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Review: (Variational Analysis)

Optimization Problem: IIldX i 0(.1”) sothat xe C
fo(x) if xeC

—o0 otherwise

Define: f (x)=

~max f(x), xeR", [:R"—>][-w o)

Lagrangian: 1.(X,}) =f0(x)+<y,G(x)> if xeC,
=—0 1f xe¢C
from: IIlaXfE)(JC) so that G(x)=0, xeC



Variational Convergence

hypo-convergence
f'—— f >argmax " — arg max f
contimuous conv. =» hypo-convergence
hypo/epi-convergence (Lagrangian fcns)
L' (s,9) > [, = saddle-pts L" — saddle-pts L

hie

arg maxinf L' (x, y) —> argmaxinf L(x, y)
X ¥ x ¥

arg min sup L' (x, y) —> argmin sup L(x, y)

b X 3 A



Variational Convergence |

lopsided convergence
L' (s.9) > [

lop

= argmax, inf, L' — argmax, inf L
definition:

Vx' > x,dy' > yv=>limsupl'(x',v) < L(x, )

dx" > x, Vy > y=>lmint L (x', vy ) = L(x, n)
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Equilibrium
Theory

R
Rip), g

cons. goods

Agents: ae€ 14,

e, € R", goods=endowment .
labor

u. :R" — R utility function, usc

o

strictly concave, sup-compact

L, :{ ¢lu,(c)< OD} survival set

demand function (of agent o)

d,(p)=argmax {u,(c)| {p.c)<{p.e,)}

ce B



Market versus State Regulated




some Applications

Transportation design

network layout, new routes

Financial markets

introducing new instruments

Marketing

pricing of new/modified products

and also ... ... Economics



The WALRASIAN

excess supply :s(p) = ZaEA e, _ZaEA da(p)

W(p,q)=(q.s(p)), W:IZxI—-R

d,(p)=argmax { u,(c) | (p.c)<{p.e,) |

Pl=d,(p) continuous (by hypo-convergence)

= pros(p) is continuous



Ky Fan function

W (p.q)={q.5(p))

(a) YV gel: p—>W(p,q) 1s usC (continuous

(b) V pel: g W(p,qg) 1s convex (linear),

() V ge . W(qg,q)=0, (budget constraint)
Ya: <q,ea —a’a(q)> >0

— W 1s a Ky Fan function



Equilibrium price

Ky Fan Inequality: /7" Ky Fan fcn

& 2. compact, convex

— dpe arg may{ int W(P:f})}

pel JEL

and it _, Wipqg)= 0, recall Wip,q) :<p,s(p)>.

Claim: p is an equilibrium price, 1.e., s(p)> 0
W(p.q)=(q.5(p))20, Vge3



Stability properties

Continuous convergence:
u,——u,, p > p=>d (p)—>d,(p)

v

=S (p ) >s(p) equiv. s —X
Lopsided convergence of Walrasians
W(p.q)={q.5(p)). W"'(p.q)={q.s"(p))

W Iop > W Ky Fan fens closed under lopsided

: _ )
1.C. argmax  inf I

cluster

>argmax , inf_ W

= pw —> P (equilibirum points)



Augmented VWalrasian

PL-homotopy methods: Scart,

Eaves, Saigal

Augmented Walrasian: Bagh, Lucero

p max/inf pomnt of I/
= saddle point ( p,q )
W,( p.q)=inf, W (pu)+r
—sup, W(p.2) ||

of W,

|~ (g.u) §

2 <r |

with HH a norm andH'Ho 1its dual norm



lterations

W(p.q)={(q,5(p)) on Ix3
W,(p,q)=sup, { W(p,z) : |z—¢

oﬂf"}

g = argmax | max <Z,,S(pk)> ; Hz—q

FEL

o{_:rk ]

{ minimizing a linear form on a ball J

p’;{+1 =argmin [ max, <Z,S(pk)> ; Hz—q

PeEL

L | O

< rk+1 ]

{ reduces to finding the largest element of s(p*) J

as r T oo, p* — p (max-inf point)

experiments: 10 agents, 150 goods (casy!)



