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ABSTRACT: 

In this paper, we considerably extend our earlier ~esult about 

convergence in distribution of approximate solutions of random operator 

equations, where the stochastic inputs and the underlying deterministic 

equation are simltaneously approximated. As a by-product, we obtain 

convergence results for approximate solutions of equations between 

spaces of probability measures. We apply our results to random 

Fredholm integral equations of the second kind and to a random iion- 

linear ellintic boundary value problem. 
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6 2 ENGL AND ROMISCH 

1. INTRODUCTION AND PRELIMINARIES 

In C121, we developed an approach for proving weak compactness and 

weak convergence of sequences of probability distributions of random 

variables which are approximate random solutions of random operator 

equations. This approach allows the simultaneous approximation of the 

underlying deterministic equation and of the stochastic inputs with 
respect to convergence in distribution. The proof Of the main con- 

vergence result ([12, Theorem 2.111) is essentially based on 

Prokhorov's Theorem (see [27, Theorem 1.121). Another, but related 

approach for attacking this problem can be found in C 5 2 .  

For concepts and general results concerning other modes of convergence 

of approximate random solutions (a.s.-convergence, convergence in 

probability) , we refer e .g . to [ 231 , 1: 111. 
In this paper, we considerably generalize the approach of C 121: 

Instead of compactness assumptions about the operators we need only 

more general regularity assumptions; the approximate equations are 

now allowed to be defined only on subspaces (and on different pro- 

bability spaces); instead of convergence of subsequences, we will 

also be able to prove convergence (in distribution) of the whole 

sequence of approximate solutions. These extensions allow much more 

far-reaching applications than those considered in [12]. In order to 

achieve this, we have to develop an approximation concept for 

equations in spaces of probability measures ("stochastic equations"), 

which might also be of independent interest. 

We will be concerned with a random equation 

and its approximations 

where T is a mapping from Z x X into Y, Tn from Z x Xn into Y, and 

X, Xn, Y, Z are metric spaces with Xn G X; z, y and znr ynr n c N ,  

are random variables (defined on possibly different probability 

spaces (n,A,P), (on, Ant Pn) , n E 1 .  
We assume that the joint probability distributions (D(yn,zn)) 

converge weakly to D(y,z) (in the space of probability measures 

on Y x Z) and ask for conditions on T and (Tn) that imply weak 

convergence of (D(xn) ) to a "solution" of (J . I ) .  Here (xn) is a 

sequence of Xn-valued random variables (defined on (an,A ., pn)) 

that are almost surely solutions of (1.2). The basic convergence 
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7 APPROXIMATIONS OF STOCHASTIC EQUATIONS 6 3 

r e s u l t s  a r e  Theorem 4.6 and i t s  C o r o l l a r i e s .  I t  t u r n s  ou t  t h a t  t h e  

weak l i m i t  of ( D ( x n ) )  i s  a p r o b a b i l i t y  measure defined on X which 

i s  a  s o l u t i o n  of (1 .1 )  i n  a  weak sense ( s e e  t h e  d e f i n i t i o n  of a  

weak s o l u t i o n  i n  4 . 1 ) .  This s o l u t i o n  concept f o r  (1 .1 )  i s  motivated 

by Ershov's  concepts ( s e e  e.g. C141). The concept of a  weak Solu t ion  

we use g e n e r a l i z e s  t h a t  of a  "D-solution" used i n  C121 ( f o r  a  f u r t h e r  

d i scuss ion  we r e f e r  t o  Remark 4 . 2 ) .  

The approach f o r  e s t a b l i s h i n g  t h e  convergence r e s u l t s  i s  based on 

t h e  observat ion t h a t  t h e  j o i n t  d i s t r i b u t i o n  D(zn,xn)  i s  a  s o l u t i o n  

of t h e  s p e c i a l  " s t o c h a s t i c  equat ion" ( i n  t h e  sense of 1141) 

4 

with s u i t a b l e  mappings Tn, n  E N ( s e e  (4.51, ( 4 . 6 ) )  

I n  Sec t ions  2  and 3 ,  we develop an approximation concept f o r  genera l  

s t o c h a s t i c  equat ions and e s t a b l i s h  an a b s t r a c t  convergence r e s u l t  

(Theorem 3.10) which i s  appl ied  t o  t h e  s p e c i a l  equat ion (1 .3 )  i n  

Theorem 4.6. I t  t u r n s  ou t  t h a t  well-known concepts from ( d e t e r m i n i s t i c )  

opera tor  approximation theory such a s  " d i s c r e t e  convergence", 

"A-regular i ty"  e t c .  ( s e e  e. g. C 281 , C 291 , C 191 , C 21 ) a r e  a l s o  

e s s e n t i a l  t o o l s  i n  t h i s  context .  

I n  Sec t ions  5 and 6,  we apply our  convergence r e s u l t s  t o  approxi- 

mations f o r  random Fredholm i n t e g r a l  equat ions of t h e  second kind 

and t o  a  Galerkin scheme f o r  a  nonl inear  e l l i p t i c  p a r t i a l  d i f f e -  

r e n t i a l  equat ion with random c o e f f i c i e n t s .  

We ded ica te  t h i s  paper t o  t h e  memory of our mentor and f r i e n d  

A.T.Bharucha-Reid; h i s  work, e s p e c i a l l y  C41, was a  major gu ide l ine  

f o r  research  i n  t h e  f i e l d  of random equat ions f o r  many people 

( inc lud ing  both au thors  of t h i s  p a p e r ) .  Furthermore, h i s  s teady  

i n t e r e s t  i n  our work and h i s  encouragement was e s s e n t i a l  f o r  both 

au thors '  p r o f e s s i o n a l  development. Moreover, a s  can be seen from 

t h e  l i s t  of r e f e r e n c e s ,  some of h i s  work i s  of d i r e c t  importance 

f o r  t h i s  paper. 

