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1 Single zeta values

Theorem 1.1 (Euler). For any n € N, the even zeta values are

(—=1)" 1By, (27)%" (271)?" By,

¢(2n) = 2(2n)! = oy <@ ™" =Q (") (L.1)

for the Bernoulli numbers B,, defined by
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Hence, as rational multiples of powers of 7 the even zetas are transcendental.
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For the odd zeta values we do not expect such relations at all:
Conjecture 1.2. The elements m,((3),¢(5),((7),... are algebraically independent over Q.

In particular, we expect all zeta values to be transcendental. But we only know very few
results on irrationality:

Theorem 1.3 ([1]). ¢(3) is irrational]

Theorem 1.4 ([14]). Infinitely many of the odd zetas ((3),((5),¢(7),... are irrational. In
fact, for any e > 0 exists some N(g) € N such that for alln > N(e),

1—
dimg ling {1,¢(3),¢(5),...,C(2n+ 1)} > Tlo;logn. (1.2)

Theorem 1.5 ([19]). At least one of {C(5),¢(7),((9),¢(11)} is irrational.

Theorem 1.6 ([20]). For any odd n € N, at least one of {((n+2),((n+4),...,((8n—1)} is
irrational.

*Misprint in Example 5.5 corrected on 24th November 2017, thanks to Harry Braden!
'For details on this proof see [I3] and its recently updated version.



2 Multiple zeta values

Definition 2.1 ([I7]). To d € N integers ny,...,ng € N with ng > 1, the multiple zeta value
1
C(nl,...,nd) = Z W €R+ (21)
0<k1<..<kq 1 d

assigns a positive real number. We call d its depth and ni + ... 4+ ng its weight. Be aware of
the also common reverse convention [9].

Already Euler [5] knew the case d =1 of
Theorem 2.2 (Sum theorem [7]). For any depth d € N and weight w > 1,

Z C(niy...,ng) = C(w). (2.2)

ni+...+ng=w,ng>1

Example 2.3. In weight three, ((3) = ((1,2) and ((4) = ((1,3) +((2,2) = ¢(1,1,2) in weight
four.

Symmetric MZVs are sums of products of single zeta values, as the stuffle identity supplies

Theorem 2.4 ([9]). Let ny,...,ng > 2 then

> (Po)s o) = 3 ()M TT (1P| - 1) g(Z n> (2.3)

o€Sg partitions M of {1,...,d} PeM nepP
Corollary 2.5. Combining (2.3|) with (1.1)), we deduce
E@n,d):= Y ((2n1,...,2n9) €Q-((2n). (2.4)

ni+...4+nqg=n

In fact their generating function is computed in [§] to

F(t,s):=1+ > E@2n,k)t"s" = o (W H - 8)) .
1<k<n V1 — ssin (w\/i>

Example 2.6. E(2n,2) = Y721 ((2n — 2k, 2k) = 3¢(2n) is already due to Euler [5]. Writing
{2}™ for the sequence of n consecutive twos, note further

(2.5)

2n
n ™
E(2n,n) = (({2}") = Gnr)l (2.6)
Theorem 2.7 ([10]). MZV with ny = ... = ng_1 = 1 are sums of products of single zetas,
namely
_ L(1—s)I'(1—-1) t" 48" — (4 s)"
1 tn41) s =1- =1- :
2 clrto)s Ti-s-0) PR n

Again, the case m = 2 was known to Euler [3] already.
Theorem 2.8 ([2]). As was originally conjectured by D. Zagier, we have the identity

2 7r4n

C({1,3}") = (n+ 20



3 Shuffles, stuffles and regularization

Definition 3.1 (Hoffmarﬂ). The Hoffman algebra b are the non-commutative polynomials

b:=Q(z,y) (3.1)

in two letters x and y. It is graded by the weight (length of a word = number of letters) and
depth (number of letters y). On the subspace

b’ ;= Q& yhz (3.2)
of admissible words words (beginning with y and ending in x) we define the period map by
C:bOHRa yn1"'ynd’_>g(n17’-'and)a (33)

where y, = yz" 1 for any n € N. This is extended linearly with ((1) = 1 for the empty word.
The shuffle product W and stuffle (also called harmonic) product x are recursively defined by

avlibw = a(vwWbw)+b(avlw)  and YU YmW = Yn, (VXYW )+ Y (Y U W) + Yt (vkw) (3.4)

for any letters a,b € {x,y} and words v,w € b°. Both of these turn h° into a commutative,
associative and free algebra.

As was shown in Olivers’ lectures, the sum representation (2.1)) and the iterated integral
representation provide

Lemma 3.2 (Dobule-shuffle relations). ¢ is an algebra morphism with respect to both products
W and x:

Clovww) =C¢() - ¢C(w) =Clvrw) forany v,w € Y. (3.5)

Example 3.3. From y2 Wy = yrwyxr = dyyzx+2yxyr = dy1ys+2ysy2 and yoxys = 2yay2+y4
we deduce 4¢(1,3) +2¢(2,2) = ¢%(2) = 2¢(2,2) + ((4) and therefore ¢(4) = 4¢(1,3).

Theorem 3.4 (Hoffman relation [9]). For any w € b°, wiwy —w*y € h° (does end in x) and
((wwy—wxy)=0. (3.6)

Example 3.5. We find yoxy — y2 LY = y3 + Y192 + v2y — (20192 + y2y) = y3 — t1y2 € h°, thus
¢(3) =¢(1,2).

Conjecture 3.6. All algebraic relations over Q among MZV are consequences of the so-called
regularized double-shuffle relations meaning (3.5) and (3.6)).

4 Weight filtration

Definition 4.1. Let Zy := ling {{(n1,...,nq): n1+...+ng = N} denote the space of MZV
of weight N and Z := 3" n~o ZN their sum (the Q-space spanned by all MZV ).

