 —m, < 1. This amounts to saying that 0 agrees with b on a set of generators
for the Hecke algebra Heg(K). A global argument is then used in order to prove the
identity on the entire Hecke algebra. Indeed, applying the map  at almost every
inert place to a simple version of the relative trace formula Jacquet shows that 3
is an algebra homomorphism.

3. THE FINE SPECTRAL EXPANSION OF THE RELATIVE TRACE FORMULA

The relative trace formula relevant to us is the distribution on X4 given by

RTF(\IJ):/U (Y v('azu)) O(u) du.

P\Us rz€Xp

It can be expressed as a sum

(20) > RTF(fe)
13

over a set of representatives {£} of the G g-orbits in X of the distributions on Gy

RTF(f) = / . / Ky(h,u)0(u) du dh
HE\H: JUR\Us

Wo-6)= [ silha) dn

where

and
=Y flalw)
YEGF

is the standard kernel function associated to the test function f acting on L?(Gp\G}).
For a fixed compact subset C' of X, there is a finite set I' of representatives £ of
G p-orbits, so that for any test function ¥ € C°(X,) with support contained in C
and for any representative £ ¢ I'" we have RT F¢(fe) = 0 [Jac95, Lemma 1.1]. In
particular, the sum (20) involves only finitely many non zero terms. From now on
we focus on an individual term. Thus we fix £ € Xp, let H = H¢ and denote by
RTF = RTF; the associated distribution on Gj.
According to Langlands spectral decomposition

L*(Gr\G}) = @ L*(Gr\G))y

xXEX

as a direct sum over cuspidal data (see [Art78, §3]) Arthur expanded in [Art78, §4]

the kernel function as
y)=> K(zy)
X

W .
(1) Ky(z.y Wy' | > / B, 1(f, \p, NE( 9 0) dA
i(afp)” Eob(A"
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where the sum is over all standard parabolic subgroups P of G (with standard
Levi subgroup M), over the (finitely many) irreducible, discrete spectrum repre-
sentations 7 of L?*(Mp\M}), and over an orthonormal basis of the space A7 of
automorphic forms on Up 4 M F\G}& in the induced representation indgﬁ (m). In
[Art82], Arthur obtained the fine spectral expansion for the Arthur-Selberg trace
formula, i.e. an explicit expression for the contribution of each cuspidal data x. The
analogue for the RTF we consider in this work was obtained by Lapid in [Lap06].
In the rest of this section we recall his results.

If 7 is a cuspidal representation of G its contribution to the RTF is the relative
Bessel distribution defined by

Be(f)= Y T (x(f)o)W¢(9)

¢Eob(m)

where
I () = / o(h) dh
HF\HA

is the unitary period integral (it converges by [AGR93]) and
Wio) = [ i) du
Up\Us

is the Whittaker functional. For a general automorphic form, the unitary period
integral does not converge, and in order to define similar distributions one uses a
regularization of the period integrals. The regularized period integrals were studied
in [LRO3] in the context of a quasi split Galois pair (G, 8), i.e. when 8 is a Galois
involution on the reductive group G (both defined over F') so that G has a 6 stable
minimal parabolic subgroup. The regularized integral

*

H _
I () = /H Ly, ) an

is defined for essentially all automorphic forms (with a non trivial closed condition
on the exponents of ¢) and is an H(A)-invariant linear functional that agrees with
the period integral whenever it converges. For a cuspidal representation 7 of M}
we can now define (at least for generic \) the relative Bessel distribution

By (f,)) = Boarm (LN = Y TH(EI(f,\)e, )W (E(p, - ).
pEob(AF,)

In fact, we need to consider the analog distributions with respect to 6 stable Levi
subgroups of G. Note that H is the fixed point group of the involution f¢(g) =
£0(g)¢~'. One of the technical difficulties in [LRO3] is that the pair (G,60¢) may
no longer be a quasi split Galois pair. This motivates Lapid and Rogawsky to
introduce the defect in [LRO3, §4.4]. Essentially, this is the standard Levi M of a
minimal 6, stable parabolic for some z in the G g-orbit of £. It is convenient (and
always possible) to choose £ € M ([LRO03, §4.5]). Once we do so, every ¢-stable
Levi subgroup L of G is also ¢ stable, and (L, 0. ) is a quasi split Galois pair. Thus,
for an automorphic form ¢ on Vi Lp\Gy that satisfies p(ag) = ePe-H (@) p(g) for
a € Ag we can define the regularized integral

/ o(h) dh = / / o(Uk) di dk.
(Qu)r\Hx Ky J(Lu)r\(Lu)a
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Accordingly, we define the relative Bessel distribution

BEL ) = * EQ(h, I(f, N, \) dhWO(E(p, —N)).
L (£ ) %%y[/@mm (. I(f, Neg. N) dPAT (B (i, —))

Remark 7. The regularized integrals are defined using the mized truncation op-
erators AL'% for any ¢ stable parabolic subgroup (). These are certain relative
variants of Arthur’s truncation operator, well adapted to the setting of the RTF.

We now explain which triples (M, m, L) contribute to the spectral expansion.

Definition 1. A Levi subgroup M is called 0-elliptic in G, if wMMw;j =0(M)
and wys0 acts as —1 on aﬁf. For a cuspidal representation 7 of M} we say that
(M, ) is O¢-elliptic with respect to G if M is f-elliptic in G and = is distinguished
by M?% for some z € G - §ﬂMw;11.

The contribution to the RTF comes only from triples (M, r, L) so that (M, )

is O¢-elliptic with respect to L. The 0¢-stable Levi L is determined uniquely by
(M, ). That other terms do not contribute, can be seen from

Theorem 8 (Theorem 9.1.1, [LRO03]). Let 7 be a cuspidal representation of M}
then IIH (E(p, A)) = 0 unless (M, ) is O¢-elliptic in G, in which case
where the right hand side is the intertwining period defined by the sum over Mp-
orbits O in Gg - €N wawl of
/ e<>‘»HP(77h)>¢(77h) dh
HpﬂnflPFn\HA\

and n € GF is a representative such that n-& € O (this is independent on the choice

of ).

The intertwining periods were first introduced in [Jac95] for GLs and studied
further in [JLR99] for split Galois pairs. More generally, we have that

/ EQ(h, 1(f, N, \) dh = 0
(Qu)r\Ha

unless (M, ) is 0¢ elliptic with respect to L in which case

(Qu)r\Hy

Analyzing these results explicitly for the case at hand Lapid obtained a very ex-
plicit fine spectral expansion [Lap06, Theorem 10.4]. We can always choose the
representative £ to be of the form

D
§= r
tD
where D is anti diagonal in GL(F') (t is the Witt index of £) and x is an anisotropic
hermitian form of size d = n — 2t.
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Theorem 9 (Fine spectral expansion of the RTF [Lap06]). For every 6¢-elliptic
pair (M, ) with respect to L the relative Bessel distribution B(LM o (f,A) is holo-

*

morphic on i(ayf)* where
L * * *\ —
(ayf)* = (af)* @ ((af)")y -
There are combinatorial constants ¢(M, ), that can be computed explicitly, so that

(22) RTF(f)= Y oM,m) / Blarm (£, ) dX

(M) i(ayf)”
where the sum is over all Levi subgroups M of G of type (n1, ..., Mg, M1, ..., My, Nk, - . .
and cuspidal representations ™ of M} of the form
(23) T=01Q QoM Q- OO0, X R0
where o; % 0,1 = 1,...,k and each 7; is distinguished by some unitary group.
For such a pair (M, ) the Levi subgroup L is then of type (nq,...,ng,my + -+
my, Nk, ...,n1) and my + -~ +my > d. Furthermore, the integral-sum (22) is

absolutely convergent.

Very roughly speaking, the main technical difficulty is to interchange between 2
integrals where the inner integral is over the imaginary axis of a certain vector space
and the outer integral is a unitary period. This is achieved using a shift of contour
and coming back to the unitary access after interchanging the integrals. Lapid’s
approach, using complex analysis, is new. The formal manipulations are justified by
a majorization of Eisenstein series, which is the technical heart of the paper [Lap06,
Proposition 6.1]. The combinatorics of (G, M)-families, introduced by Arthur in
[Art81], is applied to reduce the problem to lower bounds of Rankin-Selberg L-
functions at the edge of the critical strip, which appear in the normalization of
intertwining operators. Such lower bounds were obtained by Brumeley [Bru06] for
GL,. For the absolute convergence, the uniform bound of Lou, Rudnick and Sarnak
towards the Ramanujan conjecture is also applied [LRS99].

