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STOCHASTIC ANALYSIS AND APPLICATIONS, 1(3), 239-298 (1983) 

CONVERGENCE OF APPROXIMATE SOLUTIONS 

OF NONLINEAR RANDOM OPERATOR EQUATIONS 

WITH NON-UNIQUE SOLUTIONS 

Heinz W .  Engl 

I n s t i t u t  fiir Mathematik 
Johannes-Kepler-Uni versi  t a t  

A-4040 Linz 
Austria 

and 

Werner Romisch * 
Sektion Mathematik 

Humboldt-Universitdt 
DDR-lo86 Berlin 

German Democratic Republic 

ABSTRACT 

Let T(w,x) = y ( w )  be a nonlinear random operator equation with not 
necessarily unique solut ion.  For t h i s  and similar equations, we 
prove resu l t s  about convergence o f  solutions o f  sui table  approxi- 
mate problems Tn (w,x) = yn (w )  t o  solutions o f  the  original 

equations. We do t h i s  for  rather general notions o f  convergence 
for  random variables.  Concepts l i k e  consistency,  s t a b i l i t y ,  and 
compactness i n  s e t s  o f  measurable functions are introduced and 
used. For a l l  assumptions that  are needed i n  the  general theory,  
s u f f i c i e n t  conditions are given with respect t o  convergence i n  
probabili ty and almost-sure convergence. 
As a s p e c i f i c  method for constructing approximate equations we 
discuss "discret izat ion schemes ", where the  underlying probabili ty 
space i s  discret ized.  
Some r e s u l t s  might be o f  i n t e r e s t  a l so  i n  d i f f e r e n t  contexts;  
these include c r i t e r i a  for  almost-sure convergence o f  measurable 
mul t i funct ions  and r e s u l t s  about compactness with respect t o  
convergence i n  probabili ty and almost-sure convergence. 

* This paper was wri t ten  while t h i s  author was v i s i t i n g  t h e  
Johannes-Kewler-Universitat Linz. 

Copyright @ 1983 by Marcel Dekker, Inc. 0736-2994/83/01034239$3.50/0 
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ENGL AND ROMISCH 

1 .  ) INTRODUCTION AND PRELIMINARIES 

In t h i s  paper we want t o  give a general theory for  convergence o f  

solutions o f  approximations t o  random operator equations t o  

solutions o f  the original equation, which i s  not assumed t o  be 

uniquely solvable. For t h i s  general theory, we do not f i x  the  

notion o f  convergence we use. Later we i l l u s t r a t e  our abstract 

r e s u l t s  for convergence i n  probabili ty,  almost-sure and almost 

uniform convergence. 

This introductory section contains basic  material concerning random 

operator equations, measurable mul t i funct ions ,  and the  abstract 

notion o f  convergence we use. 

We now f i x  the  terminology and notation for t h i s  paper. 

Throughout the  paper, l e t  ( f l , A , P )  be a complete probabili ty space 

and X , Y  be Polish spaces; the  metrics i n  X and Y w i l l ,  though 

d i f f e r e n t ,  both be denoted by d .  B y  p ( X )  we denote the  s e t  o f  a l l  

non-empty subsets o f  X ,  by 2X the  se t  o f  a l l  non-empty closed 

subsets o f  X .  As usual, B ( x )  denotes the  Borel-a-algebra on X ,  

i .  e . ,  the  a-algebra generated by the  open se t s ;  the  product o f  the  

a-algebras A and B ( x ) ,  i . e . ,  t he  a-algebra generated by 

IAXB/A  E A, B E B ( x )  1 w i l l  be denoted by A x B ( x ) .  

A "(closed-valued) mul t i funct ion from R i n t o  X "  i s  a function 
X 

from f l  i n t o  P ( x )  ( 2  , respec t i ve ly ) ;  the  "graph" o f  a mul t i funct ion 

C i s  Gr C: = { (w,x)/w c f l ,  x  E C ( W )  1 .  A mul t i funct ion C i s  said t o  

be "weakly measurable" i f f  for  a l l  open B 5 X ,  

{ w  E il/C(w) n B * E A; we cal l  C "measurable" i f f  Gr C E A X  B ( x ) .  

This l a t t e r  property i s  usually referred t o  as "Gr-measurable". 

A survey about properties o f  measurable mul t i funct ions  i s  given i n  

C321, where the  following simple fac t s  can be found: 

Proposition 1 . 1 . :  Let C be a mul t i funct ion from R i n t o  X .  

a )  I f  C i s  measurable, then C i s  weakly measurable. I f  C i s  closed- 

valued, the  converse holds. 

b) C i s  weakly measurable i f  and only i f  for a l l  x E X ,  the  real-  

valued function w + d(x ,C(w))  : = i n f  { d ( x , z ) / z  E ~ ( w )  } i s  

measurable, where d denotes the  metric on X .  
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NONLINEAR RANDOM OPERATOR EQUATIONS 241 

As usual, we say that  a property depending on w E R holds "almost 

surely ( a . s . )  " i f  there i s  a se t  N E A with P ( N )  = 0 such that  the  

property holds for a l l  w E R \ N .  For a multi function C from R 

i n t o  X ,  we w i l l  denote the  s e t  o f  a l l  random variables which are 

a .s .  se lectors  o f  C by S ( C ) ,  i . e .  

( 1 . 1 )  s ( c ) :  = { x :  R + X/x measurable, x(w) E C ( w )  a.s. 1 .  

For the  case that C ( w )  = X for a l l  w E 0, S ( C )  equals the se t  o f  

a l l  X-valued random variables,  so that the  notation 

i s  consistent.  Results that  s t a t e  when S ( C )  t @ are called "measur- 

able selection theorems"; see [ 3 2 ]  and [ I 8 1  for a varie ty  o f  such 

theorems. Note that i n  our d e f i n i t i o n  o f  S ( C ) ,  the  "exceptional se t s"  

where x(wJ E C ( W )  need not hold may be d i f f e r e n t  for  each x c S ( C ) .  

Since (because o f  the  completeness o f  ( R , A , P I )  we can redef ine  a 

measurable function on 0 arb i t rar i l y  on a s e t  o f  measure 0 without 

destroying measurability, for each x 6 S ( C )  there e x i s t s  a measur- 

able x: -t X such that  x ( w )  E C(o) for  o E R .  Thus, the  

exceptional s e t s  where elements o f  S I C )  need not be se lectors ,  which 

give us more f l e x i b i l i t y  l a t e r ,  do not cause problems. 

Measurable multi functions w i l l  serve as domains for the  operators 

that appear i n  our random equations, which we w i l l  ca l l  "random 

operators on s tochast ic  domains ": 

Definit ion 1.2: Let C be a mul t i funct ion from fl i n t o  X .  

T :  Gr C + Y w i l l  be called "random operator with s tochast ic  

domain C" i f  C i s  weakly measurable and for  a l l  open D s Y and a l l  

x E X I  

{ w  E R/x E C ( d r  T(w,xJ E D) E A. 

T :  Gr C -+ Y w i l l  be called "AxB(x)-measurable" i f  for  a l l  B E B ( Y )  , 
- 1 

T ( B ) :  = { ( w , x )  E Gr C / T ( W , X )  E B }  E A x B ( x I .  

Note that  i f  T: Gr C -t Y i s  AxB(x)-measurable then the  multi-  

function C i s  measurable and T i s  a random operator with s tochast ic  

domain C i n  the  sense o f  Definit ion 1.2.  The two concepts defined 

i n  Def ini t ion 1.2 are equivalent i f  C i s  separable ( see  181  for  
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2 4 2  ENGL AND ROMISCH 

t h i s  concept, which we do not need here) and T i s  continuous ( see  

below). These statements can be found e .  g. i n  [ 2 5 ] .  

The following observation, that  w i l l  frequent1 y be needed below, 

i s  obvious: I f  T :  Gr C -+ Y i s  A x B  (XI-measurable, then the  mapping 

w -+ T(w,x(w))  i s  measurable for a l l  measurable x: W -+ X with 

x(w) E Clw) for a l l  w E W .  

An operator T: Gr C -+ Y w i l l  be called " l inear ,  continuous, d i f f e r -  

ent iable ,  ..." i f  for a l l  w E W ,  T (o , . )  : C ( w )  -+ Y has the  corres- 

ponding property. 

A "random operator equation'' i s  an equation o f  the form 

where T :  Gr C -+ Y i s  a random operator with stochastic domain C 

and y E S ( Y ) .  In (2 .14) ,  a formally (but not conceptually) more 

general equation w i l l  a lso  be called "random operator equation"; 

the terms "wide-sense solution" and "random solution" t o  be defined 

now w i l l  also be used there.  

Any function x: Q + X such that  x(w) E C ( w )  a .s .  and T(w,x(w))=y(w) 

a.s. i s  called a "wide-sense solution" o f  (1 .3 ) ;  a "random solution" 

i s  a wide-sense solution which i s  an element o f  S ( C ) .  The two ex- 

ceptional s e t s  appearing i n  t h i s  d e f i n i t i o n  can be combined, so that  

a measurable function x: $1 -+ X i s  a random solution o f  ( 1 . 3 )  i f f  

there e x i s t s  a s e t  N E A with P ( N )  = 0 such that for  a l l  w E W\N, 

X ( W )  E C ( W )  and T(w,x(w)) = y ( w ) .  We emphasize t h i s ,  since through- 

out the  paper we want t o  be careful  i n  t reat ing exceptional s e t s .  

In recent years, a number o f  authors have obtained s u f f i c i e n t  con- 

d i t ions  for the  existence o f  random solutions o f  random operator 

equations. E .  g., see [ 2 1 ] ,  1221, [ l  01,  [ l l ]  and the  references 

quoted there.  

As mentioned above, we w i l l  study the  question o f  convergence o f  

random solutions o f  random equations approximating (1.3) t o  a 

random solution o f  (1 .3) .  We want t o  keep our r e s u l t s  as general 

as possible i n  order t o  include d i f f e r e n t  modes o f  convergence. 

For t h i s  reason, we formulate those concepts and r e s u l t s  where 

D
ow

nl
oa

de
d 

by
 [

H
um

bo
ld

t-
U

ni
ve

rs
it&

au
m

l;t
 z

u 
B

er
lin

 U
ni

ve
rs

it&
au

m
l;t

sb
ib

lio
th

ek
] 

at
 1

1:
50

 1
4 

O
ct

ob
er

 2
01

4 



NONLINEAR RANDOM.OPERATOR EQUATIONS 243 

t h i s  i s  possible not for special types o f  convergence, but for a 

general "convergence" f u l f i l l i n g  various axioms, which are chosen 

i n  such a way that  they are f u l f i l l e d  for the  special modes o f  

convergence we have i n  mind. As a guideline for the concept o f  

convergence we use we take the  fundamental paper [30] .  

However, the concepts o f  that  paper have t o  be adapted t o  our 

s i tua t ion ,  where we have t o  deal with random variables.  As we w i l l  

see below, the  conditions o f  [30]  are not f u l f i l l e d  for the  i m -  

portant concept o f  almost-sure convergence o f  random variables.  

Let S I X ) "  denote the  se t  o f  a l l  sequences i n  S ( X )  and p x  be a 

multi function from a subset D ( p X )  o f  s ( x ) ~  t o  S (X) .  The following 

properties that  p X  may or may not have w i l l  be o f  i n t e r e s t :  

r f  ( X  ) = ( x , x , x , .  . . )  with x E S ( X )  i s  a constant n 
(1 .4)  

sequence, then ( x n )  E D ( p X )  and x E p X (  ( x n ) ) .  

i r f  (xnl E D ( P ~ )  and x E p X ( ( x n ) )  and 

( 1 . 5 )  ( x  ) i s  a subsequence o f  ( x n ) ,  then 
I "k 
1 (xn ) E D ( p X )  and x P X  ( ( x n  ) ) *  

k 
k 

Let K,M be d i s jo in t  i n f i n i t e  subsets o f  f l  with - 
K u M = N ,  Ixk)k E D ( p X ) ,  ( x ~ ) ~  E D ( p X ) ,  

x E S I X )  be such tha t  x E p X ( ( x k ) )  n px((<)); for  a l l  

n E m T ,  l e t  

,., X n i f n ~ K  
x n ' { %  

i f n c M  
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ENGL AND ROMISCH 

For any sequence (xn)  r s ( x ) ~  and x  r  S i x )  we have: 

( xn )  E ~ ( p ~ )  and x  r p X ( ( x n ) )  i f f  each subsequence 

(1.7) (xn ) o f  ( xn )  has a  subsequence (xn ) such that  
k  ki 

- 
E S (X)  we have: x E p ( ( x  ) )  i f  and only i f  x  = x  a.s.; x n  

(1 .8)  
furthermore, i f  (x ) c s ( x ) ~  i s  such tha t  for a l l  n  r N , n  

( xn = xn a.s., then (a) c D i p X )  and x  c p X ( ( G n ) ) .  

Def in i t ion 1.3: A mult i funct ion p X  from D ( p X )  c t o  S(X)  

w i l l  be called a "convergence (on S ( X ) ) "  i f  it has the  properties 

(1 .4) ,  (1 .5 ) ,  ( 1 . 6 / ,  and ( 1 . 8 ) .  A sequence i n  D ( p X )  w i l l  be called 

"pX-convergent", any element o f  p X ( ( x n ) )  w i l l  be called a  "px-limit" 

o f  (xn ) . 

Of course the  symbolism used so far  i s  inconvenient, so that  we 

write 

(1 .9)  "x  = p X -  l i m  x  " f o r  x  r p X ( ( x n ) ) ,  n  
nr BV 

keeping i n  mind that  the  equal i ty  sign i s  (1 .9)  i s  only a  useful  

symbol and does not suggest uniqueness o f  the  p x - l i m i t .  With t h i s  

notation,  the  properties (1.4) - (1.8) can be thought o f  i n  the  

following form: 

1 . 4 '  I f  ( x n )  = ( x , x , . - .  ), then p X  - l i m  xn = x. 
nr N 

1 I f  p X  - lirn x  = x  and 
n  

( 1 . 5 ' )  
n ~  w 

(x,), then p X  - l i m  x n  
k € N  k 

( x  ) i s  a  subsequence o f  
n  k 
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NONLINEAR RANDOM OPERATOR EQUATIONS 

W i t h  K,M a s  i n  ( 1 . 6 ) ,  l e t  x = p X  - l i m  xk and 
k € K  

I - 
( 1 . 6  x =  p X -  l i m  xm. W i t h  ( x n )  d e f i n e d a s  i n  ( 1 . 6 ) ,  

mcM 

I - 
x = p X  - l i m  x 

n' 
n E N  

x = p X  - l i m  x i f  and o n l y  i f  e v e r y  s u b s e q u e n c e  n 
ncM 

) o f  ( x n )  h a s  a s u b s e q u e n c e  ( x n  ) s u c h  t h a t  

ki 

( 1 . 8 ' )  / x = ; a . s . ;  f u r t h e r m o r e ,  i f  (; ) i s  s u c h  t h a t  f o r  a l l  
n 

[ n  c N ,  ; = x  a . s . ,  t h e n  x =  p X -  l i m  i .  n n n 
n~ N 

We note t h a t  ( 1 . 4 ) ,  ( 1 . 5 ) ,  and ( 1 . 7 )  are a n a l o q o u s  t o  t h e  con- 

d i t i o n s  (LO) ,  ( L l ) ,  and ( L 2 ) ,  r e s p e c t i v e l y ,  u sed  b y  Stunnnel i n  [ 3 0 ]  

t o  d e s c r i b e  t h e  c o n c e p t  o f  d i s c r e t e  c o n v e r g e n c e ;  o u r  c o n d i t i o n  

( 1 . 6 )  i s  weaker  t h a n  ( 1 . 7 )  and i s  c h o s e n  i n s t e a d  o f  ( 1 . 6 )  s o  a s  

not t o  e x c l u d e  a l m o s t - s u r e  c o n v e r g e n c e  ( s e e  b e l o w ) .  F i n a l l y ,  ( 1 . 8 )  

i s  a n a t u r a l  c o n d i t i o n  i f  o n e  h a s  modes o f  c o n v e r g e n c e  f o r  random 

v a r i a b l e s  i n  mind;  however ,  ( 1 . 8 )  r u l e s  o u t  c o n v e r g e n c e  i n  d i s t r i -  

b u t i o n  (see section 5). 

Example 1.4: L e t  ( x n )  E s ( x ) ~ ,  x E S ( X ) .  W e  r e c a l l  t h e  d e f i -  

n i t i o n s  o f  t h e  b a s i c  modes  o f  c o n v e r g e n c e .  L e t  d be t h e  m e t r i c  

o n  X.  ( x  ) c o n v e r g e s  t o  x n 

a )  " a l m o s t  s u r e l y "  ( "a . s . -  l i m  x = x") i f f  t h e r e  i s  a n  N E A n 
n c N  

w i t h  P(N)=O s u c h  t h a t  f o r  a l l  w E f L \ I V ,  l i m  d ( x n ( w ) ,  x ( w ) )  = 0. 
rw- 
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246 ENGL AND ROMISCH 

b) "almost uniformly" ("a.u.  - l i m  x.. = x u )  i f f  for  every E > 0 
neN 

there e x i s t s  A E A such that  P ( R \ A  ) 5 E and 

lirn d ( x n ( . ) ,  x ( . ) )  = 0 uniformly on A . 
n- 

C )  " i n  probabili ty" ( " P  - l i r n  x = x" )  i f f  for  every E > 0 we have 
ncm 

I f  X i s  a subset o f  a separable Banach space, we can de f ine  for  

p 2 1 " ( x n )  converges i n  p-th mean t o  xu ("L' - l i r n  x = x" )  n 
n e n  

Note that  by Egorof f ' s  Theorem ( see  [33]  for a proof for random 

variables with values i n  Polish spaces) almost uniform and almost 

sure convergence are equivalent.  I f  x = a.s .  - l i r n  xn, then 
neM 

x = P - lirn x ( [ 3 3 ] ) ;  conversely, i f  x = P - lirn x then 
n n' 

 EM n€M 

there i s  a subsequence ( x  ) o f  ( x n )  with x= a .  s .  -1im x ( [ ? I )  
"k krM "k  

We even have x = P - lirn x i f  and only i f  every subsequence n 
ncm 

(xn I o f  (x,) has a subsequence (xn ) such that  x = a.s.-lim x 
k ki i c m  nki 

( e .  g. [ Z ] ,  applied t o  the  real-valued function d ( x ( .  1 ,  x n ( . )  )). 

