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Intr oduction

We investigatespectralpropertiesof theLaplaceoperatoron a classof non-compactRieman-
nianmanifolds.Weprovethatfor agivennumberN wecanconstructaperiodicmanifoldsuch
that theessentialspectrumof thecorrespondingLaplacianhasat leastN opengaps.Further-
more,by perturbingtheperiodicmetricof themanifold locally we canprove theexistenceof
eigenvaluesin agapof theessentialspectrum.

Gapsin the spectrum

In our context a periodic Riemannianmanifold Mper is a non-compactd-dimensionalRie-
mannianmanifold(d

�
2) with a properlydiscontinuousisometricactionof anabeliangroup

Γ of infinite ordersuchthat the orbit spaceMper� Γ is compact. As in the caseof periodic
Schr̈odingeroperatorsonecanapplyFloquettheoryto show thatthespectrumof theLaplacian
∆ApTMper onMper actingon p-forms(seeDefinition2.3.1)hasbandstructure,i.e., thespectrum
spec∆ApTMper is the locally finite union of compactintervalsBk � ∆ApTMper � , calledbands(see
[Don81] if Γ is abelian,[BS92] or [Gru98] for certainnon-abeliangroupsΓ or [RS78] in the
Schr̈odingeroperatorcase).

Here,werestrictourselvesto theLaplacianonfunctions,i.e.,wesupposep � 0. However,
via theHodge � -operatoronecanshow thatthespectrumof theLaplacianon functionsis the
sameasthespectrumof theLaplacianond-forms.Furthermore,supersymmetryin dimension
2 allows us to show that the spectrumof ∆ApTMper is the samefor p � 0, p � 1 and p � 2.
Therefore,all our resultsfor thespectrumof theLaplacianon functionsremaintrue in these
specialcases(seeTheorems2.3.8and3.4.6andCorollaries2.3.10and3.4.8).

In general,an infinite numberof bandsBk � ∆ApTMper � will overlap as in the caseof the
Laplacian∆ � d ��� ∑d

i 	 1 ∂ 2
i on 
 d . Here,thespectrumis � 0 � ∞ � .

Ourfirst aim is to constructclassesof (non-compact)periodicmanifoldsMper with gapsin
the essentialspectrumof the Laplacian∆Mper on Mper actingon functions,i.e., we prove the
existenceof non-void intervals  a � b � with

spec∆Mper �  a � b ��� /0 � ( � )
To excludetrivial caseswesupposethata � inf essspec∆Mper. Notethatfor (abelian-)periodic
manifoldsMper wealwayshave inf essspec∆Mper � 0.

We prove the existenceof gapsin two differentways. In both casesthe main ideais to
analysea family of periodic manifolds � Mper

ε � ε suchthat Mper
ε decouplesin somesenseas

ε � 0. By decouplingwemeanthatthejunctionbetweentwo periodcells(seeSection3.2) is
geometricallysmall.
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Xε
X Mε

Xε

Aε

ε

Mper
ε

Figure0.1: Constructionof aperiodicmanifoldin CaseA.

CaseA: Westartwith acompactd-dimensionalRiemannianmanifoldX (withoutboundary
for simplicity). If Γ ��� wegluetogether� copiesof X modifiedin theneighbourhoodof two
distinct points in sucha way that we have two small cylindrical ends. The boundaryof the
modifiedmanifoldMε is a � d � 1� -dimensionalsphereof radiusε � 0 (seeFigure0.1). The
resultingmanifoldMper

ε is � -periodic. Note thatMper
ε still dependson ε. By Floquettheory,

theanalysisof thespectrumof ∆Mper
ε

is reducedto theanalysisof thespectrumof theLaplacian

on a periodcell Mε with θ -periodicboundaryconditionswhereθ � ˆ� (seeSection3.4). The
dualgroupΓ̂ � ˆ������ 1 is usuallyidentifiedwith � 0 � 2π � (seeSection3.1). Here,a periodcell
Mε is aclosedsubsetof theperiodicmanifoldMper

ε suchthatMper
ε is theunionof all translates

of Mε andsuchthat �Mε doesnot intersectany othertranslateof Mε . Note that the spectrum
of ∆θ

Mε
is discrete.We denotetheeigenvalueswritten in increasingorderby λ θ

k � Mε � counting

multiplicities. In thesameway, let λ θ
k � X � denotethespectrumof theLaplacian∆X on X.

We provethefollowing (seeTheorem4.3.1andCorollary4.3.2):

Theorem. Theθ -periodiceigenvaluesλ θ
k � Mε � convergeuniformlyin θ � ˆ� ���� 1 to theeigen-

valueλk � X � asε � 0 for everyk ��� . In particular, if thek-th andthe � k � 1� -steigenvalueof
theLaplacian∆X on X satisfyλk � X � � λk! 1 � X � , thenthere is a gapbetweenthek-th andthe� k � 1� -stbandof ∆Mper

ε
, i.e.,

Bk � ∆Mper
ε
� � Bk! 1 � ∆Mper

ε
� � /0 �

providedε is smallenough.

Note that the convergenceof the eigenvalue λ θ
k � Mε � is not uniform in k (seepage8).

Thereforewe can prove that an arbitrary finite numberof gapsoccur if ε is small enough.
We canextendthe theoremto thecaseof anarbitraryfinitely generatedabeliangroupΓ (see
Figure0.2).Wecanalsoadmitlongthin cylindersof fixedlengthL � 0 betweenthecylindrical
endsasin Figure0.3: TheLaplacianof theresultingperiodicmanifold "Mper

ε still hasgapsif ε
is smallenough(cf. Theorem5.2.1andCorrollary5.2.2).This resultwasoriginally motivated
by work of C. Anné (see[Ann87] and[Ann99]).

CaseB: In thesecondclassof examples,we startwith a Γ-periodicRiemannianmanifold
Mper (for simplicity) without boundary. We perturbthemetricgper of Mper conformallyby a
factorρ2

ε , i.e., we setgper
ε : � ρ2

ε gper anddenotethe resultingRiemannianmanifold by Mper
ε .

Here � ρε � is a family of strictly positivesmoothperiodicfunctionson Mper converging point-
wise to the indicatorfunctionof a setXper. We supposethatXper is thedisjoint unionof the
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Mper
ε

Figure0.2: A manifoldperiodicwith respectto agroupgeneratedby two elements(like # 2 or #%$&# p).

Cε

L "Mε
"Mper

εMε

Figure 0.3: A periodicmanifoldwith long thin cylindersobtainedby takingMε andCε asnew period
cell 'Mε .

translatesof aclosedsubsetX of Mper suchthatthereexistsaperiodcell M with X ( �M. Sup-
posefurtherthatnormalcoordinateswith respectto ∂X aredefinedonM ) X (seeSection6.1).
Thisconditionrestrictsthegeometryof X. For example,a centeredspherein acubeasperiod
cell satisfiesthiscondition.Denoteby Mε themanifoldM with metricgper

ε (seeFigure0.4and
Figure0.5). Our secondresult is the following (seeTheorem6.1.2andCorollary 6.1.3,for
theDefinitionof theNeumannLaplacian∆N

X seeDefinition2.3.3):

Theorem. SupposethatMper is of dimensiond
�

3. Thentheθ -periodiceigenvaluesλ θ
k � Mε �

converge uniformly in θ � Γ̂ to the eigenvalue λ N
k � X � of the NeumannLaplacian on X as

ε � 0, for everyk �*� . In particular, if thek-th andthe � k � 1� -st eigenvalueof theNeumann
Laplacian∆N

X on X satisfyλ N
k � X �+� λ N

k ! 1 � X � , thenthere is a gap betweenthe k-th and the� k � 1� -stbandof ∆Mper
ε

providedε is smallenough.

The two-dimensionalcasehasto be treatedseparately. In this casewe only prove thatat
leastanarbitraryfinite numberof gapsexistsif Mper is acylinder 
�, � 1, seeChapter7.

The proof of the precedingtwo theoremsis basedon the Min-Max Principle(seeTheo-
rem1.3.3).Themaindifficulty herecomesfrom thefactthatnotonly thequadraticform (cor-
respondingto theLaplacianon Mε ) but alsotheL2-normon Mε dependson ε. We therefore
comparetheRayleighquotientsfor parameter-dependentHilbert spaces(seeTheorem1.4.2).
This idea is motivatedby [Fuk87] and [Ann87], but we prove a slightly different version.
Oneimportantingredientin proving theprecedingtwo theoremsis a boundof theL2-normof
eigenfunctionsof ∆θ

Mε
on thecylindrical ends(CaseA) resp.on M ) X (CaseB) converging to

0 asε � 0 (seeTheorem4.4.1resp.Theorem6.2.1,theestimatesusedtherearemotivatedby
[Ann94]).

In bothcasesgapsoccurwhenthereis a periodcell Mε suchthata neighbourhoodof the
boundaryof Mε is small in somesense.Note that in CaseA andCaseB the volumeof the
ε-dependingpart Aε (resp.Aε - Cε in the caseof "Mper

ε ) andMε ) X convergesto 0. It seems
that it is importantto have a mechanismwhich “separates”or “decouples”in somesensethe
differenttranslatesof a periodcell.
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M

Mper

Xper

X

Figure 0.4: In CaseB the # 2-periodicmanifoldMper is given.Wechooseaperiodcell M suchthatthe
periodicsubsetXper doesnot intersecttheboundaryof M. We furthersupposethatnormalcoordinates
with respectto ∂X aredefinedon M . X.

Mper
ε

Figure0.5: An, alasimperfect,attemptto picturetheconformallyperturbedmanifoldMper
ε obtainedby

scalingthemanifoldMper of Figure0.4outsidethegrey areaXper.

Eigenvaluesin gaps

As anapplicationof ourresultsonspectralgaps,weperturbthemetricof theperiodicmanifold
Mper locally andobtaineigenvaluesin a gapof theperiodicLaplacian.SupposethatMper �
Mper

ε is oneof theperiodicmanifoldswith periodcell M constructedbeforewith metricgper

suchthat( � ) holds.Sincewe will applyregularity theorywe supposethat∂M is smooth(see
e.g.theperiodicmanifoldin Figure0.2). Let λ �/ a � b � . If λ is too closeto a or b we possibly
have to choosea smallerε (seeCorollary8.1.2). Supposefurther that � ρ � τ �0� τ 1 0 is a family
of strictly positivesmoothfunctionson Mper suchthatρ � 0� � 1 andsuchthatρ � τ � is equalto
1 outsidea compactsetK1 andsuchthatρ � τ � is equalto τ � 1 on a compactsetK2 ( �K1 for
all τ � 0. Supposefurther thatK1 andK2 have (piecewise)smoothboundaryandnon-empty
interior. We denoteby M � τ � (resp.K1 � τ � andK2 � τ � ) the manifold Mper (resp.K1 andK2)
with metricg � τ � � ρ � τ � 2gper conformalto gper. Rouglyspeaking,we blow up theareaK1. In
particular, theareaK2 is scaledby thefactorτ � 1

�
1 (seeFigure0.6).
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M � τ �
K2 � τ �

Figure 0.6: The perturbedmanifold M 2 τ 3 . Again, this picture is only an attemptsinceonecannot
draw correctlytheconformallyperturbedareaK1 2 τ 34. K2 2 τ 3 wheretheconformalfactorρ 2 τ 3 is a non-
constantfunction.

Mn

M

Figure 0.7: A periodiccell M andanapproximatingsubmanifoldMn of Mper with n 5 8 elements.

By theDecompositionPrinciple(Theorem2.5.1)theessentialspectraof ∆Mper and∆M 6 τ 7
arethesame,but in additionto theessentialspectrum,∆M 6 τ 7 couldhave discreteeigenvalues
of finite multiplicity, accumulatingonly at thebandedgesof spec∆Mper. Let8

τ � ∆M 6:9 7 � λ � : � ∑
0 ; τ <=; τ

dimker� ∆M 6 τ < 7 � λ �
denotethenumberof eigenvaluesλ (countedwith respectto multiplicity) of theoperatorfam-
ily � ∆M 6 τ < 7 � 0 ; τ < ; τ . Amongotherresultsweprove thefollowing (seeSection8.3.1):

Theorem. Let  a � b � be a gap in the spectrumof the unperturbedLaplacian ∆Mper and let
λ �& a � b � . Then

8
τ � ∆M 6>9 7 � λ � tendsto infinity asτ � ∞. In particular, there exist τ � 0 such

that λ is an eigenvalueof theperturbedLaplacian∆M 6 τ 7 .
Theideais quitesimple(cf. [AADH94] and[HB00]). We restrictourselvesto a compact

approximatingsubmanifoldMn consistingof n translatesof a fixed periodcell M (seeFig-
ure 0.7). We further supposethat Mn containsthe perturbeddomainK1. Thenthe spectrum
of thecorrespondingDirichlet-Laplacianis purelydiscreteandwe cancounttheeigenvalues
arisingfrom the perturbationby the Min-max principle. The main difficulty is to prove that
eigenfunctionscorrespondingto a fixed eigenvalueλ in a gapconverge to eigenfunctionsof
thewholeproblemwhenMn ? Mper (seeTheorems8.1.6and8.2.6).Again, we have to deal

7
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with thetechnicaldifficulty (which doesnot occurin [AADH94] or [HB00]) thatour Hilbert
spacesdependon theperturbation.

Note that the Dirichlet boundarycondition on Mn producesno eigenvaluesin the gap a � η � b � η � (for someη � 0) sincetheboundaryof Mn is small (seeFigure0.7 andTheo-
rem8.1.2).This factsimplifiesour proof andwe do not needthemorecomplicatedconstruc-
tion in [AADH94].

Note that we canexpressour resultsin the following way. Two metricsg and "g on Mper

arecalledconformallyequivalent, if thereis astrictly positivesmoothfunctionρ onMper such
that "g � ρ2g. A conformalstructure given by g is the equivalenceclassof g (cf. [AG96]).
Thereforewehaveproven:

Theorem. In every conformalstructure on Mper given by a periodic metric gper there are
periodicmetricssuch that thecorrespondingLaplacianhasat leastanarbitrary finitenumber
of gapsin its essentialspectrum.

Furthermore there are (non-periodic)metricsg in the conformalstructure givenby gper

such that the spectrumof the Laplaciancorrespondingto g haseigenvaluesin a gap of its
essentialspectrum.

Relatedresults

Thequestionwhethergapsexist in thespectrumof theLaplacianon a manifoldandwhether
eigenvaluesin gapsoccurwasmotivatedby similar resultsholding for divergencetypeoper-
ators(see[Hem92], [AADH94] or [HL99]). Note that, locally, the Laplacianon a manifold
is a divergencetypeoperatorin a weightedL2-space.As alreadymentioned,we cannotapply
directly the existing resultssincethe weight and thereforethe Hilbert spacedependon the
metricwhich we want to perturb. Our work is alsomotivatedby similar resultsin thecaseof
Schr̈odingeroperators;e.g.,R. HempelandI. Herbsthaveshown in [HH95a]and[HH95b] the
existenceof gapsin thespectrumof magneticSchr̈odingeroperators.

E. B. Davies andE. M. Harrell II proved in [DH87] the existenceof at leastonegapin
the spectrumof the Laplaciandefinedby a conformallyflat periodicmetric on 
 d (d

�
2),

i.e.,gi j � ρ2δi j whereρ is astrictly positivesmoothfunctionon 
 d . Here,a relationbetween
theconformallyflat LaplacianandcertainSchr̈odingeroperatorsis established.Furthermore,
E. L. Greenproved in [Gre97] the existenceof a finite numberof gapsof a conformallyflat
Laplacianwith periodicmetricon 
 2.

Recently, Lott proved the following result in [Lot99, Theorem3]. For every ε � 0 there
existsacompleteconnectednon-compactfinite-volumeRiemannianmanifoldwhosesectional
curvatureslie in �@� 1 � ε �0� 1 � ε  andwhoseLaplacianon functionshasaninfinite numberof
gapsin its spectrum.Thegapstendtowardsinfinity. He startswith a completefinite-volume
hyperbolicmetricona punctured2-torusandchangesthemetricon thecusp.

A more generalcontext is given in [BS92]. The authorsestablishan asymptoticupper
boundon thenumberof gapsin thespectrumof a Γ-periodicelliptic semi-boundedoperator.
Here,evencertainnon-abeliangroupsΓ areadmitted.

Note that the convergenceof the eigenvalueλ θ
k � Mε � in CaseA andB is not uniform in

k: therearetopologicalobstructionsthatprevent theuniform convergence(cf. [CF81]). This
resultis in accordancewith thegeneralBethe-Sommerfeldconjecturewhichsaysthatthespec-
trumof any Γ-periodicSchr̈odingeroperator∆Mper � V with potentialV onaperiodicmanifold

8
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Mper of dimensiond
�

2 hasonly afinite numberof gaps,i.e., theintersectionof theresolvent
setwith 
 hasonly a finite numberof components.Notethat if λ θ

k � Mε � would convergeuni-
formly in θ � Γ̂ andk �*� thentherewould beaninfinite numberof gapsin spec∆Mper

ε
if ε is

smallenough.
In [SY94,OpenProblem37],Yauproposedto analysethespectrumof theLaplacianacting

on differentialformsof a non-compactmanifold. In particular, heposedthequestionwhether
thecontinuousspectrumof theLaplacianhasbandstructure.It is well-known thattheanswer
is yesonaperiodicmanifold(by usingFloquetTheory, seeChapter3). Hefurtheraskedabout
thestabilityof thecontinuousspectrumwhenchangingthemetricuniformly. In Chapter8, we
provethattheessentialspectrumis stableprovidedtheperturbationis smalloutsideacompact
setby usingthewell-known decompositionprinciple(seeTheorem8.1.7).

Applications

In thetheoryof continuummechanicsLaplaceoperatorson manifoldscanbeusedto give the
necessaryequationsfor dilationalwavesonasurface(see[Jau67,pp.341-346]or [Jau72]).

Anotherapplicationis connectedwith the recentdevelopmentof the theoryof quantum
waveguidesor quantumwires(cf. [EŠ89,pp.257-266]and[LCM99]). Here,a quantumwire
is a two-dimensionalcurved planarstrip Ω of a fixed width d. If d is small, the Dirichlet-
Laplacianon Ω describesthe motion of a free electronliving on Ω. Suchmodelscould be
appropriatedfor microelectronics.Sincethe scalesbecomesmallerandsmalleroneshould
alsoconsiderquantumeffects. Here,a quantumwire is a thin layer of shapeΩ in a semi-
conductor. Yoshitomiprovedtheexistenceof gapsin thespectrumof the(flat) Laplacianwith
Dirichlet boundaryconditionson aperiodicallycurvedstrip in 
 2 (see[Yos98]).

Our resultsshow the samebehaviour moregenerallyfor certainperiodicallycurved sur-
faces,i.e.,periodicmanifoldsof dimension2. Thiscouldmodelvery thin non-planarperiodic
layersmadeout of metallicor semi-conductingmaterials.Thereforewe have proventheex-
istenceof gapsin the energy spectrumof an electronmoving alongthis layer. Note that the
band-gapstructureandeigenvaluesin gapsareimportantfor the conductorpropertiesof the
material. In particular, local perturbationof a periodicsurfaceleadsto impurity levels in an
energy gap(i.e.,eigenvaluesin thegap).

Outlook

In theproof of theexistenceof eigenvaluesin a gapof theunperturbedLaplacian(seeChap-
ter8) wehaveassumedthattheperiodicmanifoldMper possessesaperiodcell M with smooth
boundary. This is necessarysincewe want to apply regularity theoryon a domaingiven by
(theunionof translatesof) M. In particular, thecaseMper �A
 d is excluded,sinceany period
cell hassingularities.SupposethatthegroupΓ with r generatorsactsonMper properlydiscon-
tinuouslyandcocompactly. Whatkind of singularitiescouldappearif onechoosesconnected
periodcellswith piecewisesmoothboundary?Furthermore,canonechoosea periodcell M
with “tame” singularitiessuchthatwe still canapply regularity theory?A positive answerto
thesequestionswouldgive furtherexamplesof eigenvaluesin agap.

9
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It is an interestingquestionwetherour resultsextend also to the non-abliancase,i.e.,
whetherthereexists a Γ-periodic manifold with a non-abeliangroup Γ suchthat the corre-
spondingLaplacianhasgaps.Notethatsuchmanifoldsareof interestsincefor any Riemannian
manifoldMper with strictly negativesectionalcurvature,� is themaximalabeliansubgroupof
any groupΓ actingisometricallyandproperlydiscontinuouslyonMper by atheoremof Preiss-
mann(see[Pre42, Theor̀eme7*] or [Bye70]). Thereforeif we only allow abeliangroupsΓ
with more than one generatorour results(e.g. on the existenceof gapsin the spectrumof
theLaplacian)do not apply to thecaseof (non-compact)Riemannianmanifoldswith strictly
negativecurvature(i.e.,hyperbolicspaces).

Furthermore,we have not proved the existenceof gapsin the spectrumof the Laplacian
∆ApTMper actingon p-forms. Here,our methodsdo not directly apply exept for the caseof
d-formsor for dimension2.

An Overview of the Text

In Chapter1 wequotesomebasicfactsonHilbert spacesandSpectralTheory. Wealsodevelop
someresultsonparameter-dependentHilbert spaces(seeSection1.4). In Chapter2 wegivethe
necessarybackgroundto definetheLaplacianon a manifold. Furthermore,in Section2.4 we
analysehow severalestimatesdependon themetric. We give quiteexplicit proofsheresince
weneedcontrolof theconstants.In Section2.5wequotethedecompositionprinciple,i.e., the
stability of the essentialspectrumunderlocal perturbations.Chapter3 is devotedto Floquet
Theory. Here,we definetheterm“periodic” for manifolds.In Chapters4 and5 we construct
a first classof periodic manifoldssuchthat the correspondingLaplacianshave gapsin the
essentialspectrum(seeCaseA). In Chapters6 and7 weproducegapsby aconformalperiodic
perturbationof a given metric (seeCaseB). Finally, in Chapter8 we prove the existenceof
eigenvaluesin aspectralgapobtainedby a local perturbationof themetric.
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1 Preliminaries

In this chapterwe introducethe necessaryHilbert spacenotationand somerelatedresults.
Most of thestatementsarestandard,seee.g. [Kat66], [RS80] or [Dav96].

1.1 Hilbert spaces

Let B bea complex, separableHilbert spacewith innerproduct CED>�0DGFIH . We alwayssuppose
that the inner product(or any othersesquilinearform) is linear in the first andantilinearin
thesecondargument.Thenorminducedby the innerproductis denotedby J u J H �KJ u J : �� C u � u FLH � 1

2 . It is well-known thatboundedsubsetsof aHilbert spacearesequentiallycompact
in theweaktopology:

1.1.1.Theorem. Let � um � m bea boundedsequencein theHilbert spaceB . Thenwecanfind
a subsequence� umn � n such thatumn convergesto an elementu �MB in theweaktopology, i.e.,C umn � v FNH � C u � v FLH � n � ∞

for all v ��B .

Notethatnorm-convergenceof asequenceof vectorsin aHilbert spaceis sometimescalled
strongconvergence.

A simpleconsequenceof theCauchy-SchwarzInequalityis theCauchy-YoungInequalityO C u � v F H OEP J u J 2H �AJ v J 2H � (1.1)

1.2 Operators and quadratic forms

We briefly give somefactson (unbounded)operatorsin Hilbert spaces.Supposethat B , B 1
and B 2 areseparableHilbert spaces.

A linearoperatorQ: domQ �Q�RB 2 on a linearsubspacedomQ of B 1 is calleddensely
definedif domQ is densein B 1. TheoperatorQ is calledclosedif its graphin B 1 ,SB 2 is a
closedsubspace.

For a denselydefinedoperatorQ: B 1 �T�UB 2 we let domQV be the setof v �WB 2 such
thatthemap C Q D:� v FNH

2
: domQ �Q�YXZ� u [ �Q� C Qu� v FLH

2

is continuous. ThereforedomQV is a linear subspaceof B 2 and for v � domQV the map
u [� C Qu� v F H

2
can be extendeduniquely to a continuouslinear functionalon B 1. By the

11



1 Preliminaries

representationtheoremof Riesz,this functionalcanbe written as C D:� w F H
1

for preciselyone

w ��B 1. WesetQV v : � w andweobtainC Qu� v FNH
2
� C u � QV v FIH

1

for all u � domQ andv � domQV .
We canprovethefollowing resultby usingtheadjointoperator:

1.2.1.Lemma. A bounded(i.e., norm-continuous)operator Q: B 1 �Q� B 2 is also weakly
continuous,i.e., un � 0 weaklyin B 1 impliesQun � 0 weaklyin B 2.

Proof. Wehave C Qun � v F H
2
� C un � QV v F H

1
� 0 for all v �MB 2.

If B : �\B 1 �\B 2, an operatorQ is called symmetricif Q is denselydefined andC Qu� v FIH � C u � QvFNH holdsfor all u � v � domQ. ThesymmetricoperatorQ is calledpositive
(Q

�
0) if C Qu� u F H �

0 for all u � domQ. A denselydefinedoperatorQ is calledself-adjoint
if Q � QV , i.e., domQ � domQV andQu � QV u for all u � domQ. Self-adjointoperatorsare
symmetric,theconverseis not truein general(for unboundedoperators).

A sesquilinearmapq: domq , domq �]� X (linear in the first, antilinearin the second
argument)is calleddenselydefinedif domq is densein B . Weoftencall asesquilinearmapa
(sesquilinear)form.

A sesquilinearform q is calledsymmetricif q � u � v� � q � v� u� or, equivalently, q � u � u� �S
 is
satisfiedfor all u � v � domq. It is calledpositiveif q � u� � 0 for all u � domq.

A positive form q is calledclosedif domq equippedwith theinnerproductC u � v F q : � C u � v F H^� q � u � v� (1.2)

is complete,thereforeitself a Hilbert space.We call thecorrespondingnormq-normor form
norm(of q). If wespeakof topologicalpropertiesof domq wealwaysmeanthecorresponding
topologyarisingfrom (1.2), e.g.,a q-norm-densesubspace_ in domq is calleda form core.
If q is positive and denselydefined,we can always constructthe (unique)smallestclosed
extensionq, calledthe closure of q. By construction,domq is a form coreof domq. In the
sequelwedo notdistinguishbetweenq andq.

By thePolarisationIdentity

q � u � v� � 1
4

`
q � u � v� � q � u � v� � iq � u � iv� � iq � u � iv�ba � 1

4

3

∑
n	 0

inq � u � inv� (1.3)

everysesquilinearform is determinedby its (quadratic) formq � u� : � q � u � u� .
The following representationtheorem(see[Kat66, theoremVI.2.1]) associatesto every

positive(denselydefined)form q auniqueself-adjointoperatorQ:

1.2.2.Theorem. For every denselydefinedclosedpositivesesquilinearform q there exists
preciselyonepositiveself-adjointoperator Q such thatdomQ ( domq and

q � u � v� � C Qu� v F H (1.4)

for all u � domQ andv � domq. ThedomaindomQ of Q consistsof u � domq such that

q � u �cD � : domq �Q�YXd� v [ �Q� q � u � v�
is norm-continuous.Furthermore, domQ is a formcore.

12



1.3 SpectrumandMin-max Principle

As in thecaseof theadjointoperator, wehavethefollowingcharacterizationof theoperator
domain:domQ consistsof exactly thoseu � domq for which thereexistsa (unique)element
w � : Qu suchthat(1.4) is satisfiedfor all v � domq. It is sufficient to prove (1.4) for all v in a
form core.

Weoftendealratherwith thequadraticform thanwith theoperatorsinceit is mucheasierto
dealwith theform domaindomq thantheoperatordomaindomQ. Notethatdomq � domQ

1
2 .

In thesequel,wewill assumewithoutmentioningthatour formsandoperatorsaredensely
defined.

1.3 Spectrumand Min-max Principle

We definethe spectrumspecQ of a closedoperatorQ as the set of thoseλ �eX for which
Q � λ doesnot have a boundedinverse.From now on we supposethatall our operatorsare
self-adjoint.In particular, if Q is self-adjoint,thenspecQ (f
 .

The discretespectrumof a self-adjointoperatorQ consistsof the eigenvaluesλ of finite
multiplicity which are isolatedin the sensethat  λ � ε � λ � and  λ � λ � ε � are disjoint from
specQ for someε � 0. The essentialspectrumessspecQ is the non-discretepart of specQ.
Wehave thefollowing characterisationof theessentialspectrum:

1.3.1.Lemma (Weyl’s criterion). Let Q be a self-adjointoperator. Thenλ � essspecQ if
and only if there exists a sequence� un � ( domQ such that J un Jg� 1, un � 0 weaklyandJ � Q � λ � un J+� 0 asn � ∞.

Thesequence� un � is calledasingularsequencefor λ andQ.
An operatorQ haspurely discretespectrumif essspecQ � /0. From now on, we denote

the eigenvaluesof a positive operatorwith purely discretespectrumby λk or λk � Q� (or sim-
ilar notations)written in increasingorder and repeatedaccording to multiplicity. Thus the
eigenvaluesof suchanoperatorsatisfylimk h ∞ λk � ∞.

An operatorK : B 1 �Q�iB 2 is compactif � Kun � convergesto 0 in normfor any sequence� un � convergingweaklyto 0. If B �jB 1 �jB 2 andK
�

0 thenthisis equivalentto thefactthat
specK ) k 0 l consistsonly of discretepoints.Thesepointsareeigenvaluesof finite multiplicity
converging to 0 if they areorderedin decreasingorderandrepeatedaccordingto multiplicity.
Note that � Q � 1�Lm 1 is compactif andonly if Q

�
0 haspurely discretespectrum.We have

anothercriterion:

1.3.2.Lemma. Let q be a positiveform with correspondingoperator Q. Then � Q � 1�Lm 1 is
compactif andonly if theembeddingmap

ι : � domq �nJEDoJ q �/p � � B �nJEDoJ H �
is compact.

The Min-max Principle allows us to obtainquantitative estimatesof eigenvaluesand to
comparetheeigenvaluesof differentoperators.Let Q bea positiveself-adjointoperatorwith
corresponding(denselydefined,closed,positive) form q. Supposefurther that Q haspurely
discretespectrum.Let L beany finite-dimensionalsubspaceof domq. We define

λL � q� : � supq q � u�J u J 2 rrr u � L � u s� 0 tu�
13



1 Preliminaries

Thequotientq � u� � J u J 2 is calledRaleigh-quotientof q. Thefollowing theoremis calledMin-
maxPrinciple:

1.3.3.Theorem. Theeigenvaluesλk � Q� of a positiveself-adjointoperator Q with correspond-
ing formq satisfy

λk � Q� � inf q λL � q� rrr L ( domq and dimL � k t � (1.5)

1.3.4.Definition. Let q1 resp.q2 beasesquilinearform with domaindomq1 resp.domq2. We
saythatq1 is smalleror equalthanq2 (q1

P
q2) if f

domq1 v domq2 and q1 � u� P q2 � u� (1.6)

for all u � domq2.

Note that the inclusionof the domainsin (1.6) is motivatedby settingqi � u� : � ∞ for all
u �� domqi for i � 1 or i � 2. Thenwehaveq1

P
q2 if andonly if q1 � u� P q2 � u� for all u ��B .

With this conventionwecanallow any k-dimensionalsubspaceL (fB in (1.5).
Sincethe Min-max Principlefor an operatorwith purely discretespectrumdescribesthe

k-th eigenvalueonly in termsof the quadraticform and its domain,we have the following
corollaryof theMin-max Principle:

1.3.5.Corollary. Let q1 and q2 be closedpositiveforms with correspondingoperators Q1
andQ2. Supposethat Q1 haspurely discretespectrum.Furthermore supposeq1

P
q2 or, in

particular, thatq2 is therestrictionof q1 to thesubspacedomq2 of domq1. ThenQ2 haspurely
discretespectrumandwehaveλk � Q1 � P λk � Q2 � .