We now f i x  t h e  terminology of t h i s  paper. For a  met r ic  space S  we 

denote by B(S) t h e  a-algebra of Borel s u b s e t s  of S  and by P(S) the  

s e t  of a l l  p r o b a b i l i t y  measures defined on (S ,B(S) )  equipped with 

t h e  topology of weak convergence ( s e e  C6, p. 2361, 1271). I t  i s  

known t h a t  P(S) i s  met r izab le  ( P o l i s h )  i f  S  i s  separab le  ( P o l i s h )  

( s e e  C61). 
Suppose t h a t  So i s  a  Borel s u b s e t  of S  and t h a t  So i s  endowed with 

t h e  r e l a t i v e  touology Then f?(So) = { B  n  sol^ G B ( S ) ) .  I f  u i s  a  

p r o b a b i l i t y  measure on (So, B ( S o ) ) ,  l e t  u e  E P(S) denote t h e  
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7 64 ENGb AND ROMISCH 

" c a n o n i c a l  e x t e n s i o n "  of  u , d e f i n e d  by p e  ( B )  : = IJ (B n So) , f o r  a l l  

B E B(S) ( s e e  C 6 ,  p . 3 8 1 ) .  

I f  x  i s a n  S-valued random v a r i a b l e  d e f i n e d  on some p r o b a b i l i t y  space  

(n ,A,P)  ( i . e . , x - ' ( B )  E A f o r  a l l  B E B ( S ) ) ,  l e t  D(x)  t P(S)  deno te  

i t s  " p r o b a b i l i t y  d i s t r i b u t i o n " ,  i. e.  , 

I n  t h e  fo l lowing ,  a  sequence (sn)  i n  a  c e r t a i n  m e t r i c  space  S '  w i l l  

be  c a l l e d  " r e l a t i v e l y  compact" i f  it c o n t a i n s  a  convergent  subsequence. 

(sn) w i l l  be  c a l l e d  " d i s c r e t e l y  compact" ( s e e  e . g .  C28, p.2881) i f  

eve ry  subsequence of  (sn) c o n t a i n s  a  f u r t h e r  subsequence t h a t  i s  

convergen t  i n  S ' .  The r e s p e c t i v e  n o t i o n s  f o r  weak convergence i n  

P ( S )  (where S  i s  s e p a r a b l e )  w i l l  be  c a l l e d  " r e l a t i v e l y  w-compact" 

and " d i s c r e t e l y -  w-comoact". 

I t  i s  known from Prokhorov'  s Theorem (C 271 , C 6 ,  Theorem 6 . 1  I ) t h a t  

a  sequence ( u n )  i n  P ( S )  w i t h  a  s e p a r a b l e  m e t r i c  s p a c e  S i s  d i s c r e t e l y  

w-compact i f  it i s  (un i fo rmly)  " t i g h t " ,  i . e . ,  f o r  a l l  E > 0 

t h e r e  e x i s t s  a  compact s u b s e t  Kc of  S  such t h a t  

The conver se  i s  t r u e  i f  S  is  P o l i s h  (16 ,  Theorem 6 .21) .  

A sequence ( u n )  i n  P (S)  w i l l  b e  c a l l e d  "w-bounded" i f f  f o r  a l l  

E > 0 t h e r e  e x i s t s  a  bounded Bore1 s e t  BE c S such t h a t  

Note t h a t  a  sequence (xn)  of S-valued random v a r i a b l e s  i s  D-bounded 

i n  t h e  s e n s e  of [ 1 2 1  i f  ( D  ( x n )  ) i s  w-bounded. 

I f  u ,  u n  E P ( S ) ,  n  6 N , we deno te  by u n  p t h e  weak convergence 

of  ( u n )  t o  p. Note t h a t  i f  S i s  P o l i s h ,  t h e n  eve ry  weakly convergen t  

sequence ( u n )  i n  P (S)  i s  t i g h t  and,  hence,  w-bounded. 

2. AN APPROXIMATION CONCEPT FOR EQUATIONS I N  SPACES OF 

PROBABILITY MEASURES 

L e t  X and Y b e  s e p a r a b l e  m e t r i c  s p a c e s  and $ be  a  mapping from 

P(X) i n t o  P(Y) .  I n  t h i s  S e c t i o n ,  we c o n s i d e r  t h e  e q u a t i o n  
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APPROXIMATIONS OF STOCHASTIC EQUATIONS 65 

where v  E P(Y) i s  a  g iven  p r o b a b i l i t y  measure ,  and i t s  approximat ions  

where $n: P(Xn) + P ( Y )  a r e  g i v e n  mappings ( converg ing  t o  T i n  some 
A 

s e n s e ,  s e e  Def.  2 .2)  and vn, n  E N ,  a r e  g i v e n  p r o b a b i l i t y  measures 

i n  P(Y) ( converg ing  weakly t o  v ) ;  Xn (n  E N )  a r e  Bore1 s u b s e t s  of  X.  

