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Abstract

The string-theoretic E-functions Fgr (X;u,v) of normal complex varieties
X having at most log-terminal singularities are defined by means of snc-
resolutions. We give a direct computation of them in the case in which
X is the underlying space of the three-dimensional A-D-E singularities by
making use of a canonical resolution process. Moreover, we compute the
string-theoretic Euler number for several compact complex threefolds with
prescribed A-D-E singularities.

1 Introduction

The string-theoretic (or stringy) Hodge numbers hE?! (X) of normal, projective

complex varieties X with at most Gorenstein quotient or toroidal singularities
were introduced in [7] in an attempt to determine a suitable mathematical formu-
lation (and generalization) for the numbers which are encoded into the Poincaré
polynomial of the chiral and antichiral rings of the physical “integer charge orbifold
theory”, due to the LG/CY-correspondence of Vafa, Witten, Zaslow and others.
(See [47], [49, §3-5], [50, §4]). These numbers are generated by the so-called Eg,-
polynomials and, as it was shown in [7] and [6], they are the right quantities to
establish several mirror-symmetry identities for Calabi-Yau varieties. In fact, as
long as a stratification (separating singularity types) for such an X is available, the
key-point is how one defines the Egi-polynomial locally at these special Gorenstein
singular points (by “measuring”, in a sense, how far they are from admitting of
crepant resolutions).

Recently Batyrev [4] generalized this definition and made it work also for the case
in which one allows X to have at most log-terminal singularities. In this general
framework, ones has to introduce appropriate Eg,-functions Esg (X;u,v) instead
which may be not even rational. The treatment of varieties X with es, (X) =
limy, y—1 Egtr (X;u,v) ¢ Z is therefore unavoidable. Nevertheless, as it turned
out, this new language is a very important tool as it unifies the considerations of
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certain invariants associated to a wide palette of “MMP-singularities” and leads to
the use of more flexible manipulations, as for example in the study of the behaviour
of log-flips, and in the proof of cohomological Mckay correspondence - both on the
level of counting dimensions and on the level of determining the motivic Gorenstein
volume. (See [5, 1.6, 4.11 and 8.4] and [13, Thm. 5.1]).

In the present paper we deal with the evaluation of the Eg,-functions and string-
theoretic Euler numbers for the three-dimensional A-D-E singularities, and em-
phasize some distinctive features of the computational methodology.

(a) Log-terminal singularities. Let X be a normal complex variety, i.e., a
normal, integral, separated scheme of finite type over C. Suppose that X is Q-
Gorenstein, i.e., that a positive integer multiple of its canonical Weil divisor K x
is a Cartier divisor. X is said to have at most log-terminal (respectively, canonical
/ terminal) singularities if there exists an snc-desingularization ¢ : X — X,
i.e., a desingularization of X whose exceptional locus € () = Ui_; D; consists of
smooth prime divisors Dy, Dy, ..., D, with only normal crossings, such that the
“discrepancy” w.r.t. ¢, which is the difference between the canonical divisor of X
and the pull-back of the canonical divisor of X, is of the form

Kg—¢"(Kx)=)_ a; D;
i=1

with all the a;’s > -1 (>0 /> 0).

Examples 1.1 (i) The quotients C? /G, for G a linearly acting finite subgroup of
GL(2,C) (resp. of SL(2,C)), have at most log-terminal (resp. canonical) isolated
singularities.

(ii) All @-Gorenstein toric varieties have at most log-terminal (but not necessarily
isolated) singularities.

(b) E-polynomials. As it was shown by Deligne in [12, §8], the cohomol-
ogy groups H'(X,Q) of any complex variety X are equipped with a functorial
mized Hodge structure (MHS). The same remains true if one works with coho-
mologies H: (X,Q) with compact supports. There exist namely an increasing
weight-filtration

We: 0=W_1 CWo CW;1 C---CWay CWa =H: (X,Q
and a decreasing Hodge-filtration
F*: H(X,Q)=F°>F'>...>Fi> F*l =,
such that F* induces a natural filtration

FP (Grk “(Hi (X, (C))) -
(Wi (H(X,0)) NFP (HE(X,C)) + Wi—1 (HE(X,Q))) | Wi—r (HE(X,0))

(denoted again by F*) on the complexification of the graded pieces

Gry (H:(X,Q)) = Wi /Wi_1.
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Let now

hP (Hi(X,C)) := dimeGri.Gr)y, (Hi(X,0))

denote the corresponding Hodge numbers by means of which one defines the so-
called E-polynomial of X:

E (X;u,v) :=Z P (X) uPvi! € Z[u,v],

p,q

where

eP? (X):=Y " (-1)' WP (HL(X,0)) .

i>0

The E-polynomials are to be viewed as “generating functions” encoding our invari-
ants. For instance, the topological Euler characteristic e (X) is E (X;1,1). In fact,
the E-polynomial behaves similarly; e.g, for locally closed subvarieties Y, Y7, Y5 of
X,

E(X\Y;u,v) = E(X;u,v) — E(Y;u,v), (1.1)

E (Y1 UYs;u,v) = E(Y1;u,v) + E(Ya;u,v) — E(Y1 NYs;u,v) (1.2)
and
E(X;u,v) = E(F;u,v) - E(Z;u,v) (1.3)
whenever F' denotes the fiber of a Zariski locally trivial fibration X — Z.

Example 1.2 If Y — X is the blow-up of a d-dimensional complex manifold X
at a point x € X and D = H’(‘é’l the exceptional divisor, then E (Y;u,v) equals

E (X~ {z};u,0) + E(D;u,v) = E (X;u,0) + uv + (w0)> + --- + (w0)*™"  (1.4)

(c) Eg-functions. Allowing the existence of log-terminal singularities in order
to pass to stringy invariants, one takes essentialy into account the “discrepancy
coeflicients”.

Definition 1.3 Let X be a normal complex variety with at most log-terminal

singularities, ¢ : X — X an snc-desingularization of X asin (a), D1, Da,... , D,
the prime divisors of the exceptional locus, and I := {1,2,...,r}. For any subset
J C I define
X, if J=o
Dy = and S =Dy~ U D; .
anJ Dj, if J?é %] JEINJT

The algebraic function

uv — 1

PR (1.5)

Egr (X;u,v) := Z E (D5;u,v) H

JCI jeJ

(under the convention for [];.; to be 1, if J = @, and E (&;u,v) := 0) is called
the string-theoretic E-function of X.
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The main result of [4] says that:

Theorem 1.4 The string-theoretic E-function Eg, (X;u,v) is independent of the
choice of the snc-desingularization ¢ : X — X.

Remark 1.5 (i) The proof of 1.4 relies on ideas of Kontsevich [30], Denef and
Loeser by making use of the interpretation of the defining formula (1.5) as some
kind of “motivic non-Archimedean integral” over the space of arcs of X. (For
an introduction to motivic integration and measures, we refer to Craw [11] and
Looijenga [31]).

(i) To define (1.5) it is sufficient for ¢ : X — X to fulfil the snc-condition only
for those D;’s for which a; # 0.

(iii) If X admits a crepant desingularization 7 : X — X, i.e., K ¢ = ™" Kx with
X smooth, then Eg, (X;u,v) = E(X;u,v).
(iv) In general Eg, (X;u,v) may be not a rational function in the two variables

u,v. Nevertheless, if X has at most Gorenstein singularities, then the discrepancy
coefficients ay, ... ,a, are non-negative integers and

Egr (X;u,v) € Z]u,v] N Q(u, v).

(Of course, for X projective, stringy Hodge numbers A% (X) can be defined only
if Egr (X;u,v) € Z [u,v)).

(v) The ezistence of snc-desingularizations of any X is guaranteed by Hironaka’s
main theorems [24]. But since definition 1.3 is intrinsic in its nature, it is prac-
tically fairly difficult to compute FEg, (X;u,v) precisely without having at least
one snc-desingularization of X at hand, accompanied firstly with the intersection
graph of Dy,..., D, and secondly with the knowledge of their analytic structure.

Definition 1.6 One defines the rational number

o (X) = lim Fyie (X;,0) = JZCI e(D3) JEHJ

(1.6)

as the string-theoretic Euler number of X. Moreover, the string-theoretic index
indgt, (X)) of X is defined to be the positive integer

indgg (X) := min{ leZ>

1
estr(X)GiZ } .

Examples 1.7 (i) For Q-Gorenstein toric varieties X, indg¢y (X) = 1, and egqr (X)
is equal to the normalized volume of the defining fan. Moreover, for Gorenstein
toric varieties X, Estr (X;u,v) is a polynomial.

(ii) Normal algebraic surfaces X with at most log-terminal singularities have
indgty (X) = 1. There exist, however, normal complex varieties X of dimension
d > 3 with at most Gorenstein canonical singularities having indg, (X) > 1.

Batyrev formulated in [4, 5.9] the following conjecture:

Conjecture 1.8 (On the range of the string-theoretic index) Let X be a
d-dimensional normal complex variety having at most Gorenstein canonical singu-
larities. Then indg, (X) is bounded by a constant C (d) depending only on d.
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Remark 1.9 As it will be clear by Theorem 1.11, Conjecture 1.8 is not true in
general. Nevertheless, there exist several classes of examples of such X’s with
string-theoretic index bounded by a constant which depends exclusively on the
dimension. (See e.g. [4, 5.1, 5.10] for the case in which X is the cone over a
(d — 1)-dimensional smooth projective Fano variety being equipped with a pro-
jective embedding defined by a suitable very ample line bundle). The problem of

chacterizing those X’s having bounded inds, (X) is still open.

(d) The A-D-E’s. The d-dimensional analogues of the classical hypersurface
A-D-E singularities [16] have underlying spaces of the form

Xy = X](cd) := Spec (Clz1, ... ,za1] / (f)), d>2,

(1.7)
with  f(z1,...,2Za41) := g (1,22) + ¢'(z3,... ,Tdy1)
where g (21, %2) is the defining polynomial of a simple curve singularity
X,y = Spec(C[z1,22] / (9))
in the affine plane with
| Types | g (z1,72) |
A, 2Pt a3 n>1
D, o+ 3l >4
Eg z$ + x5
E; x5 + 123
Es x3 + 13
and ¢'(zs3,... ,Z441) = Zji; 7 is nothing but the defining quadratic polynomial

of the affine (d — 2)-dimensional quadric
— x(d-2) _ /
Xg ==X, := Spec(Clzs,... ,z411] / (9))-

Remark 1.10 The d-dimensional A-D-E singularities have lots of interesting
properties:

(i) Herszberg [23] and Treger [46, Thm. 1] proved that they are absolutely isolated,
i.e., that they can be resolved by blowing up successively a finite number of closed
points; in fact, up to analytic isomorphism, they are the only absolutely isolated
singularities of multiplicity 2.
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(ii) Generalizing the classical result of Artin [2], Burns [9, 3.3-3.4] showed that
they are rational, i.e., that for any desingularization 7 : Y — X }d) in dimension
d > 2, we have (R'm.Oy), = 0 for all i > 1. In particular, this means that they

have to be canonical (resp. terminal) of index 1 for d > 2 (resp. for d > 3); cf.
Reid [33].

(iii) Finally, Arnold’s results [1] (see also [14, 8.26-8.27]) imply that they are the
only simple (i.e., “0-modular”) hypersurface singularities.

These properties lead us to the conclusion that X }d)’s might belong to the class of
the best possible candidates for performing concrete computations for the string-
theoretic invariants. On the other hand, we should stress that none of the above
general techniques mentioned in 1.10 (i)-(ii) are “constructive” enough in the sense
of 1.5 (v). That’s why we restrict ourselves in this paper to the three-dimensional
case, and based on a canonical snc-resolution being constructed by Giblin [18] and
independently by the second-named author in [34], [35], we work out the needed
details to prove the following:

Theorem 1.11 The rational, string-theoretic E-functions of the underlying spa-
ces X =X }3) of the 3-dimensional A-D-E-singularities are functions in w = uv
given by the following formulae:

(i) Type A,, n even.