This resu l t  shows that  almost-sure convergence does not have the  

property ( 1 .  7 / ,  s ince otherwise convergence i n  probabili ty would 

imply almost-sure convergence, which i s  well-known not t o  be true .  

For t h i s  reason, we replaced (1 .7)  by the  weaker condition ( I .  6 )  

i n  Def in i t ion 1.3. I t  follows from well-known properties o f  the  

modes o f  convergence considered here ( s e e  [331, [ 6 ] )  that  almost- 

sure convergence, almost uniform convergence, convergence i n  pro- 

b a b i l i t y ,  and convergence i n  p-th mean f u l f i l l  the  requirements 
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NONLINEAR RANDOM OPERATOR EQUATIONS 247 

o f  Def in i t ion 1 . 3  and can therefore  be taken as examples i n  those 

o f  our r e s u l t s  which w i l l  involve  a convergence as i n  Def ini t ion 

1.3. Convergence i n  probabili ty and i n  p-th mean also  have the  

property ( 1 .  7 ) .  

Defini t ion 1 . 5 :  Let p X  and p X  be convergences on S ( X )  . p X  w i l l  be 
- - 

called "stronger" than p X  ("pX 5 ox") i f  for  a l l  sequences 

( x n )  E D ( p X )  and a l l  x E p x ( ( x n ) )  we have ( x  ) E D ( ;  ) and 
n X 

- 
x E p x (  I xn ) ) .  

- - 
In other words, p X  5 p X  i f  x = P X  - l i m  x implies x = p x - l i m  x . 

n c ~  n- 

E. g., almost-sure convergence i s  stronger than convergence i n  

probabili ty.  

We r e f e r  t o  sect ion 5 for  a b r i e f  discussion o f  a mode o f  conver- 

gence that  has not been considered i n  Example 1 . 4 ,  namely conver- 

gence i n  d i s t r ibu t ion .  

2 .  ) THE GENERAL CONCEPT FOR THE APPROXIMATION OF SOLUTIOA'S 

OF RAKDOM OPERATOR EQUATIONS 

The aim o f  t h i s  section i s  t o  develop a general concept for  the  

approximation o f  solut ions  o f  random operator equations with not 

necessarily almost-surely unique solut ions .  For determinis t ic  

equations, such concepts have been developed by Anselone and 

Ansorge [ I  1, Stummel [ 3 0 ]  and Vainikko [ 3 1 ] .  We w i l l  use Stummel's 

approach. Since we want t o  approximate random solutions o f  random 

equations with respect t o  d i f f e r e n t  modes o f  convergence, we w i l l  

formulate our d e f i n i t i o n s  and r e s u l t s  i n  spaces o f  measurable 

functions equipped with convergences i n  the  sense o f  Def in i t ion 

1.3, where we w i l l  frequently use the  more suggestive notation o f  

( 1 . 9 ) .  
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248 ENGL AND ROMISCH 

We emphasize that by working a priori i n  spaces o f  random 

variables, a l l  solutions o f  random equations involved w i l l  auto- 

matically be random solutions.  This seems t o  be more natural than 

t o  use deterministic resu l t s  for each w E R and t o  t r y  t o  prove 

the measurability of  the resul t ing approximate solutions,  which 

may or may not work; especially,  t h i s  w i l l  generally not work i f  

we have t o  pick subsequences (as it w i l l  frequently be necessary 

below): I f  we do that by some deterministic compactness argument 

for each w E R ,  there w i l l  be no way that we can pick the  same 

subsequence for a l l  w E R .  Thus, i f  we use compactness arguments, 

we have t o  use them direct ly  i n  spaces o f  measurable functions. 

This i s  a major reason for our working i n  spaces o f  random 

variables with a convergence. 

A recent survey about the approximate solution o f  random integral 

equations can be found i n  the  paper [ 5 ] ,  which contains most o f  

the references mentioned i n  t h i s  paragraph. Random variants o f  

i t e r a t i v e  methods for f ixed point problems involving operators 

that f u l f i l l  contraction conditions were given f i r s t  i n  [ 3 ] , [ 1 7 ] ,  

[ 8 ] .  In [ 5 ]  and [23] resu l t s  o f  t h i s  type are used for approxi- 

mating solutions o f  other random equations. Approximation methods 

for obtaining (least-squares) solutions for l inear operator 

equations i n  Hilbert space were discussed i n  [ I 9 1  and [ 1 2 ] ,  where 

the l a t t e r  paper specializes i n  projection methods. The paper 

C251 contains a general concept based on Stummel's approach for 

the  approximate solution o f  random equations, but covers only the  

case o f  almost-surely uniquely solvable equations and o f  a.s.- 

convergence. In C261 other modes o f  convergence are allowed, but 

since an "inverse s tab i l i t y"  condition i s  used there,  only the  

case o f  ( l o c a l l y )  uniquely solvable equations can be treated 

( c f .  C30, p.  291 1). 

The aim o f  t h i s  section i s  t o  develop the concepts o f  [25] , [26]  

along the l ines  o f  [301  i n  such a way that non-uniquely solvable 

equations involving random operators on stochastic domains can 

be treated. B y  using a sui table  compactness condition for random 
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NONLINEAR RANDOM OPERATOR EQUATIONS 249 

o p e r a t o r s  we can  p r o v e  c o n v e r g e n c e  r e s u l t s  f o r  s o l u t i o n  sets o f  

random e q u a t i o n s .  Thus  we need  a d e f i n i t i o n  f o r  c o n v e r g e n c e  o f  

sets o f  random v a r i a b l e s  ( i n  t h e  s e n s e  o f  K u r a t o w s k i ) .  

Throughout  t h i s  s e c t i o n  l e t  p X  and p y  b e  c o n v e r g e n c e s  ( i n  the 

s e n s e  o f  D e f i n i t i o n  1 .3)  o n  S ( X )  and S ( Y ) ,  r e s p e c t i v e l y .  

D e f i n i t i o n  2.1: L e t  ( Z  ) b e  a s e q u e n c e  o f  nonempty  s u b s e t s  o f  S I X ) .  n 

N 
A: = { ( x n )  E S I X )  / xn E Zn f o r  a l l  n c BV 1 .  

b )  pX - Limsup Z : = p X ( ( x k ) ) ,  where  n 
n ~ m  ( x k J €  B 

c )  ( z  ) i s  c a l l e d  "pX-convergen t  t o  Z E S ( X ) "  i f f  p - Limsup Zn= n x nElN 

= p X  - L i m i n f  Zn = Z .  We t h e n  w r i t e  Z = p X  - ~ i m  Z n' 
n €  LV  EN 

d )  (2,) i s  c a l l e d  f'pX-compactt' i f f  f o r  a l l  ( x i j  c w i t h  

xk s Znk f o r  a l l  k  s *I, where  n l  < n 2  < n 3  < .... a r e  

a r b i t r a r y  i n t e g e r s ,  we h a v e  p - Limsup { x k ]  f 0. 
keiN 

Remark 2 .2 :  F i r s t  we t r y  t o  e x p l a i n  D e f i n i t i o n  2 .1 .  An x E S ( X )  

i s  i n  p - L i m i n f  Z i f f  t h e r e  i s  a s e q u e n c e  ( x n )  w i t h  
X n 

n r N  

x = p X  - l i m  x and x r  Zn f o r  a l l  n E N 
n n n6 BV 

An x E S ( X )  i s  i n  Px - Limsup Z i f f  there i s  a s u b s e q u e n c e  
n 

nriN 
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250 ENGL AND ROMISCH 

( Z n  ) o f  ( Z n )  such that  x = P X  - l i m  x where x E Z 
k-foo "k n k k k 

for a l l  k E Dl i s  sui tably  chosen. Thus, the  inclusion 

i s  obvious. 

The d e f i n i t i o n  o f  PX-compactness o f  (2,) means the following: 

I f  ( Z  ) i s  a subsequence o f  ( Z n )  and ( x k )  i s(x)" i s  such 
"k 

that xk E Z for a l l  k E I N ,  then there i s  a subsequence 
nk 

( X  ) o f  ( X  ) which i s  P -convergent i n  S ( X ) .  
ki 

k X 

- - 
I f  P X  i s  another convergence on S ( X )  with P X  < P X ,  then i t  

follows d i rec t l y  from the  Def ini t ions  1 . 5  and 2 . 1 ,  that  

- 
P X  - Liminf Z s P X  - Liminf Z and 

n n 
nilV n ~ l V  

- 
P X  - Limsup Zn c P X  - Limsup Z . n 

nclV ~ E I N  

I f  moreover every P X  - convergent sequence contains a subsequence 

that  i s  P X  - convergent t o  the  same ( s e t  o f )  l i m i t s ,  we have 

- Limsup - - - Limsup Z Thus, the  following holds i n  
O x  .€IN n - Px  n -  

t h i s  case: 

I f  ( 2  I i s  px-convergent with Z:=pX - Lim Z n ,  then ( Z n )  i s  a l so  
RE N 

- - - 
px-convergent and Z = p - L i m  Z . Finally,  for such p X ,  

ncm n P~ a 

sequence (2 ) i s  pX-compact i f  and only i f  it  i s  Ex-compact. An 
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NONLINEAR RANDOM OPERATOR EQUATIONS 

- 
important example where these conditions on p X ,  p X  are f u l f i l l e d  

- 
are pX: = a. s.-convergence, pX: = convergence i n  probabili ty ( see  

Example 1.4).  Thus, ( Z n )  i s  a.S.-compact i f f  i t  i s  P-compact; 

a.s.- Limsup Zn = P- Limsup Z n ,  and i f  ( Z  ) i s  a.s.-convergent, n 
n~ rn n~ 

then i t  i s  P-convergent t o  the same l i m i t  s e t .  

Now, l e t  C ,  C (n  E i N )  be mul t i funct ions  from i2 i n t o  X and 

T:Gr C + Y ,  Tn: Gr C + Y (n  E iN ) be A x B  (X)-measurable. By ( 1 .  I ) ,  n 

T(w,x(w) need not be defined for  a l l  w E a, i f  x E S ( C ) .  B y  - 
T ( . , x ( . ) )  we w i l l  denote any z E S l y )  such that  z = T ( . , x ( . ) ) a . s . ,  

where x = x a.s. and x ( w )  E C ( W )  for a l l  w E 0; Tn ( . , x n ( . ) )  with 

x E S ( C  ) i s  defined analogously. Thus, T ( .  , x ( . ) )  i s  a s e t  o f  

random variables any two o f  which are almost surely equal. I f  we 

use expressions l i k e  " p y  - l i m  T ( . , x n ( . ) )  = T ( . , x ( . ) J 1 '  we mean 
nciN 

I1p 
- l i m  Zn = z n  ( s e e ( l . 9 ) )  , where z and z represent Tn (. ,xn f .)I 

n 
n E N  

and T ( .  , x ( .  )), respect ive ly ,  i n  the  sense described above. 

Because o f  (1 .8 ) ,  t h i s  de f in i t ion  i s  independent o f  the  special 

choices o f  (2,) and z . 

Definit ion 2.3 : 

a )  ( T  ) w i l l  be called "(pX,py)-convergent t o  T" i f f  for  a l l  n 

( xn )  E S ( X ) ~  with xn E S icn)  for  a l l  n r N and a l l  x E S i c )  

with x = pX - l i m  x we have T ( . , x ( . ) )  = ~ ~ - 1 i m  T n ( . , x n ( . ) )  
n 

n d V  n EN 

b )  T and ( T n )  are called " ( P ~ ,  py)-consistent" i f f  for a l l  X E S ( C )  

there i s  a sequence ( x  ) wi.th x E S ( C n )  for a l l  n E i N  such 
n 

C )  ( T  ) i s  called "(pX,py)-stable" i f f  for a l l   convergent n 
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252 ENGL AND ROMISCH 

sequences ( x n l ,  ( X n )  with xn E S I C n )  and zn E S ( C n )  for  a l l  

n  E N  we have: I f  ( T n ( . , x n ( . ) ) )  i s  p -convergent and 
Y 

- - 
Px  - l i m  x  = p X  - l i m  x  ( i . e . ,  px ( (xn) )  = p x ( ( x n ) ) ) ,  then n  

 EN ncm - 
( T n ( .  , xn( . )  ) )  i s  py-convergent and p y - l i m  T n  (. , x n ( . ) )  = 

n a  - 
= p y  - l i r n  T n ( . , x n ( . ) ) .  

nEIV 

dl ( T n )  is called " ( p X ,  py)-inversely stable" i f f  for a l l  

sequences ( x n l r  (in) with xn E S ( C n )  and Xn E S(C ) for a l l  

n  E IV we have: I f  ( x  I i s  px-convergent and T ( . , x  ( . ) I  and 
n  n  n  - 

T n ( .  ,xn(.  1 )  are py-convergent t o  the  same l i m i t  ( s e t ) ,  then 

( X  ) i s  pX-convergent and p X  - lirn x = p x  - l i m  x  . n  
new  EN 

The properties defined i n  Def ini t ion 2.3 are straightforward 

adaptations o f  corresponding concepts i n  [30]  t o  our s i tua t ion .  

Example 2 .4:  For s impl ic i t y ,  we assume here C = C for  a l l  n  E N .  
n  

a )  I f  l i m  T (w,x) = T(w,x) for a l l  x  E C ( W )  holds almost surely ,  
n- 

then T and ( T  ) are (pX,a.s. )-consistent for any convergence n  

p X  on S ( X ) .  TO see t h i s ,  l e t  x  E S ( C )  be arbitrary and l e t  

x  : = x  for a l l  n  E N .  By assumption, outside a  s e t  o f  measure n  

0, l i m  T (w,xn(w)) = T(w,x (w) ) ,  thus a.s.-lim T ( . , x  ( . ) I  = n  n- n  n  
n ~ m  

= T ( . , x ( . l ) .  Obviously, p X  -1im x  = x. Obviously, under our n  
nc N  

assumptions T and ( T  ) are a l so  ( p X , P )  -consistent.  A generali- 

zation for p X  = a.s. -convergence w i l l  be given i n  Theorem 4.5 .  

+ 
bl Let h:  Q x R 0 -+ B be such that  h @  ,.) i s  continuous i n  t=O 

a .s .  and that  the  following holds almost surely: 
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NONLINEAR RANDOM OPERATOR EQUATIONS 253 

For a l l  n E 3i and x,y E C ( W ) ,  d(Tn(w,x) ,  T n ( w , y ) ~ h ( w , d ( x , y ) ) .  

Then ( T  ) i s  (a .s . ,  a . s . ) - s tab le .  This follows eas i l y  from 
n 

the d e f i n i t i o n  o f  s t a b i l i t y  and the  conditions.  Note that  a 

special case o f  such operators T are operators that  f u l f i l l  

almost sure1 y a Lipschitz-  or Holder-condi t ion  uniformly i n  n .  

These two r e s u l t s  are o f  some importance since they allow t o  

check consistency and s t a b i l i t y  "realization-wise": We do not 

have t o  check the  conditions o f  the  d e f i n i t i o n s  for  random vari-  

ables x E S(C), but i f  s u f f i c e s  t o  check conditions for  f ixed 

elements x E C ( W )  for  almost a l l  w E Q. 

As one would expect,  the  following resu l t  l i n k s  s t a b i l i t y ,  

consistency, and convergence as i n  t h e  determinis t ic  case: 

Plopositior~ 2.5: Let T and ( T n )  be ( p X ,  p y ) -consis tent .  Then 

(T,) i s  ( p X ,  p )-converger t t o  T i f  and only i f  ( T n )  i s  ( p X , p y ) -  
Y 

s table .  

Proof: follows immediately from Def ini t ion 2.3.  

Remark 2.6: This resu l t  can be used i n  the  following way: 

Let for  a l l  n E D l ,  yn E S ( Y ) ,  and assume that  ( y n )  i s  py-conver- 

gent t o  y.  Let L : = {xn E S ( C n )  / T n ( - , x n ( - ) )  = Y, , Ir  

L: = { x  E S ( C )  / T ( . , x ( . ) )  = y }  and assume that  for  a l l  n E l N ,  

L z @. ~f T and ( T n )  are ( p X f  py)-consistent and ( T  I i s  n 

(pX,py)-s table ,  then p - Liminf Ln E L. 
X 

neDl 

However, we cannot conclude from these assumptions that  

p x  - Liminf Ln t @. In other words: p - l im i t s  o f  solutions o f  X 
nc3i 

the  "approximate equations" T ~ ( .  , x n ( . ) )  = yn are solut ions  o f  the  

"exact equation" T ( .  , x ( . ) )  = y;  however, the  existence o f  such 
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254 ENGL AND ROMISCH 

l i m i t s  cannot be guaranteed a t  t h i s  moment. I f  we require inverse 

s t a b i l i t y ,  we can guarantee the  existence o f  such l i m i t s ,  but by 

requiring t h i s ,  we impose uniqueness on the  solutions o f  the  

exact equation: 

Theorem 2.7: Let T and ( T  be (pX,pyl-consistent and ( T  ) be 

lN 
(pX,py)- inversely  s table .  Let ( y n )  c S ( Y )  be py-convergent t o  

y ,  and x  (n  E lN and x  be random solutions o f  T (. ,x (. ) )  = yn n  n  

and T f . , x ( . ) )  = y ,  respect ive ly ,  which are assumed t o  e x i s t .  

Then x  = p X  - l i m  x  . I f  x i s  another random solution o f  n  
nc lN 

- 
T ( . , x ( . ) )  = y ,  then x  = x a.s.  

Proof: follows eas i l y  from Def ini t ion 2.3; see also  [ 2 6 ] .  

In section 4 we w i l l  give a  s u f f i c i e n t  condition for  (a .s . ,a .s . ) -  

inverse s t a b i l i t y .  