I n  t h e  f o l l o w i n g ,  we a r e  i n t e r e s t e d  i n  c o n d i t i o n s  g u a r a n t e e i n g  

"convergence"  ( s e e  No ta t ion  2 . l ) o f a  sequence ( p n )  of s o l u t i o n s  of 

( 2 . 2 )  t o  a  s o l u t i o n  o f  ( 2 . 1 ) .  Note t h a t  (2 .1 )  and ( 2 . 2 )  ( f o r  n  E N ) 

can be  viewed a s  e q u a t i o n s  i n  c e r t a i n  m e t r i c  s p a c e s  (o f  p r o b a b i l i t y  

m e a s u r e s ) .  Hence, t h e  wel l -developed approximat ion theory  f o r  o p e r a t o r  

e q u a t i o n s  i n  m e t r i c  s p a c e s  ( s e e  e . g .  [ I ] ,  C21, 1191 ,  C261, C281, [291 ,  

C 301) can b e  a p p l i e d .  

No ta t ion  2.1: ( s e e  C 2 1 ,  S e c t .  31) 

L e t  LI E P(X) and p n  E P ( X n ) ,  n  E N . ( p n )  w i l l  be c a l l e d  "weakly 

convergent"  t o  IJ (unz u )  , i f  (p:) i s  weakly convergen t  t o  p i n  P(X) 

( s e e  S e c t .  1  f o r  t h e  n o t a t i o n s ) .  Analogously ,  ( u n )  i s  c a l l e d  

" r e l a t i v e l y  w-compact", " d i s c r e t e l y  w-compact", " t i g h t " ,  "w-bounded", 

whenever ( M E )  has  t h e s e  p r o p e r t i e s  i n  P(X) .  

The f o l l o w i n g  a r e  s t r a i g h t f o r w a r d  a d a p t i o n s  of  t h e  co r re spond ing  

a ~ p r o x i m a t i o n  concep t s  i n  [ 21 , C 281 , C 301 t o  t h e  c o n t e x t  of  t h i s  

S e c t i o n .  

D e f i n i t i o n  2.2: 

A 
a )  6 and (Tn) a r e  c a l l e d  "w-closed" i f f  f o r  a l l  n,  < n2 < n3 < . .. E 34 

and sequences  ( p  ) w i t h  p E P(Xn ) f o r  k  E N , we have t h a t  
"k "k k  

W 
p - - r ~  and + ( v  ) - % v  imply + ( p )  = U. 

"k "k "k 

A 
b )  (Tn) i s  c a l l e d  ( a s y m p t o t i c a l l y )  "w-regular"  i f f  f o r  a l l  

n1 < n2 < n3 < . . . E N and sequences  ( U  ) w i t h  il E P(X ) 
"k "k "k 

f o r  k E N , we have t h a t  ( u n  ) i s  r e l a t i v e l y  w-comnact i f  ( v  ) i s  
k  nk 

A 
w-bounded and (Tn ( p  ) )  is  r e l a t i v e l y  w-compact. (Note t h a t  it 

k "k 

obv ious ly  s u f f i c e s  t o  prove r e l a t i v e  w-compactness o f  ( p  ) on ly  
"k 
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ENGL AND ROMISCH 

for those sequences ( u  ) for which ($ (u ) ) is weakly convergent.) 
"k "k "k 

These notions turn out to be useful for the following convergence 

result which is closely in the spirit of [ 21 , C 191 , [: 281 , 301. 

Its proof is straightforward and is included here only for convenience. 

Theorem 2.3: 

Let , (Pn) and V, (v,) be as above. Assume that (in) is w-regular, 

4 and (Gn) are w-closed and that v n L v .  Then, every w-bounded 

sequence (u,) of solutions of (2.2) (for the index n E R )  is 

discretely w-compact and every limit u E P ( X )  of a weakly convergent 

subsequence is a solution of (2.1). 
If, furthermore, (2.1) is uniquely solvable, then (11,) converges 

weakly to the unique solution of (2.1) . 
Proof: 

Let (un) be a w-bounded sequence of solutions of (2.2): 

A 
Tn(un) = vn (n d ) , (2.3) 

and let ( p  ) be an arbitrary subsequence. (2.3) implies that 
"k 

(in ( p )  ) is weakly convergent to v. Hence, because of the w- 
k "k 

A 

regularity of (T,), (u ) is relatively w-compact. Hence there 
k 

are a further subsequence (pn ) and a probability measure p E P ( x )  
k .  ' A 

such that S p .  Since $ and (Tn) are w-closed, this implies 
"k; 

Now, let (2.1) be uniquely solvable. We have proven that every 

subsequence of (pn) contains a further subsequence that converges 

weakly to a solution of (2.1) and, hence, to the unique solution 
W 

p of (2.1). Thus, [6, Theorem 2.31 yields that vn-u. 

U 

Remark 2.4.: 

Note that every w-bounded sequence (pn) of solutions of (2.2) is 
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APPROXIMATIONS OF STOCHASTIC EQUATIONS 

A 
already discretely w-compact if (Tn) is w-regular and (v,) is 

discretely w-comnact. 

The reasons for introducing these concepts and stating Theorem 2.3 

will become clear in the following Sections. Here, we indicate that 

(natural) sufficient conditions for the "w-closedness" and "w- 

regularity" are given in Section 3 (Prop. 3.4 and 3.9) for the case 
A A 

that the mappings T and Tn, n E X i ,  are induced by Bore1 measurable 

mappings T: X + Y and Tn: Xn + Y, n E N ,  respectively. 