2, (w—1)(w?-1 1w
Eg: (X;u,v) =w3+w—1+ig2 wwi+(1w_1 )+ (;un+13)f1
2 %71 1 1
+(w—1) (w —1) z;l @I D) (W F2=1) + @B 1y (nti1)

(ii) Type A,, n odd.

Eser (X;u,0)=(w—1) (w+ 1) +w+ L%J

n—1 n—1

2 2 (w—1) = (w=1) 1
+(w” 1) 2 vt g+ X g | 1]
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(iii) Type Dy, n even.

Estr (X;u,0) = (w—1) (w?+3w+1)

g
+(w—1) (w+1)2 [ﬁ*‘ 23 W]

72— ) :|

=1 W(B-it1)

+2(w—1) (1 + 4w + w?)

n 5-1 (ﬂ—i+1) 2
w—w" w—w?2 w—wl\ 2
+A+w) 4(“’"—1) (w%_1) + = (w(%—i+1)71>
okl a1
+Hrw) |2 5 (82 (SR) -7 (3 —1)]
K,
okt1 oA+l o1
v 2 (se) (v) (3)
W

U i i
w—w® 11 w—w* 1 w—wh 1!
+2( :; " (w"+1—1) (w*’+1—1 wiir ) F20 =3
KA

where the pairs (k, ) of the fourth sum are taken from the set
{(3-i,3-@+1) | 1<i<3 -2}
U{(2-4,2(n—2i)—1) | 1<i< 2 -1}
V(3 —(i+1),2(n-2) - 1) [ 1<i< 5 -2},

the triples (r, A\, u) of the fifth sum from the set

{(3-i,3-i2(n—-2)—1) | 1<i<Z—1}

U{(5 - (i+1),5—(+1),2(n—2)—1) | 1<i< 5 -2},

and the triples (s', X', ') of the sizth sum from the set

{(B—i,2—(+1),2(n-2)-1) | 1<i<2 -2}

U{(n—-1,%-1,% - 1)} .
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(iv) Type D,, n odd.

Estr (X5u,0) = (w —1) (w+ 1)?

n+1
2

+(w—1) (w+ 1)2 wn—ll_l + wnl,l + 23 w2(n+31—2i)_1

n—3

+2(w—1) (14 4w+ w?) i —

& LB i)

— a1 PN ) =1
+2 (1 +w) (”:ﬂf )[‘fw‘fl wu ]

w 2 -1
n—3

n e 7 n=1_;14)\ 2
(1w | (5725) (se) + 2 (7“”—35 . ))

(Tl_i+1)_1

+(1+w) [2(;) (mert) () - 5 (n—1)+6]

w—w"t! w—wrt! w—wht!
+ X (w~+1—1 wAFI—1 whrtT—1

(kA p)

e 1 M+ k1
v ¥ () () () 2o -
KA

where the pairs (k, ) are taken from the set
{5 —i 55 — (i +1) | 1<i< 258}
U{(%t —i,2(n—2) - 3) | 1<i< 258}
U{(25* —(i+1),2(n—2i) —3) | 1<i< 255}
the triples (k, A\, u) from the set
{(n—1,25%, 252U {(25* =4, %5 —i,2(n— 2i) = 3) | 1 <i < 252}
{252 - (i+1), 252 = (i+1),2(n—2i) = 3) | 1 <i< 255},
and the triples (s', X', ') from the set
{(*5 =i = (+41),2(n—20) - 3) | 1<i< 255}
U{(n—1,n—2,252)}.

(v) Type Eg.

2 _ 2 _ 2
Bow (X;u,0) = w® — 1 4 2L 4 bl (o) 4 (o) (o)) 4 204w tw )

s[5 (s8) (e) -

_ k41 A1 _ +1
+ 2 (a) () () +0
KA, 1
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where the pairs (k,A) of the first sum are taken from the set
{(1,1),(1,3),(3,1),(1,6), (6,1),(1,9), (9, 1), (3,6), (6,9)}
and the triples (k, A\, p) of the second sum from the set

{(1,1,9),(1,6,9),(1,9,6),(1,3,6),(1,6,3)} .
(vi) Type E7.

Estr(X§U7U)=(w_1)(w+1)2[1+w61_1+w1(}_1+ > 1 ]

wl2—1 + wid—1

+2(w—1) (1+ 4w + w?) [wgl_l + w31_1 + w51_1]

okt oA+l
Hirw) | & (s5) (ss) -2
K,
okl A1 optl
() () (o) 1
By At

where the pairs (k, ) are taken from the set

)
{(4,9),(9,4), (4,11), (11,4), (1,11), (11,1), (4, 4)
(1,4), (4,1), (4,13), (13,4), (2,13), (13, 2), (2, 2)
(27 5)’ (57 2)! (1’ 2)’ (27 1)7 (4’ 2)1 (27 4)7 (]‘1 1)} *

and the triples (k, A, ) from the set

{(1,1,11),(1,2,4),(1,4,2), (1,4,11),(1,11,4),(2,2,5),
(21 2) ]‘3)’ (2) 43 13)7 (2’ 13) 4)’ (4’ 47 9)’ (43 4’ 11)’ (41 4’ 13)} *

(vi) Type Es.

By (X;u,0) = w® — 14 (w — 1) (w+ 1)2 [wu[l I E I wZLI]
+2 (’U} - 1) (1 +4U) + ’U)2) [w21_1 + w31_1 + u)51—1 + w81_1]
w—w"t?! w—w?t1!
+(1+w) (2;) (w~+171) (wm_l) — 28
k1 wow L RS
X )<1“u”“$1—1> (sre) (sr8r5) + 17
KA, 1

where the pairs (k, ) are taken from the set
{

1,2),(2,1),(1,4), (4,1), (1,11), (11, 1),
4),(4,2),(2,7),(7,2),(2,19), (19, 2),
7),(7,4), (4,11), (11,4), (4,23), (23, 4),
15), (15, 7),(7,19), (19,7),(7,23), (23, 7)}

and the triples (k, A\, u) from the set

(
2
4
7

-~
~N &~ DN
—
~~

El
b)
b)

{(1’ 1’ 11)’ (1’ 27 4)) (1’ 4’ 2)7 (1) 4’ 11)’ (1’ 113 4)’ (2) 2’ 19))
(2,4,7),(2,7,4),(2,7,19),(2,19,7), (4,4,11), (4,4, 23),
(4,7,23),(4,23,7),(7,7,15),(7,7,19),(7,7,23)} .
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In particular, the values of the corresponding string-theoretic Euler numbers (1.6)
are equal to

| Types Cstr (X)

A _ 3

n, T even P
A,, n odd 2

_ 80n*—381n3496n2—128

16n3
D,, n even n_qy
2~ 2(372-492n2 — 32i—184n° +20n* +688in—160in> +304in? +208n+5n° —50in*)
+ g:l (n—24)3 (n—2i+2)2
—96n34+765n2 — 1562141085
16(n—1)2
D,,, n odd ne5
2, 2(585n—129+130n> —306i—214n® — 5n* — 200in+40in" +484in> +5n° —50in*)
+z§ (n+1-2i)2(n—1-2¢)3

67 _
Es 8T =1.675
609 851 .
E; 609851 ~3.2267
315467
Es 315467 ~1.369 2

and the string-theoretic indices take the following values:
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| Types | indstr (X) |
1, if n=1(mod 2)
A, n+3, if n=2 or 4 (mod 6)
5+1, if n=0(mod 6)
It belongs to the intervall
3 i 3 2
(n, n (n—2))°(n—2i+2)°1NZ, if n even
D, i=1
252
(n,16(n—1)7 ] (n+1—-2i)°(n—1-20)°]NZ, if nodd
i=1
Eg 2%5
E; 2%3%5%7
Es 9103252

2 The canonical desingularization procedure

Throughout this section we shall omit the superscript d(= 3), use the notation
(1.7), and write the defining equation as:

Xs= {(.’L‘l,.’EQ,CL'3,SL'4) €C | f(xy,22,73,74) =g (x1,22) + 25 + 27 = 0}.

Let 7 : Blg(C*) — C* be the blow up of C* at the origin, with

Tt = x; tq, }
b)

Blg((C4) = {((xl,xg,zg,x4),(t1 ity itz :ts)) € ct X]P’% Vi, 1<i,j<4

= 71(0) = {0} x P4, and let U; C Blp(C*) denote the open set given by
(t; #0). In terms of analytic coordinates we may write for i € {1,2,3,4},

U = {((561,1172,1133,11}4) ) (61;",5:«'5 "a§4)) € (C4 X CS

z; = x; &,
Vi, j€1{1,2,3,4}~\{i} |~
where §; = i—j, and E, means that we omit &. Moreover, we may identify U; with

a C* with respect to the coordinates z;, &1, . .. ,Ei, ... ,&1. The restriction 7 |y, is
therefore given by mapping

(C4 > (CL‘i, 511 0y gi, -y £4)

=
((.CU, €1y @i &1, @iy i Eig1,y -y T4 64) s (51 L \1/ F 64)) eU;
i-th pos.
{ 7T|Ui

(®i&1,...,®i&i—1,2i, % &it1,... , 2 €a)
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Note that &; := £NU; is described as the coordinate hyperplane (z; = 0); i.e., the
open cover {U;}, o;4 of Blg(C*) restricts to £ to provide the standard open cover
of P by affine spaces C*, with {¢; }ie{1,2,3,4)~{i} being the analytic coordinates
of gi-

Notation. To work with a more convenient notation we define
4
Blo(C*) = U Ui,  U; =Spec (Clyi,1, ¥i,2,¥i,3: Yi,a]) »
i=1

by setting as coordinates for U;’s:

) my, fori=k
Yik =\ ¢, fori#k

e Step 1: The first blow-up. Blowing up X at the origin, we take the diagram

& C Blp ((C4 ) - ct
u u u

ENBl(X;) C Blo(Xy) =% X,

and consider the strict transform

Blo(X;) = 7 1(X; N (€1~ {0))) = 7 1(X;) N (Blo(CH~E))

of Xy in C* under 7, and the corresponding exceptional (not necessarily prime)
divisor & := £ N Blp(X[) with respect to 7 |restr.

» Local description of Blg(Xy) and &;. After pulling back f by m and re-
stricting ourselves onto U;, we get

2 7 2 7
vi =% fi =Yi: fi,

7 (f)

with f; € Clyi,¥i2,Yi,3,Yia)- More precisely, we obtain

Types ]?1 f72
A, yﬁIl +yio+yls+uia ygjlyg,gl +1+y33+ysa
D, it Fyayia Hyls tuta | s Rt Fyeaee +Yis + Y54
Eo i+ yiayie +yis +tyia Ysay22 + Y2+ ys s+ Ysa
E7 Y1+ Yiayie +yis tyia Y31Y2,2 + Y2,195,2 + Yo,3 + Ysu
Eg i1+ yiayie Huis tuia Y3ay22 + Yo +yss+Ysa
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and

Types f3 fa

n+l, n—1

An Y31 Yzz T+ y§,2 +1+ y§’4 n+l, n—1

Ya1 Yaa + Yio +yis+1

n—1, n—

D, |y ss® tysaydoyss+1+y3a | it wid® Y uaayiayaa+yis+1

Eq y§,1y3,3 + y§,2y§,3 +1+ y§,4 y2,1y4,4 + y2,4y2,4 + yZ,g +1

E; Y31ys3 +Ysay32033 + 1+ 34 Yi1yaa +yaiyioyia +yis+1

Es Y3.1Ys,3 + Y30y + 1+ Y34 Yiiyaa+yioyia+yis+1
Locally,

Blo(X/) |y, = {(yi,l,yi,2,yi,3,yi,4) ec ‘ Fi (Wit Yi2, Y3, Yia) = 0},

and using the restrictions of ﬁ-’s on the &’s, i = 1,2,3,4, we get the equations
for gf U; -

Blo(Xs) N & = &f v, > {(yi,l,yi,z,yi,3,yi,4)€ ct ‘ Yii = Fi (Yi1, Yi2s Yi3, Yia) = 0} .

