On symplectic periods of discrete spectrum of
G Lo,

Omer Offen

Abstract: We provide a formula for the symplectic period of an auto-
morphic form in the discrete spectrum of GLy,. It is a generalization of a
formula of Jacquet and Rallis.

1 Introduction

Let G be a connected reductive group defined over a number field F', and let
H be the fixed point subgroup of an involution on GG. Denote by A the ring
of adeles of F. Let ¢ be an automorphic form on G(A). If ¢ is a cusp form
then the period integral

lu(p) = o(h)dh

/H(F)\(H(A)WG(A)U

is convergent by [AGR93|. For a more general automorphic form, the period
integral may not converge and it is of interest to define Iy (y) via a regu-
larization. See the introduction of [LRO3] for a discussion and motivation.
The case where E/F is a quadratic extension, H is a connected reductive
group defined over F' and G = Resg/rH, is referred to as the Galois case. A
regularization of the period integral was introduced in [JLR99] in the split
Galois case, i.e. when H is split over F. A general treatment of the Ga-
lois case was then given in [LR03]. The regularized period of an Eisenstein
series is computed in terms of the so called, intertwining periods ([LRO3],
Theorem 9.1.1). This result is then used to obtain a formula for the (conver-
gent) period integral of a truncated Eisenstein series. The formula, obtained
in ([LRO3], Proposition 11.1.1), is a relative analogue of the Maass-Selberg
relations.



In this paper we consider a specific non-Galois case. Namely, the case
where G = G L, and H is the symplectic group Sps,. We then call [ (¢) the
symplectic period of ¢. Our main result is a formula for the symplectic period
of an automorphic form in the discrete spectrum of G(A). It generalizes a
formula of Jacquet and Rallis [JR92b]. We refer to the body of the work for
any unexplained notation in the description below.

The discrete spectrum of G(A) is described by Moeglin and Waldspurger
[IMW89]. An irreducible unitary representation of G(A) is called a discrete
automorphic representation of G if it occurs as a discrete summand in the
space L*(G(F)\G(A)'). There is a bijection between discrete automorphic
representations 7 of G(A) and pairs (r,7) where r divides 2n and 7 is an
irreducible cuspidal automorphic representation of GL,.(A). Given such a
pair (r,7), let 2n = sr and let P = MU be the standard parabolic subgroup
of G of type (r,...,r). The representation 7 is the unique irreducible quotient
of the representation

Indggﬁg <]det]s;217®\det\%7®---®|det]%7> (1)

unitarily induced from P(A) to G(A). Let E(p, A) be the cuspidal Eisenstein
series induced from P(A), as defined in §6 for a suitable section ¢ in the
induced representation space. The Eisenstein series F(p, A) is meromorphic
in the complex parameter A = (Ay,..., ;) € C° and

[ﬂ()\z — /\i+1 — 1)

i=1

E(e,A) (2)

is holomorphic at the point

A~ 5—1’5—3’.“71—5 ‘
2 2 2

We define the multi-residue of the Eisenstein series E_1(¢p), to be the limit
of (2) as A — A. The functions E_;(p) are L?-automorphic forms. As ¢
ranges over (1), the multi-residues F_;(y) form an irreducible representation
of G(A) (see [Jac84]). This is the representation 7 corresponding to (r, 7). To
compute symplectic periods of automorphic forms in the discrete spectrum,
we are therefore reduced to the study of the symplectic period of E_;(p).
This period is given by the absolutely convergent integral

/ E_y(h, ¢)dh,
H(F)\H(A)
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(see Lemma 40). A mixed truncation operator AZ defined on automorphic
forms ¢ on G(A) was introduced in [JLR99] for the Galois case. We define
the mixed truncation similarly in our (non-Galois) case. It is a variant of
Arthur’s truncation operator AT that is well adapted for the computation of
periods. For a sufficiently regular parameter T, AL ¢ is rapidly decreasing
on H(A). To compute the symplectic period of E_(p), we use a formula for
the convergent period integral

/ AL E(h, @, \)dh.
H(F)\H(4)

The formula for the symplectic period of a truncated Eisenstein series, The-
orem 7.5, is the relative analogue of the Maass-Selberg relations for our case.
To obtain Theorem 7.5, we follow closely the guidelines of the proof of Propo-
sition 11.1.1 in [LRO3]. Many of the partial results there, apply almost word
by word in our case. Some of those results are quoted in this text without
proof. For others we remark about the slight modifications required to adapt
the proofs of Lapid and Rogawsky. To proceed with the computation of the
period of E_;(p), we observe that as in the Galois case, also here for an
automorphic form ¢ on G(A), the function of T defined for T' sufficiently
positive by the integral

/ AT 6(h)dh,
H(F)\H(A)

is an exponential polynomial function, i.e. it equals > py(T)e™T? for some
finite set of A € C* and polynomials p,. Denote by Ag(G) the space of
automorphic forms for which the polynomial p is a constant. We show that
¢ = E_1(p) lies in Ap(G) and that its symplectic period is given by this
constant. We then use the relative Maass-selberg relations to compute the
zero coefficient.

For every permutation w on {1, ..., s} denote by M (w, \) the standard in-
tertwining operator on the space of automorphic forms on U(A)M (F)\G(A).
Denote by M_;(w) the multi-residue at A = A of M(w, \). It is defined as
in (2). For an automorphic form ¢ on U(F)M(A)\G(A) define

Ji(e) = / / p(mk)dm dk.
KNH(A) J(MNH)(A)?

Our main result is



Theorem 1.1 Let ¢ be an automorphic form on U(A)M(F)\G(A) that lies
in the space (1). If s is odd, then

/ B 1(h, o)dh = 0.
H(F)\H(A)

If s = 2k is even, then
/ E—l(h’ Qo)dh = UPHj(M—l(wa)SO)
H(F)\H(A)

where vp, 1s a certain volume, o is any permutation on {1,... k} and w, is
the permutation given by

wy(2i —1) =071(i), we(2i) =s+1—0"(i),i=1,..., k.

The, apparently non-canonical formula for the period (the freedom in choos-
ing o) is interpreted in a canonical form in §8. The expression j(M_;(w,)p)
is the multi-residue J_;1(&p, p) at A = A, of an intertwining period at a spe-
cific twisted involution &, which is represented by each of the permutations
wy. When s < 2/ the result was proved in [JR92b]. The vanishing of the
symplectic period of a cusp form (s = 1), follows from local results of [HR90].
In fact whenever s is even, there is an automorphic form in the space of 7
with a non-vanishing symplectic period. In the case s = 2, this is the con-
tent of Proposition 2 in [JR92b]. In that case the permutation wy, defined in
Theorem 1.1, is the identity and the period is simply given by j(¢). For this
reason, the proof of the non-vanishing is easy. For a general even s, a proof
of the non-vanishing of the period is more complicated. In [Offed], we pro-
vide the proof and therefore determine precisely which discrete automorphic
representations of G(A) have a symplectic period.

The rest of the work is organized as follows. In §2 we set up notation. In
§3 we provide a careful study of the double coset space P\G/H for a parabolic
subgroup P of GG, based on the theory of twisted involutions established in
[Spr85] and in [LRO3]. This study, is essential both for the proof of Theorem
7.5 and of Theorem 1.1. Another important concept we need for applying the
proof of [LR03] to Theorem 7.5, is that of intertwining periods. We introduce
them in §4, where we also state the main results regarding their convergence,
and follow the guidelines of [LR03] to reduce the proof of convergence to a
special case. In §5 we generalize an integration formula of Jacquet and Rallis



and use it to prove the convergence in this special case. In §6 we obtain
a distributional formula for the period of a pseudo-Eisenstein series, which
we use in §7 to complete the proof of Theorem 7.5. Section 8 is the heart
of the paper. It applies the relative Maass-Selberg relations to the proof of
Theorem 1.1.

I would like to thank the Max-Planck-institut fiir mathematik, where
most of this work was prepared, for a most productive year, and to the math
department at the Hebrew university in Jerusalem for their kind invitation
for two visits that got this work going. The last stages of this work were
supported by the Edith and Edward F. Anixter Postdoctoral Fellowship at
the Weizmann Institute, for which I am grateful. This project was suggested
to me by H. Jacquet, to whom I am most thankful. T would like to express
my special thanks to E. Lapid for patiently guiding me throughout this entire
project.

2 Notation

Let F' be a number field and let A be the ring of adeles of F. For an algebraic
group X defined over F' we will often write X also for the group X (F)
of rational points. We will denote by dx the modulus function on X (A).
Throughout most of this work G will denote the group GLs,. For some
inductive arguments in §7, G will denote a standard Levi thereof. Thus we set
up the following notation for any group G of the form G = GL,, X ---xGL,,
with 2n = n;+---+ng. Let Py = TyUy be the Borel subgroup of G consisting
of the upper triangular matrices in G, where Ty is the group of diagonal
matrices and Uy the unipotent radical of F,. There is also a standard choice
of a maximal compact of G(A) which we denote by K.

By a parabolic subgroup of G we will always mean a standard parabolic,
i.e. one that contains F,. Similarly, a Levi subgroup will mean a Levi
subgroup of a standard parabolic, which contains Ty. We will always reserve
the letters P, () to parabolic subgroups with Levi decompositions

P=MU Q=1LYV,

with Levi subgroups M, L and unipotent radicals U, V. For a parabolic
subgroup P = MU of G, set

o, = X*(M) @, R
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where X*() is the lattice of rational characters of an algebraic group. Denote
the dual space by aj,. We will also denote aps by ap and ap, by ag. We use
similar notation for the dual spaces. For Levi subgroups M C L there is a
canonical direct sum decomposition

L
Ay = aL@aM.

A similar decomposition holds for the dual spaces. We define a height func-
tion

Hy : G(A) — ayy.

It is the left U(A)-invariant, right K-invariant function on G(A) such that
for m e M(A)

et m) — |y |(m) = T o (m)l.

for all x € X*(M). Here, x, is the extension of scalars of x to the completion
F, of F at v, and the product is over all places v of F. Denote

M(A)l = ﬂXeX*(M)Ker\XL

The function H); defines an isomorphism M (A)'\ M (A) ~ a;;. We write Hy
for Hy,. The embedding

R—F®yR=F,—A

given by z — 1 ® z, defines a subgroup Ay of Ty(A) which is isomorphic to
(R*)?". For every Levi subgroup M of G we denote by T the intersection
of Ty with the center of M and by A, the intersection of Ay with the center
of M. Then M(A) = Ay;M(A)!. There is an isomorphism Aj; ~ aj; which
we denote by eX « X, X € ay,.