These conditions are essentially based on Rubin's and Prokhorov's 

Theorems (C 6, Theorem 5.51 and [ 271 , [ 6, Theorems 6.1 and 6.21 ) . 
For applying Theorem 2.3 one has to show that a sequence of 

solutions (un) of (2.2) is w-bounded. The w-boundedness of (un) 

can be proved in many concrete situations using additional properties 
A 

of (Tn) , as can be seen in [ 12, Sect. 31, C 51 and the Sections 5 and 
6 of this paper. Roughly spoken, the motivation for the w-boundedness 

condition for a sequence of probability measures is nearly the same 

as the boundedness containad in the concept of "A-properness" (see 

e.g. C 261) or in other compactness and regularity concepts (e.g. C 21, 
t191, C301) for the approximate solution of operator equations: 

One needs some further information (e.g. a priori bounds) about the 

approximate solutions in order to be able to conclude their convergence. 

If X is a real separable Banach space, then a result of de Acosta 

(C 8, Theorem 2.31; see also C 5, Prop. 2.21) implies that (en) is 

w-regular if and only if for all n, < n2 < n3 < ... E N and 

sequences ( P  ) with u E P(Xn) (k E N ) ,  we have that (ue ) is 
"k "k k "k 

A 
flatly concentrated (see C81) if (T ( u  ) )  is relatively w-compact 

"k "k 

and (pn ) is w-bounded. An approach of this kind was used in C51 to 
k 

prove tightness of the set of probability distributions of approximate 

random solutions of random operator equations. However, we do not 

pursue this line of research here. 

3. WEAK CONVERGENCE OF APPROXIMATE SOLUTIONS TO STOCHASTIC 

EQUATIONS 

In this Section we present a general framework for proving convergence 

of approximate solutions of stochastic equations, i.e., equations 

between spaces of probability measures. In the following Sections, 



D
ow

nl
oa

de
d 

B
y:

 [H
um

bo
ld

t-u
ni

ve
rs

ita
et

] A
t: 

17
:4

5 
21

 N
ov

em
be

r 2
00

7 

68 ENGL AND ROMISCH 

we apply these  r e s u l t s  t o  more concrete  equat ions (random opera tor  

equa t ions ,  random i n t e g r a l  and d i f f e r e n t i a l  equa t ions) .  

Le t  X and Y be separab le  m e t r i c  spaces and T: X + Y be a  (Borel)  

measurable mapping. We consider  t h e  assoc ia ted  mapping 

$: P ( X )  + P(Y) def ined  by $ ( u )  ( B ) :  = u ( T - ' ( B ) ) ,  u E P(X) ,  B E B ( Y ) .  

I n  t h i s  Sec t ion ,  we a r e  concerned with " s t o c h a s t i c  equat ions" 

where v i s  a  given p r o b a b i l i t y  measure on Y .  

Now, a  p r o b a b i l i t y  measure u on X i s  c a l l e d  a s o l u t i o n  of (3.1) i f  

p ( T - I  ( B )  ) = v ( B )  holds f o r  a l l  B e B ( Y )  . Existence and uniqueness of 

s o l u t i o n s  of s t o c h a s t i c  equat ions of t h i s  type were f i r s t  s t u d i e d  by 

Ershov ( e .  g .  [ 143 , [ 151 ) ( i n  a  more genera l  framework) . 
I n  t h e  fol lowing,  we a r e  i n t e r e s t e d  i n  the  s tudy of approximations 

f o r  (3.1)  using t h e  concepts of t h e  preceding Sec t ion .  

Le t ,  i n  a d d i t i o n ,  f o r  a l l  n  E N Xn be  a  Borel subse t  of X ,  

Tn: Xn + Y be Borel measurable mappings and v n  E P ( Y )  be p r o b a b i l i t y  

measures. A s  above,we consider  t h e  assoc ia ted  mappings 
A - 1 
Tn: P ( X n )  -. P ( Y ) ,  de f ined  by $ , ( p ) :  = u 0 T, , u 6 P(x , ) ,  n  E IN, 

and t h e  "approximate" s t o c h a s t i c  equat ions 

Now, we aim a t  e s t a b l i s h i n g  condi t ions  on ( T n )  and on T  t h a t  imply 

uniqueness of s o l u t i o n s  of ( 3 . 1 ) ,  "w-closedness" and "w-regular i ty"  

( s e e  Def in i t ion  2 . 2 )  of t h e  sequence of t h e  assoc ia ted  mappings 

( a s  needed f o r  t h e  a p p l i c a t i o n  of Theorem 2 . 3 ) .  

Prowosition 3.1: 

Let  X and Y be P o l i s h  spaces and T: X + Y be measureable and 

i n j e c t i v e .  Then, f o r  every v E P ( Y ) ,  t h e  s o l u t i o n  of (3.1)  i s  unique. 

Proof: 

Le t  p i  E P(X) , i = 1 , 2 ,  be  s o l u t i o n s  of (3.1) f o r  some v c P(Y). 

Then, [ 25, Theorem 3.91 impl ies  t h a t  f o r  every B  E 8 (X) , T(B) r 8 ( Y )  
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7 APPROXIMATIONS OF STOCHASTIC EQUATIONS 

and hence pl(B) = V~(T-~(T(B))) = v(T(B)) = 

= U2(~-l (T(B))) = P~(B). 

Definition 3.2: 

Let S and St be metric spaces, Sn c S for n E N ,  and let 

A: S + S o ,  An: Sn + S' for n E N. 

(An) is said to "converge discretely" to A (see e.g. C 281, [291) iff 

(i) d(s,Sn): = inf [d(s,:) 1; E Snl + 0, for all s E S, where d is 

the metric in S. and 

(ii) for all s 6 S, sn E Snr n E N , with sn + s in S, we have 

Ansn + As in S' . 