To obtain similar convergence r e s u l t s  for  non-uniquely solvable 

equations, we need the  following concepts: 

Definit ion 2.8: 

a )  ( T  ) i s  called " p  -compact1' i f f  for  a l l  ( xn )  E with 
n  Y 

x  E S(Cn) for a l l  n  E l N ,  ( { T , ( . , X ~ ( . ) ) } )  i s  compact ( i n  the  
n  

sense o f  Def in i t ion 2 .1  d l .  

b )  T and ( T n )  are called " (px ,  py)-closed" i f f  for  a l l  

nl  < nz  < n3 < . . . and sequences ( x  with x  E S ( C n  ) 
n k n k k 

for  a l l  k E lN we have: I f  x  = p X  - l i m  x and 
n  

k e r n  k 

y = p y  - l i m  Tn ( . ,xn  (.)), then x  E S(C) and T ( . , x ( . ) ) = y  a .s .  
k E l N  k k 

C )  T and (T,) are called "fpX,py)-regular" i f f  for a l l  
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NONLINEAR RANDOM OPERATOR EQUATIONS 

nl < n2 < n3 < ... c rn and a l l  sequences ( x  ) with 
"k 

x E S ( C  ) for  a l l  k E XV we have: I f  y = p -1im T ( . , xn  (.)),  
"k n k Y k ~ f l  ' k  k 

then there e x i s t s  an x E . S ( C )  with T ( .  , x (. ) ) = y a. s .  and 

Proposition 2 . 9 :  Let S ( C )  = p X  - L i m  S ( C  ) and ( T n )  be (pX,pyl-  
ncm 

convergent t o  T .  Then we have: 

a )  T and (TnI  are ( p  , p  ) -closed.  
X Y 

b )  I f  ( S ( C  ) I  i s  p -compact, then ( T  ) i s  py-compact. 
X n 

Proof: 

a )  Let n ,  < n 2  < n3  < ... E m, (xn ) such that  x E S ( C n  ) 
k "k  k 

for a l l  k E mT be arbi trary ,  but f i xed ,  x = p - l i m  x x n ' 
kr3l k 

y = p y  - l i m  Tn (. , X  I .  )); i f  one o f  these l i m i t s  f a i l s  t o  
kern k nk 

e x i s t s ,  nothing remains t o  be shown. We assume without l o s s  o f  

generali ty that  JV\{nq, n2 ,  n3,  ...} i s  i n f i n i t e ;  t h i s  can be 

achieved by picking a subsequence o f  ( n k ) ,  which can be done 

without changing the d e f i n i t i o n s  o f  x and y because o f  ( 1 . 5 ) .  

B y  d e f i n i t i o n  and our assumption on S ( C ) ,  we have 

pX - Limsup S ( C  ) = S ( C )  = p X  - Liminf S(Cn): ~ h u s ,  
new nclN 

there e x i s t s  a sequence I ;  I with x E S ( C n )  for a l l  n E iN 

- 
and x = p X  - l i m  x . Let 

ncm 

Since { n l ,  n z ,  na, ...I and IN\ Inl ,  n2 ,  n2,  ...) are i n -  

f i n i t e ,  we can apply ( 1 . 6 )  and obtain 
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ENGL AND ROMISCH 

(2 .21  x  = p X  - l i m  x  . 
n  

n6Zi  

- - 
S i n c e  f o r  a l l  n  E iiV, xn E SIC,) ,  and s i n c e  (T,) i s  ( P ~ , P ~ ) -  

c o n v e r g e n t  t o  T ,  ( 2 . 2 )  i m p l i e s  

- 
Because  o f  ( I  . 5 )  and t h e  d e f i n i t i o n  o f  ( X n ) ,  ( 2 . 3 )  i m p l i e s  

T o g e t h e r  w i t h  (1 .81 ,  ( 2 . 4 )  i m p l i e s  

( 2 . 5 )  y = T ( . , x ( . ) )  a . s .  

Thus  T  and ( T  ) a r e  ( p X , p  y ) - c l o s e d .  n  

b )  L e t  nq < n z  < n 3  < ... E LII, ( x n  ) be s u c h  t h a t  xn E S(Cn I 
k k k 

f o r  a l l  k E N .  I t  s u f f i c e s  t o  show t h a t  

S i n c e  ( S ( C  ) )  i s  b y  a s s u m p t i o n  px-compact, we h a v e  n  

( 2 . 7 )  p X  - Limsup { x n  1 f 0. 
k r r n  k 

T h u s ,  t h e r e  i s  a n  i n f i n i t e  s u b s e t  K o f  ( n , ,  n 2 ,  n 3 ,  . . .) 
( w h i c h ,  a s  i n  p a r t  a ,  we c a n  c h o o s e  s u c h  t h a t  2i \ K i s  i n -  

f i n i t e l  and a n  x  E S ( X )  s u c h  t h a t  

As  i n  p a r t  a ,  

s e q u e n c e  (2n) 

pX - l i m  x  
k rK  

k  

we c o n c l u d e  t h a t  x  E S(C) and c o n s t r u c t  a  

s u c h  t h a t  

- - 
(2.9) x  E S ( C  ) f o r  all n  E 3N n  

and 
- - 

( 2 . 1 0 )  x = pX - l i m  x  n 
n e  BV 
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NONLINEAR RANDOM OPERATOR EQUATIONS 

w i t h  

- - 
( 2 . 1 1 )  x = x  i f n e K .  

n n 

Because  o f  ( 2 . 9 ) ,  we c a n  c o n c l u d e  f rom t h e  c o n v e r g e n c e  o f  

( T  ) t o  T and f rom ( 2 .  l o )  t h a t  n 

As  i n  p a r t  a ,  we o b t a i n  f rom ( 2 . 1 1 )  and ( 2 . 1 2 )  t h a t  

( 2 . 1 3 )  T ( . , x ( . ) )  = p y  - l i m  T k ( . , x k ( . ) ) .  
k € K  

T ~ U S ,  T ( . , x ( . ) )  E p y  - Limsup { T ~  ( . , x  ( . ) ) I ,  
k€ nu k " k 

s o  t h a t  ( 2 . 6 )  h o l d s .  

( p X , p y ) - c o n s i s t e n t  and ( T  I be ( p  , p  ) - s t a b l e .  Then we h a v e :  n X Y 

a )  T and (T,) are ( p X , p y ) - c l o s e d .  

b )  I f  ( S ( C  ) )  i s  px-compact, t h e n  (T ) i s  py-compact.  n n 

P r o o f :  Fo l lows  f rom P r o p o s i t i o n s  2.5 and 2 .9  

The  ma in  r e s u l t  o f  t h i s  s e c t i o n ,  Theorem 2 .11 ,  w i l l  be a conver- 

gence  r e s u l t  f o r  s o l u t i o n s  o f  e q u a t i o n s  i n v o l v i n g  o p e r a t o r s  T 

and ( T  I t h a t  a r e  c l o s e d  and compact and r i g h t - h a n d  s i d e s  t h a t  n 

a r e  assumed t o  be r e g u l a r  i n  the s e n s e  o f  D e f i n i t i o n  2 .8 .  

S u f f i c i e n t  c o n d i t i o n s  f o r  the a s s u m p t i o n s  on  t h e  o p e r a t o r s  were  

a l r e a d y  g i v e n  i n  P r o p o s i t i o n s  2 . 9  and 2.10 (see a l s o  Example 2 .4 ) ;  

s u f f i c i e n t  c o n d i t i o n s  f o r  the r e g u l a r i t y  a s s u m p t i o n  w i l l  be g i v e n  

i n  Remark 2 .12 .  
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258 ENGL AND ROMISCH 

I n  a d d i t i o n  t o  C ,  Cn, T ,  Tn,  l e t  A X E  ( X ) - m e a s u r a b l e  m a p p i n g s  

U: G r  C  + Y  and  U  : G r  C  + Y  (n  E i N )  be g i v e n .  

We c o n s i d e r  the r a n d o m  o p e r a t o r  e q u a t i o n s  

( 2 . 1 4 )  T ( w , x )  = U ( w , x )  

and  

( 2 . 1 4  n )  T  ( w , x )  = U n ( w , x ) .  n 

We d e f i n e  

( 2 . 1 5 )  L :  = { x  E S ( C ) / T ( . , x ( . ) )  = U ( . , X ( . ) ) }  

and  f o r  a l l  n  E i N  

t h e  s e t s  o f  a l l  r a n d o m  s o l u t i o n s  o f  ( 2 . 1 4 )  a n d  ( 2 . 1 4  n ) ,  r e s p e c -  

t i v e l y .  S e e  t h e  r e m a r k s  p r e c e d i n g  D e f i n i t i o n  2 . 3  c o n c e r n i n g  t h e  

n o t a t i o n .  W e  v i e w  ( 2 . 1 4  n )  a s  a p p r o x i m a t i o n s  t o  ( 2 . 1 4 ) .  

T h e o r e m  2 . 1 1 :  L e t  L a n d  L  (n  E i N )  b e  a s  i n  ( 2 . 1 5 )  a n d  ( 2 . 1 5  n ) ,  

r e s p e c t i v e l y .  A s s u m e  t h a t  U  a n d  ( U  ) a r e  ( p X , p y ) - r e g u l a r ,  t h a t  T  

and  ( T n )  a r e  ( p X , p y ) - c l o s e d  a n d  t h a t  ( T  ) i s  p - c o m p a c t .  Y  

I f  f o r  a l l  n  E LV 

( 2 . 1 6 )  Ln * @ 

t h e n  

( 2 . 1 7 )  0 t pX - L i m s u p  L c_ L.  
n € m  

P r o o f :  L e t  ( x n )  be s u c h  t h a t  

( 2 . 1 8 )  x E Ln f o r  a l l  n  E i N .  

, x  (. ) ) 1. T h e n  t h e r e  i s  a  s u b s e q u e n c e  n 

( x n  ) o f  ( x n )  w i t h  z = p y  - 1 i m  T  (.,xn ( . ) I  = p - l i m  Un ( . , x  ( .))  
k n 

k e n  k k k  k k 
Y  
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NONLINEAR RANDOM OPERATOR EQUATIONS 259 

b e c a u s e  o f  ( 2 . 1 8 ) .  The  r e g u l a r i t y  a s s u m p t i o n  now i m p l i e s  t h a t  

pX - Limsup Cx 1 * 0. n 
kE m k 

S i n c e  pX - Limsup { x n  1 5 pX - Limsup CX,) C- pX - Limsup L  
k € m  k n c n  n  ED/ 

n '  

t h i s  i m p l i e s  

( 2 . 1 9 )  pX - Limsup L  t @. 
n 

nEJV 

Now, l e t  x  E pX - Limsup L  b e  a r b i t r a r y ,  b u t  f i x e d .  I t  s u f f i c e s  
neiN 

t o  show t h a t  

( 2 . 2 0 )  X E L,  

s i n c e  t o g e t h e r  w i t h  ( 2 .  l g ) ,  t h i s  i m p l i e s  ( 2 . 1 7 ) .  

By t h e  c h o i c e  o f  x ,  t h e r e  a r e  a  s e q u e n c e  n l  < n 2  < n 3  < . . . E iN 

and a  s e q u e n c e  ( x  ) w i t h  k 

( 2 . 2 1 )  
xk ' Lnk 

f o r  a l l  k  E iN 

s u c h  t h a t  

( 2 . 2 2 )  x  = pX - l i m  x  
k E N  

k '  

L e t  y E p y  - Limsup { T ~  ( . , x  ( . ) ) I  ( w h i c h  i s  non-empty b e c a u s e  
k ~ i W  k  

k  

o f  t h e  compac tnes s  a s s u m p t i o n ;  n o t e  t h a t  ( x  ) i s  a  subsequence  k 

o f  some s e q u e n c e  o f  e l e m e n t s  o f  L  & S ( C  ) b e c a u s e  o f  ( 2 . 1 6 )  !). 
n n  

Because  o f  D e f i n i t i o n  2.1 b ,  ( 1 . 5 ) ,  and t h e  c l o s e d n e s s  a s s u m p t i o n  

we h a v e  

( 2 . 2 3 )  x E S ( C )  and T ( . , x ( . ) )  = y .  

Because  o f  ( 2 . 2 1 )  and t h e  d e f i n i t i o n  o f  y ,  

y E p y  - Limsup {Un ( . , x  ( . ) ) } .  By D e f i n i t i o n  2.1 b and t h e  
k € N  k 

k  

r e g u l a r i t y  a s s u m p t i o n ,  t h i s  i m p l i e s  t h e  e x i s t e n c e  o f  a  s e q u e n c e  

k, < k z  < k 3  < ... E N and an  x E S ( C )  s u c h  t h a t  

( 2 . 2 4 )  U ( . , x ( . ) )  = y  and x E p y  - Limsup { x k  } 
j - c n  j 

Because  o f  ( l . 5 ) ,  ( 2 . 2 2 )  and ( 2 . 2 4 )  i m p l y  t h a t  
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ENGL AND ROMISCH 

- 
( 2 . 2 5 )  x = x a . s .  

T h i s  i m p l i e s  t o g e t h e r  w i t h  ( 2 . 2 3 )  and ( 2 . 2 4 )  t h a t  ( 2 . 2 0 )  h o l d s .  

Remark 2.12: W e  i n t e r p r e t  Theorem 2 .11  i n  t h e  f o l l o w i n g  way: 

Under t h e  c o n d i t i o n s  s t a t e d ,  t h e r e  i s  a  s e q u e n c e  o f  random s o l u t i o n s  

o f  t h e  "approx ima te  problems" (2 .14  n )  t h a t  h a s  a  px-convergent  

subsequence ;  a l l  l i m i t s  o f  pX-convergent  ( s u b ) s e q u e n c e s  o f  random 

s o l u t i o n s  o f  t h e  a p p r o x i m a t e  p rob lems  a r e  random s o l u t i o n s  o f  t h e  

" e x a c t  problem" ( 2 . 1 4 ) .  As n o t e d  a b o v e ,  v a r i o u s  s u f f i c i e n t  c o n d i t -  

i o n s  f o r  t h e  a s s u m p t i o n s  o n  T and (T ) i n  Theorem 2 .11  were  n 
a l r e a d y  g i v e n  above ;  o t h e r  s u f f i c i e n t  c o n d i t i o n s  ( e s p e c i a l l y  f o r  

t h e  compac tnes s  a s s u m p t i o n )  w i l l  b e  g i v e n  i n  S e c t i o n  4 .  The  

r e g u l a r i t y  a s s u m p t i o n  on  U and (U ) i s  f u l f i l l e d  i n  two i m p o r t a n t  
n  

s p e c i a l  c a s e s :  One i s  t h e  c a s e  o f  "random f i x e d  p o i n t  p rob l ems"  

and t h e i r  a p p r o x i m a t i o n s  i n  t h e  form 

Here ,  X = Y ,  U: Gr C  + X and U  : Gr C  + X a r e  d e f i n e d  b y  
n  n  

U ( w , x ) :  = x  and Un(w,x) : = x ,  r e s p e c t i v e l y .  O b v i o u s l y ,  U  and (U,) 

- - 
a r e  ( p X ,  p X ) - r e g u l a r  f o r  a r b i t r a r y  c o n v e r g e n c e s  w i t h  p X  

p X ;  

e . g . ,  U and ( U  ) a r e  ( P ,  a . s . ) - r e g u l a r .  Because  o f  t h e  r e l a t i o n -  

s h i p  b e t w e e n  a . s . - c o n v e r g e n c e  and c o n v e r g e n c e  i n  p r o b a b i l i t y  (see 

Example 1 . 4 ) ,  U and (U ) a r e  a l s o  ( a . s . ,  P ) - r e g u l a r .  
n  

Ano ther  c a s e  where  t h e  r e g u l a r i t y  a s s u m p t i o n  is f u l f i l l e d  i s  t h e  

c a s e  o f  e q u a t i o n s  o f  t h e  form ( 1 . 3 )  and t h e i r  a p p r o x i m a t i o n s  b y  

e q u a t i o n s  o f  t h e  form 

under  t h e  f o l l o w i n g  a s s u m p t i o n s :  y  = p y -  l i m  yn, ( S ( C n ) )  i s  
n c m  

PX-COmPaCt and p X -  Limsup S ( C n )  = - S ( C ) .  Here U: Gr C  + Y  and 
n r m  

Un: G r  Cn + Y  a r e  d e f i n e d  b y  U ( w , x ) :  = y ,  U n ( w r x ) :  = 
Yn' 
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NONLINEAR RANDOM OPERATOR EQUATIONS 

From t h i s  t h e  f o l l o w i n g  r e s u l t s  f o l l o w :  

C o r o l l a r y  2 . 1 3 :  L e t  y :  R + Y ,  : R + Y ( n  E l N )  be m e a s u r a b l e ,  
Y n  

y  = P y  - l i m  y  S I C )  = pX - ~ i m  S ( C  ) ,  ( S ( C n ) )  be p X - c o m p a c t ,  n' n 
n € N  n€m 

T a n d  ( T  ) be ( p X , p y i - c o n s i s t e n t  a n d  (T ) be ( p X , p y l - s t a b l e .  n 

L e t  L :  = { x  E S ( C ) / T ( . , x ( . J )  = y }  a n d  f o r  a l l  n  E PI, 

Ln: = { x n  E S ( C n ) / T n ( . , x n ( . ) )  = y n }  a n d  a s s u m e  t h a t  L  t @ f o r  

a l l  n  E l N .  T h e n  @ 8 p X  - L i m s u p  
Ln 

L .  
n~ Di 

P r o o f :  f o l l o w s  f r o m  T h e o r e m  2 . 1 1 ,  C o r o l l a r y  2 . 1 0 ,  and  Remark  2 . 1 2 .  

n 

- 
C o r o l l a r y  2 . 1 4 :  L e t  X = Y, pX 5 pX be c o n v e r g e n c e s  on X ,  

S ( C )  = p X  - Lim S ( C n ) ,  ( S I C n ) )  be p X -  c o m p a c t ,  T  a n d  (T,) be 
n€ZV 

- - 
( p X ,  p X ) - c o n s i s t e n t  and(  T  ) b e  ( p X ,  p X ) - s t a b l e .  

n 

L e t  L :  = { x  E S ( C ) / T ( . , x ( . ) )  = X )  a n d  f o r  a l l  n E l N ,  

Ln: = { x n  E S ( C  ) / T n ( .  , x n ( .  ) )  = x n }  a n d  a s s u m e  t h a t  Ln t @ f o r  
n 

a l l  n  E N .  T h e n  $3 * p X  - L i m s u p  Ln 5 L .  
n c m  

T h e  r e s u l t  h o l d s  a l s o  i f  p X  d e n o t e s  a . s . - c o n v e r g e n c e  a n d  p 
X 

d e n o t e s  c o n v e r g e n c e  i n  p r o b a b i l i t y .  