We will not get here into the deep analytic problems involved. However, in order
to introduce the reader with the complexity of the problem, we wish to roughly
explain the main 3 steps in the proof. Assume first that f is K,.-finite. The
first step was already obtained by Jacquet in [Jac95]. Jacquet obtained in [Jac95,
Proposition 2.1] for any integer N and for y in a fixed compact set the bound

DK (@ y)] < el 7.
XEX

Since Up\Uy is compact, using (21), this bound enables us to write

(24) RTF(f)

_ Wl -
—X 2 Wl /HF\HA / i(aG))- E(h, 1(f, Ao W\W?(E(, N)) dA dh

XEX [(M,m)] <p€ob(.A")

where the inner sum is over equivalence classes of pairs such that 7 is in the discrete
spectrum of L(Mp\M}),. Based on the classification of the discrete spectrum of
GL, [MW89], representations in the residual spectrum are not generic. This way
Jacquet showed that for a non cuspidal Eisenstein series W?(E(p, \)) = 0, i.e. that
the only terms in (24) that contribute to the RTF are associated with pairs (M, )
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where 7 is a cuspidal representation of M/} (see also [Lap06, Lemma 9.1]). Thus
we obtain

(25) RTF(f)

_ W] -
W /HF\HA/(“M) Z E(h, I(f, N, NW?(E(p,\)) dX dh

[(M )] pEOb(AT)

where the sum is now over all pairs (M, 7) up to conjugation, where 7 is a cuspidal
representation of M(A)!. At this point, in order to expand RTF(f) as a sum of
relative Bessel distributions, we would formally want to exchange order of integra-
tion. Of course, the problem is that the unitary period of an Eisenstein series does
not converge. The shift of contour uses an inversion formula for automorphic forms
[LRO3, Lemma 8.2.1] based on the mixed truncation. At the end of the day, the
summand of (25) associated to (M, ) can be written as a sum of integrals of the
form

eANTIF(N)
(26) /RCA_)\O H A <_)\’w\/> a\

’WGAQH

where ) ranges over certain parabolic subgroups, g is a generic point sufficiently
close to zero in the negative Weyl chamber of aj with respect to @ and F' is
holomorphic and rapidly decreasing in an appropriate domain. Thus, these integrals
converge and roughly speaking, the interchange of integrals with the unitary period
is at this stage already been performed. Though the estimates obtained in [Lap06,
§6] are used, arguments similar to those in [Miil02] suffice to get to this point. The
full power of the majorization of Eisenstein series is used in the next step, getting
back to an integral on the unitary axis. The main problem with directly getting
back to the unitary axis is that the integrands may have singularities there. For
this reason, Lapid introduces in [Lap06, §3] certain improper integrals for a family
of meromorphic functions on a vector space. Let V is a real vector space and A
a set of linearly independent linear functionals on V. For a tame, complex valued
function F on Vg = V ® C in the sense of [Lap06, §3] and a generic vector v € V/
(outside the kernel of each A\ € A) the improper integral

F(u)
v H)\EA A(u)

is defined. If F' is holomorphic and rapidly decreasing then it equals

/ F(u)
Reu=v H)\eA )\(U)

(the improper integrals then regularize the latter for a wider family of functions).
Thus (26) can be expressed as an improper integral in v = Ag. The improper
integrals do not quite depend on the vector v but rather on its connected component
with respect to the hyperplanes defined by the kernels of A € A. Thus, in [Lap06,
Lemma 3.3], the relation between the improper integrals for two generic vectors v
and v is given precisely. This is used in [Lap06, §9.3] to express (26) as a sum
of improper integrals with respect to a fixed generic point in the positive Weyl
chamber of a3, with respect to P, sufficiently close to zero. Using the majorization
of Eisenstein series, Lapid shows in [Lap06, Lemma 7.4] that as a function of A
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B(LMJ)( fsA) is tame. Based on this and using [Lap06, Lemma 3.3] repeatedly he
finally expresses (26) as a sum of expressions of the form

/ oy, Bl ()

Collecting together the terms associated to (M, w, L) whenever (M, ) is 6 elliptic
in L the fine spectral expansion is obtained for every K..-finite test function f. In
fact, in order to compute the combinatorial constants ¢(M, ) one has to carefully
follow the use of [Lap06, Lemma 3.3]. This seems to be rather complicated and is
not carried out in the paper. However, once M is fixed the dependence is only on
the type of 7, i.e. for m in the form (23), ¢(M, ) only depends on the integers k
and [. Thus it only receives finitely many possible values and to prove the absolute
convergence it is enough to show that

/z‘(ai}f )*

The absolute convergence then follows from bounds obtained in [Miil02, §6]. The
fact that the expansion holds for any f € C°(Gy) (dropping the Koo-finiteness
assumption) now follows from Lebesgue’s dominant convergence theorem, using all
the deep analytic bounds mentioned above.

Bl (f; V)] dA < oo

[(M,m)]

Remark 8. Of course, in order to understand the actual analytic difficulties that
occur one will have to read [Lap06]. We do hope, however, that this somewhat
metaphorical description of the proof will make the paper of Lapid more approach-
able to the reader.

4. SPHERICAL FUNCTIONS ON HERMITIAN MATRICES

In this section F' is a non archimedean local field. The symmetric space
X={geG:'g=yg}

is the space of Hermitian matrices with respect to the quadratic extension E/F.
The Hecke algebra Hg(K) acts on the space C°(K\X) of K-invariant functions
on X by the convolution

£ lz) = /G F(9)blg™ - x) dg.

Definition 2. A spherical function on X is a function Q@ € C*°(K\X) which is an
Hea(K) eigenfunction.

Hironaka studied the spherical functions on X in a series of papers [Hir88a,
Hir88b, Hir89, Hir90, Hir99]. When E/F is unramified she obtained explicit for-
mulas for all spherical functions. For a ramified quadratic extension there are only
partial results. We will recall her results.

The explicit computation of spherical functions on a reductive p-adic group was
first obtained by Macdonald in [Mac71]. His formulas were reproved by Cassel-
man in [Cas80] using the theory of unramified principal series representations.
With this new approach Casselman and Shalika obtained explicit formulas for
Whittaker spherical functions [CS80] (generalizing Shintani’s explicit formulas for
GL,). The method of Casselman-Shalika was then used to obtain explicit for-
mulas for the spherical functions for various other cases of p-adic spaces, e.g.
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[HS88, Off04, Hir05b, Sak06]. In a recent work of Sakellaridis [Sak], much of the the-
ory is developed in the general setting of a quasi affine p-adic spherical G-variety
for a split reductive group G, although the problem of computing the spherical
functions explicitly is not addressed there. Roughly speaking, once the Casselman-
Shalika method is applied, there are still three main obstacles to obtaining explicit
formulas for the spherical functions. The first obstacle is to obtain an analog of
the Cartan decomposition, i.e. a K-orbit decomposition on X. In the case of a
p-adic symmetric space, Delorme and Sécherre provided recently a description of
the K-orbits [DS]. The second obstacle is to explicitly describe certain functional
equations satisfied by the spherical functions. In [Hir05a, Hir06], Hironaka suggests
a strategy to reduce the computation of the functional equations to some low rank
cases under some assumptions on X in the setting of a spherical G-variety (with G
not necessarily split). It follows from [Sak] that some of her assumptions are always
satisfied in the setting considered by Sakellaridis. The third obstacle is an explicit
computation of certain integrals over a Iwahori subgroup. In many examples (but
not in general) those are easy to compute.

Denote by B = TU the Borel subgroup of lower triangular matrices in G
with its standard levi decomposition. Let d;(x) be the determinant of the ¢ x ¢
upper left block of £ € X. Thus d; is a regular function on X which is B-
equivariant with respect to the rational character b — Nm(b1bs - - - b;) on B, where
b= diag(b1,...,b,)uand u € U, i.e. d;(b-2) = Nm(byb - - - b;)d;(z). Note that the
lattice spanned by these n rational characters is of finite index in X*(7') and that
they provide a basis to af,. There is a unique open B-orbit X° in X given by

X={zeX:di(z)#0,i=1,...,n}.

The set of rational points X° = X°(F) consists of finitely many B orbits parame-
terized by the abelian group

I'=T7'/NmT ~ (F*/Nm E*)"

(this is not a coincidence, see [Sak, Corollary 3.3.2] when G is split and X is a quasi
affine spherical G-variety). For a = diag(aq,...,a,) € ' we denote by

X, ={z € X°:di(z) €aras---a;,i=1,...,n}
the associated B-orbit. For a € T and s = (s1,...,5,) € C" let

wa@c;s):/lexk-x)Hui(k-x)

i=1

¥ dk.