Remark 3.3: 

If (An) converges discretely to A, then A: S + S' is continuous 

(see C29, Theorem 6.2, p.2391). For the relevance of "discrete con- 

vergence" of mappings we refer to the extensive literature on 

numerical functional analysis and "discretization methods" for 

operator equations (see e.g. C21, C 191, C 281, C 291, C 301). 

Proposition 3.4: 

A A 

Let T and (Tn) be as above and T, (Tn) be the associated mappings. 
A A 

Then, T and (Tn) are w-closed if (Tn) converges discretely to T. 

Proof: 

Using the same idea as in the proof of [21, Theorem 3.11, we define 

the ma~?ings?~: Y + Y, n E IN , by 

Because of ?il (B) = T;' (B) u (T-I (B) \ Xn) , for all B E B (Y) , the 

mappings ?,, n E N , are Bore1 measurable. 
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7 ENGL AND ROMISCH 

7 0 

NOW, l e t  n l  < n2 < n3 < . . . E N and ( u  ) w i t h  p E P(X ) , 
"k "k "k 

f o r  k E N , u < u and 4 ( p  &v b e  chosen a r b i t r a r i l y .  
"k "k "k 

To prove t h a t  t h i s  i m p l i e s  $ ( u )  = v ( i . e . , " w - c l o s e d n e s s " ) ,  we u s e  

~ u b i n ' s  Theorem ( C  6 ,  Theorem 5.51 ) t o  show t h a t  

1 w -1 4 ( p n  ) = p T-' = LI -pT a n d h e n c e u ~ - I  = v ,  i . e . , + ( p )  = v .  
"k k "k "k "k "k 

To t h i s  end,  we f i r s t  show t h a t  t h e  sequence ( %  ) s a t i s f i e s  t h e  
"k 

assumpt ions  of t h a t  Theorem. L e t  x ,  xk E X ,  k E N ,  w i t h  xk + x be  

a r b i t r a r y .  We have t o  prove t h a t  

?nk xk + Tx. ( 3 . 3 )  

I f  t h e  s e t  K:  = {k E N Ixk c Xnkl i s  f i n i t e ,  t h e n  ( 3 . 3 )  h o l d s  

because  of  t h e  c o n t i n u i t y  of  T ( s e e  Remark 3 . 3 ) .  Now, l e t  K b e  

i n f i n i t e ,  i . e . ,  K = { k l  
< k 2  < . . . 1 . S i n c e  (Tn) converges  d i s c r e t e l y  

t o  T,  t h e r e  e x i s t s  a sequence (sn) w i t h  sn E Xn f o r  a l l  n E N , 
t h a t  converges  i n  X t o  x. We d e f i n e  a f u r t h e r  sequence by 

x k ,  , i f  n = n f o r  some j E N , 
k j  

E X I  n c  N .  

xn , o t h e r w i s e .  

C l e a r l y ,  (2,) converges  t o  x 

T n k , x k j  + Tx. T h i s ,  t o g e t h e r  

3 
eve ry  subsequence of ( %  xk)  

"k 

and we can app ly  C 6 ,  Theorem 

and,  hence,  T,X, + Tx. T h i s  i m p l i e s  

w i t h  t h e  c o n t i n u i t y  of T, y i e l d s  t h a t  

converges  t o  Tx. Hence, ( 3 . 3 )  i s  proved 

5.51 and o b t a i n :  

T h i s  completes  t h e  proof .  

Remark 3 . 5 :  

Note t h a t  i n  t h e  proof of  P r o p o s i t i o n  3 .4  we d i d  n o t  u s e  t h e  
A 

assumpt ion t h a t  Tn ( p  ) converges  weakly; i ndeed ,  we proved t h a t  
k "k 

i f  P ZP t h e n  (p ) %  GII. This  i m p l i e s  t h a t  i f  Xn = X f o r  a l l  
"k "k "k 
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APPROXIMATIONS OF STOCHASTIC EQUATIONS 

n 
n E Ti, then we can even conclude i n  Propos i t ion  3 . 4  t h a t  ( T n )  

converges d i s c r e t e l y  t o  $ ( s e e  D e f i n i t i o n  3 . 2 ) .  

I f  t h e  Xn a r e  no t  n e c e s s a r i l y  a l l  equa l ,  then one would have t o  

show t h a t  f o r  a l l  p E P ( X )  t h e r e  i s  a  sequence p E P ( X n )  wi th 

u n s  u i n  o rder  t o  prove d i s c r e t e  convergence. This  holds f o r  a l l  

p E P ( X )  with t h e  p roper ty  t h a t  p ( X n )  + 1 ,  a s  can be seen a s  fol lows:  
1  For s u f f i c i e n t l y  l a r g e  n c N , l e t  p n ( A ) :  = ii . p ( A  n X n )  

f o r  A E B(X)i  we consider  p n  a l s o  a s  a  p r o b a b i l i t y  measure on X n .  

One can conclude from t h e  Portmanteau Theorem (C 6 ,Theorem 2.11 ) t h a t  

W 
p n - u .  However, it can happen t h a t  pn:p a l s o  i f  p ( X n )  % 1 ,  a s  t h e  

1 example X: = C o , l l ,  X,: = [A, 11, p(IO}) = 1 ,  p n ( I f ; > )  = 1 shows: 

Here p n  t P(Xn) ,  u n z p ,  b u t  p ( X n )  = 0 f o r  a l l  n  s N .  Thus, we do 
A 

not  know i f  t h e  condi t ions  of Propos i t ion  3 . 4  imply t h a t  Tn converges 

d i s c r e t e l y  t o  !$ i n  genera l .  