2.1 Roots and co-roots

For a Levi subgroup M let R(Ty, M) denote the set of roots of T in M. It
is a subset of (a}!)*. The parabolic subgroup Py N M of M determines sets
AY and R*(Ty, M) of simple roots and positive roots respectively. For Levi
subgroups M C L let A%, denote the set of non-zero restrictions of elements
of Al to af;. Thus A%, spans (af,)*. We make similar definitions for co
roots in the dual spaces. Thus, (AY)k, spans a;,. The pairing on a} x ag is



denoted by (-,-). It induces a non-degenerate pairing on (af,)* x aj;. Let
(A)%, be the dual basis of (AY)%, in (af,)*, and let (AV)%, be the dual basis
of AL, in af;. Let py € a} be half the sum of the positive roots RT(Tj, G).
Let pp be the projection of py on aj,;. The modulus function of P(A) is then
given by

5P() — {20 Hu ()

2.2 Weyl groups

Throughout this work, we will identify the permutation group &, of {1,...,r}
with the r x r permutation matrices, thus 7 € &, is both a bijection of
{1,...,r} with itself and the r x r matrix (J; ;).

For M a Levi subgroup of G of type (my,---,m), The Weyl group Wy,
of M is identified with &,,, X --- X G,,,. We denote W = Wy. For Levi
subgroups M, M; C L we denote by W (M, M) the set of elements w € W,

of minimal length in wW)y; such that wMw=' = M. Set

Wi(M) = ALJJ Wi (M, My).
We set W (M, My) = We(M, My) and W (M) = Wg(M). The length function
Iy : W(M) — Zsg is defined in [MW, §1.1.7] by
Iy(w) =#{a € R (Ty,G)|wa < 0}.

ind
For o« € R™(Ty;, G), we will denote by s, the unique w € W (M) such that
Iy(w) =1 and wa < 0. Set | = Ig,. If M C L we write wk; for the longest
element in Wy, (M). We will denote w§ = wf;, and let wy = w§’ be the longest
element of W. Finally, set

(ah)r ={X €a},|(X,a¥) >0 for all « € Ay}

to be the positive Weyl chamber of aj,.

2.3 Bruhat decomposition

There is a bijection P)\G/FPy ~ W, given by PywFy < w. More generally,
there is a bijection Q\G/P ~ W \W /W, for any two parabolic subgroups
@, P. Let Wy, be the set of reduced representatives, i.e. of elements of
minimal length in the double cosets of W \W/W),. There is a bijection

WL\W/WM ~ LWM
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which we use to identify W \W/W,, with the set of reduced elements. We
further denote
LW& = {’LU e Wy ’ wMuw™! C L}

If we W, then wMw™" is a (standard) Levi subgroup of L.

2.4 Measures

Identifying ay with R?" we may use the standard scalar product to determine
anorm || || on ag, which gives a Haar measure on ay. On the dual space aj we
choose a Haar measure which is dual with respect to the Fourier transform.
The inner product also determines a Haar measure on the subspaces. We get
a Haar measure on A, through its isomorphism with a,;. Discrete groups
are equipped with the counting measures. For a unipotent group U we use
the Haar measure that gives Vol(U\U(A)) = 1. We also fix a Haar measure
dk that gives K total volume 1. We fix a Haar measure dg on G(A). For a
Levi subgroup M of G a Haar measure dm on M (A) is then determined by

flg)dg = / f(umk)e=@erHa ) gy dm, dk.
G(A) UA)xM(A)x K

2.5 The symmetric space

Let w, be the n X n permutation matrix with unit anti-diagonal, and let

€ = €9y, — .

We define the involution € on G by
0(g) =e'gte .
The symmetric space attached to (G, ) is the variety
C=Cq0) ={reG|zl(zx)=1a,}.
The group G acts on C by the twisted conjugation
grxr=gxpr=gxd(g) "

Until it is otherwise specified set G = G Lsy,. We observe that C e is the set
of skew-symmetric matrices in GG. Therefore C is a unique G-orbit. For a
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subgroup ) of G we will denote by @), the stabilizer of z in ). However,
we will denote by H, the group G, and further by H = H,, the stabilizer
in G of the identity. For each z € C, the group H, is the symplectic group
obtained from the skew-symmetric form defines by (z¢)™!. We will denote by
0, the involution sending g € G to x6(g) z~*. Thus, the set G% of 0,-fixed
points of GG, coincides with H, and

Ca(b,) =C a7t (3)

If n € G is such that = n6(n)~! then H, = nHn~'. We remark that (G, 6)
is a relatively quasi-split pair, in the sense of [LR03], i.e. # stabilizes Fy. For
a subgroup @ of G we will always denote Qg = Q N H. The group (Py)y is
a Borel subgroup of H with Levi decomposition (Py)y = (To)u(Up)g. With
respect to (Fy)y we can speak of standard parabolic subgroups of H. We
will keep our convention and refer to a standard parabolic subgroup of H
simply as a parabolic and to a standard Levi subgroup of H simply as a
Levi. Note that # maps a parabolic of G of type (ni,...,n;) to a parabolic
of type (ny,...,n1). There is a one to one correspondence between @-stable
parabolics of G and parabolics of H. If ) = LV is a f-stable parabolic,
then Qy = Ly Vy is a parabolic of H with Levi subgroup Ly and unipotent
radical V.

2.6 Root, co-root spaces and measures for H

The map 0 stabilizes Py and therefore defines an involution on ay. For x € ag
we denote by z; (resp. x, ) the projection of z onto the 1-eigenspace (resp.
—1-eigenspace). We use similar notation for the dual space. We identify
the space (ag)s with X*((Tp)y) ®z R. For f-stable parabolic subgroups
P C Q of G we define AZ" = (AR)\{0}, then AP¥ spans (ap)s. The set
Apyyy = Ag%)H forms a basis of simple roots for H with respect to the Borel
subgroup (Py)y of H. We make similar definitions in the spaces of co-roots
and denote by (A)%¥ the dual basis of AP” in ((a*)$)4 and by (A)2" the
dual space of (AV)%f in (a%)f. Our convention about Haar measures on
H(A) and its subgroups are analogous to those for G(A). The measure on
(ag); is given by that on ao.



3 Double cosets

Our goal in this section, is to analyze for any parabolic subgroup P of G,
the set P\C of P orbits in C. We will use the notion of twisted involutions
developed in [Spr85] and further extended in [LRO03] in connection with the
relative trace formula. We therefore start by repeating definitions and some
pertinent results from §3 of [LRO3].

3.1 Twisted involutions

Twisted involutions are defined with respect to an involution o of ag that
maps A to itself. Since  stabilizes Py it acts on ag. Identifying ag with R??
the action can be described explicitly as

O(xq,...,x9,) = (—xop, ..., —x1). (4)

Thus, 6 preserves the set of simple roots. Therefore, the results of [LR03]
hold in our case. In this section we shall set up the notation and quote the
results of Lapid and Rogawski needed later, concerning twisted involutions.

Definition A twisted involution is an element £ € W such that 6(§) = &1
Let Jo(0) be the set of twisted involutions.

The linear map (4) of 6 on ay induces on W the action f(w) = wow wy*
given by conjugation by the longest element. The Weyl group W acts on
Jo(6) by

w o & = wéh(w) ™t

We deliberately differentiate this action from the G-action * on C, since
viewed as matrices in GG, the matrix w x £ may no longer be a permutation
matrix (but a signed permutation matrix).

More generally let P = MU be a parabolic subgroup. A double coset D in
Wi \W /Wy satisfies (D) = D~ if and only if the reduced representative
of D is a twisted involution ([LRO3|, Lemma 3.1.1).

Definition Let D be a double coset in Wy \W /Wy with reduced repre-
sentative &, such that 0(§) = 1. We say that £ is an admissible twisted
involution if E0(M)E~1 = M. Let Jy(0) denote the set of admissible twisted
involutions.
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If € € Tp(0) then £6 acts as an involution on a}, and on a,;. Let (a}‘w)?a be
the 1 eigenspaces of £ in aj,;. We use similar notation for the dual space.

Definition An admissible twisted involution & € J,,(0) is called minimal
if there exists a f-stable Levi subgroup L D M such that ¢ = w},, and
£0a = —a for all « € AL, In this case L is uniquely determined by ¢ and
is denoted L¢g. Let =5/(0) denote the set of minimal twisted involutions in

Tar(6).

From the definitions it follows that if £ € =)/(f) and L = Ly, then
(a3n)e = (ai)" @ (a)y (5)
and
(akr)ép = (aL)g - (6)
In ([LRO3], §3.3) a directed graph was attached to an associated class of Levi
subgroups in order to describe the combinatorics of twisted involutions. For
€€ Tp(0) and & € Tpp(0), the set W (E, ') of paths on the graph and the set
WO, &) of loop-free paths, were defined. Lapid and Rogawski provided a

useful characterization of those sets which we will use here as their definitions.
This way we avoid introducing notation we will not need. We set

W(,¢') =
{fwe WM M)|wxé=¢, wp>0forall 8 € R (Ty,G) such that €68 = 3}

and
WO, €)=
{weW(M M)|wx&=¢, wp >0 forall § € R*(Ty, G) such that £08 = +3} .
The following is the content of Corollary 3.4.1 in [LRO3].
Proposition 3.1 For every & € Ty (0) there exists & € Zpp(0) and w €

WO(E,€).

3.2 Fy-orbits
Let W be the set of fixed points of § in W and let

W) =W 1.
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Then, W7 is the centralizer of wy and the map w — wf(w)~! defines an
isomorphism W/W?Y ~ W (#). Using the Bruhat decomposition, we define a
map o : Pp\C — W. For z € C and O = Py x x let 1o(O) = £ € W where
Pox Py = Py & By. We will view ¢ either as a map from C or from its Py-orbits.
The following proposition differs from its analogue in the Galois case. While
in the Galois case, the image of ¢ is the entire set of twisted involutions, in
the case at hand, the image is a unique Weyl orbit.

Proposition 3.2 The map v is a bijection Py\C ~ W (6).