Hironaka’s spherical functions {w,(; $)}aer form a basis of the space of spherical
functions on X with a fixed Hecke eigenvalue depending on s. Let A = A(s) =
(A1,---,An) € C" be such that

I Wa('; 5) = f(A)wa('; 5)
and let
wp = wa(+;5).
Thus, for every Weyl element w € W the set {w”*},cr forms another basis for

the same space of spherical functions and there are therefore matrices B(w, \) =
(Ba,a (0, \))a,arer € Man(C(g*)) such that

(27) (W)aer = B(w, \) (Wi )aer-
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Applying [Hir99, Theorem 1.9] to this setting Hironaka obtains that

(28) (wa (2))aer = & 0 Z (wA)B(w, \) (15 () aer-

weWw

Here
1— q—(/\i—,\j+1)

=11 EEp=t=
1<J
and if we denote by Z the Iwahori subgroup of K associated with B then

R
Q= ZIwII Hl—q

21

and
n

)x) = /;xaoc o) [ 1tk - )| dk.

i=1

Remark 9. In fact, an analog of formula (28) is obtained in a more general context
for certain spherical varieties by using the Casselman-Shalika method. It reduces
the explicit computation of spherical functions to the 3 obstacles discussed above.
It is enough to compute the spherical functions on a choice of representatives of the
K-orbits in X. In many cases, an explicit choice of representatives is made so that
the integrals over the Iwahori subgroup are easy to compute explicitly. Hironaka
also suggests a general method to reduce the functional equations (27) for a simple
reflection w to the case of small prehomogeneous spaces.

Remark 10. In the general context of spherical varieties, it is observed in [Sak, §3.3],
(at least when G is split) that the B-orbits in X° are naturally parameterized by an
abelian group I'. Roughly speaking, if {w) }aer‘ forms a basis of spherical functions
of a given Hecke eigenvalue f — f (A\), with w? supported on the B-orbit associated
to a then we can define the stable spherical functlonb w% > aer n(a)wy for every
character n on I' (more precisely, in general the stabilization should be done with
respect to a certain subgroup of T', see [Sak, §4.4.2]). It then follows from [Sak,
Theorem 5.3.1] that the stable spherical functions w;‘ and w,“,”‘ differ only by a
scalar, thus for the stable basis of spherical functions, the functional equations
should be much simpler. As we shall soon see, Hironaka indeed considered this
stabilization in order to obtain the functional equations in the case at hand when
X is the space of Hermitian matrices.

The K-orbit decomposition of X was obtained in [Jac62]. If E/F is an unramified
quadratic equation then the functional equations (27) are given explicitly in [Hir88b,
§2]. If E/F is ramified then the functional equation is given explicitly only for a
simple reflection w (see [Hir88b, §3] for odd residual characteristic and [Hir90] when
F = Q5), but note that B(wjwa, A) = B(wa, A)B(wy, wzA). In the unramified case
the integral I)(z) is easy to compute for a special choice of representative for
each of the K-orbits in X. Thus collecting all this information Hironaka obtains
the explicit formulas for the spherical functions. In the ramified case, we discuss
in...which explicit formulas are available.

In order to describe the functional equations it is more convenient however to
introduce a different basis for the spherical functions. Let x = (x1,...,Xxn) be
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a character of 7" which is trivial on Nm7. Hironaka introduced the spherical
functions

Lwis) = [ TT 1tk o) xildilh o) ak

where K’ = {k € K : k-x € X°}. We can think of ¥ as an element of the dual T" of
I". Yet more convenient is to make a change in the variable x. For x as above we
let v = (v1,...,v,) €T be such that

(29) Vi =W ng1-i " Xn-
For s € C" we can define A = \(s) = (A\1,...,A\,) by
+1
(30) )\Z: n2 —Z—(Sn+1,i+"'+8n).
‘We then set

L(z;v; ) = L(w; x; 9)
where A is related to s by (30) and v is related to x by (29). Note then that
L(w;viA) =Y " (vov)(a)w) (z)
acll

where vy = (w,w?,...,w") and “v = (v,,...,1) and therefore that the basis
{L(;v; M)}, cp consists of the stabilized spherical functions in the sense of Remark
10. Note that our change of variables from s to A is slightly different then Hironaka’s
from s to z. In what follows we adjust her results accordingly.

4.1. The unramified Hermitian space. We assume here that E/F is an unram-

ified quadratic extension of p-adic fields. Note then that w = |-|* is an unramified
character with €9 = ;=~ and that

84q
(31) L(pw, s) = L(p, s + €0)

for any character y of F*. Note further that the spherical functions w?(x) (and
hence also L(z;v;\)) depends only on A mod 2¢yZ"™ whereas their common Hecke
eigenvalue f(\) for f € Hi(G) depends only on A mod €yZ™.

The K-orbit decomposition on S is given by the disjoint union

S = ZK-wm

meA,
where
Ap={m=(my,....my) €EZ" :my >--->m,}
and w™ = diag(w™*, ..., ™). The integrand for I} (wp - ™) is in fact constant
on Z and we therefore get that for m € A,, we have
(32) I wo - @™) = 1x, (wo - ™)™ ).

This is [Hir99, Lemma 2.1]. Note that
L(z;x,s) = L(z; 1r; 5 + €(x))
where €(x) = (e(x1),---,€(xn)) and
0 wpu=1
e(n) = {

€ H=w
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and that A(s 4+ €(x)) = A(s) — e(vry) mod 2¢9Z™ where v is related to x by (29).
Thus
(33) L(z;v;N) = L(z;v0; A — e(vig))
and it is therefore enough to compute £(z;vp;A) =3, wa. Let

Lviv7 5N — X +1

T(V§)\):H ( J—1 - )
L(Viuj w, )\z - )\])

i<j

With our notation Hironaka obtains in [Hir88b, §2] the functional equation
T(vo; N L(z; 10, A) = T(wrp; wA) L(x; wrg, wA)

for every w € W. Applying (31) and (33) this functional equation generalizes. For
any v € I', A € C" and w € W we have

(34) T(v; N L(z5 v, N) = 7(wr; wA) L(z; wy, wA).

This functional equation is the one obtained in [Hir99, p. 570] for L(x; x;s). Our
normalization of variables is more natural and simplifies the functional equation.
Let

A" = (" (n"v)(a)ep; aer and TV (X) = (00,0 7(“v, wA))

and denote A = A! and T'(\) = T ()\). From the functional equation (34) we get
that

v, v’ el

AB(w,\) = T(\) 1T (M)A,
It follows from (32) that for m € A,, we have

A" (Io(wo - @™))aer = (1" V) (@™)g ™ ) .

It is now convenient to denote by Z = (Z1, ..., Z,) the variable given by
Zi = Zi(v; A) = (1) g
Applying A to both sides of (28) after some cancelation we obtain
, 1 , , Zi—q ' Z; Zi+q1Z;
r m;l/;/\ - —y my ,—(m,p) v J w | zm v J
(@msvid) = gty o [ 2 8 S w2 [T

where Z™ = T[7_, Z"". This can be expressed in terms of the mth Hall-Littlewood
polynomial:

(1—t)" Z; —tZ;
Po(Zy,. .., Znit) = owlzr][[Z—2
Vm(t) weWw i<j Zi B Zj

It is well known that this is a symmetric Laurant polynomial in Z. Here the
combinatorial factor V;,(t) is determined by the requirement that P,,,(Z;t) is monic
(i.e. that the leading monomial symmetric polynomial, that associated to m, has
coefficient one). Explicitly, let v, (t) =[]/, (1 — ¢*) thus,

Vi (t) = HvNi(n(t)
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where N;(A) = #{j : 1 < j < n,m; =1i}. In fact {P,,(Z;t) : m € A, } forms a
basis of Z[t][ZE!,..., ZE|W. We then have

(35) L(@w™;v;\) =

my\ ., —(m — nvm 7q71 Zifqilzl —
(g - g P T2 2 P 2 =),
n i<j 7

J

Next Hironaka defines the spherical Fourier transform. Again, we define the trans-
form slightly differently so that it will be more convenient to apply with our nota-

tion. We consider the normalized spherical function
L(x;v; N)
Qlz;v; ) = ——=.
(7523 ) L(e;vi )

Thus for m € A,, we have

—(m,p) Vm(_q_l)
Vn(—q71)

Let Hx(X) = CX(K\X) be the Hg(G) module of compactly supported K-

invariant functions on X. The analog for X of the Satake transform is defined
by

(36) PN = [ pla)aivi) da.

Theorem 10 (Theorem 2, [Hir99]). The spherical Fourier transform (36) defines
an isomorphism of Hy (G)-modules

Hy(X) ~C[ZE, ..., ZzEqW.

Q@™ 5 A) = vo(@™)q Py (Z;—q ).

For later reference we note that the characteristic functions 1x.m, m € A,, form
a basis of Hx (X) and

1g.om(N) = vol(K - @™)Q (™)

where we recall that as in §2 m = (—=my,, ..., —m1). Hironaka computed the volume
of every K-orbits using explicit formulas for certain local densities and obtained
that

1
vol(K - @w™) = ¢?(m:r) Un(=q")

Vin(=q™1)
Since Py (Z;t) = P (Z71;t) where Z=1 = (Z;*,..., Z') we therefore obtain
(37) Lic.am(A) = (“"v0)(@™)g"™ Pn(Z7 Y =q7").

For m € A,, we denote by o, the associated monomial symmetric polynomial
om(Z1,. .. Zy) = Z Zwm.
weW
Recall that the functions ®*) € Hg: (K') and ¥*) € Hy(K') were introduced in

§2. For m € Z™ we let |m| =mq +--- + my.

