Downloaded 02/18/21 to 141.20.54.130. Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/page/terms

SIAM J. OPTIM. (© 2000 Society for Industrial and Applied Mathematics
Vol. 11, No. 1, pp. 87-112

DIFFERENTIAL STABILITY OF TWO-STAGE STOCHASTIC
PROGRAMS*

DARINKA DENTCHEVAT AND WERNER ROMISCHT

Abstract. Two-stage stochastic programs with random right-hand side are considered. Optimal
values and solution sets are regarded as mappings of the expected recourse functions and their
perturbations, respectively. Conditions are identified implying that these mappings are directionally
differentiable and semidifferentiable on appropriate functional spaces. Explicit formulas for the
derivatives are derived. Special attention is paid to the role of a Lipschitz condition for solution
sets as well as of a quadratic growth condition of the objective function.
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1. Introduction. Two-stage stochastic programming is concerned with prob-
lems that require a here-and-now decision on the basis of given probabilistic infor-
mation on the random data without making further observations. The costs to be
minimized consist of the direct costs of the here-and-now (or first-stage) decision as
well as the costs generated by the need of taking a recourse (or second-stage) deci-
sion in response to the random environment. Recourse costs are often formulated by
means of expected values with respect to the probability distribution of the involved
random data. In this way, two-stage models and their solutions depend on the under-
lying probability distribution. Since this distribution is often incompletely known in
applied models, or it has to be approximated for computational purposes, the stability
behavior of stochastic programming models when changing the probability measure
is important. This problem is studied in a number of papers. We mention here only
the surveys [13], [40] and the papers [1], [12], [18], [26], [27], [34], and [35]. The
paper [1] contains general results on continuity properties of optimal values and solu-
tions when perturbing the probability measures with respect to the topology of weak
convergence. Quantitative continuity results of solution sets to two-stage stochastic
programs with respect to suitable distances of probability measures are obtained in
[26] and [27]. Asymptotic properties of statistical estimators of values and solutions
to stochastic programs are derived in [18], [34], [35]. They are based on directional
differentiability properties of the underlying optimization problems with respect to
the parameter that carries the randomness [18], [35] or the probability measure [34].
These directional differentiability results for values [35] and solutions [13], [18], [34]
lead to asymptotic results via the so-called delta-method. For a description of the
delta-method we refer to Chapter 6 in [28], [35], to [36] for an up-to-date presenta-
tion, and to [16] for a set-valued variant. These papers illuminate the importance
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of the Hadamard directional differentiability (for single-valued functions) and of the
semidifferentiability (for set-valued mappings) in the context of asymptotic statistics.

The present paper aims at contributing to this line of differential stability stud-
ies. The results in [18], [34] apply to fairly general stochastic optimization models
but impose conditions that are rather restrictive in our context. The present paper
deals with special two-stage models and, using structural properties, avoids certain
assumptions that complicate or even prevent the applicability of the general results
to two-stage stochastic programs. Such assumptions are the (local) uniqueness of
solutions and differentiability properties of perturbed problems, which are indispens-
able in [18], [34]. Before discussing this in more detail, let us introduce the class of
two-stage stochastic programs we want to consider:

(1.1) min{g(z) + Q. (Az) : z € C},

where g : R™ — R is a convex function, C C R™ is a nonempty closed convex set,
A is an (s, m)-matrix, and @, is the expected recourse function with respect to the
(Borel) probability measure p on R?;

(1.2) Quly) = / Olw — y)u(dw).

(1.3) Q(t) = inf{(q,u) : Wu=1t,u>0}, teR"

Here ¢ € R™ are the recourse costs, W is an (s,m)-matrix and called the recourse
matrix, and Q(w — Ax) corresponds to the value of the optimal second-stage decision
for compensating a possible violation of the (random) constraint Az = w. To have
the problem (1.1)—(1.3) well defined, we assume

(A1) pos W ={Wu: ueR]} =R? (complete recourse),

(A2) Mp={tecR - WTt<ql#0 (dual feasibility),

(A3) /||w||,u(dw) < o0 (finite first moment).
RS

The assumptions (A1) and (A2) imply that @ is finite, convex, and polyhedral
on R®. Due to (A3), @, is also finite and convex on R® (cf. [15], [39]). Observe that,
in general, an expected recourse function (), may be nondifferentiable on a certain
union of hyperplanes in R® and that, indeed, differentiability properties of (),, depend
on the degree of smoothness induced by the measure p (cf. [15], [21], [38], [39], and
Remark 4.10). Another observation is that the uniqueness of solutions to (1.1) is
guaranteed only if the constraint set C' picks just one element from the relevant level
set of g(-) + Q. (A-). As the next example shows, this set may be large since @, (A -)
is constant on translates of the null space of the matrix A.

Ezample 1.1. In (1.1)~(1.3), let m = 3, n = 2, g(z) = (z2 — 23), C = [0, 1]?,
A= (% o 51), g=(1,1,1,1), W= ((1) 0 o _01), and p be the uniform distribution

on the square [—3, 1]? in R2.

Then we have Q(t) = [t1|+[t2] and Q,(y) = yf +y3+5 fory = (y1,42) € [-5, 5)°-
The optimization problem (1.1) and its solution set ¥(Q,) take the form

3
1 1 1
min { i(xg —x3)+ (21 — z3)? + (x1 — )% + 3 : (x1, @o, x3) € [O, 2] } ,



Downloaded 02/18/21 to 141.20.54.130. Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/page/terms

DIFFERENTIAL STABILITY OF STOCHASTIC PROGRAMS 89

w(Q#)={<;+u,u,i+u> fu € }z{(é,O,i)—kkerA}ﬂC,

where ker A = {(u, u, u) : w € R} is the null space of A.

Proposition 2.1 below provides some more insight into the structure of the solution
set to (1.1) and elucidates the role of the set-valued mapping o(y) := argmin{g(z) :
x € C, Ax = y} in this respect.

Note that assumption (A1) could be relaxed by introducing the set K = {y €
R*: Q.(y) < +oo}. Then (A2) and (A3) imply that K is a closed convex polyhedron
and that @, is convex and continuous on K (cf. [39]). Now (Al) can be replaced by
the condition K D A(C) (relatively complete recourse), and much of the work done
in this paper carries over to this more general setting by using spaces of functions
defined on K instead of R®.

Let K¢ denote the set of all convex functions on R® which forms a convex cone
in the space C°(R?) of all continuous functions on R®. K¢ will serve as the set of
possible perturbations of the given expected recourse function @, € Kc. We define

¢(Q) = inf{g(z) + Q(Az) : z € C},
P(Q) := argmin{g(x) + Q(Ax) : z € C}

and regard ¢ and 9 as mappings from K¢ into the extended reals and the set of all
closed convex subsets of R, respectively.

In this paper we develop a sensitivity analysis for the mappings ¢ and v at some
given function @,. The stochastic programming origin of the model (1.1) takes a
back seat, and our results are stated in terms of general conditions on @, and its
perturbations Q. We identify conditions such that the value function ¢ has first- and
second-order directional derivatives and the solution-set mapping v is directionally
differentiable at ), into admissible directions. Here, admissibility means that the
direction belongs to the radial tangent cone to K¢ at @Q,, i.e.,

TT(KC/“?QM) = {)‘(Q - Qu) Qe Ko, A> O}a

ensuring that the difference quotients are well defined. For v belonging to T"(Kc¢; Q)
the Gateaux directional derivatives of ¢ and ¢ at Q,, and (Q,, ), T € ¥(Q,,), respec-
tively, are defined as

1

0,1

lim %(@(Q# +tv) — 0(Qu))s

t—0+

SOI(QM 'U) =

P (Quiv) = Jim 3 (p(Qu + 1) — p(Qu) — 1/ (Quiv)),

t—0

lim ~($(Q + tv) — 7),

TS0+ ¢

¢/(Quaj§v)

if the limits exist. The third limit is understood in the sense of (Painlevé-Kuratowski)
set convergence (e.g. [2]). Recall that the lower and upper set limits of a family (S;):>0
of subsets of a metric space (X, d) are defined as

ligégf Si={reX: tli%1+ d(z, S;) =0},

limsup Sy = {# € X : liminf d(z, S;) = 0}.
t—0+ t—0+

Both sets are closed and the lower set limit is contained in the upper limit. If both
limits coincide, the family (S;):~¢ is said to converge and its limit set is denoted
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by tli%1+ Si. For sequences of sets (S, )nen the definitions of set limits are modified

correspondingly.

We also derive conditions implying that the limits defining the directional deriva-
tives exist uniformly with respect to directions v belonging to compact subsets of cer-
tain functional spaces. The limits are then called (first- or second-order) Hadamard
directional derivatives and semiderivatives for set-valued maps, respectively. The cor-
responding directional derivatives are defined on tangent cones to the cone of convex
functions in certain functional spaces. For more information on concepts of directional
differentiability and multifunction differentiability we refer to [4], [33], and to [2], [3],
[23], and [25], respectively.

