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An Example

solar panel: electrical device:

* stochastic output
according to daylight

* maxmmize output over 1 day
" . .
minimum performance =¢€>0

* hourly programmable output

battery:
= minimum filling level {capacity) L = 0

(risk of damage by low capacity)




solar panel: typical profile of energy output electrical device: optimal consumption profile

area below curve
= goal function

battery: profile of filling level {capacity)
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solar panel: 100 sample profiles electrical device: optimal consumption profile

area below curve
= goal function
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battery: profile of filling level (capacity) battery: protile of filling level {capacity)




Probability of violating the constraint electrical device: optimal consumption profile

(% loss 1n
roal function

1

battery: profile of filling level (capacity) battery: protile of filling level {capacity)




Storage Level Constraints

stochastic inflow | filling level at time 1:
—l oo
CO

() %,) fpt &+ E—xp—x,
ntrolled extraction

E {El,_“, En}
1 l T
#

Irntial filling lewel

1

Assumption: decision on x to be made before observation of £

Feasibility: decision x should be chosen such that with high probability
the critical lower level 1 15 not violated.

Pll+e o+ E—x,—x—1=0)=p (i=1..n) 'pointwise constraints’

probability measure probahility level

Pl v +E—x,—x—120 (i=1..n))zp 'simultaneous constraints’

short: P(LE¥—Ix—T=20)=p with

T
L1




Chance Constraints

Determumstic system of inequalities:  4(x)=0 (4:R*—=R™)

Stochastic system of inequalities: Az E)=0 (A:R"XIR°=IR™)

Chance constraints:

Major challenges:

$~g5—dimensional randomvector on (2, A P)

X =y & ('here and now")

Plh(x g)=0)zp (p€(0,1))

!

¢(x)=p
(ordinary nonlinear inequahity)

Impact of %, & on properties of ¢ (convexity,differentiability)
and of the feasible set (polyhedrality, convexity, connectedness)
How to calculate ¢¢ and V' ¢ ?



Random Sets and Chance Constraints

Example: P{ |x,—%|=1/2, |x,—&|=1/2 ) = 1/4

£~U([0,1]x[0,1])

$ - space




[inear chance constraints

PlAx=2E&)=p ,1e., hix E)=Ax—F

— linear chance constraints with random right-hand side

Example: storage level constraints p(rg—7ix—i=0)=p

|

PlAx=2E8)=p (Ar=—1, E:=]

-

L P(ExzE)=p _le. h(xE=Fs—% for £=(5.,%)

— linear chance constraints with random technology matrix

1: van de Panne and Popp (1963)



Special cases and simplifications

: Plh(z,E)=0)=p
: Plh(x,E)=0)=p, (i=1,..,m)

F'y

1-dimensional random variables

Phy(x, €)z0) Pk, (x,£)=0)=p

I

composition of distribution and
constraint function

Felhlx)

1: Prékopa (1970) 2: Charnes, Cooper, Symonds (1958) 3: Miller, Wagner (1965)



Individual explicit chance constraints

Plhfx)z=g)=p, (i=1..m)e—» F (hix))zp, (i=1..m)
 e=(F ) (p)) (i=1..m)
These chance constraints have the same structure as the original constraints!

—* | (z)zw

Example: pointwise storage level constraints.

P+ +E—x,—x,—120)=p (i=1..n) (Alx)=—x-—x; E=1—1—5— —&)

1

h; linear —= feasible set defined by chance constraints 1s a polyhedron.
Individual chance constraints are weaker than joint chance constraints.
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Example: pointwise storage level constraints.

P+ +E—x,—x,—120)=p (i=1..n) (Alx)=—x-—x; E=1—1—5— —&)

1

h; linear —= feasible set defined by chance constraints 1s a polyhedron.
Individual chance constraints are weaker than joint chance constraints.




Convexity of chance constraints

When 15 the set (x | Plh(x E)=0)=p | convex?
Conditions on the constraint function h and the probability distibution pog'?
Convexity (concavity) of h may be easily checked, but:

Distribution functions are neither convex nor concave!

normal uni form

exponential Cauchy
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Convexity of chance constraints

When 15 the set (x | Plh(x E)=0)=p | convex?
Conditions on the constraint function h and the probability distibution pog'?
Convexity (concavity) of h may be easily checked, but:

Distribution functions are neither convex nor concave!

bivariate normal uniform on umt square




Convexity of chance constraints

When 18 the set

convex ?

[ | Plh(xE)=0)=p |

Conditions on the constraint function h and the probability distibution pog'?

but:

Convexity (concavity) of h may be easily checked,

form on unit square)
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Distribution functions are neither convex nor concave!