We will make frequentuseof this corollary sincein many of our applicationsthe forms
will only differ in their domain,not in their formal expression.

Next, wedefinetheeigenvaluecountingfunction:

1.3.6.Definition. SupposeQ
�

0 is aself-adjointoperatorin B . Weset

dimI � Q� : � dimRanEI � Q�
whereEI � Q� denotesthe spectralprojectionof Q on the measurableset I (w
 ! �K� 0 � ∞ � . If
furthermoreQ hasdiscretespectrumthen

dimI � Q� � ∑
λ <yx I

dimker� Q � λ z � � cardq k ��� rrr λk � Q� � I t
denotesthe numberof eigenvalueslying in I . In particular, dimλ � Q� : � dim { 0 | λ } � Q� denotes

thenumberof eigenvaluesλk � Q� of Q notgreaterthanλ .

Thefollowing simplestatementswill beneededin Chapter8. Moredetailscanbefoundin
[RS78, SectionXIII.15].

1.3.7.Lemma. LetQ1, Q2
�

0 beoperatorswith purelydiscretespectrum.

1. If Q1

P
Q2 thendimλ � Q1 � � dimλ � Q2 � .

14



1.4 Parameter-dependentHilbert spaces

2. SupposeB �AB 1 ~ B 2 andQi � B i � (�B i for i � 1 andi � 2. Thendimλ � Q1 ~ Q2 � �
dimλ � Q1 � � dimλ � Q2 � .

Finally, wesketchtheideaof supersymmetryto obtainspectralinformation(see[CFKS87,
Section6.3] or [BGV92, Section1.3]). Let H andQ be self-adjointoperatorsandlet P bea
self-adjoint,boundedoperatoron theHilbert spaceB .

1.3.8.Definition. Thetriple � H � P� Q� hassupersymmetry, if

H � Q2 � 0 � P2 � 1 � and k P� Q l : � PQ � QP � 0 � (1.7)

Fromthedefinitionweconclude:

1.3.9.Lemma. Denoteby BA� theeigenspacecorrespondingto theeigenvalue � 1 of P. ThenB ��B ! ~ B m . Furthermore, Q� : � Q � H�� maps(elementsof a subsetof) BA� into Bw� and
H � Q m Q! ~ Q! Q m .

Proof. Clearly, specP (�k4� 1 l . Let u � domQ (�BA� . Then Qu ��� QPu ��� PQu, i.e.,
Qu �MBw� . FurthermoreHu � Q� Q� u.

Thefollowing theoremshowsthatsupersymmetryis usefulto analysethespectrumof H.

1.3.10.Theorem. We havedimI � H ! � � dimI � H m � for all measurablesetsI (d 0 � ∞ � . In par-
ticular, specH ! )�k 0 l+� specH m )�k 0 l .
Proof. For a detailedproof see[CFKS87, Theorem6.3]. If H haspurely discretespectrum,
thenH � u � λu impliesH � Q� u � Q� H � u � λQ� u. Sinceλ s� 0, it followsthatu �� kerH and
thereforeu �� kerQ, i.e.,Q� u s� 0 if andonly if u s� 0.

1.4 Parameter-dependentHilbert spaces

Sincewe will considerL2-spaceson Riemannianmanifoldswith metricsgε dependingon a
parameterε, all Hilbert spaceswill dependonε. In mostcasesonly theinnerproductandthus
thenormwill dependon ε while thevectorspacestructurewill bethesame.We nevertheless
preferto discussthegeneralcontext evenif it is quitetechnical.

To obtainconvergenceof thecorrespondingeigenvaluesof theLaplacianwe needseveral
estimatesfor theparameter-dependenteigenvalues,eachof theLaplaciansactingin adifferent
Hilbert space. We formulatethe result in an abstractHilbert spaceframework. Our Theo-
rem 1.4.2 is influencedby [Ann87, Théor̀eme1], [Ann99] and [Fuk87, Section5], but we
proveaslightly differentversionof Lemma5.1in [Fuk87].

We assumethat B ε and B zε areseparableHibert spacesfor eachε � 0. Furthermore,we
supposethatqε andqzε arepositive quadraticforms for eachε � 0 with domainsdomqε and
domqzε suchthattheassociatedself-adjointoperatorsQε andQzε havepurelydiscretespectrum
denotedby λk � Qε � andλk � Qzε � (asin theprevioussection).

1.4.1.Definition. A family � uε � with uε � domqε will becalled � qε � -boundedif thereexists
aconstantc � 0 suchthat J uε J 2qε

��J uε J 2H ε
� qε � uε � P c

for all ε � 0.

15



1 Preliminaries

The following theoremis a simple consequenceof the Min-max Principle for discrete
eigenvalues:

1.4.2.Theorem (Main Lemma). With thenotationfromabove, for each ε � 0 let

Φε : domqε �Q� domqzε
bea linear mapwhich satisfiesthefollowingconditionsfor each � qε � -boundedfamily � uε � :

1. limε h 0 � J Φεuε J 2H <ε ��J uε J 2H ε � � 0 or J uε J 2H ε

P J Φεuε J 2H <ε .

2. limε h 0 � qzε � Φεuε � � qε � uε �c� � 0 or qε � uε � � qzε � Φεuε � .
3. Thereexist constantsck � 0 such thatλk � qε � P ck for each ε � 0.

Thenthereexistsfor each k �*� a functionδk � ε � � 0 converging to 0 asε � 0 with

λk � Qzε � P λk � Qε � � δk � ε �
for small enoughε � 0. If both inequalitiesin condition1 and2 are satisfiedcondition3 is
unnecessaryandwecanchooseδk � ε � � 0.

Notethattheconvergencein Conditions1 and2 maydependonthefamily � uε � . In [Fuk87]
a uniform control as in (1.15) is needed.Our result is in somesensemoregeneral,but the
non-uniformnessof theconvergencecomplicatesourproof (seetheremarkafterthefollowing
proof).

Proof. Let � ϕε
k � k ( domqε be an orthonormalsystemof eigenvectorsfor the corresponding

eigenvaluesλk � qε � anduε � ∑k
j 	 1αε

j ϕε
j beanelementof thespaceEε

k generatedby thefirst k
eigenvalues.Condition3 guaranteesthat � ϕε

j � ε is aqε -boundedfamily, in particular, qε � uε � P
ck J uε J 2. Wehave

qzε � Φεuε �J Φεuε J 2 � qε � uε �J uε J 2 �� 1J Φεuε J 2 ` qε � uε �J uε J 2 � J uε J 2 ��J Φεuε J 2 � � � qzε � Φεuε � � qε � uε � � a � (1.8)

Furthermore,wehave theestimate

J uε J 2 ��J Φεuε J 2 � rrr k

∑
i | j 	 1

αε
i αε

j � δi j � C Φε ϕε
i � Φεϕε

j F � rrrP
δ zk � ε � k

∑
j 	 1

O
αε

j
O 2 � δ zk � ε � J uε J 2 (1.9)

with

δ zk � ε � : � k max
i | j 	 1 |�������| k O δi j � C Φεϕε

i � Φεϕε
j F O � (1.10)
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1.4 Parameter-dependentHilbert spaces

Notethatwe haveusedtheCauchy-SchwarzInequalityin Estimate(1.9). We have δ zk � ε � � 0
by condition1 andthePolarisationIdentity (1.3):O

δi j ��C Φεϕε
i � Φεϕε

j F O � O C ϕε
i � ϕε

j F���C Φεϕε
i � Φεϕε

j F OP 1
4

3

∑
n	 0

rrr �� ϕε
i � inϕε

j

�� 2 � �� Φεϕε
i � inΦεϕε

j

�� 2 rrr � (1.11)

Therefore the first term of the right hand side of Equation (1.8) will be smaller than
ck δ zk � ε � J uε J 2 � J Φεuε J 2. If we have only thesecondalternative of condition1 we simply set
δ zk � ε � � 0.

By a similar argumentwe canshow theexistenceof a functionδ z�zk � ε � � 0 converging to 0
asε � 0 with

qzε � Φεuε � � qε � uε � P δ z�zk � ε � J uε J 2 � (1.12)

FromEstimate(1.9)wealsoconclude� 1 � δ zk � ε � � J uε J 2 P J Φεuε J 2 � (1.13)

Assumethatε is sosmallsothatδ zk � ε � � 1 is valid. If weset

δk � ε � : � 1
1 � δ zk � ε � � ck δ zk � ε � � δ z�zk � ε � �

thenwecanestimate(1.8)by

qzε � Φεuε �J Φεuε J 2 � qε � uε �J uε J 2 P
δk � ε � (1.14)

wherewehaveused(1.9),(1.12)and(1.13).
Next we want to show that Φε � Eε

k � is k-dimensional. Supposeuε � ∑k
j 	 1αε

j ϕε
j with

Φεuε � 0. Thenwehave

k

∑
j 	 1

O
αε

j
O 2 ��J uε J 2 P 1

1 � δ zk � ε � J Φεuε J 2 � 0

by Estimate(1.13) for small enoughε. So we have αε
j � 0 for all j � 1 �0�0�0��� k, thusuε � 0

which impliestheinjectivity of Φε � Eε
k
.

Finally, we applytheMin-max Principle(Theorem1.3.3)to thequadraticform qzε andwe
obtaintheestimate

λk � Qzε � P λΦε 6 Eε
k 7 � qzε � � sup

uε x Eε
k

uε �	 0

qzε � Φεuε �J Φεuε J 2 P
sup

uε x Eε
k

uε �	 0

qε � uε �J uε J 2 � δk � ε � � λk � Qε � � δk � ε �
wherewehaveusedEstimate(1.14).Here,it is essentialthatδk � ε � is independentof uε .
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1.4.3.Remark.Note that we cannotapply directly our Conditions1 and2 to (1.8) sincewe
needthe error termsδk � ε � to be independentof uε . But in the conditionsthe convergence
dependsapriori on thefamily � uε � . This is thereasonwhy weapplytheconditionsonly to the
eigenvectors � ϕε

i � but notdirectly to thefamily � uε � .
The alternative in the assumptionsof theprecedingtheoremgivesus the liberty eitherto

provetheconvergenceor theinequalityin Condition1 resp.Condition2. Wewill usethis fact
to simplify our calculationswhenthis theoremwill beappliedto parameter-dependentmani-
folds. We oftenusetheprecedingtheoremwith thefollowing assumptions(for thedefinition
of JEDoJ qε see(1.2)):

1.4.4.Corollary. Supposethereexistsa positivefunctionω � ε � � 0 asε � 0 such thatrr J Φεuε J 2H <ε ��J uε J 2H ε rr P ω � ε � J uε J 2qε
(1.15)

qε � uε � � qzε � Φεuε � (1.16)

for all uε �%B ε and all ε � 0 near 0. Supposefurther that Condition3 of Theorem1.4.2is
fulfilled. Thentheresultof Theorem1.4.2holds.

The following simpleresultshows that theeigenvaluesdependcontinuouslyon thenorm
andthequadraticform.

1.4.5.Lemma. Supposethat B and B z are Hilbert spaceswith thesameunderlyingvector
spacestructure. Supposefurther that q and qz are positivequadratic forms such that the
correspondingoperators Q and Qz in B and B z havepurely discretespectrumλk � Q� and
λk � Qz � . If thereexistsa number0 � η

P 1
2 such that

rr J u J 2H ��J u J 2H < rr P η J u J 2H (1.17)O
q � u� � qz � u� O�P η q � u� (1.18)

for all u �MB then
O
λk � Qz � � λk � Q� O�P 4η.

Proof. Fromtheassumptionsweobtain

1 � η
1 � η

qz � u�J u J 2H < P q � u�J u J 2H P 1 � η
1 � η

qz � u�J u J 2H < �
Theresultfollowsby theMin-maxPrinciple.

Next we considerhow eigenvectorscan be approximatedin the context of parameter-
dependentHilbert spaces.Supposethat B , B n are Hilbert spacessuchthat B n (�B as
vectorspacesfor all n �W� , i.e., the inner productof B n may dependon n. Supposefurther
thatq andqn arepositive,closedquadraticformsin B and B n suchthatdomqn ( domq for
all n �*� . Denotethecorrespondingoperatorsby Q andQn.

Let _ bea form coreof q suchthatfor every v �W_ thereexistsa numbern0 � n0 � v� ���
with v � domqn for all n

�
n0.
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1.4.6.Theorem. Supposethat thereexist a constantc � 1 anda sequenceδn � 0 such thatJ un J 2q P c J un J 2qn
(1.19)rr C un � v F H

n
� C un � v F H rr P δn � J un J 2qn

�AJ v J 2q � (1.20)O
qn � un � v� � q � un � v� OEP δn � J un J 2qn

�AJ v J 2q � (1.21)

for all v ��_ , n
�

n0 � v� and un � domqn. Supposefurther that λn � λ and that there exist
ϕn � domQn such that

Qnϕn � λnϕn � J ϕn J H n
� 1 � (1.22)

Thenthereexistsa subsequence� ϕnm � m of � ϕn � n andanelementϕ � domQ such thatϕnm � ϕ
weaklyin domq, weaklyin B and

Qϕ � λϕ � (1.23)

Note thatwe have not shown that thelimit satisfiesϕ s� 0. To prove this will bethemain
difficulty in Chapter8. Most of Section2.4 is dedicatedto deliver toolsto solve this problem.

Proof. By Assumptions(1.19)and(1.22)weestimateJ ϕn J 2H P J ϕn J 2q P c J ϕn J 2qn
� c � 1 � λn � J ϕn J 2H n

� c � 1 � λn � �
Therefore,� ϕn � n is a norm-boundedsequencein B . By Theorem1.1.1thereexist a subse-
quence� ϕnm � m andan elementϕ ��B suchthat ϕnm � ϕ weakly in domq. Sincethe em-
beddingmapdomq p �iB is norm-continuousit is alsocontinuouswith respectto theweak
topologiesonbothspaces(seeLemma1.2.1).We thereforeconcludeC ϕnm � v FNH � C ϕ � v FnH and q � ϕnm � v� � q � ϕ � v� (1.24)

for all v � domq. Furthermore,

rr q � ϕ � v� � λ C ϕ � v FnH rr P rr q � ϕ � ϕnm � v� rr � rr q � ϕnm � v� � qnm � ϕnm � v� rr �� λnm rr C ϕnm � v F H n
� C ϕnm � v F H rr � λnm rr C ϕnm � ϕ � v F H rr � rr λnm � λ rr rr C ϕ � v F H rr

for all v ��_ andm �W� suchthat nm
�

n0 � v� . Clearly, the last term of the right handside
convergesto 0 asm � ∞. By (1.24)thesameis true for thefirst andforth term. Thesecond
andthird termcanbeestimatedby� 1 � λnm � δnm � 1 � λnm J v J 2q � � 0

with regardto assumptions(1.20),(1.21)and(1.22).Thereforewehaveshown thatϕ � domQ
and(1.23).

Wegiveanothercriterionfor theassumptionsmadein theprecedingtheorem:
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1.4.7.Lemma. Supposethereexistsa sequenceηn � 0 such thatrr J un J 2H ��J un J 2H n rr P ηn J un J 2qn
(1.25)O

q � un � � qn � un � O�P ηn J un J 2qn
(1.26)

for all n �e� and un � domqn. Thenconditions(1.19), (1.20) and (1.21) are fulfilled with
δn : � 2ηn

1 m 2ηn
. Furthermore thereexistsc � 1 such thatJ un J 2qn

P
c J un J 2q (1.27)

for all un � domqn.

Proof. From(1.25)and(1.26)onegetsJ un J 2q P � 1 � 2ηn � J un J 2qn
and J un J 2qn

P 1
1 � 2ηn

J un J 2q � (1.28)

Therefore(1.19)and(1.27)follow. Furthermore

rr C un � v F H
n
� C un � v F H rr P 1

4

3

∑
k	 0

� J un � ikv J 2H
n
��J un � ikv J 2H � PP ηn

4

3

∑
k	 0

J un � ikv J 2H
n

P
2ηn � J un J 2H n

�AJ v J 2qn
� P 2ηn

1 � 2ηn
� J un J 2H n

��J v J 2q � �
by usingthePolarisationIdentity (1.3),Estimate(1.27)andAssumption(1.25). We therefore
haveproven(1.20).Condition(1.21)canbeshown in asimilar way.

1.5 Inter changeof norm and quadratic form

Thenext resultwill beneededin Section7.2. Supposewe aregivena strictly positiveclosed
quadraticform q in the Hilbert spaceB , i.e., 0 is not in the spectrumof the corresponding
operatorQ. Sometimesit is useful to interchangethe rôle of the (squared)norm and the
quadraticform q, i.e., we definea new Hilbert space �B on domq with norm q andregard
theoriginal norm JED�J 2H asaquadraticform with correspondingoperator "Q. Notethatthenew
normq ondomq is differentfrom thenorm J u J 2q ��J u J 2H � q � u� arisingfrom theinnerproduct
in (1.2).

We have thefollowing correspondencebetweenthespectrumof Q andthespectrumof "Q:

1.5.1.Lemma. Let Q bea positiveoperator with 0 �� specQ in a Hilbert spaceB with cor-
respondingquadratic form q on �B : � domq. We further supposethat Q haspurely discrete
spectrum,i.e., specQ ��k λk

O
k ���Wl with 0 � λk

? ∞ ask � ∞.

Then �B equippedwith J u J 2�H : � q � u� is a Hilbert spaceandtheoperator "Q corresponding

to thequadratic form "q � u� : ��J u J 2H for u � �B in theHilbert space �B hasspectrum

spec"Q ��q 1
λk
rrr k �M� t - q 0 t¡�

In particular, "Q is compact.
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1.5 Interchangeof normandquadraticform

Proof. Clearly, C u � v F �H � q � u � v� is sesquilinearandpositivedefinite.TheMin-maxPrinciple
implies

λ1 J u J 2H P
q � u�

and

λ1

1 � λ1
� q � u� ��J u J 2H � P q � u� P q � u� �AJ u J 2H �

Sinceλ1 � 0 andq is aclosedform, JED�J 2�H is equivalentto acompletenorm.

Let � uk � k beanorthonormalbasisof B consistingof eigenvectorsof Q with corresponding

eigenvaluesλk. Then "uk : � 1¢
λk

uk is orthonormalin �B . Suppose"v is orthogonalin �B to "uk

for all k �M� . Thenwehave

0 � C "uk � "v F �H � q � "uk � "v� ��£ λk C uk � "v F H
for everyk. Sinceλk � 0 it followsthat "v is orthogonalto everyuk in B , thus "v � 0. Wehave

thereforeshown that � "uk � k is aorthonormalbasisof �B .
We furtherhaveC "Q"uk � "v F �H � "q � "uk � "v� � C "uk � "v FIH � 1

λk
C Q"uk � "v FNH � 1

λk
q � "uk � "v� � 1

λk
C "uk � "v F �H

for every "v �U�B . Wehaveshown that "uk is aneigenvectorwith eigenvalue 1
λk

for "Q in �B .
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2 Analysis on manifolds

In this chapterwe quotethenecessaryresultsneededlateron. Sometimes,proofsaregivenif
weneedspecialfeatureswhicharenot in standardtextbooks.In thesequelweassumethatour
manifoldsareorientedandconnectedunlessstatedotherwise.

2.1 Spacesof square integrable functions

SupposeM is aRiemannianmanifoldwith metricg. Let ϕ : U �]� V beachartwhereU ( M
andV (f
 d areopensubsets.Denoteby dx theuniquevolumemeasuregivenlocally by¤

M
u : � ¤

M
u � x� dx � ¤

ϕU
u � y� � detg � y�0� 1

2 dy

for all integrablefunctionsu: U �Q�¥
 . Here,detg � y� denotesthe determinantof the usual
Riemannianmetric coefficients � gi j � y�0� i j of g in the chartU . Furthermoredy denotesthe

Lebesguemeasureon 
 d . Note that the volume measuredx exists even on non-orientable
manifolds,see[BGM71], but herewe will restrictourselvesto orientedmanifolds.Note that
wedonotdistinguishbetweenu andits representationin achartu ¦ ϕ m 1, i.e.,weidentify x � U
with y � ϕ � x� � V andwrite u � y� insteadof u � ϕ m 1y� .

If M hasa boundary∂M s� /0 we alwaysassumethat ∂M is (piecewise) smoothanden-
dowedwith its naturalRiemannianmetricandvolumemeasureinheritedfrom M. Denoteby�M theopensetM ) ∂M. If ∂M is smoothwe needchartsϕ : U �]� V with opensubsetsV of
thehalf space
 d! : ��k x ��
 d O xd

�
0 l .

Let pE : E �Q� M be a hermitianvectorbundle, i.e., a vectorbundlewith inner productC D@�0D F Ex
in eachfiber Ex of E. In particular, Ex is a complex Hilbert spaceof constantfinite

dimensionr. We often write CED:�0D@F for the inner productand
O D O for the correspondingnorm

(suppressingEx in thenotation).
In ourapplications,E will betheexteriortangentbundleApTM of degreep � 0 �0�0�0�b� d (with

theconventionA0TM : � M ,SX andT V M : � A1TM). This bundleinheritsin a naturalway a
hermitianstructure C D@�0D F ApTM � gApTM

x � D>�cD � on eachfibre ApTMx � ApTxM from the tangent
bundleTM with inner product C D:�0D F TxM � gx � D:�0D � on the (complexified) fibre TxM. If � gi j � i j

denotestheinversematrixof � gi j � i j in agivencharty � ϕ � x� , wehave thelocal expression

� gApTM � i1 |������ | ip | j1 |�������| jpy � 1
p!

gApTM
y � dyi1 § D0D0D § dyip � dy j1 § D0D0D § dy jp � �� ∑

σ xE¨ p

sgnσ g
i1 jσ © 1ª
y �0�0� gip jσ © pª

y (2.1)
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2 Analysison manifolds

where « p denotesthegroupof all permutationsof theset k 1 �c�0�0��� p l . Note that thefactor 1
p!

is necessaryto havea definitionconsistentwith (2.20).
A sectionin E is adifferentialmapu: M �Q� E with pE � u � x�0� � x, i.e.,asmoothmapwhich

associatesto eachpointx anelementu � x� � Ex. If ψ : U �Q� V ,¬X r denotesa trivalisingmap
of E, we canidentify therestrictedsectionu � U with amapV �Q�YX r , the local representation
of thesectionin thechart ϕ : U �T� V. LetCk

c � E � denotethespaceof all compactlysupported
Ck-sectionsof E suchthatthesupportdoesnot intersecttheboundaryof M. For u � v � C∞

c � E � ,
wedefinetheinnerproduct C u � v F L2 6 E 7 : � ¤

M
C u � x� � v � x� F Ex

dx � (2.2)

We denoteby L2 � E � the completionof C∞
c � E � underthe correspondingnorm. We therefore

obtaina Hilbert space.As an example,L2 � ApTM � is the spaceof all squareintegrabledif-
ferentialformsof degreep. In thecaseof thetrivial bundleA0TM � M ,SX we write L2 � M �
insteadof L2 � M ,MX � for thespaceof all squareintegrablefunctionson M andsimilarly for
otherfunctionspaces.ThereforeweobtainC u � v F L2 6 M 7 � ¤

M
u � x� v � x� dx � (2.3)

Wesaythatu lies in L2 | loc � E � if u � K lies in L2 � E � K � for all compactsubsetsK of M. Here,
E � K denotesthe bundleE restrictedto K. We saythat un � L2 | loc � E � convergesstrongly in
L2 | loc � E � if un � K convergesstronglyin L2 � E � K � for all compactsubsetsK of M.

2.2 Sobolev spaces

For moredetailsseee.g.,[Hör85,AppendixB], [Gil95], [Ros97]or [Heb96].
Definethek-th Sobolev spaceontheopensubsetV of 
 d asthecompletionof thespaceof

smoothmapsu: V �Q�iX r suchthatJ u J 2H k 6 V 7 : � ∑
κ
 ; k

J ∂κu J 2L2 6 V 7 (2.4)

is finite underthe norm definedby (2.4). Denotethis spaceby B k � V � . Here, J u J 2L2 6 V 7 �
∑i J ui J 2L2 6 V 7 denotesthe(squareof the)usualL2-normof thevector-valuedfunctionu, and∂κu

thederivativein eachcomponentof u with respectto themulti-index κ . Denoteby �B k � V � the
closureof C∞

c � V � in B k � V � .
To definethek-th Sobolev spaceon vectorbundlesE �Q� M we have to usea localisation

procedure.Let � χα � α x A be a partition of unity subordinateto the atlas ® � � ϕα : Uα �Q�
Vα � α x A of M whereϕα is achartand � Uα � α a locally finite cover. Denoteby Ck � E � thespace
of all functionsof classCk up to theboundary. Then B k � E � is thecompletionof thespaceof
all u � C∞ � E � suchthatJ u J 2H k 6 E 7 : ��J u J 2H k 6 E 7�| ¯ : � ∑

α
J χαuα J 2H k 6 Vα 7 (2.5)
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2.2 Sobolev spaces

xd

∂ 
 d!
∂Vα ) ∂ 
 d!

d0

Vα

suppχα

Figure2.1: Thefunctionχα with distanced0 from theboundary.

is finite. Here,uα : Vα �T� X r denotesthe local representationof the sectionu in the chart
ϕα . Again, �B k � E � is the closureof C∞

c � E � in B k � E � . Note that this norm dependson the
choiceof the cover and the atlas. Nevertheless,we give a criterion underwhich the norms
areequivalent(seeLemma2.2.3). Definethesupremumnorm on thespaceCk � V � of all Ck-
functionsu: V �Q�YX d byJ u J C 6 V 7 : � sup

x x V max
i

O
ui � x� O and J u J

Ck 6 V 7 : � max
κ
 ; k

J ∂κu J C 6 V 7 � (2.6)

2.2.1.Definition. Let k � 0. An atlas ® � � ϕα : Uα �Q� Vα � α x A will becalledCk-bounded
(with boundc0 andmaximalnumberof neighboursN) if Vα is relatively compactfor all α � A
andif thereexistsaconstantc0 andanumberN �M� suchthat

sup
α | α <yx A

J ϕα ¦ ϕ m 1
α < J Ck 6 Vα ° Vα < 7 � c0 � ∞ (2.7)

cardq α z � A rrr Uα � Uα < s� /0 t P N for all α � A � (2.8)

A partition of unity � χα � subordinateto theCk-boundedatlas ® will be calledCk-bounded
with respectto theatlas ® (with boundc0 anddistanced0 fromtheboundary)if thereexist
constantsc0 � d0 � 0 suchthat

sup
α x A

J χα J Ck 6 Vα 7 � c0 � ∞ (2.9)

inf
α x A

dist� suppχα � ∂Vα ) ∂ 
 d! � � d0 � 0 � (2.10)

Note thaton a compactmanifold,every (finite) partitionof unity is Ck-bounded.In Sec-
tion 3.6 we show that Ck-boundedpartitionsof unity also exist on periodic (non-compact)
manifolds.

Condition(2.10)saysthatthedistanceof suppχα from the“artificial” boundary∂Vα ) ∂ 
 d!
of thecharthasa lowerbound(seeFigure2.1). Thiswill beneededto applyregularity theory.

Condition(2.8) says,roughlyspeaking,thatevery setUα hasat mostN neighbours.This
is necessaryin thefollowing lemma:

2.2.2.Lemma. Let � χα � be a partition of unity subordinateto the cover � Uα � of M with at
mostN neighbours, i.e., (2.8) is satisfied. Supposefurther that D is an operator in L2 � M � .
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2 Analysison manifolds

Thenwehave J Du J 2L2 6 M 7 P 2N∑
α
J Dχαu J 2L2 6 M 7 (2.11)

1
2N

J u J 2L2 6 M 7 P ∑
α
J χαu J 2L2 6 Uα 7 P J u J 2L2 6 M 7 (2.12)

for all u � domD with χαu � domD resp.u � L2 � M � .
Proof. WeestimateJ Du J 2 � ∑

α | α <
Uα ° Uα < �	 /0

C D � χαu� � D � χα < u� F PP
∑

α | α <
Uα ° Uα < �	 /0

� J D � χαu� J 2 ��J D � χα < u� J 2 � P 2N∑
α
J D � χαu� J 2

by usingtheCauchy-YoungInequality(1.1). Thesecondstatementfollows form thefirst with
D � id andby thefactthat

∑
α
J χαu J 2L2 6 Uα 7 P ∑

α

¤
Uα

χα
O
u
O 2 ��J u J 2L2 6 M 7

sinceχ2
α
P

χα
P

1.

Now wegiveacriterionunderwhich thedifferentSobolev normsareequivalent.

2.2.3.Lemma. Supposethat � χα � and � "χ ±α � are Ck-boundedpartitions of unity subordinate

to theCk-boundedatlases® and �® with at mostN neighbours andCk-boundc0. Thenthere
existsa constantc � c � N � c0 � � 1 such that

1
c
J u J H k 6 E 7�| ¯ P J u J H k 6 E 7o| �¯ P

c J u J H k 6 E 7�| ¯ �
for all u �MB k � E � . In particular, theestimateholdsona compactmanifold.

Proof. NotethatTheoremB.1.8of [Hör85] is needed.

Thefollowing theoremfollowseasilyfrom theEuclidiancase:

2.2.4.Theorem (Rellich-Kondrachov CompactnessTheorem). SupposethatE is a Hermi-
tian vector bundle over the compactmanifold M. Supposefurther that k1 � k2. Thenthe
embedding

ι : B k1 � E �/p �²B k2 � E �
is compact,i.e., everysequence� un � n converging weaklyin the Hilbert spaceB k1 � E � to an
elementu �MB k1 � E � convergesin normin B k2 � E � .

Finally, wequotethefollowing theorem:

2.2.5.Theorem. Let M bea Riemannianmanifoldwith smoothboundary∂M andlet E bea
Hermitianbundleover M. Thentherestrictionu � ∂M of a sectionu �³B 1 � E � is well-defined
andlies in L2 � E � ∂M � .
Proof. (see[Ste70]or [Hör85,AppendixB])
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2.3 TheLaplacianon amanifold

2.3 The Laplacian on a manifold

Now we candefinethe Laplacianon a manifold. Many of the following statementson the
Laplaciancanbefoundin [Cha84], [Tay96]or in [DS99,pp. 30–75],for example.

Let M be a (possiblynon-compact)Riemannianmanifold without boundary. We denote
theexteriorderivativeon M by

d: C∞
c � ApTM � �Q� C∞

c � Ap! 1TM �
andby dV its formaladjointwith respectto theinnerproductgivenby (2.2).Defineaquadratic
form in theHilbert spaceL2 � ApTM � by

qApTM � u� : � ¤
M � Odu

O 2 � O
dV u O 2 � (2.13)

for u � C∞
c � ApTM � . SinceqApTM is adenselydefined,positiveform theclosureexistsandwill

alsobedenotedby qApTM. Cleary, C∞
c � ApTM � is a form core.We sometimescall theintegral

in (2.13)theenergy integral of ApTM andits valuetheenergyof u.
If M is complete,i.e., M is completeasa metric spaceor, equivalently, every maximal

geodesicis definedon 
 , onecanprove that B 1 � M � � domqM (this is a part of Gaffney’s
Theorem,see[DS99,p. 53]). If themetricis uniformly elliptic with respectto anatlas® then
thenorms JED´J H 1 6 M 7´| ¯ and JEDoJ qM

areequivalent.In particular, this is thecaseif M is compact.
If we dealwith functions,i.e., p � 0, thequadraticform is givenby

qM � u� � ¤
M

O
du
O 2 � ¤

U

d

∑
i | j 	 1

gi j
y ∂iu � y� ∂ ju � y� � detg � y� � 1

2 dy� (2.14)

Here,thesecondequalityis valid if suppu lies in thecoordinatechartU (see(2.1)). Notethat
du � ∑i ∂iudyi .