Lemma 1. For every integer k > 0 we have

o — — 1

(“DFEE (5 0) = @B () = g5 Y om(Z7)
mEAI(k)
where Af (k) = {m € A, : my, >0 and |m| = k}.
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Proof. We first note that it is easy to compute k) explicitly. Using the Iwasawa
decomposition G = UT K we get that

<I:(\’f)(y; A) = Z q<”’m>/ " (uw™) duz™™.

mezn 4
Let
MY(k)={meZ" :my,...,m, >0and |m|=k}.
Note that
/ ™ (™) = {QZE‘:l(i—l)mi m e M+ (k)
U 0 else
and that

n—1

gt is G=ms — glml%5

We therefore indeed see that
(I%(V; A) = qlw%1 Z om(Z7h).
meA} (k)
On the other hand we have
oM = Y dgmnr.
meA; (k)

From Macdonald’s computation of the spherical functions (e.g. [Mac95, p. 299])
we have

w1 N) = ¢ 0™ P (275 q70) = g5 () E T Dmep, (270 g 7Y,
We see that the identity
Yo oom@ = Y (@ HEREIP (27T
meA; (k) meA; (k)

holds for infinitely many values of ¢ and therefore that the algebraic identity

(38) Z om(Z71) = Z tzy:l(i_l)mipm(Z_l;t)
meA; (k) meA (k)
holds. Since
v = N e
meA; (k)

using (37) we see that
TH (@ N) =g 3T () (@) (g ) E TP, (27 —g 7).
mGAf{(k)
Since w(w) = —1 we see that
() (™) (g~ =DM = (1) (g Tl me,
It follows from (38) that
VO = (05T Y (27,
meA (k)
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5. BESSEL IDENTITIES FOR PRINCIPAL SERIES REPRESENTATIONS

In this section we recall and refine the results of [Off]. The main result is a local
identity between a distribution on X and a distribution on G’. The notation in
[Off] was slightly different. The space

Y ={geG:gw,g 'w," =e}

was considered as a left G-space with the action g -y = gyw,'gw;'. The map

2+ (wpz)~! defines an isomorphism of the right G space X with the left G space
Y and H* ={g € G: g-y =y} for  and y corresponding by this isomorphism.
With this isomorphism in mind, we shall present the results of [Off] using the
notation of this work without making any further remarks.

We start with the main local result. Assume then that E/F is a quadratic
extension of local fields of characteristic zero. For a character v = (vq,...,v,) of
T and A = (A1,...,\,) € C™ we let

Y\ ) = [[rviv; tw, X = Aj,0)

1<j
where for a character  of F'* and s € C we let

L(p, s)

6(;“’7 S, w)L(ﬂilv 1- 8)

be the Tate y-factor. Let x be a unitary character of Tr which is a base change
from T}, i.e. it factors through the norm map. Thus the set B() of characters
v of T} such that x = v o Nm is not empty. Recall that I' = T)/Nm(Tr). Let
z € Xp,a € T'and v € B(x). If the Gr orbit of x does not contain a we set
J%(a,,\) = 0. Otherwise, let n € Gr and t € a be such that ‘jzn = t and let
H} = H* nnBn~'. The linear functional JZ(a, ¢, \) defined for ¢ € I(x) and
A € C" so that Re A lies in some positive cone by the convergent integral

Y(p, s,7) =

TZ(a,,0) = (vov) (£)ed OtrH D) /H - eWHOT) o= Lh) dh

is independent of the choices of n and ¢. We define the stable linear functional
T (w0, 0) = Y TE(a,0,0).
acl’

Using Bernstein’s principle of analytic continuation, the proof of [LR00, Proposition
2] shows that if F/F is a quadratic extension of p-adic fields then J*“*(v, ¢, \)
admits a meromorphic continuation to a rational function in ¢*, where ¢ is the size
of the residual field of F'. In the archimedean case, the meromorphic continuation
then follows from an analog global statement that we shall soon come to. We also
denote by W¥(g, ¢, \) the Whittaker function defined by

Ww(g,go,/\) = /(J(p(wnug)z/;U(u) du

and let W¥(p,\) = W¥(g,¢,A). The local stable relative Bessel distribution is
defined for ¥ € C°(X) by

BN = Y / V()T (v, 0, A) da - W (g, ).
peob(I(x) /¥
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For any v € B(y) and ¢’ € I'(v) we denote by W% (¢, ¢, A) the Whittaker function
W’w(g,go,/\) = /U/ o' (wnug)by (u) du.

The local Bessel distribution is defined for ® € C°(G’) by

B(@uv,\) = Y WY (w, I'(®,N)¢, YWY (0, —N).
@' €ob(I(v))

Theorem 11. There exists a root of unity kp/p = kg/rp(1,n) so that for any

unitary character v of T' and matching functions ® 50 we have
BSt(\Ijv v, )‘) = "{E/F’V(Vv )‘7 7/’)3/((1’» v, >‘)
If ' = (a-) for some a € F* then

kg p(Wn) = w(@) 2 kg, n).

Furthermore, if E/F is unramified and v has conductor O then kg, p(1,n) = 1.

As already explained in the introduction, this local identity enables us to express
the left hand side of (1) explicitly in terms of Hironaka’s spherical functions. When
n = 3 the result was first obtained in [LR00]. The results of Jacquet, Lapid and
Hironaka in §2-§4 enable us to apply the method of Lapid and Rogawski and prove
Theorem 11 for general n. The proof uses global methods and we also prove an
analog global identity. Before explaining the method of proof, let us first recall the
global analog identity of Bessel distributions.

We turn to a global setting. Thus E/F denotes a quadratic extension of number
fields. Let x be a unitary character of 7"\T} which is in the image of base change,
i.e. so that the set B() of characters v of T\T, such that x = voNm is not empty.
For x € Xy, v € B(x) and ¢ = ®y,¢, € I(x) we define the stable intertwining
period J%*(p, v, \) by the meromorphic continuation of

Jm’St(‘Pa v,\) = H J“’St(%, Vi, A).

We shall soon see that the right hand side is an Euler product convergent in some
positive cone and admits a meromorphic continuation in A. The global stable
relative Bessel distribution is defined for ¥ € C°(X,) by

BN = Y [ w@I o) do W ).
peob(1(x)) "4
The Bessel distribution is defined for ® € C°(G),) by
B(@v,\) = Y Ww, ()¢, YW (p, — )
@’ €ob(I(v))

Theorem 12. Let v be a unitary character of T\Ty. For ® € C°(G)) and
U e C°(Xy) such that ® 5 we have

B (U, 1, \) = B'(®,1,\).
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The stable relative Bessel distribution B$*(¥, v, \) contributes to the most con-
tinuous part of Lapid’s spectral expansion for the RTF, i.e. to the summands in
(22) where the integration is over the (n— 1)-dimensional space i(a$)*. Let {¢} be a
set of representatives for the G orbits in X. Recall that for a function ¥ € C°(X,)
we associate a family {f¢} of functions in C2°(Gy) so that

(39) Wate) = [ 1hg) an

As already mentioned in §3, the distribution RTF on X, can be expressed as a sum
of the distributions RTF¢ on Gy, the spectral expansion of which is described in
§3. The most continuous part of the spectrum is the distribution

Z/ B(U, x, \) dX

where the sum is over all unitary Hecke characters x of Ty that lie in the image of
base change from T} . The relative Bessel distribution B(¥, x, A) is defined by

B, x, =Y Y T(EUISENe,N)) W (p, —N)
§ peob(I(x))

where for an automorphic form ¢ on G we denote by 117 ) (¢) the regularized period
integral over H* \Hg as defined in [LR03]. We also recall the definition of certain
global intertwining periods from [LR03]. We now denote by I' the group 77/ NmT.
For every place v of F we denote by T, the analog local group T)/NmT, and let
I'y = &,,. The group I' naturally embeds in I'y in the diagonal and it follows
from class field theory that #(F'y/T) =2". Let z € X and let T'(z) ={a €T : Jg €
G, 'gzg € a}. For a € T'(x) and X such that Re X is sufficiently large we define

J%(a, 0, \) = / e H) (=1 h) dh
(HZ)a\H

where 7 € G is such that *gzg € a. This integral converges and is independent of
the choice of 1 but is not expected to have a meromorphic continuation in A. In
[LRO3, Theorem 9.1.1] Lapid and Rogawski express the regularized integral of an
Eisenstein series in terms of intertwining periods. In our setting their result gives

(40) I (B(p,N) =2" Y I (a,¢,A).
acl(x)

Thus the (infinite) sum of intertwining periods on the right hand side does admit
a meromorphic continuation in A\. A simple argument in Fourier analysis of finite
groups gives that for any factorizable, absolutely sumable function g(a) =[], gv(av)

on I'y we have
Y g@= Y [lau)

ael’ kel /T)* v

where the sum on the right is over the 2" characters k of T'y /T, &, is the restriction
of k to I'y and gy (ky) = Y., 9u(av). Applying this to the function

o(a) = {J‘"”(a,g@, A) aeTl(x)

0 else
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the equality (40) becomes
(41) I (B, \) = Y, I (e ).

veB(x)
Thus we express the regularized period of an Eisenstein series associated to a prin-
cipal series representation as a finite sum of factorizable linear functionals. Using
the fact that the local period J*"% (v, ., A) in a p-adic place v is meromorphic it
is not difficult to deduce from (41) that the stable intertwining period J*"*(v, ¢, \)
(and hence also each archimedean factor) admits a meromorphic continuation to
A € C" (see [Off, Lemma 6]). For z € X, and f € C°(Ga) we also define the
stable relative Bessel distribution
BUE(f ) = Y TN A) W, -D).
peob(I(x))

Using formal manipulation of integrals and following the definitions we get that
B W, \) = Y B0
[Ele, €Xu/Ga

where ¥ and {f¢} are related by (39). If v = (v1,...,v,) € B(x) we let wy =
(wr, ... ,wy) € B(x). Tt is also easy to see that for x € X, we have

T (o, wr, N) = w(det 2) T4 (¢, v, N).