Another n a t u r a l  ques t ion  i s  i f  d i s c r e t e  convergence of (T,) t o  T 

could be  replaced by closedness ( s e e  C281)  of (T,), T i n  t h e  

assumptions of Propos i t ion  3 . 4 .  This  i s  not  t h e  case ,  a s  t h e  

fol lowing example shows: 

Let  X: = I R ~ ,  Y be t h e  met r ic  space of compact subse t  of CO,11, 

T: X +  Y be d e f i n e d b y  T(x): = I l }  f o r  x > 0 ,  T ( 0 ) :  = C 0 , 1 1 ,  X n =  X ,  

Tn = T f o r  a l l  n  E N . Then ( T n )  , T is c losed .  For a l l  n  E N , l e t  

1  1 1  u n  E P(Xn) be def ined  by u n ( I O > )  = 2, u (I-}) = 2 . Then u n L u  with n n 

u ( {Ol ) = 1 , b u t  ( G n p n )  does no t  converge t o  $ p .  Thus, (en) ,$ i s  not  

w-closed. 

A f t e r  having made t h e  observat ions 3 . 1  and 3 . 4 ,  we now t u r n  t o  

s u f f i c i e n t  condi t ions  f o r  t h e  w-regula r i ty  of t h e  sequence (Gn). 

D e f i n i t i o n  3.6: 

Let  S ,  S t ,  Sn s S ,  n  E N ,  and A ,  An ,  n  E 3 3 ,  be a s  i n  3 . 2 .  

a )  A is  c a l l e d  " regula r"  i f f  A-I ( K )  n B is  r e l a t i v e l y  compact i n  S 

f o r  each bounded B s S and compact K G S ' .  

L \  (A,) i s  c a l l e d  " c o l l e c t i v e l y  r e g u l a r N  i f f  u A,' (K) n B 
n 6 N  
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7 2  
ENGL AND ROMISCH 

i s  r e l a t i v e l y  compact i n  S  f o r  each bounded B s S and compact 

K G S' . 

C )  (An) is  c a l l e d  " a s y m p t o t i c a l l y  r e g u l a r " ,  i n  abbreva t ion  "A-regular" ,  

i f f  f o r  a l l  n l  < n2 < n3 .: . .. E N and a l l  s  E S , k 6 IN, 
"k "k 

t h e  sequence ( s n  ) i s  r e l a t i v e l y  compact i n  S i f  ( s  ) i s  bounded 
k  "k 

i n  S and ( A  s ) is  r e l a t i v e l y  compact i n  S f .  (Note  t h a t  it 
"k "k 

obv ious ly  s u f f i c e s  t o  prove r e l a t i v e  compactness of ( s  ) o n l y  f o r  
"k 

t h o s e  seauences  where (An s ) i s  convergen t . )  
k  "k 

The n o t i o n s  of r e g u l a r i t y  and A - r e g u l a r i t y  a r e  known t o  b e  impor t an t  

f o r  approximat ions  of  o p e r a t o r  e q u a t i o n s  ( s e e  e .  g .  C 21 , C 191 , C 281 , 
C301) .  I n  t h e  s e q u e l ,  t h e  " c o l l e c t i v e  r e g u l a r i t y "  of  t h e  sequence 

(Tn) t u r n s  o u t  t o  be  u s e f u l  f o r  t h e  s t u d y  o f  approx ima t ions  of 

s t o c h a s t i c  e q u a t i o n s  (compare P r o p . 3 . 1 0 ) .  The n e x t  r e s u l t  p r o v i d e s  

a  l i n k  between t h e  in t roduced  r e g u l a r i t y  c o n c e ~ t s .  

Lemma 3 .7  : 

L e t  S ,  S t ,  S n c _  S ,  n  E N ,  a n d A ,  An, n  E N ,  b e  a s  i n  3 .2 .  

(An) i s  c o l l e c t i v e l y  r e g u l a r  i f  and on ly  i f  (An) i s  A- regu la r  and 

An i s  r e g u l a r  f o r  each  n  E N . 

Proof :  

L e t  (An) be  c o l l e c t i v e l y  r e g u l a r .  S i n c e  t h e  d e f i n i t i o n s  imply t h a t  

An is  r e g u l a r  f o r  each n  E N , it remains  t o  be  shown t h a t  (An) i s  

A-regular .  To t h i s  end,  l e t  n, i n2  < n3 < ... E N , s 6 S , 
"k "k 

k  E N , b e  such t h a t  (s  ) i s  bounded i n  S  and (A s ) i s  con- 
"k "k "k 

v e r g e n t .  We p u t  B: = { s  Ik E N } ,  d e f i n e  K a s  t h e  c l o s u r e  of 
"k 

{A s  ( k  E N } and conc lude  t h a t  w A:' ( K )  n B i s  r e l a t i v e l y  
"k "k , E  N 

compact i n  S. Because of 

s E A - ' ( K )  r B ;  u A ~ ' ( K )  n ~ ,  f o r  a l l  k  s N ,  (sn ) i s  
"k "k n e N  k 

r e l a t i v e l y  compact and,  hence,  (A,) i s  A-regular .  For t h e  conver se ,  

assume t h a t  (An) i s  A-regular  and t h a t  An i s  r e g u l a r  f o r  each  n  c N . 
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APPROXIMATIONS OF STOCHASTIC EQUATIONS 

L e t  B s S b e  bounded and K c S f  b e  compact and l e t  ( w k )  b e  an 

a r b i t r a r y  sequence i n  u An1 ( K )  n B. I t  s u f f i c e s  t o  prove t h a t  
n E  hi 

(wk) has  a convergen t  subsequence. To t h i s  end,  we d i s t i n g u i s h  two 

c a s e s .  