Lemma 2.1 (Local Reduction) The types of the singularities of Blo(Xy) are
given by the following table:

Im‘tlal ty;-)e.s New 51ng.ular1t1es located in the
of singularities (and their types) o .
of X, on Blo(X;) affine pieces
A A, — —
An, n Z 3 An_2 U1
Dy A, A, Ay Us, Uy NUz, Uy NUS
Ds As, A, U,,Us
D,,n>6 D,_», A, U1, Us
E¢ Asx U,
E; D¢ U,
Es E; Us

Proof. The affine pieces in which the singularities of Blg(Xy) are located are
obviously those of the above table (simply by partial derivative checking). Let us
now examine the types of the appearing singularities in each case separately.

> Blowing up singularity A,, n > 3, we obtain an A,,_,-singularity in its normal
form f;.
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> Blowing up D,,’s, and working first with the patch Uy, we get a D,,_s-singularity
in its normal form f; whenever n > 6, no singularity for n = 4, and an Ags-
singularity for n = 5, just by utilizing the analytic coordinate change

yi,ia (&S {27 33 4}
Yi,i = 1
91,1 - 5(91,2)% i=1
and writing the corresponding defining polynomial as:
]‘ ! !

2 2 2 2 4 2 2 2
YiiTYaYie +Yi3+Yie = _Z(yll,z) + (W1,0)" + W) + (Wh4)” -
Passing to Uz, we have Blo(Xy) |u, =
= {(y2.1, -, y2,4) € C |0(y2,1, o, y2.0) == Y51 Y52 + y21922 + Y23 + Y54 =0}

with partial derivatives w.r.t. 8 = 0(y2.1,...,y2,4):
(06

il Gt Y yss ez = ge2 (n— 1) y5 770550 +1)
09 n—1 n—4 n—2 n—4
4 Byzs =(n—=3)ys1 Yo Y21 =1y2.1 ((n—3) Ya1 Yz + 1)
09 09
=2 and =2 .
\ O0y2,3 Y. 0y2,4 Y24

Clearly, for n = 4, the singular locus of Blg(X¢) |y, consists of the points
(0,0,0,0), (V _15(];070) and (_V _15(];070)
which can be expressed as the singularities at the origin 0 of C* for

Y1922 + Y2122 + Y33+ 924 =0
(2.1)

3/2,2 (1/2,1)3 +3v-1 3/2,2 (?/2,1)2 - 23/’2,2 y'2,1 + (3/'2,3)2 + (3/'2,4)2 =0

(just by setting y21 = yhy + V=1 and y2; = yh;, for i € {2,3,4}). Next,
applying a result of Badescu (in a very special case of it, [3, Thm. 1, p. 209]),
we see that all normal isolated singularities which can be fully resolved after a
single blow-up and have exceptional divisor E = P{ x P with conormal bundle
N isomorphic to Og (1,1) are analytically isomorphic to each other. It is easy to
verify that this is valid for all singularities (2.1). Hence, they are all analytically
isomorphic to an A;-singularity (which has the same property). Alternatively, one
can show that these are analytically isomorphic to A;-singularities by exploiting
the fact that they are semiquasihomogeneous of weight (3,1,1,1) and by using
[36, Corollary 3.3]. (The completions are isomorphic to the singularities defined by
that polynomial part consisting of all terms of weight 1, which is obviously equal
t0 Y2,1y2,2 + Y55 + Y34 and =245 5451 + (y53)” + (y5,4)%, respectively). On the
other hand, for n > 5, the only singular point of Blg(X/) |y, is (0,0,0,0), which
again turns out to be an A;-singularity (by the same reasoning).

> Now the singularity Eg passes after blowing up to an Ajs-singularity, because
using the analytic coordinate change

yg,i, i€ {1,3,4}
Ya2,i = 1
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we get

!

. . 1
93,13/2,2 + 95,2 + 3/5,3 + 3/5,4 = _1(912,1)6 + (912,2)2 + (yz,s)z + (3112,4)2 .

> Starting with E; we obtain a Dg-singularity, because the analytic coordinate
change

yé,z’a (&S {1a3a4}

implies
1
YiaY2 + Y250+ Uhs Huha = — 7 (We0)" + ¥an (80)° + (12,5)° + (W0)” -
> Finally, blowing up singularity Eg, we acquire an Er-singularity in its normal
form fs. O

» Global description of Blg(Xy) and &;. This can be realized after coming
back to our global coordinates:

| Types | Blo(Xy) = all ((w1,..,@4),(t1:t2:t3:t4)) € Blo(C") with: |

A, s M A+t 4+t =0
D. e bt Ht3+t =0
Es zit? +a3t3+t3 415 =0
E; it +ziaati +t34+t2=0
Es zit? +a3ti +t3 415 =0

In particular, this means that the exceptional locus £ is given globally by

| Types of X;’s [ & =all (0,(t1:t2:ts:t4)) € {0} x P¢ with: |

A, B3 +t34+t3=0
A,,n>2 242 4+t2=0
D..,Eq, E7,Esg t3+ti=(ts+v—1ts) (ta—v/=1ts) =0

In the latter four cases £ consists of two exceptional prime divisors, say 5} and
&} (which are = PZ). Moreover, taking into account the above local description
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of singularities of Blg(X), we may rewrite them in homogeneous coordinates on
{0} x P as follows:

| Types of X;’s | Singular points of Blg(Xy) |
AL, A, -
A,,n>3 (0,(1:0:0:0)) € &
Dy (0,(0:1:0:0)), (0,(£v=1:1:0:0)) € EsN&f
D,,n>5 (0,(1:0:0:0)), (0,(0:1:0:0)) € &4 NEf
Es, E;, Es (0,(0:1:0:0) € &4 NEf

e Step 2: The next blow-ups. The desired snc-desingularizations of X;’s, say

p: XX 7, will be constructed by blowing up the possibly new singular points
again and again until we reach to a smooth threefold X with exceptional locus
&x () consisting of smooth prime divisors with normal crossings. We give a com-
plete characterization of ¢’s by the following data:

> the local resolution diagrams (abbreviated LR-diagrams) which are constructed
after repeated applications of Lemma 2.1 (with each arrow indicating a local blow-
up at a single closed point),

> the intersection (plane) graphs whose vertices represent the exceptional prime
divisors w.r.t. the ¢’s and their edges insinuate that the corresponding vertices
are divisors which have non-empty intersection,

> the structure of the exceptional prime divisors up to biregular isomorphism
(which turn out to be certain compact rational surfaces of Picard number either
2 or 4), and finally

> the intersection cycles of all intersecting pairs of exceptional prime divisors
(Di-D;j) b » k € {i,5}, as divisors on Dy, (cf. [34], [35]), though we are primarily
interested in their underlying topological spaces (see below lemma, 2.3).

The interplay of local and global data (simultaneous blow-ups, strict transfoms
after each step etc.) will be explained explicitly only for types A,, D4, Eg. (For
reasons of economy, further details -in this connection- about the other types will
be omitted. The not so difficult verification of the way one builds the corresponding
intersection graphs step by step is left to the reader).

(i) Type A;. Blowing up the origin once, we achieve immediately the required
desingularization. The exceptional prime divisor

Er2{(tiita:ts:ts) € PL | i +15+13+13 =0}

is biregularly isomorphic to {(#] : th : t§ : ¢}) € P2 | tith —tht) =0} = Im(y),
where v denotes the Segre embedding

PL x PL 3 (w1 : wa), (@) : wh)) o (21 2 22 ¢ 23 = 24) € P2
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with

— ! — ! — ! — ]
zl—wlwl, zg—wlwz, Zg—’(Ule, Z4—’€U2W2,

V=21, th =24, th =29, t) =2
Indeed, defining § to be the biregular isomorphism
(£ th i th o th) =25 (b1 — V—Tta sty +V/—Tta i ts —V—1ta: —(ts + V—1ts)),

we obtain § (Im (7)) = &;. Consequently, £ = P{ x Pt and has conormal bundle
O¢,(1,1).

(ii) Type A,. Blowing up the origin once, Blg(Xy) is smooth (as threefold),
though

(as surface on the threefold Blg(Xy)) has a singular, ordinary double point at
¢=1(0,(1:0:0:0)) in & |y, . For this reason, in order to form an snc-resolution
of the original singularity, we have to blow-up once more our threefold at g and
consider

¢ : X = Bl,(Blo(X;)) — X; .

The new exceptional prime divisor is obviously a PZ, while the strict transform
of the old one is nothing but the (2-dimensional) blow-up of £ at g. Since £; can
be viewed as the projective cone C P2 over the smooth quadratic hypersurface
V={(ty:t3:t4) €PZ | t3+ 13+t =0} with(1:0:0:0)asits vertex, blowing
up (1:0:0:0), we obtain a ruled (compact) surface over V = P{ having the
inverse image of (1:0:0:0) as a section Cy with self-intersection C2 = —2 (see
Hartshorne [21, V.2.11.4, pp. 374-375]). Hence, the strict transform of £; under
¢ has to be the rational ruled surface Fy := P(Op1 ® Opy (—2)) (because Fy is the
unique P¢-bundle over PE having an irreducible curve of self-intersection —2, cf.
[19, p. 519]).

Remark 2.2 Among the three-dimensional A-D-E’s, type Az, and, in general,
type A,, n even, constitutes the only exception in which one has to blow up a
smooth threefold point at the last step to ensure an snc-resolution. In all the
other cases the snc-condition will be present immediately after the last blow-ups
of singular points (becoming clear from the LR-diagrams which have only A;’s at
their last but one ends).

(iii) Types A,, n > 3. The LR-diagram for these types depends on the (mod
2)-behaviour of n, and the number of the required blow-ups equals m := ["THJ .

An—)An_g—)An_4—)"-—>A3—)A1—)A0 (lf nEl(mon))

A, A, 22 A, 41— —Ars—>Ag—> Ay (if n=0(mod 2))

(Ao stands for a “smooth chart” on the threefold). But ¢ : X — X ¢ is decom-
posed also globally into m blow-ups

X =Bl, (qum_1("' (B1q1(Xf)))) Iy quz(Blrn(Xf)) s B1q1(Xf)

T =7 -l«
Xy
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of m points ¢t = 0, g3 = (0,(1:0:0:0)),...,¢m, and is endowed with the
“separation property”. By this we mean that, if By = &, Es,... , E,, are the
exceptional loci of my, 72, ... , Ty, respectively, then for ¢ > 2 a singular point g; is
resolved by 7; and the (possibly existing) new singular point g;11 is not contained
in the strict transforms of Ey, Es,...,E;_1 under w;. Thus, deﬁning D; to be
the strict transform of E; under m;41 0 mj42 0+ 0mp_1 0Ty on X, we obtain an
intersection graph of the form:

D, Dy D3 Dp—o Dy Dy,

Case A,,.

It is clear by (i) and (ii) that D,, = P¢ x Pg, for n = 1(mod 2), and D,,, = PZ,
for n = O(mod 2), while D; = F, for all j, 1 < j < m — 1. The Picard group
Pic(Fy) = Z2 of each F, is generated by two projective lines: a fiber f and a
section Co with C2 = —2. The intersection cycles read as follows:

(Dj - Dj1) |p; = Co, (Dj-Djs1) |y ~ Co+2f, Vj, 1<j<m—2,

and

Hi +H, if n=1(mod 2)
(Dm—l ' Dm) |Dm—1 = C07 (Dm—l ' Dm) |Dm ~
2H, if n=0(mod 2)

Where OP%(H) = OP%(I) in PIC(P%), and

Opixpi(H1) = Opiypr(1,0),  Opixpi(H2) = Op1xp1(0,1)

in Pic(P{ x P{). (We shall keep the notation below whenever the arising excep-
tional prime divisors are biregularly isomorphic to F» or to P{ x PL). Obviously,

(HH) g = (H1 - Ha) |paps = 1 and (Hy - Hy) [pacer = (Ha - Ho) [paer = 0.