Let us fix some notations used throughout the paper. || - || and (-, -) denote the
norm and scalar product, respectively, in some Euclidean space R™; B(z,r) denotes
the open ball around = € R™ with radius r > 0; d(x, D) denotes the distance of x € R™
to the set D C R™; for a real-valued function f on R™, V f denotes its gradient in R™
and the (n,n)-matrix V2f its Hessian; if f is locally Lipschitzian near x € R™, df(x)
denotes the Clarke subdifferential of f at x; f’(x;d) denotes the directional derivative
of f at x in direction d if it exists; for x € C, T(C;x) denotes the tangent cone to
C at z, ie., T(C;z) = liminf, o1 1(C — z) = {A(y — z) : y € C,A > 0}, where
cl stands for closure; for z € C, & € T(C;x), T?(C;x,£) denotes the second-order
tangent set to C' at « in direction &, i.e., T?(C;z,€§) = liminf, o1 7 (C' —z —t§) (note
that T2(C;z, &) is closed and convex; see [10], [6] for further properties).

In our paper, we use the following linear metric spaces of real-valued functions
on R*: The space C°(R?®) of continuous functions on R* equipped with the distance

g I = Fllsom
doo(f, f) = ) 27— =,
2 T Tl

where

| flloo,r = max |f(y)| for f, f € C°(R®) and r > 0;

lyll<r

the space C%!(R*) of locally Lipschitzian functions on R® with the metric

a moon I = Flloowm +1f = Fllzm
dr(f,f)=) 2 > Lin
L) z:: L+ 1f = Flloowm + I1f = Fllzm

where

Wfloe = sup{w ol < 707l < oy # y}

= sup{|lz|]|: z € Of (v), |ly|]| < r} for f, f € C%Y(R*) and r > 0;

the space C'(R®) of continuously differentiable functions on R* with the metric
d(f, f) = doo(f, f) + dec(Vf, V), f, f € C*(R®), and the space C"'(R®) of func-
tions in C’l(Rf) whose gradients are locally Lipschitzian on R® equipped with the
distance d(f, f) = deo(f, f) + doc(Vf, V) + dr(Vf, V), f, f € CVH(R?).

The sensitivity analysis of the mappings ¢ and ¢ is carried out by exploiting
structural properties of the optimization model (1.1). We obtain novel differentiability

properties of solution sets and extend our earlier results on directional differentiability
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of optimal values in [12] considerably. As one might expect, the basic ingredients of
our analysis are a Lipschitz continuity result for solution sets with respect to the dis-
tance in C%1(R?*) (Theorem 2.3) and a quadratic growth condition near solution sets
(Theorem 2.7). Both theorems extend earlier results in [27] to more general situations
for the first-stage costs g and constraint set C'. All results in the paper apply to the
linear-quadratic case, i.e., to linear- or convex-quadratic g and polyhedral C. Indeed,
all results are formulated as generally as possible and most of them are accompanied
by illustrative examples. The second-order analysis of ¢ in section 3 utilizes some ideas
from [31] and [32], but its proof is entirely different and its Gateaux differentiability
part is valid for nondifferentiable directions (Theorem 3.4). It is also elaborated that
the Hadamard directional differentiability properties require the C°-topology for the
first-order result and the C''-topology for the second-order one (Theorem 3.8), while
the C'!-topology is needed for the semidifferentiability of the solution-set mapping
1 (Theorem 4.9). All results on differentiability properties of ¥ in section 4 are new
and do not follow from recent sensitivity results (e.g., [5], [8], [7], [17], [32]; see also
the survey [8] for further references and Remark 4.4 for a more detailed discussion).
The results of sections 3 and 4 have direct implications to asymptotic properties
of values and solution sets of two-stage stochastic programs when applying (smooth)
nonparametric estimation procedures to approximate @,. For a discussion of some of
the related aspects we refer to the brief exposition in Remark 4.11. Further applica-
tions to asymptotics are beyond the scope of this paper and will be done elsewhere.

2. Basic directional properties. The first step in our analysis of directional
properties consists in establishing results on the lower Lipschitz continuity of ¢ and
on the directional uniform quadratic growth of the objective near its solution set.
Both results become important for our method of deriving directional differentiability
properties for the optimal value function ¢ and the solution set mapping ¢ at some
given expected recourse function ¢),. Their proofs are based on a decomposition of
the program

(2.1) min{g(z) + Q(Az) : z € C},

with @ belonging to K¢, into two auxiliary problems. The first one is a convex
program with decisions taken from A(C), and the second represents a parametric
convex program which does not depend on Q.

PROPOSITION 2.1. Let Q € K¢, and let 1(Q) be nonempty. Then we have

e(Q) = inf{r(y) + Qy) : y € A(C)} = 7(Az) + Q(Az), for any z € ¥(Q), and
(Q) = o(Y(Q)), where
(Q) == argmin{n(y) + Qy) : y € A(C)},
=inf{g(z): © € C, Az =y}, and
= argmin{g(z): z € C, Az =y}, ye€ A(C).

<=
O O

™

)
)
)
Y)
)

~ o~
<

g

Moreover, 7 is convex on A(C) and dom o is nonempty.
Proof. Let T € ¢(Q). Then we have

0(Q) = g(%) + Q(AZ) > 7(AZ) + Q(Az) > inf{m(y) + Q(y) : y € A(C)}.

For the converse inequality, let € > 0 and § € A(C) be such that

7(5) + Q(F) < inf{r(y) + Qy) : y € AC)} + 5.
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Then there exists a z € C such that AZ = g and g(z) < n(y) + 5. Hence

2(Q) < g(Z) + Q(AZ) < 7(7) + Q(7) + %
<inf{m(y) + Q(y) : y € A(C)} +e.

Since € > 0 is arbitrary, the first statement has been shown. In particular, z € o(Ax)
and Az € Y(Q) for any = € ¥(Q) . Hence, it holds that ¢(Q) C o(Y(Q)). Conversely,
let x € o(Y(Q)). Then x € o(y) for some y € Y(Q). Thus Az =y and g(z) = 7(y) =
m(Ax), implying

9(x) + Q(Az) = m(Az) + Q(Az) = inf{n(y) + Q(y) : y € A(C)}
=¢(Q) and € 9(Q).

Since the convexity of 7 is immediate, the proof is complete. 0

In the following, it will turn out that Lipschitzian properties of the solution set
mapping y — o(y) and a quadratic growth property of g near o(y) are essential. For
the linear-quadratic case we are in a comfortable situation in this respect. Namely,
we have the following proposition.

PROPOSITION 2.2. Let g be linear or convex-quadratic, let C be convex polyhedral,
and assume dom o to be nonempty. Then o is a polyhedral multifunction which is
Hausdorff Lipschitzian on its domain dom o = A(C), i.e., there exists a constant
L > 0 such that

du(o(y),o(y)) < Llly — gl for all y,5 € A(C),

where di denotes the (extended) Hausdorff distance on subsets of R™.
Moreover, for each r > 0 there exists a constant n(r) > 0 such that

g(x) > n(Azx) + n(r)d(z,o(Ax))?  for all x € CN B(0,r).

(Here m and o are defined as in Proposition 2.1.)

Proof. The Lipschitz property of ¢ is shown in [19, Theorem 4.2]. To prove the
second statement, let g be of the form g(z) = (Hz, z) + (¢, z), where H is symmetric
and positive semidefinite and ¢ € R™. For each y € A(C) we fix some z(y) € o(y).
An elementary characterization of solution sets to convex-quadratic programs with
linear constraints yields that

oy)={x€C: Ax =y, Hr = Hz(y), (c,x) = (¢, 2(y)) }.

Due to the Lipschitz behavior of convex polyhedra (cf. [37]), there exists a constant
L, > 0 such that

d(z,0(y)) < Lo([Hz — Hz(y)| + [{c, z) = (¢, 2(y))])

for all y € A(C) and = € C with Az = y. Using the decomposition H = Hz H
where H? denotes the square root of H, and the representation (c,z) — (¢, z(y))

|| “Nh—‘

g(z) —m(y) — |Hz2z|? + |[H2 2(y)||2, one arrives at the estimate

d(z,0(y)) < Lo(|H2 (1 + |2]l + 12 DI H? (@ = 2(9)) ]| + 9(x) — 7(y))

for all y € A(C) and z € C with Az = y.
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Now, let » > 0 and let us fix some element Z € C' N B(0,r) and a correspond-
ing z(Az) € o(Az). For each y € A(C) we now select z(y) € o(y) such that
lz(y) — 2(AZ)|| = d(2(AZ),o(y)). Since o is Hausdorff Lipschitzian on A(C'), this
implies ||z(y) — 2(AZ)|| < L||AZ — y|| for all y € A(C). Hence, there exists a constant
K(r) > 0 such that ||z(Az)|| < K( ) for all x € CNB(0,r). Thus our estimate contin-
ues to d(x, o(Ax))? < L(r)(|Hz (x—2(Ax))||>+ (g9(z) —7(Az))?) for all z € CNB(0,r)
and some constant L( ) > 0. Furthermore, the equation

(360 +200) = Jal0) + 9) - {1 = =)

implies |Hz2(z — z(y))||2 < 2(g(z) — 7(y)) for all y € A(C), z € C, with Az = y.
Therefore, we finally obtain

d(x,0(Ax))* < L(r)(2(g(z) — 7(Az)) + (9(x) — 7(Az))?)

(r) max{2, K(r)}(g(x) — 7(Az))

for all z € C'N B(0,7), where K(r) := sup,ccnp(o,r)(9(z) — m(Ax)). 0

Due to the above proposition, the main results in this section apply to the linear-
quadratic case. Although this case represents the main application of our results, the
assumptions of the following theorems are formulated in terms of general conditions
on the mapping ¢ in order to widen the range of applications. The first theorem
states (lower) Lipschitz continuity of ¢ at @, and supplements Theorem 2.4 in [27].