P r o o f :  f o l l o w s  f r o m  T h e o r e m  2 . 1 1 ,  C o r o l l a r y  2 . 1 0 ,  and  Remark  2 . 1 2 .  

I? 

Remark  2 . 1 5 :  In T h e o r e m  2.11 a n d  C o r o l l a r i e s  2 . 1 3  a n d  2 . 1 4 ,  

t h e r e  a p p e a r s  the c o n d i t i o n  "Ln t (d f o r  a l l  n  E N  ". T h i s  c o n d i t i o n  

has t o  be c h e c k e d  b y  a p p l y i n g  t h e  r e s u l t s  a b o u t  e x i s t e n c e  o f  r a n d o m  

s o l u t i o n s  q u o t e d  i n  s e c t i o n  1 .  T h e  c o n d i t i o n s  o f  T h e o r e m  2.11 c a n  

be m o d i f i e d  i n  v a r i o u s  w a y s .  E .g . ,  it c a n  be s e e n  f r o m  the p r o o f  

t h a t  the c o m p a c t n e s s  o f  ( T n )  h a s  o n l y  b e e n  u s e d  t o  c o n c l u d e  t h a t  
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2 6 2  ENGL AND ROMISCH 

p y  - Limsup { T ~  ( . , x  ( . ) j  } t 9 ,  where x E Ln , whereas from 
k k kcW "k k 

Def in i t ion 2.8 a we could conclude t h i s  for  x E S ( C n  ), which 
nk k 

i s  much more than we need, but a l l  we can usually check. Thus, 

the  following variant o f  Theorem 2.11 can be proved analogously 

t o  Theorem 2.1 1 : 

Let the  assumptions o f  Theorem 2.11 with the  exception o f  the  

compactness o f  ( T  ) be f u l f i l l e d ;  for each n E X V ,  l e t  9 t L n ~ ~ n  
n 

Assume that for each sequence (x ) with x n n 
E in for each n E If, 

( { T , ( . , x n ( . ) ) } )  i s  p -compact. Then $8 t p X  - Limsup .?, c L .  
Y n - 

n~ 

This modified compactness may  sometimes be easier  t o  check, i f  

i i s  a s e t  o f  solut ions  o f  (2.14 n )  f u l f i l l i n g  additional 

requirements l i k e  assuming only f i n i t e l y  many values (such 

solutions w i l l  be considered i n  section 3 i n  connection with 

"discret izat ion schemes"); s u f f i c i e n t  for such a modified com- 

pactness condition w i l l  be that  ( { T  n ( . , x  n ( . ) ) I )  i s  py-compact 

for a l l  ( X  ) with x n E D n for a l l  n E W ,  where D E S(Cn) i s  a n 

se t  characterized by the  same additional requirements as 2 and 

i s  chosen i n  such a w a y  that  = L  n D n .  
n n 

In general, i t  cannot be guaranteed that  p x  - Liminf L 
nc Dl 

n" 

i n  Theorem 2.11. However, i n  the  case that  (2.141 i s  a.s.-uniquely 

solvable,  the  following r e s u l t  holds.  

Theorem 2.16: Let the  assumptions o f  Theorem 2.11 be f u l f i l l e d .  

In addition,  assume that  for  a l l  x and x E L, x = x a.s. and 

that p f u l f i l l s  (1 .7 ) .  Then ( L  ) i s  px-convergent t o  L t 9. 
X n 

Proof: Because o f  Theorem 2.11 and ( 2 . 1 ) ,  i t  s u f f i c e s  t o  show 

that 

(2.27) L s pX - Liminf L . 
n c n  
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NONLINEAR RANDOM OPERATOR EQUATIONS 263 

L e t  x  E L  and ( x  ) b e  s u c h  t h a t  x  E L f o r  a l l  n  E N ,  ( x n  ) b e  
n  n  

k  

an  a r b i t r a r y  s u b s e q u e n c e  o f  ( x  ). U s i n g  the compac tnes s ,  t h e  
n  

c l o s e d n e s s  and t h e  r e g u l a r i t y  a s s u m p t i o n s ,  o n e  shows s i m i l a r l y  t o  

t h e  p r o o f  o f  Theorem 2 .11  t h a t  ( x  ) h a s  a  s u b s e q u e n c e  ( x  ) 

nk 
n  
k 
j - 

t h a t  i s  pX-convergen t  t o  an  x  E L.  

- 
S i n c e  x = x  a . s .  b y  a s s u m p t i o n ,  i t  f o l l o w s  f rom ( 1 . 7 )  t h a t  

x  = pX - l i m  x  . T h i s  i m p l i e s  ( 2 . 2 7 ) .  
n c m  

The  C o r o l l a r i e s  2 .13  and 2.14 can  be complemented  i n  a n  a n a l o g o u s  

way. 

3 . )  DISCRETIZATION SCHEMES FOR APPROXIMATING RANDOM OPERATOR 

EQUATIONS 

I n  s e c t i o n  2  we p r e s e n t e d  a n  a p p r o x i m a t i o n  c o n c e p t  f o r  random 

o p e r a t o r  e q u a t i o n s .  Of c o u r s e  a  c e n t r a l  q u e s t i o n  i s  now how t o  

c o n s t r u c t  a p p r o x i m a t i o n s  o f  t h e  form (2 .14  n )  t o  a  g i v e n  e q u a t i o n  

o f  t h e  form ( 2 . 1 4 ) .  We restrict  o u r s e l v e s  t o  t h e  more  s p e c i a l  

e q u a t i o n s  ( 1 . 3 )  and ( 1 . 3  n ) .  

The  a p p r o x i m a t i o n s  ( 1 . 3  n i  s h o u l d  b e  s u c h  t h a t  t h e  a p p r o x i m a t e  

o p e r a t o r s  and r i g h t - h a n d  s i d e s  a r e  more  e a s i l y  c o m p u t a b l e  t h a n  

t h e  e x a c t  o n e s  and t h a t  r e s u l t i n g  a p p r o x i m a t e  e q u a t i o n s  a r e  more  

e a s i l y  s o l v a b l e .  I t  seems t o  b e  a  r e a s o n a b l e  approach  t o  c o n s t r u c t  

( 1 . 3  n )  i n  s u c h  a  way t h a t  t h e  u n d e r l y i n g  p r o b a b i l i t y  s p a c e  ( R , A , P I  

i s  " d i s c r e t i z e d "  t o  a  f i n i t e l y  g e n e r a t e d  p r o b a b i l i t y  s p a c e ;  t h e  

o p e r a t o r  and r i g h t - h a n d  s i d e  i n  ( 1 . 3  n )  a r e  t h e n  d e f i n e d  s u c h  t h a t  

t h e y  a r e  c o n s t a n t  ( i n  w) on  e a c h  set o f  t h e  f i n i t e  g e n e r a t o r .  

The  r e s u l t i n g  p rob lem  i s  t h e n  a  random e q u a t i o n  o n  a  f i n i t e l y  
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264 ENGL AND ROMISCH 

g e n e r a t e d  p r o b a b i l i t y  s p a c e ,  w h i c h  c a n  b e  t h o u g h t  o f  a s  a  collect- 

i o n  o f  f i n i t e l y  many d e t e r m i n i s t i c  p r o b l e m s .  More  p r e c i s e l y :  

L e t  C  be a  m u l t i f u n c t i o n  f r o m  n i n t o  X, T :  Gr C  + Y b e  AxB (7.)- 

m e a s u r a b l e ,  y :  G r  C  + Y m e a s u r a b l e .  L e t  n E 2J be a r b i t r a r y ,  b u t  

f i x e d .  

L e t  sn E N ,  A n l ,  .. .. , Ans E A  be p a i r w i s e  d i s j o i n t  w i t h  
n  

s 

u~~~ = 0 a n d  P ( A  . )  > 0 f o r  a l l  i E { I ,  ... , s,}. By An we 
n 1  

i = l  

d e n o t e  t h e  a - a l g e b r a  o n  0 g e n e r a t e d  b y  { A n j  , . . . , Ans }. F o r  
n  

e a c h  i E 1 1 ,  . . . , s n } ,  l e t  C . be a  n o n - e m p t y  s u b s e t  o f  X ,  n l  

Tni: C  . + Y a n d  y  . E Y .  NOW, l e t  C be t h e  m u l t i f u n c t i o n  f r o m  
n  r n l  n 

n i n t o  X  d e f i n e d  b y  

( 3 . 1 )  C n ( w ) :  = Cni i f  w E A n i '  

yn: 0 + Y b e  d e f i n e d  b y  

( 3 . 2 )  yn ( w )  : = yni i f  w  E A n i  

and  T : Gr C  + Y b e  d e f i n e d  b y  

T h e  c o l l e c t i o n  (A,, Cn,Tn, y,), i s  c a l l e d  a  " d i s c r e t i z a t i o n  

s c h e m e  ( f o r  ( 1 . 3 ) ) " .  

N o t e  t h a t  ( n ,  An,  P /  ) i s  a  c o m p l e t e  p r o b a b i l i t y  s p a c e  a n d  t h a t  
*n 

t h e  g e n e r a t i n g  sets A  . (i  E { I , .  . . ,S 1) a r e  p r e c i s e l y  the a t o m s  
n l  

o f  An. 

I f  s u c h  a  d i s c r e t i z a t i o n  s c h e m e  i s  g i v e n ,  we u s e  

a s  a p p r o x i m a t i o n  f o r  ( 1 . 3 1 ,  w h e r e  T a n d  yn a r e  g i v e n  b y  ( 3 . 3 )  

and  ( 3 . 2 ) ,  r e s p e c t i v e l y .  N o t e  t h a t  ( 1 . 3  n )  r e d u c e s  t o  the sn 

D
ow

nl
oa

de
d 

by
 [

H
um

bo
ld

t-
U

ni
ve

rs
it&

au
m

l;t
 z

u 
B

er
lin

 U
ni

ve
rs

it&
au

m
l;t

sb
ib

lio
th

ek
] 

at
 1

1:
50

 1
4 

O
ct

ob
er

 2
01

4 



NONLINEAR RANDOM OPERATOR EQUATIONS 

determinis t ic  equations 

(3.4 i )  T . ( X I  = yni i f  w E Ani (i E { I , . .  . , sn} ) .  
nl  

I f  a l l  o f  the  equations (3.4 i )  are solvable,  then one can con- 

s truct  a random solution o f  (1.3 n) i n  the  following obvious way: 

For i E { I  ,..., sn}{  l e t  xni E C . be a solution o f  (3.4 i )  and 
nl 

l e t  x:  R + X be defined by 

(3.5) x ( w ) : = x  n i  i f w ~ d , ~ .  

Then x solves (1.3 n )  and x i s  An - B ( X  

a lso  A - B(X)-measurable. However, note 

solutions (with respect t o  A)  o f  (1.3 n 

')-measurable and hence 

that  not a l l  random 

) need t o  be o f  t h e  form 

(3 .5 ) ,  i . e . ,  constant on each Ani; a random solution o f  (1.3 n )  

could jump between d i f f e r e n t  solutions o f  (3.4 i )  on A i n  a 
n i  

measurable way. In t h i s  context we r e f e r  t o  Remark 2.15. Some- 

times i t  may be easier t o  check e.g. a compactness condition 

only for  ( I T , ( .  , xn ( .  ))I), where xn E Dn & S(Cn) and Dn consis ts  

o f  a l l  functions that  are constant on each Ani. Then the  modified 

version o f  Theorem 2.11 outlined i n  Remark 2.15 has t o  be used, 

yielding a resu l t  only about p - Limsup where i s  the  s e t  
ncm n' n 

o f  solutions o f  (1.3 n )  that  are o f  the  form ( 3 . 5 ) .  This i s  not 

too bad, however, since the  simple solut ions  o f  the  form (3 .5 )  

are the  i n t r i n s i c  reason for constructing d i scre t i za t ion  schemes 

anyway! 

Note that by construction o f  a d i scre t i za t ion  scheme, Tn (as  

defined by (3 .3)  ) i s  A X B ( X )  -measurable i f  for  a l l  n 

i E { l , .  . . , s n } ,  Cni E B ( X )  and T~~ i s  B (x) - B (Y)-measurable 

( these  are reasonable assumptions, which are f u l f i l l e d  e.g.  i f  

a l l  Cni are closed or open and a l l  T are continuous). This 
n i  

follows from the  fact  that  for  each B E B ( Y ) ,  { (w,x!  E Gr Cn / 
S - 1 

Tn(w,x) E B )  = [Ani x (Cni flni ( B ) ) ] .  Under those 
i - 1  
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266 ENGL AND ROMISCH 

assumptions, T i s  ( s ince  A E A )  a lso  Ax BlX)-measurable. Thus 
n  n  

the  general measurability assumptions o f  section 2  are f u l f i l l e d  

for such Tn. I t  i s  easy t o  see that  even without any assumptions 

about the  C and Tni ,  T (as  defined by 3.3) i s  always a  random 
n i  n  

operator with s tochast ic  domain C i n  the  sense o f  Def in i t ion 1.2 n  

with respect t o  ( R ,  A ) and also  with respect t o  (0, A ) .  n  

The idea o f  a  d iscret izat ion scheme goes back t o  [27]  and was 

developed further i n  [ 2 5 ] ,  [26] .  In [271 and [25]  a  method for 

constructing approximation schemes using conditional expectations 

i s  outl ined.  We do not pursue t h i s  l i n e  o f  research further here. 

Instead, we address the  question under which conditions a  d i s -  

cre t izat ion scheme can be constructed i n  such a  way  that  properties 

o f  the  random operator t o  be approximated l i k e  cont inui ty  or 

compactness are preserved and that  the approximate operators have 

properties that  were relevant i n  section 2  l i k e  consistency and 

s t a b i l i t y .  B y  C ( X , Y )  we denote { f :  X + Y / f continuous). 

+ 
Theorem 3.1: Let h :  X x W -s R be such that  for a l l  x  E X ,  

h ( x , . )  i s  continuous i n  0  and h(x,O) = 0 ,  and K be  a  non-empty 

subset o f  C ( X ,  Y ) .  Let T: $2 x X -t Y be a  random operator such that  the  

following holds for a l l  w E a:  

Then the  following holds for  each n  E LV: 

There are s  E N ,  pairwise d i s jo in t  s e t s  A n l , .  . . . ,A E A with 
n  ns 

n  

operators T n l , .  . . ,Tns E K such that  with 
n  
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NONLINEAR RANDOM OPERATOR EQUATIONS 

we have: T i s  a random operator and (3 .7)  holds with T instead n n 

o f  T .  Furthermore, for a l l  (w,x) E fi x X we have 

T and ( T  ) are (pX,py)-consis tent ,  where p X  i s  any convergence on 

S I X )  and p y  denotes a.s.-convergence or convergence i n  probabili ty.  

+ 
I f  there e x i s t s  .6: 1R 0 + R continuous i n  0 with L ( 0 )  = 0 such 

that  h ( x , t )  5 h ( t )  for  a l l  x E X ,  then ( T  ) i s  a lso  (a . s . ,  a . s . ) -  

s table ,  and ( T  ) i s  ( a . s . ,  a.s.)-convergent t o  T .  

Proof: Let Z a countable dense subset o f  the  Polish space X .  

For a l l  z E Z l e t  i : C ( X , Y )  + Y be defined by i z ( f ) :  = f ( z ) .  

Since Z i s  dense, { i  / z  E Z )  separates the  points o f  C ( X , Y )  

(by con t inu i t y ! ) .  Let T be the  weak topology on C ( X , Y )  generated 

by { i Z / z  E Z),  i . e . ,  the  coarsest topology on C ( X , Y )  such that  

a l l  iZ are continuous. I t  i s  well-known that  ( c ( x , Y ) , T )  i s  

homeomorphic t o  a subspace o f  XY (equipped with the  product 
Z EZ 

topology) and hence metrizable and separable. Let 

2r 
(3.101 K: = { f  E K / d ( f ( x ) , f ( z ) )  < h ( x , d ( x , z ) )  for  a l l  X , Z E X } .  

'L 2r 't 
I f  we equip K with the  subspace topology n K ,  K becomes a metriz-  

2r 
able separable (and hence second countable) space. Let 8 be the  

2r 'L 't 
o-algebra on K generated by the  s e t s  o f  T n K and T: Q + C ( X , Y )  

'L 
be defined b y  T ( w ) :  = T ( o , . ) .  Because o f  our assumptions, 

We show that  

'L 
( 3 . 1 2 )  T i s  A- % -measurable. 

't 
To t h i s  end, l e t  C E T n K; then C has the  form C = 0 n 2 with 

0 E T.  Since ( c ( x , ~ ) , T )  i s  second countable and hence Lindelof ,  

0 i s  a countable union o f  f i n i t e  in tersect ions  o f  s e t s  o f  the 
- 1 

form i ( O Z )  with z E Z ,  OZ open i n  Y .  Thus, i n  order t o  show 
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ENGL AND ROMISCH 268 

t h a t  'LT- 
f o r  a11  

( 3 . 1 3 )  

1 
( C )  E A ( w h i c h  p r o v e s  ( 3 . 1 1 ) )  i t  s u f f i c e s  t o  show t h a t  

z  E Z and open  OZ 5 Y ,  

21 
L e t  z E Z ,  0  5 Y be o p e n .  By d e f i n i t i o n  o f  T and since T i s  a 

-1 
random o p e r a t o r ,  i w  E Q /? (wJ  E iZ ( O Z ) l  = { W  E Q / T ( w , z ) E O ~ } E A - ,  

s o  t h a t  ( 3 . 1 3 )  and t h u s  ( 3 . 1 2 )  h o l d s .  