» Three characteristic rational surfaces. The remaining types D-E of singu-
larities (X, 0) are more complicated as the ¢’s under construction will not fulfil
the above “separation property”. Furthermore, since the exceptional locus after
the first blow-up consists of two irreducible components 5} and 5}' , and the ap-
pearing new singular points (3 in case Dy,2 in case D,, n > 5, and 1 in cases
Eg,E7, Eg) lie on the line G = 5} n 8}1, the strict transforms of G together with
their intersections with other components (due to the next desingularization steps)
will accompany us until we arrive at X.In addition, to ensure a uniform resolution
procedure from the “global” point of view, one has to blow up the new singularities
simultaneously (in each step) and take into account the related intrinsic geometry.
That’s why, before proceeding to the examination of the remaining cases, we de-
fine three rational compact complex surfaces which will appear in a natural way
as exceptional prime divisors of our ¢’s. (In fact, they will be inherited from the
strict transforms of the original £} and £} as well as from the other intermediate
components which arise on one’s way on the “surface level”.)

> Let PZ[3] be the surface resulting after the blow-up Bl 4 4.1 (PZ) of Pg si-
multaneously at three different points go,¢1,¢> of a line G C PZ. (This surface
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is unique up to biregular isomorphism, because for any other triple g{,q;, ¢} of
different points of a line G’ C P% the linear isomorphism G S¢ mapping ¢; to
¢i,i =1,2,3, can be extended to an isomorphism P2 5 PZ). If we denote by C;
the inverse image of ¢; in PZ[3], then Pic(P%[3]) = Z* with {Co,C1,Cs, G} as gen-
erating system, where G is the strict transform of the original line G. Topologically
{Co, C1, Cz, G} looks like:

Co Cy Cs

The intersection numbers of these generators on P2[3] are the following:

G=C=C=-1,G=-2
(G-Co)=(G-C1)=(G-Cy) =1
(and =0 otherwise)

> Let now PZ[3] be the surface Blgg,} (Blyg, 4,1 (PZ)) being constructed by simul-
taneously blowing-up of P2 at two different points go, g1, followed by the blow-up
at the intersection point gy of the strict transform of gy ¢y and the blow-up of ¢;
on Bl o1 (PZ). (The isomorphism type of PZ[3] is unique, and one can use arbi-
trary points go # ¢; for the construction). If we denote by G the strict transform
of go q1, by C; the strict transform of g;,7 € {0,1}, and by Cy the blow-up of ¢»
within PZ4[3], then Pic(P4[3]) = Z* with {Co,Cy,Cs, G} as generating system:

Co

G

Co

and intersection numbers:

CZ=C=-1,C=G= -2,
(G-Co)=(G-Co)=(C;-Co) =1
(and =0 otherwise)

> Finally, let P%[3] denote the surface Blg,,) (Bl 3 (Bl 1 (PZ))) determined by
blowing up a point g of PZ, taking a line G C PZ, with gy € G, such that (strict
transform of G) ﬂBl{qO}(]}’%) = {q1}, blowing up in turn ¢;, and blowing up (at
the last step) gz, where (strict transform of G) NBly,, 1 (Bl (PZ)) = {g2}. The
isomorphism type of PZ[3] is again unique, Pic(P4[3]) = Z* is generated by
{Co, C1,Cs, G}, where G is the (final) strict transform of G, C; the strict trans-
form of g;,i € {0,1}, and Cy the blow-up of go within PZ[3]. Topologically
{Co, Cl, CQ, G} looks like:
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:

and the corresponding intersection numbers equal:

CG=-1,C=C=G>= -2,
(G-C)=(Co-C1)=(C1-Co) =1
(and =0 otherwise)

(iv) Types D,, for n = 2k, k > 2. Let us first explain what happens in the
Dy-case. Blowing up the origin 0 € X; we get

Blo(Xys) = {((z1,..,24), (t1 : .. : ta)) € Blo(C") |21 t] +a1ts +15+151 =0}

with £ = £} U &} as exceptional locus. As we have already mentioned above,
Blo(Xy) possess the three A;-singularities

g0 =(0,(0:1:0:0)), ¢1=(0,(v/=1:1:0:0)), g2 =(0,(—v/—1:1:0:0)),

which belong to the line G = E} N S}'. To obtain our global desingularization

p: X —X ¢ it is enough to blow up once more all three points g, g1, g2 simul-
taneously:

X =Bl (40,41,053 (Blo(Xy)) =2 Blo(Xy) ™ X; .

Let us denote by D (resp. D) the strict transform of £} (resp. £F ) under m,
D3 =m5"(q0), D; = 75" (g;), for j € {1,2}, and define

e —1
Cz' =Ty

Dj (resp. DY) (Qi)a S {07172} :
Then obviously Dy & Dy = D3 = PL x PL and D} = DY = P2[3] with Picard

group generated by Cgy, C1,Cs and G, where G is the strict transform of G under .
The intersection graph of these five exceptional divisors is illustrated as follows:

Ds
NS
Dy
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Generalizing to Doy, , the LR-diagram has the form:

Ay
T
A
T
D2k — D2(k—1) — e — D6 — D4 — A1 — AO
l 1 \ l
Ay Ay Ay Ay
\ \ \ \
Ay Ay Ay Ao

with a Dy at its right-hand side and the intersection graph looks like:

D, Ds D11

/" /" /"
Dl Dk 2 chfl

(The dotted line from Ds to D; will be used only for the case of odd n’s and
it should be ignored for the time being). The ordering of the subscripts of the
divisors of the top and the bottom row is 1,2, ...,k — 2,k — 1, whereas that of the
divisors of the middle row is 2,1,3,4,...,k,k + 1. In this general case one needs
altogether k + 1 global (= simultaneous) blow-ups to construct ¢ : X — Xy.
The exceptional prime divisors which occur are D; 2 Pt x Pg, Vj, 1 <j<k+1,
and

Dy =Dy =P[3], Dj=Df=Pg3], Vj, 2<j<k-1,

with the k + 1 P{ x P{’s coming from the A;’s of the LR-diagram, and the k — 2
pairs of PZ[3]’s inherited from the strict transforms of the £ and 5}' with respect
to the first £ — 2 global blow-ups (where in each step the singularities appear
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pairwise). The corresponding intersection cycles are:

(D1 - D})|p, =Ha, (D1 - DY) ‘D; =Cy,
(D1- DY) |p, = Hi, (D1 DY) |y =,
(D2 - D}) |p, =Ha, (D2'D’1)‘D'1 =Ca,
(D2 - DY) |py = Hu, (DZ'DQI)‘D’{ = Ca,
(Dr1 - Dg_y) [Diyy = Ha, (Di+1 - Dye_y) |y, _, = Co,
(Di41-Dy_y) |D,c+1 = Hy, (Dr41-Di_y) |py_, = Co,
while for £ > 3, and all j, 3 < j <k,
(Dj - D}_y)|p; =H2, (D;j-Dj_,)|p_ =Ca,
(Dj - D}_y) |p; =Hi, (Dj-Df_,) D}_, = Co,
(Dj -Di_) |p; =H1, (Dj-Dj_y) py_, =Cz,
(Dj - Dj_5) |p; =Hz, (Dj-Di ) |pr_, = Co,
(D} DY) |py ~G+Cit+Coy (D} DY) [py =Cu,
(D D) | py ~G+Ci+Coy (DY - DY) |py =Ca,
and for all j, 2<j < k-2,
(D, DYy pyon ~ G+ Ci+2C, (D; - Di{Y) iy = Cr

and finally, for all j, 1 <j<k—1,

(D5 1))

(D5 D))

p. =G, pr =G.
J 7

(v) Types D,, for n = 2k + 1. The LR-diagram in this case reads as follows:

D2k+1 — D2(k—1)+1 — —- Dy —- A3 —» A — Ay
1 1 i
Ay A, A,
\J 1 \J
AO A.O A—O

Up to the introduction of the extra dotted edge into the game, the intersection
diagram remains the same, and the exceptional prime divisors are

Dy =W, D;j=PexPg Vj, 2<j<k+1,
and

Dy =D} =Pg[3], Vj, 1<j<k-1.
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Moreover, the intersection cycles are identical with those we have encountered
before in (iv), up to the following ones:

(D1-D2)|p, =Co, (D1-D2)|p, ~Hi+Hz, (D1-Dj)[p, =f, (D1-D})|p; =Ci,

(Dl . D’ll) |D1 = f’, (D1 . Da’) Dil = Cl, (f 75 f’ fibers of ]Fz)
set th.
(D4 D) | o ~ G+ Ci +2Cs, (D) | o = Ca,

(vi) Type Eg. The LR-diagram in this case reads as:

EG—)A5—)A3—)A1 —)AO

Globally, the desingularization procedure is described as follows. To obtain the
morphism ¢ : X — X, we need 3 additional blow-ups at three points qo, g1, g2

after Blo(X;) - Xy, ie.,

Bl,, (Bl (Blo(X)))) = Bl,, (Bla(X;)) = Blo(X;) 5 X,
Tﬂ'a

X = Bly, (Bl,, (Bl,, (Blo(Xy))))
where go = (0,(0:1:0:0)) € Uz on
Blo(Xf) = {((x1,..,x4), (t1 1 t2 1 t3 : ta)) € Blo(C') | 21t} +a3t3+1t5 +t3=0}.

Analogously, one gets g1 = (0,(0:1:0:0)) on Bl (Blo(X¢) |u, ), which equals
{((yg,l, o y2,4), (A1 1.t X)) € Uz % ]P’% | (y2,1)2 A2 + )\3 + )\§ + )\421 = 0}

(and similarly for g» € Bly, (Bly, (Blo(Xy)|v,)) in the last step). The point

go belongs to the line G = & N &} (where, as usual, 7~1(0) = Er U EY) and

(Blo(Xy),q0) is an As-singularity. According to (iii), this will be resolved by

m o m o w3 to give two Fy’s and one Pl x PL as exceptional divisors. More
precisely,

¢1 € (strict transform of G under m1) N (exceptional locus of 1)
is the new, Ags-singularity, while

strict transform
g2 € (strict transform of G under m o ma) \ of the exceptional
locus of 71 under 7o

is the final A;-singularity. Let us denote by D; the strict transform of the excep-
tional locus of 7r; under 75 o3, by Dy the strict transform of the exceptional locus
of m2 under 73, by D3 the exceptional locus of 73, and finally by D4 (resp. D}, G)
the strict transform of the original 5} (resp. & }’ ,G) under 7 o 7y o w3, and define

Co := (strict transform of go under 7 o7y o3 on Dy (resp. Dj))
C; := (strict transform of ¢; under w2 o w3 on Dy (resp. D}))
C2 :

(the blow-up of g2 by 73 on Dy (resp. Dj)) .
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Then
Dy =D, =F,, D;=PLxPL D,=D,=P3],
with Pic(Dy) (resp. Pic(D})) generated by Co, Cy, Cs, G, intersection graph

D D),

V

D3
Case Eg.

and intersections cycles:
(D1-D2)|p, =Co, (D1-D2)|p, ~ Co+2f,

(D1-D4)|D1 =f, (Dl-D4)|D4 = Co,

(Dl'Dfi)|D1 =f, (DI'DD 12 = Co,
(D2 D3)|p, =Co, (D2-D3)|p; ~Hi1+Ha,
(D2-Da)|p, =f, (D2-D4)|p, =C1,

(D2 -D}y)|p, =f', (D2-D})

D"1 :C17
(D3 - D1)|ps =H1, (D3-Da)|p, =Co,

(D3~ D}) |py =H2, (Ds-Dj)|p; =Co,

(D4'Df1)|D4 =G, (D4'D£1) D =G.

(where f # f' fibers of Fy).
set th.

(vii) The cases E; and Es. Since Eg passes to an E; after the first blow-up,
the LR-diagram looks like:

Ao
.T.

A
T

Es —+ Er — Dg — Dy — A1 — Ay

1 1

A, A,

1 \:

Ay Ay




ON THE STRING-THEORETIC EULER NUMBER OF THREE-DIMENSIONAL A-D-E SINGULARITIES 25

D}

1
Dy

Cases E; and Eg.

Globally, for the resolution of E;- (resp. Eg-) singularity, we need 4 (resp. 5)

blow-ups. The intersection graph contains 10 (resp. 12) vertices (with the dotted
edges only in the Eg-case)
corresponding to the 12 exceptional prime divisors

Dy = Dy, = D3 = Dy = Pg x PE,
D} = DY = P%[3], D)= Dy =PZ[3],

D} = Dy = D = D ~ PZ[3].