2.3.1.Definition. SupposeM is a (possiblynon-compact)manifold without boundary. Let
∆ApTM betheoperatorcorrespondingto theclosed,positivesesquilinearform qApTM (seeThe-
orem1.2.2),calledtheLaplacianon ApTM. For theLaplacianon functionswe simply write
∆M. If thecontext is clear, wesometimeswrite ∆.

Formally, wehave ∆ApTM � dV d � ddV and∆M � dV d.

Notethatif M is complete,theLaplacianon functionsis uniquein thefollowing sense:By
Gaffney’s Theorem,∆M � C∞

c 6 M 7 is essentiallyself-adjoint,i.e., thesmallestclosedextensionis
self-adjointandagreeswith ourdefinitionof theLaplacian.

If we dealwith functions(p � 0), wespecifydifferentboundaryconditions.Thereforewe
supposethat M is a compactmanifold with boundary∂M s� /0. We do this by changingthe
domain,thequadraticform correspondingto theLaplacianis formally thesame.

2.3.2.Definition. We definethe Dirichlet Laplacianon M by the quadraticform qD
M � u� de-

finedin Equation(2.14)for all u � domqD
M : � �B 1 � M � . Denotethecorrespondingoperatorby

∆D
M.

2.3.3.Definition. We definethe NeumannLaplacianon M by thequadraticform qN
M � u� de-

finedin Equation(2.14)for all u � domqN
M : ��B 1 � M � . Denotethecorrespondingoperatorby

∆N
M.
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2 Analysison manifolds

Note that the form norms JED�J
qD

M
and JED�J

qN
M

are equivalent to the first Sobolev normJEDoJ H 1 6 M 7 . Rememberthat B 1 � M � is thecompletionof C∞ � M � andthat �B 1 � M � is theclosure

of C∞
c � M � , thespaceof smoothfunctionswith compactsupportawayform ∂M.
It is clearthat we candefinemixed boundaryconditions. Let Z be a componentof ∂M.

Let C∞
Z � M � denotethe spaceof smoothfunctionswith compactsupportaway from Z. Thus

C∞
c � M � � C∞

∂M � M � . Wedefineaquadraticformby(2.14)onthe B 1-closureofC∞
Z � M � . Wecall

thecorrespondingLaplaciantheDirichlet-NeumannLaplacian(satisfyingDirichlet boundary
conditionson Z and Neumannboundaryconditionson ∂M ) Z). In particular, if M is the
disjoint unionof two manifoldsM1 andM2 we denotethecorrespondingquadraticform with
Dirichlet boundaryconditionson∂M1 andNeumannboundaryconditionson∂M2 by qDN

M1 ˙µ M2.
SimilarnotationslikeqND

M1 ˙µ M2 or qDD
M1 ˙µ M2 areunderstoodin anobviousmanner.

In thenext lemma,theeigenvaluesarewritten in increasingorderandrepeatedaccording
to multiplicity asassumedin Section1.3.

2.3.4.Lemma. 1. Let M bea compactmanifoldwith boundary∂M. Let M z bea subman-
ifold of M of thesamedimension.Thenthespectra of ∆D

M < and ∆N
M are purely discrete

andtheeigenvaluessatisfy

λ N
k � M � P λ D

k � M z � � (2.15)

2. Supposefurther that M � M1 - M2 such that M1 � M2 has measure 0. Denote
by λ N

k � M1 ˙- M2 � and λ D
k � M1 ˙- M2 � the eigenvaluesof the quadratic forms definedonB 1 � M1 � ~ B 1 � M2 � and �B 1 � M1 � ~ �B 1 � M2 � . Thenwehave

λ N
k � M1 ˙- M2 � P λ N

k � M � P λ D
k � M � P λ D

k � M1 ˙- M2 � � (2.16)

Thisestimateis calledDirichlet-Neumannbracketing.

Proof. Theorem2.2.4ensuresthat the resolvent � ∆N
M � 1�Lm 1 is compact(seeLemma1.3.2,

notethat B 1 � M � anddomqN
M haveequivalentnorms).Therefore∆N

M haspurelydiscretespec-
trum. By constructionwehave �B 1 � M z � (jB 1 � M � . TheMin-maxPrinciple(Corollary1.3.5)
implies that ∆D

M < hasalsopurely discretespectrumandthat Inequality(2.15) is satisfied.In-
equality(2.16)follows from theinclusions(resp.embeddingmapsby obviousidentifications)�B 1 � M1 � ~ �B 1 � M2 � ( �B 1 � M � (fB 1 � M � (�B 1 � M1 � ~ B 1 � M2 �
in thesameway.

Notethat theeigenvalue0 correspondsto functionsconstanton every component.If M is
connectedtheeigenspacecorrespondingto theeigenvalue0 hasdimensionat most1, but the
constantliesonly in thedomainof theNeumannLaplacian(quadraticform). Thusλ N

1 � M � � 0,
λ N

k � M � � 0 for k
�

2 andλ D
k � M � � 0 for k ��� .

SincetheLaplacianshave purelydiscretespectrumthereexistsanorthonormalbasiscon-
sistingof eigenfunctions.Thefollowing resultjustifiesthenames“Dirichlet” and“Neumann”
Laplacian(see[Tay96,Chapter5] or [Hör85, Section20.1].

2.3.5.Theorem. Theeigenfunctionsϕ of ∆D
M and∆N

M belongto C∞ � M � andsatisfyϕ � ∂M � 0
resp.∂nϕ � ∂M � 0.
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2.3 TheLaplacianon amanifold

Herewe have set∂nu : � du ��¶n� on ∂M where ¶n denotesthe outward normalunit vector
field of ∂M. Furthermore,denoteby ν thecorresponding1-form definedon a neighbourhood
of ∂M. Furthermore,denoteby ιν theinteriorproductgivenbyC u � ινv F � C ν § u � v F
i.e.,ιν is theformaladjointof theexteriorproductu [� ν § u. A proofof thefollowing standard
resultcanbefoundin [Tay96,Section2.10].

2.3.6.Lemma (Gauss-GreenFormula). Let M be a Riemannianmanifoldwith (piecewise)
smoothboundary∂M. ThenwehaveC du � dvF � C dV u � dV v F � C ∆ApTMu � v F � ¤

∂M � C du � ν § v F � C dV u � ινv F � (2.17)C du � dvF&��C ∆Mu � v F¡� ¤
∂M

∂nuv (2.18)

for all u �*B 2 � ApTM � andv �*B 1 � ApTM � resp.u �MB 2 � M � andv ��B 1 � M � .
Notethatdu andv canberestrictedto ∂M (seeTheorem2.2.5).
Now we introducethe Hodgeduality operator(seee.g., [Tay96,Section5.8]). We still

assumethatM is orientable.By ω � C∞ � AdTM � wedenotethevolumeform of theRiemannian
manifoldM. Let � : C∞ � ApTM � �Q� C∞ � Ad m pTM � (2.19)

betheHodgeduality operatorcharacterisedby

u § � v � C u � v F ApTMω (2.20)

for all u � v � C∞ � ApTM � . Since �·� u � � � 1� p 6 d m p7 u on p-forms, � is bijective. Furthermore,� extendsto a boundedoperatoronto the correspondingL2-spaces.Here, we do not want
to specifyboundaryconditionson p-forms(exceptfor θ -periodicboundaryconditionsin Sec-
tion 3.4).Therefore,wesupposethat∂M � /0. For thedefinitionof naturalboundaryconditions
on p-formsseee.g.[Tay96,Section5.9].

2.3.7.Lemma. The � -operator commuteswith theLaplacian,i.e.,

∆Ad ¸ pTM
� u �¹� ∆ApTMu (2.21)

for all u �*B 2 � ApTM � .
WecanapplytheHodge � -operatorto obtainthefollowing result:

2.3.8.Theorem. SupposethatM is anorientableRiemannianmanifoldof dimensiond (with-
out boundary).ThenwehavetheequalitydimI � ∆ApTM � � dimI � ∆Ad ¸ pTM � for all measurable
setsI (�� 0 � ∞ � andall 0

P
p
P

d. In particular,

spec∆ApTM � spec∆Ad ¸ pTM
�

If M is compactthenλk � ApTM � � λk � Ad m pTM � for all k �*� .
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2 Analysison manifolds

Proof. Denoteby EI � H � thespectralprojectionof H on I . By Lemma2.3.7wealsohave

EI � ∆Ad ¸ pTM � �Z�¹� EI � ∆ApTM � �
Since � is bijectiveweconcludethefirst statement.Theotherstatementsfollow.

SetA ! TM : �fº p evenApTM andA m TM : �fº p oddApTM. Weusesupersymmetryto prove
thefollowing:

2.3.9.Theorem. Supposethat ∂M � /0. ThenwehavedimI � ∆A » TM � � dimI � ∆A ¸ TM � for all
measurablesetsI (d 0 � ∞ � . In particular,

spec∆A » TM )�k 0 l+� spec∆A ¸ TM )�k 0 l¼�
Proof. Let Bw� : � L2 � A � TM � , Q : � d � dV . ThenH � Q2 � ∆ATM. SetPu : ��� u if u �*BA� .
Furthermore,if u �*Bw� , thenQu �*Bw� andPQu ��� Qu ��� QPu. This provesthat � H � P� Q�
hassupersymmetry. Theresultfollowsby Theorem1.3.10.

In dimension2 the spectrumof the Laplacianon forms is completelydeterminedby the
spectrumof theLaplacianon functions:

2.3.10.Corollary. If Mper is of dimensiond � 2 (withoutboundary)thenwehavedimI � ∆M � �
dimI � ∆A1TM � � dimI � ∆A2TM � for anymeasurablesetI (& 0 � ∞ � . In particular,

spec∆M )�k 0 l+� spec∆A1TM
)�k 0 l½� spec∆A2TM

)�k 0 l¼� (2.22)

Proof. Thecorollaryfollowsdirectlyfrom theprecedingtwo theorems.Notethatin dimension
2, A ! TM � A0TM ~ A2TM andA m TM � A1TM.

Thenext lemmashowsthatharmonicfunctionsminimizetheenergy integral in thefollow-
ing sense:

2.3.11.Lemma. Let M be a Riemannianmanifold. Let f be a Dirichlet function, i.e., f ��B 1 � M � , and let h � C∞ � M � beharmonic,i.e., ∆Mh � 0. Thenwehave C dh � d f F L2 6 T ¾ M 7 � 0.

In particular, wehaveJ dh J 2L2 6 T ¾ M 7 P J d � f � h� J 2L2 6 T ¾ M 7 and J d f J 2L2 6 T ¾ M 7 P J d � f � h� J 2L2 6 T ¾ M 7 �
Proof. UsingtheGauss-GreenFormula(2.18)with f � C∞

c � M � , weobtainC dh � d f F L2 6 T ¾ M 7 ��C ∆h � f F L2 6 M 7 � 0 �
A limiting argumentshowsthatthis is truefor all f � �B 1 � M � .

Thenext resultfollows from elliptic regularity theory(see[Tay96,Chapter5])

2.3.12.Lemma (Weyl). Supposeh � L2 � M � satisfies¤
M

h∆v � 0

for all v � C∞
c � M � . Thenh � C∞ � �M � and∆h � 0.
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2.4 Metric perturbations

Finally we quoteanotherresult due to Weyl. A proof can be found in [SV98, Theo-
rem1.2.1].For thedefinitionof theeigenvaluecountingfunctionseeDefinition1.3.6.

2.3.13.Theorem (Weyl asymptotic). Let M bea Riemannianmanifoldanddenoteby ∆D ¿ N
M

thecorrespondingLaplacianwith arbitrary boundaryconditions(if ∂M s� /0). Thenwehave

dimλ � ∆D ¿ N
M � � vol �oÀ d �� 2π � d vol � M � λ d

2 � O � λ d ¸ 1
2 �

asλ � ∞. Here, À d : ��k x �M
 d O0O x OÁP 1 l denotestheunit ball in 
 d .

Physically, theasymptoticbehaviour of theeigenvaluecountingfunctioncanbemotivated
in thefollowing way (see[RS78, SectionXXX.15]):

2.3.14.Remark.If ∆D ¿ N
M

describestheenergy of a quantummechanicalsystem(with normal-

izedmassandunitssuchthatthePlanckconstantsatisfiesh � 1) thendimλ � ∆D ¿ N
M � is thenum-

berof stateswith energy notgreaterthanλ . ThereforewecanunderstandtheWeyl asymptotic
in a semi-classicalpicture: In classicalmechanics,the energy level λ determinesa certain
allowed region in the phasespaceT V M with respectto the Hamiltonianh � x � ξ � � gx � ξ � ξ � ,� x � ξ � � T V M whereg denotestheRiemannianmetricon T V M. Here,an arbitrarynumberof
particlescouldbeaccomodatedin this regionof volume

volT ¾ M q � x � ξ � � T V M rrr h � x � ξ � P λ t � λ d ¿ 2vol �oÀ d � volM �
In quantummechanics,however, the uncertaintyprinciple implies that any particleoccupies
a volume � 2πh� d. Thereforethe numberof statesof the correspondingHamiltonian∆M in
quantummechanicsis approximatelytheallowedvolumein phasespacedevidedby � 2πh� d �� 2π � d in our units.

2.4 Metric perturbations

In thissection,wegivesomeresultsonhow to dealwith Riemannianmanifoldswith changing
metric. Someof theresultsherecanbefoundin standardtext books,but we needanexplicit
controlontheconstantsin theestimates.This is necessarysincein theapplicationin Chapter8
we dealwith an increasingsequenceof manifoldsandwe needboundsindependentof this
sequence.

To constructperturbationsof themetriconthemanifoldM wedefineanormonCk � S2TM � .
Here,Ck � S2TM � denotesthe spaceof Ck-sectionsin the bundleof bilinearsymmetricforms
S2TM, i.e., thefibersS2TMx � S2TxM consistof all bilinearsymmetricformson TxM. There-
fore,aRiemannianmetricg is asectionin S2TM suchthatgx is strictly positivedefinitefor all
x � M.

2.4.1.Definition. A Riemannianmetricg onM will becalledCk-bounded(with respectto the
Ck ! 1-boundedatlas® � � ϕα : Uα �Q� Vα � α x A) ifJ g J

Ck 6 M 7 : ��J g J
Ck 6 M 7�| ¯ : � sup

α x A
J gα J Ck 6 Vα 7 � ∞

wheregα � � gα | i j � denotesthematrix-valuedlocal representationof g in thechartUα .
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2 Analysison manifolds

Notethatthis definitionis independentof thechoiceof theatlas ® . If we chooseanother
Ck ! 1-boundedatlas �® thenthereexistsaconstantc � c � c0 � � 1 suchthat

1
c
J g J

Ck 6 M 7�| ¯ P J g J
Ck 6 M 7�| �¯Â7 P c J g J

Ck 6 M 7�| ¯
for all g � Ck � S2TM � . This is truebecauseall transitionmapshave theuniformCk ! 1-bound
c0. Notethatweneedthederivativeof ϕα ¦ ϕ m 1

α < to transformgα into gα < .
Thenext definitionis necessaryin orderto applyregularity theory. Let

gα � y� : � inf
v x � d ÃcÄ 0Å gα | y � v� v�O

v
O
2 and gα � y� : � sup

v x � d ÃbÄ 0Å gα | y � v� v�O
v
O
2

bethesmallestresp.greatesteigenvalueof thelocal representationgα of g at thepointy � Vα ,
i.e., thesmallestresp.geratesteigenvalueof thematrix � gα | i j � y�0� i j .

2.4.2.Definition. We saythatg is uniformlyelliptic with respectto thealtlas ® if thereexist
constants0 � g

0

P
g0 � ∞ suchthat

g
0

P
inf

α x A
gα � y� P inf

α x A
gα � y� P g0

for all y � M. Webriefly write g
0

P
g
P

g0 (with respectto ® ).

Notethaton acompactmanifold,everymetricg onM is uniformly elliptic with respectto
asuitableatlas® .

Therearetwo useful tools whendealingwith estimates.Let E andF be normedvector
spaces.

2.4.3.Lemma. Let D bean opensubsetof E , E such that � x � x� � D for all x � E. Suppose
thatR: D �]� F satisfiesR� x � x� � 0. Thenthefollowingstatementsareequivalent:

1. ThemapRis uniformlycontinuousona neighbourhoodof thediagonal k � x � x� O x � D l .
2. Thereexistsa monotoneincreasingfunctionη � δ � � 0 asδ � 0 such that J R� x � y� J F P

η � J x � y J E � for all � x � y� � D.

In particular, a function f : U �Q� F definedon someopensubsetU of E is uniformlycontin-
uousif andonly if there existsa monotoneincreasingfunctionη � δ � � 0 asδ � 0 such thatJ f � x� � f � y� J P η � J x � y J � .
Proof. Thefunctionη canbedefinedby

η � δ � : � supqÆJ R� x � y� J F rrr � x � y� � D �IJ x � y J E P δ t¡�
Clearly, η is monotone.Theuniformcontinuityof R impliesthecontinuityof η.

2.4.4.Lemma. Let f : M �]� F becontinuousin x0 � M ( E. Thenthere existsa monotone
increasingfunctionc � δ � such that J f � x� J P c � J x J � for all x � M.

Notethatc � δn � is aboundedsequenceif � δn � is bounded.
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2.4 Metric perturbations

Proof. Weset

η � δ � : � supq O f � x� � f � x0 � O rrr O x � x0

OEP
δ � x � M tu�

Since f is continuousin x0, η � δ � � ∞. Furthermore,from thedefinitionandthemonotonicity
of η � δ � weobtain O

f � x� O�P�O
f � x0 � O � η � O x O � O

x0

O � � : c � O x O � �
Notethatc dependson f andx0 � M.

2.4.5.Remark.We will applythis lemmain thefollowing situation:Let V beopenin 
 d and
letG: V �Q� L � 
 d � beaCk-map.Supposefurtherthat f isacontinuousfunctionin G. Weneed
afixedspaceE independentof theopensetV. Thiscanbeachievedby extendingthemapG to
amapĜ: 
 d �T� L � 
 d � with J Ĝ J

Ck

P
e0 J G J Ck. Here,e0 is aconstantdependingon∂V, d and

k (see[Ste70]).But we canchooseanatlaswhich hasonly a finite numberof differentshapes
∂Vα by restrictingthechartsto smallersetsif necessary. Therefore,we canassumethate0 is
independenton V. Applying Lemma2.4.4with E : � Ck � 
 d � L � 
 d �0� we obtaina monotone
increasingfunctionc � δ � independentof V suchthat J f � G� J P J f � Ĝ� J P c � J Ĝ J � P c � e0 J G J � .

Fromnow on,weassumethatthereexistsaC2-boundedatlas® � � ϕα : Uα �T� Vα � with
subordinateC2-boundedpartition of unity � χα � with boundc0, distancefrom the boundary
d0 � 0 andmaximalnumberN of neighbours(seeDefinition2.2.1).Theassumption0 � g

0

P
g
P

g0 � ∞ alwaysrefersto theatlas® (cf. Definition2.4.2).Theexistenceof suchmetricsg
andatlases® will beprovenin Section3.6.

We alwaysassumethatU andV of a chartϕ : U �]� V arerelatively compact.Note that
we switchwithout mentioningbetweena functionon U andonV. OnU , we alwaysusethe
definition of the correspondingfunction spacedefinedfor manifolds,on V we usethe usual
definitiononV (f
 d! . Furthermore,we only allow suchsetsV for which anextensionmapof
Ck-mapsonV to Ck-mapson 
 d with normsmallerthane0 exists (seeRemark2.4.5). Here,
e0 is aconstantindependentonV.

Let M resp. "M be the Riemannianmanifold M with metric g resp. "g. Similarly, for an
opensubsetU ( M, we endow U with themetricg and "U with themetric "g. Sometimesit is
convenientto write O

du
O 2
T ¾ U � d

∑
i | j 	 1

gi j ∂iu∂ ju ��C G m 1∇u � ∇u F � d (2.23)

with G: V �Q� L � 
 d � . Here,G � y� denotesthestrictly positive linearmapassociatedwith the
matrix � gi j � y�0� i j for y � V.

In thesequel,thevariousfunctionsη � ηi andc � ci dependonly on g
0
, g0, c0, d0, e0 andN.

Thefollowing lemmagivesestimatesfor theL2-normandthequadraticform of theLaplacian
definedby differentmetricson M.

2.4.6.Lemma. For all constants0 � g
0

P
g0 � ∞ thereexistsa monotoneincreasingfunction

η � δ � � 0 asδ � 0 such thatrr J u J 2L2 6 M 7 ��J u J 2L2 6 ±M 7 rr P η � J g � "g J C0 6 M 7 � J u J 2L2 6 M 7 (2.24)rr J du J 2L2 6 T ¾ M 7 ��J du J 2
L2 6 T ¾ ±M 7 rr P η � J g � "g J C0 6 M 7 � J du J 2L2 6 T ¾ M 7 (2.25)
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2 Analysison manifolds

for all u � L2 � M � resp.u ��B 1 � M � , all metricsg and "g onM such thatg
0

P
g � "g P g0, andall

manifoldsM.

Proof. Weonly prove(2.25)sincetheproofof (2.24)is similarbut simpler. By Equation(2.23)
wehave ¤

M

O
du
O 2 � ∑

α

¤
Vα

χα C G m 1
α ∇u � ∇uF � d � detGα � 1

2

for all u ��B 1 � M � , anda similar remarkholdsfor "Gα . Now we estimaterrr ¤ M

O
du
O 2 � ¤ ±

M

O
du
O 2 rrr PP

∑
α

¤
Vα

χα rrr C `¼Ç � ` det "Gα
detGα

a 1
2
G

1
2
α "G m 1

α G
1
2
α a G m 1

2
α ∇u � G m 1

2
α ∇u F rrr � detGα � 1

2P
sup

α
sup
y x Vα rrR� Gα � y� � "Gα � y�0� rr L 6 � d 7 ∑

α

¤
Vα

χα C G m 1
α ∇u � ∇u F � detGα � 1

2 �
Here,

R� G � "G� : � Ç � � det "G� detG� 1
2G

1
2 "G m 1G

1
2

for any two matricesG and "G is a continuous(matrix-valued)function on the compactset
D : ��k � G � "G� O g0

P�O
G
O
L 6 � d 7 � O "G O L 6 � d 7 P g0 l andthereforeuniformly continuous.Sincefur-

thermoreR� G � G� � 0 thereexistsamonotonefunctionη � δ � � 0 asδ � 0 (seeLemma2.4.3)
suchthat O

R� G � "G� O L 6 � d 7 P η � OG � "G O � d2 �
for all � G � "G� � D wherewe have chosenthe equivalentnorm

O
G
O � d2 : � supi | j OGi j

O
on E �
 d2 �� L � 
 d � . Finally, wehave

sup
α

sup
y x Vα

η � OR� Gα � y� � "Gα � y�0� O L 6 � d 7 � P η � J g � "g J C0 6 M 7 �
whichendsour proof.

In therestof thissectionwegive(amongotherestimates)asimilar resultfor thedifference
of two Laplaciansarisingfrom differentmetrics.

Note that we have to localizethe global functions. We cannotquotestandardarguments
heresinceweneedboundsindependentof themanifoldM. In ourapplication,M � Mn will be
an increasingsequenceof compactmanifoldsconverging to a non-compactmanifold. Some-
times,weevenneedto applytheresultswith M non-compact(seeTheorem8.1.7).

2.4.7.Lemma. For all constants0 � g
0

P
g0 � ∞ there exist monotoneincreasingfunctions

c1 � δ � andη1 � δ � � 0 asδ � 0 such thatJ ∆Mu J 2L2 6 M 7 P c1 � J g J C1 6 M 7 � J u J 2H 2 6 M 7 (2.26)J � ∆M � ∆ ±
M � u J 2L2 6 M 7 P η1 � J g � "g J C1 6 M 7 � J u J 2H 2 6 M 7 (2.27)

for all u �MB 2 � M � , all metricsg and "g onU such thatg
0

P
g � "g P g0, andall manifoldsM.
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2.4 Metric perturbations

Proof. First,weprovethelocalestimatesin thechartϕα : Uα �]� Vα . Thelocalproofof (2.26)
is quite obvious. Applying Lemma2.4.4 we obtain a monotoneincreasingfunction cz1 � δ �
independenton α (seeRemark2.4.5).

The local proof of Estimate(2.27) is essentiallythe sameasthe proof of Lemma2.4.6.
Here,wehaveto estimateacontinuousfunctionRdependingongα | i j , "gα | i j , ∂kgα | i j and∂k "gα | i j
which is 0 if gα � "gα . Again,sinceg and "g areuniformly elliptic, wecanrestrictthedefinition
of R to somecompactsetD. Therefore,a monotonefunction η z1 � δ � exists by Lemma2.4.3
suchthatthelocal Estimate(2.26)holds.

Thestepfrom local to globalestimatesis simple.UsingLemma2.2.2andthelocalversion
of (2.26)weobtainJ ∆Mu J 2 P 2N∑

α
J ∆Uα

uα J 2 P 2N∑
α

cz1 � J g J C1 6 Uα 7 � J uα J 2H 2 6 Uα 7 PP
2Ncz1 � J g J 2C1 6 M 7 � J u J 2H 2 6 M | ¯È7

wherewe have setuα : � χαu (notethatwe have usedthemonotonicityof cz1 � δ � ). Therefore
c1 � δ � : � 2Ncz1 � δ � is sufficient. Theglobalproofof (2.27)is similar.

Now we show that locally, thefirst orderdifferentialoperator� ∆U � χ  canbeestimatedby
asecondorderdifferentialoperator.

2.4.8.Lemma. For all constants0 � g
0

P
g0 � ∞ thereexistsa monotoneincreasingfunction

cz2 � δ � such that�� � ∆U � χ  u �� L2 6 U 7 P cz2 � J g J C1 6 U 7 � J χ J C1 6 U 7 � J u J 2L2 6 U 7 �AJ ∆Uu J 2L2 6 U 7 � (2.28)

for all u �¬B 2 � U � � �B 1 � U � , all χ � C∞ � U � , all metricsg onU such thatg
0

P
g
P

g0, andall
chartsϕ : U �]� V.

Proof. Without lossof generalityassumethatu � C∞ � U � with u � ∂U � 0. Again,G � y� denotes
thestrictly positivelinearmapin 
 d associatedwith thematrix � gi j � y�c� i j asin Equation(2.23).

SinceT ��� ∆U � χ  is a first orderdifferentialoperatorwe canwrite Tu � ∑d
i 	 1 ti∂iu � t0u with

smoothcoefficientst � � t0 �0�0�0��� td � . Denoteby J t J C0 6 U 7 themaximumof thesupremumnorms
of ti. ThenwehaveJ Tu J 2L2 6 U 7 P 2

¤
U
� O d

∑
i 	 1

ti∂iu
O 2 � O

t0u
O 2 � � detG� 1

2P
2
¤
U
C A∇u � ∇uF � detG� 1

2 � 2 J t0 J 2C0 6 U 7 J u J 2L2 6 U 7
whereA � y� denotesthe linear maprepresentedby the matrix � ti � y� t j � y�0� i j . Furthermorewe
estimatesimilarly asin theproof of Lemma2.4.6¤

U
C A∇u � ∇uF � detG� 1

2
P J AG J

C0 6 U | L 6 � d 7>7 ¤ U C G m 1∇u � ∇u F � detG� 1
2P J A J

C0 6 U | L 6 � d 7É7 J G J C0 6 U | L 6 � d 7É7 C ∆Uu � u F L2 6 U 7
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2 Analysison manifolds

wherewehaveusedtheGauss-GreenFormula(2.18).Here,theboundarytermvanishessince
u � ∂U � 0. By theCauchy-YoungInequality(1.1)weobtainC ∆Uu � u F L2 6 U 7 P J ∆Uu J 2L2 6 U 7 �AJ u J 2L2 6 U 7 �
By theconstructionof A � y� wehave

O
A � y� O L 6 � d 7 P dmaxi

O
ti � y� O . Furthermore,J t J

C0 6 U 7 canbe

estimatedby cz�z2 � J g J C1 6 U 7 � J χ J C1 6 U 7 for somemonotonefunctioncz�z2 � δ � (seeLemma2.4.4and
Remark2.4.5).ThereforeweobtainJ Tu J 2L2 6 U 7 P f � G� J t J C0 6 U 7 � J ∆Uu J 2L2 6 U 7 �AJ u J 2L2 6 U 7 �
with thecontinuousfunction f definedby

f � G� : � 2d � J G J C0 6 � d | L 6 � d 7É7 � 1�
Again, by applyingLemma2.4.4thereexistscz�z�z2 � δ � estimatingf � G� . Therefore,we canset
cz2 � δ � : � cz�z2 � δ � cz�z�z2 � δ � .
2.4.9.Lemma. For all constantsc0 � 0, 0 � g

0

P
g0 � ∞ there existsa monotoneincreasing

functionc2 � δ � such thatJ4� ∆M � χ  u J 2L2 6 M 7 P c2 � J g J C1 6 M 7 � J χ J C1 6 M 7 J u J 2H 1 6 M 7
for all u �MB 1 � M � , all χ � C∞ � M � , all metricsg such thatg

0

P
g
P

g0, andall manifoldsM.

Proof. Locally, this is clearsince � ∆Uα
� χα χ  is a first orderdifferentialoperator. In theglobal

estimatewecansetc2 � δ � : � c0cz�z2 � δ � wherecz�z2 � δ � is definedin thepreviousproof,andwhere
c0 is theC2-boundof thepartitionof unity.

Finally, we quoteresultsfrom regularity theoryto obtainboundson the B 2-norm. Here,
weneedAssumption(2.10)on thepartitionof unity.

2.4.10.Theorem. For all constantsc0 � d0 � 0, 0 � g
0

P
g0 � ∞ there existsa monotonein-

creasingfunctionc3 � δ � such thatJ u J 2H 2 6 M 7 P c3 � J g J C1 6 M 7 � � J u J 2L2 6 M 7 �AJ ∆Mu J 2L2 6 M 7 � (2.29)

for all u ��B 2 � M � � �B 1 � M � , all metricsg such that g
0

P
g
P

g0, andall manifoldsM with
smoothboundary∂M.

Proof. Theproof of thelocal estimate(with Uα anduα � χαu insteadof M andu) is standard
in elliptic regularity theory, seee. g. [GT77, Theorem8.12] or [Tay96, Theorem5.1.3]. The
constantin Inequality(2.29)dependscontinuouslyon thecoefficientsgα of theelliptic oper-
ator∆Uα

andits first derivatives. Thesecoefficientsareindeedcontrolledby J gα J C1 6 Uα 7 . By

Lemma2.4.4the desiredfunction cz3 � δ � in the local estimateexists (seealsoRemark2.4.5).
Notethatwedonot haveadependenceon theboundaryof Vα by Assumption(2.10).
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To obtaintheglobalestimatewecalculateJ u J H 2 6 M 7o| ¯ � ∑
α
J uα J 2H 2 6 Vα 7P

cz3 � J g J C1
� ∑

α
� J uα J 2L2 6 Uα 7 �UJ ∆Uα

uα J 2L2 6 Uα 7 �P
cz3 � J g J C1

� � J u J 2L2 6 M 7 �AJ ∆Mu J 2L2 6 M 7 � ∑
α

�� � ∆Uα
� χα  u �� 2

L2 6 M 7 �
wherewe have usedLemma2.2.2andthemonotonicityof cz3 � δ � . Applying Lemma2.4.8we
obtain �� � ∆Uα

� χα  u �� 2 P
cz2 � J gα J C1

� J χα J C1 � J u J 2L2 6 Uα 7 �AJ ∆Uα
u J 2L2 6 Uα 7 � �

Finally, we cansetc3 � δ � : � cz3 � δ � � 1 � c0cz2 � δ �0� . Here,we have appliedLemma2.2.2again.

2.5 The DecompositionPrinciple

In this sectionwe prove that theessentialspectrumis determinedby thegeometryat infinity,
i.e.,theessentialspectrumremainsinvariantundercompactperturbationsof themanifold.This
resultwill beneededin Chapter8. A similar resultfor thecontinuousspectrumis proven in
[DL79].