Proof Let x € C and denote O = Py xx. For a € Ty, w € W we denote

vq = waw~!. In [JR92a] it is shown that if X = —X is a non-singular
skew-symmetric matrix then there is u € Uy such that X = waw'u, where
w? =1 and Ya = —a. Let x € C then for ze there exist a, w, u as above thus

r = uaw'ue ' = vawe *O(u) "t

We therefore see that awe™' € Tywwy N O and hence (o(r) = ww,. If
a = diag(ay,...,as,) then “Ya = diag(ay-1(1), ..., @w-1(20)). Any permu-
tation of order two can be expressed as a product of disjoint reflections
w = (i1 J1) - (i Jr) with 7 < n. Since a = —a we get that a; = —ay for
all 7, which shows that w has no fixed points, i.e. that » = n and thus w is
conjugate to wy, which is the same as saying that ww, € W (). This proves
that ¢o is into W (#) and that any Borel orbit in C intersects ToW. If 2,y € C
are such that to(z) = 1o(y) = wwy, then up to twisted conjugation by an
element of Uy we may assume x = awe ', y = bwe ! with a, b € T, such
that Ya = —a, “b = —b and w = (i1 j1)--- (in jn) lies in the conjugacy class
of wy. If ¢ = diag(cy, ..., co) with ¢;, = b;, and ¢;, = ajkl, then cac = b.
Therefore, ¢ x (awe™1) = bwe™!. This shows that g is injective. To show the
map is surjective, for an element £ € W (0), we observed already that wy is
conjugate to wy and therefore is a product of n disjoint reflections. Denote
Ewy = (i1 j1) -+ (in Jn). We denote by ag € Ty the diagonal matrix such that
€ = agwy. Let b= diag(by,...,by,) with b, =1,b;, =—1,k=1,...,n, and
a=0b%yg", thenal €C. |

Corollary 3.3 The map O — O NTyW defines a bijection
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3.3 P-orbits

Let P = MU be a parabolic subgroup of G. Using the Bruhat decom-
position, we define a map vy : P\C — » Wy sending a P-orbit O =
Pxzin C to & € yWyar, where PEO(P) = Pxf(P). We observe that
Wonry = wo Wi wy 1 and therefore the map D — D wyq defines a bijection
War\W/Wory ~ Wy \W/Wy, that takes the double coset of w to the dou-
ble coset of wwy. Thus it maps the twisted involutions to involutions, i.e.
to Weyl elements of order two. In particular a double coset containing an
element of W (#) is mapped to a double coset containing a conjugate of wy.
Note that since [(wwy) = [(wy) — [(w), the reduced element will map to an
element of maximal length in the double coset in the image. Hence double
cosets in Wy, \W/W), that are involutions have elements of maximal length.
We will refer to this map as the dictionary between twisted-involutions and
involutions.

Lemma 3.4 Let L be a Levi subgroup of G and § € J(0). Assume that
Wy ENW () is non-empty then,

(1) & € W(0).

(2) WL ENW(0) = Wy, % €.

Proof We use our dictionary to translate part (1) of the lemma in terms of
involutions. It is equivalent to the statement: Let 0 € W be an involution
that normalizes L and is longest in W o. If Wy o contains a conjugate of
wp then o is conjugate to wy. Let n = (nq,...,n;) be the type of the Levi L.
We set some notation to denote certain permutations that conjugate L to a
Levi subgroup of G. If 7 € &, and 0, € G,,,, k = 1,...,t then we define the
permutation

Wa(T501, ..., 0¢) (7)
in W. In block form, it is the matrix (A4;;)1<;, j<¢ Where A; ; is the n; x n.(;
zero matrix unless ¢ = 7(j) in which case 4;; = ;. There is an involution
T € &, such that

Wyo={wn(r;01,...,01) [ox €6y, K =1,... 1}

and
0 = Wa(T; Wpyy - ooy Wy, ).

An involution of the form (7) in W, o will satisfy

Or(k)y = Ok_l. (8)
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Let o' = w(7;01,...,0) be a conjugate of wy in Wy o. A permutation of
order two in W is conjugate to wy if and only if it has no fixed points.
Thus we must show ¢ has no fixed points. In other words we must show
the diagonal entries of o are non zero. In block form the (k,7(k))-blocks
k=1,...,t of both 0 and ¢’ are the only non-zero ones. Thus a non-zero
diagonal entry of ¢ can only appear when ky = 7(ko). By (8), for such
ko the block oy, is an involution. However, since the diagonal entries of o’
are zero, so are the diagonal entries of oy,. Therefore oy, is an involution
with no fixed points, which implies that ny, is even. Thus, the diagonal
entries of o in the (ko, ko)-block are zero and part (1) of the lemma follows.
Since W(0) is the W-orbit of the identity it is now clear from (1) and from
the fact that £ is admissible that W, & N W () D Wy x £ To show the
other inclusion we again use our dictionary and prove the equivalent problem
for involutions. Thus, if 0 = wu(7;wy,, ..., wy,) and o’ = wy(7;01,...,0¢)
satisfies (8) and o’ (and hence also ) is conjugate to wp, we must show that
we may conjugate o’ to o with an element of W,. An element of W may be
written as w = wy(1; 14, ..., 14) with v, € &,,,. Thus,

wo'w ™t = wy(T; 1/1-01-1/7_(1)).
We may write the involution 7 as a product of disjoint permutations say
T = (i171) - (irjr). If 7(i) = i we have already observed that o; must
be conjugate to w,,, we then fix v; such that ViO'iVZ-_l = wy,. We also set
Vi, = ai_kl and v;, = w,, forall k =1,...,r. In light of (8) we observe that
we then have wo'w™! = o as desired. |

Proposition 3.5 The map 1y defines a bijection P\C ~ W (0) N pWoar).

Proof We first show that the image of ¢y indeed lies in W (f). Let O €
P\C and £ = 1,(0). We denote by D the double coset Wi & Wyary. If
x € O then (y(x) € D and by Proposition 3.2, to(x) € W(6). Denote
M' = M NEG(M)E. Tt is a Levi subgroup of M. Let & be an element of
minimal length in DN W (#). As an element of D it can be written uniquely
as & = wyw' {wy where w' € Wy, wy € Wy is right Wyp-reduced and
wy € Wynry is left Wypmy-reduced. This is a reduced expression for £ in the
sense that [(£') = I(wq)+1(w)+1(§)+1(ws). Since &' is a twisted involution we
get that wy = 6(w;) ™! and therefore w’ € is in DNW (6). From the minimality
of & it follows that ¢’ = w’¢. This shows that Wy, N W () is not empty.
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Note that £ € Ty (0). Applying (1) of Lemma 3.4 with L = M’ we get that
§ € W(0). That ¢y is onto W(0) N y Wy follows from Proposition 3.2.
Indeed, if £ € W(0) N Wy then there is O € Py\C such that ¢o(O) = &,
therefore for each x € O, 1y (P xx) = £ Now, let (P *z) = £ We
have seen in the proof of Proposition 3.2 that T N C is non-empty. Let
y € To& N C. To prove injectivity it is enough to show that P xx = P x y.
Let £ = w(x). Replacing x by an element of Py * x we may assume that
x € To¢’ NC. In the first part of the proof it was shown that ¢ = w * (w'€)
for some w € Wy, and w’ € Wy, Replacing o by w™! x z we may therefore
assume that & = w’¢. From part (2) of Lemma 3.4 we have that the twisted
involutions in W& form a unique Wjy-orbit. As before, let w'€ = wy * &
with w; € Wy, then wl_1 *x € Toé N Pxx. We see that Tp€ intersects both
Pxx and P xy. By Corollary 3.3, To¢ NC is a unique Ty-orbit and therefore
we get that Pxx = P %y. |

Let £ € W(0) N yuWary. We set as before M' = M N EO(M)E™! and let
U' = MnNEU)ET. Then P = M'U’ is a parabolic subgroup of M. In
view of the previous proposition we may denote by O the unique P-orbit
that ¢jy maps to . Fix xg € To§ NC. Then 0,, preserves the standard Borel
subgroup of M’ and induces on ay; the linear transform £6. We define the
map

x 1 =axxy!

from C N M€ to Capr(0y,)-

Proposition 3.6 With the above notation,
(1) the map x — z' defines a bijection

cnN Mlg ~ CM/(QQCO)

which intertwines the M'-action of xg with *0, -
(2) Oc N M€ is a unique M'-orbit.

Proof Note that Cyp(0,,) = M' N Cq(6,,) and that
(9 %0 @)ag" = gxo,, (v2, ). 9)

The first part of the proposition now follows from (3). We proceed as in
[LRO3]. Suppose that px 2z =y, where p € P and both z, y € M'§ = M'x,.
Then

P, (e25") =y,
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It follows that p € P N 6,,(P). Projecting this relation to the Levi part M’
of PN6,,(P), we obtain for some m € M’ that mxx =y. |}

Keeping the above notation, we recall the following result from [LR03].

Proposition 3.7 Let x € To6NC. Let R be the unipotent radical of P, and
let projy; : P. — M be the projection onto the Levi factor M of P. Then
(1) the kernel of projy, is contained in R, furthermore, proj,, maps R

surjectively onto U’.
(2) for any function f on P(A) which is left U(A)M -invariant, we have

/ flr)ydr = / f(u) du.
R\R(A) UN\U'(A)

3.4 Admissible orbits

We now study the orbits O¢ with & € Ty (6) N W (). We specify the type
n = (ng,...,n;) of the Levi factor M. For the rest of the subsection fix
£€ Ty NW () and x € MENC. Then 6, stabilizes M and M, = M.
Arguing as in ([LRO03], §4.3) we get that P, = M, U, is a Levi decomposition
for P,. Note that 6, induces the involution £0 on a,;. From our analysis
of admissible elements in W (#), we see that there is an involution 7 € &,
associated with & so that

f’LUo = wn(T; Wpyy - 7wm>'

We may therefore pick a particular x € Tp& N C as follows. The involution 7
can be described as a product of disjoint reflections 7 = (i j1) - - - (4, jr). To
keep our choice unique, we make the convention that iy < jip, k= 1,...,7.
We must have n;, =n;, and if 7(¢) = ¢ then n; is even. We pick x so that

re=w(r; A1,..., Ar) (10)
where 4;, = w,, , Aj = —w,, and if 7(i) =i then A; = €,,. The group M,
consists of matrices of the form diag(my, ..., m;) where m;, € GLy, , mj, =
wniktmi’k 1wmk and m; € H,, whenever 7(i) = i. Thus, M, is isomorphic to

GLp, X+ X GLy, X ( X .Spni> . (11)

7(i)=1
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The map H); induces isomorphisms
M (A)\Mo(A) = (an)gy (12)

and
M, (A)\ (M, (A) N G(A)') = (a§))fy- (13)

For any 2/ € M¢ N C there exists m € M such that M, = mM,m™ .
Therefore (12) and (13) hold for M, as well. Next we quote a result of
[LRO3] that is used in the first reduction step for the proof of the convergence
of the intertwining periods. The result is stated in [LR0O3] only when 6 is a
Galois involution. The proof however, holds almost verbatim for our case.
We therefore omit the proof. The only necessary fact is that the non-abelean
cohomology H'(T', U) of a unipotent group U is trivial whenever I is a group
of two elements of automorphisms of U.