The “central” four Pi x Pi’s come from the four lastly appearing A4’s, and the
four top PZ[3]’s are due to the last three sucessive blow-ups of £} and £}. The
two PZ[3]’s (resp. the two PA[3]’s) are in turn inherited from the strict transforms
of £ and £} after passing from Dy to the three A;’s (resp. from Dg to Dy).

Making use of the previously introduced notation, the intersection cycles read as
follows:

(D1-D})|p, =H1, (D1-D}) py = Ci,
(D1-DY)|p, =H2, (D1-DY)|py =Ca,
(D1 - D3) |p, =H2, (D1-Dj)|py = Co,

(D1-DY)|p, =H1, (D1 -Dg)|D,3, — Co,

(D1 - DY)

py =G, (Dy-DY) |D’1’ =G,

(D1 - D2)

D} =Co, (Dll'D2)|D2 = Hy,

(D1 - D)

D} ~ G+ Cq1 + 2Co, (D’lDlz)

py = C1,

(D1 - Ds)

p; = Co, (D} - Ds) |py = Ha,
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(D} - D3) ‘D’l ~ G+ Co + Ca,

(DY - D) ‘D;' =Ca,

(D1 - D3)

D;’ NG+C1 +2C27

(DY - D3) ‘D’l’ = Co,

(DY - DY)

Dlll NG+C0+C2)

(D - Dy)

D’2 :G7

(D4 DY) | py ~ G+ Co+Ca
(DIQ'D3)‘D’2 =G,

(Dg-Dg) by~ G+ Co + Co,

DIMITRIOS I. DAIS AND MARKO ROCZEN
(D} - D) | by, = 1,
(DY - D2) |p, = Haz,
(DY - DY) |py = Ca,
(DY - D3)|ps =Hi,
(DY - DY) | py =1,

(D5 - Dy)

py =G,
(Dy - D) |y = Co,
(D4

- D3) |D3 = Hy,

(0§ - DY) | py = Co,

(Dy - D3) ‘D’z’ = Co, (DY - D3) |py =Ha,
(D4 D) |py =Hi, (D Da)|p, = Co,
(DY - D) |y =Co, (DY Da)|p, = Hy,
with (D3 - D%) |p, =G, (D5-Dg)|py =G, and
(D4 DY) |py ~G+Ci+2Cs, (Dh- DY) [py =G,
(Ds- DY) |p, =Hu, (D4'DZ)‘DQ’ = Cy,
(DY D) by ~G+Ci+2Cs, (D -DY)|py =Cs,
(D4 - DY) |p, = Hs, (Da- D}) |py = Ca,
(Dg-Dg)‘Dé ~ G+ Cy +2Cs, (Dg-Di)‘Da = Co,
(D, DY) |p, =6, (D4 D) | by =6,

(D - DY)

Dél NG+C1+2C2,

(Dg - DY) |py = Co,

"
D4

where these last 2 - 7 intersections concern only the snc-resolution of the Eg-type

singularity.

Lemma 2.3 (i) All the edges of the intersection graphs represent smooth, irre-

ducible, rational compact complex curves.

(ii) Let b(X) denote the total number of the edges of the intersection graph as-
sociated to the desingularization ¢ : X > Xy =X, and let t (X) be the number
of those triangles of the graph for which the corresponding three exceptional prime
divisors have non-empty intersection in common. Then each of the t (X) triple
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non-empty intersections consists topologically of exactly one point. In addition,
b (X) and t (X) take the following values:

[ Types | b (X) [ tX) |
n—1
A, (nodd) | m-1(= 5 ) 0
n

A, (n even) m—1 (= 5) 0
Dax Th—1) 314(k—2)
Dokt Tk —6 ir4(k—2)

Eq 9 5

E, 21 12

Eg 28 17

(iii) In all the cases, there are no four exceptional prime divisors having non-empty
intersection in common.

Proof. (i) The underlying topological spaces of all divisors H, Hy, Ho, f, f’, Co,
C1, Ca, G are in all the cases homeomorphic to P. But also all the other divi-
sors (D; - D;)|p, , k € {i,j}, for which we gave (just for geometric reasons and
completeness’ sake) certain expressions in terms of the generators of Pic(Dy) up
to linear equivalence ‘~’; are actually lines (living on Dy, and being strict trans-
forms of other lines which are intersections of the exceptional divisors with affine
patches in the previous steps). Therefore they have underlying topological spaces
homeomorphic to P¢. (It is better to compare with the corresponding intersections
(D; - Dj) |D{i,j}\{k} for a quick check!)

(ii) We find b (X) by simply counting all the edges of each of our graphs. The
graph for type A, contains no triangles. For the remaining types Doy, Dogt1,
Eg¢, E7, Eg, the intersection graphs contain 3 +4(k—2), 5+ 4(k—2), 7, 12

and 17 triangles, respectively, whose vertices are the only graph-vertices lying on
their boundaries. Using the explicitly just described behaviour of the intersections
between the corresponding exceptional prime divisors, one verifies easily that the
number t (X) equals 3+4(k—2), 44+4(k—2), 5, 12 and 17, respectively. The
only triangles which have to be excluded are those associated to DN D{ND} = &
(for type Dagy1) and to Dy N DyN Dy = DN DyN Dy =@ (for type Eg), and
each triple non-empty intersection consists obviously of exactly one point.

(iii) Examining each (not necessarily convex or non-degenerate) quadrilateral of
the intersection graphs (with no interior points in its edges), we obtain by the
above given data: D; N.D; NDy N D; = @, for all possible pairwise distinct indices
i, J, k1. O
Lemma 2.4 (i) The E-polynomials of Fy and P{ x P{ are equal:

E (Fy;u,v) = BE(PE x Ph;u,v) = 14 2uw + (w)? = (1 + wv)® (2.2)
(i) P2Z[3],P%[3] and PZ[3] have identical E-polynomials, with

E(P2[3];u,v) = E(P2[3];u,0) = B(PE[3];u,0) = 1+ 4uv + (w)®  (2.3)
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Proof. (i) is obvious. (For the fibration F; — P{ one may use directly (1.3)).
(ii) follows easily from the fact that the E-polynomial of a non-singular surface
increases by uv after a blow-up (cf. (1.4)). d

3 Computing the discrepancy coefficients

This section is devoted to the exact computation of the discrepancy coefficients
w.r.t. the above snc-desingularizations ¢ : X — X = X (¥ of 3-dimensional
A-D-E’s and to a subsequent simplification of applying formula (1.5).

Proposition 3.1 The discrepancies of the snc-desingularizations

of the underlying spaces X = X }3) of the three-dimensional A-D-E singularities



ON THE STRING-THEORETIC EULER NUMBER OF THREE-DIMENSIONAL A-D-E SINGULARITIES 29

(discussed in §2) are given by the following table:

Types Discrepancy Kg —¢* (Kx)
5
A, n even Y. iDi+(n+2)Dnyy
i=1
"T-H
A, nodd 3 i D;
i=1
5+1
(TL— ].).Dl +(’I’L— ].)Dz + Z (2(7’L—21) +7)Dl
i=3
D, n even
21
2
+ X (3 —1i) (D;+ DY)
i=1
"T-H
(n—2)D1 +(’I’L—1)D2+ z (2(’)1—21,—].)'{‘7)1)Z
i=3
D,, n odd
n—3
+ 3 (%5 i) (Di + DY)
=1
E; 3Dy + 6Dy +9D3 + Dy + D}
11Dy + 9D, + 13D3 + 5D4 + 4D7 + 4DY
E;
+2D} + 2Dy + Dy + DY
19D; + 15D + 23D3 + 11Dy + 7Dy + 7DY
Es

+4D)y + 4D! + 2D}, + 2D} + D, + D!

Proof. By construction, ¢ : X — X is composed of “partial” resolution mor-
phisms. To use a uniform notation (from a global point of view) in what follows,
we shall write ¢ = 1 02 0---0¢, and

X=X,2Xx,,23 ... 2 x, 2 x 2 X=X (3.1)

for these partial resolutions (where v = |2%2|, | 2| 4,4,5 for types A,, Dy,

2
Eq, E7, and Eg, respectively, as one deduces from §2). The discrepancy w.r.t. ¢
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v—1 (32)
Zl (pir1 0 @irz o 09,)" (Kx;, — ¢} (Kx,_,)) + Kx, — ¢} (Kx,_,)
=

Therefore, for its computation, it suffices to determine the discrepancies w.r.t.
each of the ¢;’s, and then to specify the pull-backs which are involved in (3.2).

I) Computation of the intermediate discrepancies. Since the arising singu-
larities are isolated, we may investigate the zeros of canonical differentials locally
around them.

(i) Type A,. The defining polynomial of the singularity is
f@iyeo. mq) =20 + 23 + 22 + 23 . (3.3)
Let n > 2, and consider the rational canonical differential

dzy ANdxs ANdzs ANdze\  dra Adzz Adzy c
f ~ (0f [ om) “o/e:

5 is a basis of the dualizing sheaf wx = Ox(Kx) = (2%)VV whose sections are
defined by

5::Resx(

n isa
open sets o 3 regular canonical
{ of X } PV = T(V,wx) =49 € Qex)/c| gifferential

on VN(X~\{0})

Blow up X at 0 and consider the affine piece U;N Blg(X), with

U; = Spec (C[yl,1,yl,2,y1,3;y1,4])-

The restriction of the exceptional locus £ on U; is nothing but

Blh(X)N& =&flu, = {(yl,la":ylA) €C y11 = f1 (W1, Y1,0) = 0}
where

Fri,y1,2,918,014) = y0T H Ui o+ Ui s + UL -

(As we explained before, the possibly existing new (A,_s -) singularity on Blg(X)
lies in & |y, ). To find the discrepancy coefficient w.r.t. Blg(X) — X, it suffices
to compare s with the rational canonical differential

_ . dyip Adyis Adyia 3
= =~ o(vy)/C -
(0F / Oy11) ()
(U1 is non-singular with local coordinates y1,2,41,3,y1,4 at any point g for which

8]71((1) /Oyi1 # 0). In Uy we have 1 = y1,1 and z; = 21§ = y1,1%,j, for all
j €{2,3,4}. Hence,

dxs Ndxs N droy
= Wi,1dyi2 +Y12dy1,1) A W11dy13 +y1,3dyia) A (Yiadyia +yi,adyi)

=971 W2dyig Adyrs Adyia —yrsdyin Adyip Adyr g
+yradyii Adyia Adyi s +y1dyie Adyiz Adyia) (3.4)
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and

0f 1051 = (n+ 1) ot = (4 1) o = (21 ) vhs @R /omn) @9

On the other hand, note that
df; = (n—1) yf# dyi1 +2 (yi2dyi2 +y1,3dy13 +y1,4ady14) =0
if and only if
2 _
dyip=——"7 yin" Wi2dyie +y13dyis +y1adysg) (3.6)

Substituting the expression (3.6) for dyi,; into the right-hand side of (3.4), we
obtain easily

dxs N dxs A dxy

_ . 3.7
= <—% Z/i1n (Wia+yis+uis)+ yi1) dy1,2 N dy1,3 ANdyi 4 (37)
Combining now (3.7) with yf, + 473 + 474 = —yln’fl and (3.5), we get
(% Z/i1) dy12 Ndy1,3 A dyi 4 ~
5= =Y, 5 (3.8)

(ﬁ—f}) Yia @f1/ dy1,1)

The equality (3.8) shows that the discrepancy coefficient of the exceptional prime
divisor £ w.r.t. Blg(X) — X equals 1.

If n =1, then we compare

_ dx1 Ndzo A dzs with 5= dyl,l A dy1’2 A dyl,g
(0f | Oz4) (0f1/0y1,4)

Since 8%% =224 = 2Y1,1Y1,4, 3%% = 2y1,4, and

dxy A dzs Adxs = yildym Adyy 2 Ndy 3,

we conclude again s = y; ;5. In fact, this kind of argumentation covers all but one
steps of the resolution procedure for A,’s. The indicated “special” case occurs
only in the last step and only for n even, where we blow-up once more to get
rid of the singularity of the exceptional locus for the purpose of ensuring the snc-
condition for ¢ : X — X (“n = 0”-case). But since we blow-up a point which is
smooth on the 3-fold, the discrepancy coefficient of the lastly created exceptional
prime divisor Dz 11 equals 2 (see remark 2.2 and Griffiths & Harris [19, Lemma
of p. 187]).