Case 1: There  e x i s t s  no e hi such t h a t  t h e  s e t  

(A-I ( K )  n B) n {wkl k t N 1 i s  i n f i n i t e .  Then t h e  r e g u l a r i t y  o f  An 
no 0 

completes  t h e  p roof .  

Case  2 :  For  each n c N t h e  s e t  (An1 ( K )  n B) n {wkl k E XI } is  f i n i t e .  

Now, we c o n s t r u c t  a subsequence of  (wk) by i n d u c t i o n  a s  f o l l o w s .  

L e t  n l  E N be  such t h a t  w, e A-I ( K )  n B and kl  : = 1. 
"1 

Assume t h a t  k l  < k2  < . . . < k i - l r  n1 < n2 < . . . , n .  c N a r e  
1- 1 

a l r e a d y  d e f i n e d  w i t h  w k ,  - 1 
( X )  n B f o r  1 < j 5 i. 

1-1 

Then we have t h a t  I n  c N ( (An1 ( K )  n B)n {wklk k i - l l  2 0, n . n .  1-11 

is  nonempty ( s i n c e  t h e  c o n t r a r y  would imply c a s e  1 ) .  Hence, t h e r e  

a r e  ki ,ni  E N such t h a t  ki-l < k i t  ni-l < ni and 

T h i s  i n d u c t i v e  p rocedure  d e f i n e s  a subsequence ( w k , )  o f  ( w k ) .  
1 

Now, we d e f i n e  a new sequence s n , :  = w , i E N ,  and have from 
1 ki 

( 3 . 4 )  t h a t  sn ,  E S n , ,  i c N , ( S  ) i s  bounded and ( A n , s n , )  i s  a 
1 1 "i 1 I 

sequence i n  K ,  hence ,  i s  r e l a t i v e l y  compact.  

Because o f  t h e  A - r e g u l a r i t y  of  (A,), t h i s  i m p l i e s  t h a t  ( s  ) i s  
"i 

r e l a t i v e l y  compact,  i . e . ,  ( sn ,  ) = (wk ) has  
1 i 

t h u s ,  (wk) has  a convergent  subsequence,  wh 

Remark 3 . 8 :  

a convergen t  subsequence;  

i c h  completes  t h e  p roof .  

0 

Because of Lemma 3 . 7 , t h e  wel l -developed concep t  of  A- regu la r  o p e r a t o r  

approx ima t ions  ( s e e  e . g .  C 21, C 1 9 1 ,  I: 301 and a l s o  C 261 f o r  t h e  r e l a t e d  

concep t  of  A-proper maps) a l s o  a p p l i e s  t o  c o l l e c t i v e l y  r e g u l a r  

o p e r a t o r  approximat ions .  Note t h a t  i n  many a p p l i c a t i o n s  t h e  
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74 ENGL AND ROMISCH 

approximations An, n e N ,  are defined on finite-dimensional spaces 

and hence are regular, because sets of the form A:' (X) n B are then 

bounded subsets of finite-dimensional spaces and, hence, are relatively 

compact. 

The next result shows that (as one would expect in the view of [ 2 1 )  

the collective regularity of a sequence of mappings (with values in 

a linear space) is invariant under additive "collectively compact 

perturbations" : 

Lemma 3.9 : 

Let S be a metric space, Sn, n E N , be subsets of S,  S '  be a linear 

metric space and An, Cn: Sn + S', n c N ,  be such that (An) is 

collectively regular and (Cn) is "collectively compact", i.e., 

C,(B) is relatively compact for each bounded B c_ S. ( 3 . 5 )  
n c  N 

Then (An + Cn) is collectively regular. 

Proof: 

Let B c S be bounded and K r S' be compact, and let us consider 

We show that there is a relatively compact subset of S which contains 

V. To this end, let s e V be arbitrary. 

By (3.6) there exists no E N such that 

(An + C  )S e K and s E B. 
0 "0 

Let X' be the closure of Cn(B) ; we obtain from (3.7) that 
n c N  

By (3.51, K' is compact in S '  and, therefore, (-Kt)+K is compact. 

This, together with the collective regularity of (An) and with (3.8), 

implies that V is contained in the relatively compact subset 

u A;' ( (-K1)+K) n B of S. Since B and K were chosen arbitrarily, 
n a N  
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7 APPROXIMATIONS OF STOCHASTIC EQUATIONS 

t h i s  i m p l i e s  t h a t  (An + Cn) i s  c o l l e c t i v e l y  r e g u l a r .  

P r o p o s i t i o n  3 .10:  

A 
L e t  Y b e  P o l i s h ,  (T,) b e  a s  above  and  (T,) b e  t h e  s equence  of  

a s s o c i a t e d  mappings .  
A 

Then (T,) i s  w- r egu l a r  i f  (T,) i s  c o l l e c t i v e l y  r e g u l a r .  

P r o o f :  

L e t  n1 < n 2  < n 3  < ... E N ,  u e P(Xn ) ,  k  E TJ, ( u  ) b e  
"k k  "k 

A 
w-bounded and  (T ( u n  ) )  b e  weak ly  c o n v e r g e n t  i n  P ( Y ) .  By 

"k k  

P r o k h o r o v ' s  Theorem it s u f f i c e s  t o  p rove  t h a t  ( u e  ) i s  t i g h t  ( c f .  
"k 

De f .  2 . 2 ) .  