We now a p p l y  C r i t e r i o n  5 o f  [ I 4 1  t o  t h e  m e a s u r a b l e  mapping  ? 
21 

f rom  R i n t o  t h e  s e p a r a b l e  m e t r i c  s p a c e  K and c o n c l u d e :  
2, 2, 

For e a c h  n E 3 N ,  t h e r e  i s  an  A - % -measurab l e  map T : 0 -t K 

2, 
s u c h  t h a t  T ( R )  i s  f i n i t e  and  s u c h  t h a t  f o r  a l l  w E Q, ( ? n ( ~ ) )  n 

c o n v e r g e s  t o  ?(w) w i t h  r e s p e c t  t o  t h e  t o p o l o g y  T n 3. 

L e t  n E LV b e  f i x e d ,  s b e  t h e  number o f  e l e m e n t s  o f  n 
2, 
T,(R) = :  IT^^, . . .,T 1 c K". For i E { I , .  . . , s n } ,  l e t  ns n 

Because  o f  ( 3 . 1 2 ) ,  we h a v e  A . E A f o r  a l l  i E {f,. . . , s n } .  
n l  

'L 
L e t  Tn: R x X + Y be a s  i n  ( 3 . 8 ) ;  t h e n  T ( w , . )  = Tn(w)  

n 
21 

and t h u s  T n ( o ,  .) E K f o r  a l l  w E R. Because  o f  ( 3 .  l o ) ,  t h i s  i m p l i e s  

t h a t  T,(w,.) E K and t h a t  ( 3 . 7 )  h o l d s  w i t h  Tn i n s t e a d  o f  T .  

L e t  x  E X and 0 s Y be o p e n ,  I  : = { i  E { I , .  . . ,sn}/Tni ( X I  E 0 ) .  
x, 0 

Then {w E f l /Tn(o ,x)  E 03 = u Ani E A .  Thus  T i s  a random 
i c I  

x ,  0 

o p e r a  tor .  
21 

L e t  w E R be a r b i t r a r y ,  b u t  f i x e d .  S i n c e  ( T n ( w ) )  c o n v e r g e s  t o  

% 
? (w)  w i t h  r e s p e c t  t o  T n K ,  we h a v e  t h a t  f o r  a l l  z  E Z ,  

21 
( i Z ( T n ( w ) ) )  + i z ( ? ( o ) ) ,  i . e . ,  

( 3 . 1 5 )  ( T n ( w , z ) )  + T ( o , z )  f o r  a l l  z  E Z .  
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NONLINEAR RANDOM OPERATOR EQUATIONS 269 

Now, l e t  a l s o  x  E X b e  a r b i t r a r y ,  b u t  f i x e d .  We show t h a t  ( 3 . 9 )  

ho lds .  T o  t h i s  e n d ,  l e t  E > 0 b e  a r b i t r a r y .  S i n c e  Z i s  d e n s e ,  t h e r e  

i s  ( b e c a u s e  o f  t h e  p r o p e r t i e s  o f  h )  a  z  6 Z w i t h  

we f i x  s u c h  a  z E Z .  Because  o f  ( 3 . 1 5 ) ,  t h e r e  i s  an n o  E iN s u c h  

t h a t  f o r  a l l  n  2 no 

h o l d s .  S i n c e  T and T f u l f i l l  ( 3 . 7 1 ,  we o b t a i n  f rom ( 3 . 1 6 )  and 
n  

( 3 . 1 7 )  t h a t  f o r  a l l  n  r n o ,  d ( T n ( w , x ) , T ( o , x ) )  5 d ( T n ( w , x ) , T n ( w , z ) ) +  

+ d ( T  (w,z),T(o,z))+d(T(w,z),T(w,x))<h(x,d(x,z + h ( x , d ( x , z ) ) < ~ .  

Thus ,  ( 3 . 9 )  h o l d s .  

The c o n s i s t e n c y  f o l l o w s  now from Example 2 .4  a .  Under t h e  

a d d i t i o n a l  a s s u m p t i o n  i n v o l v i n g  6 ,  t h e  s t a b i l i t y  f o l l o w s  f rom 

Example 2.4 b ,  t h e  convergence  f rom P r o p o s i t i o n  2 .5 .  

Remark 3 .2:  T h i s  r e s u l t  s a y s  t h a t  under  i t s  c o n d i t i o n s ,  a  

c o n s i s t e n t  a p p r o x i m a t i o n  b y  random o p e r a t o r s  d e f i n e d  v i a  a  

d i s c r e t i z a t i o n  sc1,sme a lways  e x i s t s .  M o r e o v e r , i f  each  r e a l i z a t i o n  

o f  T h a s  a  c e r r a l n  p r o p e r t y  ( d e s c r i b e d  b y  t h e  s e t  K )  s u c h  a s  com- 

pac tn  .:rs, c o n t r a c t i v i  t y  o r  d i f f e r e n t i a b i l i t y ,  t h e  a p p r o x i m a t i o n s  

T s h a r e  t h i s  p r o p e r t y .  

No te  t h a t  Theorem 3.1 i s  o n l y  a p p l i c a b l e  t o  c o n t i n u o u s  random 

o p e r a t o r s  ( s e e  ( 3 . 6 ) )  f o r  which i n  each  p o i n t ,  t h e  c o n t i n u i t y  i s  

u n i f o r m  i n  w ( s e e  ( 3 . 7 ) ) .  I f  t h e  c o n t i n u i t y  i s  a l s o  u n i f o r m  i n  

X ( i . e . ,  i f  t h e  f u n c t i o n  6 e x i s t s ) ,  t h e n  t h e  a p p r o x i m a t i o n  can  b e  

guaranteed t o  b e  s t a b l e  and h e n c e  c o n v e r g e n t  ( w i t h  r e s p e c t  t o  

a . s . - convergence ) ;  t h i s  i s  e s p e c i a l l y  t h e  c a s e  f o r  L i p s c h i t z i a n  

random o p e r a t o r s  w i t h  a  L i p s c h i t z  c o n s t a n t  i n d e p e n d e n t  o f  w. 

I n  ( 3 . 1 4 ) ,  t h e r e  may b e  A w i t h  P ( A  . )  = 0; i f  we add t h o s e  t o  
n i  n~ 
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270 ENGL AND ROMISCH 

one o f  the  other s e t s  i n  (3.14) with posi t ive  probabili ty and 

redef ine  the corresponding T i n  an obvious way, we can f u l f i l l  
n i  

the  condition P ( A  ) > 0 for  i E { l , .  . . , sn j  (with a smaller sn )  
n i  

required i n  the  d e f i n i t i o n  o f  a  d i scre t i za t ion  scheme; however, 

i n  the  statement o f  Theorem 3 . 1  " f o r  a l l  w E R" has t o  be re- 

placed by " f o r  almost a l l  w E f?" throughout. 

B y  combining the  construction o f  Theorem 3.1 with a  f i n i t e l y -  

valued approximating sequence ( y  ) for  y (more precise ly:  by 

taking a l l  in tersect ions  o f  the  s e t s  i n  (3.14) with the  s e t s  

where y i s  constant)  the  existence o f  a d i scre t i za t ion  scheme for 

(1 .3)  can be asserted for the  case that  a l l  T ( w , .  ) are defined 

on a l l  o f  X .  

Extensions t o  the  case o f  s tochast ic  domains should be possible.  

However, since Theorem 3.1 (though i t s  proof i s  i n  principle 

construct ive)  does not give a  concrete method for  constructing a 

d i scre t i za t ion  scheme, we do not pursue t h i s  any fur ther .  

We add i n  passing that  frequently random operators T: C2 x X + Y 

have the  special form 

(3.18) T(w,x):  = b ( z ( w ) , x )  ( w  E C2, x E X ) ,  

where z i s  a random variable from R i n t o  a separable metric space 

Z and 4: Z X -t Y i s  such that  T ( . , x )  i s  continuous for  a l l  x E X .  

In t h i s  case, a resu l t  analogous t o  Theorem 3.1 can be proven 

without continuity requirements for  T ( z , . J ;  t h i s  i s  done simply 

by approximating z  by a  pointwise convergent sequence o f  f i n i t e l y -  

valued random variables z  : C2 +- Z ( see  Criterion 5 i n  C 141) and 
n  

A 
s e t t i n g  Tn(w,x):  = T(z  ( w ) , x ) .  We w i l l  consider such operators also n  

i n  section 4 .  
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NONLINEAR RANDOM OPERATOR EQUATIONS 271 

4 . )  CONDITIONS FOR CONVERGENCE AND COMPACTNESS OF RANDOM OPERATORS 

AND THEIR DOMAINS WITH RESPECT TO A.S.-AND P-CONVERGENCE 

I n  t h i s  s e c t i o n ,  we w i l l  g i v e  s u f f i c i e n t  c o n d i t i o n s  f o r  v a r i o u s  

a s s u m p t i o n s  o f  t h e  r e s u l t s  o f  section 2  t o  h o l d .  We s t a r t  w i t h  

c o n d i t i o n s  t h a t  g u a r a n t e e  t h a t  S ( C )  = p - L i m  S ( C n )  a s  n e e d e d  i n  
nEm 

P r o p o s i t i o n  2 . 9  a n d  C o r o l l a r y  2.1 o. 

F o r  a n y  F  E P ( x )  a n d  x  E X ,  we d e n o t e  b y  d ( x , F ) :  = i n f  d ( x , z ) .  
ZEF 

T h e o r e m  4 . 1  : L e t  C  and  Cn ( n  E W ) be m e a s u r a b l e  m u l t i f u n c t i o n s  

f r o m  R  i n t o  X. 

a )  S ( C )  e a . s . -  L i m i n f  S ( C  ) i f  a n d  o n l y  i f  there i s  a n  N E A w i t h  
n c m  

P ( N )  = 0 s u c h  t h a t  f o r  a l l  w E R\N and  a l l  x E ~ ( w ) ,  

l i m  d ( x , C n ( w ) )  = 0. 
n-tm 

b )  A s s u m e  t h a t  there i s  a n  N E A w i t h  P ( N )  = 0 s u c h  t h a t  f o r  a l l  

w E R\N and  a l l  x E X ,  l i m  d ( x , C n ( w ) )  = d ( x , C ( w ) )  
n- - 

T h e n  S ( C )  s a . s . -  L i m i n f  S ( C  ) G a . s .  - L i m s u p  s ( C n )  S S ( C ) ,  
n ~ m  n~ m 

w h e r e  C ( w )  d e n o t e s  the c l o s u r e  o f  C ( w )  i n  X. 

C )  L e t  C  be c l o s e d - v a l u e d .  U n d e r  t he  a s s u m p t i o n s  o f  b ,  

S ( C )  = a .s . -  L i m  S ( C  ) and  S ( C ) = P - L i m  S ( C n )  n 
n6IV ~ E W  

P r o o f :  

a )  L e t  S ( C )  E a . s .  - L i m i n f  S IC, ) .  
nc lN  

S i n c e  ( Q , A , P )  i s  b y  a s s u m p t i o n  c o m p l e t e ,  ( R , A )  a d m i t s  the 

S o u s l i n  o p e r a t i o n  ( s e e  [ 3 2 1 ) ,  we can a p p l y  t h e  C o r o l l a r y  o f  C18, 
k 

p .4081  t o  c o n c l u d e  t h a t  there ex is t s  a  s e q u e n c e  ( x  ) d S I C )  
W 

s u c h  t h a t  
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272 ENGL AND ROMISCH 

k  
By a s s u m p t i o n ,  f o r  e a c h  k  E HIT t h e r e  i s  a  s e q u e n c e  ( x ~ ) ~  rrn 

w i t h  

and 

k k  
( 4 . 3 )  l i m  x  ( w )  = x  (wl a . s . ;  n  

n- 
k  

l e t  N: = u [ { w  E a / x k ( w )  { C I W I }  u (J {we ~ / ~ ~ ( w i C c ~ ( o ) } l ,  
k  C H I T  n  E HIT 

- k  k 
N : = N u  {w E R / ( x ~ ( w ) ) ~ ,  HIT d o e s  n o t  c o n v e r g e s  t o  x  ( w )  1. 

k E W  

Because  o f  ( 1 . l ) a n d  ( 4 . 3 ) ,  P ( N )  = 0. 

Now l e t  w  E Q\N and x  E C ( W )  be a r b i t r a r y ,  b u t  f i x e d .  Because  
k 

o f  ( 4 .  I ) ,  t h e r e  i s  a  s e q u e n c e  ( x m )  i n  { x  ( w ) / k  E N } w i t h  

k  S i n c e  a l l  xm a r e  i n  { x  ( ~ ) / k  E HIT 1 and w L N ,  i t  f o l l o w s  f rom 

( 4 . 2 )  and ( 4 . 3 )  t h a t  f o r  a l l  m  r  H I T ,  t h e r e  i s  a  s e q u e n c e  

m  
( X n ) n  TJ 

w i t h  

( 4 . 5 )  
m  

x  E Cn(w) f o r  a l l  n  E HIT 
n  

and 

( 4 . 6 )  
m  m  

l i m  d ( x n , x  ) = 0. 
n+- 

We d e f i n e  s e q u e n c e s  (m .), In . )  o f  i n t e g e r s  a s  f o l l o w s  b y  
I I 

i n d u c t i o n :  L e t  mo = n o  = 1;  f o r  a l l  j E H I T ,  l e t  m  + m  j j -1 

b e  s u c h  t h a t  

m .  
( 4 .  7) d ( x  1 ,  X )  < 2-j-', 

which  i s  p o s s i b l e  b e c a u s e  o f  ( 4 .41 ,  and n  > n  b e  s u c h  t h a t  j j-1 
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NONLINEAR RANDOM OPERATOR EQUATIONS 

w h i c h  i s  p o s s i b l e  b e c a u s e  o f  ( 4 . 6 ) .  

We c o n s i d e r  the s e q u e n c e  

i .  e.,  t h e  s e q u e n c e  

( x ; ,  x i ,  . . . , X' xm2 m3 nZ-1'  n z l  " '  
, xm2 x  . . . .) .  B e c a u s e  113-1' n3' 

( 4 . 1 0 )  x  E C n ( w )  f o r  a l l  n  E N 

and  t h u s  

( 4 . 1 1 )  d ( x , C n ( w ) )  I d ( x n , x )  f o r  a l l  n  E N .  

B e c a u s e  o f  ( 4 .  7 ) ,  ( 4 . 8 ) ,  a n d  ( 4 . 9 ) ,  f o r  a l l  n  E B V ,  

d ( x n , x )  6 2 - j ,  w h e r e  j E N i s  s u c h  t h a t  n r n  < n  
j j + l '  

A s  n  -t m, a l s o  j -+ m, s o  t h a t  l i r n  d ( x n , x )  = 0. 
n-tm 

T o g e t h e r  w i t h  ( 4 . 1 1 ) ,  t h i s  i m p l i e s  l i m  d ( x , C  ( w ) )  = o. 
n-tm 

F o r  t h e  c o n v e r s e ,  a s s u m e  the e x i s t e n c e  o f  a  s e t  N  E A w i t h  

P ( N )  = 0 s u c h  t h a t  

( 4 . 1 2 )  l i m  d ( x , C  ( w ) )  = 0 f o r  w  E B\N, x E C(WJ n 
n* 

k  
F o r  e a c h  n E mT, l e t  (xn )k E s ( x ) ~  b e  s u c h  t h a t  

k  
xn ( w )  E C n ( w )  f o r  a l l  w  E B , n ,  k  E BV and  t h a t  

t h e  e x i s t e n c e  o f  s u c h  a  s e q u e n c e  f o l l o w s  a s  a b o v e  f r o m  C181.  

L e t  x  E S ( C )  b e  a r b i t r a r y ,  b u t  f i x e d .  I t  s u f f i c e s  t o  s h o w  t h a t  

( 4 . 1 4 )  x E a . s .  - L i m i n f  S ( C n ) .  
n ~ i N  
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ENGL AND ROMISCH 

we s h o w  t h a t  

( 4 . 1 6 )  
'7, k  
An E A f o r  a l l  n , k  E N .  

T o  see t h i s ,  n o t e  t h a t  f o r  a l l  n E N a n d  w E a, 
d ( x ( w ) ,  C n ( w ) )  = d ( x ( w ) ,  c,(W)). S i n c e  the m u l t i f u n c t i o n  ? i s  

m e a s u r a b l e ,  w h i c h  f o l l o w s  f r o m  [ 1 5 ] ,  we can c o n c l u d e  f r o m  

[ 9 ,  Lemma 6 1  t h a t  d ( x ( . ) ,  C  (.)) i s  m e a s u r a b l e  f o r  a l l  n  E N .  n 
k  

S i n c e  a l s o  d ( x ( .  ), x  (.)) i s  m e a s u r a b l e ,  ( 4 . 1 6 )  f o l l o w s .  

Now l e t  f o r  a l l  n , k  E iN 

O b v i o u s l y ,  link n d n j  = @ f o r  a l l  n  E N a n d  

( 4 . 1 8 )  Ank E A f o r  a l l  n , k  i N 

h o l d s  b e c a u s e  o f  ( 4 . 1 6 ) .  B e c a u s e  o f  ( 4 . 1 3 ) .  w Ck = fi 
k € N  

f o r  a l l  n  E N ,  S O  t h a t  we h a v e  

( 4 . 1 9 )  u = fi f o r  a l l  n E N .  
k E I V  

T h u s  i t  i s  p o s s i b l e  t o  d e f i n e  f o r  a l l  n  E N 

X :  n + x  
( 4 . 2 0 )  k  

w  + x k ( w )  f o r  w  E A . n n 

S i n c e  the xnk a r e  m e a s u r a b l e ,  we c a n  c o n c l u d e  f r o m  ( 4 . 1 8 )  t h a t  

a l l  xn a r e  m e a s u r a b l e ;  b y  c o n s t r u c t i o n ,  f o r  a l l  n  E IV and  

w E Q, xn ( w )  E C n ( u ) ,  S O  t h a t  

( 4 . 2 1  1 xn E SIC,) f o r  a l l  n  E N 
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NONLINEAR RANDOM OPERATOR EQUATIONS 

rt  f o l l o w s  f rom (4 .201 ,  ( 4 . 1 7 ) ,  and ( 4 . 1 5 )  t h a t  

( 4 . 2 2 )  d ( x ( w ) , x n ( w ) )  < d ( x ( w ) , C n ( w ) )  + : f o r  a l l  n € m , w €  a. 