(ii) Type D,,. For this type we proceed analogously by making use of the affine
piece U;. The only difference here is that the exceptional divisor £ under the
first blow-up has two irreducible components 8} and 5}' . Nevertheless, the corre-
sponding local computation with rational canonical differentials gives again

dry Adrs Ndzy y dy12 Ndyi1,3 AN dy1 4
(0f [ 0a1) ENTYATN)
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and the discrepancy coefficient for both of them equals 1. As it is clear from Lemma
2.1 and (i), the discrepancy coefficients in all resolution steps will be again 1.

(iii) Types Eg,E;,Eg.  For these types one may work along the same lines
with respect to the affine piece Uy = Spec(C[y2,1,¥2,2,¥2,3,Y2,4]) - The exceptional
divisor & w.r.t. Blg(X) — X consists again of two prime ones. Each of them
has discrepancy coefficient equal to 1. This property remains also valid for all other
composites (3.1) of ¢, exactly as in the case of type D,,. Further details will be
omitted.

Recapitulating, we should stress that in (i), (ii), (iii), the discrepancy coefficient
for each of the prime divisors of the exceptional locus of the ¢;’s in (3.1) equals 1,
up to the last resolution morphism for type A,, n even, which has discrepancy 2.
This fact will be used below in an essential way.

IT) Computation of the pull-backs. To determine the required pullbacks of

our discrepancies (see (3.1), (3.2)), we shall denote by E; (resp., E;(”)) those ex-
ceptional prime divisors which are created (for the first time) after the application
of a ¢; (i.e., actually the members of €x (y;)), so that their strict transforms (on
X) are exactly the exceptional prime divisors (w.r.t. ¢) which are denoted by D;

(resp., D;.(”)) in §2.

(i) Type A,. Defining m = |2 |, as in §2, ¢ is decomposed into m birational
morphisms:

X =Xpm 2% Xpo1 25 B X 2 X 2 X = XL
Each ¢;(= m; of §2) gives rise to an exceptional prime divisor E;. By I) we get
KXi - SDI(KXi_J = E;, Vi7 1<i<m-—1, (39)

and

D,,, if n is odd,

Kxp = or(Kx,ny) = (3.10)
2D,,, if n is even.

We claim that for all 4,1 <i<m —1,

> Dj, if n is odd,
j=i
(pit1 0 @itz o---0pm)" (E;) = (3.11)
m
> D;+2Dy,, if n iseven.
j=i

To prove (3.11) we shall work with local equations for the corresponding divisors.
Consider two successive blow-ups
Xjn 28 x; B x5,

and assume that X; has a singularity of type A,, n > 1, (with equation (3.3)),
where ¢; denotes the blow-up of the A, o-singularity of X;_;. The local equation

(f2 = 0) is the equation of X,y on the affine chart Uy = Spec(Cly2,1,..,¥2,4]),
where

J2 (Y2,1,92,2,Y2,3, Y2,4) = y;‘,leé‘,El +1+ 93,3 + 93,4
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(cf. §2). The new exceptional locus E;q of ;i1 on Us N X;44 is given by the
local equation (y2; = 0). On the other hand, (z; = 0) and (y22 = 0) express
the local equations for E; on X; and for its strict transform E; ¢; on Us N X4,
respectively. Since the preimage of (21 = 0) under ¢, equals (y2,1 - y2,2 = 0), we
have:

‘P;ﬂ (Ej) = Ejy1 + Ej, o1 (3.12)
It remains to see what happens in the case in which ¢;; is the blow up of a
(regular) Ag-point, i.e., whenever j = m — 1 = k and X4 is the last step of the
resolution process for a singularity of type Asi. For n = 0, we get equations

1 + arg + a:% + mi =0 and 291+ 222(1 + z§,3 + z§,4) =0,

on X and Uz N Xj4q, respectively. The divisors D41, Ey, Eg, s: have local
equations (222 = 0), (z1 = 0) and (22,1 = 0), respectively. Since

T =21 220 = 25 (1 + 255 + 23 4),
we deduce
051 (Ey) = 2Dg11 + Bg, 5o = 2Dy + By, s (3.13)
(3.11) follows after repeated application of equations like (3.12) and (3.13). Now

inserting the data of (3.9), (3.10), (3.11) into (3.2) we obtain:

22: 1 D;, if n isodd,

3
Y. iDi+(n+2)Dxzyy, if n is even.

(ii) Type D,,, n = 2k. In this case ¢ is decomposed into k birational morphisms:
X=X & X, .22 - B x B x 2 X=X,
By construction, €x (1) = {E;,_,E}_,},
€r(pir1) ={E}_; 1, By ; 1, Briza}, Vi, 1 <i<k—2,

and € (¢r) = {D1, D2, D3}. By I) we have

Kx, —¢i(Kx,) = Ej_ + E_y,

Kxip, — 9t (Kx) =B} ; + B!, |+ Epigs, Yi, 1<i<k—2,
Kx, — 7 (Kx,_,) = D1+ D2+ Ds.

We shall prove that

k—1 k—1
Kg—¢*(Kx)=(2k—1) (D1 + Dy) + > i(Dj_;+ Dy_)) + > _(4j — 1)Dx_j32.
i=1 j=1

(3.14)
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For k = 2 this can be shown easily. Suppose that k£ > 3. Then

1(11) 1(r1) 1(rr) . .
(p:+1(Ek—z') = Ek—z’—l + Ep—it2 + Ek—i,sm Vi, 1<i<k-2,

* i)
ox (B

and for all 4, 1 <i < k-2,

) =Dy + Dy + D3 + D",

1(11) 1(rr) 1(r1)
(piv109ir2)" (By ) = By—ipr + By—ip2 + By 1 0 + By gp s
This means that

(902 opz0---0 (Pk)* (E]'c_1 + E;cl—l)

k—1 k=2
=% (Dhj + Dji_;) +2(D1 + Do + Dy) +2 <D3 +23 Dy jis +Dk+1) :
i=1 j=2

and that for all 4,2 <i <k —2,

(pir10pit2 0o @r)" (By ; + B ; + Er—its3)
k—1

=% (Di_; + Dy_;) +2(D1 + Dy + Dy)
j=1i

+2 <D3 +2 kiz Dy_ji2 + Dk—i+2> + Dj_iy3
j=it1
and
oi(Ey + E{ + E4) = (D] + DY) + 2(D1 + D3 + D3) + Dy.
Thus, (3.2) implies (3.14).
(iii) Type D,,, n = 2k+ 1. Here ¢ is decomposed into k+ 1 birational morphisms:
X=Xp 28 x, 2.0 B x, 2 X, 25 X, = X.

Computing the total discrepancy, we find analogously:

k—1 k—1
Kg—¢" (Kx) = (2k—1) Dy +2kDy + 3 i(Dy_; + D{_) + 3 (4 — 1) Dy_j 2.
i=1 j=1

(iv) Type Eg. In this case ¢ is decomposed into 4 birational morphisms:
X=X, 2 X3 2 X, 2 X, =Blp(X) 25 Xo =X
By construction,
€r(p1) ={Es, By}, €r(p2) ={E1}, €r(ps)={E:},
and €r(p4) = {D3} (where ¢; = m;—1 of §2). By I) we have
Kx, — 1 (Kx,) = Es + E}, Kx, — 95 (Kx,) = Ei,

KXS _90; (KX2) :E27 KX4 _QOZ (KX3) = Ds.
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The intersection diagrams imply

(p20p3004)" (Es+ E}) =2D1 +4Ds + 6D3 + D4 + D},
(¢3 0 ¢4)" (E1) = D1 + D5 + D3,

¢4 (E2) = Da + Ds.
Hence, by (3.2), the discrepancy w.r.t. ¢ equals 3D; + 6Dy + 9D3 + Dy + Dj.
(v) Type E;. Here ¢ is decomposed into 4 birational morphisms:
X=X; 25 X3 25 X, 25 X, =Blp(X) 25 Xo =X
By construction,
€ (p1) = {Es, B}, €r(p) ={E5, By}, €r(ps) ={En, EY, Ed},

and €x(p4) = {D1,D2,D3}. By I) we obtain

Kx, — 1 (Kx,) = B3 + E, Kx, — 5 (Kx,) = Ey + B},

Kx; — 93 (Kx,) = Ey + B + By, Kx, — ¢4 (Kx;) = D1+ Dy + D3.
The computation of the pull-backs gives

(p20p3004)" (B + Ef) =
6Dy + 4Ds + 6D; + 2Dy + 2(D} + DY) + D), + DY + D} + DY,

(p30p4)" (B + EY) =2D1 + 2Dy + 4D3 + 2Dy + D} + D! + D, + DY,

QOZ (E{ + E{I + E4) = 2_D1 + 2D2 + 2D3 + D4 + Dll + .D’ll

Now apply (3.2).

(vi) Type Es. In this case ¢ is decomposed into 5 birational morphisms:
X=X 5 Xy 25 X3 25X, &2, 25 Xo=X
By construction, €z (¢1) = {E}, E}'},
Cr(p2) = {E3, E5}, €rlps) ={Ey, Ey}, €r(ps) ={E}, Ef,Es},
and €r(ys) = {D1,D2,D3}. By I) we have
Kx, —¢1 (Kx,) = Ey + Ef, Kx, —¢;(Kx,) = E3 + Ej,
Kx, — 95 (Kx,) = By + By, Kx, — ¢} (Kx,) = E} + Ef + Ey,
and Kx, — ¢} (Kx,) = D1 + Dy + D3. We obtain
(p2 03004 005)" (By + EYf) =
8D; + 6Dy + 10D3 + 6D4 + 3(Dy + DY) + 2(D4 + DY) + D + DY + D} + Dy.

The remaining inverse images (3 0 4 0 5)" (E4 + EY), (04 0 035)* (Ey + EY) and
©% (E] + EY + E4) coincide with (v), where in each case @; o --- o ¢4 has to be
replaced by ;1 0--- 0 5. Finally, apply again (3.2). d
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Proposition 3.2 Suppose that X = X}3) is the underlying space of an A-D-E-

singularity, ¢ : X — X its snc-desingularization, € (p) = {Dy,..,D,} the cor-
responding exceptional set with discrepacy coefficients a1, ... ,ar, I :={1,2,...,7},
and

Ry :={(i,4) € I’| Dgi jy # @}, Qp :={(i,j,k) € I?| Dyg; j.1y # @}
Then the string-theoretic E-function of X satisfies the following equality:

E(D;;u,v)(uv—1)
(uv)*iT1 -1

Eyr (X;u,v) = E(D%;u,v) + Z

T
=1

uv—(uv)it! uv—(uv)®i 1 B
+ (1 +UU) . Z ( (uv)ai+1_1 ) ( (uv)aj+171 ) b(X) (315)
(17.7)€m97
wy—(uv) i+t wv—(up)® 1 uv—(uv)%k 1
" u,j,gem (taeer) (i) (Eehr) + 10
with b (X), t (X) as defined in 2.3 (ii). In particular,
we () —e(D3) = 3 820 +2| 5 (o) (52 - "(X)]
i=1 (1,5)ERy
(3.16)

" aba, (a57) (i) (a2) +6x)
(As we shall see below in 4.3, e (Dg) = 0).