2In the literature the words are written in the reversed way: y, = 2" 'y and ((Yn, ---Yny) = (N, - -,11).
Here we used this order to be consistent with the first talk of Oliver Schnetz.



From the previous examples, we know that ((3) = ((1, 3), so Z3 = Q-((3) is one-dimensional.

2

() = ¢(1,1,2) = 46(1,3) = 56(2,2) = 2¢3(2)

shows that the four MZV of weight four span only a one-dimensional space Z4 = Q - ((4) as
well. Recall the following table of Oliver’s talk obtained by using all available relations:

weight N | conjectured basis of Zx dy MZV of weight N
0|1 1 1
1 0 0
2| ¢(2) 1 1
31¢(3) 1 2
41 ¢(2)? 1 4
51 ¢(5),¢(2)¢(3) 2 8
6| ¢(2)°.¢(3)" 2 16
71 ¢(1),¢(2)¢(5),¢(2)7¢(3) 3 32
8| ¢(2)".¢(2)¢(3)*,¢(3)¢(5),¢(3,5) 4 64
Conjecture 4.2 (D. Zagier, [17]). Z is graded by the weight with Hilbert-Poincaré series
dktk = # 4.1
é 1—12—¢3 (4.1)

FEquivalently, the following two statements hold:
1. All relations are homogeneous in weight: Z = @y>o Zn
2. dimg Zy = dn where dg = dz = 1, diy = 0 and then dy = dn—2 + dn_3.

Note that this is a very strong claim as it implies conjecture [I.2] and thus transcendence of all
odd zeta values. However, the results of F. Brown on motivic multiple zeta values (which will
be featured in his upcoming lectures) imply

Theorem 4.3 ([4]). The Hoffman-elements span Z in each weight, that is
Zy =ling{¢(n1,...,np): n1,...,n, €{2,3} and n1+...+n,=N}. (4.2)
In particular this implies (as was also proved independently in [15])
dimg Zx < dy. (4.3)
In fact the results of [4] prove the existence of a surjective algebra morphism

¢ QLf] ®q (Qfs, f5, f7,..), W) — Z (4.4)

which preserves the weight filtrations. In this picture, conjecture [£.2]is equivalent to ¢ being an
isomorphism.



5 Depth filtration

Definition 5.1. Let Z](\?l) = ling {¢(n1,...,n): nui+...+n, =N and r<d} denote the
span of MZV of weight N and depth < d.

The stuffle relation involves MZV of different depths, so in contrast to the weight, the depth
can only be a filtration on Z. For example recall the example

ﬂ_Qn

) = €2 D) = gy € Q- C2n) = 2y (5.1)

that is of depth one (not n). Similarly note

Theorem 5.2 ([I8]). Setting H(n) := (({2}") and H(a,b) := ¢ ({2}%,3,{2}"),

<2a2—TF 2) - (1 - 22> <2b247; 1)

2)
a+2b+3

a+b+1

H(a,b)=2 Y (-1) H(a+b—r+1)¢2r+1). (5.2)
r=1

In particular it implies that H(a,b) € Zé
originally a MZV of high depth a + b + 1.

is of depth at most two, even though it is

Conjecture 5.3 (D. Broadhurst and D. Kreimer, [3]). Z is graded by the weight and the depth
filtration has dimensions

dy i = dimg (20 /2{F1)
given by the generating series

1+Ey
dp pxty" = 5.3
nz,; Y T T T 0y + Sp2(1— ) (5:3)

where E := lf; =22+ 2t +25+ ... and O := 1f:;2 =23+ 25+ 2" 4+ ... count the even and
odd zetas in each weight, while S := Wx;&jﬁ) is the generating series of the dimensions of

the spaces of cusp forms of SLa(Z) in each weight.

Note that this is a refinement of conjecture (set y =1 and use d,, = "}, dy, ). Expanding
(5.3) to the first orders in the depth y, observe

>dpp=1+E+0)y+( EO + 0*—S )+ () +... (5.4)
—— ~~— ——
n.k single zetas odd weight even weight

In particular we see in depth two, that the products EQ of even and odd single zeta values are
the only generators in odd weights. This is known more generally as

Theorem 5.4 ([11, 16]). Fvery ((ni,...,nq) with weight n = ny + ...+ ng and depth d Z n
mod 2 of different parity is a Q-linear combination of products of MZV of depth smaller than d.

Example 5.5 (taken from [12, Example 5.5]).

€(4,2,2) = ((4)€(2,2) + ¢(2) [4¢(4,2) + 6((3,3) + 7¢(2,4) + 8¢(1,5)]

~80(6,2) ~ 100(5,3) — 2C(4,4) ~ 120(3,5) — ¢(2,6)



In particular, every depth-two {(n1,n2) with odd nj + ng is a sum of products of single zetas.
An explicit formula is given as

Theorem 5.6 (Proposition 7 in [I8]). For m > 1, n > 2 of odd weight k =m +n =2K + 1,

K-1
Clmm) = (1) S [(’“ i 1) ¥ (k o 1) — Gzs + (—1)8s0] C(25) €k — 25)

= m—1 n—1

On the other hand, for even weights N, the contribution 02 to (5.4) counts the ¢ (n,m) with
odd entries n,m > 3 and n +m = N. However, these are in general not independent. The first
relation (up to Q- (V) = Z](\})) appears at weight N = 12:

5197
28((3,9) + 150¢(5,7) + 168¢(7,5) = ﬁg(m) . (5.5)
The origin of these exotic relations in depth two correspond [6] to period polynomials for cusp
forms of SLy(Z) and are counted by S. These connections might be enlightened by the upcoming
lectures of José 1. Burgos.
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