It follows from the local to global principle for Hermitian forms that w(detz) =1
if and only if the G-orbit of z contains a rational point, i.e. that [x]g, N X # 0.
We therefore see that

SO BTN = Y > B,

veB(x) veB(x) fleeX/G
Combined with (41) we now get that

B(U,x,\) = Y BT\
veB(x)

Thus, for a principal series representation I(x) of G in the image of quadratic base
change from G/}, its contribution is expressed as a finite sum of factorizable distribu-
tions. Note that B'(®, v, ) is the contribution of the principal series representation
I(v) of G, to the KTF. The content of Theorem 12 is that the contribution of I(x)
to the RTF can be written as a finite sum of stable distributions parameterized by
B(x) so that for every v we obtain a term wise comparison of distributions.

We now recall form [Off] some related local results that will help us explain how
the Bessel identities are proved. We start with the split case, i.e. when £ = F® F.
In this case G = G’ x G’ and X = {(*g,g) : g € G'} is a unique G-orbit. A unitary
character of T'= T x T" is in the image of base change if and only if it is of the form
X = (v,v) for a character v on T” and in this case B(x) = {v}. For ¥ € C(X) let
® € C°(G') be defined by

(42) P(g) =('g,9)
then ® L v,

Lemma 2. For every ® and U as in (42) we have
B (U, v, \) = y(v, \, ) B (®, v, \).
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The proof relies on a functional equation of Shahidi for Whittaker functions
[Sha81]. It also uses the fact that the stable intertwining period in the split case
satisfies

JC99) (0 @ gl v, ) = / (k)9 0 M(wn, A) 0 I (wng, \)) (24 (k) dk

for o] ® 4 € I(v) ® I(v) = I(x), from which it follows that
B (W, v, \) =

Yo (@0 M(wn, A) o I'(wn, X) o I'(B, X))}, 0)) W (h) W' ().
@}, €ob(I’(v))

Here 9(¢)(g) = o(wn'g~tw; ).

We now turn to the case where E/F is an unramified quadratic extension of
p-adic fields. The following is a generalization of [Off, Proposition 5].

Lemma 3. Assume that 1) has conductor O and let ® € He (K') and ¥ € Hx (K)
be such that ® = ¥ € C[Z*IW. Then, for every unramified unitary charcter v of
T and A € C™ we have

B (W, v, \) = y(v, \,9)B' (®,v, \).
Proof. Let x = v o Nm. It follows from the definitions that for ¢ € I(x) we have
(43) T (., X) = T (1(g, N, v, A)

and since V¥ is K-invariant we then have
/ U(z) 5" (p,v,\) dz =0
b'e
whenever (¢, ¢, ) = 0. It follows that

B, 0, \) = /X W(2) T (o1, N) dx Wiy, V).

We show in [Off, §3.2] that

st,x _ —1\—n U’ﬂ(q_Q) -1, ...
T (o, ) =(1—=q) vn(—q*1)£($ SV ).

This gives an interpretation of the stable period at the unramified section in terms
of Hironaka’s spherical functions. It is a straight forward computation to obtain this
identity up to a constant depending only on the G-orbit of x. That the constant is
independent of the G-orbits then follows from the algebraic nature of the consistent
measures on the different unitary groups. The constant is then computed using an
asymptotic formula for the intertwining periods. It follows that

72 _
B W) = B0 ) (1) L) Wi ),
On the other hand
B'(®,v,)) = (1, ) W (g, ) W (pw, —N).

Thus the lemma follows from the identity

(- q-1>-"1j(<f’(;_f)c<e;u; X) Wi, =8 = 1 A1) Wi, A) Wigns ).
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Using (35) and the Shintani, Casselman-Shalika formula for the spherical whittaker
functions we have

1= g2 L) Wipn )

vn(_q_l)
H VZI/ Yo, N = \) I L = 1)
= XiXi i
i L o = +1)
whereas
Y, A 1/}) (%, A) Wiy, =)

H vivytw, A — Aj)
ML w)\—/\—l-l)

L(Viyjl, )\z - )‘j + 1) L(V] f ,)\j - )\i + 1)_1

Since L(u,s)L(pw,s) = L(u o Nm,s) for every character p of F* the identity
follows. O

Note that the fundamental lemma of Jacquet in the form of Theorem 6 is valid
even if we replace the transfer factor v(a) by the transfer factor w(det a)y(a) in the
definition of matching, since the functions involved are supported in the kernel of
w o det. This is the transfer factor dichotomy. In [Off, Theorem 2 and Theorem 3]
we show that there exists 6 = d(n) € {0,1} depending only on n, so that the Bessel
identities of Theorem 11 and Theorem 12 hold for functions ® and ¥ matching with

respect to the transfer factor w(deta)’y(a) (we shall then write @L\I/). The
matching (15) for odd k, however, only holds with the transfer factor v(a). This
fact, together with Lemma 3 and Lemma 1 solves the transfer factor dichotomy.

Indeed, it shows that if there exists ¢ for which the Bessel identities hold for ® BN
(i.e. if we have [Off, Theorem 2 and Theorem 3]) then § = 0 (i.e. we have the more
refined Theorem 11 and Theorem 12). Furthermore, Lemma 3 can be viewed as a
spectral version of the fundamental lemma. Motivated by it I suggested

Conjecture 1 ([Off06]). Let ® € He(K') and @ € Hx(K) be such that & = ¥
then & «— V.

The Hecke algebra He/ (K') is a free Hg(K)-module of rank 2" via the Satake
transform. Similarly, convolution defines an H¢ (K)-module structure on Hx (K).
The respective spherical Fourier transforms of Satake and Hironaka identify between
the two Hq (K )-modules. Theorem 6 proves the conjecture for pairs & «— ¥ that
lie respectively in the rank one submodules Hg(K) - ) and Hg(K) - ¥(©. The
more general matching (15) proves the conjecture for other Hq (K)-orbits, but even
when n = 2 not for all orbits. For n = 2, the conjecture is proved in [Off06]. From
now on, we explain the proof of [Off, Theorem 2 and Theorem 3.

Let us go back to a global setting. Lapid and Rogawski generalized in [LROO,
Lemma 4] the argument of Langlands in [?, §11], of linear independence of charac-
ters, to suit the setting of the RTF. From the fundamental Lemma of Jacquet and
the fine spectral expansion of Lapid for the RTF it can then be shown that

(44) > BHU )= ) B(®,1,))

vEB(x) veB(x)



JACQUET’S RELATIVE TRACE FORMULA 31

for every unitary Hecke character y of Ty that lies in the image of base change and

matching functions ® v Indeed, as in the proof of [LR00, Proposition 6] the
identity (44) can be proved up to a combinatorial constant ¢ that depends only on
n (the constant ¢(T', x) in (22) does not depend on x and not even on the quadratic
field extension E/F). Let

a(A) = [Jewlbw N) = [T E0ux A — A +1).
v 1<J
From the unramified local computations it follows that at least when Re A is suf-
ficiently large each summand of (44) is a factorizable distribution, indeed we can
write for Re A sufficiently large

B (W,1,0) = a(x ) ] aw(xw, N B (W, 1, M)

and
B'(@,v,)) = al )7 [ 1w A vho)aw (xw, M) B (@, 1, N).

Choosing an extension F/F which is split at all archimedean places and unramified
at all finite places it follows from Lemma 2 and Lemma 3 that ¢ = 1. In [Off] we
used the fact that ¢ = 1 without justification. From the global identity (44) we can
deduce the following identity on the summands.