Demand functions

Cobb-Douglas utility function:

u, ()=, [[_x" with >~ B =1 Bi=>0

budget constraint:

Z£ pﬁx£ £Z£ pgé'i
dy(p)=(B7 1 p)(D, pe,). 1=1...7

(demand = supply)

demand;:



A dynamic 2-stage model

Agent’s problem:

1 1 2 2
max # (¢ )+ . X +H (C
¢l x.cleR” a( ) <q > a( )

S.t. <p1,cl> é(pl,e; —x>

(7°.c%)<(p". € +T.(0)

Existence of equilibrium: = the 1-stage case

I p=(p.p°) equilibrium prices



A (dynamic) stochastic model

Agent’s problem:
max (¢ )+ (q, JC) + E{u, (Cg )§

c' AER” ¢l eM
so that <p1,cl> < <p1,€{11 —x),
(Pe-0; ) <(P2.€” +T (%)), V& B
M= M(Z,R")

Existence of equilibrium: not like 1-stage case



Here-&-Now vs. Wait-&-See

Decision = observation = decision
BRI — J°(&)
Here-&-now problem!

— not all confingencies available 1n period 1

_ (dx
Wait-&-see problem

— 1mplicitly all contingencies available 1n period |1
— choose (d.,x,.,d’) after observing €.

incomplete & complete market ?

) can’t depend on &!

a?a

a’ a?



Fundamental heorem
of Stochastic Optimization

A here-and-now problem can be
“reduced” to a wait-and-see
problem by mtroducing the

price of nonanticipativity



Nonanticipativity

Here-&-now Explicit nonanti. constraints
max E{ /(@kar’ )|
| 2
maxE{f(é’,,x,,xg)} xizeClcR”l

reClcR™

xiz € Cz(é‘,xia), v
x§ cCY(&,x"), VE

@ ©=Ei, Ve
w, perp.to ¢™ fens

=E{w,}=0.



DISINTEGRATION
max E{f(é:;xieax;)_<w§’xé>}

X X EM
xig =(CH JC§ = Cz(é‘,xé), Ve
solved “separately’ for each £ (in =)

(xi;*,xé’*): arg maxf(é‘,xl,xz)—<ngxl>
xeC cR", x¥»eC*&E,xX )R

1*

5 > X, = CStej f > JC;’* (collation of sol'ns)



Progressive Hedging

Step 0. w’(-) such that £ {w"(&)} =0
Step 1. for all €:
(3.(5). %, (&) =arg max f(&,x', x*) - (wh(@). x' )
¥ eC'cR", x*eC’(&,x)cR™
Step 2. w*'(&)=w' (&) + p| % (&) - E{x(H)}]
— and return to Step 1

£

Convergence: add prox. term 5 %)~ F {: O

. . k
linear rate in (X;-w")



Agent’s problem

with 2. =(2'.p). p;

(d.(p.); x,)=arg max {ui(cl) —{q,x)+E

»X2Cea




Disintegration: agent’s problem

with 2:=(p.p). pi=p(&)
(i)
arg max {u;(cl) — <1a_v§/,cl > — <q + 1?1?; x> +u’(c? )}
(pl.e')< (P -x)

<p§,cz> < <p§, 8;,2 +T;(x)>

solved for each & “separately™



Continuity of “w” multipliers
Clv: {(cl,x)\<pi,cl+x>£<pf,,e;>}

——> C, = {(Cl,l‘)\ <P1:"31 +x> = <p1,€;>}

aISO C; (é:) T) C2 (é:)
implies Lagrangians hypo/epi-converge

T ;E{ii(ﬁ,xg)—<w§,x§> | x e[C ocg(g)]}

=>»continuity of w with respect to p on X



Disintegration: reformulation

with %1(5‘3 x)=u_(c')- <_’“'I 1> <q+w x>

(dl d” ) arg max ur (&c',x)Fuy(c?)

c! X.C 2eR”

(P )< (p e —x), (pi.c®)<(pi. € +TED)

uzl(f;cl,x)ﬁuzl(f;cl,x) asw— w

= s"(p")—s" (p” )= W" /a4

lop

=>» Convergence of equilibrium points!



Stochastic Equilibrium?