THEOREM 2.3. Let Q, € K¢, let 1(Q,) be nonempty and bounded, and let Q,
be strongly convex on some open, convex neighborhood of AY(Q,). Let T € ¥(Qy)
and assume that there exist a constant L > 0 and a neighborhood U of § with {§} =
AY(Q,,) such that

d(F,0(y)) < LIg—yll forall ye AC)NU.

<L
<L

Then there exist constants L > 0, 6 >0, and r > 0 such that

d(z,9(Q)) < L|Q — Qullz.r

whenever Q € K¢ and ||Q — Qulln,r < 6.

Proof. We may assume that U is open and convex and that @), is strongly convex
on U. Let V be an open, convex, bounded subset of R™ such that ¢(Q.) C V
and A(V) Cc U. It follows from Proposition 2.3 in [27] (where a slightly different
terminology is used) that there exists a constant § > 0 such that § # ¥(Q) C V
whenever ) € K¢ and

sup{|[z] : z € 0(Q — Qu)(y), y € L A(V)} < 6.

Let r > 0 be chosen such that cl A(V) C B(0,r). Hence, we have § # ¥(Q) C V
whenever @ € K¢, ||Q — Qulle,» < 6. Then Proposition 2.1 yields the relation

$(Q) = o(Y(q)), where Y(Q) = argmin{(y) + Q(y) : y € A(C)}. Since Q, is
strongly convex on U, there exists a constant x > 0 such that
flly =917 < 7(y) + Quly) = (7(5) + Qu(y)) forall yel.
Let Q € K¢ with ||Q — Qullz,» < 6, and let g € Y/(Q). Since y belongs to A(V) C U,
we obtain
K15 = 51 < 7(5) + Quld) = (7(5) + Qu(@)) + 7(3) + Q) ~ (x(7) + Q7))
= (Q - Q#)(g) - (Q - Qu)(g)a
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and, hence,
(Q—QuH) — (Q —Qu)(H)
g — 4l

The proof can now be completed as follows. Let Q@ € K¢ be such that |Q—Q |z, < 6.
Then

1 1
gl < = < 2o — .
7 -9l < - < KIIQ Qullz,

d(z,4(Q)) = d(z,0(Y(Q))) < sup d(Z,0(y))

yeY(Q)

B L
<L swp [g-yl<—=IQ—-Qullz,. O
yeY (Q) k

Remark 2.4. The proof shows that a Lipschitz modulus of ¢ can be chosen as
the quotient of a Lipschitz constant to o and a strong convexity constant to Q.

From the proof it is immediate that replacing the local Lipschitz condition on o
by stronger conditions like

sup d(z,0(y)) < Ly -yl or
z€o(y)

du(o(y),0(y)) < Ll|g—yll forall ye A(C)NU

leads to corresponding stronger Lipschitz continuity properties of solution sets. Be-
cause of Proposition 2.2, all of this applies to the linear-quadratic case. However, it is
worth mentioning that the theorem also applies to more general problems such that
the corresponding solution sets o(y) enjoy Lipschitzian properties. Conditions ensur-
ing Lipschitz behavior of o can be derived from stability results for the corresponding
parametric generalized equation

(2.2) 0 € VL(z, A\;y) + Noxgs (2, A),

which describes the first-order necessary optimality condition. Here L(z,A;y) :=

g(z) + M'(Az — y) is the Lagrangian function, VL(x, \;y) = (Vggfgf;T/\), where
g is assumed to be continuously differentiable, and Ngoyrs is the normal cone map
of convex analysis. Such stability results are presently available for broad classes of
parametric generalized equations (e.g., [17], [22], [24]). A typical recent result in this
direction, which applies to our situation for twice continuously differentiable g, is
Theorem 5.1 in [22]. It says that the solution set mapping of the parametric gener-
alized equation (2.2) is pseudo-Lipschitzian around (Z, A; %) if the adjoint generalized
equation

(2.3) 0 € V2L(Z, \; §)w* + D*Neoyrs (T, \; —=VL(Z, ;7)) (w*)

has only the trivial solution w* = 0.
Here D*Necxgs(Z,\; —VL(Z, \;9)) is the Mordukhovich coderivative [22] of the
normal cone multifunction at the point (Z,\; =V L(Z, \; 7)) belonging to the graph
of Noxgrs. Translating this into our framework, we obtain that the mapping o is
pseudo-Lipschitzian around (Z, §) if the following two conditions are satisfied.
(a) There exists an element & belonging to the relative interior of C' such that
Az = g (Slater condition).

(b) The equations Awj = 0 and 0 € V2g(z)w} + ATw3 + D*N¢(z, \; —Vg(z) —
ATX)(w?) have only the trivial solution w} = 0, wj = 0. (Here (z,)) is a
solution of (2.2) for y = 7.)
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The next examples show that the theorem applies to instances of two-stage
stochastic programs with nonunique solutions and with nonpolyhedral convex con-
straint sets C.

Ezxample 2.5. We revisit Example 1.1 and obtain with the notations of Proposition
2.1 that A(C) = [~3, 3I*, 7(y) = 1(y1~92), Y(Qy) = argmin{y (y1 —yo)+ui +43+5
y € A(C)} ={(—%, $)}, and o(y )—{(u U— Y2, U — Y1) - ueR}ﬁCforyeA(C).
Hence, Y(Q,) is a singleton, but ¥(Q,) = o(Y(Q,)) forms a line segment. Moreover,
o is Hausdorff' Lipschitzian on A(C') and Theorem 2.3 applies.

Ezample 2.6. In (1.1)-(1.3) let m = 2, s = 1, g( ) =0, A=(1,0), ¢ =(1,1),
W = (1,-1), p be the uniform distribution on [—1,1], and C = {(1, ) € R2 :
23 < x1}. Then we have

~ 2,1 11
Q(t) = ‘ﬂaQu(y) =/|w —y|u(dw) = {y HEURAS [ 2 2]?

ly] otherwise,
R
¥(Qu) = {(0,0)}, and Q,, is strongly convex on (—3, %). For y € A(C) = Ry we have

o(y) ={r € C: Az =y} = {(y,22) € R* 1 23 <y} = {y} x [~ /4. 4],

and, hence d((0,0),0(y)) =y for all y € Ry. Thus Theorem 2.3 applies for z = (0, 0).
Example 2.9 shows that Theorem 2.3 gets lost if @, fails to be strongly convex
on some neighborhood of Ay(Q,). Our next result establishes a sufficient condition
for the uniform quadratic growth near solution sets.
THEOREM 2.7. Let Q, € K¢, let ¥(Q,) be nonempty and bounded, and let @), be
strongly convex on some open convex neighborhood U of AY(Q,). Assume that there
exists a constant L > 0 such that

du(o(y),o(y)) < Llly — gl for all y,5 € A(C),

and for each r > 0 there exists a constant n(r) > 0 such that
g(x) > m(Az) + n(r)d(z,o(Ax))*  for all x € C N B(0,r).

Then, for some open, bounded neighborhood V' of ¥(Q,) and each v € T"(Kc;Qp),
there exist constants ¢ > 0 and § > 0 such that the following uniform growth condition
holds:

9(x) + (Qu + tv)(Az) > ©(Qy + tv) + cd(z, ¥(Q, + tv))?

forallz €e CNV andt €0,96).

Proof. Let v € T"(K¢,Qu), and let V be an open, bounded subset of R™ such
that ¥(Q,) C V and A(V) C U. As in Theorem 2.3 we choose § > 0 such that
0 # ¥(Qu+tv) C V and, in addition, that @, + tv is strongly convex on U for all

€ [0,6) (with a uniform constant x > 0). For each ¢ € [0,8) Proposition 2.1 then
yields that ¢(Q, + tv) = o(y:), where y; is the unique minimizer of the strongly
convex function 7 + Q,, + tv on A(C) and, moreover, we have x|y — y:||? < 7(y) +
(Qu +tv)(y) — ¢(Qu + tv) for all y € A(C)NU. Now, we choose r > 0 such that
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V C B(0,r) and continue for each z € CNV and t € [0, 6) as follows:

d(z, P(Qp + tv))? = d(z, 0 (1))
z,0(Az))? + dp (0 (Ax), 0(y:))?)

1 2 2
< 2(()<g<x> ~w(Ax)) + L] Az — 1| )

IN
[\
QU
—~ -

< 2(1(g(x)—w(Ax)H[;(w(A:c)+(Qu+tv)(Aa;)_¢(Qu+w)>)

n(r)
1 L?
<2max{ ——, — ¢ (9(x) + (Qu + tv)(Az) — p(Q, + tv)).
n(r)"
Putting ¢! =2 max{ﬁ, %2} completes the proof. O

The following examples show that the quadratic growth condition gets lost even
for the original problem, i.e., t = 0, if either the Lipschitz condition for ¢ or the strong
convexity property for @, are violated.

Ezxample 2.8. Consider again the set-up of Example 2.6. Since it holds that
dy(o(y),0(0)) = (y>+y)2 for all y € Ry = A(C), o is not Hausdorff Lipschitzian on
A(C). Supposed there exists a neighborhood V' of ¥(Q,,) = {(0,0)} and a constant
o > 0 such that the growth condition

Qd($7¢(@u))2 = QHDCH2 < Qu(z1) —(Qu) = x% forall z€eCNV

1
vn
this would imply o 7712 + )< # for large n, which is a contradiction.

is satisfied. Since the sequence ((£, —-=)) belongs to CNV for sufficiently large n € N,

1
Ezample 2.9. In (1.1)-(1.3) let m=s=1,g(z) =0, A=1,C =R, ¢ = (1,1),
W = (1,—1), and let p be the probability distribution on R having the density

f(2) = {z|, ze[-1,1],

0, otherwise.
Then

s+ yel-11]
lyl, otherwise,

Quly) = / lw — ylu(dw) = {
R

¥(Q,) = {0}, and there is no neighborhood of ¥(Q,) where @, is strongly convex.
It is clear that the quadratic growth condition fails to hold, since the inequality
02* < Qu(z) — ¢(Q,) = £|x|® cannot be true for some ¢ > 0 and all z belonging to
some neighborhood of = = 0.