Log- and r-concave probability measures

A probability measure i on IR’1s called Log-concave or r-concave if
log(u(AA+(1—A)B))=Alog u(A}+(1—A)logu( B)

or W AA+(I-A)B)=Ap [AH(1-A)p"(B)
Y A BCIR*( Borel measurable, convex )V A€[0,1]

i.e., log u isa concave set function and & isa convex set function.

If in the chance constrained set 47 = [x | Plh(x, £)20)=p]

* hi1g quasi-concave (e.g.. concave)

* u:=Pof ' 1slog-concave or r-concave for some r<0

then M 15 a convex set and gets the convex description

—log Plh(x E)=0)<—logp or pPh(zE)<p

\/

convex inequalities in x



Hierarchy of r-concave measures

Pareto (a=0 3

Canchy, Pareto (a=1)

Log-concave

) : i normal , uniform,
adaptations possible Dirichlet, Gamma,

Wichart
-1-concave

-2-concave

¢convex ¢onstraint set ]
but no convex deseription quasi-concave

1:Dentcheva, Prékopa, Ruszczynski (1998)



Characterization of r-concavity from
density functions

Assume that the probability measure x on R’ iginduced by a density f

' If log f is concave then u isa logconcave measure.

“ If f* is convex for some r €[-s',0) then « is r(1+sr)"' — concave.
Examples:

« multivariate normal: f(x)=Kexp(—(z—m) C ' (x—m 2}

m— oo f(x)=logX—(x—m) C ' (x—m){2 === concave === i log-concave

« Cauchy: f(z)=[w(1+x5)]" s=1, r=-0.5
m—p ()= (1 +x?) =, (-1) concave

1: Prékopa (1973) 2: Borell (1975)



Convexity of linear chance constraints

Forsets Ar={x|P(Ax=%)=p] defined by linear chance constraints with

random right hand side we have the following corollary:

-1 - .
If P& 18 quasi-concave (e.g. log-concave or r-concave for
some r<0) then M 18 convex.

However, 1f also the technology matrix 18 random, then the constraint set
M=[x|P(Ex=¢)=p]| 1snot necessarily convex.
" Let (5,8)~N{(mC). Then, the constraint set
M={x|P((Ex]2E)2p, (i=1,.. k)
defined by individual hinear chance constraints 18 convex if
p, € (—oo,&(—2a"%m|)) U [0.5,0) (i=1,..k)

¢ = gtandard normal distribution; A = smallest eigenvalue of C.

1: van de Panne and Popp (1963)
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Example:

Equivalent description:




Connectedness of chance constraints

Bevond convexity, the weaker property of connectedness of chance constraints

may be of theoretical and numerical interest (e.g., homotopy methods).

' Theset M={x|P(Ax=E)=p| is(path-) comnected provided that

the rows of A are positively linear independent.

No assumption on the probability distribution!
=p Result also applies to discrete distributions.

Example:
M={(xy)ER’|P(x=5, y =, x+ y=£,)=0.5]
£~(8,+68, +6, )3 not convex
1 0 but connected
e A=|0 1
1 1

1: Henrion (2001)



Connectedness of chance constraints

Bevond convexity, the weaker property of connectedness of chance constraints

may be of theoretical and numerical interest (e.g., homotopy methods).

' Theset M={x|P(Ax=E)=p| is(path-) comnected provided that

the rows of A are positively linear independent.

No assumption on the probability distribution!
=p Result also applies to discrete distributions.

Example:

Mz{{:::,y}EIRﬂP{IEElﬂyz‘g'l—x—ya‘g'g}zﬂ.ﬁi

£~(6,+6, +6 )3 :
1 0 "

— A( 0 1 ) rows not positively o il |
-1 -1

independent ! I\

1: Henrion (2001)



Calculating chance constraints

Main job 1n numerical treatment of chance constraints:
Calculation of @(x):=P(k(x£)=0) and of V¢(x) (Vi(x))

We content ourselves with explicit joint chance constraints under
multivariate normal distribution:

Plx):=Plalx)=8)= Fe(hlx)) (E~N(mC))

distribution function

Since his analytically given, it suffices to calculate 7., V 7, .
With & defined by £,:=c.'"(s,—m,) it follows that

m

E~N(OR) (R = correlation matrix) and
P(h(x)=8)=P(h(x)2E)=Fx(x) with A .:=c.'"(h,—m)

n

diztribution function of standard normal distribution

Partial derivatives of & ,(x) can be analytically
to values of @,(x) 1tself.