Lemma 4 (Corollary 3 [Off]). Let E/F be a quadratic extension of number fields
which is split at all real places of F, let 6 € {0,1} and let x be a unitary Hecke
character of Ty that is a base change from Ty. There exists a permutation T = Ts y
on B(x) so that

B (W, v, \) = B'(®,7(v),\)

5
whenever ® «—— W,

To deduce Lemma 4 from (44) we proceed as in [LR00]. Using the localization
principle of Gelfand-Kazdhan [GK75] Jacquet observed that, for an inert p-adic
place v of F', the local Bessel distribution on G/, depends only on the orbital integrals
of the functions and may therefore be viewed as a distribution on X, via matching.
Since this is also the case at the split places, under the assumption of Lemma 4
on E/F, (44) may be viewed as an identity between distributions on X,. The key
for deducing the termwise identity from (44) is a lemma in linear algebra [LROO,
Lemma 5. We now recall its content. Let Vi, V5 and V3 be vector spaces. Let
{xf}gl and {yf}:"zl be two sets of m vectors in V; so that the vectors {xf}gl are
linearly independent for ¢ = 1,2, 3 and such that

m m
doaleaiesl =) y ooyl
=1 =1

Then there exists a permutation 7 of {1,2,...,m} such that
1o, 20,3 1 2 3
Yi @Y @Y; = Tr;) @ T2y O Try)

forall i =1,...,m. In [Off, Lemma 8], we show that for an inert p-adic place v of
F the local relative Bessel distributions {B* (-, vy, A)},, eB(y,) o0 X, are linearly
independent. This allows us to apply [LR00, Lemma 5] using two auxiliary p-adic
inert places of F' and obtain Lemma 4 from (44).
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Using this global identity we first prove the local Bessel identity in the p-adic
case. The idea is as follows. Fix a quadratic extension E°/F? of p-adic fields.
We embed the local p-adic setting in a favorable global setting. There exists a
quadratic extension of number fields E/F so that the set SY of all places v of F so
that E,/F, ~ E°/F? is not empty and so that for all v ¢ S° the extension E,/F,
is either split or an unramified quadratic extension of p-adic fields for p odd. For
0 € {0,1} and a unitary Hecke character x of T which is a base change from T
let 75, be the permutation on B(x) given by Lemma 4. Since B'(wodet ®,v,\) =

B'(®,wr,\) and P <2 if and only if wodet ® =4 U, it follows from the linear
independence of the local p-adic relative Bessel distributions that

(45) T1-sx (V) = wTsx(v)

for v € B(x). We now pick an odd prime p relatively prime to the residual char-
acteristic of F© and so that denoting by SP the set of all places of F with residual
characteristic p, the character 1, has conductor O, for all v € SP. For a finite set
of finite places S of F' we denote by Ug the set of unramified unitary characters of
T%.

Lemma 5 (Lemma 11 [Oft]). There is a non empty open set UP C Use so that if
v is a unitary Hecke character of Ty such that vs» € UP then 15,(v) € {v,wr}.

The lemma is proved by writing explicitly the identity of Lemma 4 for a choice of

decomposable matching functions ® LR VU so that ®, = 1x, and ¥, = 1x nk, for
almost all v. Using the fundamental Lemma of Jacquet and the explicit Bessel iden-
tities in the split and unramified cases we obtain an identity between two Dirichlet
series. Comparing the p part of the Dirichlet series we show that 75, (v) € {v,wr}
provides a non trivial closed condition on vgp.

Let UP be the set of characters given by Lemma 5. It follows from (45) that for
every v such that vg» € U? there exists § = 6(v) € {0,1} such that 75, (v) = v. In
order to apply Lemma 5, we use a Lemma of Lapid-Rogawski on the distributions
of Hecke characters.

Lemma 6 (Corollary 2 [LR00]). Let Sy be a finite set of finite places of F' and let
S = S USs. Given a place w ¢ S, a unitary character n = (ny)ves, of Téf and
an open set U C Ug,, there exists a Hecke character o of T} which is unramified
outside S U {w} such that ngln eU.

We apply Lemma 6 with Sy = SO U SP, n = (Mv)ves, with n, = 17, for v € SP
and 7, = p for a fixed character p of (F°)* for all v € S, U = U° x UP where
U will soon be specified and w is a place of F which is split in E. Thus, there
exists a unitary Hecke character v of T such that vs, = 1. In particular we have
Tsw),x (V) = v. It follows from the global identity of Bessel distributions that there
exists constants K, (v, \) such that

BSt(\Ilvv Vy, )‘) = Hv(”va )\)'Y(Vv; Av, 1/})3'(‘1%7 Vy, /\)

s
whenever @, &), W,,. From the split and unramified explicit identities we get that

Ko(Vy, A) = 1 for v & S° and therefore the global identity implies that

(46) IT sove.d) =1.

veSo
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Note that for v € S° there exists A, € iR™ such that nu, = u|-|** and the function
Ky (Vy, A) = Ky (1, A+, is a rational function in go. Assume now that the function
Ky (i, A) is not constant in A. Then (46) is a closed condition on vgo and we may
choose UY C Ugo for which (46) does not hold. This will contradict Lemma 6. Thus
we see that k,(u, ) = k(1) is a ’SO|—root of unity independent of A. Repeating
the argument, but changing 7, to be a different character u; of (F°)* only at a
single place v € S° we will get that /ﬁ(u)lso‘_l/@(ul) =1 and therefore that x(u) is
independent of u. We therefore obtain the desired p-adic Bessel identity for §(u)-
matching functions. To see that §(u) is independent of u, given any two quadratic
extensions of p-adic fields E;/F; and characters v; for ¢ = 1,2 there is a quadratic
extension of number fields E/F, places v; of F and a Hecke character v of T}
such that E,,/F,, ~ F;/F; and v,, = v;. This shows that §(v1) = d(v) = 0(v2).
This proves the local Bessel identity [Off, Theorem 3| in the p-adic case. The
archimedean case now follows from (44) applied to E/F = Q[v/—1]/Q, using the
linear independence of the Bessel distributions. Similarly, [Off, Theorem 3] and
(44) now prove the global Bessel identity [Off, Theorem 2].

6. A FORMULA FOR AN ANISOTROPIC UNITARY PERIOD OF CERTAIN CUSP FORMS

We now explain how the results of §2-§5 are applied to obtain Theorem 2. Fix a
CM-extension F/F, an everywhere unramified cuspidal automorphic representation
7 of G} which is a base change from (G/)! and a cuspidal automorphic represen-
tation 7’ such that m = be(n’). Then 7’ % 7’ ® w and we also have m = be(1’ @ w).
We denote by ¢ the everywhere unramified L?-normalized cusp form in the space
of 7. Let a € X be such that a, = +%6,0, for some 6, € G,, is either positive
or negative definite for every real place v of F' and let H = H® be the associated
unitary group. For a finite place v of F let 6, = e and let 8 = (0,) € G4. For a
cuspidal automorphic form ¢ on G we denote by PH(¢) the anisotropic unitary
period

H _
P (g) = /H o dn

Our goal is to compute ’PH(W(0)¢0)|2.

The RTF of Jacquet is taking all unitary periods into consideration. Since we
focus on a single unitary group Hja, we may simplify the RTF and consider it as
a distribution on G, as follows. We choose a set of representatives {{} for the
G-orbits in X so that « is the representative of its orbit. For every £ # o we set
f& =0and we let f = f¢ € C®(Gy). If we express the RTF as a sum over the
orbits as in (20), we obtain

RTF(U) = RTF,(f)

where W is supported on the G-orbit of o and ¥ (*gag) = fHA f(hg) dh for g € Gu.
For a functions f’ € C2°(GY ), we shall also say that f and f’ have matching orbital
integrals for ¢ and write

f’Lf whenever f’<i>\ll.

From the fundamental lemma of Jacquet and the linear independence of characters
of Lapid-Rogawski we obtain the identity

Bﬂ(f) = Bﬂ’(f/) + Bﬂ"®w(f/)



34 OMER OFFEN

whenever f’ AN f. Note that in order to apply [LR00, Lemma 4] we make full use of
the matching in Theorem 6. The matching of the Hecke unit element is not enough!
If in addition we assume that supp(f’) C ker(w o det) then B (f') = Brgw(f’)
and we obtain the identity of Bessel distributions

(47) Br(f) =2Bx(f').

Fix g € G such that W¥(¢g, g) # 0. Let S be a finite set of places of F' containing
all real places, all even places all inert ramified places and such that for all v ¢ S the
character 1, has conductor O, and g,, «, € K,. Consider a function f € C>°(Gy)

of the form
f = H fv H 1Ku

veS vgS
where f, is a bi-K,-invariant function for all v € S. Let fj(z) = f(0zg), x € Gy.
Based on Jacquet’s smooth matching at the finite places and the fundamental
lemma for the Hecke unit element it is not hard to choose a function f’ € C°(GY)

of the form
fr= H 3 H 1,
veS vEgS
with support contained in ker(w o det) and such that

(48) Ry

(see [LO, §4] for the choice of f] when v is real). Choosing a basis ob(w) containing
m(g)¢o and taking the K-invariance of f into consideration we get that

(49) Br(f) = fs(ms) P (7 (0)d0)W* (60, 9)
where R R
fs(ms) = H fo(my)
veS
is the spherical Fourier transform of f. Applying (47) to the pair of matching
functions (48), we obtain from (49) that

. -2
(50) [P (x(0)g0)|* = 4| Fs(ms)W ¥ (00, 9)|  |Ba (£
6.1. Application of a formula of Jacquet for the inner product of cusp
forms. Jacquet showed in [JacO1] that the Bessel distribution B/ (f’) is decom-
posable. This observation is based on a formula he obtained for the inner product
of cusp forms on G, that, in turn, is based on a Rankin-Selberg integral that ex-
presses the inner product in terms of Whittaker functions [JS81]. We recall the
formula here and refer to [LO, §2.2] for details.