With the linear function v(x) = —z (z € R) we obtain for all ¢ € [0,1] that
Y(Q, + tv) = {Vt} (cf. Example 3.7). Hence, the lower Lipschitz property of 1
fails to hold as well. Since the strong convexity and later also the strict convexity of
the expected recourse function @), (on certain convex subsets of R®) form essential
conditions in most of our results, we recall a theorem (Theorem 2.2 in [30]) that
provides a handy criterion to check these properties for problem (1.1)—(1.3).
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PROPOSITION 2.10. Let V' C R?® be open convex, and assume (Al) and (A3).
Consider the following conditions.

(A2)" int Mp={teR*: Wt <q} #0.

(A4) p is absolutely continuous on R®.

(A4)"  u satisfies (A4) and there exist a density f, for u and a constant
6 >0 such that f,(z) > 6 whenever d(z,V) <.

Then (A2)* and (A4) imply that Q,, is strictly convex on V if V is a subset of the
support of p, and (A2)* and (A4)* imply that Q,, is strongly convex on V.

In addition, it is shown in [30] that under (A1)-(A4) the condition (A2)* is
also necessary for the strict convexity of @,. For extended simple recourse models
(i.e., W = (H,—H) with some nonsingular (s, s)-matrix H) (A2)* is equivalent to
gt 4+ ¢~ > 0 (componentwise), where ¢ = (¢7,¢~) and ¢*,¢q~ € R*. This may be
used to check strict or strong convexity properties in the Examples 2.6 and 2.9.

3. Directional derivatives of optimal values. In this section, we study first-
and second-order directional differentiability properties of the optimal value function
@ on its domain Ko. We begin with the first-order analysis and show that ¢ as a
mapping from Ko to the extended reals is Hadamard directionally differentiable at
some given expected recourse function @, € K¢. Here K¢ is regarded as a subset of
CY(R®). Recall that ¢ is Hadamard directionally differentiable at @, on K¢ iff for
all sequences (v,,) converging to some v in C°(R?) and all sequences ¢, — 0+ such
that the elements @, + t,v, belong to K¢ the limit

‘P,(Qm v) = lim %(W(Q/L + thvn) — ‘P(Qu))

n—oo

exists. Since the condition @, + t,v, € K¢ means that v, = %(Qn - Q) for
some @, € K¢, the limit v belongs to the tangent cone T'(K¢; Q) to K¢ at @, in
C°(R?). In [35], [36] this property is also called Hadamard directional differentiability
tangentially to K¢.

PRrOPOSITION 3.1. Let Q, € K¢, and assume that ¢(Q,) is nonempty and
bounded. Then ¢ is Hadamard directionally differentiable at @, on K¢, and it holds
for allv e T(K¢; Q) that

¢ (Qu;v) = min{v(Az) : € ¥(Q,)}.

If, in addition, Q,, is strictly convex on some open convex neighborhood of AY(Q,.),
we have

¢ (Qusv) =v(y), where {7} =AY(Qu).

Proof. Arguing similarly as in the proof of Proposition 2.1 in [26] there exists a
neighborhood N of @, in C°(R®) such that ¢(Q) is nonempty for all Q € Ko NN.
Let (t,) and (v,) be sequences such that t,, — 0+, v, — v in C°(R®), and Q,, + t,v,
belongs to K¢ for all n € N. Then Q,, + t,v, € K¢ NN for sufficiently large n € N.
Let z, € ¥(Q, + t,vy) for those n € N. Since v is Berge upper-semicontinuous at
Q. [26], the sequence (z,) has an accumulation point z € ¥)(Q,), and we obtain

lim sup %(@(QH +tavn) — p(Qu))

n—oo n

> limsup 1 (g(a0) + (Qu+ 1) (Aa) — () — Qu(Ay)) > v(As),

n—o0 n
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where the last inequality follows from the uniform convergence of (v,,) to v on bounded
subsets of R®. In order to show the reverse inequality for liminf, let « € ¥(Q,). Then

lim inf ti(go(Qu +tnvn) — 0(Qu))

n—o0 n

< liminf = (g(2) + (Qu + tu00) (A7) — 9(2) = Qu(42) = v(Ao).
n
This completes the proof of the first part. The second part is an immediate conclusion,
since AY(Q,) is a singleton whenever @, is strictly convex on some of its open, convex
neighborhoods. a

The preceding result can also be proved by using the methodology of Theo-
rem 6.4.1 in [28]. There the compactness of the constraint set is assumed, and Gateaux
directional differentiability of ¢ at @, together with its Lipschitz continuity is shown.
Here we prefer a direct two-sided argument, which will also be used in the subse-
quent second-order analysis of ¢. Namely, we will first derive an upper bound for
the second-order Hadamard directional derivative of ¢ at some @, € K¢, where K¢
is equipped with the C%! topology. Second, we identify conditions implying that
the upper bound coincides with the Gateaux directional derivative of ¢ at @, for all
directions taken from T"(Kc; Q).

LEMMA 3.2. Lety € R°, Q. € K¢, t, — 0+, (Qn) be a sequence in Ko such
that vy, := %(Qn — Q) — v in C¥Y(R?), and let (&,) be a sequence converging to &
in R®. Then we have limsup,, , i(vn(y +tnén) — vn(y)) < MaXcenu(y)(C,E)-

Proof. Each function v, is locally Lipschitzian on R® and, hence, Lebourg’s mean
value theorem for Clarke’s subdifferential [9] implies the existence of elements @,
belonging to the segments [y, y + t,&,] such that

%wy ta€n) — () € {(C &) : € € Bun ().

The convergence v, — v in C%!(R?) implies that
sup{[¢] : € € Dvn — v)w) Jyll < v} — 0
holds for any r > 0. This yields

g (O (Yn), 0v(§n)) < supflICll : ¢ € O(vn — v)(Gn)} — 0.

n—oo

Here dy denotes the Hausdorff distance, and the inequality is a consequence of general
properties of the subdifferential (cf. Lemma 2.1 in [27]). Hence, there exist elements
¢ belonging to dv(g,) such that

%(vn(y +tubn) = 0n(y)) < €alldrr (90n(Gn), 30(Fn)) + (Cas En)

and, for some ¢ € dv(y),

. 1 . ~ -
limsup == (v (y + tn&n) — vn(y)) < Imsup(Gu, &a) = (G, €) < Cer%%é)@, &),
where the upper semicontinuity of dv(-) is used. This completes the proof. O
PROPOSITION 3.3. Let Q, € K¢, and assume that ¥(Q,) is nonempty and
bounded. Let g be twice continuously differentiable, and let (), be strictly convex on



Downloaded 02/18/21 to 141.20.54.130. Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/page/terms

DIFFERENTIAL STABILITY OF STOCHASTIC PROGRAMS 99

some open convex neighborhood of A(Q,,) and twice continuously differentiable at g,
where {g} = AY(Q,). Let T € Y(Qu), tn — 0+, and (Qn) be a sequence in Ko such
that vy, 1= i(Q” — Q) — v in COY(R?®). Then

1
lim sup t*Q(QO(Q’u + tnvn) - QO(Q,U.) - tn@/(QM; ’Un))

< nf{(Vg(z),2) + (VQu(3), 42) + 3(V?9(@), &€

+%<V2Q;L(§)A§7A5> + max (G, A¢) : £ € 5(z), 2 € THT;7,8)),
where S(Z) :={£ € T(C;z) : (Vg(z),&) + (VQ.(Y), AE) = 0}, T(C; &) is the tangent
cone to C at T, and T?(C; &, ) is the second-order tangent set to C at T in direction &.

Proof. Let ¢ € S(z) and z € T?(C;,£). Then there exists a sequence (z,) such
that z, — z and T + t,£ + t2z, € C for all n € N. Using Proposition 3.1, this allows
for the following estimate:

‘P(Qu + tnvn) - @(Qu) - tn‘Pl(Qm Un)
< G(T 4 tnl +122,) + Qu(A(T + thf +122,)) + tnon(A(T + tn€ +122,))
—9(Z) — Qu(AZ) — t,v,(AZ)
= [9(Z + tn€ + t520) — 9(Z) — tn(Vg(),£)]
+[QM(A('7E + tng + tizn)) - Qu(Aj) - tn<qu(A'f)a Af)]
[0 (AT + t€ +122,)) — va(AZ))].

After dividing by t2 and using Lemma 3.2, the limes superior as n — oo of the
right-hand side can be bounded above by

(V9(),2)+ 5 (V9(2)6,€)+ (VQu(AD), Az) 5 (V*Qu(AT) A€, A+ e (¢, A¢).