SupposethatM is amanifoldwhichadmitsanatlaswith afinite numberof neighboursand
aC2-boundedsubordinatepartitionof unity with strictly positive distancefrom theboundary
(seeDefinition2.2.1).Furthermore,supposethataC1-boundedmetricwith respectto theatlas
exists.Thereforetheresultsof thelastsectioncanbeapplied.

Rememberthat λ � essspec∆M if andonly if thereexists a singularsequencefor λ and
∆M (seeWeyl’sCriterionLemma1.3.1).

2.5.1.Theorem. Let M be a manifoldas above. Supposethat K ( �M is compact.Thenfor
everyλ � essspec∆M thereexistsa singularsequencewith supportawayfromK.

Proof. Let � un � besingularsequencefor λ and∆M, i.e., J un J&� 1, un � 0 weakly in L2 � M �
and J � ∆M � λ � u JZ� 0. Let U1, U2 beopen,relatively compactsetssuchthatK ( U1 ( U1 (
U2 ( U2 ( �M. Furthermore,let χ1 � C∞

c � U1 � suchthat χ1 � K � 1 andlet χ2 � C∞
c � U2 � such

thatχ2 � U 1 � 1. Sincedist� suppχ2 � ∂M � � 0 wedonotneedthat∂M is smooth,i.e.,∂M could
have singularitiesascornersetc. By Theorem2.4.10andLemma2.4.9thereexistsa constant
cz � 0 suchthat J χ2un J 2H 2 6 U2 7 P cz � J un J 2L2 6 M 7 �AJ ∆Mun J 2L2 6 M 7 �P

cz � � 1 � λ � J un J 2L2 6 M 7 �AJ � ∆M � λ � un J 2L2 6 M 7 �
for all n ��� . Therefore � χ2un � is boundedin B 2 � U2 � . By passingto a subsequencealso
denotedby � χ2un � we canassumethat χ2un � 0 weakly in B 2 � U2 � (Theorem1.1.1). By
theRellich-Kondrachov CompactnessTheorem(Theorem2.2.4)wehaveχnun � 0 in norminB 1 � U2 � , in particular, χ2un � 0 in L2 � U2 � .
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2 Analysison manifolds

Let "vn : � � 1 � χ1 � un. Sincewe have 1 �ÊJ un J P J χ2un JË��J "vn J thereexists a constant
cz�z � 0 suchthat J "vn J � 1� cz�z . Now we canshow that vn : � "vn

� J "vn J is the desiredsingular
sequence.Clearly, suppvn ( M ) K andvn � 0 weaklyin L2 � M � by theexistenceof cz�z . Finally,
notethat �� � ∆M � λ � vn

��
L2 6 M 7 P cz�z � �� � ∆M � λ � un

��
L2 6 M 7 � �� � ∆M � χ1  un

��
L2 6 U1 7 � �

Thefirst termconvergesto 0 by our assumptionon un, thesecondtermconvergesto 0 sinceit
canbeestimatedby someconstanttimes J χ2un J H 1 6 U2 7 by Lemma2.4.9.Here,we haveused

thatχ2 � U1
� 1, i.e., theconstructionwith thetwo setsU1 andU2 is necessary.

Therefore,theessentialspectrumof a manifolddescribesthemanifoldat infinity, i.e.,outside
compactsubsets,in contrastto thediscretespectrumdeterminedby thebehaviour of themetric
on compactsubsets.
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3 Floquet theory

The main idea in analysingperiodicproblemsis the unitary equivalenceof the operatoron
thefull domainto a family of operatorson a periodiccell, calledFloquettheoryor sometimes
Bloch theory.

3.1 Fourier analysison abeliangroups

For the detailsof Fourier analysison abeliangroupssee[Rud62] or [Pon57]. Let Γ be a
discrete,abeliangroupwhich is generatedby r elementse1 �0�0�c�b� er � Γ. Sucha groupis iso-
morphicto � r0 ,Æ� r1

p1
,�D0D0D�,Æ� ra

pa
for somenumbersr0 �0�0�c�c� ra �¬� 0 with r � r0 � D0D0DÌ� ra. Here,� p denotestheabeliangroupof orderp

�
2 with onegenerator. WesupposethatΓ is endowed

with its discretetopology.
Wecall thegroupof (continuous)homomorphismfrom Γ into � 1 thedualgroupor charac-

ter group, denotedby Γ̂. Thisgroupcanbeendowedin anaturalwaywith acompacttopology.
Thecorresponding(unique)Haarmeasurewith totalmass1 is denotedby dθ .

The dual groupof � is isomorphic(in the senseof topologicalgroups)to � 1. Further-
more, ˆ� p is isomorphicto the closedsubgroupk z �*X O zp � 1 l (itself isomorphicto � p) of� 1. Therefore,we sometimesidentify anelementθ � Γ̂ with its element� θ � e1 � �0�0�c�c� θ � er �0� in
thecorrespondingsubgroupof � � 1� r . In particular, if Γ ��� r we sometimesidentify theele-
mentθ � Γ̂ �� � � 1� r with � arg � θ � e1 �0� �0�0�c�b� arg � θ � er �c�0� �M
 r (modulo2π in eachcomponent).

As in thecaseof theusualFourieranalysison Γ �A� , wehave thefollowing orthogonality
relation ¤

Γ̂
θ � γ � dθ �KÍ 1 if γ � 1 �

0 � otherwise.
(3.1)

TheFourierinversionFormulain this context is

f � θ � � ∑
γ x Γ

θ � γ m 1 � ¤
Γ̂

θ z � γ � f � θ z � dθ z (3.2)

for allmostall θ � Γ̂ andall f � L1 � Γ̂ � . Here,it is essentialthatΓ is abelian.
In what follows we want the groupΓ to be of infinite order; thus the only restrictionis

r0 � 0.

3.2 Periodic manifoldsand vector bundles

For detailsseee.g.[Cha93,section4.2] or [BGV92]. Let Γ be a discrete,finitely generated
groupwhich actsisometricallyon ad-dimensionalRiemannianmanifoldMper, i.e.,wehavea
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3 Floquettheory

groupactionΓ , Mper �T� Mper, � γ � x� [� γ D x suchthat � γ D � : Mper �Q� Mper is anisometryfor
every γ � Γ.

We saythatΓ actsproperlydiscontinuouslyon Mper if to eachx � Mper thereis a neigh-
borhoodU of x suchthat the collectionof opensets k γU

O
γ � Γ l arepairwisedisjoint (see

Figure3.1).
A manifoldMper is calledperiodicor covering(Riemannian)manifold(with respectto Γ)

if Γ actsisometricallyandproperlydiscontinuouslyonMper.
Undertheseconditions,the orbit spaceMper� Γ, i.e., the spaceof all equivalenceclasses

Γx ��k γ D x O γ � Γ l , hasa naturalRiemannianmetric suchthat the projectionπ : Mper �Q�
Mper� Γ, x [� Γx is a local isometry.

We call theactioncocompactif theorbit spaceMper� Γ is compact.

3.2.1.Definition. An openset D ( Mper is calleda fundamentaldomainof the Γ-action if
M : � D is connected,if ∂M is piecewisesmoothandif thefollowing two conditionsaresatis-
fied:

D � γD � /0 for all γ � Γ )�k 1 l (3.3)Î
γ x Γ

γM � Mper� (3.4)

Wecall M aperiodcell.

MperDγD

γU U

γ D
xγx

Figure 3.1: ThegroupΓ 5 # 2 actingproperlydiscontinuouslyon Mper. An elementγ Ï Γ translates
thefundamentaldomainD to thedisjoint copy γD. Wecall theclosureM 5 D aperiodcell.

Intuitively, if we fix a period cell M, one can imagineMper as a manifold glued from� cardΓ � -many copiesof M suchthat γ � Γ moves M to exactly one of the copies. Here,
onecanthink of a tesselatedpavementasin Figure3.1 wherewe have chosena fish-shaped
periodcell. Note that for a cocompactactionany periodcell is compact. For moredetails
on fundamentaldomains,e.g. the existenceof fundamentaldomainswith piecewise smooth
boundarysee[Bea83, Chapter9]. In particular, wehave thefollowing lemma:

3.2.2.Lemma. SupposeΓ hasr generators. Thenwe can decomposethe piecewisesmooth
boundary∂M into 2r z closedsmoothcomponentsZi with r z � r such that �Zi are pairwise
disjoint for i � 1 �0�0�0�b� 2r z . Furthermore, for each i � 1 �0�c�0�c� r z there exists γi � Γ such that
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3.3 Floquetdecomposition

Z1Z2

MZ3

Z6

Z5

ϕ2

ϕ1

ϕ3
Z4

Figure 3.2: A periodcell with theisometriesϕi identifying elementson theboundary.

ϕi : Z2i m 1 �T� Z2i are isometriesof theform ϕi � x� � γi D x for all x � Z2i m 1 (seeFigure 3.2). If
weidentifyZ2i m 1 with Z2i via ϕi weobtaina spaceisometricto theorbit spaceMper� Γ.

Let p: Eper �Q� Mper bea hermitianvectorbundle. We furthersupposethatΓ actson the
left of both Eper andMper in sucha way that p � γ V e� � γ D p � e� for all e � Eper, i.e., we have
maps

γ V : Ex �]� Eγ 9 x for eachx � Mper

which we further supposeto be unitary with respectto C D@�0D F Ex
. We call sucha hermitian

vectorbundleperiodic (with respectto Γ) or Γ-equivariant(see[BGV92, section1.1]). If
Eper � ApTMper is theexterior tangentbundlewedefineγ V to bethepull-backof

d � γ m 1 D � : Tγ 9 xMper �Q� TxM
per�

thederivativeof theisometry � γ m 1 D � .
For u � C∞

c � Eper� andγ � Γ, wedefinetheγ-translateof u by� Tγu� � y� : � γ V u � γ m 1 D y� for y � Mper.

SinceΓ actsunitarily on Eper andisometricallyonMper wehaveJ Tγu J 2L2 6 Eper7 ��J u J 2L2 6 Eper7 for u � C∞
c � Eper� .

Hencewe canextendtheoperatorTγ to a unitaryoperatoron L2 � Eper� alsodenotedby Tγ . We
thereforehave a unitaryrepresentationof Γ on L2 � Eper� . TheoperatorTγ actsasa translation
operator.

3.3 Floquet decomposition

For detailson Floquettheoryon manifoldsandvectorbundlessee[Don81] and[Gru98]. In
thecaseΓ �A� d andM �w
 d wereferto [RS78].

Rememberthat Γ is abelian.We startwith thedecompositionof thespaceL2 � Eper� . We
definethespaceof smooth � Γ � θ � -equivariantor θ -periodicsectionson Eper by

C∞ � Eper� Γ | θ : ��q u � C∞ � Eper� rrr Tγu � θ � γ � u for all γ � Γ tu� (3.5)
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3 Floquettheory

Clearly, any sectionu � C∞ � Eper� Γ | θ is determinedby its valuesu � M onaperiodcell M ( Mper.
Thus J u J 2L2 6 E 7 : � ¤

M

O
u � x� O 2Ex

dx (3.6)

definesa norm on C∞ � Eper� Γ | θ . We call the completionof C∞ � Eper� Γ | θ under this norm
L2 � Eper� Γ | θ . If E : � Eper � M denotesthe restrictedvector bundle, it is easyto seethat the
restrictionmapL2 � Eper� Γ | θ � L2 � E � , u [� u � M is unitary. Furthermore,�� u � M �� L2 6 Eper Ð

M 7 � �� u � M < �� L2 6 Eper Ð
M < 7 (3.7)

for θ -periodicu � L2 � Eper� Γ | θ andany otherperiodiccell M z . The inverseof the restriction
mapis givenby extendingasectionu � L2 � E � on M to a θ -periodicsectionΘθ u on Mper, i.e.,� Θθ u� � y� : � ∑

γ x Γ
θ � γ m 1 � Tγu � y� � (3.8)

Notethattheθ -periodicityis notarestrictionin thecaseof L2-spacessincewedonotneedany
smoothnessconditionsat theboundary∂M for functionsin L2. Finally notethatΘθ u makes
alsosensefor u � C∞

c � Eper� .
In thesequelwe oftenswitchbetweena θ -periodicsectionon Mper andits restrictionto a

periodcell M (alsocalledθ -periodic).We set

C∞
θ � E � : � q u � M rrr u � C∞ � Eper� Γ | θ t � (3.9)

Notethatthis spacedependson θ in contrastto thecorrespondingL2-space.
Wedefinethedirect(constant)fiber integral ÑÓÒ̂Γ L2 � E � dθ asin [RS78,XIII.16]. For asim-

ilar definitionof nonconstantfiber integralsoverθ -associatedvectorbundlesseee.g.[Don81]
or [Gru98].

For u � C∞
c � Eper� weset � Uu� θ : � Θθ u. Furthermore,wehaveJ Uu J 2ÔnÕ̂

Γ L2 6 E 7 dθ � ¤
Γ̂
J � Uu� θ J 2L2 6 E 7 dθ� ¤

Γ̂

¤
M

∑
γ | γ < x Γ

θ � γ m 1γ z � C Tγu � y� � Tγ < u � y� F Ey
dydθ� ∑

γ x Γ

¤
M

O
Tγu � y� O 2Ey

dy (by (3.1))� ∑
γ x Γ

¤
γM

O
u � x� O 2Ex

dx� ¤
Mper

O
u � x� O 2Ex

dx��J u J 2L2 6 Mper7 �
Thusthis mapextentsto anisometry

U : L2 � Eper� �Q� ¤ Ò
Γ̂

L2 � E � dθ �
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3.3 Floquetdecomposition

Theadjointis givenby

U V f � x� � ¤
Γ̂

θ � γ � γ m 1V f θ � y� dθ � Ex �
for x � Mper which canbe written asx � γ m 1 D y with y � M in a uniqueway (up to a setof
measure0). By theFourierinversionFormula(3.2)wehave� UU V f � θ � y� � ∑

γ x Γ
θ � γ m 1 � Tγ � U V f � � y�� ∑

γ x Γ
θ � γ m 1 � γ V ¤ Γ̂

θ z � γ � γ m 1V f θ < � y� dθ z� ∑
γ x Γ

θ � γ m 1 � ¤
Γ̂

θ z � γ � f θ < � y� dθ z� f θ � y� � (3.10)

We thereforehaveproven:

3.3.1.Theorem. TheoperatorU is unitary with adjointU V .
We now startwith our analysisof periodicoperators.For detailsseee.g.[RS78,section

XIII.16].

3.3.2.Definition. A boundedoperatorA in L2 � Eper� is calledperiodic(with respectto Γ) if A
commuteswith theunitarytranslationoperatorTγ for all γ � Γ.

3.3.3.Definition. A boundedoperatorÃ in ÑÓÒ̂Γ L2 � E � dθ is calleddecomposableif thereexists
a measurablefamily � Aθ � θ of boundedoperatorsin L2 � E � suchthat � Ã f � θ � Aθ f θ for every
elementf ��ÑÓÒ̂Γ L2 � E � dθ . Wewrite Ã ��Ñ]Ò̂Γ Aθ dθ .

Wehave thefollowing characterisationof decomposableoperators:

3.3.4.Theorem. Thedecomposableboundedoperators are exactly theoperators commuting
with each elementof thealgebra® : � q ¤ Ò

Γ̂
f � θ � Ç dθ rrr f � L∞ � Γ̂ � t

consistingof thoseoperatorswhosefibresaremultiplesof theidentityoperator
Ç

on L2 � E � .
Proof. A proof canbefoundin [RS78, TheoremXIII.84].

A consequenceis:

3.3.5.Corollary. Let A be a boundedoperator in L2 � Eper� and set "A : � UAU V . ThenA is
periodicif andonly if "A is decomposable.
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3 Floquettheory

θ
B1 � D �
B2 � D � k � 2

B3 � D �λk � Dθ �
k � 1

k � 3

Figure3.3: Bandstructureof thespectrumof a Γ-periodicoperatorD. Here,thesecondandthird band
overlap.

Proof. By Theorem3.3.4,thesetof all decomposableoperatorsis thecommutant® z of ® .
Thesubalgebraof C � Γ̂ � , generatedby k "γ O γ � Γ l , is densein C � Γ̂ � by theStone-Weierstrass
Theorem. Here, we have set "γ � θ � : � θ � γ � . FurthermoreC � Γ̂ � is weakly densein L∞ � Γ̂ � ,
thereforethe subalgebraof ® generatedby "γ Ç is weakly densein ® . Sincecommutants
areweakly closed,an operator "A lies in ® z if andonly if � "A � "γ Ö� 0 for all γ � Γ. Finally, a
calculationsimilar to (3.10)showsthat

UTγU V f � "γ f �
i.e.,Γ actson Ñ Ò̂Γ L2 � E � dθ asmultiplicationoperator, i.e., � "γ f � θ � θ � γ � f θ . Therefore� "A � "γ ·�
0 for all γ � Γ if andonly if �A � Tγ ×� 0 for all γ � Γ. Thelatterstatementis theperiodicityof
A.

Sincewe aredealingwith self-adjointunboundedoperatorsD we applyour definitionsto
the(bounded)resolvent � D � i �Lm 1 (againsee[RS78]).

The following nice characterisationof the spectrumof a decomposableoperatoris one
reasonwhy oneis interestedin Floquettheory:

3.3.6.Theorem. Supposethat � Dθ � θ is a family of positiveoperators on L2 � E � such that Dθ

haspurely discretespectrumλk � Dθ � written in increasingorder and repeatedaccording to
multiplicity. Supposefurther that λk � Dθ � dependscontinuouslyon θ for each k �*� . Thenthe
spectrumof ÑQÒ̂Γ Dθ dθ is givenby

spec
¤ Ò

Γ̂
Dθ dθ � Î

θ x Γ̂

specDθ � Î
k x�Ø q λk � Dθ � rrr θ � Γ̂ tu�

In particular, the spectrumof ÑÓÒ̂Γ Dθ dθ consistsof the union of compactintervals Bk : �k λk � Dθ � O θ � Γ̂ l , calledk-th band.

Proof. For a proof see[RS78]. Sincethe eigenvaluesdependcontinuouslyon θ , and Γ̂ is
compact,thek-th bandBk is indeedacompactinterval.

Thereforethespectrumof aΓ-periodicoperatorD with decompositionÑ Ò̂Γ Dθ dθ (byCorol-
lary 3.3.5)satisfyingtheassumptionsof Theorem3.3.6hasbandstructure,i.e., thespectrum
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3.4 PeriodicLaplacianon amanifold

is thelocally finite unionof compactintervals

specD � Î
k x�Ø Bk � D � (3.11)

with Bk � D � � q λk � Dθ � rrr θ � Γ̂ t , thek-th bandof D. Note that in generalwe do not know if

wehavegapsor not, i.e., if Bk � D � � Bk ! 1 � D � � /0 for somek �M� (seeFigure3.3).

3.4 Periodic Laplacian on a manifold

Let Mper be a periodicmanifold asin Section3.2. For simplicity, supposethat Mper hasno
boundary. Denoteby ApTM therestrictionof ApTMper to aperiodcell M of Mper.

3.4.1.Definition. Let θ � Γ̂. We denoteby B 1
θ � ApTM � thecompletionof C∞

θ � ApTM � , the
spaceof all θ -periodicdifferentialforms(see(3.9)and(3.5)),undertheform normof qθ

ApTM
or underthe equivalentnorm JED�J H 1 6 ApTM 7 . Here,qθ

ApTM � u� is definedas in (2.13) for u �
C∞

θ � ApTM � andcanbeextendedto domqApTM ��B 1
θ � ApTM � . Clearly, this definesa closed,

positive form. We denotethe correspondingoperatorby ∆θ
ApTM resp.∆θ

M if p � 0, the θ -
periodicLaplacianonApTM resp.M.

Wehavethefollowing equivalentdescriptionof B 1
θ � M � : Wedecomposetheboundary∂M

into 2r z componentsZi asin Lemma3.2.2andobtainisometriesϕi : Z2i m 1 �Q� Z2i . Therestric-
tion u � ∂M is well-definedfor a θ -periodicelementu �³B 1

θ � M � by Theorem2.2.5. Therefore
u � ϕi � x�0� � θ � γi � u � x� for all x � Z2i m 1 andall i � 1 �0�c�0�c� r z , i.e., thevalueof u on Z2i is just the
valueof u onZ2i m 1 multiplied by acomplex numberof norm1.

After the completionprocedure,B 1
θ � ApTM � still dependson θ in contrastto the corre-

spondingL2-space(seeSection3.3).Notethatif u is smoothenough,similar remarkshold for
higherderivativeslikedu.

3.4.2.Lemma. LetM bea periodcell of a periodicmanifoldMper. Supposefurtherthatθ � Γ̂.
Thenthespectrumof theθ -periodicLaplacian∆θ

M is purelydiscreteandsatisfies

λ N
k � M � P λ θ

k � M � P λ D
k � M � � (3.12)

Thisinequalityis sometimescalledDirichlet-Neumannenclosure.
Furthermore, ∆θ

ApTM haspurelydiscretespectrumdenotedby λ θ
k � ApTM � .

Proof. By Lemma2.3.4,∆N
M haspurelydiscretespectrum.Wehave thefollowing inclusion

C∞
c � M � ( C∞

θ � M � ( C∞ � M � �
If wecompletethesespacestheinclusionsremaintrue.Thereforewe have�B 1 � M � (�B 1

θ � M � (jB 1 � M � �
In particular, theMin-max Principle(seeCorollary1.3.5)implies that∆θ

M haspurelydiscrete
spectrumandtheInequality(3.12)is satisfied.

In thesameway asin Lemma2.3.4we prove that∆θ
ApTM haspurelydiscretespectrumde-

notedby λ θ
k � ApTM � . It is importantthat B 1

θ � ApTM � anddomqθ
ApTM haveequivalentnorms.

This canbe shown sincethe boundaryterm in the Gauss-GreenFormula(2.17)vanishesfor
θ -periodicforms(seee.g.,[Hör85,Chapter20.1]or [AC93]).
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3 Floquettheory

Note that we still have an eigenvalueenclosurelike (3.12) for the “Neumann”Laplacian
onApTM (definedin thesamewayasfor functions,i.e., theform domainis thecompletionof
C∞ � ApTM � undertheform normof thequadraticform definedin (2.13)).But the“Neumann”
Laplacianhas infinite dimensionalkernel henceit hasno longer purely discretespectrum.
Thusweonly obtainthetrivial lowerboundλ N

k � ApTM � � 0 for all k �*� . Here,thenormsonB 1 � ApTM � anddomqN
ApTM areno longerequivalent(seee.g.,[AC93]).

Next, wenotethattheeigenvaluesλk � ApTM � of ∆θ
ApTM dependcontinuouslyon θ :

3.4.3.Theorem. Denotethe eigenvaluesof ∆θ
ApTM by λ θ

k � ApTM � . Thenthe function θ [�
λ θ

k � ApTM � is continuousfor each k �M� .

Proof. (seeLemma2.2of [BJR99]or TheoremXIII.89 of [RS78] for thespecialcaseM �f
 d

andΓ �w� d)

We applyFloquettheoryto prove thefollowing fundamentalresult:

3.4.4.Theorem. Thespectrumof theLaplacianon p-formson a periodicmanifoldMper has
bandstructure, i.e.,

spec∆ApTMper � Î
k x�Ø Bk � ∆ApTMper �

with Bk � ∆ApTMper � ��k λ θ
k � ApTM � O θ � Γ̂ l beinga compactinterval, called the k-th bandof

∆ApTMper.

Proof. Notethat∆ApTMper is Γ-periodicsincethecorrespondingquadraticform qApTMper satis-
fies

qApTMper � Tγu� ��J dTγu J 2 ��J dV Tγu J 2 � qApTMper � u�
for all u �³B 1 � ApTMper� . Here,we have usedthefact that thetranslationoperatorsTγ com-
muteswith theexteriorderivatived, i.e.,

dTγ � Tγ d � (3.13)

andthat Tγ actsunitarily on L2 � Ap! 1TMper� resp.L2 � Ap m 1TMper� . The result follows from
FloquetTheory(cf. Section3.3).

We concludesomeeasyfactsaboutthefirst bandof ∆Mper.

3.4.5.Lemma. Supposethat Mper is connected. In the nonperiodiccaseθ s� 1 we have
λ θ

k � M � � 0 for all k ��� . In particular, thefirstbandof ∆Mper hasnon-emptyinterior.

Proof. Note that the eigenvalue0 correspondsto functionsconstanton every component.If
Mper is connectedwecanchooseaconnectedperiodcell M. Thereforetheeigenfunctionmust
be constant. But the constantlies only in the domainof the periodic Laplacian(quadratic
form). Thesecondstatementfollows from theprecedingtheorem.

We canapplytheHodge � -operatorto obtainthefollowing result:
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3.4.6.Theorem. The eigenvaluesof ∆θ
ApTM and ∆θ

Ad ¸ pTM
are the same, i.e., λ θ

k � ApTM � �
λ θ

k � Ad m pTM � for all k �M� and0
P

p
P

d. In particular,

spec∆ApTMper � spec∆Ap ¸ dTMper �
Proof. The proof is essentiallythe sameas the proof of Theorem2.3.8. Note that u is θ -
periodicif andonly if � u is θ -periodic.Thelaststatementfollowsby Theorem3.4.4.

In thesamewayasin Theorem2.3.9weusesupersymmetryto provethefollowing (A
�

TM
denotesthebundleof evenresp.odddifferentialforms,seethenotationin Theorem2.3.9):

3.4.7.Theorem. Wehavespec∆θ
A » TM )�k 0 l½� spec∆θ

A ¸ TM )�k 0 l .
In dimension2 thespectrumof theθ -periodicLaplacianonformsis completelydetermined

by thespectrumof theLaplacianon functions:

3.4.8.Corollary. Supposethat Mper is a connected2-dimensionalperiodicmanifoldwithout
boundary. Then

spec∆Mper � spec∆A1TMper � spec∆A2TMper � (3.14)

Proof. This follows from theprecedingtwo theoremsandTheorem3.4.4exceptthefact that
0 lies in all spectra.The constantfunction is an eigenfunctionof ∆θ 	 1

M , i.e., 0 � spec∆θ 	 1
M

andtherefore0 � spec∆θ 	 1
A2TM

by Theorem3.4.6. Furthermore,we have 0 � spec∆θ 	 1
A1TM

since
ker∆θ 	 1

A1TM
�� ker∆A1T 6Mper¿ Γ 7 is not trivial by thefollowing arguments:Thekernelof theLapla-

cianon 1-formsis isomorphicto thefirst cohomologygroupH1 � Mper� Γ � by deRham’s The-
orem (cf. [Mas80, AppendixA]) andby the HodgeTheorem(cf. [Ros97,Theorem1.45]).
SinceMper is connectedandorientableby our global assumption,Mper� Γ is a compactori-
entablesurfaceand thereforehomeomorphicto a sphereor to a connectedsumof tori (see
[Mas77, TheoremI.5.1]). Sincethe 2-sphereis simply connectedthe canonicalprojection
π : Mper �Q� Mper� Γ which is alsoa coveringmapwould have to be a homeomorphism(see
[Mas77, ExerciseV.6.1]. This is impossiblesinceMper is non-compact.Therefore,Mper� Γ is
homeomorphicto aconnectedsumof n tori anddimH1 � Mper� Γ � � 2n � 0 by [Mas80, Exam-
ple III.4.2].

Theorem3.4.6allowsusto provetheexistenceof gapsin thespectrumof ∆AdTMper provided
∆Mper hasgapsin its spectrum.Furthermore,if d � 2 thena gapin the spectrumof ∆Mper is
automaticallyagapin thespectrumof ∆ApTMper for p � 1 andp � 2 by theprecedingcorollary.
Therefore,our resultson spectralgapsof theLaplacianon functionsin Chapters4, 5, 6 and7
remaintruein thecaseof d-formsresp.1- and2-formsif d � 2.

3.5 Harmonic extension

We needsomefactsaboutharmonicfunctionson a manifold and the θ -periodic harmonic
extensionof a functiongivenon X ( M ontoaconnectedperiodcell M.

First,wenotethattheboundarytermof theGauss-GreenFormulavanishesfor θ -periodic
functions.
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3 Floquettheory

3.5.1.Lemma. Letu �*B 2
θ � M � andv �*B 1

θ � M � . Then Ñ ∂M ∂nuv � 0.

Proof. As in Lemma3.2.2we split ∂M into 2r z smoothcomponentsZi with the isometries
ϕi : Z2i m 1 �Q� Z2i suchthat ϕi � x� � γi D x. The function f � ∂nuv is well definedon ∂M by
Theorem2.2.5.Furthermore,� f ¦ ϕi � � x� � f � γi D x� ��� θ � γi � θ � γi � f � x� ��� f � x� for x � Z2i m 1

sincethenormalderivativesonZ2i m 1 andZ2i haveoppositesign.NotethatZ2i m 1 andZ2i have
oppositeorientation.But ϕi changestheorientation(seeFigure3.2),sowehave¤

∂M
f � r <

∑
i 	 1

¤
Z2i ¸ 1 � f � f ¦ ϕi � � 0

since Ñ Z2i f ����Ñ
Z2i ¸ 1 f ¦ ϕi .

3.5.2.Lemma. Let Mper bea periodic manifoldwith period cell M. Supposethat X ( M is
closedandsuch that M ) X haspiecewisesmoothboundary. Supposefurther that γX � X s� /0
impliesγ � 1. Leth �MB 1

θ � M � beθ -periodic.Thenthefollowingstatementsareequivalent:

1. C dh � dv F L2 6 T ¾ M 7 � 0 for all v � C∞
θ � M � with v � X � 0.

2. Thefunctionh is smoothandharmonicon M ) X, i.e., ∆h � M Ã X � 0 anddh is θ -periodic

onM ) X.

Proof. (1) Ù (2): By definitionof B 1
θ � M � astheclosureof C∞

θ � M � �� C∞ � Mper� Γ | θ (see(3.5))
wecanassumethath extendsθ -periodicallyontoMper to an B 1-function.Thenwehave

0 � C dh � dv F L2 6 T ¾ M <�7 � ¤
M < Ã X C dh � dv F T ¾ M < � ¤

M < Ã X h∆v

for all v � C∞
c � M z ) X � andall periodcellsM z . Notethattheassumptionis only madeonM but

it remainstrue for any periodcell M z via (3.7). TheWeyl lemmayieldsh � C∞ � �M z ) X � and
∆h � 0. By choosingdifferentperiodcellsM z suchthatM z coverssomepartsof ∂M we can
show thath is smoothup to theboundary∂M, i.e.,h � C∞ � M ) X � .

(2) Ù (1): Without loss of generalitywe may assumethat X ( �M. Then ∂ � M ) X � �
∂M ˙- ∂X. TheGauss-GreenFormulayields¤

∂ 6 M Ã X 7 ∂nhv � ¤
∂M

∂nhv

for all v � C∞
θ � M � suchthatv � X � 0. Thelatterintegralvanishessincedh andv areθ -periodic

(cf. Lemma3.5.1).

3.5.3.Theorem. Supposethat theclosedsetX ( M haspiecewisesmoothboundary. Suppose
further that γX � X s� /0 impliesγ � 1. Theneveryu ��B 1 � X � canbeextendedharmonically
in a uniquewayto anelementh � Φu �MB 1

θ � M � , i.e., h is harmoniconM ) X with θ -periodic
derivativedh onM ) X.