In the local setting, for an irreducible, generic, unitary representation ' of G’ let
WY (') be the Whittaker model of 7. An inner product on WY (7') was given by
Bernstein in the non archimedean case [Ber84] and by Baruch in the archimedean
case [Bar03] by the formula

(51)  [Wh, Wa] =0k "L(n, 1) / Wi (diag(g, 1) Wa(diag(g, 1)) dg.
U1 \Gh 1

Note the normalization factor outside the integral, which appears for our conve-

nience. We define the local Bessel distribution

w/ — 6wn76€7['7']
BTr’ (f/) - %Ww/(ﬂ/)7wwl(ﬂ/)(f/)
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where 0,(W) = W(g).

Globally, for a cusp form ¢ in the space of #’ = ®, 7] which is a pure tensor,
we may write W% (¢, g) = [T, Wa(go) with W, € W¥%(r,) and W, (e) = 1 almost
everywhere. Let S be a finite set of places containing the archimedean places,

so that for v € S, m, is unramified, v/ has conductor O,, W, is spherical and
Wy(e) = 1. Then

(¢, d)an\(ay)r = Ress=1 L3(s,n’ x 7') H (W, Wy].
veS
We get that
(¢, )\ (ay)
(52) W0 = . 11 W (g0)

Res,— 1LSS7T X 7)

where Wlw ; is a spherical Whittaker function of 7/ normalized so that [W;’ /, wy l] =
1. The inner product formula also gives rise to the decomposition of the Bessel
distribution. Let f' = ®yesf,, ®vgs 1k then
’ 1 ’
(53) BY(f) = — I B2 (1)
veS

Resg—1 L3 (s, 7" x 7')

In order to evaluate B;l’,/ (f") in the setting of (50), we will apply the local Bessel
identities. Note that locally, if 7/ = I'(v, A) is a principal series representation then
the distributions B:f,l (-) and BY'(-, v, \) are normalized differently. The normalizing
factor was computed in [LO, Proposition 1] and the remark following Proposition
1. If A € C™ is such that |Re\;| < % (which is the case, in particular, when 7’
is unitary) then the integral in (51) converges and defines a G’-invariant pairing
between W¥' (') and W¥'((7')*) where (7/)* denotes the conjugate contragredient

of n’. We showed that for such A and for ¢}, ¢4 € I'(v, A) we have

[Wlb (90/1’ )‘)7 Wﬂl (4,0/2, _5‘)]
L(1,1px )™ '

(54) (1 95) =
This implies that
’l[}l ! . . n 5w"766;[‘;'] !
B (.f » Vs )‘) - L(la 1p ) %Ww'(w/)7ww’((ﬂ/)*)(f )

In particular, if I’(v, \) is unitary then

(55) BY'(f',1,0) = L(1,1p:)" By, 5, (f).
We also note that for the unramified section (54) gives

/ - , ;2
(56) W (g, =2 W (& A )| = L1, 1) W (g)|

6.2. Application of the local Bessel identities. Here F/F is a quadratic ex-
tension of local fields. We make as explicit as we can the Bessel distribution in the
following setting. Let m = I(\) be a unitary, unramified principal series represen-
tation of G and let v € B(1r). Thus, #' = I'(v,\) is such that 7 = b(n’). Once
again, we focus on a single unitary group and we therefore consider the relative
Bessel distribution on G defined by

Bst,oc(f7 v, )\) — %J&t a( V>\) W( 7_)\) (v )

7T7T
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Note that if ¥ is supported on the G-orbit of a and ¥(*gag) = [}, f(hg) dh then
B (W, v, \) = B4 (f, v, \).
For 6, g € G and a Hecke function f € Hi(G) let fj(y) = f(0yg), y € G and let
f' € C*(G") be such that f’ LN f§. Combining (55) with Theorem 11 we get that
By () = (DL, L s (v, ) B (7,0, 0).

Since f is bi-K-invariant, choosing an orthonormal basis containing 7(g)¢1, we see
that

(57) B (ff,v,A) = FNT (IO, N1, v, AW (g, 01,, =)
= f()‘)JSt7e((plT Vs )\)Ww(g, Pir, _5‘)

The latter equality follows from (43). Since I'(v,A) is unitary it is isomorphic to
I'(v,—\) and therefore B}p,(y /\)(f’) is invariant under A — —\. It follows that

qul}’(y A)(f ) (K‘E/FL(L ]-F>< )nj/(ya /\a ¢))71f(/\)‘]5t76(()01T’ v, A)Ww(g7 Pir, _;\)

and

B?’(U,A)(f/) = HE/F(L(L 1F>< )”,—Y(V, 7)‘5 1/;))71]?()‘)‘]“’6(()017“7 v, 7)\)W’l/) (gv Pir, >‘)

Observe that since

(U3
op

e(s,w,)e(=s,w,9) = (7-)?

we also have

YA BN -2 D) = (G5 H > o

/\j,wyiyj)

+ 1, wy,v;)

and therefore
L(1,1g-)" 1 B L(0,w)" L1, 7" x &' @ w)
L(1, 1) y(v, \, )y (v, =\, 4) L0, 7 x & ®w)  L(1,1p:)"

Applying (56) to the group G we get that

L(0, w) L, x 7 ®@w)
LO,7 x 7 ®@w)  L(1,1p<)"

£ 200 —1)n 7st,e st,e 2
O] GEY ot (o, AT (o, —N) [WE ()]

(U3

(38)  |Broay(f)| =

6.3. Proof of Theorem 2. Since 7 is everywhere unramified, each component
of 7' = ®,m, is a unitary, principal series representation 7, = I'(v,,A,) with
vy € B(1r,). Thus 7, is unramified for every place v ¢ S and we may then assume
that 1, = 17,. In order to obtain the formula for | P (7 (6)g) ’2 we now only need
to collect together the results we have already recalled. We apply (52) to the group
G, the factorization (53) of the Bessel distribution and (58). Plugging these results
into (50) we get that
Ress 1 LS (s, x 7)

H st,e st,e o
|P ( )¢0)| Res =1 LS(S 7'(' X 71') (**)vl;ISJU (SplTvl/U’)‘U)Jv (SDlT,Vv, )‘U)
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7. A GENERALIZATION OF JACQUET’S EXPLICIT KLOOSTERMAN IDENTITIES

In this section E°/F? is an unramified quadratic extension of p-adic fields. Based
on Hironaka’s spherical Fourier transform, we show that the fundamental lemma
of Jacquet can be generalized to an explicit matching of orbital integrals for every
element of the Hecke algebra He (K').

Theorem 13. Let & € He(K') and ¥ € Hx(K) be such that & = U. If ¢ has
conductor Opo then ® Sy

Remark 11. In the theorem, there is no restriction on the characteristic of the
residual field of FO. In particular, this proves the fundamental lemma in the case

of even residual characteristic. The proof is global using the RTF and it relies on
the main local result of [Jac05].

Proof. A function ® € C°(G'(FV)) is called supercuspidal if for all g1, go € G'(F°)
and V the unipotent radical of a parabolic subgroup of G’ we have

/ ®(g1vg2) dv = 0.
v

Denote by C.(G’) the space of supercuspidal functions on G’(F°). We have a direct
sum decomposition C°(G'(F?)) = Cs(G') ® Cye(G'). Where the orthogonal
complement is taken with respect to the standard inner product

@.0)g = [ 2(g)¥(9) do.

Lemma 7. Let (7',V) be a supercuspidal representation of G'(F°) then for all
® € Oy (G))L and v € V we have 7' (®)v = 0.

Proof. Let ve V and & € V. Then
(' (@)0,5) = | ®()fuslo) do
where
fo,5(g9) = (7' (9)v, D)
is the associated matrix coefficient. Since 7’ is supercuspidal and since Cs.(G’) is
stable under complex conjugation there exists ® € Cs.(G’) such that

fuslo) = [ ¥oprte) d
Ze
Note also that Cs.(G’) is invariant under translations and therefore
(' ()0, 5) = / (@, ) g wrr(2) 7 dz =0

ZG/
where @/, is the translate of ® by z. O

Lemma 8. There exists ® € Cyo(G'(F°)) and a € T' such that Q[®,;a] # 0.