Taking the infimum on the right-hand side yields the assertion. O

We notice that the upper second-order Hadamard directional derivative
limsup,, t%(ap(QM +tovn) — @(Qu) — thy’(Qu;vn)) is nonpositive, since ¢ is con-
cave on K¢ é;nd, hence, the inequality p(Q, + thvn) — ©(Q) = ©(Qrn) — ©(Qu) <
' (Qu; Qn — Qu) = tn'(Q; vy) is valid. We also note that the upper bound is non-
positive, since (0,0) belongs to S(z) x T?(C;z,0) = S(z) x T(C; Z). Next we consider
particular perturbations @y, of Q,, namely, @, := Q,+At,(Q—Q,,) for some Q € K¢,
A > 0, and sufficiently large n € N. Then v, = ANQ — Q) € T"(K¢;Q,). The
next result provides conditions implying that the second-order (Gateaux) directional
derivative exists and coincides with the upper bound of the previous proposition. To
state the result we need the notion of second-order regularity (cf. [6]). The constraint
set C' is called second-order regular at z € C' if for any direction £ € T'(C; ) and any
sequence z,, € C of the form x,, = Z + t,& + t2r,, where, t, — 0+ and 7, being a
sequence in R™ satisfying ¢,,r,, — 0, it holds that lim,, ., d(r,, T%(C;%,£)) = 0. For
example, C' is second-order regular at € C if 0 € T?(C; ,€) for every &€ € T(C; Z)
(cf. [6]). In particular, a polyhedral (convex) set C' is second-order regular at any
zeC.

THEOREM 3.4. Let Q, € K¢, and assume that 1(Q,,) is nonempty and bounded.
Let g be twice continuously differentiable, and let Q). be strictly convex on some
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open convex neighborhood of A(Q,,) and twice continuously differentiable at §, where
{y} = AY(Qu). Let T € Y(Qu), v € T"(Kc; Qu), and assume that

(i) d(z,v(Qu+tv)) =O(t) for smallt >0, and

(ii) C is second-order regular at T.

Then the second-order Gateaur directional derivative of ¢ at Q, in direction v
exists, and it holds that

1
QOH(QM? v) = tEr(I)lJr ﬁ(@(@u +thv) — @(QM) - t‘P/(Qu; v))

B =int { S0 + 5(TQUAELAD + (549 +0(6) € € 5(0) .

where b(§) = inf{(Vg(z),z) + (VQu()), Az) : z € T*(C;z,£)} is nonnegative and
convex on S(Z). Moreover, the infimum in (3.1) is attained at some & € S(T) having

the property that " (Q,;v) = 1v'(7; AE) + $b(€).
(Here S(z) and T?(C;%,€) are defined as in the previous result, v/(y;n) is the
directional derivative of v at § in direction 7, and O(t) denotes a real quantity such
that 1|O(t)| is bounded as t — 0+.)
Proof. (i) implies that there exist constants L > 0, § > 0, and elements z(t) €
P(Qu + tv) such that [|z(t) — z|| < Lt for all t € (0,6). Now take a sequence (t,)
tending to 0+ in such a way that

1
lim inf — (0(Qu + tv) — @(Qu) — ¢/ (Qui v)

= lim t%((p(Q“ +tyv) — W(Qu) - tn‘pl(Qu;U))

n—oo

and that &, := i(x(tn) — ) — £. The latter is possible since ||i(x(tn) —z)|| <L
for n € N sufficiently large. Then & € T(C;Z) and Proposition 3.1 yields

o(AZ) = ¢/ (Qpiv) = lim %«o(czu +t0) — 9(Q))

= lim ti(g(fc +tnén) + (Qu + tav) (AT + t0,)) — 9(Z) — Qu(AZ))

= (Vg(2), ) + (VQu(AT), AE) + v(AT).

This implies £ € S(z). We put r, = ti(fr, — &) and x, = 2(t,) = T + t,& +t2r,. By
expanding g and @, and using Proposition 3.1, we obtain

P(Qu +tnv) — 9(Qu) — ta¥' (Qusv)
= g(xn) + Q,u(AIn) + tnU(A‘Tn) - g(g_j) - Q#(Ai’) - tnv(Aj)

= (Vg(#), 70— 3) + 5(V2(2) (w0 — ), — 7)
F{VQuAR), Ay — ) + 3 (V?QuAZ) (A(z, — 7)), Al — 7))
F i ((Ary) — 0(A2)) + o7 — 7])

= 2(Vg(@) ) + 5(V29DEE) + E((VQu(AZ), Ary))

+ 3 (VQuAR)AE, A) + 1 (v(Az,) — v(AT)) + of£).
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Here we used that o(||z, — Z||?) = o(t2), where o(t*) denotes a real quantity having
the property ;ro(t) — 0 as t — 0+ (k € N).

Since C is second-order regular at z, there exists a sequence z, € T?(C;Z,£) such
that lim, o ||7n — 2zn]| = 0, and we get from the previous chain of equalities

%2(90(@# +1n0) — 9(Qu) =t (Qu3v))

= (Vg(2),20) + (VQu (), Azn) + 3 (VI9(@)E,)

+ IV2QuAE A + - (0(5 + tnA&w) — v(7) + o(1)

n
> 8(6) + (V2906 + 5 (T2QuD)AE AL + - (5 + 1a46) — 0(5)) +o(1).

Using the fact that v is Hadamard directionally differentiable and Clarke regular [9],
Le., v'(7;1m) = maxceau(y) (¢, n), we obtain

lim inf %@(Q” + tv) — (Qp) — t¢' (Quiv))
(V29(@E.8) + £ (V°Qu(7) AL, A + /(7 AE) + 1(E
> int {;<V2g<x>f,5> + (TPQU)AE A€ + (74 + 1) : € € 5(0) |

l\J\»—t

Proposition 3.3 implies that this lower bound for liminf; .o is also an upper bound
for limsup,_,o, . Hence, the limit lim¢ o4 75 (9(Qu + tv) — 9(Qp) — t¢' (Qu; v)) exists
and is equal to the infimum subject to £ € S(Z). Moreover, this infimum is attained
at £ € S(z).

The nonnegativity of b is due to the fact that the necessary optimality condition for
(1.1) at T yields

(Vg(z),2) + (VQu(7), Az) > 0 for all z € T*(C;%,€),¢ € S(z).

The convexity of b follows from the property T3(C; 2, M+ (1 — )\)g) DNT%(C;7,8) +
(1= \N)T?(C;z,€) for all £, € T(C;z), and A € [0,1].
For the remainder of the proof we put a(£) := v'(g; A¢) and

B(&) := %(VQQ(E)&Q + %(VQQH(g)Ag, Ag) for all € € R™.

Since S(7) is a (convex) cone, we have S(z) = AS(Z) for any A > 0. Moreover, it
holds that T2(C;z,\6) = NT?(C;z,€) and thus that b(AE) = Ab(§) for any A > 0.
Hence, we obtain

0 < f(X) = B(AE) + a(A§) +b(AE) — B(&) — a(§) — b(€)

= MB(E) + (A —1)(a(é) +b(€)) — B(€) for all X > 0.

In the case of B(£) > 0, the quadratic function f vanishes at A\ = 1 with the property
/(1) = 2B(€) + a(é) + b(€) = 0, and the final assertion is shown. If B(E) = 0, the
fact that 0 < f(A) = (A — 1)(a(€) + b(€)) holds for any A > 0 implies a(€) + b(§) = 0.
Thus ¢"(Q;v) = 0 = 3(a(§) + b(£)), and the proof is complete. O
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The theorem extends our earlier work in [12], where essentially polyhedrality of
C is assumed. Compared to [12], the additional term b(.) enters the formula for
¢©"(Qu;v). The convex function b(.) reflects second-order properties of the constraint
set C and vanishes if C is polyhedral. Next we state a more handy criterion implying
that ¢”(Qu;v) exists for any direction v € T"(K¢; Qp)-

COROLLARY 3.5. Let Q, € K¢, and assume that 1(Q,) is nonempty and
bounded. Let g be twice continuously differentiable, and let Q, be strongly convex
on some open convex neighborhood of AY(Q,) and twice continuously differentiable
at y, where {g} = AY(Q,). Let T € ¥(Q,) and assume that

(i)' there exist a constant L > 0 and a neighborhood U of § such that

d(z,o(y)) < L||g — yl|| for ally € A(C)NU, where
o(y) := argmin{g(z) : x € C, Az =y}, y € A(C), and

(ii) Cis second-order regular at .

Then the second-order Gateaux directional derivative of ¢ at @, exists for any di-
rection v € T"(K¢; Qp), and the formula for ¢"(Qu;v) in Theorem 3.4 holds true.
Moreover, conditions (i)' and (ii) are satisfied for any T € ¥(Q,) if C is polyhedral
and g is linear or (convex) quadratic.

Proof. Let v € T"(K¢; Q). Theorem 2.3 then says that there exist constants
IAJ>O,<5>O, and r > 0 such that

d(z,Y(Qu +tv)) < ﬁHvHL’,«t whenever ||v||L, -t < 6.

Hence, the strong convexity of @, and condition (i)’ imply that condition (i) of the

previous theorem is satisfied and that the first part of the assertion is shown. If C'is
polyhedral and g is linear or (convex) quadratic, (ii) is satisfied and Proposition 2.2
implies (i)’ to hold for any = € ¥(Q,,) = o(7). O

Let us consider two illustrative examples to provide some insight into the benefit
and limits of the previous results.