Proof. By theassumptionsonX thereexistsanopensetU containingX suchthatU hasstrictly
positive distancefrom ∂M (if necessarywe have to chooseanotherperiodcell M which is
possibleby theassumptionon X).
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3.6 Periodiccoverings

Supposefirst thatwearein thenonperiodiccase,i.e.,θ s� 1. Then0 is notaneigenvaluefor
∆θ

M. Thereforewe canuseqθ
M asnormon �B : ��B 1

θ � M � (seeSection1.5). For u �³B 1 � X �
let vz ��B 1 � Mper� be an arbitrary extensionof u with suppvz ( U (suchextensionsexist,
see[Ste70]).Setv : � Θθ vz (see(3.8)). Then

v � x� � ∑
γ x Γ

θ � γ � vz � γ D x� � u � x�
for all x � X sincethis sumconsistsonly of thetermfor γ � 1. Let w : � Pv betheorthogonal
projectionof v ontotheclosedsubspace�B 1

θ � M ) X � : ��q f �*B 1
θ � M � rrr f � X � 0 t

of theHilbert space �B . We seth : � v � w. Thenwe have h � X � v � X � u � X andh � v � Pv �� �B 1
θ � M ) X �c�cÚ � �B 0. Notethatelementsof �B 0 areharmonicon M ) X andhave θ -periodic

derivativesonM ) X by Lemma3.5.2.Thisprovestheexistenceof aharmonicextension.
For the uniquenesswe show that 0 �WB 1 � X � canonly be extendedto 0 � �B 0: Let h be

an extensionof 0. Thenwe have h � �B 1
θ � M ) X � becauseh � X � 0 andh is θ -periodic. By

constructionwehaveh � �B 0 � � �B 1
θ � M ) X �b�cÚ thush � 0.

In theperiodiccasewehaveto excludetheconstantfunction
Ç

becauseits �B -normwould
be0. Thereforeweset �B : ��B 1

θ 	 1 � M � � X Ç . Wedenotetheelementsof thisquotientspaceby"u � u �ÛX Ç . As above let v bea θ -periodicextensionof u �MB 1 � X � . Let P betheorthogonal
projectiononto �B 1

θ 	 1 � M ) X � � X Ç ��k "u O u � �B 1
θ 	 1 � M ) X � l . Set "h � "v � P"v. Let h be the

representativeof "h suchthath � X � u � X. Again,by Lemma3.5.2,h is harmonicon M ) X with
periodicderivativedh on M ) X. Theuniquenessfollows from thechoiceof therepresentative
h.

3.6 Periodic coverings

In thissection,weprovethataCk-boundedatlas® with finite maximalnumberof neighbours
anda Ck-boundedpartition of unity with strictly positive distancefrom the boundaryexist.
Furthermore,we constructuniformly elliptic andCk m 1-boundedmetricswith respectto the
atlas® .

First,weconstructacoverof Mper adaptedto theperiodicstructure.Fix aperiodcell M of
Mper andchooseacoverof M, i.e.,finitely many setsUα openin Mper suchthatM (jÜ α x AUα .
This is possiblesinceM is compact. Supposethat γUα � Uα s� /0 implies γ � 1, i.e., Uα is
smallerthansomeperiodcell (not necessarilyM). Supposefurtherthatϕα : Uα �Q� Vα (j
 d

arecharts. Without lossof generalitywe canassumethat the transitionmapsϕα2
¦ ϕ m 1

α1
are

boundedin Ck, i.e.,all componentsandderivativesupto theorderk aresupposedto bebounded
functions,providedUα1

� Uα2
s� /0. Then

ϕα | γ : Uα | γ �]� Vα

with

Uα | γ : � γUα and ϕα | γ � γ D x� : � ϕα � x�
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3 Floquettheory

arealsochartsand � Uα | γ � α x A | γ x Γ form a coveringof Mper. Coveringsof Mper arisingin this
wayarecalledperiodiccovers.

Notethatwehave ϕα2 | γ2
¦ ϕ m 1

α1 | γ1
� ϕα2

¦ ϕ m 1
α1

for all γ1 � γ2 � Γ z . ThereforetheCk-boundof

the transitionmapsfor theatlas ® per � � ϕα | γ : Uα | γ �Q� Vα | γ � α is thesameastheCk-bound
of thetransitionmapsfor theatlas ® � � ϕα : Uα �]� Vα � α of theperiodcell M, i.e.,on Mper

thereexistCk-boundedatlases(seeDefinition2.2.1).This is oneof thereasonswhy wechoose
aperiodiccover;periodicmanifoldscanbetreatedessentiallylikecompactmanifolds.

To shortenthenotationwewrite β � � α � γ � � A , Γ.

3.6.1.Lemma. Thenumberof neighbours of a givensetUβ is bounded,i.e., there existsa
numberN ��� such that

cardq β z � A , Γ rrr Uβ � Uβ < s� /0 t P N

for all β � A , Γ.

Proof. Let r denotesthenumberof generatorse1 �0�0�0��� er of Γ. For eachei we have two neigh-
bourseiM andem 1

i M of M. ThereforeM has3r � 1 neighbours.Occasionally, a chartsetUβ
couldmaximallyhaveN � 3r � cardA� neighbours.

Next, weconstructa partitionof unity adaptedto theperiodicstructure.

3.6.2.Lemma. Thereexistsa partition of unity � χα | γ � subordinateto thecovering � Uα | γ � such
that χα | γ � Tγ χα | 1 for all α � A, γ � Γ. Such a partition of unity is calledperiodic. In particu-

lar, thepartition of unity isCk boundedandcanbechosensuch thata strictly positivedistance
fromtheboundaryexists(seeDefinition2.2.1).

Proof. Let π : Mper �T� Mper� Γ betheprojectionontotheorbit space.Then "Uα : � πUα form
an opencovering of Mper� Γ. Suppose� "χα � is a partition of unity subordinateto the atlas�® � � "ϕα : "Uα �Q� Vα � α x A. Without lossof generalitywe canassumethat dist� supp"χ � Vα )
∂ 
 d! � � d0 for all α � A andsomed0 � 0 sinceA is finite.

Wecanlift any smoothfunctiononthequotientspaceto thefull space,i.e.,wesetχα � x� : �"χα � πx� . SinceγUα � Uα s� /0 implies γ � 1, the function χα | γ : � χα � Uα Ý γ is smoothandhas

compactsupportin Uα | γ . Furthermore,if x � Mper thenthereexist α � A andγ � Γ z suchthat
x � Uα | γ and � ∑α | γ χα | γ � � x� � ∑α χα � x� � ∑α "χα � πx� . Theboundednessof supα | γ J χα | γ J Ck 6 Vα 7
andthestrictly positivedistancefrom theboundaryfollow from theperiodicityof χα .

Finally, westatethefollowing result:

3.6.3.Lemma. Theperiodic metric gper is uniformly elliptic with respectto ® per. Further-
more, gper is Ck-boundedif ® per is Ck! 1-bounded.

Proof. Cleary, by theperiodicityof gper and ® per, we canpassto thecompactquotientRie-
mannianmanifoldMper� Γ. Here,every metric is uniformly elliptic, providedthemetriccom-
ponentscanbeextendedcontinuouslyontotheclosureof "Uα . TheCk ! 1-boundednessof gper

follows in thesameway.
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4 Construction of a periodic manifold

In this chapterwepresentaclassof examplesof periodicmanifoldswith gapsin thespectrum
of the correspondingLaplacian. In the simplestcasethe periodic manifold is obtainedby
glueingtogether� copiesof afixedcompactmanifoldX modifiedin theneighbourhoodof two
distinctpointssuchthatwehave two smallcylindrical ends.Weobtaingapsin thespectrumif
weshrinktheradiusof thecylindrical ends.

4.1 Metric estimates

First, we collect somefacts aboutRiemannianmanifolds. For details seee.g. [BGM71],
[Cha93],[dC92]or [GHL87].

Let X be a compactRiemannianmanifold of dimensiond
�

2 (possiblywith boundary
∂X s� /0) andmetric g. Let BX � x � ε � be the opengeodesicball at x with radiusε � 0. The
injectivity radiusinjxX in x is themaximalradiussuchthattheexponentialmapis definedon
BX � x � ε � . The(global) injectivity radiusinj X is theinfimum of injxX takenoverall x � X. On
acompactmanifoldwealwayshaveε0 : � inj X � 0.

Theexponentialmapdefinesachartmap

expx0
: Bε0

�Q� BX � x � ε0 � ( X

(callednormalcoordinatesat x0) whereBε0
denotesthecenteredopenball of radiusε0 in the

tangentspaceTx0
X at x0. We identify this vectorspacewith 
 d by fixing thebasis∂1 �c�0�0��� ∂d

of Tx0
X. If we choosepolar coordinatesv � sσ �³
 d with 0 � s � ε0 andσ � � d m 1 � : � to

describepointsBε0
)�k 0 l weobtainadiffeomorphism

ϕ :  0 � ε0 ��, � �Q� BX � x � ε0 � )�k x0 l�( X �
TheGausslemmaimpliesthatthemetricin polarcoordinates(theinducedmetricon  0 � ε0 �´, �
by ϕ) splitsinto a radialpartandasphericalpart,i.e.,� ϕ V g� 6 s| σ 7 � ds2

s � h 6 s| σ 7 (4.1)

(seee.g. [GHL87, Lemma2.93]) whereh 6 s|�9 7 denotesa parameter-dependentmetric on the� d � 1� -dimensionalunit sphere� � � d m 1.
Our glueingprocedurerequiresthatwe flattenthemanifoldin theneighbourhoodof some

points.Weneedthefollowing estimate:
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4 Constructionof aperiodicmanifold

4.1.1.Lemma. Supposethe metric is givenin polar coordinatesat x0 by (4.1). Denotethe
standard metricon � bydσ2. Thenthereexist constantsc � 1 and0 � s0 � inj X such that

1
c2s2dσ2 P h 6 s|�9 7 P c2s2dσ2 (4.2)

in thesensethat
1
c2s2dσ2

σ � uσ � uσ � P h 6 s| σ 7 � uσ � uσ � P c2s2dσ2
σ � uσ � uσ �

for all uσ � Tσ � , σ � � and0 � s � s0.

Proof. Denoteby gi j � v� : � gexpx0
v � ∂i � ∂ j � the metric componentsin normalcoordinates.Let

λmin � v� resp.λmax � v� be the smallestresp.greatesteigenvalueof the correspondingmatrix.
Sincethismatrix is strictly positivewehave0 � λmin � v� . Furthermoretheeigenvaluesdepend
continuouslyonv (since � gi j � v�0� does,seee.g.,[Kat66,TheoremII.5.1] or Lemma1.4.5).Thus
if we restrictourselvesto thesmallerchartgivenby

O
v
O4P

s0 � inj X for some0 � s0 � inj X
wecanchoosec � 0 suchthat

1
c2

P
λmin � v� P λmax � v� P c2 �

Weconclude

1
c2

O
u
O 2 P d

∑
i | j 	 1

gi ju
iu j P c2 Ou O 2 (4.3)

for any u �M
 d . In polarcoordinatesthestandardmetricat v � sσ isO
u
O 2 � ds2

s � us � us � � s2dσ2
σ � uσ � uσ �

with u � us � uσ , whereus is the vector tangentto the radial directionandwhereuσ is the
vectortangentto thesphere� at v � sσ . From(4.1)and(4.3)weconclude

1
c2 � ds2 � s2dσ2 � P � ϕ V g� 6 s| σ 7 � ds2 � h 6 s| σ 7 P c2 � ds2 � s2dσ2 � �

Thereforewehaveproven(4.2).

We needanothertypeof estimateson themetric:

4.1.2.Lemma. Supposewe are given two positivebilinear forms h1 and h2 on a finite di-
mensionalHilbert spaceV with orthonormal basis e1 �0�0�0�b� ed which satisfy h1

P
h2, i.e.,

h1 � u � u� P h2 � u � u� for all u � V.

1. Denotebydethk thedeterminantof thematrix � hk � ei � ej �0� i j . Thenwehavetheinequality
deth1

P
deth2.

2. Supposeα1 � α2
�

0 with α1 � α2 � 1. Thenthe convex combinationlies betweenthe
givenforms,i. e. h1

P
α1h1 � α2h2

P
h2. In particular, if h1 is strictly positivesois the

convex combination.

Proof. Thefirst statementis asimpleconsequenceof theMin-maxPrinciple(Corollary1.3.5):
From the assumptionwe get 0

P
λk � h1 � P λk � h2 � and thus deth1 � λ1 � h1 � DE�0�0�ÞD λd � h1 � P

λ1 � h2 � DN�0�0�ßD λd � h2 � � deth2.
Thesecondstatementis truein any orderedvectorspace.
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4.2 Constructionof theperiodcell

0
s

χε � s�
2εε 0 ε 2ε

s

rε � s�
1

2ε

rε � s�
ε0 ε0

ε

rε � s�

Figure 4.1: Graphsof thecut-off functionχε andof theradii functionsrε à rε à rε.

4.2 Construction of the period cell

As above,let X beacompactRiemannianmanifoldof dimensiond
�

2 (possiblywith bound-
ary ∂X s� /0). Let r be the numberof generatorsof a given abeliangroupΓ. We choose2r
distinct points x1 �0�0�0��� x2r . For eachpoint xi we set Bi

ε : � B � xi � ε � . Supposethat the radius
ε0 � 0 of thegeodesicball aroundxi is smallerthanthe injectivity radiusinj X. Supposefur-
ther that Bi

ε0
are pairwisedisjoint and that Bi

ε0
doesnot intersectthe boundaryof X for all

i � 1 �0�c�0�c� 2r. Denoteby Bε theunionof all theseballs.Let Xε : � X ) B2ε for 0 � 2ε � ε0 with
metric inheritedfrom X. Finally, let Yi

ε : � ∂Bi
2ε bethecomponentof theboundaryof Xε near

xi (seeFigure4.2).
We start now with the constructionof the modified metric on X. Let χε be a smooth

functionwith valuesbetween0 and1, χε � s� � 0 for s
P

ε andχε � s� � 1 for s
�

2ε. Let rε be
asmoothfunctionwith rε � s� � ε in aneighbourhoodof 0 andrε � s� � s for s

�
2ε. Finally, let

rε � s� � ε for s
P

ε resp. rε � s� � s for s
� ε andrε : � r2ε. Supposerε andrε encloserε (see

Figure4.1).
Fromtheorthogonaldecompositionin polarcoordinates(4.1) we obtaina metrichi6 s|�9 7 on

thesphere� for eachpoint xi . Wereplacethis metricby aconvex combinationof thestandard
metricon thespherewith radiusrε � s� andtheoriginal metrichi6 s|�9 7 , i.e.,we obtaina metricon� by

hi6 ε | s| σ 7 : � � 1 � χε � s�0� r2
ε � s� dσ2

σ � χε � s� hi6 s| σ 7 �
dependingon thetwo parameterss andε. By Lemma4.1.2,hi6 ε | s|�9 7 is indeedstrictly positive,
thusametric.Lemma4.1.1yields

1
c2 rε

2 � s� dσ2 P ` � 1 � χε � s� � r2
ε � s� � 1

c2 χε � s� s2 a dσ2 P hi6 ε | s|�9 7 PP ` � 1 � χε � s� � r2
ε � s� � c2χε � s� s2 a dσ2 P c2 rε

2 � s� dσ2

which impliestheexistenceof anotherconstantcz (againby Lemma4.1.2)suchthat

1
cz rε

d m 1 � s� P � dethi6 ε | s|�9 7 � 1
2
P

cz rε
d m 1 � s� � (4.4)

Wedenotethecompletionof X )ák x1 �0�0�0��� x2r l togetherwith themodifiedmetricsgi6 ε | s| σ 7 �
ds2

s � h 6 ε | s| σ 7 nearxi by Mε . NotethatXε is embeddedin Mε andthattheboundaryof Mε has
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Figure4.2: Constructionof theperiodicmanifoldMper
ε . Westartwith thecompactmanifoldX, modify

X in a neighbourhoodof x1 àãâãâãâ�à x2r . Here,theperiodcell Mε hasonly r 5 1 pairsof cylindrical ends.
Finally we gluetheperiodicmanifoldMper

ε from copiesof theperiodcell.

2r new disjoint componentsZ1
ε �0�0�0� Z2r

ε , eachof themisometricto thesphereof radiusε. Let
Ai

ε bethepartof themanifoldMε nearxi givenin polarcoordinatesby � 0 � 2ε ×, � . Finally, we
setAε � A1

ε - D0DcD - A2r
ε , Yε � Y1

ε - D0D0D - Y2r
ε andZε � Z1

ε - D0DcD - Z2r
ε (seeFigure4.2).

Rememberthat Γ is a finitely generatedabeliangroup with r generatorse1 �0�0�0�b� er . We
supposethatΓ hasat leastoneinfinite generator. Furthermorelet γMε beanisometriccopy of
Mε with identificationx [� γ D x for eachγ � Γ. Weconstructanew manifoldMper

ε by identifying
γZ2i m 1

ε with eiγZ2i
ε for eachγ � Γ andi � 1 �0�0�0��� r (seeFigure4.2). Sincein a neighbourhood

of Zi
ε the manifold is isometricto a cylinder of radiusε, we canchoosea smoothatlasand

a smoothmetric of the gluedmanifold Mper
ε . We thereforeobtaina (non-compact)manifold

which admitsa cocompactΓ-actionasin Chapter3, soFloquettheoryapplies.Themanifold
Mε is aperiodcell for Mper

ε .
Notethator a d-dimensionalmanifoldMper

ε a finitely generatedgroupΓ with r generators
(e. g. Γ ��� r) exists which actscocompactlyon Mper

ε . Thus the dimensionof periodicity
is independentof the dimensionof the manifold. This is in contrastto the flat periodiccase
Mper

ε ��
 d wherethegroupactionmusthave r � d generatorsto obtainacocompactaction.

4.3 Convergenceof the eigenvalues

Floquettheoryallowsusto analysethespectrumof theperiodicmanifoldMper
ε byanalysingthe

spectrumof theθ -periodicLaplacianon theperiodcell Mε . We imposeθ -periodicboundary
conditionsbetweenZ2i m 1

ε andZ2i
ε for eachi � 1 �0�0�0�b� r. If ∂Mε containsmorecomponents(thus

componentsof ∂X) we leave theboundaryconditionsonX unchanged.
Now weareableto stateour first mainresult:
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4.3 Convergenceof theeigenvalues

4.3.1.Theorem. Let Γ be an abeliangroup with r generators. Let Mper
ε be constructedas

abovebyglueingtogetherΓ copiesof a compactmanifoldMε . Here, Mε is obtainedby taking
away2r pointsfromX andchangingthemetricsuch that theendslook likesmallcylinders.

Thenthe k-th Dirichlet as well as the k-th Neumanneigenvalue(denotedby λ D ¿ N
k � Mε � )

convergesto thek-th eigenvalueλk � X � of X asε � 0.
In particular, thek-th θ -periodiceigenvalueλ θ

k � Mε � convergesuniformly in θ � Γ̂ to the
k-th eigenvalueλk � X � of X asε � 0.

Applying theFloquettheorywe obtainthefirst exampleof a periodicmanifoldwith gaps
in its spectrum:

4.3.2.Corollary. For ε small enough the k-th band Bk � ∆Mper
ε
� and the � k � 1� -st band

Bk! 1 � ∆Mper
ε
� do not overlap,providedλk � X ��� λk ! 1 � X � . In particular, for givenN ��� there

existsε0 � 0 such that theperiodicoperator ∆Mper
ε

hasat leastN gapsfor 0 � ε � ε0.

To show theconvergenceof theDirichlet resp.Neumanneigenvaluesλ D ¿ N
k � Mε � onMε for

ε � 0 wewill enclosethemby eigenvaluesof Laplacianswith Dirichlet or Neumannboundary
conditionson Xε . Thereforewe needthe convergenceof the spectrumof theseoperators.
Fortunately, theseresultsarealreadyin theliterature,sowewill only quotetheresults.

4.3.3.Theorem. Thespectrumof theDirichlet Laplacianon Xε convergesto thespectrumof
theLaplacianonX, i.e., limε h 0λ D

k � Xε � � λk � X � .
Proof. (see[CF78])

4.3.4.Theorem. Thespectrumof theNeumannLaplacianonXε convergesto thespectrumof
theLaplacianonX, i.e., limε h 0λ N

k � Xε � � λk � X � .
Proof. (see[Ann87])

Proofof Theorem4.3.1. First we give an estimatefrom above for the Dirichlet eigenvalues
λ D

k � Mε � of thequadraticform qD
Mε

. This is easilydoneby theembedding

dom� qD
Xε � � �B 1 � Xε �/p � �B 1 � Mε � � dom� qD

Mε �
for thedomainsof thequadraticforms.TheMin-max Principleyields

λ D
k � Xε � � λ D

k � Mε � � (4.5)

For theestimatefrom below we needour Main Lemma(formally, theMain Lemma(The-
orem1.4.2)canalsobeappliedto obtaintheestimatefrom above). WesetB ε : � L2 � Mε � � domqε : �wB 1 � Mε � � qε : � qN

Mε
�B zε : � L2 � Xε � � domqzε : �wB 1 � Xε � � qzε : � qN

Xε

andtheoperatorΦε is just therestrictionof uε to Xε , e.g.Φεuε : � uε � Xε
.

Wehave to verify theconditionsof Theorem1.4.2resp.of Corollary1.4.4.
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4 Constructionof aperiodicmanifold

Condition1 resp.(1.15)is satisfiedifrr J Φεuε J 2 ��J uε J 2 rr � ¤
Mε Ã Xε

O
uε
O 2 � ¤

Aε

O
uε
O 2 P ω � ε � J uε J 2qN

Mε

with a positive function ω � ε � � 0 as ε � 0. The existenceof ω � ε � will be shown Theo-
rem4.4.1.

Condition2 resp.(1.16)is trivially satisfiedbecauseof

qN
Mε � uε � � ¤

Mε

O
duε

O 2 � ¤
Xε

O
duε

O 2 � qN
Xε � Φεuε � �

Notetheadvantageof not having to prove theconvergenceof thequadraticforms.
Condition3 is satisfiedby Estimate(4.5)andTheorem4.3.3.
Finally, Theorem1.4.2implies

λ N
k � Xε � � δk � ε � P λ N

k � Mε � (4.6)

with δk � ε � � 0 asε � 0.
Estimates(4.5)and(4.6)togetherwith theDirichlet-Neumannenclosure(see(3.12))show

λ N
k � Xε � � δk � ε � P λ N

k � Mε � P λ θ
k � Mε � P λ D

k � Mε � P λ D
k � Xε � �

ThereforeTheorem4.3.3andTheorem4.3.4imply theconvergenceof theDirichlet, Neumann
andθ -periodick-th eigenvalueon Mε to thek-th eigenvalueon X. Note that theconvergence
is uniform in θ � Γ̂ sinceδk � ε � doesnotdependon θ .

4.4 Estimateon the cylindrical ends

The following theorem,basedon articlesby C. Anné (cf. [Ann87], [Ann94, LemmeA] and
[Ann99]), givesus two importantestimateson the boundaryZε resp.the junction Aε . The
estimateover theboundaryis anintermediateresultwhich will beneededin Chapter5 (when
glueinga long thin cylinder to Mε ).

4.4.1.Theorem. There existsa positivefunctionω � ε � converging to 0 asε � 0 such that¤
Zε

O
uε
O 2 � ¤

Aε

O
uε
O 2 P ω � ε � ¤

Mε
� Ouε

O 2 � O
duε

O 2 �
for all uε �*B 1 � Mε � .

Notethatω � ε � only dependson thegeometryof X nearxi .

Proof. We prove the result for the componentsZi
ε of Zε resp.Ai

ε of Aε separatly. Suppose
uε � C∞ � Mε � with uε � ε0 � σ � � 0 for all σ � � . First we show an L2-estimateover Ai

ε | s : �k sld, � ( Ai
ε with its inducedmetrich 6 ε | s|�9 7 .

Applying theCauchy-SchwarzInequalitytogetherwith Estimate(4.4)yieldsO
uε � s� σ � O 2 � rrr ¤ ε0

s
∂tuε � t � σ � dt rrr 2P

cz ¤ ε0

s

` c
rε � t � a d m 1

dt
¤ ε0

s

O
∂tuε � t � σ � O 2 � deth 6 ε | t | σ 7 � 1

2 dt �
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4.4 Estimateon thecylindrical ends

If we integrateoverσ � � d m 1 weobtain¤
Ai

ε Ý s Ouε
O 2 � ¤4ä O

uε � s� σ � O 2 � deth 6 ε | s| σ 7 � 1
2dσP

cz � rε � s� � d m 1
¤ ε0

s

` c
rε � t � a d m 1

dtå ænç è	 :ωs 6 ε 7
¤

Mε

O
duε

O 2 �
We have constructedrε resp.rε suchthat rε � t � � ε for 0

P
t
P

ε andrε � t � � t for ε
P

t
P

ε0
resp.rε � s� P 2ε for 0

P
s
P

ε0. Therefore

ωs � ε � P cz � 2ε � d m 1
` ¤ ε

0

1
εd m 1 dt � ¤ ε0

ε

1
td m 1 dt a � : ω � ε �

whereω � ε � convergesto 0 asε � 0. If we sets � 0 we obtainthestatementfor Zi
ε � Ai

ε | 0.
Furthermore, ¤

Ai
ε

O
uε
O 2 � ¤ 2ε

0

¤
Ai

ε Ý s Ouε
O 2 P 2εω � ε � ¤

Mε

O
duε

O 2 �
If u � ε0 � σ � s� 0 we choosea cut-off function(which is independentof ε!). If u �MB 1 � Mε �

weapplyanapproximationargument.
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5 Periodic manifold joined by cylinders

In thischapterweconstructanotherclassof periodicmanifoldswith gapsin thespectrum.This
time, we admit long thin cylindersof fixedlengthbetweeneachmodifiedmanifold. Roughly
speaking,we join Γ copiesof a compactmanifold X by long thin cylinders. As before,we
obtaingapsin thespectrumif we let theradiusof thesecylinderstendto 0.

5.1 Construction of the period cell

Let Γ beanabeliangroupwith r generators.SupposethatMε is theperiodcell constructedin
thepreviouschapter, i.e.,Mε is obtainedby takingaway2r pointsxi from X andmodifying the
metricin aneighbourhoodof eachpoint xi suchthatsmallcylindrical endsof radiusε ariseat
eachpoint xi (seeSection4.2). SupposethatLi � 0 for i � 1 �0�c�0�b� r andsetI i : ��� 0 � Li  . Now
for eachi � 1 �c�0�0�c� r we glueoneendof thecylinderCi

ε : � I i , � with metricds2 � ε2dσ2 to
thecomponentZ2i m 1

ε of theboundaryof Mε . We call theresultingcompactmanifold "Mε (see
Figure5.1). Let Cε be the (disjoint) union of C1

ε �0�0�c�c� Cr
ε and let I be the (disjoint) union of

I1 �0�0�0��� I r .

"Mε

ε
Z2

ε

Mε

L1

C1
ε

Z1
ε

A1
ε A2

ε

Figure 5.1: Here, the periodcell 'Mε is obtainedfrom glueing the cylinder C1
ε of lenghtL1 é 0 and

radiusε é 0 to theperiodcell Mε constructedin Figure4.2.

We obtain the periodicmanifold "Mper
ε in the sameway as in the last chapterby glueing

togetherΓ copiesof theperiodcell "Mε (seeFigure0.3onpage5).

5.2 Convergenceof the eigenvalues

As beforewe useFloquettheory to analysethe spectrumof the periodicmanifold "Mper
ε by

analysingthe spectrumof the θ -periodic Laplacianon the period cell "Mε . We imposeθ -
periodic boundaryconditionsbetweenZ2i

ε and the free end of Ci
ε for eachi � 1 �0�0�0�b� r. If

∂X s� /0 we leave theboundaryconditionsonX unchanged.
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5 Periodicmanifoldjoinedby cylinders

We denoteby λ D
k � X ˙- I � � λ D

k � X ˙- I1 ˙- �0�0� ˙- I r � thespectrumof the Dirichlet Laplacianon
X ˙- I (notethatX ˙- I consistsof r � 1 components).Thespectrumof this manifoldis theunion
of thespectraof its components,thusλ D

k � X ˙- I � is justa rearrangementin increasingorderand
repeatedaccordingto multiplicity of all eigenvaluesλm � X � � λ D

m1 � I1 � �0�0�0��� λ D
mr � I r � .

In the sameway, we denoteby λ DN
k � X ˙- I � the spectrumof the Laplacianon X and the

spectrumof theDirichlet-NeumannLaplacianon I , i.e.,weposeDirichlet boundaryconditions
at 0 andNeumannboundarycondionsat Li on eachinterval I i.

Our secondmainresultis thefollowing:

5.2.1.Theorem. Let Γ be an abeliangroup with r generators. Let "Mper
ε be constructedas

abovebyglueingtogetherΓ copiesof a compactmanifold "Mε . Here, "Mε is obtainedbyglueing
r cylindersof lenghtLi andradiusε to thecomponentZ2i m 1

ε of ∂Mε .
Thenthek-th Dirichlet resp.θ -periodiceigenvalueλ D

k � "Mε � resp.λ θ
k � "Mε � converges(uni-

formly in θ � Γ̂) to thek-th Dirichleteigenvalueλ D
k � X ˙- I � of X ˙- I asε � 0. Thek-th Neumann

eigenvalueλ N
k � "Mε � convergesto thek-th Dirichlet-Neumanneigenvalueλ ND

k � X ˙- I � of X ˙- I as
ε � 0.

Again,applyingFloquettheoryweobtain:

5.2.2.Corollary. For ε small enough the k-th band Bk � ∆ ±Mper
ε
� and the � k � 1� -st band

Bk! 1 � ∆ ±Mper
ε
� do not overlap, provided that λk � X ˙- I �&� λk! 1 � X ˙- I � . In particular, for given

N �M� thereexistsε � 0 such that theperiodicoperator ∆ ±
Mper

ε
hasat leastN gaps.

Notethat this resultis in somesenselesssatisfactorythantheresultof Chapter4 because
thelimit spectrumcontainsmorepoints.If oneis interestedin gapsit would bebetterto have
a limit spectrumwith few points.

Nevertheless,this exampleshows anotherphenomena.The volumeof the ε-depending
partCε - Aε is of theorderO � εd m 1 � in contrastto theexampleof theprecedingchapter. There,
we hadvol � Aε � � O � εd � . Therefore,the periodicmanifold "Mper

ε leadsto the conjecturethat
the separationprocedureproducinggapsonly needsa surfaceterm (i.e., a submanifoldof
dimensiond � 1) whosevolumeconvergesto 0.

To show theconvergenceof theθ -periodicresp.Dirichlet eigenvalueswewill enclosethem
by Laplacianswith Dirichlet or Neumannboundaryconditionson Xε andDirichlet boundary
conditiononCε . Wefurtherneedtheconvergenceof thespectrumof thecylinders.Onewould
expectthatthespectrumof thecylinderCi

ε convergesto thespectrumof theinterval I i asε � 0
sinceCi

ε collapsesto I i. This is indeedthecase:

5.2.3.Theorem. Thespectrumof theDirichletresp.Dirichlet-NeumannLaplacianonCi
ε con-

vergesto thespectrumof theDirichlet resp.Dirichlet-NeumannLaplacianon I i ��� 0 � Li  , e.g.,
limε h 0λ D

k � Ci
ε � � λ D

k � I i � resp.limε h 0 λ DN
k � Ci

ε � � λ DN
k � I i � .

Proof. Wehave

λ D
k1 | k2 � Ci

ε � � 1
ε2λk1 � � � � λ D

k2 � I i � �
Theresultfollowsby rearrangingtheseeigenvaluesasε � 0.
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5.2 Convergenceof theeigenvalues

In Chapter8 weneedestimateson thelimit spectrum:

5.2.4.Lemma. We have λ D
k � I i � � π26 Li 7 2k2 and λ DN

k � I i � � π26 Li 7 2 � k � 1
2 � 2, k �j� . In partic-

ular, λ D
k � I i ��� λ DN

k ! 1 � I i � and λ D
k � X ˙- I � P λ DN

k ! 1 � X ˙- I � with strict inequality if λ D
k � X ˙- I � and

λ DN
k! 1 � X ˙- I � arenot in thespectrumof ∆X.