Fix a simple root a € Ay;. Let Q@ = LV be the parabolic subgroup of G
containing P such that AL, = {a}, and let P’ = M'U’ be the parabolic
subgroup of G contained in @ with Levi factor M’ = s,Ms_', where s, €
W (M) is such that [y;(s,) = 1. We have s,a = —a’ where Af, = {a/}.
Furthermore, U = (LNU)V and U’ = (LN U")V. Let proj; : @ — L be the
projection onto the Levi subgroup.

Lemma 3.8 In the above notation, assume that —a # £0a < 0. Set 2/ =
Sa*xx, and let U, P> be the conjugates of U,, P,, respectively, by s,. Then
we have the following.

(1) Uz« =V, in particular, Us> C U.,.

(2) The following is a short exact sequence of subgroups normalized by
M/,..

0— U - U, "™ LNU — 0.
(3) If f is a function on U'(A) which is V (A)-invariant, then

/ f(u)du = / f(u) du.
Uz (AU, (A) L(A)NU'(A)

(4) Pi~ C P, and a semi-invariant measure on Ps>(A)\ P, (A) is given
by integrating over Us>(A)\UL (A).

Through the identification (12) there is an element p, € (aj,){, such that for
all m € M,(A) we have



In the Galois case, considered in [LRO03|, the convenient equality 2p, = pp
holds. Unfortunately, this is not the case here. It is exactly this point that
will require a slight modification of the proofs of [LR03]. The following
proposition will allow us this modification.

Proposition 3.9 Let P = MU, P' = M'U’ be parabolic subgroups of G. Let
E€Tu(@)NW(), & € Tp(0) NW(O) and w € WO(E,&'). Let x € MENC
and denote ¥’ =wxx € M'& NC. Then

202 — ppr = w(2p; — pp).

Proof Assume first that w = s,. We may assume that 0o < 0 (else we

prove the statement for s;' € W(¢',€)). From the definition of W0(¢,¢’)
we also get that £l # —a. In the proof of ([LR03],Proposition 4.3.2) it is
shown that

Pa! = SaPx + ijD/
and that
208 = PP — Sapp.

This proves the case [y (w) = 1. If [y (w) > 1 then it may be written as w =
Sqwy, where Iy (wy) = Iy (w) — 1, wy € WOE,wy x&) and s, € WO (wy x&,&).
The proposition follows by induction on the length Iy (w). |

3.5 Minimal admissible orbits

Let P be a parabolic of G. If z = 1% 1o, is such that ¢y (z) € Ty (6), we set
P _ “1p, 1
H, =HnNn Pnp=mn"Pm.

Let L be a #-stable Levi subgroup of GG, such that M C L. Let x = n* 15, €
MENCL(0) with n € L. We define

LY =Lgnn Py

The following decomposition, is proved exactly as in ([LR03|, Lemma 4.5.1

(3)):

Lemma 3.10 With notation as above we have, if & € Ep(0) N W (0) then

P_ P
HE = L - vy
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Lemma 3.11 Let M be a parabolic of type (ny,...,ng), & € Zp(0) N W ()
and L = L¢g. Then there exist 1 < t/2 such that n; = ngp1—; for all i =
1,...,r and npy; = 2k; is even foralli=1,...,t—=2r. If K =ki+---ki_a,
then L is of type (ny,...,nm 2K, ng, ... ,ny).

Proof Since L is f-stable it is of type (my, ..., my) = (ms, ..., my) and since
M C L each of the m;’s is a sum of appropriate n;’s. Recall that § = weL(M).
If a € AL, then it is associated to a pair (j,j + 1) of M-blocks of respective
size n; X nj, njy1 X nj1; contained in the same i-th block of size m; x m;
of L. We claim that for any such a we must have 2 — 1 = s, i.e. the i-th
block is the central block of L. Indeed, since £ € Wy, —£6a 'belongs to’ the
(s + 1 —i)-th block of L. But since £lav = —a we must have s + 1 — i = i.
This shows indeed that each of the m;, i # % is a single n;. It is only left
to verify that the M-blocks in the central L-block are all even. This follows
from the fact that £ € W () by an argument we have used before. Since
for each such j-block, the matrix {wy is a conjugate of wg that has w,, in a
diagonal block. Hence the diagonal entries of w,; must be zero. |

We can now summarize. Let £ € Z)(0) N W(0) and L = L¢y. By Lemma
3.11, the type of M has the form

(N1, yne, 2k, o0 2kg, myey oy M),
and then L is of type
(ny,...,ne, 2K, nyy o0 my),

where K = ky + -+ 4+ ks. We choose x € Tpé NC as in (10). Thus, xe is the

matrix
wN

E (14)

where N = ny + -+ n, and F = diag(exp,,-..,€x.). We also make an
explicit choice of n € L such that n x 15, = . We let

In
n= m (15)
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where 7, is a 2K x 2K permutation matrix. Using the notation of (7) with
respect to the partition € = (ki, k1, ko, . .., ks, ks), we have

m = wE(T; 1/€1a ]-ku ceey 1ksa 1.’95)

where 7 is the permutation in 2s variables given by

I 1<i<s
Sl 2(2s4+1—4) s+1<i<2s

The permutation 7 conjugates wq, to the involution (1,2)---(2s—1,2s). We
finish this section with another technical lemma that we will need in order
to reduce the proof of convergence of the intertwining periods to the case of
minimal twisted involutions.

Lemma 3.12 Let £ € Ey(0)NW (), Leg = L and v € MENCL(0). For all
le€Ly(A)
o, (1) = e(2pa,HL (1)) (16)

Proof We let M and L be of types as given by Lemma 3.11. We first note
that p, is independent of the choice we make of x € M& N Cr(0) since by
Lemma 3.6 (2), M&NCL(0) is a unique M-orbit, and hence all P,’s are M-
conjugate to each other. We thus choose x so that xe is given by (14). Let
I € Ly(A), then | = diag(gi,...,9r R, Gr,-..,§1) Where §; = wy,'g; ‘wy, €
GL,,(A) and h € Hog(A). Let I} = diag(g1,---, 9, Lok, Gry---,01) € L(A),
then Hy(l) = Hp(l;) and it is therefore enough to prove the theorem for [;.
Since l; € M,(A), we need to show that dp,(l1) = d¢,(l1). We can then
write explicitly the conditions for a matrix in U to lie in U,(A) and in Vi (A)
and compare the Jacobian of the action of /; on each of these two unipotent
groups. We leave it to the reader to verify the equality of the two Jacobians.

4 Intertwining periods

We denote by A(G) the space of automorphic forms on G\G(A). For a
parabolic P, we let Ap(G) be the space of automorphic forms on U(A)M\G(A),
and we denote by AL(G) the subspace of all ¢ € Ap(G) such that for all
g€ G(A) and a € Ay

(p(ag) — €<pP7H]\4(a)>()0(g)
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and

geG(A)

The latter condition holds whenever ¢ is cuspidal. The constant term along
P of an automorphic form ¢ € A(G) is

vp(g) = /U - p(ug) du.

For A € aj; ¢ we denote by I(\) = Ip()) the action of G(A) on Ap(G) given
by

I g)e(d) = o(g'g) eNHrld' ) oO=Halg))

4.1 Definition of the intertwining periods

Let ¢ € AL(G) and let € € T (0) N W (H). Choose z € O N ME and a Haar
measure on M,(A)!. The period integral

PY () (g) = /M . ¢(mg) dm

is well defined. Let n be chosen so that z = 1 15,. The intertwining period
is defined by

J(& @, A) = / PM=()(nh) e ) gp,
HE(M\H(2)

for X in a suitable domain of 2p, — pp + (a5 ¢)*)g that we will specify later.
To specify the quotient measure for the outer integral we recall that Hf; (A)
has Levi decomposition (n~' M, (A)n)(n~'U,(A)n). A measure on the vector
space M,(A)'\M,(A) is determined by (12), and this gives a measure on
M, (A). With this convention J(&, ¢, \) depends on the measure on H(A) but
not on the measure on M,(A)'. Note that the intertwining period depends
on ¢ but neither on the choice of  nor 7. To see that the integral makes
sense formally, note that the inner period satisfies

PY(ip)(myg) = elertm) P () (g)

for all m € Ay - M,(A)' and that M,(A) C Ay - M (A)'. On the other
hand, by (12) we get that

eNHu(nhah)) — o(2pa—pp Hum (nhan=1)) e N Har (nh))
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for all hy € Hf;(A). So replacing h by hy h with hy € Hf(A) changes the

integrand by the factor
{202, Har (nhan ™))

and by definition of p, this is exactly
dp, (nhan™") = dgr (In).

The rest of this section and the next one will be dedicated to the convergence
of J(&, ¢, ).

4.2 Convergence statement

For each £ € J)/(0) we define the cone
D¢ = Der = {A € ((a5) )gp | (A, 8Y) > 7y for all 5 € e}

where @ = {8 € R (T, G) |06 < 0}, and ~ is a sufficiently large real
number which we don’t make explicit. The following result on the domains
of definition of the intertwining periods is the content of [LR; Lemma 5.2.1].

Lemma 4.1 Let £ € Ty (6)
(1) If o € Ay is such that s, € W(E,€'), E0a <0, and P' = M'U’ is the
parabolic with Levi M' = s, Ms_', then

D&M = 8;1D§/’M/ N {)\ < ((QAG/[)*)ge | <)\, Oé\/> > ’7}

(2) De D (ypp + ((a57)") ) with equality if & is minimal.

We keep the notations as in Lemma 4.1. Let z € M& N C and denote 2’ =
Soaxx. In light of proposition 3.9, we have in particular that if —a # £0a < 0
then

20: — pp + De C 5,1 (2pw — ppr + Der). (17)

Theorem 4.2 Let ¢ € AL(GQ), and let & € Ty (0) N W(0). Then J(&, ¢, )

is defined by an absolutely convergent integral when Re\ € p, — pp + De. It
is bounded on any set {\| ReX € D} where D C p, — pp + D¢ is compact.

We denote by ¢y = ¢op € Ap(G) the function defined by

900<g) — €<pP7HI\/[(g)> .
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We define

JM(é.,/\) = J]Gw(é',/\) = / 6<)\+PP7HM(77h)> dh.
HJP(A)\H(A)

Thus,
Ju (€, A) = vol (M \M,(A)1) "I (E, po.p, A).

Theorem 4.2 is a consequence of the following.

Proposition 4.3 Let £ € Ty (0) "W (0). The integral Jyr (€, N) is absolutely
convergent for Re\ € 2p, — pp + De.

