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1. Motivation. Paleoclimatic Data

Greenland ice core data al-
low to reconstruct Earth’s cli-
mate up to 200,000 yrs. be-
fore present.
Paleo data proxies (oxi-
gen isotopes, Ca) indicate
at least 20 abrupt and
large-amplitude shifts —
Dansgaard–Oeschger

Events

2. Dansgaard–Oeschger Events
• Rapid warming by 5-10 ◦C: a few decades

• Plateau phase with slow cooling: several centuries

• drop to cold stadial conditions: a few decades

Mean waiting
time 1470 yrs.

From: Ganopolski, A. and Rahmstorf, S. (Phys. Rev. Let. 88(3), 2002)

3. Spectral Analysis of Data

Langevin equation for climate dynamics

Ẋ(t) = −U ′(X(t)) + NOISE

U — double-well potential, wells correspond to the climate states.
P. Ditlevsen (Geophys. Res. Lett. 1999 ): spectral analysis of the data.
NOISE has an α-stable component with α ≈ 1.75.

4. Object of Study

SDE driven by symmetric Lévy process of
small intensity:

Xε
t = x −

∫ t
0 U ′(Xε

s−) ds + εLt, ε ↓ 0

Unique stable point 0, U ′′(0) > 0.
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6. Kramers’ Law for Gaussian Diffusion

H.A. Kramers (Physica 7, 1940 ): Chemical reaction rate theory
Diffusion model of chemical reactions
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7. Process L: ε-dependent representation

εL = εξε + εηε

εξε is a sum of
a Brownian Motion and a
small-jump part of εL
νε
ξ (R) = ∞

Infinitely many small jumps
|∆εξε| ≤ √

ε

εηε is compound Poisson
βε = νε

η(R) = 2
αεα/2

Interjump times, i.i.d.
Tk ∼ exp (βε),

Jump sizes, i.i.d.
εWk ∼ νε

η(·/ε)β−1
ε

Jumps |∆εηε| ≥ √
ε

− 1√
ε

1√
ε

ν(dy) = dy
|y|1+α

, y 6= 0

8. Small-jumps Dynamics

Ẏt(x) = −U ′(Yt(x))

Yt(x)Xε
t (x)

0

x

t

τ1 = T1

R(ε)

The deviation probability

P

(

sup[0,T1) |X
ε
t − Yt| ≥ εγ

2

)

is exponentially small, γ > 0

Relaxation time for Yt(x)
to reach εγ-neighbourhood of 0
R(ε) = O(| ln ε|)

9. Predominant Behaviour
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Between the “large” jumps of ηε, Xε is driven by “small jumps” εξε.
Interjump times ETk = 1

βε
= α

2ε−α/2 → ∞ polynomially fast.

Relaxation time R(ε) ≪ ETk
⇒ at t = τk, Xε jumps from a neighbourhood of 0 at εWk.

10. Kramers’ Type Law: Heuristic Proof

With high probability, Xε exits I = [−b, a] at arrival times of ηε, t = τk.
τk = T1 + T2 + · · · + Tk, ET1 = 1/βε

Jump-out probability
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