Now weprove themainresultof this chapter.

Proofof Theorem5.2.1. Wecall λ DD
k � Xε ˙- Cε � resp.λ ND

k � Xε ˙- Cε � theeigenvalues,orderedac-
cordingto multiplicity, of the quadraticform qD

Xε ~ qD
Cε

resp.qN
Xε ~ qD

Cε
correspondingto the

LaplacianonXε ˙- Cε . Notethattheseeigenvaluesconvergeto pointsof theunionof thespectra
of qX andqD

I (seeTheorems4.3.3,4.3.4and5.2.3).
We first give an estimatefrom above for the θ -periodicandDirichlet eigenvalues. The

embedding �B 1 � Xε � ~ �B 1 � Cε �/p � �B 1 � "Mε �/p �²B 1
θ � "Mε �

for the domainsof the quadraticforms with Dirichlet resp. θ -periodicboundaryconditions
yieldstheinequality

λ DD
k � Xε ˙- Cε � � λ D

k � "Mε � � λ θ
k � "Mε � (5.1)

via theMin-max Principle.
For theestimatefrom below wealsoapplyour Main LemmawithB ε : � L2 � "Mε � � domqε : �wB 1

θ � "Mε � � qε : � qθ±
Mε
�B zε : � L2 � Xε � ~ L2 � Cε � � domqzε : �wB 1 � Xε � ~ �B 1 � Cε � � qzε : � qN

Xε ~ qD
Cε
�

We furthersetuε � vε ~ wε andΦεuε : � vε ~ � wε � Hεuε � wherehε : � Hεuε is theharmonic
function (∆Cε

hε � 0) with boundarycondition hε � ∂Cε
� uε � ∂Cε

. By constructionwe have

fε � wε � hε � �B 1 � Cε � . Notethathε existsandthathε is uniqueby Theorem3.5.3.Theidea
of usingtheharmonicextensionon thecylinder is dueto [Ann87].

Now, we have to verify the conditionsof the Main Lemma(Theorem1.4.2). In orderto
show Condition1 weestimaterr J Φεuε J 2 ��J uε J 2 rr P ¤

Aε

O
uε
O 2 � ¤

Cε
� Owε � hε

O 2 � Owε
O 2 �P J uε J 2L2 6 Aε 7 � 2 J uε J L2 6 Cε 7 J hε J L2 6 Cε 7 ��J hε J 2L2 6 Cε 7 �

Sincewe alreadyhave proven J uε J 2L2 6 Aε 7 � 0 for every qθ
Mε

-boundedfamily � uε � ε asε � 0

in Theorem4.4.1it is sufficient to show theconvergenceJ hε J 2L2 6 Cε 7 � 0 uniformly in θ . This
will bedonein thenext section.

In orderto verify Condition2 we needLemma2.3.11which is onereasonwhy we have
chosentheharmonicextensionon thecylinder. In short,it saysthatDirichlet functionsmini-
mizetheenergy integralwhenaddingharmonicfunctions,i.e.,J dwε � dhε J 2L2 6 T ¾ Cε 7 P J dwε J 2L2 6 T ¾ Cε 7 �
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5 Periodicmanifoldjoinedby cylinders

Thisyieldsaproof of condition2:

qzε � Φεuε � � qN
Xε � vε � � qD

Cε � wε � hε � P qN
Xε � vε � � qD

Cε � wε � � qθ±
Mε � uε � � qε � uε � �

Condition 3 is satisfiedbecauseof Estimate(5.1) and the convergenceof the Dirichlet
eigenvalues(seeTheorem4.3.3andTheorem5.2.3).Theconstantin condition3 is alsoinde-
pendentof θ .

Theorem1.4.2yields

λ ND
k � Xε ˙- Cε � � δk � ε � P λ θ

k � "Mε � (5.2)

for someδk � ε � � 0 asε � 0 uniformly in θ .
Estimates(5.1) and(5.2) togetherwith Theorem4.3.3,Theorem4.3.4andTheorem5.2.3

imply theconvergenceof thek-th θ -periodicresp.Dirichlet eigenvalueto thek-th eigenvalue
of X ˙- I with Dirichlet boundaryconditionson theinterval I .

Wewill notprovetheconvergenceλ N
k � "Mε � � λ DN

k � X ˙- I � sinceit canbedonein essentially
thesameway.

5.3 Estimateof the harmonic extension

For the proof of the L2-convergenceof the harmonicextensionon the cylinders we follow
C. Anné [Ann87] and[Ann99].

In thiscontext it is usefulto work in anε-independentHilbert space.Thiswill beachieved
by thetransformation

Tε : L2 � Cε � �Q� L2 � C �
u [ �Q� ε

d ¸ 1
2 u

with C � C1 being the cylinder I , � (resp.the disjoint union of the cylinders I i , � ) with
standardmetric. Denoteby ∂t andd

ä
thederivative with respectto t � I andσ � � � � d m 1.

Thetransformedquadraticform of theLaplacianonCε is

TV qCε � u� � qCε � T m 1
ε u� � ¤

C � O ∂tu
O 2 � 1

ε2

O
d

ä
u
O 2 �

with thesamedomaindomTV qD
Cε
� domqD

Cε
� �B 1 � C � for eachε if wehaveDirichletboundary

conditions(the samestatementholds for Dirichlet-Neumannboundaryconditions). In the
sequelwewill not in generaldistinguishbetweentheform qCε

on L2 � Cε � andTV qCε
onL2 � C � .

We will prove thefollowing theoremin severalsteps(see[Ann99]).

5.3.1.Theorem. Theintegral Ñ Cε

O
Hεuθ

ε
O 2 convergesto 0 uniformly in θ for all qθ

Cε
-bounded

families � uθ
ε � ε | θ (alsoboundedin θ !).

We first show thata limit h existsfor subsequencesof theboundedfamily.

5.3.2.Lemma. Let � uθ
ε � ε | θ be a qθ±

Mε
-boundedfamily and hθ

ε : � Hεuθ
ε . Then the families� J hθ

ε J H 1 6 C 7 � ε | θ and � qCε � hθ
ε �c� ε | θ arebounded(in ε andθ ).

In particular, for all sequences� εm� m and � θm� m with εm � 0 we can find subsequences� εmn � n and � θmn � n such that hn : � hθmn
εmn

convergesweaklyin B 1 � C � andstrongly in L2 � C � to

an elementh �*B 1 � C � . Wewill denotethesubsequencesalsoby � εn � and � θn � .
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5.3 Estimateof theharmonicextension

Proof. Let � uθ
ε � ε | θ bea family boundedby someconstantc � 0. Furthermore,let λ D

1 � C1 � � 0

bethefirst Dirichlet eigenvalueof thequadraticform qD
C1

. Setwθ
ε � uθ

ε � Cε
. By constructionof

hθ
ε wehavewθ

ε � hθ
ε � �B 1 � C � andtherefore

λ D
1 � C1 � J wθ

ε � hθ
ε J 2L2 6 C 7 P qD

C1 � wθ
ε � hθ

ε � P qD
Cε � wθ

ε � hθ
ε � ���J dwθ

ε � dhθ
ε J 2L2T ¾ Cε

P J dwθ
ε J 2L2T ¾ Cε

P J duθ
ε J 2L2T ¾ ±Mε

� qθ±
Mε � uθ

ε � P c �
where we have used the Min-max Principle in the first, 1

P
1� ε2 in the secondand

Lemma2.3.11in thethird inequality. It follows thatJ hθ
ε J L2 6 C 7 P J wθ

ε � hθ
ε J L2 6 C 7 �AJ wθ

ε J L2 6 C 7 P�ê c
λ D

1 � C1 � � ¢ c �
In thesamewayweprove

qC1 � hθ
ε � P qCε � hθ

ε � ��J dhθ
ε J 2L2T ¾ Cε

P J dwθ
ε J 2L2T ¾ Cε

P J duθ
ε J 2L2T ¾ ±Mε

� qθ±
Mε � uθ

ε � P c �
Again, we have used1

P
1� ε2 in thefirst andLemma2.3.11in thesecondinequality. Since

the B 1-normis equivalentto thequadraticform normof theLaplacianthereexistsaconstant
cz � 0 suchthat J h J 2H 1 6 C 7 P cz � J h J 2L2 6 C 7 � qC1 � h� �
for all h �MB 1 � C � . Therefore,thefirst partof thelemmafollows.

Furthermore,thesequence� hθm
εm � m is boundedfor any sequences� εm� m and � θm� m. Thus

the weaksequentialcompactnessof boundedsubsetsof the Hilbert spaceB 1 � C � (seeThe-
orem 1.1.1) implies the existenceof a subsequence� hn � n converging weakly to an element
h �³B 1 � C � . Thestrongconvergenceis just a consequenceof theRellich-Kondrachov Theo-
rem2.2.4.

Note that the elementh in generaldependson the sequences� εm� m and � θm� m. We will
show in thenext lemmasthatthis is not thecase.First we prove thatthelimit h is constantin
sphericaldirection,secondlywe provethatit is harmonic.

5.3.3.Lemma. Thefunctionh: I , � �T�iX is independentof thesecondvariable.

Proof. Let P betheprojectionontothespaceof functionsin L2 � C � � L2 � I �ìë L2 � � � constant
in thesecondvariable.Notethatthis is aclosedsubspace.Furthermore,let PÚ w : � w � Pw be
theprojectionontotheorthogonalcomplement.Thesmallesteigenvalueof thequadraticform
q

ä � w� : ��Ñ C Odä w O 2 in L2 � C � is 0. Thecorrespondingeigenspaceis therangeof theprojection
P. Thefirst non-zeroeigenvalueof q

ä
is λ2 � � � � 0. Therefore

λ2 � � � J PÚ hε J 2L2 6 C 7 P q

ä � PÚ hε � � ¤
C

O
d

ä
hε � d

ä
Phε

O 2 PP
ε2
¤

C � O ∂thε
O 2 � 1

ε2

O
d

ä
hε
O 2 � � ε2qCε � hε �

wherewe have usedd

ä
Phε � 0 sincefunctionsin the rangeof P areconstantin σ � � . By

Lemma5.3.2wehave J PÚ hε J P ε2c� λ2 � � � . Finally, PÚ h � 0 asε � εn � 0, andPh � h since
hn � h strongly.

63



5 Periodicmanifoldjoinedby cylinders

In the sequelwe sometimesdo not distinguishbetweenfunctionson I and functionson C
constantin sphericaldirection.

5.3.4.Lemma. Thefunctionh is harmonicon I , i.e., ∂tth � 0.

Proof. Let w � C∞
c � C � beconstantin thesecondvariable(i.e.,w � C∞

c � I � ). ThenC � ∂tth � w F � C ∂th � ∂tw F � lim
nh ∞

C ∂thn � ∂tw F � lim
nh ∞

qCεn � hn � w� � lim
nh ∞

C ∆Cεn
hn � w F � 0

due to Lemma5.3.2 and 5.3.3. Thus ∂tth is orthogonalto the spaceof functionsconstant
in the secondvariablebut alsoconstantin the secondvariableby Lemma5.3.3so we have
∂tth � 0.

5.3.5.Lemma. Wehaveh � 0.

Proof. It is sufficient to prove h � ∂ I � 0 asa resultof the maximumprinciple for harmonic
functions.Here,wecouldargueevensimplier:aharmonicfunctionin onedimensionis affine
linear, thereforeh � 0 is equivalentto h � ∂ I � 0.

Let f � C∞ � I � . By theGauss-GreenFormula(2.18)wehaveí C h � ∂t f FÞî ∂ I � ¤ I
C h � ∂tt f F � ¤

I
C ∂th � ∂t f F �� lim

nh ∞

¤
C
C dhn � d f F � lim

nh ∞

¤
∂C
C hn � ∂n f F � ¤

I
C h � ∂tt f F

dueto the weakconvergenceof � hn � shown in Lemma5.3.2. The θ -periodicity implies the
equalityof theintegralsover∂C andZε . Togetherwith Theorem4.4.1we obtain¤

∂C

O
hθ

ε
O 2 � ¤

Zε

O
uθ

ε
O 2 P ω � ε � ¤ ±

Mε
� Oduθ

ε
O 2 � O

uθ
ε
O 2 � P ω � ε � c �

Thereforewehaveshown � C h � ∂t f F  ∂ I � 0 for all f � C∞
c � I � , i.e.,h � 0.

Proofof thereom5.3.1. Let � εl � l be a sequenceconverging to 0. By Lemmas5.3.2 to 5.3.5
everysubsequenceof � hθ

εl
� l hasaconvergentsub-subsequenceconverging to 0, i.e.,hθ

εl
� 0 as

l � ∞ andevery θ .
Supposethis convergenceis not uniform in θ . Then we can find a numberη � 0 and

sequences� εm� m and � θm � m with εm � 0 andd � hθm
εm
� 0� � η whered denotesametricdefining

the weaktopologyon a boundedsubsetof B 1 � C � . Lemma5.3.2implies the existenceof a
subsequenceanda limit h̃ which mustbedifferentfrom 0. But Lemmas5.3.3to 5.3.5imply
h̃ � 0 which is acontradiction.
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6 Conformal deformation

In this chapterwe do in somesensethe converseof the work doneby now. We startwith a
givenperiodicmanifoldMper of dimensiond

�
2 anddeformthemetricby aconformalfactor

ρε to obtainspectralgapsin the spectrumof the Laplacian.The ideais to let the conformal
factorconvergeto theindicatorfunctionof a setX with positivedistanceto theboundaryof a
periodcell M of Mper. This convergenceis of coursenot uniform becauseof thediscontinuity
of theindicatorfunction.

6.1 Conformal deformation

First,westatesomefactsaboutconformaldeformationsof agivenmetricg of ad-dimensional
RiemannianmanifoldM. Let ρε bea smooth,strictly positve functionon M. Thenwe denote
by Mε themanifoldM with metricgε � ρ2

ε g.
We give somesimpleformulashow the conformalfactorentersin the inner productand

in thequadraticform of theLaplacian.The formulasin thecaseof differentialformswill be
neededin Section7.4.

6.1.1.Lemma. ThespacesL2 � ApTMε � andL2 � ApTM � are identical asvectorspaces.Fur-
thermore, for u � v � L2 � ApTM � wehaveC u � v F L2 6 ApTMε 7 � ¤

M
C u � x� � v � x� F ApTxM ρd m 2p

ε � x� dx � (6.1)

DenotebydV anddVε theformaladjointof d: C∞
c � Ap m 1TM � �Q� C∞

c � ApTM � with respectto the
innerproductof L2 � A ï TM � andL2 � A ï TMε � . Thenwehave

dVεu � ρ2p m d m 2
ε dV � ρd m 2p

ε u� (6.2)

for u � C∞
c � ApTM � . Finally thequadratic formof theLaplacianonApTMε is givenby

qApTM � u� � ¤
M

` rr du rr 2ρd m 2p
ε � rr dV � ρd m 2p

ε u� rr 2ρ2p m d
ε a ρ m 2

ε (6.3)

for u ��B 1 � ApTM � .
Proof. Thevolumeform yieldsafactorρd

ε . Wefurtherhave
O
u � x� O 2ApTMε

� ρ m 2p
ε � x� Ou � x� O 2ApTM

by (2.1). Note that the minus in the exponentoccurssincewe aredealingwith the inverse
matrix � gi j

ε � of � gε | i j � . Fromtheseremarksweeasilyconcludethethreestatedequations.
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6 Conformaldeformation

M ) X r

Y � ∂X

Iy

ry

M

y
r0X 0� r0

Figure6.1: Normalcoordinates2 r à y3 parametrisinganeighbourhoodof Y 5 ∂X andM . X.

1

ε
X

ρε ð xñ
x ò M

εd εd

Figure 6.2: Theconformalfactorρε leaving X undeformed.

Now we deform a periodic manifold conformally. Let Mper be a periodic Riemannian
manifold with metric gper andcocompactabelianΓ-action(for detailsseeSection3.2). Let
X ó Mper be a compactsubsetwith smoothboundarysuchthat γX ô X õö /0 implies γ ö 1.
Thenaperiodcell M with distð ∂X ÷ ∂M ñËø 0 exists(seeFigure0.4onpage6 or Figure6.1).

We introducenormal or Fermi coordinates ð r ÷ yñ with respectto Y : ö ∂X (for details
cf. [Cha93, Section3.6]). Here, r òeù4ú r0 ÷ r0 û parametrisesthe normaldirectionandy ò Y
parametrisesthe tangentialdirection; r ü 0 correspondsto the interior of X andr ö 0 corre-
spondsto Y (seeFigure6.1).

Furthermore,we assumethat normal coordinatesalso exist on M ý X, i.e., we suppose
that M ý X canbe parametrisedby ð r ÷ yñ with r ò Iy andy ò Y. Here, Iy is a compactsubset
of þ containing û 0 ÷ r0ù (seeFigure6.1). The existenceof normalcoordinateson M ý X is a
geometricalrestrictionon X. For example,this conditionis satisfiedfor a centeredball in a
cube.

Supposethat,for eachε ø 0, ρε : Mper úQÿYù 0 ÷ 1ù is a smoothΓ-periodicfunctionwith the
following properties(seeFigure6.2):

ρε ð xñ ö 1 for all x ò X, (6.4)

ρε ð xñ ö ε for all x ò M with distð x ÷ X ñ�� εd. (6.5)

Notethatthefunctionρε convergespointwiseto theindicatorfunctionof thesetX. Wedefine

gper
ε : ö ρ2

ε gper resp. gε : ö gper �
M (6.6)
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6.2 Lowerboundsfor theeigenvalues

andcall theresultingRiemannianmanifoldsMper
ε resp.Mε . Wethereforeobtainaconformally

deformedΓ-periodicmanifold Mper
ε with periodicmetric gper

ε andperiodicLaplaceoperator
∆Mper

ε
. Thespectrumof thisoperatorwill beanalysedby applyingFloquettheory. Weonly have

to analysethebehaviour of theθ -periodiceigenvaluesλ θ
k ð Mε ñ of thecorrespondingLaplacian

onMε .
In the rest of this chapterwe show that the Dirichlet and Neumanneigenvalueson Mε

(denotedby λ D � N
k ð Mε ñ ) convergeto theeigenvaluesof theNeumannboundaryproblemon X,

provided the dimensiond of the manifold Mper is greaterthan2. The two dimensionalcase
will betreatedlater.

6.1.2.Theorem. SupposeMper is of dimensiond � 3. Supposefurther that X is a subsetof
a periodic cell M with smoothboundary∂X and with distð ∂X ÷ ∂M ñ&ø 0 such that normal
coordinateson M ý X exist (seeFigure6.1). We assumethat ð ρε : M úQÿ ù 0 ÷ 1ù>ñ ε is a family of
conformalfactorssatisfyingConditions(6.4)and (6.5). Then

lim
ε � 0

λ D � N
k ð Mε ñ ö λ N

k ð X ñ (6.7)

where Mε denotestheconformallydeformedperiodcell with metricgivenby (6.6). In partic-
ular, thek-th θ -periodiceigenvalueλ θ

k ð Mε ñ on Mε convergesto λ N
k ð X ñ .

Again,applyingFloquettheoryweobtain:

6.1.3.Corollary. For ε small enough the k-th band Bk ð ∆Mper
ε
ñ and the ð k � 1ñ -st band

Bk� 1 ð ∆Mper
ε
ñ do not overlap, providedthat λk ð X ñ�ü λk� 1 ð X ñ . In particular, for givenN ò��

thereexistsε ø 0 such that theperiodicoperator ∆Mper
ε

on theconformallydeformedmanifold

M hasat leastN gaps.

We split the proof of the theoremin two parts: a lower boundfor λ N
k ð Mε ñ andan upper

boundfor λ D
k ð Mε ñ .

6.2 Lower boundsfor the eigenvalues

We first prove lower boundsfor the Neumanneigenvaluesλ N
k ð Mε ñ . We needthe following

estimateon Mε ý X. Note that the next theoremis alsotrue in dimensiond ö 2. The ideais
motivatedby articlesof C. Anné (cf. [Ann87], [Ann94, LemmeA] and[Ann99]).

6.2.1.Theorem. Supposethat normal coordinatesexist on M ý X. Let ρε ð xñ ö ρε ð r ñ be a
functionsatisfyingconditions(6.4)and(6.5), i.e., ρε ð r ñ ö 1 for all r ü 0 andρε ð r ñ ö ε for all
r � εd.

Thenwecanfinda functionω ð ε ñ/ÿ 0 asε ÿ 0 such that	
Mε 
 X Ouε

O 2 P ω ð ε ñ�� 	
Mε

O
uε
O 2 � 	

Mε

O
duε

O 2  (6.8)

for all uε ò�� 1 ð Mε ñ .
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6 Conformaldeformation

Proof. We proceedin thesameway asin the proof of Theorem4.4.1. We introducenormal
coordinatesas in Figure6.1. For notationalsimplicity only, we assumethat Iy ö û 0 ÷ ry ù for
somenumberr0

P
ry. Supposethatuε ò C∞ ð Mε ñ with uε ð r ÷ yñ ö 0 for all y ò Y andr

P ú r0.
As in (4.1)wehave theorthogonalsplitting

gε
ö ρ2

ε ð dr2 � h � r � y� ñ
in normalcoordinateswhereh � r ��� � is a parameter-dependentmetriconY. From(6.1)and(6.3)
weobtain 	

Mε

O
uε
O 2 ö 	

M

O
uε
O 2ρd

ε and
	

Mε

O
duε

O 2
T � Mε

ö 	
M

O
uε
O 2
T � Mρd � 2

ε �
By theCauchy-SchwarzInequalitywehaveO

uε ð s÷ yñ O 2 ö���� 	 s� r0

∂ruε ð r ÷ yñ dr ��� 2P 	 s� r0 � detg ð r ÷ yñ�� � 1
2 dr � 	 s� r0 � O ∂ruε

O 2 ð detgñ 1
2 � ð r ÷ yñ dr

for 0
P

s
P

ry. SinceY is compactwe can estimatethe first integral by c ø 0. Therefore
integratingovers ò Iy andy ò Y yields	

Mε 
 X Ouε
O 2 ö 	

y � Y 	 ry

s� 0 � Ouε
O 2 ð detgñ 1

2 ρd
ε � ð s÷ yñ dsdyP

c
	

y � Y 	 ry

s� 0
ð detgñ 1

2 ð s÷ yñ ρd
ε ð sñ 	 s

r � � r0 � O ∂ruε
O 2 ð detgñ 1

2 � ð r ÷ yñ dr dsdy�
We can estimatethe s-dependenttermsas follows: for 0

P
s
P

εd we have ρε ð sñ ö ε by
Assumption(6.5). Furthermore,thereexistsa constantc!Öø 0 suchthat ð detgñ 1

2 ð s÷ yñ P c! for
all y ò Y and0

P
s
P

ry sinceM ý X is compact.Thereforethe integral over 0
P

s
P

εd and
εd P s

P
ry canbeestimatedby c! εd. Weconclude	

Mε 
 X Ouε
O 2 P cc! εd

	
y � Y 	 ry

r �"� r0 � O ∂ruε
O 2 ð detgñ 1

2 � ð r ÷ yñ dr dyP
cc! ε2

	
y � Y 	 ry

r � � r0 � O ∂ruε
O 2 ð detgñ 1

2 ρd � 2
ε � ð r ÷ yñ dr dyP

cc! ε2
	

Mε

O
duε

O 2
wherewehaveusedρε � ε in thesecondline.

If uε ð r ÷ yñ&õö 0 for somey ò Y andr ü�ú r0 we multiply uε with a cut-off function χ such
thatχ ð r ñ ö 1 for r ��ú r0 # 2 andχ ð r ñ ö 0 for r

P ú r0. Notethatsuppχ ó X, i.e., on suppχ ,
thereis noconformaldeformation.If uε ò$� 1 ð Mε ñ weapplyanapproximationargument.

Weemphasizethatthefunctionω ð ε ñ only dependsonthegeometryof X andM. Againwe
applytheMain Lemmato provea lowerboundon theNeumanneigenvalueλ N

k ð Mε ñ , this time
with � ε : ö L2 ð Mε ñI÷ domqε : ö � 1 ð Mε ñI÷ qε : ö qN

Mε
÷� ! : ö L2 ð X ñN÷ domq! : ö � 1 ð X ñN÷ q! : ö qN

X �
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6.3 Upperboundsfor theeigenvalues

HeretheoperatorΦε is just therestrictionof uε to X, i.e., Φεuε : ö uε
�
X. We verify thecon-

ditionsof Corollary1.4.4.Condition1 resp.(1.15)is satisfiedby Theorem6.2.1.Condition2
resp.(1.16)is trivially satisfiedbecauseof

qε ð uε ñ ö 	
Mε

O
duε

O 2 � 	
X

O
duε

O 2 ö q! ð Φεuε ñ �
Condition 3 is satisfiedby the embedding %� 1 ð X ñ ó&� 1

θ ð Mε ñ which implies λ N
k ð Mε ñ P

λ D
k ð X ñ : ö ck by theMin-maxPrinciple.ThereforeTheorem1.4.2yields

λ N
k ð X ñTú δk ð ε ñ P λ N

k ð Mε ñ (6.9)

with δ k ð ε ñ ÿ 0 asε ÿ 0.

6.3 Upper boundsfor the eigenvalues

Herewe useour assumptionthat the dimensionsatisfiesd � 3. We apply our Main Lemma
with � : ö L2 ð X ñI÷ domq : ö � 1 ð X ñL÷ q : ö qN

X ÷� ε ! : ö L2 ð Mε ñI÷ domq!ε : ö � 1 ð Mε ñN÷ q!ε : ö qD
Mε �

Let Φu beanextensionof u which lies in %� 1 ð Mε ñ .
Again we have to verify theconditionsof Theorem1.4.2.Condition1 is satisfiedbecause

of '
u

'
2 ö 	

X

O
u
O 2 P 	

Mε

O
Φu

O 2 ö '
Φu

'
2 �

In thecased � 3 Condition2 is satisfiedbecauseof�� q!ε ð Φuñ ú q ð uñ �� ö 	
Mε 
 X O dΦu

O 2
T � Mε

ö 	
M 
 X OdΦu

O 2
T � M ρd � 2

ε ÿ 0 (6.10)

by theLebesgueconvergencetheoremandtherequirement(6.5)which impliesthatρε ð xñ ÿ 0
for all x ò M ý X. Notethat theconvergencedependson u (seeRemark1.4.3).Condition3 is
notnecessarybecause� is independentof ε. Theorem1.4.2yields

λ D
k ð Mε ñ P λ N

k ð X ñ�� δk ð ε ñ (6.11)

with δ k ð ε ñ¡ÿ 0 asε ÿ 0. From(6.9), (6.11)andtheDirichlet-Neumannenclosure(3.12)we
obtain

λ N
k ð X ñ ú δk ð ε ñ P λ N

k ð Mε ñ P λ θ
k ð Mε ñ P λ D

k ð Mε ñ P λ N
k ð X ñ�� δk ð ε ñ �

WethereforehaveprovenTheorem6.1.2.
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6 Conformaldeformation
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7 The two-dimensionalcase

In dimension2, thespecialform of theRaleighquotientof theLaplacianon theconformally
perturbedmanifoldMper

ε causesadifferentbehaviour. Theθ -periodiceigenvaluesof theLapla-
cianonaperiodcell Mε still convergebut thelimit dependsonθ . Sincethecorrespondinglimit
operatoris quitecomplicated,weareonly ableto constructasimpleexampleof aconformally
perturbed2-dimensionalmanifold with an arbitrary numberof gapsin the spectrumof its
Laplacian.

7.1 What is differ ent in the two-dimensionalcase?

In theprecedingchapterwe have shown thatthek-th bandBk ð Mper
ε ñ of ∆Mper

ε
convergesto the

k-th Neumanneigenvalueλ N
k ð X ñ providedthatX satisfiescertaingeometricalconditions,that

theconformalfactorsρε (ε ø 0) satisfyConditons(6.4)and(6.5),andthatthedimensionis at
least3. Thefollowing lemmashowsthatin dimension2, thebehaviour is completelydifferent:

7.1.1.Lemma. SupposethatMper is connected.Supposefurther that theconformalfactorsρε
satisfyConditons(6.4)and (6.5). Supposein additionthat ρε are monotonicallydecreasingif
ε ( 0. Thenwealwayshavetheinclusion

B1 ð Mper
ε0
ñ ó B1 ð Mper

ε ñI÷ 0 ü ε
P

ε0 ÷
for thefirstbandof theperiodicLaplacian∆Mper

ε0

, where B1 ð Mper
ε0
ñ hasnon-emptyinterior.

In particular, thefirstbandcannotcollapseto thepoint0, thefirstNeumanneigenvalue, as
in thehigherdimensionalcase.

Proof. As a resultof theMin-max Principle(Theorem1.3.3),thefirst eigenvalueis givenby

λ θ
1 ð Mε ñ ö inf

u �*) 1
θ
� Mε �,+ M O

du
O 2

+ M O
u
O
2ρ2

ε
÷ (7.1)

andthereforemonotonicallyincreasingasε ( 0. Note that � 1
θ ð Mε ñ is independentof ε as

vectorspace.Wefurtherhaveλ θ � 1
1 ð Mε ñ ö 0 sincein theperiodiccasetheconstantfunctionis

aneigenfunction.By thecontinuousdependenceof theeigenvalueson θ (seeTheorem3.4.3)
wehave û 0 ÷ λ θ0

1 ð Mε0
ñ�ù ö B1 ð Mper

ε0
ñ for someθ0. Therefore

B1 ð Mper
ε0
ñ ö û 0 ÷ λ θ0

1 ð Mε0
ñ�ùÖó û 0 ÷ λ θ0

1 ð Mε ñ�ù ó B1 ð Mper
ε ñ �

By Lemma3.4.5,B1 ð Mper
ε0
ñ hasnon-emptyinterior.
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7 Thetwo-dimensionalcase

In arbitrarydimensiontheRaleighquotientis of theform

λ θ
1 ð Mε ñ ö inf

u �*) 1
θ
� Mε �-+ M O

du
O 2ρd � 2

ε+ M O
u
O
2ρd

ε
� (7.2)

As before,thespace� 1
θ ð Mε ñ is independentof ε asvectorspacewhichwedenoteby � 1

θ ð M ñ .
But for dimensiond � 3 this quotientcanbe minimizedby functionsconstanton X. These
functionscanstill be θ -periodicsincetheir behaviour on Mε ý X is not importantbecauseof
thesmallnessof ρε there.

7.2 Limit form in two dimensions

To motivatewhich is theright candidatefor thelimit quadraticform in two dimensions,weuse
thespecialstructurehere.Thequadraticform doesnot dependany moreon ε, only thenorm
does.By interchangingtheir rôleswe canprovea monotonicityresultfor theeigenvaluesand
specifythelimit operator. Theabstractbackgroundis givenin Section1.5.