Using two reduction steps, we will reduce the proposition to the case where
£ € Zp(0)NW(0) and L¢ p = G. We will then prove the convergence directly
in this case. Denote by S(G, M,§) the statement

Ju (&, N) is absolutely convergent for ReX € 2p, — pp + De.
Proposition 4.3 will be proved by proving the following three steps.

e Step 1: S(G, M,¢) for all M and all £ € =,,(0)NW () implies S(G, M, €)
for all M and all £ € T,,(0) N W (0).

e Step 2: S(G,M,E) for all G (i.e. for all n) for all M and for £ €
Em(0) N W () such that Lep = G implies S(G, M, §) for all G for all
M and for all € € Z3,(0) N W(6).

o Step 3: If £ € E5(0) N W () is such that L¢ gy = G then S(G, M, ¢).

In light of (17) and Lemma 3.8, step 1 is proved almost word by word as
in [LRO3] and we will not repeat the proof here. The proof of step 2 is
again similar to that of [LR03]. We will indicate the modifications needed to
take modulus functions into consideration. Later in this work we will quote
without proof statements from [LR03], which require modifications of the
same nature.

4.3 Proof of step 2

We now assume that & € =),(f) N W () and denote L = L¢y. By Lemma
3.11 the type of M has the form

(N1, ..o yne, 2k, .o, 2kg,myy oo )
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and then L is of type
(N1, ne 2K, 1y ooy m)

where K = ki + -+ - + k;. We choose = € Toé N C so that we is given by (14)
and n € L as in (15). Let M; denote the Levi subgroup of GLyk of type
(2k1,...,2ks) and P; the parabolic of G Log with Levi M. Let & = ny * 1ok,
notation being as in (15). We define the integral

THE @A) = Th(E, o, \) = / PV () () M O0) 1. (18)
LE(AN\Lu(A)

Note that JZ(£, ¢, \) only depends on A\. We also denote

Ji(€N) = / A tor Hu (i) g1

L (A\Lu(A)

Note that (af,)* ~ (uff;“ )* and that identifying the two vector spaces, if
A € D¢y then A\ € D, 5y, In fact it is easy to see that (Dear)l = De, -
Under this identification pg = pp, and pL = 0 = p,, where z1 = ny % log.
Thus, granted step 3, we have the equality

Tir(6A") = Ty (€, A7) (19)
for A € D¢ ur.
Lemma 4.4 Let A € 2p, — pp + De. Then,
J(& 0, A) = JH(E e vt gl AL (20)

where

P (g) = / p(gk) dk.
Ky
In particular,
Ta(§A) = JH(E el o ) AF).
Proof It is shown in ([LR03], Lemma 5.4.1) that
J(E e, A) =
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[ S (6) e P () gh) dg .
Qu(M\H(A) JLE(A)V(A\Qm (A)

By (16) and Lemma 3.10, this is equal to
/ / €_<2px7HL(l)>e<>‘vHIVI(7IZk)>PMx(90) (nlk) dl dk. (21)
Kp J LY (A)\Ly(A)

Note that
<>‘7 HM(”D) = <)‘L7 HM(nl» + <)‘L7 HL(nl» =

(A", Har(nl)) + (A, Ho (D) = (N, Hy(nl)) + (202 — pa. Hr (1))

The last equality is explained as follows. By (6) p, € a} therefore, (2p, —
pr)L = 2pz — pg- By (5) (D¢)r C (a}),, and for | € Ly(A) we have
Hy(l) € (ag)y. We can therefore conclude, as in [LR03], that (21) is equal
to

/ PMe (=0 HLO) K ) (1) oA Har () g
LE(B\Ln (4)

and the lemma now follows. |

It is left to note that J&(&, e~ P rO) . ol 1 AL) is bounded above by a
constant multiple of JI; (&, A). Thanks to (19), step 2 now follows. ||

5 Proof of step 3

Assume now that M is of type € = (2ky,...,2ks) and n = ky + - - - + k. Let
€ € Zp(0) N W(0) be the unique twisted involution such that Ly = G. In
the notation of (7)

€ = we(ws; Loy - - -, Log,).

With our favorite choice of z = n x 1y given by (14) and (15) we have
pz = 0. By Lemma 4.1 we then see that for A € 2p, — pp + D¢, A+ pp lies in
vpp + (a4;)+. For such A we will prove the convergence of the intertwining
period

J(EN) = / e Hu (hm)) qn
Pr(A)\Hz(A)

if v is large enough. We denote the matrix xe of (14) by Eg. To prove the
convergence of the integral we will use a convenient system of coordinates for
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P,(A)\H,(A). This was done in [JR92b] when s = 2 and k; = ky. We extend
the integration formula of Jacquet and Rallis to any partition. We first set
up the notations. Let Hg be the symplectic group in G obtained from the
skew-symmetric form defined by the matrix Fg. Let T = Hay, X -+ X Hop,
imbedded in Hg in diagonal blocks. Then with the above notation H, =
nHn™' = Hg and T = P,. We describe certain parabolic subgroups of Hg
Let Mg be the subgroup of Hg consisting of matrices of the form

diag(gh gla <o 9s—1, gs—la h) (22>

with g; € GLy,, G = wy,'g 'wy, and h € Hy,,. We also define unipotent
groups by recursion. For an integer k we define Uy, = {1;} the trivial group.
If s > 1 then for the partition R, we let Ug be the subgroup of Hg of matrices
of the form

Iy, Z2 Y
0 1g O (23)
0 X wu

where, denoting be &Y the partition (2ks,...,2k,) we have that Y is a
k1 X 2(kg + - - - + ks) matrix satisfying

Y = wy, X'u™ Ego,
Z is a k; X k; matrix satisfying
tzwk‘l - wk;lz + tXtu_lEﬁ(l)U_lX =0

and
u € Uﬁ(l) .

An element of the form (23) will be denoted
v(X, Z,u).

We have that Qg = MgUg is a Levi decomposition of a parabolic subgroup
of Hg. Note that Mg C T and that Qg N T is a parabolic subgroup of T
with Levi decomposition Qg N'T = MgV where V =T N Ug. Any element
h of Hg can therefore be written (non-uniquely) in the form h = tuk with
te€T,ue Ugand k € KN Hg. We introduce a section of V\Ug. First,
ifn < N let Uév be the group Ug imbedded in GLsy in the bottom right
2n x 2n-block, i.e. it is the group of matrices of the form

diag(lwv,n), U)
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with u € Ug. If s =2 for X € Mg, «r, let
1
Oy iy (X) = 0(X) = v(X, §wk1tX€2k2X, 0).

For s > 2 we then define

(X1, s Xe1) = 0 0 (Xso1) - 00y by 1y (X2) Oty (X))

sflyks

where o 4o (X) denotes the imbedding of o, x,, ,+. 4k, (X) € U2k, 2k111,....2k5)

into U(gki,%m _____ oke) C Ug. Then the map

Xl,...7XS_1 '—>0'(X1,...,XS_1)
from Mok —k;)yxk, X -+ X Mog,xk,_, to Ug defines a bijection

Mon—ky)scky X Mo(kggog)xky X 0 X Mogsp,_y =~ VA\Us.

5.1 The local integration formula

We now assume that F is a local field. We define || X| and A(X) as in
[JR92b]. If F' is non-archimedean then for any matrix X we will denote by
|| X || the supremum of the absolute values of the entries of X and we set

A(X) = max(1, [ X]}).
If F' is real we let | X || be the sum of squares of the entries of X and set

AX) = VT X

and if F is complex we let || X||* be the sum of products of the entries of X
with their complex conjugates and set

MX) =1+ || X%
Let ® be the function on Hg defined by
®(h) = dgrr(m)
when h = muk, with m € Mg, u € Ugand k € KN Hg. If m € Mg is given

by (22), then

®(m) = |det gi "1+ - - [ det gy [T
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For all h € Hg the function t — ®(th) is (QNT, dgnr)-equivariant. Therefore
integrating over K = K NT, provides a left T-invariant function

By (h) = /K B(krh) dir.

Thus @, is a positive continuous function on Hg, which is left T-invariant.
We now set

v(h) = @1 (h)~

and provide a Haar measure on Hg in terms of 7' x (V\Ug) x (K N Hg) that
generalizes that of [JR92b]. The proof is exactly as in [JR92b] and we omit
it.

Proposition 5.1 For a continuous function of compact support on Hg the
integral

/ f(tuk) dty(u) dudk

converges absolutely and defines a Haar measure on Hg. Here dt is a Haar

measure onT', dk a Haar measure on K NHg and du a Ug-invariant measure
on V\Usg.

We set y(X1,...,Xs-1) = y(0(X1,...,Xs-1)). We can express the Ug-
invariant measure on V'\Ug in terms of the section o. Thus the integral

/f(tO'(Xl, e 7X571)k) dt’}/(Xl, Ce ,Xs,1> dXS,1 s Xm dk (24)

defines a Haar measure on Hg. In order to obtain a similar global integration
formula, we need a majorization of ~.

Proposition 5.2 There is a positive constant ¢ and a positive integer m

such that , .
(X, .., X)) <c (H /\(Xi)> .
i=1

The integer m is dependent on the partition K but not on the field F'. Assume
that F' is non-archimedean of odd residual characteristic. Then we can take
¢ = 1 and furthermore if all X;’s have integral entries then y(Xy,..., X5 1) =
1.
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Proof Let e; be the canonical basis of the space of 2n-dimensional row vec-
tors. Set
QO = €pip1 N N egy

where n; = 2(k; + -+ -+ k;_1) + k;. For any h € Hg,

s—1
(h) = [T llawhl ™.
i=1

Therefore,
s—1 s—1
®(h) = (H ||Oéz-||"“_1> LT 1Al
i=1 i=1

where ||h]|; is the norm of h in the appropriate exterior power. Integrating
over K1 we get the same lower bound for ®; and we therefore get that

s—1 s—1
) < (n oo ) T
=1 =1

Since the absolute value of each entry of o(Xy,..., X, 1) is majorized by
some power of Hf;ll A(X;), the power being independent of F, it is clear
that the same holds for each of the (compatible) norms || - ||; applied to
o(Xy,...,Xs-1). The proposition readily follows. |

ki+1
i .

Corollary 5.3 Assume that F is non-archimedean of odd residual charac-
teristic and our choices of Haar measures are normalized so that K N Hg has
volume 1 for dk , Kt has volume 1 for dt and the set of integral matrices has
volume 1 for dX;. Then in the integration formula (24) we obtain the Haar
measure dh on Hg that gives volume 1 to K N Hg.