Proof. Using inclusion-exclusion principle (1.2) for the E-polynomial of D5, we
obtain

E(D%u,0) = EDruw)— Y. () BE@uw) @317)
AT CINT

Formula (1.5) can be rewritten via (3.17) as follows:

Estr (X;5u,v)
= E(Dj;u,v) — -1 /|- E(Djyyy;u,v —uv_l
JZQ:I < (Ds3u.0) o#ICINT =1 (Darosiesv) jle_[J ((’“’) J+1_1)

= ¥ BE(Dsu) [] (gt -1)

JCI jed

a;4+1
= E(Dy;u,v) % .
z I ()
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Hence,
Eyr (X;u,v) — E (Dg;u,v)

uv—(uv) %1
= E(U Di;u,v) + > E(Dyu,v) [] (W)

i€l o£ICI jeJ
=Y E(Diu,v)— 3 EDgjpuwv)+ > E(Dgjk;u,0)
=1 (i,5)€R, (i,5,k)€Q,
T . wv—(uv)* ! X wv—(uv)*i Tt
+ z:z:l E (D,]7 u,v) ( (w0)@ T -1 ) + JEC:I E (DJ, u,v) HjeJ (7(1“))“1"*'1—1 )
|71e{2,3}

(3.18)
Since |R,| = b(X), |Q,| = t(X), and

E(D{i,j}Quav) =1+ uv, V(l,j) € %w E(D{z’,j,k};uyv) =1, V(Z,], k) € Q@:

Formula (3.15) follows from (3.18), and (3.16) from (3.15) by passing to the limit
u, v — 1. O

4 Proof of the Theorem

Theorem 1.11 will be proved by direct evaluation of formula (3.15). For this
it is obviously enough to determine the coefficients of the E-polynomials of all
exceptional prime divisors, on the one hand, and those of E (D,"a;u,v) , on the
other. Hence, in view of lemma 2.4 and of our explicit description of a canonical
desingularization, what remains to be done is the study of the coefficients of this
“first summand” E (Df’a; u, v) which depend exclusively on the intrinsic geometry
around the singularities. We begin with a general proposition being valid in all
dimensions.

Proposition 4.1 Let (X,z) be an isolated complete intersection singularity of

pure dimension d > 2 and (X, € (p)) - (X,z) a resolution with exceptional
locus €x (¢) = Ul_, D;. Then the coefficients of the E-polynomial

B(X\€(p);u,0) = B (Dg;u,v) =
(4.1)
= E(X~{z};u,v) = (w)* E (Lyu=t, 071

of )Z’\@p (¢) depend on those of the E-polynomial of its link L, and, in fact, only
on the Hodge numbers of the (d — 1)-cohomology group of L.
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If (X, x) is, in addition, a rational singularity, then

[ B(XN€(p);u,v) = BE(XN\{z};u,0) = (w)? — 1+
+(=1)* z hP9(HO=Y(L,C)) uPv?| +
< A=k (4.2)
+(=1)*t 3 hé-pd—a(HI-1(L, C)) uP v1
1<p,q<d-1
\ d+1<p+q<2d—2

Proof. Let L = L(X,z) denote the link of the singularity (X,z), i.e., the inter-
section of a closed neighbourhood of z containing it with a small sphere. L is
a differentiable, compact, oriented manifold of dimension 2d — 1, and there are
isomorphisms:

H™HY(X, X\ {z},Q = H (X~ {2},Q = H'(L,Q) .

For this reason it is sufficient to consider the natural MHS on the cohomologies of
L. Note that

W 1(H"(L,C)) = h*?(H' (L,C)) (4.3)
while Poincaré duality implies (4.1) because
hPU(H' (L,C)) = h¥ Pd-9(g?4="1 (L,C))
equals
WPU(H' (L, C)) = hP1(H' (XN {z},C)) = k¥ PTI(HZH (XN {2},0)) (4.4)

For the computation of these dimensions it is therefore enough to assume, from
now on, that ¢ < d. According to [44, Cor. (15.9)], the restriction map

H(X,Q — H'(X~€r(p),Q = H'(L,Q

is surjective for ¢ < d and equals the zero-map for ¢ = d. From the induced exact
MHS-sequences

0— Hi ) (X,Q — Hi(&(p),Q — H (L,Q —0 (i<d)

0— HE () (X,Q — H(€x(p),Q) — 0 (i = d)

one gets the vanishing of Gr}/v‘ (Hép(w)()?’ Q), j # i, and of Gr;-/v' (H'(L,Q)), for
j >i—1(cf. [42, Cor. 1.12]), and consequently, for i < d, h?? (H?(L,C)) equals

hP4(H* (€x(p),C)), . if p+g<i
hPd(H (€ (p),0)) — h*P4=9(H* (& (¢) ,0)), if p+g=1i  (4.5)
0, if p+g>i

(The right-hand side of (4.5) is therefore independent of the choice of the resolu-
tion). Since X is also a complete intersection, L is (d — 2)-connected (cf. [20, Kor.
1.3]), and the local Lefschetz theorem gives:

H(L,C) = C, forie€ {0,2d—1},

Hi(L,C) =0, fori¢{0,d—1,d,2d—1}. (4.6)
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Thus, for ¢ € {0,2d — 1}, the only non-zero Hodge numbers are
r*0 (H°(L,C)) = h*4(H?**"'(L,C)) =1. (4.7)
By (4.5), (4.6) and (4.7) we deduce
E (Lyu,v) =3 0cpq<a€(L) uPv? =

:0<E<d [(RP*(H*(L,C)) — h»(H?**"(L,C)))] u? v+

+ DT R ETN(E,0) - BN, 0) | v =
0<p,¢<d

= X [WEHOL ) — (ML, O)] v v
0<p,q<d

+ 5 [0 e E (L, ©) - R (L, ©)] W =

0<p,q<d

=1—(w)'+ (D" [ ¥ wPUHTHLC) u o+
0<p,g<d

HED - T RPHTN(L,0) wP ] =

0<p,q<d
=1— (w)*+ (-1)*"! > RPUHTYL,O) uP vl | +
0<p,q<d—1
0<p+q<d-1
+ (-1 2 hEPA=I(HITY(L, ©)) P v*
1<p,g<d

d+1<p+q<2d—1

which proves the first assertion. Now setting
79(L) := dimcGrh. (H?*(L,0)),
one has
P9(L) = dimc HY (€ (), 0% (log € (9)) © Oy
(cf. [42, §1] and [45, §3]). Obviously,

d
(PP(L) = P9 (H' (L, C))

q=0
for i > p. If (X, z) is, in addition, a rational singularity, then for all ¢ > 1 we have
(L) = dimcH' (€x (¢) , Ocy(y)) = 0= £"°(L) (4.8)
because ¢-0(L) < £%#(L), H(X,0g) = 0 and
Hi(X,05) — H' (€ (9) , Ocs(y))

is surjective by [42, Lemma 2.14]. Hence,

WO (i (L,0)) P pod (7 (L,0)) Do, for0<j<dandi>1 (4.9)
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This means that the E-polynomial of L can be written as

( E(L;u,v) =1— (uw)* +

DTS weET IO w | +

9 P (4.10)
+(=1) > hd=Pd=4(H4=1(L, C)) uP o1
1<p,q<d—1
\ d+1<p+¢<2d—2
and formula (4.2) follows from (4.10) and (4.1). O

Remark 4.2 (i) Let us now denote by Fy the Milnor fiber being associated to

the A-D-E singularity (X|",0). As it is known (cf. [32, Thm. 6.5]), Fy has the
homotopy type of a bouquet of d-spheres, and its Milnor number

w(f) :=p(Fy) .= # {of these spheres} = dimc(Og41/ (g—;l, e, de{rl))

is in each case equal to the subscript of the type under consideration. According to
the Sebastiani-Thom theorem [39] (see also [15, pp. 86-88)), the splitting f = g+ ¢’
(asin (1.7)) gives rise to the construction of an homotopy equivalence between the
Milnor fiber Fy and the join F, x Fy of the corresponding Milnor fibers F;, and
Fy . In particular, this implies

p(f)=mpng)-u(g) =mp) (4.11)

(ii) For any isolated complete intersection singularity (X, z) of pure dimension d,
with link L, Milnor fiber F' and Milnor number p (F'), Steenbrink’s invariant

s5i(X,z), 0<j<d,

is defined in [43] by regarding any 1-parameter smoothing ¢ : (X,z) — (C,0) of
(X,z) (with Xo = ~! (0) 2 X) and setting

55(X,0) 1= dimeGry. B (8,(0),

where F* denotes here the Hodge-filtration of the highest hypercohomology group
of the complex @3, (C) of sheaves of vanishing cycles associated to 9. (For all g, the
direct image sheaves <I>f/, (C) = R (¥), Cx are defined on Xy, with 9 : X, — X
denoting the restriction of the retraction ¢ : X — X, onto a fiber X;. In fact,
the definition of ‘I);Ip (€) can be made independent of the choice of the fiber X; by
passing to the “canonical” fiber X, of +. In this setting, the fiber of the sheaf
<I>f/} (C) over z is isomorphic to HY (X ,,C), where X, is diffeomorphic to the
Milnor fiber F'). s;(X,z) is an upper semicontinuous invariant under deformations
of (X,x), does not depend on the particular choice of ¢ (cf. [43, (1.8)-(1.10), and
(2.6)]), and

w(F)=s50(X,2) + s1(X,2) + -+ 5q-1(X,2) + s4(X, x) (4.12)

On the other hand, taking into account the Q(—d)-duality between H¢(F,L,C)
and H?(F,C), and the exact MHS-sequence

0 — H'Y(L,C) — H*(F,L,C) — H(F,C) — H*L,C) — 0,
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one deduces the equalities

s;(X,x) —sq—;(X,z) =
(4.13)
= pid=J (L) _ gj,d—j—l(L) = ¢d—ij—1 (L) _ gj,d—j—l(L)

Corollary 4.3 Let X = X J(cs) be the underlying spaces of the three-dimensional
A-D-E singularities. Then we have

E (X~ {0};u,v) = (uv — 1) [1 + (14 BM (H2(L, Q) uwv + (uv)2] (4.14)

where

| Types | A, | D, | Eg | E;, | Eg |

mtt (H*(L,0))

1, for n odd 1, for n odd
0, for n even 2, for n even

Proof. Formula (4.14) is nothing but (4.2) for d = 3. So it remains to compute
h'' (H?(L,C)) . Using the notation y (f) := u (Fy) and s;(f) := s;(X,0) for the
singularity (X, 0), the equalities (4.8), (4.9) and (4.13) give

¢HY (L) = hB (H?(L, Q) = s2(f) — s1(f) (4.15)
and so(f) = s3(f). Furthermore, by (4.12),
1 (f) = so(f) + 51(f) + s2(f) + s3(f) = 51(f) + s2(f) + 2s3() -

In fact, since (X, 0) is a Du Bois singularity (as it is a rational isolated singularity),
or equivalently, since s3(f) equals the geometric genus of (X,0) (see [45, §4], [42,

(2.17) and (3.7)]), we have so(f) = s3(f) = 0, i.e, u(f) = so(f) + s1(f). Now
the splitting f = g + ¢’ (as in (1.7)) leads to a “Sebastiani-Thom formula” for
Steenbink’s invariant; namely,

si(f) = s;-1(9) (4.16)

Applying Milnor’s formula [32, Thm. 10.5] for the curve singularity (X,,0), we
obtain

n(g)=26(g) —r(g)+1 (4.17)
where
r(g) := #{branches of the curve X, passing through the origin}
and

0 (9) := #{“virtual” double points w.r.t. X,} = dimc(y*(’);g / Ox,)

with v : )Z'g — X, the normalization of X,. Note that this first number r (g)
is directly computable because the only types for which g (x1,x2)’s are reducible,
are A,’s, for n odd, with

n+1 n+1

g(1,22) = (2> +V-122) (2,7 —V—-11m),
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D, ’s with
zy (2772 + 23), if n is odd
g (z1,22) =
g1z A/l as) (zf = V=1 ), if n iseven
and E; with

g(z1,22) = z1 (a7 +23)
while § (g) can be read off from (4.17) via the Milnor number. Finally, since

4.16 4.16
s1() "= so(g) =6(0) =1 (9)+1, 5() “E sile) =60,  (418)
(cf. [42, (2.17), p. 526]), we may form the following table:

| Types [u(H)=pl ] 79 [ s1(f)=s0(g) | s2(f) =s1(9) =6 (g) |

A,, nodd n 2 n-1 ol
A,, neven n 1 3 3
D,, nodd n 2 "T_l ”T'H
D,, n even n 3 ”T_2 ”T"'Q
Es 6 1 3 3
E; 7 3 4
Esg 8 1 4 4

This table allows us to evaluate h':* (H?(L,C)) for all possible types via (4.18)
and (4.15). 0

Proof of Theorem 1.11: It follows directly from the explicit arithmetical data
for each of the canonical resolutions given in Lemma 2.3 and Proposition 3.1, and
from formulae (3.15), (3.16), in combination with the formula (4.14) of Corollary
4.3. d

Final remarks and questions 4.4 (i) Is the resolution algorithm (or a slight
modification of it) extendible to a wider class of three-dimensional Gorenstein ter-
minal (or canonical) singularities ?