We apply Lemma1.5.1 to the nonperiodiccasesincethen we have 0 #ò spec∆θ
Mε

: any
eigenfunctionwith eigenvalue0 would have to be constantbut the nonperiodicityforcesthe
constantto be0. In particular, weset� ε

ö L2 ð Mε ñI÷ Qε
ö ∆θ

Mε
and q ð uñ ö 	

M

O
du
O 2 ö '

u

'
2.) �

With thenotationof Section1.5weobtain/� ö domq ö � 1
θ ð M ñI÷ λk ð ε ñ ö λ θ

k ð Mε ñ and 0qε ð uñ ö 	
M

O
u
O 2ρ2

ε
ö '

u

'
2) ε �

We supposetheconformalfactorρε to bemonotone.Therefore0qε ð uñ ö 	
M

O
u
O 2ρ2

ε ( 	
X

O
u
O 2 ö : 0q0 ð uñ �

Thelimit form 0q0 correspondsto anoperator0Q0 wich is alsocompact(by themonotonicityand
theMin-max Principlefor example).Sincetheeigenvaluesof 0Qε , theoperatorcorresponding
to thequadraticform 0qε , areexactly thereciprocalsof λ θ

k ð Mε ñ by Lemma1.5.1,all wehaveto

dois to analysetheeigenvalues0λk of 0Q0 (denotedin decreasingorder0λ1 � 0λ2 �1���2�3� 0λk � 0).
Theeigenvaluesλ θ

k ð Mε ñ aredominatedby theDirichlet eigenvaluesλ D
k ð X ñ , thereforewehave

theminoration 0λk
ö 1# λ θ

k ð Mε ñ4� 1# λ D
k ð X ñËø 0 �

Thereforewe areonly interestedin strictly positive eigenvalues0λk ø 0. We computethe or-

thogonalcomplement(in
/� ) of

ker 0Q0
ö65 u ò7� 1

θ ð M ñ ��� u � X ö 0 8 ö : %� 1
θ ð M ý X ñ �
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7.2 Limit form in two dimensions

In Lemma3.5.2wehaveshown thatð ker 0Qñ:9 ö65 h ò;� 1
θ ð M ñ ��� ∆h � M 
 X ö 0 ÷ dh is θ -periodicon M ý X 8 �

Sincewe do not really want to analysethe limit operator 0Q0
� .) 0

in the inversedsituation

we try to bring it backin theusualcontext, i.e.,we try to constructa quadraticform qθ
0 in the

Hilbert spaceL2 ð X ñ . In Theorem3.5.3wehaveshown thateveryu ò7� 1 ð X ñ canbeextended

in auniqueway to anelementh ö Φu ò /� 0 (evenin theperiodiccase).
Thereforewe can definethe limit quadraticform in the Hilbert spaceL2 ð X ñ . For u ò

domqθ
0 : ö � 1 ð X ñ weset

qθ
0 ð uñ : ö 	

M

O
dΦu

O 2 ÷
i.e.,weextendu harmonicallyontoM ý X. Sincewehave

qN
X
P

qθ
0
P

qD
X

in the senseof quadraticforms (seeDefinition 1.3.4),qθ
0 hasalsopurely discretespectrum

denotedby λk ð qθ
0 ñ satisfying

λ N
k ð X ñ P λk ð qθ

0 ñ P λ D
k ð X ñ �

7.2.1.Theorem. SupposeMper is of dimensiond ö 2. Supposefurther that X is a subsetof
a periodic cell M with smoothboundary∂X and with distð ∂X ÷ ∂M ñ&ø 0 such that normal
coordinateson M ý X exist (seeFigure 6.1). We assumethat ð ρε : M ú]ÿ ù 0 ÷ 1ùÉñ ε is a family
of conformalfactorssatisfyingconditions(6.4), (6.5)andwhich is, in addition,monotonically
decreasingasε ( 0. Then

lim
ε � 0

λ θ
k ð Mε ñ ö λk ð qθ

0 ñ � (7.3)

uniformly in θ ò Γ̂ where Mε denotesthe conformallydeformedperiod cell M with metric
givenby (6.6).

Proof. AgainweapplyourMain Lemma(Theorem1.4.2)with� ε : ö L2 ð Mε ñI÷ domqε : ö � 1
θ ð Mε ñL÷ qε : ö qθ

Mε� ! : ö L2 ð X ñN÷ domq! : ö � 1 ð X ñN÷ q! : ö qθ
0

whereΦε : ö uε
�
X. Condition1 is satisfiedbecause�� ' Φεuε

'
2 ú '

uε

'
2 �� ö 	

Mε 
 X Ouε
O 2 P ω ð ε ñ � 	

Mε

O
uε
O 2 � 	

Mε

O
duε

O 2 
convergesto 0 for everyqθ

Mε
-boundedfamily ð uε ñ ε byTheorem6.2.1.Sinceω doesnotdepend

onθ thisconvergenceis evenuniformin θ . Condition2 is satisfiedasaresultof Lemma2.3.11
whichsaysthatharmonicfunctionsminimizetheenergy integral:

qε ð uε ñ ö 	
Mε

O
duε

O 2 ö 	
X

O
duε

O 2 � 	
M 
 X Oduε

O 2� 	
X

O
duε

O 2 � 	
M 
 X Odhε

O 2 ö qθ
0 ð Φεuε ñ �
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7 Thetwo-dimensionalcase

Here,hε is theharmonicextensionof uε restrictedto M ý X. It is importantto notethat this
estimateonly worksin dimension2 sincethenthereis no ρε -factorin theenergy integral. As
usual,condition3 is satisfiedby theembedding %� 1 ð X ñ¡ó<� 1

θ ð Mε ñ which impliesλ θ
k ð Mε ñ P

λ D
k ð X ñ : ö ck via theMin-max Principle.Therefore,theMain Lemmayields

λk ð qθ
0 ñ ú δk ð ε ñ P λ θ

k ð Mε ñ (7.4)

with δk ð ε ñ ÿ 0 asε ÿ 0 uniformly in θ .
For theotherinequalityweapplytheMain Lemmawith� : ö L2 ð X ñN÷ domq : ö � 1 ð X ñN÷ q : ö qθ

0� ε ! : ö L2 ð Mε ñI÷ domq!ε : ö � 1
θ ð Mε ñN÷ q!ε : ö qθ

Mε

whereΦu is theharmonicextensionasin Theorem3.5.3.Again we have to verify thecondi-
tionsof Theorem1.4.2.Condition1 is satisfiedbecauseof'

u

'
2 ö 	

X

O
u
O 2 P 	

Mε

O
Φu

O 2 ö '
Φu

'
2 �

Condition2 is trivially satisfiedbecauseof

qθ
0 ð uñ ö 	

X

O
du
O 2 � 	

M 
 X OdΦu
O 2 ö 	

M

O
dΦu

O 2 ö q!ε ð Φuñ �
Condition3 is notnecessarybecause� is independentof ε. Therefore,by Theorem1.4.2we
obtain

λ θ
k ð Mε ñ P λk ð qθ

0 ñ � (7.5)

Notethatwe do not have anerror termsincein bothconditionswe have usedtheinequalities
in Theorem1.4.2.

7.2.2.Remark. In thesameway we canshow theconvergenceλ D � N
k ð Mε ñ ÿ λ D � N

k ð 0ñ where

the limit form qD � N
0

is definedsimilarly (herewe usethe harmonicextensionwith Dirichlet
resp.Neumannboundaryconditionson ∂M).

We wantto prove theexistenceof gapsfor ε smallenoughat leastin thespecialsituation
givenin thenext section.By Theorem7.2.1we only needto calculatetheθ -dependenteigen-
valuesλ θ

k ð 0ñ of thelimit operatorQθ
0 . If wecanfind bounds0 ü λ k ü λ k� 1 independentof θ

with

λ θ
k ð 0ñ P λ k ü λ k� 1

P
λ θ

k� 1 ð 0ñ (7.6)

for all θ ò Γ̂, we have establishedtheexistenceof a gapbetweenthe k-th andthe ð k � 1ñ -st
band.

For theconcreteexamplein thenext sectionwe needsomeinformationaboutthedomain
of theoperatorcorrespondingto thequadraticform qθ

0 via (1.4). Again, Φθ u denotesthe(θ -
periodic)harmonicextensionof u ontoM ý X. Furthermore,∂n denotesthenormalderivative
on ∂X.
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0 a b 1

L
r

X M

Figure7.1: Theperiodcell M of thecylinderMper =�>;?A@ 1.

7.2.3.Lemma. Thedomainof theoperator Qθ
0 correspondingto the limit quadratic form qθ

0
is givenby

domQθ
0
ö65 u ò;� 2 ð X ñ ��� ∂nu ö ∂nΦθ u on ∂X 8 � (7.7)

Furthermore, Qθ
0u ö ∆Xu for u ò domQθ

0 .

Proof. Thelemmafollowsfrom theGauss-Greenformula(2.18)andTheorem1.2.2.Notethat
theintegralover∂M vanishesby Lemma3.5.1.Furthermore,u ÷ ∆u ò L2 ð X ñ imply u òB� 2 ð X ñ
by Theorem2.4.10.

7.3 Example

We give an exampleof a two-dimensionalperiodicmanifold which canbe conformallyde-
formedin sucha way thatspectralgapsoccur. Let Mper : ö þ<CED 1 bea cylinder with Γ öGF
actingon Mper by γ � ð x ÷ σ ñ ö ð γ � x ÷ σ ñ . Theperiodicmetric is givenby gper ö dx2 � r2dσ2

for somefixedr ø 0. WechooseM ö û 0 ÷ 1ùHC$D 1 asperiodcell.
Let 0 ü a ü b ü 1 andlet X ö û a ÷ bù�CID 1 betheundisturbedregionof M. Notethatnormal

coordinatesexist on M ý X (seeSection6.1). (seeFigure7.1). Supposethat the conformal
factorsρε (ε ø 0) aremonotonicallydecreasingasε ( 0, andthatρε satisfyConditions(6.4)
and(6.5).

Let θ ò Γ̂. In this context we prefer to view θ as eiθ òJD 1. Furthermorewe identify
functionsw ð σ ñ on σ ò�D 1 with 2π-periodicfunctionson þ which will be denotedagainby
w ð σ ñ .

We first calculatethe θ -periodic harmonicextensionh ö Φθ u of a function u ò C∞ ð X ñ
givenby u ð x ÷ σ ñ ö v ð xñ einσ for somen ò F , i.e.,wehave to solve theboundaryvalueproblem

∆M 
 Xh ö ú ∂xxh ú 1
r2∂σσ h ö 0 ÷ with

h ð a ÷2�=ñ ö u ð a ÷2�=ñ
h ð b ÷2�=ñ ö u ð b ÷2�=ñ
h ð 1 ÷2�=ñ ö eiθ h ð 0 ÷��=ñ

∂xh ð 1 ÷2�=ñ ö eiθ ∂xh ð 0 ÷2�yñ (7.8)

which hasa uniquesolutionby Theorem3.5.3. Separatingthevariablesh ð x ÷ σ ñ ö f ð xñ g ð σ ñ
yieldsthetwo ODEs

f !K! ð xñ ö cf ð xñ and g!L! ð σ ñ ö ú cr2g ð σ ñ �
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7 Thetwo-dimensionalcase

Sinceg hasperiod2π we havec ö n2 # r2 with n ò F andg ð σ ñ ö eM inσ . Furthermorewe have
two fundamentalsolutionsfor theODEin f givenby

f1 ð xñ öON enx� r if n õö 0,

x if n ö 0
and f2 ð xñ öON e� nx� r if n õö 0,

1 if n ö 0.

Sincex variesover two disjoint intervals we have four independentconstantsin the general
solution:

f ð xñ ö�N c1 f1 ð xñP� c2 f2 ð xñ if 0
P

x
P

a,

d1 f1 ð xñP� d2 f2 ð xñ if b
P

x
P

1.
(7.9)

Theboundaryconditionsin (7.8)now requirethatg ð σ ñ ö einσ and

f1 ð añ c1 � f2 ð añ c2
ö v ð añ

f1 ð bñ d1 � f2 ð bñ d2
ö v ð bñ

eiθ f1 ð 0ñ c1 � eiθ f2 ð 0ñ c2 ú f1 ð 1ñ d1 ú f2 ð 1ñ d2
ö 0

eiθ f !1 ð 0ñ c1 � eiθ f !2 ð 0ñ c2 ú f !1 ð 1ñ d1 ú f !2 ð 1ñ d2
ö 0 � (7.10)

Weobtainthesolution

c1
ö γ � � e

� 1 � b� β v ð añ ú e� iθ � aβ v ð bñ:�
c2

ö γ � ú e� � 1 � b� β v ð añQ� e� iθ � aβ v ð bñ:�
d1

ö γ � � eiθ � bβ v ð añ ú e� � 1� a� β v ð bñ �
d2

ö γ � ú eiθ � bβ v ð añ � e
� 1� a� β v ð bñ:� (7.11)

if n õö 0 wherewehaveset

L ö b ú a ø 0 ÷ l ö 1 ú L ø 0 ÷
β ö n

r
and γ ö 1

elβ ú e� lβ
ö 1

2sinhð lβ ñ ÷
resp.

c1
ö 1

l � v ð añTú e� iθ v ð bñ �
c2

ö v ð añ ú a
l � v ð añ ú e� iθ v ð bñ��

d1
ö 1

l � eiθ v ð añ ú v ð bñ �
d2

ö v ð bñ ú b
l � eiθ v ð añTú v ð bñ�� (7.12)

for n ö 0. Notethatci
ö ci ð vñ anddi

ö di ð vñ dependlinearyon v.
Now we searchfor eigenvaluesλ ö λk ð qθ

0 ñR� 0 andeigenfunctionsu ö uθ õö 0 of Qθ
0 . By

Lemma7.2.3u satisfies

∆Xu ö ú ∂xxu ú 1
r2∂σσ u ö λu �

Again,by separatingthevariablesu ð x ÷ σ ñ ö v ð xñ w ð σ ñ weobtaintheformal solutions

v ð xñ ö A1v1 ð xñP� A2v2 ð xñ and w ð σ ñ ö einσ
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7.3 Example

with A1 ÷ A2 ò�þ wherev1 ÷ v2 arefundamentalsolutionsof ú v!�! ö µv, i.e.,

v1 ð xñ ö STU TV
eiωx if µ ø 0,

x if µ ö 0,

eωx if µ ü 0

and v2 ð xñ ö STU TV
e� iωx if µ ø 0,

1 if µ ö 0,

e� ωx if µ ü 0

(7.13)

with ω öXW O
µ
O
. Thereforetheeigenvalueof thefull problemis givenby λ ö µ � n2 # r2 � 0 for

n ò F andµ ��ú n2 # r2. Theeigenfunctionlies in thedomainof Qθ
0 , i.e.,thenormalderivatives

of u andh agreeon ∂X. Thereforewe require

v! ð añ ö f ! ð añ and v! ð bñ ö f ! ð bñ � (7.14)

Thisbecomesa linearsystemfor theunknown A1 andA2 with thecoefficientmatrix

A öZY v!1 ð añTú c1 ð v1 ñ f !1 ð añTú c2 ð v1 ñ f !2 ð añ v!2 ð añTú c1 ð v2 ñ f !1 ð añTú c2 ð v2 ñ f !2 ð añ
v!1 ð bñ ú d1 ð v1 ñ f !1 ð bñTú d2 ð v1 ñ f !2 ð bñ v!2 ð bñTú d1 ð v2 ñ f !1 ð bñTú d2 ð v2 ñ f !2 ð bñI[ �

A non-trivial solutionv exists if thedeterminantof A vanishes.This conditiondeterminesour
possiblevaluesof λ in dependenceuponθ (andn).

Wehave to distinguishfivecases:
CaseA: n ö 0 andµ ö 0. A simplecalculationshows that

detA ö 2
l ð 1 ú cosθ ñ � (7.15)

The only solution of detA ö 0 is θ ö 0. The correspondingeigenfunctionis the constant
function(i.e.,A1

ö 0).
CaseB: n ö 0 andµ ø 0. A longerbut straightforwardcalculationyields

detA ö 2iω � 2
l ð cosð Lω ñTú cosθ ñTú ω sinð Lω ñ  � (7.16)

Thesolutionsof detA ö 0 areanalysedlateron.
CaseC: n õö 0 and ú n2 # r2 P µ ö ú ω2 ü 0 i.e.,β 2 � ω2 ø 0. Weobtain

detA ö 2 � ð β 2 � ω2 ñ sinhð Lω ñ�� 2βω
coshð lβ ñ coshð Lω ñTú cosθ

sinhð lβ ñ  � (7.17)

Herewehavenosolutionsinceω ø 0 andthereforedetA ø 0.
CaseD: n õö 0 andµ ö 0. Here,wehave

detA ö Lβ 2 � 2β
coshð lβ ñ ú cosθ

sinhð lβ ñ ø 0 (7.18)

sinceβ õö 0. Again,wehaveno solution.
CaseE: n õö 0 andω2 ö µ ø 0. Weobtain

detA ö 2i � ð β 2 ú ω2 ñ sinð Lω ñP� 2βω
coshð lβ ñ cosð Lω ñ ú cosθ

sinhð lβ ñ  � (7.19)
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Figure 7.2: Thesquareroot of theeigenvaluesof thelimit operatorQθ
0 in CaseA, B (thick line) andE

(dottedanddashedline) plottedfor L = 0 ] 5 andr = 1̂ 13. Here,at leastm = 2 gapsoccur.

TheequationdetA ö 0 hassolutions.
FromCaseA andCaseB we obtainsmoothfunctionsθ _ÿ ωm ð θ ñ for eachm ò`� 0 solv-

ing the equationdetA ö 0. Note that ωm ð θ ñ is the squareroot of an eigenvalueλ ö λk ð qθ
0 ñ

of the limit operator(seeFigure 7.2). Furthermore,note that the compactintervals Bm : öa
ω2

m ð θ ñ O 0 P θ
P

2π b areall disjoint: Onecanprove thatù ð mπ # L ñ 2 ú ε0 ÷ ð mπ # L ñ 2 û ô Bmc ö /0

for all m÷ m! òd� 0 if ε0
ö ε0 ð L ñ is smallenough.Finally notethat ð mπ # L ñ 2 aretheNeumann

eigenvaluesof theinterval û 0 ÷ L ù .
In CaseE we denotethe squareroot of the eigenvalueby η, i.e., η ö \

λ ö W ω2 � β 2.
Wealwayshave

η � β ö βn
ö n

r
� 1

r �
If wereplaceω by W η2 ú β 2

n in (7.19)weobtainsolutionsθ _ÿ ηn � p ð θ ñ of detA ö 0 for n ÷ p ò� (seeFigure7.2).NotethatwedonotexpectthattheintervalsBn � p : ö a
η2

n � p ð θ ñ O 0 P θ
P

2π b
aredisjoint, we ratherexpectthat the intervals Bn � p cover the gapsbetweenthe intervals Bm

when m÷ n or p are large. But we still have Bn � p � β1
ö 1# r, i.e., if r

P L
mπ , the intervals

B0 ÷ �2�2� ÷ Bm remaindisjoint. Thereforewehaveproventhefollowing:

7.3.1.Theorem. Let Qθ
0 be the limit operator on the cylinder M ö û 0 ÷ 1ùeCfD 1 with radius

r ø 0, with X ö û a ÷ bùgC7D 1 such that 0 ü a ü b ü 1 andwith eigenvaluesdenotedby λk ð qθ
0 ñ .
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7.4 Mid-degreeforms

SetL ö b ú a. Thenwehaveat leastmgapsbetweentheintervals

Bk ð Q0 ñ : öh5 λk ð qθ
0 ñ ��� 0 P θ

P
2π 8

for 1
P

k
P

m � 1, providedr
P L

mπ .
In particular, if we denotethe conformallyperturbedperiodic Laplacianon Mper

ε
ö þiCD 1 with metric gper

ε
ö ρ2

ε ð dx2 � r2dσ2 ñ and conformalfactor ρε satisfyingthe conditonsof
Theorem7.2.1by∆Mper

ε
thenthespectrumof ∆Mper

ε
hasat leastmgapsif r

P L
mπ andif ε ø 0 is

smallenough.

7.4 Mid-degreeforms

In this sectionwe considerhow the Laplacianon differentialforms behavesin somespecial
casesunderconformaldeformation.Again, denoteby M a periodcell of a periodicmanifold
Mper. Let X bea subsetof M with smoothboundaryandwith strictly positive distancefrom
theboundaryof M (seeSection6.1). Supposethatρε (ε ø 0) areconformalfactorssatisfying
Conditons(6.4)and(6.5). Supposein additionthatρε aremonotonicallydecreasingif ε ( 0.

First,wenotethatfor mid-degreeforms,i.e., p-formsona manifoldof dimensiond ö 2p,
wehave '

u

'
L2
� ApTMε � ö '

u

'
L2
� ApTM �

by (6.1),i.e., thenormis independentof theconformalfactorρε . By theassumptionsmadeon
ρε , thequadraticform

qApTMε ð uñ ö 	
M � Odu

O 2 � O
dj u O 2 � ρ � 2

ε

is monotonicallyincreasingfor u ò�� 1 ð ApTM ñ andconvergesto thequadraticform

qθ
0 ð uñ ö 	

X � O du
O 2 � O

dj u O 2 �
for all

u ò domqθ
0
ö65 u ò7� 1

θ ð ApTM ñ ��� du � M 
 X ö 0 ÷ dj u � M 
 X ö 0 8 �
By themonotoneconvergenceof quadraticforms(see[RS80,TheoremS.14]),theoperator

∆θ
ApTMε

convergesto Qθ
0 in strongresolventsense,i.e.,ð ∆θ

ApTMε
� 1ñ � 1u ÿ ð0ð Qθ

0 � 1ñ � 1 k 0ñ u
asε ÿ 0 for all u ò L2 ð ApTM ñ . Here,Qθ

0 denotesthe operatorcorrespondingto the form
qθ

0 in L2 ð ApTX ñ andthe direct sumrefersto the splitting into L2-sectionson X andM ý X.
Sincethespectrumof ∆θ

ApTMε
is discreteweconcludefrom TheoremVII.24 of [RS80] thatthe

λ θ
k ð ApTMε ñ converge to somepoint λ ò specQθ

0 asε ÿ 0 for every k ò�� . But we do not
know anythingaboutthelimit operatorQθ

0 . Notethatnotall elementsu ò;� 1 ð ApTX ñ canbe
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7 Thetwo-dimensionalcase

extendedto anelement0u ò domqθ
0 . Furthermore,theboundaryconditionsatisfiedby elements

of domqθ
0 still dependson thebehaviour of the“harmonic” extension0u on M ý X.

In dimension2, it is mucheasierto applyTheorem3.4.8: thespectrumof ∆ApTMper
ε

is the

samefor p ö 0, p ö 1 andp ö 2. Therefore,if ∆Mper
ε

hasa gapin theessentialspectrum,then

this is truefor ∆A1TMper
ε

and∆A2TMper
ε

.
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8 Eigenvaluesin spectralgaps

In the sequel,we follow the ideasof [AADH94] and[HB00]. Let Mper be oneof the peri-
odic manifoldswith gapsin thespectrumconstructedin thepreviouschapters.We first anal-
yseanapproximatingproblem,i.e., we considertheDirichlet Laplacianon a compactsubset
Mn l Mper. Thenthespectrumis purelydiscreteandwe cancounteigenvaluesarisingfrom
a perturbationon a fixed subsetMn0 of Mn. The main difficulty is to prove that eigenfunc-
tionscorrespondingto a fixedeigenvalueλ in a gapconverge to eigenfunctionsof thewhole
problemasn ÿ ∞.

NotethattheDirichlet boundaryconditiononMn producesnoeigenvaluesin thegap ù a ÷ b û
sincetheboundaryof Mn is small in somesense.This factsimplifiesour proof andwe do not
needthemorecomplicatedconstructionin [AADH94].

Furthermore,notethat by Theorem2.3.8the following resultson eigenvaluesin gapsof
the Laplacianon functionsremain true for the Laplacianon d-forms whered denotesthe
dimensionof the manifold. Furthermore,if d ö 2 thenwe caneven prove the existenceof
eigenvaluesfor theLaplacianon 1- and2-formsby Corollary2.3.10.

8.1 Approximating problem

Here we considerone of the Γ-periodic manifolds Mper
ε resp. 0Mper

ε constructedin Chap-
ters 4, 5, 6 and 7. To avoid problemsarising from regularity theory we assumethat there
existsa periodcell Mε of Mper

ε with smoothboundary, i.e., ∂Mε splits into 2r disjoint smooth
manifoldsZi if r denotesthenumberof generatorsof Γ (seeFigure8.1). Hence,we exclude
thecasesin whichMε hassingularitieslikecornersetc.

Let Γ ! beasubsetof thegroupΓ. Thenweset

Γ !Mε : önm
γ � Γ c γMε �

Mε

Figure 8.1: A periodcell Mε with smoothboundary∂Mε . ThecorrespondingperiodicmanifoldMper
ε

is periodicwith respectto agroupwith r = 2 generators.
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8 Eigenvaluesin spectralgaps

Notethatby our smoothnessassumption,∂Γ !Mε is alsosmooth.
For asubsetΓn of Γ with n elementswedenoteby ∆D � N

ΓnMε
eithertheLaplacianwith Dirichlet

or Neumannor mixedboundaryconditionson ∂ΓnMε andby λ D � N
k ð ΓnMε ñ its eigenvalues.

Thefollowing theoremandits corollaryensurethat thespectrumof ∆Mper
ε

and∆D � N
ΓnMε

have
commongaps:

8.1.1.Theorem. Letk òB� . Supposethatλ N
k ð Mε ñ]ÿ λ k andλ D

k ð Mε ñQÿ λ k asε ÿ 0 for some
positivenumbers0

P
λ k

P
λ k.

Thenbothλ θ
k ð Mε ñ andλ D � N

m ð ΓnMε ñ havethesameerror estimatesfor all m ö ð k ú 1ñ n �
1 ÷ �2��� ÷ kn, i.e., thereexistpositivefunctionsδ k ð ε ñ andδ k ð ε ñ convergingto 0 asε ÿ 0 such that

λ k ú δ k ð ε ñ P λ θ
k ð Mε ñI÷ λ D � N

m ð ΓnMε ñ P λ k � δ k ð ε ñ �
Proof. Denoteby ΣnMε the disjoint union of n copiesof Mε . Then λ D

m ð ΣnMε ñ ö λ D
k ð Mε ñ

andλ N
m ð ΣnMε ñ ö λ N

k ð Mε ñ for all m ö ð k ú 1ñ n � 1 ÷ �2�2� ÷ kn sinceevery eigenvalueon the dis-
joint union hasmultiplicity jn if the correspondingeigenvalueon Mε hasmultiplicity j. By
Dirichlet-Neumannbracketing(see(2.16))weobtain

λ N
k ð Mε ñ ö λ N

m ð ΣnMε ñ P λ D � N
m ð ΓnMε ñ P λ D

m ð ΣnMε ñ ö λ D
k ð Mε ñI÷

while theDirichlet-Neumannenclosure(see(3.12))implies

λ N
k ð Mε ñ P λ θ

k ð Mε ñ P λ D
k ð Mε ñ �

Thustheassumptionon λ D
k ð Mε ñ andλ N

k ð Mε ñ impliestheexistenceof δ k ð ε ñ andδ k ð ε ñ .
8.1.2.Corollary. If λ k ü λ k� 1 thenthere exist numbers a ÷ b independentof n such that λ k ü
a ü b ü λ k � 1, andtheinterval I : ö ù a ÷ b û is a commongapin thespectrumof theLaplacians,
providedε is smallenough,i.e.,

I ô spec∆Mper
ε

ö /0 and I ô spec∆D � N
ΓnMε

ö /0 �
Thenext corollarywill beusedin Section8.2.For thedefinitionof theeigenvaluecounting

functiondimλ ð ∆D � N
ΓnMε

ñ seeDefinition1.3.6.

8.1.3.Corollary. Supposethat theassumptionsof thepreviouscorollary are fulfilled. If λ ò I
lies in thegapbetweenthek-th andthe ð k � 1ñ -stband,thendimλ ð ∆D � N

ΓnMε
ñ ö kn independently

of theboundaryconditionson ∂ΓnMε .

For the restof this chapter, we fix k ò`� suchthat λ k ü a ü b ü λ k � 1 andλ ò I ö ù a ÷ b û .
Furthermore,wefix ε ø 0 suchthatI is acommongapasin Corollary8.1.2andthereforeomit
ε in thenotation,e.g.,M ö Mε .

Let Γn l Γ beanexhaustivesequence,i.e.,amonotonesequencewith o nΓn ö Γ. Suppose
furtherthatMn : ö ΓnM, Rn : ö ð Γ ý Γn ñ M andRn0 � n : ö ð Γn ý Γn0 ñ M for n0 ü n areall connected
(seeFigure8.2).NotethatMn l Mper andRn0 � n l Rn0 asn ÿ ∞ andthatMper ö Mn p Rn and
Mn ö Mn0 p Rn0 � n.
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8.1 Approximatingproblem

Mn

Rn0 � n
Mn0

1 84

3 2

n ö 16

M

5 6 7 Mn

Figure 8.2: The approximatingmanifold Mn on the right handsideandthe manifoldsMn0, Mn and
Rn0 q n on theleft handside(n0

= 4 andn = 16).

Now weconsiderperturbationsof theperiodicmetricgper onMper. Let ð g ð τ ñ0ñ τ bea family
of RiemannianmetricsonMper. TheRiemannianmanifold ð Mper÷ g ð τ ñcñ will bewritten briefly
asM ð τ ñ . It is quiteobvioushow to understandnotationslikeMn ð τ ñ , Rn ð τ ñ andsoon.

Now wemakeour assumptionson thefamily of metrics ð g ð τ ñ0ñ τ:

g ð 0ñ ö gper (8.1)
'
g ð τ ñ ú g ð τ0 ñ ' C1 � Mper� ÿ 0 as τ ÿ τ0 (8.2)

sup
τ r 0

'
g ð τ ñTú g ð 0ñ ' C1 � Rn0 � ÿ 0 as n0 ÿ ∞ (8.3)

for all τ0 � 0.
Thefirst assumptionassuresthatwe startwith theperiodicmanifold. Thesecondoneis a

kind of continuityandthethird onetellsus,roughlyspeaking,thatoutsideof aboundedregion
thereis moreor lessno perturbation.

Next weneedsomeargumentsusedin Theorem8.1.6to prove thatthelimits of theeigen-
functionsarestill linearyindependent.

8.1.4.Lemma. Let τ0 ø 0. Thenthereexistsc ö c ð τ0 ñ ø 1 such that

1
c

'
u

'
L2
� Mn � τ c �s� P '

u

'
L2
� Mn � τ �s� P c

'
u

'
L2
� Mn � τ c �t� (8.4)

for all u ò L2 ð Mn ñ andn ò�� and0
P

τ ÷ τ ! P τ0.

Proof. We apply Lemma2.4.6 twice with g ö g ð τ ñ and 0g ö g ð τ ! ñ and vice versa. By As-
sumption(8.2), g ð τ ñ dependscontinuouslyon τ. Thereforethere exists c! ø 0 such that
η ð ' g ð τ ñ ú g ð τ ! ñ ' C1 � Mn � ñ P c! for all 0

P
τ ÷ τ ! P τ0 andn òu� . Estimate(8.4) now follows

from (2.24)with c : ö ð 1 � c! ñ 1� 2.

Let n� ð nñ bethesmallestintegersuchthatMn ó %Mnv � n� . Similarly, letn � ð nñ bethegreatest
integersuchthatMnw � n� ó %Mn (seeFigure8.3). Notethatn � ð nñáü n ü n� ð nñ andn � ð nñ/ÿ ∞
asn ÿ ∞.