5.2 The global integration formula

Let F' be a number field now. We define the global expressions ||.X ||, A(X)
and (X1, ..., Xs_1) as the product over all places of F of the corresponding
local expressions. We conclude from the local formula a global integration
formula.

Proposition 5.4 The integral

/f(tO'(Xl, ce ,Xs_l)k?) dt'}/(Xl, ce 7X5—1) dXs_l s Xm dk
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defines a Haar measure on Hg(A). There is a positive constant ¢ and a
positive integer m such that

’Y(Xl,...,Xs_l) S C (]j/\(XJ) . (25)

5.3 The convergence

We denote by P = MU the Levi decomposition of the standard parabolic of
G of type K. We can identify ap; with R°. For A = (A\y,...,As) € R® and
g = umk € G(A), where u € U(A), m € M(A), k € K we can then write

e M) — | det my | - - | det my|

where m; is the 2k; x 2k; diagonal block of m. Let e;,; 7 = 1,...,2n be
the canonical basis of the space of 2n-dimensional row vectors. Let ¢; =
€2k 4otki)+1 N Neage, 1= 2,3,...5. Then for g as above

leigll = | det my| | det myiq| - - - | det my].

Therefore for g € G(A)' we have

G(A,HM(Q» — H ||€ig||_()\i—1_>\i)' (26)
i=2
Lemma 5.5 For allt=2,...,s we have

||€7;0'<X1, Ce 7Xs—1)|| Z )\(Xz—l)

Proof Note that ¢;g has as coordinates the 2(k; + - - -+ kg) X 2(k; + - - - + ks)
minors of the bottom 2(k; + --- + k) rows of ¢g. From the definition of
o(Xi,...,Xs_1) we get that its bottom 2(k; + --- + ks) rows contain the
2(]% + -+ k?s) X ki_l—block

o(Xoo1, .., Xi) Xi

and the block
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Since det o(Xs_1,...,X;) = 1 multlplylng by o(Xs_1,...,X;)"! from the
left we see that the 2(k; + - ks) x 2(k; + - - - + ks) minors of

(Xic1s Lo(hyteths))
are coordinates of €;0(X7,..., X 1). Since in particular each entry of X; ;
can be obtained as such a minor the lemma follows. |

To prove step 3 we need to prove that if A = (Ay, -+, As) with
Ai > 7+ Aiga,

then for v large enough the integral

/ O Ha () g,
T(A)\Hi ()

converges. Since 7 € K we can omit it and using the integration formula of
Jacquet and Rallis this integral becomes

By Lemma 5.5, formula (26) and the majorization (25), the converges will
follow from the convergence of

H/A(Xil)m()\il)\i) dX;.
=2

For v >> m this is proved exactly as in ([JR92b], Proposition 7). |

6 Periods of Pseudo-Eisenstein series
Fix a Levi subgroup M. Let A'(G). be the space of cusp forms in A(G)

which are invariant under Ay. From [JR92b], we have the following result of
Jacquet and Rallis.

Proposition 6.1 Let p € AY(G).. Then for any g € G(A)

/ ©o(hg) dh = 0.
H\H(A)
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Remark We note that if ¢ is a cusp form on G that satisfies

(w,He(a))

plag) = e ©(g)

for a € Ay, then the proposition of Jaquet and Rallis still holds. Indeed the
function ¢;(g) = e~ A p(g) is in A'(G), and the symplectic periods of
 and of ¢y coincide.

We will also denote by AL(G). the space of cusp forms in AL(G). For ¢ €

Ap(G). we define the Eisenstein series E(p, A) as the analytic continuation
of
Blg: ¢, 0) = D p(dg)e o
SEP\G

*

to A € (af;¢)*. The series converges absolutely if ReA — pp € (a§;)} and
defines an automorphic form in A(G). For any w € W (M, M’) with P’ =
M'U’" the parabolic associated to the Levi M’ the intertwining operator
M (w, \) is defined by

M(w, Nplg) = e(w/\,Ho(g)>/ o1 Vg e MHO ) gy
(U (A)NwU (A)w—1)\U’(A)

Its domain of convergence includes that of the Eisenstein series. Let P((af ¢)*)
be the Paley-Wiener space of functions on (a%c)* obtained as Fourier trans-
forms of compactly supported smooth functions on af,. For a finite dimen-
sional subspace V of AL(G)., let Py be the space of V-valued holomor-
phic and Paley-Wiener functions on (a]\GLC)*. We may identify P,y with
P((af;c)*) ® V. For any ¢ € P,y we define the continuous function Fy; on

U(A)M\G(A) by

and the pseudo-Eisenstein series

bs(9) = D Fulrg).

YEP\G

By [MW], the sum is absolutely convergent, 6, is rapidly decreasing, and we
have

o) = [ Bla.o(n).0ax

for any )\ in the region of convergence of the Eisenstein series.
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6.1 Some obvious vanishing

Let £ € Jy/(0), and denote by n = (nq,...,n;) the type of the Levi M. Our
analysis of admissible orbits implies that there is an involution 7 = 7¢ € &,
such that Lwy = wa(T; Wy, . . ., wy,). We define the set

Wi (0) = {¢€ € Tp(8) | 7¢ has no fixed points }. (27)

Thus, Wy (0) is empty unless ¢ is even and there is a f-stable Levi in the
associate class of M. In any case it is clear that Wy, (0) C W (6). We remark
that the elements of W)y, (0) are exactly those £ € Ty, (6) N W () such that
W(,1) is not empty.

Proposition 6.2 Let ¢ € AL(G). and & € Ty (0) N W(0) such that & &
W (6). For X in the domain of convergence we have

J(& . A) =0.

Proof Choosing x € To€ N C as in (10) we see from (11), that the inner
period integral PM=(p) will involve a symplectic period of a cusp form on
a certain block G Loy of M. By the remark following Proposition 6.1, we
conclude that the inner period vanishes. |

6.2 Distributional formula for the period

Theorem 6.3 For each & € Wy (0) let x € ToENC be chosen as in (10) and
choose an element \o(x) € 2p, — pp + De. Then

/H\H() Z /A JESOLN AN (28)

EEWn )Fil(afp)
Proof The proof is almost identical to that of ([LR03], Theorem 7.1.1).
Since the series > p\ o [Fp(79)| is rapidly decreasing, it is in particular
integrable over H\ H(A). We can therefore write

where the sum ranges over the set {n} of double coset representatives for
P\G/H. Let x = n*1y,. By Proposition 3.3, for each 7 there is associated a
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unique £ € pWyan N W(0) so that tp(z) = £ As in [LRO3], we use Propo-
sition 3.7 to show that if £ is not admissible, then the summand associated
with it vanishes. We are therefore only left with a sum over n so that the
associated ¢ is admissible. Proceeding as in [LR03], we may write

/ Fy(nh)dh =
HP\H(A)

/ / / e~ e Bu(e¥mnh) dv dm dh. (29)
HP W\H(8) S MAM(8) I ()

Anrleo

From [MW94] we get that for any \g € (a$,)*

Flo)= [ o@x
)\0+z’(uf/1)*
and the inversion formula for the Fourier transform gives

) = / Fy(e*g)e-Nromatihna) gy,
aG

M

Applying partial Fourier inversion to (29) we get that for any Ao € ((a;)*)z
(29) equals

/ / / O (200 —pp+A) (mnh)e®== PPN dy dim, dh,
HE(M\H(A) J Mg\ Mg (A)! A0+i((a§;‘,)g9)L

The same argument as in [LR03] implies now that if A\ € D, then we can
interchange the inner integral with the outer integrals to obtain

/ J(€,6(N), \) dA.
No+i((a)

o)
The theorem now follows from Proposition 6.2. |

7 The period of a truncated Eisenstein series

Our next goal is to obtain a formula, analogous to Theorem 11.1.1 in [LR03],
of the period of a truncated Eisenstein series. We will follow the argument
there closely. Since it is of inductive nature we will need to prove it for
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f-stable Levi subgroups of GLs,. It will therefore be convenient to change
notation until we prove theorem 7.5. In §7.4 we will go back to our original
notation. Fix a Levi subgroup of GLy, of type (ni,...,n., 2K, n., ..., ny).
We allow the case K = 0. Until further notice we will denote this Levi
subgroup by G. This is the reason why most of the notation in §2 was set up
for such a G. Thus, H is the group of §-fixed points in G. It is the intersection
of G with the symplectic group Hs, = Spa,. The spaces A(G), Ap(G) and
AL(G) for a parabolic subgroup P of G, of automorphic forms are defined
for G' in a way similar to our definitions for GLs,. By ([MW94], §1.3.2), a
function ¢ € Ap(G) admits a decomposition

p(umk) = Z Qi(Har (m))s(mk)

where Q; € Clay], and ¢; € Ap(G) satisfies

Vi(ag) = ePiter @y, ()

for a € Ay. The \; € Uy c are uniquely determined and are called the
exponents of ¢. For ¢ € Ap(G) and Q@ C P the exponents of ¢ along @
are defined to be the exponents of ¢g. We denote them by Eg(y). We then
denote

7.1 Mixed truncation

The map P +— Py = PN H is a one to one correspondence between f-stable
parabolic subgroups of G and parabolic subgroups of H. As in [JLR99|
and [LRO3], it will be convenient to use the mixed truncation of a function
¢ on G\G(A). For any parabolic subgroups P C @ of G let Tg be the
characteristic function of

{X € apl{a, X) >0 for all « € A9}
and %,,:? be the characteristic function of

{X € ap|{w, X) > 0 for all w € A},
For any X, H € ap, let

Tp(H,X) =Y (1) G2 (H)rg(H — X).
PCQ
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This is a compactly supported function, defined by Arthur in [Art81] (and
denoted there with a prime). Since the spaces ay and af are the same for G
as they are for GLa,, 6 acts on them as the involution (4). The projections
into the +1-eigenspaces of § have therefore been defined. Let pp, € (a}b),
be so that

Sy (1) = el e ),

The mixed truncation is defined for 7' € (ao), sufficiently positive by

ADp(h) = S () dm@nd) S™ oL (§h)7p(Hp(6h) — T).

PyCH sePy\H

Similarly for a §-stable parabolic @, we define AZ:@ by

ARp(h)y = Y (0D N o (6h)72(Hp(5h) — T).

PyCQu dePy\QH

The mixed truncation satisfies properties analogous to Arthur’s truncation
operator AT. In the Galois case these properties are proved in [LR03]. Their
proof is valid word by word for our case, we therefore only state the result.