Calculating the standard normal distribution

Main approaches for calculating @,(x) in ¢ dimensions:

® 'exact' calculation for s=1.2"
* numerical integration™” (up to s ~ 10)
* Monte Carlo sstmulation

* bounds and sitmulation (up to ~-30)

where A4,=(£>x)
=P bounds for P{4U---UA)
Test example: R =1 (independent components), x=(1.28,1.28,1.28,0)

¢ (x)=|2( 1.23)]3«;&1 (0)=0.9"0.5=10.3645

1: Donnely (1973) 2: Drezner, Wesolowsky (1990) 3: Schervish (1984) 4: Genz (1992)



Bonferroni bounds

PlAUAUANE P(A )+ PlA)+ PlA)=5]

F[AIUAELJAE)?_*SI—[P[}llﬁAEH PlA,NA )+ P[AlﬁAE)]

_— —

S

= 2, P(4,n N4 ) (sums of k-th order intersections)

Bonferroni:  p{A4,u-UA )=5,— 8,4 S — I+ (—1) 7' 5,
For calculation of @.(x)

P(A)=P(&>x,) I G P(ANA)=P(E> 5,8 x,)=] | falti.t))dt, at,

—p X

e

1- and 2-dimensional mtegration
no problem to calculate s,,5, Difficult: 55,5,

Bounds based on 5,,5,:  @ylx)=1-P(A4,U---UA4,) € [1-5,,1-5,+5, ]



®.( 1.28, 1.28, 1.28, 0 )

Pl{d,)=PlA))=P(A)=01; P(4,)=0.5 =5=0.8 =1—-5,= 0.2 lower bound

P{A,Nn Ay)=P{4,NnA;)=0.01
PlANAy)=FP(4;NnA,)=0.05 =5=0.18 =1-5,+5,= 0.38

upper bound

True value: 0.3645



Bounds by linear programming’

=
Fa=
Fa=

Relation between the p and S

Assume that S ! 18 not known.

w5 0lve the linear problem
min{max) py+p,+ps
Pt 2p,tops = 5
pat3ps = 55
P1.Py.P:=0) pitpotps=l

PlAUAUA)=p +p,+p,

Digjoint decomposition: .
= p(m) —
]

)

(
(
(=)

Pt 2pyt3ps = 5

Pyt aps = 5,
LNy
.o 2
Explicit bound: FIZA1U"'UA5:I-:—:SI_;SE

mp lower bound: @, (x)21-5, +%SE

Example: &p(x)=1-0.8+0.50.18 = 0.29
Bonferroni: 0.2; true: 0.3645

1: Prékopa (1988)



Graph-theoretical bounds

For a bound of P{A4,u--u4) consider a graph with
nodes 4, and edges (4,4,) weighted by P(4,n4))
For any spanmng tree T denote 1ts weight by

T:= 2, P(4,N4,)
(i)

Find a spanning tree T with maximum weight (Kruskal)

= upper bound': P(A,U-UA) = 5|7
corresponds to lower bound: &, (x) = 1-5,+|7"

Example: — [T"|=0.15, ®,(x)>1—0.8+0.15=0.35

0.05
@0
0.01 ‘ { 0.05 Modemn improvements

® 0.01 @ hypergraphs and hypertrees

1: Hunter (1976) 2:Tomescu (1986) 3: Bukszar, Prékopa (2001)

Bonferront: 0.2; linear programming bound: 0.29; true = 0.3645; upper =0.38




Simulation scheme with variance
reduction

Crude Monte Carlo estimator for @.(x):

Generate sample [z"},_, ,cIR° of size n according to distribution M(0.R).
Then, @,(x) =~ n -card[klz"<xl.

Put i*:= card{ilzf=x} (k=1,..,n). Then, the following are estimators of @(x)’

Pron i max [I*—5+1,0] Example: n= 100

(crude EDH’EE Carlo) . P = optimal weighting

P I—Sl-l—ﬂ_liﬁ'*ﬂx (s—i—1,0]
b=1

(Monte Carlo based on S )

P 1-5+8,—n" Z (f*'_ﬁk_z)

k=1 2

(Monte Carlo based on S )

1: Szantai (1983)



Chance constraints i a solution method

Chance constraints in Surrounding \<
polyhedron

cutting plane methods':

® Determine an approximate cutting
point x™ by bisection based
on probability bounds

o1 P(h(x™ £)1=0)

2pte =P P (Y )

A
<p—2e —P JFF_ A M I{xm+xwp:h"2
E(p—le,p—c) —m IHPP/

Slp—e,p+e)] — Increase
accuracy i /P””“ﬂ (2 E)=0)=<p

A
for P .
PlA(x™,E)=0)<p

Related Method: Reduced Gradients’

1: Szantai1 (1988) 2: Maver (1988)