8.1.5.Lemma. Let n� : ö n� ð n0 ñ andn � : ö n � ð n0 ñ . Supposethat τn ÿ τ. Thenthere exists
c ø 0 such that '

∆D
Mnun

'
2
L2
� Mn0 � P c2 � �

'
un

'
2
L2
� Mnv � τ �t� � '

∆D
Mn � τn � un

'
2
L2
� Mnv � τ �t� � (8.5)
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8 Eigenvaluesin spectralgaps

Mn

Mnw � n�
Mnv � n�

Figure8.3: Definition of theintegersnxzy n{ andn|"y n{ .
for all n ø n�}� ð n0 ñ : ö n� ð n� ð n0 ñcñ and all un òu� 2 ð Mn ñTô %� 1 ð Mn ñ . Furthermore, there
existsδn ÿ 0 asn ÿ ∞ such that' ð ∆D

Mn ú ∆D
Mn � τn � ñ un

'
2
L2
� Rn0 ~ n � P δ 2

nw � �
'
un

'
2
L2
� Mn � τn �s� � '

∆D
Mn � τn � un

'
2
L2
� Mn � τn �s� � (8.6)

for all n ø n0 andall u ò�� 2 ð Mn ñ ô %� 1 ð Mn ñ .
Proof. We choosea function χ ò C∞

c ð Mnv ñ suchthat χ � Mn0
ö 1. Applying Lemma2.4.7,

Theorem2.4.10andLemma2.4.9weobtain'
∆D

Mnun

'
2
L2
� Mn0 � P '

∆D
Mnχun

'
2
L2
� Mnv �P

c1 � c3 � �
'
χun

'
2
L2
� Mnv � τn �s� � '

∆D
Mn � τn � χun

'
2
L2
� Mnv � τn �s� �P

c1 � c3 � � 1 � c2

'
χ

'
C1 � Mper� � �

'
un

'
2
L2
� Mnv � τn �s� � '

∆D
Mn � τn � un

'
2
L2
� Mnv � τn �t� � �

We applyLemma8.1.4to obtainanestimatein which theL2-normover M ð τ ñ occurs.By the
periodicityof gper andby Assumption(8.2)wecanestimate

c ð τ0 ñ c1 �
'
gper

'
C1 � c3 �

'
g ð τn ñ ' C1 � � 1 � c2 �

'
g ð τn ñ ' C1 � ' χ ' C1 � P c2

for someconstantc ø 0.
To prove the secondestimateuseχ ò C∞

c ð Rnw ñ suchthat χ � Rn0 ~ n ö 1. The proof is es-
sentially the sameif we replacec1 ð ' gper

'
C1 ñ by the expressionη1 ð ' gper ú g ð τn ñ ' C1 ñ which

convergesto 0 uniformly in n asn0 ÿ ∞ by Assumption(8.3).Notethatit is importanthereto
applyregularity theoryup to theboundary∂Mn.

The following theoremnow shows that theeigenfunctionsof the approximatingproblem
convergeto eigenfunctionsof theoriginal problemwithout lossof multiplicity.

8.1.6.Theorem. Supposethatτn ÿ τ andλn � i ÿ λ ò I ö ù a ÷ b û for i ö 1 ÷ ���2� ÷ k. Supposefurther
that ϕn � i ò L2 ð Mn ð τn ñ0ñ ö : � n, i ö 1 ÷ �2��� ÷ k, areorthonormalfor all n and

∆D
Mn � τn � ϕn � i ö λn � i ϕn � i � (8.7)
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8.1 Approximatingproblem

Thenfor everyi there existsa subsequenceð ϕnm � i ñ m converging weaklyto ϕ0 � i ò dom∆M � τ � in� 1 ð M ð τ ñcñ andstronglyin L2 � loc ð M ð τ ñ0ñ . Furthermore,

∆M � τ � ϕ0 � i ö λ ϕ0 � i (8.8)

for i ö 1 ÷ �2�2� ÷ k, and ð ϕ0 � i ñ i � 1 ���K���L� k areorthogonal.

Proof. For every i we apply Lemma 2.4.6 with g ö g ð τn ñ and 0g ö g ð τ ñ . By Assump-
tion (8.2) the conditionsof Lemma1.4.7and thereforethe conditionsof Theorem1.4.6 of
Chapter1 (with � : ö L2 ð M ð τ ñ0ñ , qn : ö qD

Mn � τn � , q : ö qM � τ � and � : ö C∞
c ð Mperñ ) are sat-

isfied. Note that we really needDirichlet boundaryconditionson Mn ð τn ñ heresincethen
domqn

ö %� 1 ð Mn ð τn ñcñ ó�� 1 ð M ð τ ñbñ ö domq.
Therefore(by passingto a subsequence)ϕn � i ÿ ϕ0 � i weaklyin � 1 ð M ð τ ñ�ñ andstronglyin

L2 � loc ð M ð τ ñ0ñ by theRellich-Kondrachov compactnessTheoremasn ÿ ∞ andϕ0 � i ò dom∆M � τ � .
Furthermore,(8.8) is satisfied.

Themain difficulty is to prove thatϕ0 � i arelineary independent.Supposethat thereexist
α1 ÷ �2��� ÷ αk, notall equalto0,suchthatun : ö ∑i αiϕn � i convergesto∑i αiϕ0 � i ö 0 in L2 � loc ð M ð τ ñ0ñ .
Since ð τn ñ is boundedthereexistsc1 ø 1 suchthat'

un

'
L2
� Mn � � 1

c1

'
un

'
L2
� Mn � τn �s� ö 1

c1
∑
i �αi � 2 ö : c2 ø 0

for all n ò�� by Lemma8.1.4. By Corollary 8.1.2, I is a spectralgapof ∆D
Mn. The spectral

theoremimplies ' ð ∆D
Mn ú λ ñ un

'
L2
� Mn � � ð b ú añ ' un

'
L2
� Mn � � b ú a

c2

ö : c3 ø 0 (8.9)

for all n ò;� . On theothersidewehave' ð ∆D
Mn ú λ ñ un

'
L2
� Mn � PP&�� k

∑
j � 1
ð ∆D

Mn ú λn � j ñ α jϕn � j �� L2
� Mn � � k

∑
j � 1 �α j � � � λn � j ú λ � �

'
ϕn � j ' L2

� Mn � �
Thelasttermconvergesto 0 since

'
ϕn � j ' L2

� Mn � P c by Lemma8.1.4.Thefirst termcanbesplit

into anintegral overMn0 andRn0 � n. By using(8.6)and(8.7)we canestimatetheintegral over
Rn0 � n by' ð ∆D

Mn ú ∆D
Mn � τn � ñ un

'
L2
� Rn0 ~ n �P
δnw � �

'
un

'
2
L2
� Mn � τn �t� � '

∆D
Mn � τn � un

'
2
L2
� Mn � τn �s� � 1

2P
δnw � n0 � � � k

∑
j � 1 �α j � 2 ð 1 � max

j
λ 2

n � j � 1
2

tendingto 0 asn0 ÿ ∞. TheintegraloverMn0 canbeestimatedby'
∆D

Mnun

'
L2
� Mn0 � � max

j
λn � j ' un

'
L2
� Mn0 � �
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8 Eigenvaluesin spectralgaps

Furthermore,applying(8.5)yieldstheestimate'
∆D

Mnun

'
L2
� Mn0 � P c � �

'
un

'
2
L2
� Mnv � τ �t� � '

∆D
Mn � τn � un

'
2
L2
� Mnv � τ �t� � 1

2P
c � � ð 1 � λ ñ ' un

'
2
L2
� Mnv � τ �s� � ' ð ∆D

Mn � τn � ú λ ñ un

'
2
L2
� Mnv � τ �s� � 1

2

for all n ø n��� ð n0 ñ . Thefirst termunderthesquarerootconvergesto 0 sinceun ÿ 0 in L2 � loc.
Thesecondtermcanbeestimatedby

max
j � λn � j ú λ � 2

'
ϕn � j ' 2L2

� Mn � τ0 �s� k

∑
j � 1 �α j � 2

whichalsoconvergesto 0. Thiscontradicts(8.9).

Finally, weprovethattheessentialspectrumof theperiodicandtheperturbedLaplacianare
thesame.For thedefinitionof theessentialspectrumandsingularsequencesseeSection1.3.

8.1.7.Theorem. Wehaveessspec∆Mper
ö essspec∆M � τ � for all τ ø 0.

Proof. Let λ ò essspec∆Mper andlet ε ø 0. By Lemma2.4.7,Theorem2.4.10andAssump-
tion (8.3) thereexistsn0 ò7� suchthat' ð ∆M � τ � ú ∆Mper ñ u ' 2L2

� Rn0 � P ε
c1 �

'
u

'
2
L2
� Rn0 � � '

∆Mperu

'
2
L2
� Rn0 � � (8.10)

for all u ò7� 2 ð Rn0 ñ ô %� 1 ð Rn0 ñ . Here,c1 ø 0 is someconstantspecifiedlateron.
Let ð un ñ beasingularsequencefor λ and∆Mper, i.e.,un ÿ 0 weaklyin L2 ð Mperñ , ' un

' ö 1
and

' ð ∆Mper ú λ ñ un

' ÿ 0 asn ÿ ∞. By theDecompositionPrinciple(Theorem2.5.1)we can
assumethatun hassupportaway from Mn0. By Lemma8.1.4thereexistsc ø 0 suchthat'

un

'
L2
� M � τ �s� � 1

c

'
un

'
L2
� Mper� ö 1

c
ø 0 (8.11)

for all n.
Now we want to show thatvn : ö un # ' un

'
L2
� M � τ �s� is a singularsequencefor λ and∆M � τ � .

Sincethenormtopologyin L2 ð Mperñ andL2 ð M ð τ ñ0ñ arethesame,this is alsotruefor theweak
topology(seeLemma1.2.1). By (8.11)we concludethatvn ÿ 0 weakly in L2 ð M ð τ ñ0ñ . Since
un
�
Mn0

ö 0 wehave' ð ∆M � τ � ú λ ñ vn

'
2
L2
� M � τ �s�P
2c4 �

' ð ∆M � τ � ú ∆Mper ñ un

'
2
L2
� Rn0 � � ' ð ∆Mper ú λ ñ un

'
2
L2
� Rn0 � �P

2c4 ε
c1 �

'
un

'
2
L2
� Rn0 � � '

∆Mperun

'
2
L2
� Rn0 � � � 2c4

' ð ∆Mper ú λ ñ un

'
2
L2
� Rn0 �P

2c4 ε
c1
ð 1 � 2λ ñ�� 2c4 � 1 � 2ε

c1

 ' ð ∆Mper ú λ ñ un

'
2
L2
� Rn0 �

by (8.10), Lemma8.1.4and(8.11). Finally setc1 : ö 4c4 ð 1 � 2λ ñ . Thenthe first summand
in the last line is ε # 2 and the secondconvergesto 0 asn ÿ ∞. Thereforewe have proven
essspec∆Mper ó essspec∆M � τ � . Theoppositeinclusioncanbeshown in thesameway.

FromtheprecedingTheoremandCorollary8.1.2weconclude:

8.1.8.Corollary. Theinterval I ö ù a ÷ b û is anessentialspectral gapfor ∆M � τ � for all τ � 0.
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8.2 Eigenvaluecounting functions

Herewegivea lowerboundonthenumberof eigenvaluesin thegapof theunperturbedopera-
tor. Again,wefix k òE� andλ suchthatλ k ü a ü λ ü b ü λ k � 1. Here,I : ö ù a ÷ b û is acommon
gapasin Corollary8.1.2.

First,weshow thattheboundaryconditionsonRn0 � n ð τ ñ arenot importantfor theeigenvalue
countingfunction.

8.2.1.Lemma. Denoteby∆D � N
Rn0 ~ n � τ � theLaplacianonRn0 � n ð τ ñ eitherwithDirichletor Neumann

or mixedboundaryconditions.Thenthereexistsn0 ò7� such that

dimλ ð ∆D � N
Rn0 ~ n � τ � ñ ö k ð n ú n0 ñ

for all τ � 0 andn � n0.

Proof. Chooseη ø 0 sosmallsuchthat

λ k ü λ k � 8η ü a ü b ü λ k� 1 ú 8η ü λ k � 1 �
We use Lemma 1.4.5 with � ö L2 ð Rn0 � n ð τ ñ0ñ and � ! ö L2 ð Rn0 � n ñ . The assumptionsof
Lemma1.4.5arefulfilled by Lemma2.4.6if

η � sup
τ r 0

'
g ð τ ñTú g ð 0ñ ' C1 � Rn0 � � P η �

Thiscanbeachievedby Assumption(8.3),providedn0 is largeenough.Thenwehave�� λ D � N
m ð Rn0 � n ñ ú λ D � N

m ð Rn0 � n ð τ ñbñ �� P 4η

for all τ � 0. Thereforeλ D � N
m ð Rn0 � n ð τ ñ0ñ is socloseto λ D � N

m ð Rn0 � n ñ suchthatno eigenvalueof
∆D � N

Rn0 ~ n � τ � lies in I ö ù a ÷ b û and the eigenvaluecountingfunctionsagreefor λ ò I . The result

follows by Corollary 8.1.3. RememberthatRn0 � n consistsof n ú n0 copiesof the periodcell
M.

Next, we give lower boundson the eigenvalue countingfunction of the approximating
problemindependentof n:

8.2.2.Lemma. Wehave

dimλ ð ∆D
Mn � τ � ñTú dimλ ð ∆D

Mn ñ�� dimλ ð ∆D
Mn0 � τ � ñ ú dimλ ð ∆D

Mn0 ñ (8.12)

dimλ ð ∆D
Mn ñ ú dimλ ð ∆D

Mn � τ � ñ�� dimλ ð ∆N
Mn0 ñ ú dimλ ð ∆N

Mn0
� τ � ñ (8.13)

for all τ � 0 andn � n0.

Proof. By ∆ND
Rn0 ~ n we denotethe Laplacianwith Dirichlet boundaryconditionson ∂Mn and

Neumannboundaryconditionson ∂Rn0 � n ý ∂Mn. Furthermore,asa resultof Lemma1.3.7we
have thefollowing estimate

dimλ ð ∆D
Mn � τ � ñTú dimλ ð ∆D

Mn ñ� dimλ ð ∆D
Mn0 � τ � ñ�� dimλ ð ∆D

Rn0 ~ n � τ � ñTú � dimλ ð ∆N
Mn0 ñP� dimλ ð ∆ND

Rn0 ~ n ñ �ö dimλ ð ∆D
Mn0 � τ � ñ ú kn0 �

Here,we have usedCorollary 8.1.3andLemma8.2.1to show the equality. Estimate(8.12)
followsby applyingCorollary8.1.3oncemore.Estimate(8.13)canbeshown similarly.
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λ D
k ð Mn ð τ ñbñ

τ ú δ τ � δ k ö j � 1
k ö j
k ö j ú 1

λ
ττ̂

τ

λ � η̂ ð δ ñ
λ ú η̂ ð δ ñ

Figure 8.4: Thenumberof eigenvaluebranchesλ D
k y Mn y���{�{ crossingthe λ -level in � τ � δ � τ � δ � can

be estimatedby the numberof eigenvalue branchesin the interval � λ � η̂ y δ {:� λ � η̂ y δ {�� at the fixed
parameterτ .

Now weshow thecontinuityof theeigenvaluebranches(for amoregeneralresultconcern-
ing thecontinuityof theeigenvaluebranchesof theLaplacianon formssee[BD97]):

8.2.3.Lemma. Thefunctionτ _ÿ λ D
k ð Mn0 ð τ ñ0ñ is continuous,in particular�� λ D

m ð Mn0 ð τ0 ñ0ñTú λ D
m ð Mn0 ð τ ñcñ �� P 4η �

'
g ð τ ñ ú g ð τ0 ñ ' C1 � Mn0 � � � (8.14)

Proof. Again,weuseLemma1.4.5,now with � ö L2 ð Mn0 ð τ ñcñ , �n! ö L2 ð Mn0 ð τ0 ñ0ñ andη ö
η ð ' g ð τ ñ ú g ð 0ñ ' C1 � Mn0 � ñ .

Thenext resultallowsusto estimatetheeigenvaluecountingfunctionsfor differentparam-
etersτ andfixedλ by theeigenvaluecountingfunctionfor afixedτ andaninterval containing
λ (see[HB00, Section4]). Weneedthis lemmasincewedo notknow whethereigenfunctions
correspondingto differentparametersτ areorthogonal.Wedonotevenknow thatthey aredif-
ferent!But sincewewantto show thatthemultiplicity of eigenvaluesis conservedasn ÿ ∞ we
needtheorthogonalityof theapproximatingeigenfunctions(seetheproof of Theorem8.2.6).

8.2.4.Lemma. For all τ0 ø 0 thereexistsa monotoneincreasingfunctionη̂ ð δ ñÓÿ 0 asδ ÿ 0
such that � dimλ ð ∆D

Mn � τ � δ � ñTú dimλ ð ∆D
Mn � τ � δ � ñ � P dim � λ � η̂ � δ ��� λ � η̂ � δ ��� ð ∆D

Mn � τ � ñ
for all λ � 0, δ ø 0 andall τ � δ

P
τ0.

Proof. Sinceeveryeigenvaluebrancheλ D
j ð Mn ð �=ñbñ is continuousby theprecedinglemma,there

existsaparameter̂τ ò û τ ú δ ÷ τ � δ ù suchthatλ ö λ D
j ð Mn ð τ̂ ñcñ by theintermediatevaluetheo-

rem(seeFigure8.4). Again,Lemma8.2.3yields�� λ ú λ D
j ð Mn ð τ ñbñ �� ö �� λ D

j ð Mn ð τ̂ ñcñ ú λ D
j ð Mn ð τ ñ0ñ �� P 4η �

'
g ð τ̂ ñTú g ð τ ñ ' C1 � Mn � � ö : Rð τ ÷ τ̂ ñ �

By Assumption(8.2), R is uniformly continuouson û 0 ÷ τ0 ù 2. By Lemma2.4.3thereexists a
monotoneincreasingfunctionη̂ ð δ ñ/ÿ 0 asδ ÿ 0 suchthat�� λ ú λ D

j ð Mn ð τ ñ0ñ �� P η̂ ð � τ ú τ̂ � ñ P η̂ ð δ ñI÷
i.e.,∆D

Mn � τ � hasaneigenvaluein û λ ú η̂ ð δ ñI÷ λ � η̂ ð δ ñ�ù
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τ2τ10

λ

specQ ð τ ñ
τ

τ3

Figure 8.5: Two Eigenvaluebranchesin a gapof the operatorQ y 0{ . Here, the eigenvalue counting
functionof y Q y τ {�{ τ satisfies� τ1

y Q y���{:� λ { = 1, � τ2
y Q y���{:� λ { = 4 and � τ3

y Q y���{:� λ { = ∞. Note that the
eigenvaluecountingfunctiondoesnot counteigenvaluebranchesbut thenumberof intersectionpoints
of thebrancheswith thelevel λ .

8.2.5.Definition. For aparameter-dependentoperatorQ ð τ ñ wedefine�
τ ð Q ð �=ñI÷ λ ñ : ö ∑

0 � τ c � τ
dimkerð Q ð τ ! ñTú λ ñI÷

the eigenvalue countingfunction of ð Q ð τ ñ0ñ τ . The function
�

τ ð �>÷ λ ñ countsthe numberof
eigenvaluesλ (with multiplicity) of thefamily ð Q ð τ ñ0ñ τ (seeFigure8.5).

Notethedifferenceto theeigenvaluecountingfunctionof a singleoperatorQ (seeDefini-
tion 1.3.6),i.e.,

dimλ ð Qñ ö ∑
0 � λ c � λ

kerð Q ú λ ! ñ �
Finally, weprove themainresultof this section(see[HB00, Section4]):

8.2.6.Theorem. Wehave�
τ ð ∆M � � � ÷ λ ñ�� lim sup

n� ∞
�� dimλ ð ∆D

Mn � τ � ñTú dimλ ð ∆D
Mn ñ �� � (8.15)

Proof. Denoteby

Tn : ö Tn ð λ ñ : ö 5 τ ! ò û 0 ÷ τ0 ù ��� λ ò spec∆D
Mn � τ � 8 ÷

the setof parametersτ ! that producean eigenvalueλ . Let T∞ be the setof limit points,i.e.,
τ̂ ò T∞ if andonly if τ̂ ò û 0 ÷ τ0 ù andif thereexist sequencesð nmñ m ó�� andτ !m ò Tnm suchthat
τ !m ÿ τ̂.

We have to distinguishtwo cases.If the cardinalityof T∞ is greateror equalto Nλ , the
right handsideof (8.15), thenweapplyTheorem8.1.6with fixedeigenvalueλ ö λn

ö λ0 and
with multiplicity k ö 1 for eachlimit point τ̂ ò T∞. As aconsequence,thereareat leastcardT∞
parameterŝτ suchthatλ is aneigenvalueof ∆M � τ̂ � . Thisproves(8.15).
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8 Eigenvaluesin spectralgaps

If cardT∞ ü Nλ thenT∞ consistsin afinitenumberof pointsτ̂1 ÷ �2�2� ÷ τ̂l , andTn ÿ a
τ̂1 ÷ ���2� ÷ τ̂l b .

Furthermore,thereexistsasequenceδn ÿ 0 suchthat

Tn ó km
j � 1

ù τ̂ j ú δn ÷ τ̂ j � δn û ö : T̂n

for all n ò�� . If n is largeenough,all theseintervalsaremutuallydisjoint. As a consequence,
dλ � n ð τ ! ñ : ö dimλ ð ∆D

Mn � τ c � ñ is constanton eachcomponentof û 0 ÷ τ ùÁý T̂n. Therefore�� dλ � n ð τ ñTú dλ � n ð 0ñ �� P l

∑
j � 1

�� dλ � n ð τ̂ j ú δn ñ ú dλ � n ð τ̂ j � δn ñ �� �
By Lemma8.2.4thereexist η̂ ð δ ñ/ÿ 0 asδ ÿ 0 suchthat�� dλ � n ð τ ñ ú dλ � n ð 0ñ �� P l

∑
j � 1

dim � λ � η̂ � δn ��� λ � η̂ � δn ��� ð ∆D
Mn � τ̂ j � ñ �

By passingto a subsequencewe canassumethat �dλ � n ð τ ñ ú dλ � n ð 0ñ � ÿ Nλ . We have even
equalityif n is largeenoughsincethesequenceconsistsof integers.Now we selecta subse-
quenceð nm ñ m suchthat

k j : ö dim � λ � η̂ � δn ��� λ � η̂ � δn ��� ð ∆D
Mn � τ cj � ñ

is independentof m. This is possibleby choosingaconvergentsubsequence.Again,aconverg-
ing sequenceconsistingof integersis constantup to finitely many exceptions.Therefore,for
eachn òf� , we have k j orthonormaleigenfunctionsϕn � 1 ÷ �2�2� ÷ ϕn � k j

with eigenvaluesλn � i ÿ λ .

HencewecanapplyTheorem8.1.6with fixedτ̂ j
ö τn

ö τ0 andconcludethatthelimit problem
∆M � τ � hasλ aseigenvalueof multiplicity k j . This provesthetheoremsinceλ hatmultiplicity

at least∑l
j � 1k j � Nλ .

8.2.7.Remark.Notethatthesameresultfor theapproximatingproblemis quiteobviousto see:
By Lemma8.2.3,theeigenvaluebranchesarecontinuous.Thereforetheeigenvaluecounting
functionof ∆D

Mn � � � hasasa lowerboundthenumberof eigenvaluebranchespassingthelevel λ ,
i.e., �

τ ð ∆D
Mn � � � ÷ λ ñ�� �� dimλ ð ∆D

Mn � τ � ñ ú dimλ ð ∆D
Mn ñ �� �

8.3 Examples

In this sectionwe constructa perturbationof the metric suchthat eigenvaluesin the gapof
the periodicproblemoccur. Supposethat I ö ù a ÷ b û is a commongapof ∆D

Mn and∆Mper asin
Corollary8.1.2.Finally, supposethatλ ò I . CombiningLemma8.2.2andTheorem8.2.6we
obtain �

τ ð ∆M � � � ÷ λ ñ4� dimλ ð ∆D
Mn0

� τ � ñ ú dimλ ð ∆D
Mn0 ñ (8.16)�

τ ð ∆M � � � ÷ λ ñ4� dimλ ð ∆N
Mn0 ñ ú dimλ ð ∆N

Mn0 � τ � ñ � (8.17)
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8.3 Examples

By theWeyl asymptotics(Theorem2.3.13)wehave

dimλ ð ∆D � N
Mn0 � τ � ñ ú dimλ ð ∆D � N

Mn0
ñ � vol ð�� d ñð 2π ñ d � vol ð Mn0 ð τ ñcñTú vol ð Mn0 ñ�� λ d

2

if λ is largeenough.Thismeansgeometricallythatthenumberof eigenvaluesin agaphasan
asymptoticlower boundcontrolledby the volumedifferenceof the perturbedandthe unper-
turbedmanifold.

Notethatwe do not know whetherthecountingfunction
�

τ ð ∆M � � � ÷ λ ñ is finite or not. For

example,if g ð τ ñ is equalto ametricg ð τ3 ñ for τ nearτ3 andif λ is aneigenvalueof ∆M � τ3 � then�
τ ð ∆M � � � ÷ λ ñ ö ∞ if τ � τ3 (seeFigure8.5).Furthermore,thecountingfunction

�
τ ð ∆M � � � ÷ λ ñ

couldbemuchlarger thanthedifferencesin theright handsideof (8.16)and(8.17): think of
oneeigenvaluebranchpassingthelevel λ from above (or from below) andoszillatingaround
λ severaltimesbothin theapproximatingproblemon Mn ð τ ñ andin thefull problemon M ð τ ñ
(againseeFigure8.5).

Finally we considerconformal deformationsof the periodic metric gper, i.e., g ð τ ñ ö
ρ2 ð τ ñ gper. Here,ρ ð τ ñ is asmoothfunctiononMper for everyτ � 0 with thefollowing proper-
ties:

ρ ð 0ñ ö 1 (8.18)
'
ρ ð τ ñ ú ρ ð τ0 ñ ' C1 � Mper� ÿ 0 as τ ÿ τ0 (8.19)

sup
τ r 0

'
ρ ð τ ñTú 1

'
C1 � Rn0 � ÿ 0 as n0 ÿ ∞ � (8.20)

Clearly, thefamily ð g ð τ ñcñ τ of metricssatisfiesConditions(8.1) to (8.3).

8.3.1.Eigenvaluesfr om above. Let K ó %Mn0 beacompactsetwith non-emptyinterior. Sup-
posefurther that ρ ð τ ñ is constanton K with constantcτ tendingto ∞ as τ ÿ ∞. Thenwe
have

0
P

λ D
k ð Mn0 ð τ ñ0ñ P λ D

k ð K ð τ ñcñ ö 1
c2

τ
λ D

k ð K ñ
by (2.15). Here,K ð τ ñ denotesK with metric g ð τ ñ ö c2

τgper. Therefore,λ D
k ð Mn0 ð τ ñcñ ÿ 0 as

τ ÿ ∞ for all k òu� and dimλ ð ∆D
Mn0 � τ � ñ ÿ ∞ as τ ÿ ∞. This meansthat arbitrarily many

eigenvaluebranchescrossthelevel λ from aboveasτ ÿ ∞.
Therefore,by Theorem8.2.6andLemma8.2.2wehave�

τ ð ∆M � � � ÷ λ ñ�� dimλ ð ∆D
Mn0

� τ � ñTú dimλ ð ∆D
Mn0 ñ/ÿ ∞

asτ ÿ ∞. Geometrically, weblow up themanifoldin all directionswith thesamefactorcτ on
K.

8.3.2.Eigenvaluesfr om below. Again,let K ó %Mn0 beacompactsetwith non-emptyinterior.
Furthermore,let K ! betheclosureof Mn0 ý K. Supposethatρ ð τ ñ is constantonK with constant
cτ ÿ 0 asτ ÿ ∞. Thenwehave

0
P

λ N
k ð K ð τ ñ ˙p K ! ð τ ñ0ñ P λ N

k ð Mn0 ð τ ñbñ
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by theDirichlet-Neumannbracketing(2.16).Furthermore,

λ N
k ð K ð τ ñ�ñ ö 1

c2
τ

λ N
k ð K ñ ÿ ∞

asτ ÿ ∞ for all k � 2 andthereforedimλ ð ∆N
Mn0 � τ � ñ/ÿ 1 asτ ÿ ∞ since0 is alwaysaneigen-

valueof theNeumannproblem.
By Lemma1.3.7wehave

dimλ ð ∆N
Mn0 � τ � ñ P dimλ ð ∆N

K � τ � ˙� K c � τ � ñ ö dimλ ð ∆N
K � τ � ñ�� dimλ ð ∆N

K c � τ � ñ �
Again,by Theorem8.2.6andLemma8.2.2weconclude�

τ ð ∆M � � � ÷ λ ñ�� dimλ ð ∆N
Mn0 ñ ú dimλ ð ∆N

Mn0 � τ � ñ/ÿ kn0 ú 1 ú lim inf
τ � ∞

dimλ ð ∆N
K c � τ � ñ (8.21)

Here, λ lies in the gapbetweenthe k-th and the ð k � 1ñ -st band. By the Weyl asymptotic
(Theorem2.3.13)wehave

dimλ ð ∆N
K c � τ � ñz� vol ð�� d ñð 2π ñ d vol ð K ! ð τ ñ0ñ λ d

2 �
Now we have to choosen0, K ! andρ ð τ ñ � K c suchthat limτ � ∞ vol ð K ! ð τ ñ0ñ existsandsuchthat
the right handsideof (8.21) is strictly positive. Note that K andK ! alsodependon n0. If
sucha choiceis possible,we haveshown thata finite numberof eigenvaluesoccurin thegap.
Geometrically, weshrinkthemanifoldin all directionswith thesamefactorcτ on K.

Notethatwehavenotonly constructedspectralgapsfor theLaplacianonaperiodicmani-
fold (seeChapters6 and7) but alsoeigenvaluesin agaponly by perturbingthemetricconfor-
mally.
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Zusammenfassung

Die vorliegendeArbeit befasstsich mit spektralenEigenschaftendesLaplace-Operatorsauf
nichtkompakten,periodischenMannigfaltigkeitenderDimensiond � 2. Untereinerperiodi-
schenMannigfaltigkeit Mper verstehenwir eineRiemannscheMannigfaltigkeit, auf der eine
abelscheGruppeΓ eigentlichdiskontinuierlichund isometrischoperiert. Außerdemnehmen
wir an,dassderQuotientenraumMper# Γ kompaktist. UnterZuhilfenahmederFloquet-Theorie
kannmanzeigen,dassdasSpektrumdesLaplace-Operators∆Mper Bandstrukturbesitzt,d. h.
dasSpektrumist lokal endlicheVereinigungabz̈ahlbarvieler kompakterIntervalle. Sindzwei
benachbarteIntervalle disjunkt,sosprechenwir von einerLücke im Spektrum.UnserInteres-
serichtetsichauf die Frage,ob esBeispielevon periodischenMannigfaltigkeitenmit Lücken
im Spektrumgibt. Im Falle von Schr̈odinger-Operatorenim þ d sind solcheFragenbereits
vielfachuntersuchtworden.

Wir gebenzweiBeispielklassenvonperiodischenMannigfaltigkeitenan,beidenenLücken
im Spektrumentstehen.In beidenFällenbetrachtenwir eineFamilie von periodischenMan-
nigfaltigkeiten ð Mper

ε ñ ε , die in einemgewissenSinnim Limesε ÿ 0 entkoppeln,d. h., bei der
die VerbindungzwischendenPeriodenzellenim geometrischenSinnklein wird (z. B. konver-
giert dasVolumendieserVerbindunggegen0). UnserHauptergebnisbestehtim Nachweis,
dasszu jedemN ò�� mindestensN Lückenim Spektrumvon ∆Mper

ε
in beidenBeispielklassen

existieren,wennε klein genuggewähltwird.
Abschließendstörenwir dieMannigfaltigkeit lokal undzeigendieExistenzvonEigenwer-

tenin einersolchenLücke im Spektrum.
Der Effekt, der zur Entkopplungführt, ist hier viel subtiler und technischschwererzu

beherrschenalsbei Schr̈odinger-Operatoren.Da wir mit parameterabḧangigenMannigfaltig-
keiten arbeiten,hängt insbesondereder zugrundeliegendeHilbertraumüber die Metrik von
diesemParameterab. Ein Teil derArbeit widmetsichdiesemProblem.

Die vorliegendeArbeit zeigt,dassbereitsbekanntespektraleAussagen̈uberDivergenztyp-
und Schr̈odinger-Operatorenauchfür Laplace-(Beltrami)-Operatorenauf gewissenMannig-
faltigkeit gelten,undverbindetsomitSpektraltheorieundDifferentialgeometrie.
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