Lemma 7.1 Let ¢ € A(G). Then
(1) AT o is rapidly decreasing on H\H(A)!;

(2) we have
p(h)= > > Aule(0m)re(Hp(Sh) — T); (30)
Py CH Py\H
(3) also
AL o) = 3 ST AL (Hp(oh) - T (31)
Py CH Py\H

7.2 The regularized period integral

The regularization of the period integral in [JLR99] and in [LR03] is based on
a regularization of integrals of exponential polynomial functions over cones
in vector spaces. A detailed discussion concerning exponential polynomials
and the regularized integrals involved is provided in ([JLR99], §1). To apply
the regularization to the symplectic periods case, we modify the definitions of
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some spaces of automorphic forms from [LR03]| to take the modulus functions
into account. We will quote results from [LR03| without proof. The only
modification required to validate them in our case, is in the nature explained
in our proof of Lemma 4.4. We define the regularized period integral on the
space A(G)" of automorphic forms ¢ for which for all parabolic subgroups
Py of H, A € Ep(p) an exponent of ¢ along P and w € AgH we have

<)‘7 w\/) 7é <2pPH — PP, wv>'

For ¢ € A(G)’, we define

[ -
H\H(A)

#
Z/PH\H(A) An (W) Tp, (Hp(h) — T)dh, (32)

Py

where

#
/ TP (R oy (Hp(h) — T)dh =
Py \H(A)

#
/ / / AP p(eXmE)e®PraX)rp (X — T)dX | dm dk
Kpg J Mg\Mpg(A)* (ap)y

0

and the #-integral of a polynomial exponential function over a cone in a
vector space is defined in [JLR99]. The following result summarizes the
properties of the regularized period. It is Theorem 8.4.1 in [LRO3].

Theorem 7.2 o The reqularized integral is well defined and depends only
on the choice of Haar measures. It is independent of T' and the choice
of Py and K.

o The map ¢ — f;\H(A) o(h)dh is a right-H (A )-invariant functional on
A(G)'.

o If o € A(G) is integrable over H\H(A), then ¢ € A(G) and

/ o(h)dh = / o(h)dh.
H\H(A) H\H(A)
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o Let ) be an analytic family of automorphic forms, and let O be the
set of all X such that vy € A(G). Then, O is an open set and A\ —
f;\H(A) ox(h)dh is analytic on O.

Another characterization of the regularized period is given in Proposition
8.4.1 in [LRO3].

Proposition 7.3

1. For any p € A(G), the function T +— fH\H(A) AT o(h)dh equals a poly-

nomial exponential > pa(T)eNT) for T € (ag); sufficiently positive.
The exponents may be taken from the set

Y (pp = 2pp, + Ep(9)).

2. If p € A(G)', then
[ etdn = ()
H\H(A)

in particular the right hand side is constant.

We can also obtain the formula of the period of truncation in terms of the
regularized periods as in Theorem 10 of [JLR99]. We need to define the
regularized integrals over Py\H (A). For a parabolic subgroup Py of H, let
v € Ap(G) satisty:

(1%) (u, V) # (2pgt — pb, @), for all Qu C Py, i € Eglp) and w" €
(AV)ge.

H

(2%) (N, @Yy # (2pp, — pp,@¥), X € Ep(p) for all @ € AP .

We define

/* @(h)7p(Ho(h) — T)dh =
Py\H ()

# *
/K /( )t |:/]\/[\M(A)1 @(eka)dm} e @ Xp(X — T)dX dk.  (33)
H ap)g

Denote by A(G)" the subspace of automorphic forms ¢ € A(G) that satisfy
(1*) (and hence also (2*)) for all parabolic subgroups Py of H. Clearly

A(G)" € AGY.
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Proposition 7.4 If p € A(G)", then
[ Abpmdn = S0 [ () - T)dh
H\H(A) Pr P\H(A)

Finally, as in [LRO03], we remark that for )y in the domain of convergence
of E(p,\), the regularized period fé\H(A)l E(h, @, \)dh is well defined and
bounded on the vertical strip ReA = ).

7.3 Regularized periods of cuspidal Eisenstein series

Fix a parabolic subgroup P = MU of G of type (my, ..., ms). We will denote
by j = j¢ the linear functional on AL(G) defined by

Jjlp) = /KH /MH\MH(A)l o(mk)dmdk. (34)

Note that j9(¢) = J9(1, ¢, 0), where the right hand side was defined in (18).
The following is the analog of Theorem 9.1.1, the main result of [LRO3].

Theorem 7.5 Let ¢ € AL(G). The reqularized period
/ E(h, o, \)dh (35)
H\H(A)

is zero unless M = G are both of type (nq,..., N, Ny, ...,n1). Under these
conditions, (35) is equal to j(p).

Proof As in [LRO03], the proof will follow from the distributional formula
obtained in Theorem 6.3 after invoking their simple argument for tempered
distributions. We first quote ([LR03], Lemma 9.1.1). The proof in our case
is similar and therefore omitted.

Lemma 7.6 Suppose that ¢p(\) vanishes on the hyperplanes
(w\, @y = (2pg, — po,=@"), where w € ;W5 and @ € AfH

for all parabolic subgroups Qg = LyVy of H. Then for Ay sufficiently reqular
in the positive Weyl chamber of (a$;)*, we get

0.(h)dh = ' E(h, o(XN). Ndhd. 36
LWMA) éwwﬂww<,mx> (36)
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Assume that ¢(\) satisfies the conditions of the lemma and further van-
ishes on the finitely many subspaces ((a§;¢)*)g for all & € Jp(f) such that
((a§)*)e # (a§)*. Combining Lemma 7.6 with Theorem 6.3 we obtain as
in [LRO3] that

* E(h,p(N), N)dhd\ = JC ). \)d
o Lo B0 Ninax= [ % 00,3

for Ao sufficiently positive, where £ is the unique element of Wy, () such
that ((aﬁ,)*)gg = (a§,)* if it exists. Otherwise the right hand side is zero.
Our analysis of minimal twisted involutions with L¢ g = L shows that there
exists £ € Wy () such that Ley = G only if M = G is of the form stated
in the theorem, and then of course & = 1. The argument of Lapid and
Rogawski using ([LR03|, Lemma 9.1.2), now takes care of the vanishing of
the regularized period unless M = G is of type (ni,...,n.,n;,...,n1) and
¢ = 1. When this is the case the period integral is convergent and is therefore
equal to the regularized period by Theorem 7.2. The period integral in this

case is j(y). |
Since we are done with the inductive argument, for the rest of this work set

G - GLQn.

7.4 The functional equations

The functional equations satisfied by the intertwining periods were proved
in ([LRO3], Theorem 10.2.1). The proof is valid for our case with the usual
modification, taking modulus functions into consideration. We recall the
relevant results.

Theorem 7.7 Let & € Ty (0), and let ¢ € Ap(G).. Then,
1. J(& ¢, \) extends to a meromorphic function on (a5 c)*)e;
2. for & € Ty (0) and w € W(, &), we have

J(E, M(w, N, wA) = J(& @, A).
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7.5 The period of a truncated Eisenstein series

For a #-stable parabolic subgroup ) we denote by vy, the volume of the
parallelogram

Z a0 < a, <1

C\(EAQH

Theorem 7.8 Let M be a Levi subgroup of G and p € AL(G).. Then,

[ ALE(h e Ndh =
H\H(A)

Z y e<pQ72pQH+u»‘7T>
L =
(w,L) ? HQEALH <pQ - szH + w)\7 a

>J‘(M(w, A)e),

where the sum 1s over all parabolic subgroups L with a type of the form
(N1, My Mgy oo oymy) with m = ny + +++ +n,., and wMw™ = L. In par-
ticular the period of the truncated Fisenstein series is zero unless for some
permutation w € W(M), wMw™ is of type (N1, ..., Ny, Npy ..., 1).

Proof As in [LRO03], we obtain

| LB =
H\H(A)?

Z( )dlm (aQ)+/ E' (h M(w )\)QO, QU)\)'?Q(HQ(h) - T)dh =
on Qu\H(A
Z dlm (0Q)} / / {/ (mk,M(w,)\)%UJ/\)dm e
QH KH LH\L A)l
elra=20a X020 (X — TVdX dk. (37)

For the integral over X we use the formulas of [JLR99], it equals

e{PQ=2pQy +(wA)L,T)

vr, -
" HaEALH <pQ - 2pQH + (w)‘>L7 O./>
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For the inner integral we use Theorem 7.5 to get that it is zero unless
wMw™ = L is of the required form. In the latter case every summand
in (37) is of the form

(_1)dim((aQ)g)JL<1’ (e~ P L) £ (w, A)s@)fz’{A), 0).

The theorem then follows using (20). |

8 The period of the residue

In this section we prove Theorem 1.1. Proposition 7.3 plays a central roll.
To apply it, we will need the following easy result concerning exponential
polynomial functions.

Lemma 8.1 Let V be a finite dimensional vector space over C. Let

d

M) = Z a4y (N) BT

=1

where T' € V*, the a;’s are meromorphic functions near a point X\ = X\g € V.
and the b;’s are linear endomorphisms of V' such that by(Xo), ..., bi(Ao) € V
are distinct. Fix T € V* and assume that limy_, f\(T) ezists. Then, a; is
holomorphic at Ay for all i and therefore

hm f)\(T) e Zai(AO>e<bi(>\O),T>'

A— Ao T
=

Proof Assume by contradiction that some a; is not holomorphic at Ag. Then
there exists v € V such that ¢ — a;(Ao + cv), ¢ € C is not defined at zero.
The function ¢ +— f) 4+ is holomorphic at zero and

Jim fA(T) = 1m fageo(T).

We can use the Laurant expansion at zero, of each of the meromorphic func-
tions ¢ — a;(A\g + cv) to write it as

t

a;(Ao + cv) = Z

Jj=1

«

1,J )
Cj + @ (C)
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where «; is holomorphic at zero and there is a pair (7, j) such that o, ; # 0.
We then get that

d t

lim e(oT) ;¢ 9t T) 38
lim ; ; ; (38)
exists. Thus the limit of the Laurant polynomial defined by the double sum
in (38) also exists, which in turn, implies that the Laurant polynomial is
zero. Thus for all j

d
=1

From the linear independence of characters it now follows that «a; ; = 0 for
all 7, 7. This stands in contradiction to our assumptions. |

Fix a decomposition 2n = rs and let M be the Levi subgroup of G of type
(r,...,r). Thus, W(M) =W (M, M) is a group. Its action on the blocks of
M identifies it with the permutation group G5. We will view the elements of
S, simultaneously as a subgroup of W ~ G&,,, and as the group of permuta-
tions in {1,...,s}. We identify (a§;)* with R®. Let A € (a$;)* be defined by
(A, ") =1 for all a € A§,. Thus,

O i S S A )
2 2 2

Foralli=1,...,s — 1 we define on R® the linear functional
Ri(A) =X\ — Ay
We will also denote
K= ppr—2pp,.