Proof. For the proof we will use the global KTF. Let F' be a number field and vy
a place of F such that F° ~ F, . Let ©’ be a cuspidal automorphic representation
of G’y such that 7, is a supercuspidal representation. Since 7, has a Whittaker
model it follows that the local Bessel distribution BW;O is not identically zero. From

Lemma 7 it then follows that there exists ®,, € Cs.(G},,) such that By (®,,) # 0.
vo
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If ® =®,0, € CX(G),) is any decomposable test function with a supercuspidal
factor at some finite place then

KTF(®) = Br(®)

where the sum is over all cuspidal representations of G,. Let S be a finite set
of places of F' containing vy and all the archimedean places and such that ,
has conductor O, and 7, is unramified for v ¢ S. For every v € S\ {v} let
®, € C°(G’) be such that By, (®,) # 0 and if v|oo then ®, is supported in the

open Bruhat cell E;wnU{) (see the lemma of Shalika for the infinite places...). For
v & S welet &, € Hg/(K') be arbitrary. As in Jacquet’s paper, there are only
finitely many irreducible, cuspidal, representations 7w of G, such that mo, = w5
and such that B, (®) # 0. Let them be 7y, ..., 7. It then follows from the strong
multiplicity one that there are places vy, ..., v not in S such that (7;)., % 7, and

therefore there are Hecke functions ®,, € Hgr (K,) such that ®,, ((m:)v,) = 0 and

o, (m,,) # 0. For such ® we claim that RTF(®) # 0. Indeed, by our choice of @,
summing up only over cuspidal representation with infinite component 7. we have

S" B(®) = By(®) £0

and therefore by the infinite linear independence lemma of Jacquet ([Jac05, Lemma
1]) we have

RTF(®) =Y Br(®) #0

where the sum is over all cuspidal representations. On the other hand, by our choice
of @, at the infinite places we have

RTF(®) = > Q[@;¢;al.
acT’
The lemma follows. O
In order to prove the local matching we embed the setting once more into a

global setting and apply the RTF identity. We will also need the following global
lemma.

Lemma 9. Let m = ®,m, be a cuspidal representation of Ga and let ¥ = ¥, @ U*
be such that ¥, € Hx, (K,) then if Bx(¥) # 0 then m, is unramified.

Proof. A straight forward manipulation shows that

¢Eob(m)

> ‘l’(tgwg)] ¢(g) dg.

reX

In particular, the summand associated to ¢ is the same as the summand associated
to the function

— k) dk.
g /quﬁ(g )

If 7, is not unramified then the latter function is zero for all ® in the space of
Pi. [
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Let E/F be a quadratic extension of number fields that is split at all infinite
places and such that there exist a place vy of F such that E, _, /F,., ~ E°/F°.

Let ¢ be a character of F'\A such that v, , has conductor O,,,. Let ®; €
My, (K,) and W5 € Hy, (K) be such that &7 = W5  and let o € T} .

Our goal is to prove the identity

(59) QT 5 Yo ] = V(Q)QUPY 590,50

For every place v of F let ©, be the kernel of the character w, o det on G,. By
linearity, it is enough to prove (59) for ®7  with support contained either in ®,_,
orin G, \D,,. Let De{D,,,G, \D,,} and assume from now on that the
support of &9 is contained in D. Let

Urel
1 D= gvrel
€ =
-1 D=G, \ Dy,

Yrel

w“cusp

Let veusp be a finite place of F' which is split in £ and let ® — U be

supercuspidal matching functions and 8 € T}, . such that

Vcusp Vcusp

cus

Q[\I’vcuﬁpa wvcusp ; ﬁ] = Q[q)vcuspv "/}vcusp§ ﬁ] 7é 0.

Since the local orbital integrals are smooth in a € T), by the weak approximation
there exists a € 7" so that under the diagonal embedding of 7" into Ty | x Tj_ it
is close enough to («, 3) so that

Q[@Zrel;wvreﬁa] = Q[@;rel;wvrel;a]’ Q[@Ucusp’wvcusp; 5] = Q[®v0u5p7{¢)vcusp; a]

and therefore U9 ~and ¥, = also satisfy the analog identities. In particular, it is
enough to prove (59) with « replaced by a.

Let S be a finite set of places of F' containing all infinite places all even places
and the places vyel, Ucusp such that a € K, and 9, has conductor O, for v &

S. For every v € S\ {veusp} let CIDU&\I/U be such that Q[®,,1,;a] # 0. For

every v € S let C, be a compact subset of G/, such that the support of @, is
contained in C, and such that the support of ®7 is also contained in C,,,, and
let C = [[,c5Co % [l ,gs Ma(Oy). For v ¢ S we choose at this point arbitrarily

matching functions @, &, W, in such a way that Q[®,,1,;a] # 0 and &, = 1k
and ¥, = 1g,nx, for almost all v and such that the support of & = ®,®, is

contained in C. We then have & «%— ¥ — ®y ¥y, QU;;a] = Q[P;9);a] # 0 and
furthermore that
RTF(U) = QU450 = > QP48 = KTF(®)
bex bex
for a finite set ¥ in 7" dependent only on C. Next we choose an auxiliary place

Vaux € S and replace U, (resp. @, ) by its product with the characteristic
function of all g € X, (resp. g € G, ) such that

(60) di(g) € di(a) +p,,,.,i=1...,n
for some integer ¢. Since the respective characteristic functions are constant on

the unipotent orbits we still have ®,, Qs ¥, - We choose ¢ large enough so
that a is the unique element g € 3 for which (60)7holds and furthermore so that
for g € G, the conditions (60) imply that g € U’,,, T, U, = {g € G,

Vaux
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di(g) # 0,1 = 1,...,n}. Thus, Q[¥,,  ;%..;0 = QPy...; Vv..;b] = 0 for all
b € ¥\ {a} and furthermore Q[W,_ ;¥ . ;wnb] = Qo ;Y. wrd] = 0
whenever M’ # T" is a standard Levy subgroup of G’ and b € Ay. We now get

for all ® &£ W of the form chosen above that
RTF (W) = QU3 ;] = Q[ 45a] = KTF(®) #0
and furthermore that
QU543 b] = Q%5 4h;b] = 0
for all b € T\ {a}, where U° = U9 = ® (Qyzp,,Vy) and @° = @5 @ (Dystv, Po)-
We then get that

(61) RTF(T°) = Q[T° v;a] and KTF(3°) = Q[®°; ; a.

To complete the prove of the theorem we therefore need to show that RTF(¥°) =
KTF(®°). We turn to the respective spectral expansions. We have

RTF(U°) =Y B.(¥°) and KTF(2°) = > B (2°)

where each sum is over cuspidal representations. Recall that for every pair &’ Sy
and every cuspidal representation 7’ of G the linear independence of characters
implies that

(62) Bie(n)(¥') = Bo(®') + Brrgu(®).

In order to complete the proof of the theorem it is now enough to show that for
every cuspidal representation 7’ of G, we have

(63) Be(a) (P°) = B (9°) + Brigu (2°).

If 7 ~ 7/ ® w then be(n’) is not cuspidal and therefore Ebc(ﬂ/) is the zero dis-
tribution. Since in this case By = Brige it follows from (62) that each of the
Bessel distributions is zero. Thus, in this case both sides of (63) equal zero. As-
sume now that 7’ % 7’ @ w and let 7 = be(n’) = be(n’ ® w). As we already
explained, the Bessel distribution B, is factorizable. In particular, for any func-
tion of the form & = @, @ ()" there is a distribution B+ on (G’)” such that
Br(®") = B (®,) By ((®)"). Essentially, this is also the case for B,. For
any function ¥ = ¥ ~® (¥’)" such that the support of ¥; is contained in

{r € X : w(detz) = ¢} we can find a matching function ®;  with support con-

tained in D. For ® <% ¥’ as above we then have

(64) Br(¥') = Bry (®),,)(B(rye + €Brrauy ) (¥)").

Urel

From the factorization of By it is clear that B./(®°) = 0 unless 7,  is unram-
ified. It follows from Lemma 9 that B,(¥°) = 0 unless m,, , is unramified. We
may therefore assume from now on that A, € C, is such that m, = I'(A,,,,)
and m,,, = I(\y,,). For a finite place v of F, from the localization principal of
Kazdhan...? the Bessel distribution B, may be considered as a distribution on

X, i.e. there is a distribution By, on X, so that By (V) = By (®;) whenever

! IR V. For every function W;  supported in {z € X, : wy,,(det x) = €} the

equality (64) for matching functions now becomes

(65) By (¥') = Br, (¥, )(Bixryr + eBrrawy ) (2)").

rel

rel
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The local Bessel identities (Theorem 11) imply that there is an explicit factor ¢(,)
such that By, == c(m,)B*(-,1r,,\,) and furtheremore we get from Lemma 3 that

(66) Bﬂvljm (q)zrel) = C(W")BSt(\IjzreN 1Tv ’ A”) = B”Urel (\I’Zrel)'
We now plug in the functions ®° and ¥° into (65). Applying (66) we get (63) as
desired.

[l
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