S i n c e  x ( w )  E C ( W )  a - s . ,  i t  f o l l o w s  f rom ( 4 . 1 2 )  and ( 4 . 2 2 )  

t h a t  ( x n )  + x a . s . ;  t o g e t h e r  w i t h  ( 4 . 2 1 1 ,  t h i s  i m p l i e s  ( 4 . 1 4 ) .  

T h i s  c o m p l e t e s  t o  p r o o f  o f  a .  

b )  S i n c e  f o r  x  E C ( W ) ,  d ( x , C ( w ) )  = 0, p a r t  a )  i s  a p p l i c a b l e ;  

i t  r e m a i n s  t o  b e  shown t h a t  

L e t  x  E a . s .  - Limsup S ( C n ) .  By d e f i n i t i o n ,  t h e r e  e x i s t  
n  E ~ V  

s e q u e n c e s  n ,  < n 2  < n 3  < .. . E BV and ( x k )  w i t h  xk E S(Cn ) 
k  

f o r  a l l  k  E BV s u c h  t h a t  x  = a . s .  - l i m  x k ,  i . e . ,  
kE n' 

l i m  d ( x k ( w ) ,  x ( w ) )  = 0 a . s . ;  t h u s ,  l i m  d ( x ( w ) ,  C k ( w ) )  = 0 a . s .  
k- k* 

T o g e t h e r  w i t h  t h e  a s s u m p t i o n ,  t h i s  i m p l i e s  d ( x ( w ) , C ( w ) )  = 0 

a . s ,  i . e . ,  x ( w )  E c(W) a . ~ . ;  s i n c e  x  i s  m e a s u r a b l e ,  x  E S I C )  

T h i s  i m p l i e s  ( 4 . 2 3 ) .  

C )  T h i s  f o l l o w s  i m m e d i a t e l y  f rom p a r t  b )  and Remark 2 . 2 .  

For non-empty  s u b s e t s  E,F o f  X ,  l e t  

( 4 . 2 4 )  D ( E , F ) : =  max I s u p  d ( x , F ) ,  S U P  d ( x , ~ ) ) ;  
X E E  X E F  

r e s t r i c t e d  t o  t h e  bounded c l o s e d  se t s ,  D  i s  a  m e t r i c  ( t h e  

" H a u s d o r f f - m e t r i c " ) ;  i f  E o r  F  a r e  unbounded,  D(E,F) may b e  

i n f i n i t e .  

Theorem 4 . 2 :  L e t  C, Cn ( n  E ZV ) b e  m e a s u r a b l e  m u l t i f u n c t i o n s  
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ENGL AND ROMFSCH 

f rom fl i n t o  X ,  C  b e  c l o s e d - v a l u e d .  Assume t h a t  

P r o o f :  L e t  x  E S ( C )  b e  a r b i t r a r y ,  b u t  f i x e d .  As i n  t h e  p r o o f  o f  

Theorem 4.1 a ,  we c o n s t r u c t  a  s e q u e n c e  ( x n l  w i t h  ( 4 . 2 1 )  and ( 4 . 2 2 ) .  

we o b t a i n  f o r  a l l  n  E N t h a t  

t o g e t h e r  w i t h  ( 4 . 2 5 ) ,  t h i s  i m p l i e s  t h a t  x  = P- l im  x  n' 
n e N  

~ h u s ,  x E P-Lirninf S ( C n ) ,  S O  t h a t  
n E N  

Now, l e t  x  E P-Limsup S ( C n ) .  B y  d e f i n i t i o n ,  t h e r e  e x i s t  s e q u e n c e s  
nrlN 

n, < nz < n s  < ... E BJ and ( x k )  w i t h  xk  E S(Cn ) f o r  a l l  k  E N 
k 

s u c h  t h a t  

S i n c e  f o r  a l l  w E n ,  d ( x ( w ) ,  C ( w ) )  5 d ( x ( o ) , x k ( w ) )  + 

f rom ( 4 . 2 5 ) ,  ( 4 . 2 7 )  and t h e  f a c t  t h a t  x k (w l  E C (w) a . s .  t h a t  
n  

k  

( 4 . 2 8 )  ~ ( { w  E n / d ( x ( w J , C ( w ) )  t 7) )  1 = 0 f o r  a l l  i d N  
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NONLINEAR RANDOX OPERATOR EQUATIONS 

and hence 

since x i s  measurable, (4.29) implies that x E S (C) ,  since C i s  

closed-val ued. Thus. 

(4.30) P - Limsup S(C ) c S(C).  
n E ~ T  

n 

The assertion follows now from (4.27) and (4.30).  

0 

Remark 4.3: Theorem 4.1 a generalizes Lemma 3 o f  1251 consider- 

ably. One can think o f  Theorem 4.1 as a resul t  about convergence 

o f  measurable selectors o f  Cn t o  measurable selectors o f  C .  

m 
For X = iR , such resu l t s  have been given i n  C28l for a.s.-con- 

vergence and convergence i n  probability and i n  C291 for conver- 

gence i n  dis tr ibut ion.  In both papers ( l i k e  i n  our Theorem 4. I ) ,  

the functions w + d(x,C l o ) )  play an important role .  Note that 
n 

i n  1281 the basic concept of convergence i s  a.s.-convergence o f  

sequences o f  multi functions ( C n ) ,  while our basic concept .is 

a.s.-convergence o f  sequences o f  s e t s  o f  selectors (S(C ) ) .  
n 

The following i s  easy t o  see,  i f  one uses the  resu l t s  o f  [ 2 8 ] ,  

especially Theorem 4.3 there: I f  C ,  Cn (n  E I8 ) are closed- 

m 
valued measurable multi functions from Q i n t o  I7 and ( C  ) + C 

n 
a.s. i n  the sense o f  [ 2 8 ] ,  then S(C) = a.s.- L i m  S(Cn).  

ncmT 

I t  i s  not clear i f  the converse holds; here one also has t o  

take i n t o  account that not a l l  se t s  Z E S ( X )  are selector s e t s  

o f  a measurable multi function, i . e . ,  there need not e x i s t  a 

multi function C with Z = S(C).  This shows that a.s.-convergence 

i n  the  sense o f  [28]  may not even be definable i f  Z=a.s.-Lim Z n 
n6mT 

with Z n ,  Z E S(X) .  In t h i s  sense, our concept o f  convergence i s  

weaker and more general than the concept i n  1281. The essent ial  
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278 ENGL AND ROMISCH 

d i f f e rence  i s  that i n  our concept, the  "exceptional se t s"  that  

appear are allowed t o  depend on the  se lector  considered, which 

gives us the f l e x i b i l i t y  we need i n  that  respect for our purpose. 

I t  follows from these remarks that  Theorem 4.1 can be thought o f  
m 

as a generalization o f  some o f  the  r e s u l t s  o f  C281 from IF? 

(which was essential  i n  the  proofs t h e r e ! )  t o  a Polish space X .  

We note that a f t e r  t h i s  paper had been draf ted ,  another such 

generalization ( see  [ 2 4 ] )  had been brought t o  our at tent ion.  

That paper contains two main resu l t s .  In Theorem 1 there ,  which 

i s  proved by a method similar t o  that  used i n  the  proof o f  [25,  

Lemma 31, the author assumes completeness o f  the  values o f  a l l  

multi functions considered and does not permit exceptional s e t s  

o f  measure zero; a t  l eas t  i n  one o f  the  two parts o f  that  theorem, 

exceptional s e t s  cannot be added eas i l y  i n  the  same way as they 

appear i n  our Theorem 4.1: Note again that  i n  our 

"S(C) c_ a.s .  - Liminf S(Cn) ", t he  exceptional s e t s  may  depend 
ncN 

on the  se lectors!  This i s  not the  case i n  Theorem 2 o f  [ 2 4 ] ,  

where i n  addition the  mul t i funct ions  considered are assumed t o  

be compact-valued. Under t h i s  stronger assumption, the  author 

obtains a stronger conclusion, namely uniform convergence on 

certain s e t s .  Thus, our r e s u l t s  are not d i rec t l y  comparable t o  

those o f  [ 2 4 ] .  

I t  should also  be noted that  we do not always assume that  Cn and 

C are closed-valued. In Theorem 4.2, we do not assume that  C 
n 

and C have bounded values. In 1281, various possible d e f i n i t i o n s  

for convergence i n  probabili ty o f  measurable multi functions are 

given, one o f  them being essen t ia l l y  our (4 .25) .  There no r e s u l t s  

about convergence i n  probabili ty o f  se lectors  are s ta ted,  so that 

our Theorem 4.2 can be thought o f  as a continuation o f  that  paper 

i n  t h i s  respect.  

+ 
Example 4.4: Let X be a separable Banach space, r :  R + W , 
x: R + X and for a l l  n E N ,  r : + IR+ and x : + X be measur- 

n n 
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NONLINEAR RANDOM OPERATOR EQUATIONS 279 

- 
a b l e ,  and l e t  f o r  a l l  w E R and n E JV, C n ( w ) : = { x  E X / d ( x , x , ( w ) ) <  

2 m ( o ) }  and C ( w ) :  = { x  E x / d ( x , X ( w ) )  5 r ( ~ ) } .  I t  i s  e a s y  t o  see 

t h a t  C and Cn ( n  E iW)  a r e  m e a s u r a b l e  c l o s e d - v a l u e d  m u l t i f u n c t i o n s  

and t h a t  f o r  a l l  n E i W ,  w E a, x E X we h a v e :  

( 4 . 3 1 )  d ( x , ~  n ( a ) )  = max { O , d l x , ~ l w ) ) - r n ( w ) } ,  

No te  t h a t  ( 4 . 3 1 ) - ( 4 . 3 3 )  and a l s o  t h e  c o n c l u s i o n s  b e l o w  n e e d  n o t  

b e  t r u e  i n  g e n e r a l  P o l i s h  s p a c e s ,  a s  can  b e  s e e n  e . g .  i n  d i s c r e t e  

s e p a r a b l e  m e t r i c  s p a c e s .  

Because  o f  ( 4 . 3 1 )  - ( 4 . 3 3 )  and Theorens4 .1  and 4 . 2 ,  t h e  f o l l o w i n g  

r e s u l t s  a r e  t r u e :  

a )  I f  ( x  ) + x a . s .  and ( r  ) + r a . s . ,  t h e n  S ( C )  = a . s . -L im  S ( C n ) .  
nc  JV 

b )  ~f  x = p - l i m x  a n d r = P - l i m r  t h e n  
n n' 

n ~ i W  n ~ m T  

S ( C )  = P - Lim S ( C n ) .  
ncJV 

Now we t u r n  t o  s u f f i c i e n t  c o n d i t i o n s  f o r  ( p X ,  p X )  - convergence  

o f  (T  ) t o  T (where  p X  d e n o t e s  a .  s. - convergence  o r  c o n v e r g e n c e  
n 

i n  p r o b a b i l i t y ) ,  wh ich  i s  needed  i n  P r o p o s i t i o n  2 .9;  t o g e t h e r  

w i t h  t h e  r e s u l t s  o f  Theorems 4 .1  and 4 . 2 ,  we t h u s  w i l l  o b t a i n  

r e s u l t s  t h a t  g u a r a n t e e  t h e  c l o s e d n e s s  o f  T and ( T  ) a s  needed  
n 

i n  Theorem 2 .11 .  T o g e t h e r  w i t h  a compac tnes s  r e s u l t  o f  b e l o w ,  

we o b t a i n  s u f f i c i e n t  c o n d i t i o n s  f o r  P r o p o s i t i o n  2.9 b t o  b e  

a p p l i c a b l e ,  which  y i e l d s  t h e  compac tnes s  o f  ( T  ) a s  r e q u i r e d  

i n  Theorem 2.1 1 .  
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280 ENGL AND ROMISCH 

Theorem 4 .5 :  L e t  C, C  ( n  E l V )  b e  m u l C i f u n c t i o n s  f rom $2 i n t o  X,  n  

T: Gr C + Y ,  Tn: Gr C  + Y ( n  E I N )  b e  A x B (X) -measurab le .  

a )  Assume t h e r e  i s  an N E A w i t h  PIN) = 0 s u c h  t h a t  f o r  a l l  

u E $2\N we h a v e :  For a l l  x  E C ( W )  and (x,) + X w i t h  x n ~ C n ( w )  

f o r  a l l  n  E I N ,  ( T n ( o , x n ) )  + T ( w , x ) .  Then (TnI i s  

( a . s . ,  a .  s. ) - c o n v e r g e n t  t o  T .  

~f i n  a d d i t i o n  S ( C )  E a . s .  - L i m i n f  SIC,) ,  t h e n  T and (T,) 

n ~  IN 

a r e  a l s o  ( a . s . , a . s . ) - c o n s i s t e n t  and ( T  ) i s  ( a . s . , a . s . ) - s t a b l e .  

b )  Assume t h e r e  i s  an N E A w i t h  PIN) = 0 s u c h  t h a t  t h e  f o l l o w i n g  

h o l d s  f o r  a l l  w  E R\N: 

For a l l  x  E C ( W )  and a l l  s e q u e n c e s  n ,  < n ,  < n 3  < ..., 
( 4 . 3 4 )  

( X  ) + X  w i t h  x  i k 

( a )  f o r  a11  k E JV, 

Then (Tn)  i s  (P ,P) - convergen t  t o  

S ( C )  c_ P  - L i m i n f  S ( C n ) ,  t h e n  T  
nc  IN 

T .  I f  i n  a d d i t i o n  

and (T  ) a r e  a l s o  (P ,P )  -con- 

s i s t e n t  and ( T  ) i s  ( P , P ) - s t a b l e .  I f  e v e n  n  

S ( C )  c a . s .  - L i m i n f  S ( C n ) ,  t h e n  ( 4 . 3 4 )  n e e d s  t o  b e  assumed 
nclV 

o n l y  f o r  ( n  ) = (1 ,2 ,3  ,... 1 .  k 

P r o o f :  

a )  The  ( a . s .  ,a . s .  ) - convergence  o f  ( T  ) t o  T i s  o b v i o u s .  I f  n  

S ( C )  _c a . s .  - L i m i n f  S ( C n ) ,  t h e n  f o r  a l l  x  E S(C), t h e r e  i s  
n6lN 

a  s e q u e n c e  ( x  ) w i t h  x  c S ( C  ) f o r  a l l  n  E IN and n  n  n  

x = a . s .  - l i m  x  . By t h e  f i r s t  p a r t ,  T ( . , x ( . ) )  = n  
nclN 

= a . s .  - l i m  T n ( . , x n ( . ) ) .  T h u s ,  T  and ( T n )  a r e  ( a . s . , a . s . ) -  
ncDl 
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NONLINEAR RANDOM OPERATOR EQUATIONS 

c o n s i s t e n t .  The  s t a b i l i t y  f o l l o w s  f rom P r o p o s i t i o n  2 .5 .  

b )  L e t  x E s ( C J ,  ( x n l  be s u c h  t h a t  x E S f C n )  f o r  a l l  n 6 
n 

and x = P- l im  x . W e  h a v e  t o  show t h a t  
n 

n t M  

L e t  n ,  < n2 < n3 < . . . E M be a r b i t r a r y ;  t h e r e  e x i s t s  a sub -  

s e q u e n c e  ( n  ) 
O f  l n k ) k  , m s u c h  t h a t  x=a.s . - l im x 

k i i c M  
i c m  "k i  

( 121 ;  see Example 1 .4 ) ;  t o g e t h e r  w i t h  (4 .341 ,  we o b t a i n  

S i n c e  ( n  ) was a r b i t r a r y ,  ( 4 . 3 6 )  i m p l i e s  ( 4 . 3 5 )  ([2]). T h i s  k 

c o m p l e t e s  t h e  p r o o f  o f  c o n v e r g e n c e .  

I f  S ( C )  2 P- L i m i n f  S ( C n ) ,  we o b t a i n  ( P , P ) - c o n s i s t e n c y  and 
 EM 

( P , P ) - s t a b i l i t y  a n a l o g o u s l y  t o  t h e  p r o o f  o f  p a r t  a )  

L e t  S ( C )  c_ a . s . -  L i m i n f  S ( C  ) and ( 4 . 3 4 )  h o l d  f o r  
n<m 

( n k )  = ( 1 , 2 , 3 , .  . .). I t  s u f f i c e s  t o  show t h a t  ( 4 . 3 4 )  h o l d s  f o r  

a l l  s e q u e n c e s  n ,  < n 2  < n 3  < ... E M 

L e t  n, < nz < n ,  < ... E hT and ( xn  ) b e  s u c h  t h a t  f o r  a l l  
k  

k c  m ,  x E C ( w )  and ( x n )  + x c  C ( W )  f o r a l l  w e  n\N. 
n 

k k k 

Because  o f  Theorem 4 .1  a ,  l i m  d ( x , C n ( w ) )  = 0 h o l d s  f o r  a l l  
naD 

w E Q\;, where  N E A w i t h  P ( N )  = 0 and d o e s  n o t  depend on  

x ,  ( x n  ), or ( n k ) .  For s i m p l i c i t y ,  we d e n o t e  the set N u N 
k 

a g a i n  b y  N. Let  w E R\N be a r b i t r a r y .  Then t h e r e  i s  a s e q u e n c e  

( E n )  w i t h  (En)  + x and sn E C,(wl. 