(ii) The d-dimensional generalization of Theorem 1.11 seems to be feasible as the
pattern of the local reduction of simple singularities remains invariant (after all,
adding quadratic terms does not cause very crucial changes in the desingulariza-
tion procedure), though the investigation of the structure of the corresponding
exceptional prime divisors and of their intersections for the D-E’s might be rather
complicated.

(iii) Since the string-theoretic “adjusting property” of FEg,-functions is of local
nature and focuses solely on the singular loci of the varieties being under consi-
deration, it is clear how to treat of Eg and eg, in global geometric constructions
with prescribed A-D-E-singularities. We close the paper by giving some examples
of this sort.
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5 Global geometric applications

In view of Theorem 1.11, the Eg,-function of a complex threefold Y having only
A-D-E-singularities ¢1,¢2,..,qx is computable provided that one knows how to
determine the Hodge numbers h?9(H}(Y,C)) of Y, as we obtain:

k
EStl‘ (Y,U,U) = E (Y\{QI:Q% .. 7qk};uav) + Z Estr ((Y7 ql) ;’U/,’U) =
i=1
k
=E(Y;u,0) + Y (B (Y, q);u,0) —1) (5.1)
i=1

(a) Complete intersections in projective spaces. A very simple closed for-
mula for eg, can be built whenever Y is a (global) complete intersection in a
projective space.

Proposition 5.1 Let Y =Y(4, 4,,... .4._;) be a three-dimensional complete inter-
section of multidegree (di,ds, ... ,dr—3) in PG having only k isolated singularities
Q1,92,--- ,q, of type A-D-E. Then its string-theoretic Fuler number equals

ese(Y) = [ ("F) + 2331(—1)”(5121,) ( > dj, -+ dn)] (TI:IT dj) +

1<j1 <. <gu<r—3

+ é fewts (¥,00) + (Vi) — 1]

k2

(5.2)

where p (Y, q;) is the Milnor number of the singularity (Y, q;) and ey (Y, q;) can
be read off from the Theorem 1.11.

Proof. Considering a small deformation of ¥ one can always obtain a non-
singular complete intersection Y’ in P{ having multidegree (di,ds, ... ,dy—_3). If
we take a ball B; in P centered at the point g;, then, choosing B; small enough,
B; NY is contractible and B; N'Y' can be identified with the (closed) Milnor
fiber of the singularity (V,gq;). YV := Y\(Uf:1 B;) and Y := Y'\(Uf:1 B))
are homeomorphic. Therefore e(?) = e(?’ ). Using Mayer-Vietoris sequence
for the splitting ¥ = Y U Ule (B; NY), on the one hand, and for the splitting
Y'=Y'U Ule (B:NY"), on the other, we get e (Y) = e(Y) + k and

k
e(YI) = e(i}l) + k - Z M(Yaqi)a

i=1
respectively (see [15, Ch. 5, Cor. 4.4 (ii), p. 162 ]). Hence,

k

e =e() + Y uig) -

i=1

The Euler number of Y’ can be computed in terms of its multidegree data ei-
ther by determining the x,-characteristic of ¥” via Riemann-Roch Theorem (see
Hirzebruch [25, §2]) or directly by Gauss-Bonnet theorem, i.e., by evaluating the
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highest Chern class of Y at its fundamental cycle (cf. [19, p. 416] & Chen-Ogiue
[10, Thm. 2.1]), and is expressible by the closed formula:

v=1 1<j1 < <jp<r=3

oo goren (g aa)] ()

Now (5.2) follows clearly from (5.1). O

Examples 5.2 (i) If Y possesses only Aj-singularities (i.e., “ordinary double
points” or “nodes”), then the second summand in (5.2) equals 2 #(nodes of Y).
Let us apply (5.2) for some well-known hypersurfaces Y in P& with many nodes.
[estr (Y) is nothing but the Euler number of the overlying spaces of the so-called
(simultaneous) “small resolutions” of the nodes of Y’s.].

» Schoen’s quintic [37]. This is the quintic

5 5
sz — 5Hzi:0}
i=1 i=1

having 125 nodes, namely the members of the orbit of point (1:1:1:1:1) under
the action of the group which is generated by the coordinate transformations

Y:{(zl:... : 25) € P

(z1: . iz) (G 2a ool 1 (5 25),

— 4
where (5 = eZ¥=, 3" a; = 0(mod 5). Hence, ex:(Y) = —200 + 2 - 125 = 50.
i=1

» Hirzebruch’s quintic [26]. Let {®(z,y) = H?=1 ®;(z,y) = 0} be the equa-
tion of the curve of degree 5 in the real (z,y)-plane constructed by the five lines
®,;(z,y) = 0,1 <i <5, of aregular pentagon:

Ty
Ty T
This real picture shows that both partial derivatives of ® vanish at the 10 points
of line intersections, as well as at one point ¢; at every triangle T; and at the
center of the pentagon. Moreover, by symmetry, one has ®(t;) = ®(¢;) for all

1 <i < j < 5. The hypersurface Y C P¢ obtained after homogenization of the
three-dimensional affine complex variety

{(z1,22,23,24) € C* | ®(21,22) — ®(23,24) =0}

has 102 + 52 + 12 = 126 nodes. This means that e, (V) = —200+ 2 - 126 = 52.
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» Symmetric Hypersurfaces. In P} with (27 : ... : z) as homogeneous
coordinates we define the threefolds

Vii={(z1: ... :2) € P& ‘al(zl,... ,26) = Zle 22 =0},
4 Y; = {(Z1: :ZG)GP% |(71(Z17--- ,ZG): 04(21,... ,ZG)ZO},
= -+
Ya:=<(21:...:25) € P2 o1 (21, ,26) = 05 (21, » %6) ,
| ? {( ! 6) € P¢ ‘ +oa(21,--- ,2) 03(21,--. ,26) =0
where
0j(21,...,%) = Z Zry Zrg 2g;, 1<7 <6,

1§N1<H2<---<R]‘S6

denote the elementary symmetric polynomials with respect to the variables 21, .., zg.
Obviously, Y;’s are invariant under the symmetry group &g acting on P2 by per-
muting coordinates. Moreover, since the first equation

o1(21,...,%) =21 +22+23+24+ 25+ 2 =0
is linear, Y;’s can be thought of as hypersurfaces in
Pé= {(21 T :Ze) E]P)(?: | 01(21,... ,ZG) =0}

The threefold ¥; has 10 nodes, namely the points of P2 for which three of their
coordinates are 1 and the other three are —1 (i.e., just the members of the Gg-
orbit of (1:1:1:—=1:—1:—1)). Correspondingly, Y5 has 45 nodes, and Y3
has 130 nodes, 10 constituting the Gg-orbit of (1 : 1:1:—-1:—1: —=1), 90 in
the Sg-orbit of (1 : 1 : —1: —1:+/=3 : —/=3) and 30 more in the Gg-orbit
of (1:1:1:1:4/=3-2:—+v/-3—2). The following table gives their special
names, their string-theoretic Euler numbers, as well as the main references for
further reading about their geometric properties. (Note that Y7 and Y> attain
exactly the upper bound for the cardinality of nodes for cubics and quartics in ]P’é,
respectively. Y3 is, to the best of our knowledge, the quintic in P¢ with the largest
known number of nodes).

| Threefolds | Name | Ref. | Estr |
Yi Segre’s cubic [41] —-6+2-10=14
Y, Burkhart’s quartic | [8], [17] | —56+2-45= 34
Y3 van Straten’s quintic [48] —200+2-130 = 60

(ii) Let now Y7, Y be the three-dimensional complete intersections of two quadrics

Vii={z=(21:20:..:2) €P} |'z2M;z= "2 Mz = 0}, i=1,2,
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where
000001 000000
0000T10 000001
oo o0o 100 , 1 000O0T10
M=l 01000 Mi=lo00100]°
010000 001000
100000 010000
000O0T10 000000
000100 000010
~loo1000 , _looo100
Ma=1491000 0| My=109 0100 0
1 00000 010000
000001 000000

Y; and > have ¢ = (1: 0:0:0: 0 : 0) as single isolated point and belong to a
family of complete intersections which have been studied extensively by Segre [40]
and Knorrer [28, pp. 38-51]. (Y1, ¢q) turns out to be an Aj-singularity and (Y2, q)
a Dg-singularity. For both Y7 and Y3 the first summand in (5.2) equals

(@)-22 (§ a3 -o2] -0

Hence, e, (Y1) =24+ 5—1=6 € Z, whereas

eser(Ya) = 288 1 6-1=8+ 2 c Q\Z.

(b) Fiber products of elliptic surfaces over Pi. Another kind of compact
complex threefolds having both A; and As-singularities arises from a slight gen-
eralization of Schoen’s construction [38]. Let Z — P{ and Z' — P{ denote two
relatively minimal, rational elliptic surfaces with global sections, and let S (resp.
S') be the images of the exceptional fibers of Y (resp. of Y') in P{. The fiber
product

Y =7 xp1 Z' 5 Pg
is a complex threefold with sigularities located only in the fibers
Y,=n"'(s)=2Z, x Z!

lying over points s € S” := SN S’. Since the Euler number of any smooth fiber is
zero, we have obviously

eM)= Y e(Z) e(Z). (53)

seS”

We shall henceforth assume that S = {s1,52,...,5.}, wherefor 1 <i <k, Z,, is
of Kodaira type Ip, (i.e., a rational curve with an ordinary double point, if b; = 1,
and a cycle of b; smooth rational curves, if b; > 2), while Z!_ is of Kodaira type
Iy, forall j, 1 < j <w, (v < k < 12), and of Kodaira type IT (i.e., a rational curve
with one cusp), for all j, v+ 1 < j < k. (See [29, Thm. 6.2] for the classification
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and Kodaira’s notation of exceptional fibers). Under this assumption, Y is a 3-
dimensional Calabi-Yau variety with b1b} + --- + b, b, Aj-singularities (each of
which contributing a 2 as string-theoretic Euler number) and b,41 + - -+ + by Aa-
singularities (each of which contributing a 3 as string-theoretic Euler number).
Since e (Zs;) = b, for all 4,1 <4 < k, e(Z;;) = b}, forall j, 1 < j < v, and

e(Zy,) =2, for all j, v +1 < j <, the strlng theoretlc Euler number of Y can

be computed by (5.1) and (5.3), and can be written as follows:

i=v+1

Example 5.3 Using Kodaira’s homological and functional invariants (cf. [29,
§8]), as well as the normal forms of the corresponding Weierstrass models (due to
Kas [27]), Herfurtner has shown in detail in [22, cf. Table 3, pp. 336-337 ] the
existence of relatively minimal, rational elliptic surfaces Z; (resp. Zs, Z3) with
sections which possess exactly four exceptional fibers having types I1, 11, I5, I5
over the ordered 4-tuple of points

((=55)", (:5)" 0.0) € e’

(vesp. types Ir, I1, I5, Iy over (—1,1,0,00) € (P)*, resp. types I1, I, II, Iz over
(—%,-3,0,00) € (P{)*). Hence,

Yi = Z1 XP} Z37 (resp. }/2 = Z2 X]P’} Z3),

has singularities only in the fibers over 0 and co; more precisely, it has five Ag-
singularities over 0 and 35 A;-singularities over oo (resp., two As-singularities
over 0 and 56 A;-singularities over co). Consequently, (5.4) gives:

12
estr (Y1) :2-35+€-5:82€Z
whereas

12 4
estr(Yg):2-56+€-2=116+36Q\Z.
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