Let ¢ € Ap(G).. As in [Jac84], we define the multi-residue E_;(¢) of the
Eisenstein series (¢, A) to be the limit

s—1

[Tz -1

i=1

A—A

E—l(gﬂo) = lim {

E(g, e, A)}

and for w € &, the multi-residue M_;(w) of the intertwining operator
M (w, M) to be the limit

My (w) = lim II @®N-1)|MwNp. (39
{ilw(®)>w(i+1)}
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We are interested in the symplectic period of E_;(p). We first claim that it
is well defined by an absolutely convergent integral.

Lemma 8.2
/ B y(h, ¢)dh (40)
H\H(A)

1s an absolutely convergent integral.

Proof It is explained in the proof of Proposition 1 of ([JLR04], §5) how the
convergence of the period of an automorphic form is only dependent on its
cuspidal exponents. There, the bound of an automorphic form in terms of its
cuspidal exponents given by ([MWO94], Lemma 1.4.1), is used. The period of
an automorphic form ¢ of G will converge if there is A € ((a?)*)/, such that
v+ u+ X is in the negative obtuse Weyl chamber of (a§),, for the cuspidal
exponents v of ¢. By [Jac84], E_i(¢) is concentrated at P and its only
cuspidal exponent is —A. Note that —A + pu lies in the negative (even acute)
Weyl chamber of ((ap)*)s. It is then not difficult to choose A € ((al)*)s
such that —A 4 g+ A is in the negative obtuse Weyl chamber, i.e. it satisfies

(-A+p+\w)<0
forallwe Afl, . 1

We now get from Theorem 7.2 that (40) is equal to its regularization and from
Proposition 7.3 we then get that it is the zero coefficient of the exponential
polynomial in T’

[ LB (41)
H\H(A)

In the proof of Lemma 3.1 of [Art82], pp. 47-48 it is explained why the oper-
ation of taking multi-residue commutes with an integral of truncated Eisen-
stein series and with the truncation operator. After obtaining the bounds
on truncated Eisenstein series, Arthur invokes Fubini’s theorem to argue
that the multi-residue operator commutes with the integration. His argu-
ment holds in our case for integration over H\ H(A) thanks to the argument
in [JLR99] pp. 190-191, where the necessary bounds are obtained for the
mixed truncation of an Eisenstein series (see also Lemma 7.1 (1)). Arthur’s
argument for showing that the multi-residue operation commutes with the

44



truncation operator easily modifies to argue that it commutes with mixed
truncation, ([Art82], pp. 47-48). We therefore obtain that (41) is equal to

lim {
A—A

and that the period integral:

/ E—l(ha @)dh
H\H(A)

is equal to the zero coefficient in the exponential polynomial (42). The first
part of Theorem 1.1 follows immediately. Indeed, it follows from Theorem
7.8 that for odd s

s—1

[N - 1)] /H - AT E(h, ¢, )\)dh} (42)

=1

AL E(h, o, \)dh = 0.
H\H(A)
From now on we may assume s is even and denote s = 2k. It can easily be

computed that
k k
[P —
— 1 1>
p=(=5--- )

Theorem 7.8 is now the identity:

Y

N | —
N | =

/ A E(h, 0, \)dh =
H\H(A)

of
D I T Wt (L) (43)

We apply the identity (43) to (42) to obtain

[ AnEL (e
H\H(A)

: 5 (RN —1)
lim § i= M (w, \))elttwAT) L 44
Ura I {wee% | |a€ApH (4 wA, aV>]( (w, A)p)e (44)

We know that this limit exists. One may hope to compute it by computing
the limit of each of the summands. Unfortunately, in general the limit of
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the individual summands does not exist. We will comment on that after
the proof. We therefore need a bypass, using the a priori knowledge of the
convergence of the limit of the sum. Some surprising cancellations play into
our hands. Note that the fact that the sum converges but not the individual
summands does not contradict Lemma 8.1. To see why, we remind the reader
that 7' lies in the vector space (ag); and therefore the exponents of the
exponential polynomial

2k—1

IT@®™ - 1)] /H - AT E(h, ¢, \)dh

=1

lie in (af); . Therefore distinct w’s may give rise to the same exponent. From
(43) we see that the exponents are in the set {(u+ w)),|w € St} and from
the equality of (41) with (42) that its limit as A — A exists. It therefore
follows from lemma 8.1 that

[ Eaen-
H\H(A)

vpy lim Y iy () — 1) 3 (M (w, \)p). (45)

A—A -+ /\7 v
{w](utwh) =0} Haeag, o)

Note that as it stands, we still cannot interchange the limit with the summa-
tion in (45). Since we know that the limit exists, we may however compute
it by computing a directional limit in a ’good’ direction, i.e. where the limit
may be computed at each summand. We need the following lemma in order
to identify the Weyl elements that contribute to the sum (45). For o € &,
let

we(2i — 1) =07'(1) <k, wy(2i) =2k +1—0"(i) > k+ 1.

Lemma 8.3 The correspondence o — w, s a bijection
Sk ~ {w € Gy (u+ wA), = 0}.

Proof It is clear that the map o — w, is one to one. To show it is onto,
we first note that for x = (x1,...,79,) € R?* ~ (af;)* we have z; = 0 if
and only if z; = xory1; for all « = 1,... k. It follows that for w € Gy,
(n+wA)y =0 iff

wlk+1—d)—wi)=1,i=1,...,k. (46)
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Let w € Gy satisfy (46). An easy inductive argument shows that w™!(z)
must be odd for all i < k, i.e. that w(2i—1) < k for all i < k. Define 0 € &,
by

o 1(i) = w(2i — 1).

We then have w™'(2k + 1 — 07 1(i)) = 1 + w™(071(i)) = 24, thus w = w,.

Note that for every o,
{i <2k — 1wy (i) > we(i + 1)} = {2,4,6,...,2k — 2}
and
{i <2k — 1we(i) < w,(i + 1)} ={1,3,...,2k — 1}.
We define for all w € Gy, and i = 1,...,k — 1 the functionals
L i(A) = Ap=16) = Aw—1(i41) T Aw—1(2k—i) — A1 (2k41—1)
and
ka()\) = Ay (k) — /\ 1 (k+1)-
If {eZ ", is the standard basis for R?* and we set o; = €; — €i41 + €op_i —
€akr1—ir t <k —1and o = 2(ex — epy1) then AZ = {a;li = 1,... k} and
for each 1,
Lui(A) = i, = (e +wA, o).

We fix vy € R?* which is non-vanishing for the following finitely many hyper-
planes.
Ly, i(v) #0,1<i<k, o€ 6.

Applying Lemma 8.3 to (45) we get that

/ E—l(ha (p)dh =
H\H(A)

Hfgm 11)0]{ HRzzUo

i=1
This limit can be evaluated by taking the limit at each summand. From the
definition of the multi-residue of the intertwining period we get

/H\H(A)E 1(h, @)dh = vp, Y §(M_y(we))

geBSy

., lim
c~>0
g€y

(M (wy, A+ cvo)gp)} :

i Ry —1(vp)
Lw(,,i (UO)

] -

i=1
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The right hand side is therefore independent of vy. To complete the proof of
Theorem 1.1 it is left to show that for any o¢ € &y, (47) equals vp, j(M_1(wy,)p).
Denote vy = (1, ..., %9). The expression (47) is explicitly

vpy 3 (M1 (w,)0) %

o€y

(Il - 352)(!103 - I4) T ($2k—1 - !L‘Qk)
k-1

(l’2a(k)—1 - $2a(k)) 1:[1 ((3620(@‘)—1 - 9020(1‘)) - ($2a(i+1)—1 - I2a(z‘+1)))

We fix 0y € S. Since (47) is independent of vy, we may compute it by taking
the limit as a5, (k)—1 — T20,(k), Which is the same as cancelling out the term
(l’ggo(k)_l — Tagy(k)) from top and bottom and substituting sy, (k) for Tae,k)-1
in the expression that remains. Repeating this process consecutively for all
i=1,...,k— 1, taking limits as Tos(k4+1-i)-1 — T20e(k+1—i) We see that for
all 7, (47) equals

Vpy Z j(M—l(wo)SO)x

{olo(@)=00(4),k+1—-i<j<k}

Hi¢{0(j)|,k+lfi§j§k} (x9i—1 — T2;)
k—1—i

(£C2a(k—z')—1 - 9620(k—z')) 1:[1 ((5620(1')—1 - 3720(1')) - ($20(i+1)—1 - $20(¢+1)))

Thus when ¢ = £ — 1 the only summand that survives is the one associated
with oy and it is

)33200(1)4 — T200(1)

Vpy J(M_1(wy, ) = Upy J (M_1(wq,) ).

T200(1)—1 — L200(1)

Theorem 1.1 is now complete. In particular, the argument above proves that
J(M_1(w,)p) is independent of o. |

As promised in the introduction, we now make the formula for the period
more canonical. Let & € J/(0) be the twisted involution such that

506271 = diag(egr, ce ,EQT).

It is the unique minimal twisted involution £ € Zj,(6) such that Ley = G.
One can easily compute that for all o

We *60 = 12n
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and w; € WY&, 1a,). Recall that the functional J(1,p,\) = j(p) is in-
dependent of A\. From the functional equations of the intertwining periods,
Theorem 7.7, we get that

’](17 M<w17 >‘>§07 0) = J(va ¥ >‘)

We know from the above discussion then that the limit

J (&0, 0, A) (48)

exists and equals j(M_;(w,)p) for each 0. We define the multi-residue
J_1(€o, @) of the intertwining period J(&p, ¢, A) to be the limit in (48).

Corollary 8.4 Using the notations of this section, in the even number of
blocks case (s=2k) we have,

/ Eo1(hy9)dh = vpy J1 (€0, 9),
H\H(A)

Remark We wish to stress here the strength of the results of Lapid and
Rogawski in Proposition 7.3, and provide the simplest example where the
limit in (44) cannot be computed by computing the limit inside the sum.
When n = 4 define

w = (1826574) € Gs.

The summand associated with this permutation is

(A —As— 1)
= Xs+ A — M) (s — M+ Ao — N2

times an expression that converges to a non-zero multiple of j(M_;(w)p) as
A — A. Since both linear functionals in the bottom equal zero at A = A
the limit does not exist (not even in a 'good direction’). Using the results of
Lapid and Rogawski, we were able to ignore the bad terms (which cancel each
other out since we know the limit in (44) exists) and compute the symplectic
period of the residue as the zero coefficient of the exponential polynomial
(44).
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