F o r  a l l  n E a, le t  
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ENGL AND ROMISCH 

21 21 
Then ( x  ) + x and x E C n ( w )  for a l l  n E N .  B y  assumption, 

'L 
~ ( w , x )  = l i m  T ( w ,  xn) .  Since ( x  ) i s  a subsequence 

n n 
n- k k ~ i N  

21 
o f  ( x n ) ,  T(w,x) = lirn T (o,xn ) .  Thus, (4.34) holds (with a 

k- "k  k 

new se t  N ,  that i s  independent o f  x ,  (xn ), or ( n k ) ) .  
k 

This completes the  proof. 

Remark 4.6: We consider operators o f  the  type (3 .18);  l e t  
A 
1': Z x X + Y be jo in t l y  continuous, where Z i s  a separable metric 

space, z and z (n E NO be random variables from R i n t o  2, 
n 

T(w,x):  = $ ( Z ( ~ ) , X )  and for  a l l  n , Tn(w,x):= 6 ( zn (w) ,x )  

for a l l  w E Q, x E X .  The following fac t s  are easy t o  prove: 

~f z = a.s.-  lirn z , then ( T  ) i s  (a.s.,a.s.)-convergent t o  T .  
n 

n €iN 

I f  z = P - lirn z then ( T  ) i s  (P,P)-convergent t o  T .  n' 
n €iN 

From Example 2.4 a we can conclude that  T and ( T n )  are also  

(a .  s ,a.  s .  )-consistent (or  (P,P)-consistent,  r e spec t i ve ly ) ,  so 

that by Proposition 2.5, (T,) i s  (a .  s .  ,a. s .  ) -s table  (or  ( P , P ) -  

s t a b l e ) ,  respect ive ly .  

We now give a s u f f i c i e n t  condition for  inverse s t a b i l i t y  as 

needed i n  Theorem 2.7. 

proposition 4 . 7 :  Let C ,  C (n  6 N ) be mul t i funct ions  from R 
n 

i n t o  X ,  T :  G r  C + Y ,  Tn: G r  C + Y (n  E i N )  be A x B(X)-measur- 

able. Assume that there i s  an N E A with P ( N )  = 0 such that  for  

a l l  w E Rb we have: 
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NONLINEAR RANDOM OPERATOR EQUATIONS 

+ There i s  a function a(w,. ):iR + W o with 

l i m  a (w , t )  = a(w,O) = 0 such that  for  a l l  n M and a l l  
t* 

X ,  x E C ( w )  we have n 

Then (TnI i s  (a . s . ,  a.s .  ) - inversely  s table .  

proof: Let ( x n ) ,  ( X  ) be sequences such that  xn E S ( C n )  and n 

: E S(C ) for  a l l  n E M and assume that  ( x n ) ,  (Tn , ( . , xn ( . ) ) l  and 

- 
( T n ( . , x n ( . ) ) )  are a.s.-convergent with a.s.- l im T n ( .  , xn ( .  ) )  = 

nEM 
- 

= a.s. - l i m  T n ( . , x n ( . ) ) .  
ncM 

For a l l  w E R\N we have because o f ( 4 . 3 8 ) :  

d ( x  R ( w ) ,  X n ( w ) )  5 ~ ( u , ~ ( T , , ( u , x ~ ( u ) ) ,  T ~ ( ~ , X ~ ( U ) ) ) ) ;  

because o f  our assumptions, the  right-hand side tends t o  0 as 

n + rn, so that  ( d ( x n ( . ) , < ( . ) ) )  + 0 a .s . ;  thus ,  ( x n )  i s  a.s.- 

- 
convergent and a.s.- l im x = a.s.-lim x . 

n€M nEm " 
This completes the  proof. 

Remark 4.8: The condition (4.38) i s  "inverse" t o  the  s u f f i c i e n t  

condition for s t a b i l i t y  used i n  Example 2 .4  b.  Note that  the  

common philosophy o f  most o f  the  r e s u l t s  given so far  i n  t h i s  

section i s  the following: We wanted t o  give s u f f i c i e n t  conditions 

for properties that  are defined v ia  measurable se lectors  i n  terms 

o f  assumptions not involving measurable se lectors  but only members 

o f  almost a l l  real izat ions  o f  the  measurable mul t i funct ions  i n -  

vol ved. 

we now turn t o  compactness conditions for sequences o f  s e t s  o f  
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284 ENGL AND ROMISCH 

random variables or o f  random operators. While for  convergence 

i n  d i s t r ibu t ion ,  Prohorov's Theorem ( e .  g. [6]) provides a 

comfortable basis  for such considerations,  the  s i tua t ion  i s  l e s s  

sa t i s fac tory  for a.s.-convergence and convergence i n  probabili ty.  

The following resu l t  gives a s u f f i c i e n t  condition for  compactness 

o f  a s e t  o f  random variables with respect t o  the  modes o f  conver- 

gence that  we are in teres ted i n  here. 

Surprisingly,  we could not find such a r e s u l t  i n  the  l i t e r a t u r e ;  

only for real-valued random variables,  such a resu l t  can be found 

i n  [Zo] without proof. We thank Anton Wakolbinger for valuable 

discussion concerning the  following resu l t .  

Theorem 4.9: Let E c, S ( X )  and assume that  for a l l  E > 0, there 

are n ( E )  E N , A , ,  . . . , An (E )  E A and a compact se t  K E  c_ X 

that  the  following hold: 

1 For a l l  x E E and a l l  w d 
Ai,  

i=l  

a l l  x E E and i E { I ,  ..., n ( c ) } t h e r e  e x i s t s  

( uiPx E X such that  for  a l l  w E Air d ( x ( w ) ,  uirX)6c.  

Then every sequence o f  elements o f  E has a subsequence that  con- 

verges i n  probabili ty,  almost surely and alnrast uniformly t o  

some element o f  S (X). 

Proof: Let D:S(X) x S(X)  + R be defined by 
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NONLINEAR RANDOM OPERATOR EQUATIONS 

I t  i s  e a s y  t o  see (and we l l - known  a t  l e a s t  f o r  t h e  c a s e  X = R )  

t h a t  

( 4 . 4 3 )  x  = P - l i m  x  <==+ l i m  D(x  , x )  = 0 
n  n  

n € N  n- 

a' 
f o r  x  E S ( X ) ,  ( x n )  E S ( X )  . 

D i s  a  p s e u d o m e t r i c ,  ( S I X )  , D )  i s  c o m p l e t e ;  t h i s  f o l l o w s  f rom the 

f a c t  t h a t  e a c h  s e q u e n c e  t h a t  i s  Cauchy i n  p r o b a b i l i t y  i s  P-conver-  

g e n t  ( s e e  e . g .  Theorem 1 . 4 . 1 8 . 3  and i t s  p r o o f  i n  [ 3 3 ] ;  n o t e  t h a t  a  

d i f f e r e n t  m e t r i c  i s  used  t h e r e ) .  Thus  i t  s u f f i c e s  t o  show t h a t  

( 4 . 4 4 )  E i s  t o t a l l y  bounded i n  ( S ( X )  ,D) .  

To s e e  t h i s ,  l e t  E > 0 be a r b i t r a r y ,  b u t  f i x e d .  L e t  A , ,  . . . 
l A n  ( e l  

and K be a s  i n  the a s s u m p t i o n s  o f  t h e  Theorem; we assume w i t h -  
E 

o u t l o s s o f g e n e r a l i t y t h a t A i  n A  = g f o r i  i j  E { l ,  ..., n ( ~ ) } .  
j  

S i n c e  K i s  compac t ,  t h e r e  e x i s t  k ( ~ )  E a' and x l , .  E K  
E " X k ( E )  E 

s u c h  t h a t  f o r  a l l  z  E KE,  t h e r e  e x i s t s  j  E { I , .  .., k ( ~ )  } w i t h  

d ( z , x j )  c: E .  

L e t  J :  = { f :  { l , .  . . , n ( ~ ) }  + { l , .  . . k ( ~ ) } } ,  and f o r  a l l  f  E J, l e t  

I a o t h e r w i s e ,  

where  a  i s  an  a r b i t r a r y  f i x e d  e l e m e n t  o f  X. { z f / f  E J )  i s  a  

f i n i t e  s u b s e t  o f  S ( X ) .  T o p r o v e  ( 4 . 4 4 ) ,  it s u f f i c e s  t o  show t h a t  

f o r  e a c h  x  E E ,  there e x i s t s  a n  f  E J w i t h  

s i n c e  t h e n  { z f  ( f  E J }  i s  proven  t o  be a  " f i n i t e  S E - n e t " .  

L e t  x E E be a r b i t r a r y ,  b u t  f i x e d .  For e a c h  i E { l , . .  . , n ( ~ ) } ,  

we c h o o s e  a n  wi E Ai. Because  o f  ( 4 . 4 0 )  and t h e  p r o p e r t i e s  o f  
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286 ENGL AND ROMISCH 

{ X  , . .. I ~ k ( E )  }, f o r  a l l  i E { l ,  ..., n ( ~ l j ,  t h e r e  is a 

j E { l ,  ..., k ( ~ ) }  s u c h  t h a t  

( 4 . 4 7 )  d ( x ( w i ) , x . )  6 ZE. 
I 

L e t  f  E J be s u c h  t h a t  w i t h  j = f ( i ) ,  ( 4 . 4 7 )  h o l d s ;  i f  z f  i s  

d e f i n e d  a s  i n  ( 4 . 4 5 1 ,  it f o l l o w s  f r o m  ( 4 . 4 7 )  t h a t  

( 4 . 4 8 )  

T o g e t h e r  w i t h  ( 4 . 4  I ) ,  t h i s  i m p l i e s  

B e c a u s e  o f  ( 4 . 4 9 )  and ( 4 . 3 9 )  we h a v e :  

6 4~ 4 E = 5 ; t h u s ,  ( 4 . 4 6 )  h o l d s .  By  the r e m a r k s  o f  a b o v e ,  t h i s  

i m p l i e s  t h a t  e v e r y  s e q u e n c e  i n  E c o n t a i n s  a  s u b s e q u e n c e  t h a t  

c o n v e r g e s  i n  p r o b a b i l i t y  t o  some  e l e m e n t  i n  S ( X ) ;  b y  E x a m p l e  1 . 4 ,  

t h i s  s u b s e q u e n c e  c o n t a i n s  a n o t h e r  s u b s e q u e n c e  c o n v e r g i n g  a l m o s t  

s u r e l y  and  a l m o s t  u n i f o r m l y .  

Remark 4 . 1 0 :  T h e  c o n d i t i o n s  ( 4 . 3 9 )  - ( 4 . 4 1  1 s e e m  t o  be q u i t e  

n a t u r a l ;  ( 4 . 3 9 )  - ( 4 . 4 0 )  r e m i n d  o f  the u s u a l  t i g h t n e s s  c o n d i t i o n s  

i n  P r o h o r o v ' s  T h e o r e m  (see e . g .  [ 6 ] ,  [ I 6 1 1  f o r  weak  c o m p a c t n e s s  

o f  p r o b a b i l i t y  m e a s u r e s .  N o t e  t h a t  ( 4 . 4 0 )  i s  i n  o n e  r e s p e c t  w e a k e r  

t h a n  the u s u a l  t i g h t n e s s  r e q u i r e m e n t ,  w h i c h  w o u l d  i n v o l v e  

" x ( o )  E K ". H o w e v e r ,  s i n c e  c o n v e r g e n c e  i n  p r o b a b i l i t y  i m p l i e s  
E 

z o n v e r g e n c e  i n  d i s t r i b u t i o n  ( [ 6 ] ) ,  i t  f o l l o w s  f r o m  P r o h o r o v ' s  

T h e o r e m  t h a t  u n d e r  t h e  a s s u m p t i o n s  o f  T h e o r e m  4 . 9 ,  f o r  e v e r y  

E > 0 there i s  a c o m p a c t  set K c X s u c h  t h a t  f o r  a l l  x E El 
E 
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NONLINEAR RANDOM OPERATOR EQUATIONS 287 

p ( { w / x ( w )  E R E } )  t 1 - E .  I n  a n o t h e r  s e n s e ,  ( 4 . 4 0 )  i s  s t r o n g e r  t h a n  

a t i g h t n e s s  a s s u m p t i o n ,  s i n c e  d ( x ( w ) ,  KE)  < E i s  assumed t o  h o l d  

f o r  a l l  w i n  a set w i t h  p r o b a b i l i t y  2 1-E t h a t  i s  i n d e p e n d e n t  o f  

x E E. 

I n  a d d i t i o n  t o  ( 4 . 3 9 )  - ( 4 . 4 0 ) ,  we need  t h e  c o n d i t i o n  ( 4 . 4 1 )  t h a t  

p r e v e n t s  the e l e m e n t s  o f  E f rom o s c i l l a t i n g  t o o  much o n  e a c h  A i' 
I t  can  b e  s e e n  f rom ( 4 . 6 9 )  and ( 4 .  7 0 )  i n  c o n j u n c t i o n  w i t h  ( 4 . 5 7 )  

t h a t  a c o n d i t i o n  o f  t h i s  k i n d  i s  i n  f a c t  n e c e s s a r y .  S e e  a l s o  

Remark 4 .14 .  

I f  E c o n s i s t s  o f  random v a r i a b l e s  t h a t  a r e  c o n s t a n t  on  e a c h  set 

o f  a f i x e d  d i s c r e t i z a t i o n  o f  (R ,A ,P I  ( s e e  s e c t i o n  3 ) ,  t h e n  ( 4 . 4 1 )  

i s  t r i v i a l l y  f u l f i l l e d .  

Theorem 4 .9  can  be used  t o  p r o v e  compac tnes s  o f  ( S IC , ) )  a s  needed  

e .g .  i n  P r o p o s i t i o n  2.9; j u s t  t a k e  E: = w S ( C n ) .  
n e N  

Now we want t o  g i v e  a s u f f i c i e n t  c o n d i t i o n  f o r  compac tnes s  o f  a 

s equence  o f  random o p e r a t o r s  ( T n )  t h a t  h a v e  t h e  s p e c i a l  form 

( 3 . 1 8 ) .  For t h i s  p u r p o s e ,  we n e e d  t h e  f o l l o w i n g  Lemma: 

Lemma 4 .11:  L e t  Z be m e t r i c  s p a c e ,  K G Z b e  compact ,  C c_ X ,  

$: K x C -+ Y b e  s u c h  t h a t  

( 4 . 5 0 )  {$(. , x ) / x  E C }  i s  e q u i c o n t i n u o u s  on K 

and 

( 4 . 5 1 )  @ ( z , c )  i s  r e l a t i v e l y  compact f o r  a l l  z  E K. 

Then ! ( K  x C )  i s  r e l a t i v e l y  compact .  

P r o o f :  L e t  ( ( z n , x n ) )  b e  an  a r b i t r a r y  s e q u e n c e  i n  K x C. I t  

s u f f i c e s  t o  p r o v e  t h a t  (hT(zn ,xn))  h a s  a c o n v e r g e n t  subsequence .  

S i n c e  K i s  compact ,  t h e r e  i s  a s u b s e q u e n c e  ( z  ) o f  (2,) n i 
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288 ENGL AND ROMISCH 

converging t o  a i E K.  Since $ ( ; , C )  i s  r e l a t i v e l y  compact, there 

i s  a subsequence ( x  ) o f  ( x  ) such that  ($(; ,xn ) )  converges 
n 

n i ;  i i + 

t o  some y E Y .  We w i l l  show that  

where j abbreviates n from now on. Let E > 0 be arbitrary.  
i 
j 

Because o f  (4.50) and the  compactness o f  K ,  I $ ( .  , x ) / x  E C ]  i s  

uniformly equicontinuous on K. Thus, there i s  a 6 > 0 such that  

for a l l  z , , z z  E K with d ( z l , z z )  < 6 and a l l  x E C ,  
h 

d ( G l z i , x ) ,  T ( z z , x ) )  < E .  

For such a 6 > 0, l e t  jo  E N be such that  for a l l  j 2 j o ,  

d ( z j , ; )  < 6 and d ( ( , x ) , y )  r E .  Then we have for a l l  j 2 j o :  
I 

the  f i r s t  term i s  l e s s  than E because o f  the  uniform equicontinu- 

i t y  and the  d e f i n i t i o n  o f  6 .  Thus, (4.52) holds. 

Remark 4.12: The assumption (4.50) cannot be dispensed with,  as 

the  following example shows: Let X = Y = Z = k2, C can be the  uni t  
1 I 

b a l l ,  K:= { ( z n )  E Z/- 5 zn 2 ; for  a l l  n E N 1 ,  
2n 

@: K x C + Y be defined by @ ( z , x ) : =  l ~ z l l - ~ .  e , z >  . Z .  $ i s  jo in t l y  

continuous. For a l l  z E K ,  $(z,C) i s  a bounded one-dimensional se t  

and thus r e l a t i v e l y  compact, so that  (4.51) holds. For a l l  n E N ,  

en E K ,  xn: = en E C ,  where e i s  the  n-th unit  vector. l e t  zn: = ' n 

Then, (@(zn ,xn) )  = ( e n ) ,  which has no convergent subsequence. Thus, 

~ ( K X C )  i s  not r e l a t i v e l y  compact. 