Example 3.6. We revisit Example 2.6 and know that the general assumptions of
Corollary 3.5 and condition (i)" are satisfied for Z = (0,0). Furthermore, it holds that
T(C;z) =Ry x R and

R?, & >0,

f € T(C: 7).
(01 €R: 2, > &2} xR, & =0, or any & € T(C;7)

TQ(O;i&)—{

Moreover, C' is second-order regular at  (as can be seen from Proposition 4.1 in
[6]) and it holds that b(£) = 0 for all £ € R®. Hence, Corollary 3.5 implies that
(p”(QH;U) exists for any v € T"(K¢;Q,) and that ¢"(Q,;v) = %v’(o,gl), where

£ = (&,&) € argmin{& +0'(0,&1) ¢ (&1,&) € Ry x R},
Ezxample 3.7. Here we revisit Example 2.9 and have

Quly) = glyl*+ 3 forall ly] <1, and $(@u) = {0}, ¢(Qu) = 3.
For the function v(z) = —z (z € R) and ¢ € [0, 1) we obtain
P(@u -+ 1) = inf{Qu(x) — tr: w € R} = 2(1— 1),
(Qu + tv) = argmin{Q, (¢) — ta s = € B} = {Vi.
Then ¢'(Quiv) = 0 and % (p(Qp + tv) — 9(Qu) — ¢'(Qu;v)) = —2t~%. Hence, ¢

has no second-order directional derivative at @), in direction v. Note that there is no
neighborhood of £ = 0 where @, is strongly convex.
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Finally, we aim at showing that ¢ is even second-order Hadamard directionally
differentiable at @, when equipping K¢ with a suitable topology. To this end we
need a certain counterpart of Lemma 3.2 for the corresponding limes inferior. Since
such a bound does not exist for nonsmooth functions, it is a natural idea to consider
the space C*(R?), to restrict ¢ to the subset KcNC?, and to equip Ko NC! with the
C"! topology. Then we are able to show that the assumptions of Corollary 3.5 imply
the second-order Hadamard directional differentiability of ¢ at Q.

THEOREM 3.8. Let Q, € Ko N CY, and assume that ¥(Q,) is nonempty and
bounded. Let g be twice continuously differentiable, and let Q. be strongly convex
on some open convex neighborhood of AY(Q,) and twice continuously differentiable
at g, where {g} = AY(Qu). Let & € ¥(Q,) and assume the conditions (i)' and (ii)
of Corollary 3.5 to hold. Then the second order Hadamard directional derivative of
¢ at Q, exists in any direction v belonging to the tangent cone T(Kc N CY;Q,) in
CH(R?®), i.e., for any such v, and all sequences t, — 0+ and (Q,) in Ko such that
Up 1= %(Qn — Q) — v in CH(R®) the limit

S Qi) = lim —((Qp + tav) — 9(Qu) — £ (Qus va)

exists, and it holds that
¢(Quiv) = int { (70016, + 5(TQu (DAL, A+ (To(a). A +0(E) 1§ € 5(0) .

Proof. Let v € T(Kc N CYQ,), tn, — 0+, and (Q,,) be a sequence in K¢ such
that v, = i(Qn —Qu) — vin C*(R?®). Condition (i)’ together with Theorem 2.3 then
imply that there exist constants L > 0, 7 > 0, ng € N, and elements x,, € ¥(Q,+t,vy,)
such that

lzn — Z|| < Lty||vnllnr forall neN;n>ng.

Since the sequence (v,,) converges in C*(R?), the norms ||v, ||, - are uniformly bounded
and we have ||z, —Z|| = O(¢,,). As in the proof of Theorem 3.4 we select a subsequence
of (t,), which is again denoted by (t,), tending to 0+ such that &, = -(z, —

z) — £ € S(x). Analogously, we obtain for sufficiently large n:

1
t?(‘ﬂ(Qu + tn”n) - ‘P(Q/) - tn@/(Qm Un))

> () + 5 (V29016 €) + 3 (VA QuAE AL + - (0a(5 + 1aAn) — 0a(5)) +o(D).

Using the mean value theorem for v,, we may continue with some g, € [,y + t,A&,]
as follows:

(P(Qu +tovn) — p(Qp) — tnSQI(Qu? Un))

~+
SIS

(VG(2)E,) + 3 (V*Qu() A&, AE) + (Tun(5), L) +(E) +0(1).

Arguing as in the proof of Theorem 3.4 and using v,, — v in C*(R?), we arrive at the
estimate

N

Jim inf tiz(go(cz# Ftatn) — (@) — 1@ (Quivn))

n—oo
n

> S(V2()E8) + 5V Qu(DAE, AE) + (Vo(@), D) +b(E)
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and, using Proposition 3.3, we arrive at the desired result. O

Let us finally note that all minimization problems appearing as bounds or formu-
las for second-order directional derivatives represent convex programs. Those in the
results Theorem 3.4, Corollary 3.5, and Theorem 3.8 have convex cone constraints,
which are polyhedral if C' is polyhedral. Moreover, the solution sets of the convex min-
imization problems in Theorem 3.4, Corollary 3.5, and Theorem 3.8 are nonempty.
Indeed, we show next that these solution sets represent certain derivatives of the
set-valued mapping 1 at the pair (Q,, Z).

4. Differentiability of solution sets. It is well known that second-order dif-
ferentiability properties of optimal values in perturbed optimization are intrinsic for
establishing the differentiability of solutions (see, e.g., [8]). We also pursue this ap-
proach and derive conditions implying directional differentiability properties of the
solution set mapping by exploiting the results of the previous section. Our first re-
sults in this direction concern Gateaux directional differentiability and complement
Theorem 3.4 and its corollary.

THEOREM 4.1. Assume that the general conditions on g, Q,, and C of Theo-
rem 3.4 are satisfied. Let T € (Q,), v € T"(Kc; Q). and suppose the conditions (i)
and (ii) of Theorem 3.4 to be satisfied. In addition, assume that

(iil) there exist a meighborhood V' of ¥(Q.) and constants ¢ > 0, 6 > 0 such that

the uniform growth condition

9(x) + (Qu + tv)(Az) > ©(Q + tv) + cd(z, Y(Q, + tv))?

forallz € CNV and t € [0,0) is satisfied.
Then the Gateaux directional derivative of v at the pair (Q,,, Z) into direction v exists,
and it holds that

V(QuTi0) = Jim 1 (5(Qu+ 1)~ )
— arguin{ 3(V9(@)6,) + 5 (VQu(AE AG + V(5 A9 +(E) s § € 5(0) .

Proof. Let M(Z;v) denote the solution set in the assertion. First we show that
limsup, o, +((Qu + tv) — ) € M(Z;v).

Let & € limsup,_ oy T(¥(Q, + tv) — Z). Then there exists a sequence (,,,&,)
converging to (0+, ) such that &, € £ (¢(Q, +t,v) — ) and, thus, Z+t,&, € ¥(Qu+

n

t,v) for all n € N. Analogously to the proof of Theorem 3.4 we show that £ belongs

to S(z) and that ¢”(Qu;v) = 5(V2g(2)€,€) + 5(V2Qu(§)AE, AE) + ' (7 AE) + b(E).
Hence & € M (z;v).
In the second step we demonstrate that

M(Z;v) € lim inf %(w@u +tv) — 7),

or, equivalently, that it holds for any £ € M(z,v) that

tim L d(z 418, (Qu + 1)) = 0.

Let £ € M(z;v) and (t,) be a sequence with ¢, — 04+. We have to show that
lim,, 00 % d(Z +t,.6,9(Qu +tpyv)) = 0.
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Let e > 0 be given, and let z€ T?(C; 7, £) be such that (Vg(Z), 2)+(VQ,(7), Az) <
b(&)+¢. Then there exists a sequence (2, ) converging to z with x,, = z+t,+t2z, € C
for all n € N. Hence, it suffices to show that

1
lim — d(i‘ +t,€ + tizm ¢(Q/L + tnv)) =0.

n—oo n

Condition (iii) implies the following estimate for all sufficiently large n € N:

Cd(i‘ + tnf + tizna ¢(Qu + tnv))2
< 9(T + ta€ + thzn) + (Qu + V) (AT + o€ + 17 20)) — (Qp + tav).

By expanding g and @, as in the proof of Theorem 3.4 and using the fact that ¢
belongs to S(Z), we may express the right-hand side as

_(‘P(Qu + tnv) - (Qu) —tnp (quv))
(VAT + tal + th20)) — V(AT)) + o(E[|€ + tnza?).

After dividing by 2 and taking the limsup,,_, ., on both sides of the latter inequality,
we obtain

limsup — I d( + €+ tizn, V(Qu + thv))?

n—oo Uy

< (Vg(@), 2) + (VQu(3), 42) + 5(V?9(@)E.)
5 {V2QuI)AE, A8) — ¢ (Quiv) +0/ (7 A6) < ¢

where we made use of the choice of z, £ € M(Z;v), and Theorem 3.4. This completes
the proof. ]

Complementing Corollary 3.5, we provide a result on the directional differentia-
bility of ¢ at @, into any direction v € T"(K¢; Qp)-

THEOREM 4.2. Assume that the general conditions on g, Qu, and C' of Corol-
lary 3.5 are satisfied. Let & € (Q,,), and assume the following.

(1) There exists a constant L > 0 such that

du (o), 0@) < Lyl for all 3,5 € AC),
and, for each r > 0, there exists a constant n(r) > 0 such that
g(x) > n(Az) +n(r)d(z,0(Az))?  for all x € C'NB(0,r),
where 7(y) = inf{g(x) : x € C, Ax = y} and
o(y) = argmin{g(x) : z € C, Az = y}, y € A(C).