Given for each &: {w = (., %¢).ae A}
one can find for each &, market prices
(P:-P;)
such that for each &: s(»:)20,5,(p;) =0
3¢ Given (p', p?) one can find for each &
g {wg, = ﬁ}

such that [(c¢".x).c;] are nonanticipative




Believable proof

Continuity of w, w.r.to p = (pL.p°())
Continuity of p w.rto {w_, a €14}

& (d,,x,) are constant w.r.to &

pw(p):Z¥ >R, we p(w):R? =V

N N O O
pow: 2" — 27 1s continuous



“Stochastic” Walrasian: V¢

excess supply: s(p, w) = Zaeﬂ e, —Zaeﬂ d,(p,w)

~—r —~r

W ({(p.w)q)= {(q.5(p,w)), W:2Zx>—R

d,(p,w)=argmax { u"(0) | {p.c)<(p.& () }

x=R"

(p.w)|—d (p.w) continuous



Arrow-Debreu Dynamics’

Traded Goods:
g;: good “/” traded (@ time 0 (now)
gl good “I” traded @ time 1 (tomorrow)
actualized in terms of future contract (@ time 0
g2 good “I” to be traded at time 2 (later)

also actualized as future contract (@ time O ....

MARKET ECONOMY: COMPLETE
as 1f all trades take place (@ time 0 =>



Arrow-Debreu Stochastics’

Traded Goods:
g,: good “I” traded (@ time O (now)
g (&) good “I” traded (@ time 1 given environment &
future contract (@ time O, contingent on &' occurring
g2 (E1,E%): good “I” to be traded at time 2
future contract (@ time 0, contingent on (&!,£?) occurring

MARKET ECONOMY:
as 1f all trades take place @ time O =>

PRICES: (....pp... ... p(EL,... ... pA(EL, E2),.... ... )

“static equilibrinm”



Dynamic Equilibrium |

budgetary constraint: period 1

i

— ¢! consumption, p! market prices

— x: “invested” goods

(e +x)s (5.2}

budgetary constraint: period 2
— ¢? consumption, p? market prices
— T (x): “return” on invested goods

(P'.e?)<(pel +T,(0)



Dynamic Equilibrium ||

Agent’s problem: with p = (p’,p°),
(d.(p). d2(p)ix,(p)) € argmax fuc, (') +u; (%) + (g, x) | budget]

<p1:,cl>£ <p1:,e;—x>:, <p2:,02>£ <p2:,e§+Ta(x)>

Market balance: excess sup., S(7) = (s (p):5"(p))

s'(p)=)_ le,—x,(p]-D d(p)=0
s'(p)=)_ le; +T,(x,(p)]-D_ d,(p)=0



Stochastic Environment

budgetary constraint: period 1
— ¢! consumption, p! market prices, ¢ endowment

— x: “mvested” goods

budgetary constraint: period 2

2

— ¢? consumption, p?(£) market prices,e”(£) endowment

— T (£x): “return” on nvested goods



Agent’s problem: max E{u}

with 2.=@.p). p=r(
d’(&,x)=arg max {uj (¢*)|budget(S, xp: )}

(p.c)<(pi, T, (&%)

dy(p)=argmax ful (") +(q. x)+ E {ul (d2(&, x))} | budget(ph)]

(')
(e )< (ple; =)



Agent’s problem: version 2
with 2. =(p.p).  pi=p (&)
CATINEAE arg max () + (g, x)+E {ul (2}
(p'.e)<(p'.e. —x). {éé,cé)ﬂ(péje§(§)+Ta(§jx))a AL

sol'n: (&, p)=> (A (P, p.).d,(p.p.)x,(p,p.))

but (& p)>d(p.pl) & (& p.)Hx,(p.p2)

are constant functions of £



Agent’s problem: max E{u}

with 2.=@.p). p=r(
d’(&,x)=arg max {uj (¢*)|budget(S, xp: )}

(p.c)<(pi, T, (&%)

dy(p)=argmax ful (") +(q. x)+ E {ul (d2(&, x))} | budget(ph)]

(')
(e )< (ple; =)



Pure Exchange

Agents: ae 4, ¢, e R",
u;: R"— R usc, strictly concave, sup-compact
e,eD, ={ x|u,(x)<®} =domu,

pd (p)=argmax { u,(x) | (p,x) < (P:%) } continuous

xe B”

dpinX:s(p)=2e,—2d(p)>0

THM: p° > pandu, —u =5 (p")— s(p)

1.€. s¥ converges continuously to s



