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1. Motivation

Paleoclimatic records from Greenland ice-core show

rapid climate transitions between

¢ the cold glacial periods and

e the warmer interstadials (Dansgaard-Oeschger events)
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2. Paleo Proxy Data

The calcium (Ca) signal from the GRIP ice-core:
about 80,000 data-points from 11 kyr to 91 kyr before present.
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Typical interjump time: between 1000 and 2000 years.
What triggers the transitions?

Langevin equation for the climate dynamics
4X(t)=-U'(X(t)) + NOISE
U - double-well potential, wells correspond to the climate states.

P. Ditlevsen (Geophys. Res. Lett. 1999): spectral analysis of the data.
NOISE has an a-stable component with o ~ 1.75.
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3. Object of Study

SDE driven by «-stable Lévy process of small intensity:
t
X;=x— / U(X: )ds+¢eLy, €]0.
0

e [, — a-stable symmetric Lévy motion, a € (0, 2)

U
Potential U € C®)(R): (
o U'(zx)x >0
o U'(x) =0iffx =0
e U"0)=M >0 .
o a
oe)=inf{t >0 : X; ¢ [-b,a]}, a,b< o0
. \
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4. a—stable L évy process L

The random process L:
e continuous in probability

e independent stationary increments

e cadlag paths
e Symmetric

Characteristic function

. . d
Ee*t = exp {t/ (e — 1 —ixyI{|y| < 1}) ia}, a € (0,2)
R\{0} [yl

The Lévy measure of L: v(dy) = wﬁ%,

o
N

™~

v(R) = oo for a € (0, 2).
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5. Malin result

Theorem 1. There exist positive constants ¢y, v, 4, and C' > 0 such that for
0 < ¢ < g the following asymptotics holds

exp {—u% [aia + bia] (1+ 055)} (1—Ce°)
< P.(o(e) > u)

< exp{—uga [ = 1] (1— 055)} (14 Ce%)

a |a® bY

uniformly forall x € [-b+¢7,a —<”] and u > 0.

Theorem 2. There exist positive constants ¢q, v and ¢ such that for
0 < e < g the following asymptotics holds

E,o() = — [ Ly blall (1+ O(£?))

eX [a®

uniformly for all x € [0+ €7,a — £7].
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6. Comparison with Gaussian Case

A Ux) ' U(x)
/
h \\\
-b clz ~ -b a ~
X;=x— [JU(XZ)ds + W, X;=x— [ U (X )ds +eLy
Freidlin-Wentsel:
Px(e(Zh—5)/a2 <o< €(2h+5)/52) 1 Pg;<8a1_5 < o< ﬁ) 1

Eyring-Kramers law (Williams, Bovier):

E,.o ~ eV/m 2h/e?
N TENGION

Exponential exit (Day, Bovier)

P, (g2 > u) ~ exp (—u) P, (g7 > u) ~ exp (—u)

Diffusion ‘climbs up and out’ Lévy motion driven SDE ‘jumps out’
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7. Sketch of the Proof

Ly =& +ny
oys(-)zv(-ﬂ{0<‘y|§%}) 'VZ(’>:V('Q{|Q‘>%})
vE(R) = o0 Finite Lévy measure

Vi(R) = B, = 2e0/?
e 7)° IS a compound Poisson process

e 71, ItS arrival times
Inter-jump times
Ty = Tk — Th—1 ~ exp (5c)

o Jumps Wy ~ 81w ()
Ty, Wy and £° are independent
Oon [1x_1,7k), X° is driven by ££°
Deterministic trajectory Y;(z) = = — fot U'(Ys)ds
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8. Sketch of the Proof Il

ET), =4 = 2e=/2 — o0 polynomially fast.

Between the jumps of n°, X is driven by =£°.
P.(supy,, ., )Xt —Yi(X5, )| > ¢€7)is small

Relaxation time R(e) = sup{t > 0 : |Yi(x)| <&V,x € |[=b,a]} = O(|In¢g|)
R(e) < ETy, = att = 7, X° jumps from a neighbourhood of 0 at eWW.
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9. Sketch of the Proof Il
With high probability, X¢ exits I = [—b, a] at arrival times of n°, ¢t = 7.
e ="T1+To+ -+ T ~ Gamma(se, k)
k—1
P(7y € [t,t + dt]) = Bee Nt
Then for u > 0,

P.(0(c) > u) & Y P(r > u) - Pu(o(c) = )
k=1
= iP(Tk >u) -PleWrel,...,eWx_ 1 €1,eWi &1)

00 00 k—1
= Z/ 5€e_ﬁst% dt - (1—P(eWy ¢ 1)) -P(eW:1 ¢ )

_ i (B)TH1 —P(eWy ¢ 1))
= B.P(cW; ¢ I)/u e ;;1 TN dt

> e“T1 1
= BP(Wy ¢ 1) [ e PSIITENED) gy RN oS |y )