(ii) C s second-order regular at T.
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Then the Gateauz directional deriwative ¥’ (Q,,, T;v) of 1 at the pair (Qu,T) exists for
any direction v € T"(K¢; Q) and satisfies the formula in Theorem 4.1. Moreover,
conditions (1) and (ii) are satisfied if C is polyhedral and g is linear- or (convezx-)
quadratic.

Proof. Let v € T"(K¢;Qp). Since @, is strongly convex on some open con-
vex neighborhood of A (Q,), we infer from condition (i)” and Theorem 2.7 that
condition (iii) of Theorem 4.1 is satisfied. Moreover, condition (i)” implies (i)', and
thus, Corollary 3.5 says that the second-order directional derivative ¢’ (Q,;v) exists.
Hence, the first part of the assertion follows from the proof of the previous theorem.
Condition (ii) is satisfied if C' is polyhedral, and if, in addition, g is convex-quadratic,
Proposition 2.2 implies condition (i)” holds. a

We note that Example 3.7 shows that, in general, the directional differentiability
property of ¢ gets lost at pairs (Q,,Z), T € ¥(Q,), where @Q,, is not strongly convex
on some neighborhood of A¥(Q,). Our next example demonstrates that Theorem 4.2
applies to situations where the solution set and its Gateaux directional derivatives are
not singletons.

Ezample 4.3. We revisit the Examples 1.1 and 2.5 and observe that the assump-
tions of Theorem 4.2 are satisfied for any z € ¥(Q,). Hence, the Gateaux direc-
tional derivative ¢'(Q,,Z;v) exists at any pair (Q,Z), Z € ¥(Q,) and any direction
v €T (K¢; Q). Since it holds that V2g(z) = 0, (Vg(Z),&) +(VQ,(Az), AE) = 0 for
all £ € R?, and V?Q,(Az) =2(§9), it takes the form ¢/(Q,,, T;v) = argmin{| A¢||? +
v'(AZ; A€) - € € T(C;%)}. Since the function y — ||y||? 4+ v’ (AZ; y) is strongly convex
on A(T(C;z)), it has a unique minimizer g(v) € A(T(C;Z)). Hence, there exists an
element £(v) € T(C;z) such that Aé(v) = g(v) and ' (Q,, Z;v) = (£(v) + kerA) N
T(C;z). In particular, the Gateaux directional derivative '(Q,,Z;.) is a set-valued
mapping of the direction.

Remark 4.4. The approach we followed for deriving Gateaux directional differ-
entiability of solution sets to (1.1) into directions v € T"(K¢; Q) is based on lower
and upper estimates for the optimal value function. Compared to the work in [5],
[8], and [32], where this approach is developed and reviewed, we assume neither that
the data of the perturbed problems min{g(z) + Q(Az) : x € C} is differentiable nor
that solutions to (1.1) are unique. The (set-valued) Gateaux directional derivatives
' (Qp, T;v) in the previous results are valid for the case v = @ — @, with a general
@ € K¢. Hence, the results complement earlier work on contaminated distributions
(e.g., [13], [14]). They apply to situations where @ is an expected recourse function
with respect to a Dirac measure with unit mass placed at w,, i.e., Q(y) = Q(w* —-v),
and, hence, are relevant to study the influence of a specific scenario on changes of
solution sets.

Another prominent approach to sensitivity analysis of optimization problems is
based on the perturbation analysis of first-order necessary optimality conditions writ-
ten as generalized equations (e.g., [17], [22], [24]). Applying this technique to study
sensitivity of (1.1) requires C''-properties of perturbed expected recourse functions Q.
In the case of (1.1) and @ € C!, the parametric generalized equation reads

0 € Vg(z) + ATVQ(Az) + No(z),

where N¢(x) denotes the normal cone to C' at = and @ plays the role of a param-
eter. Relevant conditions in this context implying Lipschitz and differentiability
properties of solutions at some (Q,,Z) are the strong regularity of the generalized
equation at parameter @, [24], and the subinvertibility of the set-valued mapping
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F(z) = Vg(z) + ATVQ,(Az) + Nc(z) [17) together with the single-valuedness of the
inverse of the contingent derivative of F' at (Z,0) (cf., [2]), respectively. To see that
both conditions are violated in general, we consider the linear case (i.e., g is linear
and C is polyhedral). Then both conditions are equivalent if @, € C? (Theorem
6.1 in [17]). The contingent derivative of F' at (Z,0) has the form DF(Z,0)(u) =
ATV?Q,(AZ)Au+ DN¢ (2, —Vg(z) — ATVQ, (AZ))(u) (cf., Section 5.1 in [2]), where
the contingent derivative DN¢ is again a polyhedral multifunction. Since the first
summand remains constant on translates of the null space of the matrix A, single-
valuedness of the inverse of DF(Z,0)(u) fails to hold in general. This is essentially
due to the same structural property, which leads to multiple solutions in Example 1.1
and to set-valued Gateaux directional derivatives in Example 4.3.

Finally, we turn to directional differentiability properties of 1) where the deriva-
tives exist uniformly with respect to directions taken from compact sets of certain
functional spaces. For our first result we consider the space C'(R?®) and equip the set
Ko N C with the C'-topology.

PROPOSITION 4.5. Let Q, € KcNC' and assume that the general conditions on
g, Qu, and C in Proposition 3.3 are satisfied. In addition, we suppose condition (ii)
of Theorem 3.4 to be satisfied. Let T € ¥(Q,), tn — 0+, and let (Q,) be a sequence
in K¢ such that vy, := L(Qn —Qu) —vin CI(RS)

Then the upper set limit of the sequence (- ~(Y(Qu + thvn) — ) of closed convex
subsets in R™, i.e., limsup,,_, . = - (W(Qu + tnvn) — T)), is contained in the closed
convex set

argmin{§<v2g<x>s7s> + (TP Qu@)AE AQ) + (Vo). 40 + 1) : € € 5(a) .

Proof. Let D,, := i(w(Qu—#tnvn) —z) for all n € N, and let £ belong to the upper
set limit limsup,,_, ., D,. Then there exist a subsequence (again denoted by (D))
and elements &, € D,, such that &, — £. Since T + t,&, € V(Qu + thvn) C C, we
have that £ € T(C; ), and as in the proof of Theorem 3.4, we deduce that & € S(7).
By expanding g and @, as in the proof of Theorem 3.4 we obtain analogously

@(Qu + tnvn) - (P(Qu) - tntp/(Q;ﬁ Un)
= 9(T + tnkn) + Qu(A(Z + tn&n)) + tavn (A(T + tnén)) — 9(Z) — Qu(AT)

— tnun (AZ)
> 120(E) + S (V9@ €) + 51(V2Qu(AT) AE, AE)
St (on(AGE ) — wn(A2)) + oft2).

After dividing by 2 and taking the limsup,_, ., on both sides of the inequality, we
obtain, as in the proof of Theorem 3.8,

limsup - 2 ( (Qu +tavn) — 9(Qu) =t (Qu; vn))

> L(V29(@)E,8) + 5 (V2Qu(AT)AE, AE) + (Vu(AR), AE) +(E)

Hence, we may conclude from Proposition 3.3 that £ belongs to the set

argmin {;wzg(x)g, 6+ H{V2QuIPIAL AL + (V¥(7), AE) +b(E) : € € s<>-<>} ,
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and we are done. |

Remark 4.6. The upper limit of the sequence (%(w(Q# + tpv,) — Z) in Proposi-
tion 4.5 is nonempty if the mapping d(z, ¥ (-)) from K¢ into the extended reals has the
Lipschitzian property of Theorem 2.3 at Q,,. Indeed, we may select z,, € Y(Q,+t,vy,)
for large n € N such that for some constants L > 0 and 7 > 0, ||z — z,| =
d(Z,9(Q, + tavn)) < Lt,||vn|r.-. Hence, the sequence (%(mn —I)) is bounded and
has a convergent subsequence whose limit belongs to lim sup,,_, i(w(Qu +tp0n)—T).
If the Lipschitz property of d(Z,()) is violated, the upper set limit may be empty.
This is illustrated by Example 3.7, in which we have = 0, ¥(Q, + t,v) = {Vtn},

_1
and, thus, i(’t[)(Q# +t,v) —T) ={tn ? }.

In order to establish the semidifferentiability of ¢ at a pair (Q,,Z) belonging to
the graph of 1, it remains to show, according to Proposition 4.5, that the solution set

argain 3(V20(2)6,6) + 5 (VQuIAE AG + (Ve(5), Q) +0(6) s € € 5(@)

is contained in the lower set limit liminf,,_, o i(i/}(@,t + tpv,) — T), where v, =
i(Q” —Qu), Qn € K¢, for all n € N, and (v,,) converges to v. To this end, a uniform
quadratic growth condition of the objective functions g(-) + (Q, + t,v,)(A-) for large
n € N is significant. In view of Theorem 2.7, the uniform strong convexity of ),, and
its approximations @,, for large n € N is decisive for the growth condition. The next
example and the following result show that the approximations @,, do not maintain
the strong convexity property of @), in general if the sequence (Q,,) converges to @,
in C1(R?®), but that the situation is much more advantageous when considering the
CY!-topology.

Ezample 4.7. Let Q,(y) = y? for all y € R and let Q,, be the following differen-
tiable convex function:

142 142
Qnly) = max{(),—y—ﬁ} —|—max{0,y—ﬁ} forall ye R,neN.

Note that Q,(y) = 0 for all y € [f%, %], and @, is not strongly convex for each
n € N, but (Q,,) converges to Q,, in C*(R?).