Now, l e t  ( i n  addition t o  X and Y )  Z be a Polish space, C 2 X ,  

4: Z x C -t Y; l e t  z and z ( n  E N )  be measurable mappings from 

fl i n t o  Z, and l e t  for a l l  w E $2 and x E C ,  
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NOICINEAR RANDOM OPERATOR EQUATIONS 

W i t h  t h i s  n o t a t i o n ,  we h a v e  t h e  f o l l o w i n g  compac tnes s  r e s u l t  f o r  

( T  ), where  we i d e n t i f y  a  C  = X w i t h  t h e  c o n s t a n t  map w + C(w):=C. n  

Theorem 4 .13 :  L e t  Tn (n E N  ) b e  d e f i n e d  b y  ( 4 . 5 3 )  and assume 

t h a t  

( 4 . 5 4 )  { 4 ( .  , x ) / x  E C}  i s  u n i f o r m l y  e q u i c o n t i n u o u s  on Z ,  

( 4 . 5 5 )  ~ ( z , c )  i s  r e l a t i v e l y  compact f o r  a l l  z  E 2, 

and t h a t  

I f o r  a l l  E > 0, t h e r e  e x i s t  p a i r w i s e  d i s j o i n t  

i k ( E  J 
Blr ... r 

B k ( c l  
E A w i t h  P  (u Bi) 2 1-E s u c h  t h a t  

i = l  

f o r  a l l  z E Z ,  x E S ( C ) ,  and i E { l ,  ..., k ( ~ ) }  t h e r e  

I i s  a  ui E Y s u c h  t h a t  f o r  a l l  w c Bit 

Fur thermore ,  assume t h a t  

( 4 . 5 7 )  z = P - l i m z  
n' 

ne N 

Then,  ( T n )  i s  py-compact,  where  p y  d e n o t e s  convergence  i n  proba- 

b i l i  t y ,  a .  s. - convergence  o r  a l m o s t  u n i f o r m  convergence .  

m 
Proo f :  I t  s u f f i c e s  t o  show t h a t  f o r  each  ( x n )  E S ( C J  , 

( T n ( . , x n ( . ) ) )  i s  p -compact; we w i l l  show t h i s  b y  p r o v i n g  t h a t  
Y 

t h e  s e t  E:  = { T , ( . , x ~ ( . ) ) }  f u l f i l l s  t h e  a s s u m p t i o n s  o f  Theorem 4.9.  

To t h i s  e n d ,  l e t  (x,) E s ( c ) ~  and E > 0 b e  a r b i t r a r y ,  b u t  f i x e d .  

By E g o r o f f ' s  Theorem ( [ 3 3 ] ) ,  t h e r e  e x i s t s  a  subsequence  o f  (2,) 
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290 ENGL AND ROMISCH 

t h a t  c o n v e r g e s  t o  z  a l m o s t  u n i f o r m l y ;  since we w a n t  t o  c o n s t r u c t  

a  s u b s e q u e n c e  o f  ( T n ( . , x n ( .  ) ) I ,  we may a s s u m e  w i t h o u t  loss  o f  

g e n e r a l i t y  t h a t  

( 4 . 5 8 )  z = a . u .  - l i m  z n .  
n < M  

L e t  6 > 0 be s u c h  t h a t  

( f o r  a l l  y , ,  y z  i Z w i t h  d ( y l ,  y 2 )  < 6 and a l l  

S u c h  a  6 > 0 e x i s t s  b e c a u s e  o f  ( 4 . 5 4 ) .  B e c a u s e  o f  ( 4 . 5 8 ) ,  there 

e x i s t s  a n  Q '  c_ R  s u c h  t h a t  P ( R ' )  t 1  - $ and  (2,) -+ z u n i f o r m l y  

o n  R'. T h u s ,  there exis ts  a n  E N s u c h  t h a t  

( 4 . 6 0 )  
6 

d ( z  ( w ) , z ( w ) )  < 7 f o r  a l l  n t n o  a n d  w E a ' .  
n 

S i n c e  the d i s t r i b u t i o n  o f  a  s i n g l e  r a n d o m  v a r i a b l e  i s  t i g h t  (see 

C 6 , ~ h e o r e m  1 . 4 ] ) ,  t h e r e  e x i s t  c o m p a c t  sets L ~ ,  L l ,  . .. , Lno-l 

s u c h  t h a t  w i t h  n o :  = {w E R / z ( w )  E L O }  a n d  

n i :  = { W  c R / z i  ( w )  E L  . }  ( 1  < i 5 n o - 1 )  we h a v e  

( 4 . 6 1 )  
E 

~ ( 0 ~ )  z 1 - - f o r  a l l  i E  no-1). 
4 n 0  

L e t  

and  

T h e n  
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NONLINEAR RANDOM OPERATOR EQUATIONS 

and L c_ Z i s  compact ;  t h u s  t h e r e  e x i s t  r ' E N and 

21 ,..., &,, E Z s u c h  t h a t  

6 6 
where  B(-  , 2 i ) :  = { y  E ~ / d ( y , 2 ~ )  5 . 2 

For i E { I ,  ..., r ' )  and j E { I ,  ..., no-11,  l e t  

and 

( 4 . 6 7 )  
-1 6 

: = z  ( B ( ? ,  i i ) )  n n u .  
j 

r '  
For a l l  j E {o,. . .no-11,  u Aij  ' = 0 " ;  this  f o l l o w s  f rom 

i = l  

( 4 . 6 2 ) ,  ( 4 . 6 3 )  and ( 4 . 6 5 ) .  Now, l e t  A l ' , .  . . ,Ar' be a l l  non-empty  

s e t s  o f  t h e  form ngl A' Then 
j=O i ( j )  j .  

and ( b e c a u s e  o f  t h e  m e a s u r a b i l i t y  o f  z and (zn)), 

I A ~ ~ ,  ...., A, ' )= 4 .  Because  o f  t h e  d e f i n i t i o n  o f  t h e s e  sets, 

we h a v e  f o r  a l l  i E ( 1 , .  . . , r ] :  

T h e r e  i s  a z E Z s u c h  t h a t  f o r  a l l  w E A i l ,  
( 4 . 6 9 )  

i o 

For a l l  n E { l ,  ..., n o - 1 )  t h e r e  i s  a zin E Z s u c h  
( 4 .  70 )  

A 
The zio and zin c a n  b e  t a k e n  f rom t h e  set { z l , .  . . . , } b e c a u s e  r 
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292 ENGL AND ROMISCH 

o f  ( 4 . 6 6 )  and ( 4 . 6 7 ) .  From ( 4 . 6 9 )  we o b t a i n  t o g e t h e r  w i t h  ( 4 . 6 0 ) :  

i Witii  z a s  i n  (4 .691 ,  we h a v e  
( 4 .  7 1 )  

i o  

d ( z  ( w ) ,  Z .  ) < 6 f o r  a l l  n  2 n o  and w  E A i l .  
n 10 

Becapse  o f  ( 4 . 6 2 )  and ( 4 . 6 3 ) ,  z ( w )  E LE and z n ( w )  E L  f o r  a l l  
E 

w  E $2'' and n E { I ,  . . . , no-1 1 ; t o g e t h e r  w i t h  ( 4 . 6 0 ) ,  t h i s  i m p l i e s  

( 4 .  7 2 )  
6 

d ( z  ( w ) ,  L  I < - f o r  a l l  n  E N and w  E n u .  n E 2  

Now, l e t  

( 4 . 7 3 )  x E :  = P ~ L ~  x C) 

Because  o f  Lemma 4 .11 ,  K c Y i s  compac t .  
E 

L e t  k :  = k ( 7 )  and B l ,  ..., B be c h o s e n  a s  i n  ( 4 . 5 6 )  f o r  i n s t e a d  
k 2 

o f  E. By A , ,  ..., A we d e n o t e  a l l  d i s t i n c t  non-empty  sets o f  t h e  
m  

form B n A  ' where  s E 11,.  . . , k } ,  j  E { l , .  . . , r ] .    hen b e c a u s e  o f  s j '  

( 4 . 6 4 )  and ( 4 . 5 6 ) .  

L e t  i E { l , .  . . ,m) be a r b i t r a r y  and l e t  s E { l , .  . . ,k}, 
j  E { I ,  ..., r )  b e  s u c h  t h a t  

For n  E { I ,  ..., no-11,  l e t  uin E Y be s u c h  t h a t  f o r  a l l  w E Ai 

we h a v e  

For n  > n o  and j  E { I , .  . . r } ,  l e t  z  . = z ( s e e ( 4 . 6 9 ) )  and l e t  j n *  j0 

u  E Y b e  s u c h  t h a t  f o r  a l l  o  E Ai, ( 4 .  7 6 )  h o l d s .  S u c h  uin e x i s t  
i r i  

b e c a u s e  o f  ( 4 . 5 6 )  and ( 4 . 7 5 ) .  
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NONLINEAR RANDOM OPERATOR EQUATIONS 

For a l l  n  E N  and o  E Ai, we h a v e :  

< d ( T ( z j n l x n ( ~ ) ) t u i n )  + d ( $ ( z n ( w ) ,  x n ( o ) ) ,  uin) - 

h + d ( ~ ( z ~ ( w ) , x ~ ( w ) ) ,  P i z j n ,  x n ( u ) ) )  < f + d ( 4 ( z n ( w ) .  

G i z j n ,  x ( a ) ) )  b e c a u s e  o f  ( 4 . 7 6 ) .  Because  o f  ( 4 . 5 9 ) .  
n  

( 4 .  701,  and ( 4 .  71 ) ( t o g e t h e r  w i t h  z  : = z  f o r  n  2 
j n  jo 

s econd  e x p r e s s i o n  i s  a l s o  less t h a n  $ , s o  t h a t  

x n ( w ) ) ,  

( 4 . 7 5 / ,  

n o ) ,  t h e  

( 4 . 7 7 )  ~ ( $ ( z ~ ( w ) , x ~ ( ~ ) ) , u ~ ~ )  < E f o r  a l l  n  E N a n d  w  E Ai. 

Now l e t  n  E N  and w  E u Ai b e  a r b i t r a r y .  Because  o f  ( 4 .  7 2 ) ,  
i= I  

t h e r e  e x i s t s  a  v E L w i t h  d ( z n ( w ) , v )  < f . Because  o f  ( 4 . 5 9 1 ,  

A A 
t h i s  i m p l i e s  d ( T ( z n ( w ) ,  x n ( w ) ) ,  T ( v , x n ( w ) ) l  < E ;  s i n c e  

A 
~ ( v ,  x n ( w ) )  E KE,  t h i s  i n  t u r n  i m p l i e s  

m 
A 

( 4 .  7 8 )  d ( ~ ( z ~ ( w ) ,  x n ( w ) ) ,  K E )  < E f o r  a l l  n 6 N a n d  W €  U A ~ .  
i = l  

~ ~ 

S i n c e  ( 4 . 7 8 )  i s  v a l i d  f o r  a l l  n  6 N and w E u Ai, we h a v e  a l -  
i = l  

t o g e t h e r  shown t h e  f o l l o w i n g :  

For a l l  E > 0, there a r e  s e t s  A , ,  . . . . ,A E A w i t h  ( 4 . 7 4 )  and 
mF ) 

a  compact  set X i Y s u c h  t h a t  f o r  a l l  w  E Ai, ( 4 .78 )  h o l d s .  
E i=1  

Fur thermore ,  f o r  a l l  n  E N and i E { I ,  ..., m ( ~ ) )  t h e r e  e x i s t s  a  

u  E y s u c h  t h a t  ( 4 . 7 7 )  h o l d s .  Thus  we c a n  c o n c l u d e  f rom 
i n  

Theorem 4 .9  t h a t  { G n ( z n ( . ) ,  x n ( . ) ) }  = {Tn( . .x  ( . ) ) I  i s  compact  n  

w i t h  r e s p e c t  t o  c o n v e r g e n c e  i n  p r o b a b i l i t y  and h e n c e  a l s o  w i t h  

r e s p e c t  t o  a l m o s t - s u r e  and a l m o s t  u n i f o r m  c o n v e r g e n c e  ( c f . E x a m p l e  

1 . 4 ) .  T h i s  c o m p l e t e s  t h e  p r o o f .  

0 
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294  ENGL AND ROMISCH 

Remark 4.14: The uniform equicontinuity i n  (4.54) can be replaced 

by equicontinuity i f  Z i s  compact; condition (4.56) i s  cer tainly  

hard t o  f u l f i l l  i f  we rea l l y  need it for  a l l  x  E S(C).  In t h i s  

context i t  i s  advantageous t o  use the  modified version o f  Theorem 

2.11 as outlined i n  Remark 2.15, since then (4.56) has t o  be 

checked only for x  E Dn ( see  Remark 2.15 for  t h e  no ta t ion) .  I f  Dn 

i s  the  s e t  o f  elements o f  S(C) that  are constant on a l l  s e t s  o f  

a f ixed d i scre t i za t ion  o f  fi which i s  independent o f  n  ( see  section 

3 ) ,  then (4.56) i s  t r i v i a l l y  f u l f i l l e d .  

We think that  a  condition l i k e  (4.56) has t o  be assumed i n  Theorem 

4.13, since for obtaining P-compactness, one cer tainly  has t o  bound 

the  osc i l la t ion  on a  f i n i t e  d i scre t i za t ion  o f  Q. This b e l i e f  comes 

from the  fact  that  for real-valued random variables,  the  analogue 

o f  (4.41) i s  necessary for P-compactness (see  C201). 

5.)  CONCLUDING REMARKS 

We have introduced many assumptions i n  t h i s  paper that  we needed 

for our general convergence r e s u l t s  i n  section 2; for these 

assumptions, we have given various s u f f i c i e n t  conditions.  The 

following table  w i l l  help t o  locate  the  most important places 

where these concepts are needed and where s u f f i c i e n t  conditions 

are given; a l l  numbers r e f e r  t o  Theorems, Remarks,etc.: 

We formulated our resu l t s  for  convergences f u l f i l l i n g  ( 1 . 4 ) ,  ( 1 . 5 ) ,  

( 1 . 6 )  , and (1.8) . Especial1 y ,  we concentrated on convergence i n  

probabili ty,  almost-sure and almost uniform convergence. Since two 

random variables may have the  same d i s t r ibu t ion  without being equal 

anywhere, (1.8) rules  out convergence i n  d i s t r ibu t ion .  I t  can be 

seen from the  proofs that  i n  some o f  our r e s u l t s  (1 .8)  i s  i n  fact  

not necessary. Hopefully, we can pursue our concept for  conver- 

gence i n  d i s t r ibu t ion  i n  a  subsequent paper. One obstacle i s  the  

following: I f  x ,  and x2 6 S ( X )  have the  same d i s t r ibu t ion ,  then 
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NONLINEAR RANDOM OPERATOR EQUATIONS 295 

Concept  I d e f i n e d  i n  1 needed  i n  I s u f f i c i e n t  c o n d i t i o n s  

- - 

S (C)cL  i m i n f  S  (C ) 
n 

S(C)=Lirn S ( C  ) 
n 

(Tn)  c o n v e r g e s  
t o  T  

- 

( T n )  s t a b l e  

( T n )  and T 
c o n s i s t e n t  

(T,) i n v e r s e l y  
s t a b l e  

2.1 

2 . 3  

ITn) compact 

2 . 3  

2 .9 ,2 .  l o ,  
2.13,2.14 

2.9 

T ( .  , X I  ( . ) )  and T ( .  , x 2 ( .  ) )  need  n o t  h a v e  t h e  same d i s t r i b u t i o n .  

4 .1 ,4 .2 ,4 .4 ,4 .9  

2.5,3.1,4.5,4.6 

2 .5 ,2 .7 ,  
2 .10 ,2 .13 ,  
2.14 

S ( C  ) compact  

( T n )  and T  
c l o s e d  

( U n )  r e g u l a r  

To see t h i s ,  t a k e  
A 
T ( x , y ) :  = x . y  f o r  

2.4a,3.1,4.5,4.6 

a11 x , y  E X :  = [ O , l ] .  For a l l  6 n, l e t  

and 

4.9 

2 .9 ,2 .10  

2 .12  

2.1 

2 .8  

2.8 

2 .9 ,2 .  l o ,  
2.13,2.14 

2.11 

2 .11  

D
ow

nl
oa

de
d 

by
 [

H
um

bo
ld

t-
U

ni
ve

rs
it&

au
m

l;t
 z

u 
B

er
lin

 U
ni

ve
rs

it&
au

m
l;t

sb
ib

lio
th

ek
] 

at
 1

1:
50

 1
4 

O
ct

ob
er

 2
01

4 



296 ENGL AND ROMISCH 

x ,  and x 2  h a v e  t h e  same d i s t r i b u t i o n . W i t h  T(cu ,x) :  = $ ( x , ( w ) , x )  

f o r  w E Q, x E X ,  we h a v e  T ( . , x l  (. ) )  = x l  and T ( . , x z ( . ) )  = 0, 

wh ich  d o  n o t  h a v e  t h e  same d i s t r i b u t i o n .  

T h u s ,  t h e  o b v i o u s  i d e a  t o  r e p l a c e  a . s . - e q u a l i t y  b y  e q u a l i t y  o f  

t h e  d i s t r i b u t i o n  i n  ( 1 . 8 )  d o e s  n o t  work .  

I f  o n e  u s e s  c o n v e r g e n c e  i n  d i s t r i b u t i o n ,  a l l  compac tnes s  a s s u m p t i o n s  

w i l l  be more c o m f o r t a b l e  t h a n  i n  t h i s  p a p e r ,  s i n c e  o u r  Theorem 

4 .9  i s  r e p l a c e d  b y  P r o h o r o v ' s  Theorem. I n  t h i s  c o n t e x t ,  u n t i l  

r e c e n t l y  t h e r e  was t h e  f o l l o w i n g  a d d i t i o n a l  o b s t a c l e :  I f  a 

s e q u e n c e  o f  random v a r i a b l e s  i s  proven  b y  P r o h o r o v ' s  Theorem t o  

c o n v e r g e  i n  d i s t r i b u t i o n  t o  a p r o b a b i l i t y  measure ,  i s  t h i s  measure  

t h e  d i s t r i b u t i o n  o f  a random v a r i a b l e  o n  t h e  same p r o b a b i l i t y  

space? T h i s  o b s t a c l e  h a s  b e e n  removed i n  [ 1 3 ] .  

N o t e  t h a t  o f  c o u r s e  a l l  o u r  r e s u l t s  t h a t  y i e l d  c o n v e r g e n c e  i n  

p r o b a b i l i t y  i m p l y  c o n v e r g e n c e  i n  d i s t r i b u t i o n .  However, an 

a d e q u a t e  t h e o r y  f o r  c o n v e r g e n c e  i n  d i s t r i b u t i o n  s h o u l d  a l s o  u s e  

weaker  a s s u m p t i o n s  t h a t  d o  n o t  i m p l y  c o n v e r g e n c e  i n  p r o b a b i l i t y .  

T h u s ,  more work i n  t h i s  c o n t e x t  seems t o  b e  j u s t i f i e d .  
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