LEMMA 4.8. Let Q, € KcNCY(R®) be strongly convex on some bounded convex
set U C R® (with some constant k > 0). Then there exists a neighborhood N of Q,,
in CL1(R®) such that each function Q belonging to N is strongly convex on U with
constant 3.

Proof. The strong convexity of @, on U (with constant « > 0) is equivalent to
the condition (VQ,(y) — VQ.(9),y — §) > &lly — g||* for all y,5 € U. Let 7 > 0
be chosen such that clU C B(0,r), and let N be a neighborhood of Q,, in C**(R*)
having the property ||[V(Q, — Q)|lz,» < % for all Q € N. Let y,g € U, with y # 7.
Then we obtain for any Q € N/

(VQuly) =VQu(®).y — )

K<
- ly — 2
_ (VR —VeW).y—y)  (V(Qu-Q)y) ~V(Q. - H).y —9)
ly — 72 ly — 2
L VW) —VRW).y—y) | [V(Qu=Q)y) = V(Qu — Q)@
- ly — 97 ly — 2

< (VQ(y) —VQ(©),y —

7 -
Hyfg||2 + ||V(QM Q)HL,T’
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and, hence,
Sy =31” < (V) - VQ@).y — ).

This means that @ is strongly convex on U with constant 7. O

Now we are able to show that the solution set mapping 1) is semidifferentiable on
Ko n CH1at some pairs (Q,7), T € ¥(Q,), into any direction v from the tangent
cone T(Kc N CY;Q,) to Ko N CHY(R®) at @, in CH(R®). The assumptions are
essentially the same as in Theorem 4.2.

THEOREM 4.9. Let Q, € Ko NCYY, and assume that 1(Q,) is nonempty and
bounded. Let g be twice continuously differentiable, and let (), be strongly convex on
some open convex neighborhood U of A(Q,) and twice continuously differentiable at
g, where {g} = AY(Q,). Assume that condition (1) of Theorem 4.2 is satisfied.

Then the solution set mapping ¥ from Ko NCYY into R™ is semidifferentiable at
any pair (Qu, ), T € Y(Qu), such that C is second-order reqular at T, and into any
direction v € T(Kc N CY;Q,), ice., for any such T and v, t, — 04, and (Q,) in
Ke N CYY with vy, = %(Qn — Q) — v in CHY(R?) the set limit

DY(QuT3v) = Jim (0@ + tavn) — )

n—oo n

exists. The semiderivative Dy(Q,, T;v) is equal to the set

arguin] J(V20(2)6,6 + 3 (VQu()AE AG + (Vo(7), A9 +1(E) s € € 5(0) .

Moreover, ¢ is semidifferentiable at any pair (Q,,Z), T € Y(Q,), into any direction
veT(KcnNChQ,) if C is polyhedral. Condition (1) is satisfied if C is polyhedral
and g 1is linear- or (convez-) quadratic.

Proof. Let z € ¢(Q,) be such that C is second-order regular at Z, v €
T(KcnCYQ,), and v, = %(Qn — Q) — v in CH(R®), where t, — 0+ and (Q,,)
is a sequence in Ko N CY'. We may assume that the neighborhood U is bounded.
Since (@) converges to @, in C11(R?®), we obtain from Lemma 4.8 that there exists
an ng € N such that @,, is strongly convex on U for each n > ny with a uniform con-
stant k > 0. Moreover, we choose n sufficiently large such that ¥(Q,) is nonempty
for each n > ng. Arguing as in the proof of Theorem 2.7, we obtain a constant ¢ > 0
and a neighborhood V of ¢(Q,,) such that the growth condition

9(x) + Qn(Az) > 9(Qn) + cd(z,9(Qn))?

holds for all z € C NV and n > ng.

Let £ € S(Z) be a minimizer of the function $(V2g(Z), &) + 3(V2Q,.(y) AL, AE) +
(Vu(g), AE) + b(€) subject to £ € S(Z). Because of Proposition 4.5 it remains to show
that € belongs to the lower limit lim inf,, _ o %(¢(Qu+tnvn)—j) = liminf, _ s % (¥(Qn)
— ). To this end we argue as in the proof of Theorem 4.1. Let € > 0 be given, and
let z € T?(C;7,€) be such that (Vg(z),z) + (VQ,(9), Az) < b(€) +e. Then there
exists a sequence (z,) converging to z with z,, = & + t,£ + 22, € C for all n € N.
Then it suffices to show that

lim A(T + tn€ +122,,9(Qn)) = 0.

n—oo t,
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By using the above growth condition and by expanding the function g and @, we
obtain, similar to the proof of Theorem 4.1, that

n—oo

< (9(6)9 + (9Quls). 42 + §< o()E, &)
5V Q)AL A — ¢ (Quiv) + (Volg), A < ¢

This implies £ € lim inf,, ., -+ - (¥(Qn)—2) and the semidifferentiability of ¢ at (Q, Z)
in direction v is shown. The remaining part of the assertion follows as in the proof of
Theorem 4.2. O

For the linear-quadratic case, the essential assumptions in Theorem 4.9 are the
strong convexity of (),,, and the smoothness properties of (), and its perturbations (),
respectively. While criteria for strong convexity were already discussed in section 2,
we now add some comments on C1'! and C? properties of expected recourse functions.
Later we close by indicating some conclusions of the results of sections 3 and 4 on
asymptotic properties of statistical estimators of optimal values and solution sets.

Remark 4.10. Assume (A1)-(A3) and p to have a density with respect to the
Lebesgue measure on R®. Then the function @, in (1.2) is continuously differentiable
on R?® and its gradient is of the form VQ,(y) = Zle dip(y + Bi(R3.)) for all y € R*,
where B;, i = 1,...,{, are certain basis submatrices of the recourse matrix W such
that the simplicial cones B;(R%), i = 1,...,¢, are linearity regions of Q and —d; is
the gradient of Q on int Bi(R%), i = 1,...,4 (cf., [15], [39]). Denoting by F}, the
distribution function of p and using the formula

p(y + B(R3)) = Fuo—py(—B~'y) forall y € R®,

for any nonsingular (s, s)-matrix B, C**! and C? properties of @, may thus be formu-
lated in terms of Lipschitz and differentiability properties of the distribution functions
Fjio(—B,) to the linear transforms po (—B;), i = 1,..., ¢, of the measure p.

The distribution function F), of a probability measure 1 on R* is locally Lips-
chitzian if all one-dimensional marginal distribution functions of u are locally Lips-
chitzian (cf. [26], [38]). F), is continuously differentiable if ; has a continuous density
function and all one-dimensional marginal distribution functions of y are continuously
differentiable (cf. [21], [38]). If 1 has a continuous density function, then p o B has a
continuous density for any nonsingular (s, s)-matrix B, too. Hence, we may conclude,
for instance, that @, belongs to C!(R?®) (and C?*(R?)) if u has a (continuous) den-
sity and the above-mentioned conditions on the one-dimensional marginal distribution
functions for Fj,op belonging to C%!(R*) (and C'(IR®), respectively) are satisfied for
any nonsingular (s, s)-matrix B. This criterion is particularly useful for probability
distributions g which have the property that all one-dimensional marginal distribu-
tions of p and all linear transforms p o B for all nonsingular matrices B belong to
the same class of measures. For instance, all multivariate normal and all logarithmic
concave probability measures (e.g., [15]) form classes having this property.

Remark 4.11. We consider a sequence (@) of nonparametric estimators of @,
and assume that each @, is a random variable with values in some linear metric
(function) space Z and in K¢. Furthermore, we assume that a central limit result of
the form

Tn_l(Qn - Q,u) —d C
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is satisfied for some sequence of positive numbers (7,,) decreasing to 0 and for some
random variable ( taking values in a separable subset of Z. Here, we denote by — 4 the
convergence in distribution of Z-valued random variables. Then versions of the delta-
method (see, e.g., [36]) together with the second-order Hadamard differentiability of
the optimal value ¢ at @, (Theorem 3.8 and Z = C'(R®)) and the semidifferentia-
bility of the solution set ¢ at @, (Theorem 4.9 and Z = C*!(R*®)) lead to central
limit formulas for the sequence (p(@,,)) of real random variables and the sequence of
random sets (¢(Qy,)), respectively. In particular, we obtain from Theorem 3.8 and a
second-order version of the delta-method that

7o 2(0(Qn) —9(Qu) = ¢ (Qui @ —Qu)) = 7 *(9(Qn) —9(2) — Qn(AT)) —a " (Qui 0),

where T € ¥(Q,) and — refer to convergence in distribution of real-valued random
variables. Theorem 4.9 and a set-valued version of the delta-method [16], [20] imply

7, (0(Qn) — Z) —a DY(Qu, %),

where T € (@) and — 4 refer to convergence in distribution of closed-valued measur-
able multifunctions in R™ (cf. [29]). The asymptotic distributions in both central limit
results are the probability distributions of the optimal value and of the solution set,
respectively, of the random convex program that consists in minimizing the (random)
objective 3(V?¢(Z)€, &) + 5(V2Qu(9) AL, AE) +(V((5), AE) +b(€) subject to € satisfy-
ing the (deterministic) constraints £ € T(C;z) and (Vg(z),&) + (VQ.(y), A) = 0.
Furthermore, in the linear-quadratic case the set-valued central limit result may be
complemented by limit theorems for selections forming a Castaing representation of

¥ (cf. [11]).
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