L e t  E > 0 b e  a r b i t r a r y ,  b u t  f i x e d .  By a s s u m p t i o n ,  t h e r e  e x i s t  a  

bounded BE E B ( X )  and  a  compact  K E  c Y s u c h  t h a t  

- 1  i n f  u e  (B ) r 1- 5 and i n f  p (Tn ( K c ) )  t 1- . ( 3 . 9 )  
k e N  "k k e N n k  k  

(The  l a t t e r  a g a i n  f o l l o w s  f rom P r o k h o r o v ' s  Theorem C 6 ,  Theorem 6.21 

s i n c e  Y i s  P o l i s h . )  

L e t  i fE  d e n o t e  t h e  c l o s u r e  o f  u T i 1  ( K E )  n BE.  S i n c e  (T,) i s  
n r N  

c o l l e c t i v e l y  r e g u l a r ,  2 i s  compact i n  X and  we o b t a i n  f rom ( 3 . 9 )  

t h a t  

s Z + = E ,  f o r  a l l  k  E N .  
2 2  

Hence ( u e  i s  t i g h t  and  t h e  p r o o f  i s  comple t e .  
"k 

n 

The main  conve rgence  r e s u l t  o f  t h i s  S e c t i o n  i s  now a n  immedia te  con- 
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7 7 6 ENGL AND ROMISCH 

sequence o f  Theorem 2.3 ,  t h e  P r o p o s i t i o n s  3 .1 ,  3.4 and 3 .10,  and of 

Lemma 3.7. 

Theorem 3.11: 

L e t  X and Y be  P o l i s h  s p a c e s ,  T: X + Y be  measurab le ,  X n ,  n  E IN , 
be  Bore l  s u b s e t s  of X ,  Tn: Xn + Y ,  n  E N ,  b e  r e g u l a r  and measur- 

A A 
a b l e  and T, Tn, n  E EJ, b e  t h e  a s s o c i a t e d  mappings d e f i n e d  a s  above, 

and l e t  v ,  vn E P ( Y ) ,  n  E N .  

Assume t h a t  (Tn) i s  A-regular  and d i s c r e t e l y  convergen t  t o  T and 

t h a t  vn-% v. 

Then, eve ry  w-bounded sequence ( u n )  of s o l u t i o n s  o f  ( 3 . 2 )  ( f o r  t h e  

index  n  E N )  i s  d i s c r e t e l y  w-compact and eve ry  l i m i t  o f  a  weakly 

convergen t  subsequence i s  a  s o l u t i o n  of  ( 3 . 1 ) .  

I f ,  f u r t h e r m o r e ,  T i s  i n j e c t i v e ,  t hen  (p,)  even converges  weakly 

t o  t h e  unique s o l u t i o n  of  ( 3 . 1 ) .  

Remark 3.12: 

Note t h a t  t h e  assumpt ions  of Theorem 3.11 imply t h a t  t h e  mapping 

T: X -+ Y i s  con t inuous  ( s e e  Remark 3.3) and r e g u l a r .  Indeed ,  i t  

can be  shown s i m i l a r l y  a s  i n  [ 2 ,  Theorem 4.13 t h a t  t h e  r e g u l a r i t y  

of  T i s  i m p l i e d  by t h e  d i s c r e t e  convergence of  (TI,) t o  T and ( a l r e a d y )  

by t h e  A - r e g u l a r i t y  of (Tn) . 
For  a  d i s c u s s i o n  o f  v a r i o u s  a s p e c t s  of  Theorem 3.11 we r e f e r  t o  t h e  

Remarks 2.4 and 4.11. 

4. APPROXIMATIONS OF NONLINEAR RANDOM OPERATOR EQUATIONS: 

WEAK CONVERGENCE OF DISTRIBUTIONS OF APPROXIMATE RANDOM SOLUTIONS 

Throughout t h i s  S e c t i o n ,  l e t  X , Y  and Z b e  P o l i s h  s p a c e s  and y  and z 

be  Y-valued and Z-valued random v a r i a b l e s  ( d e f i n e d  on some p r o b a b i l i t y  

s p a c e  (Q,A,P)). L e t  T b e  a  mapping from Z x X i n t o  Y t h a t  i s  Bore l  

measurab le ,  i . e . ,  measurab le  w i t h  r e s p e c t  t o  B ( Z  x X) and B ( Y ) .  

We w i l l  b e  concerned w i t h  t h e  random o p e r a t o r  e q u a t i o n  

I n  t h e  s e q u e l ,  we make use  of  t h e  f o l l o w i n g  s o l u t i o n  concep t s  f o r  
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equat ion (4 .1 )  and, i n  p a r t i c u l a r ,  in t roduce  t h e  concept of a  "weak 

s o l u t i o n "  of (4 .1 )  which t u r n s  out  t o  be s u i t a b l e  i n  t h e  context  of 

"weak approximations": 

D e f i n i t i o n  4.1: 

a )  A mapping x: n + X is c a l l e d  a  "random s o l u t i o n "  of (4 .1 )  i f f  x 

i s  measurable and T ( z ( w ) ,  x ( o ) )  = y ( o )  ho lds  P-almost s u r e l y .  

b)  A mapping x: n + X is  c a l l e d  a  I'D-solution" of (4 .1 )  i f f  x i s  

measurable and t h e r e  e x i s t s  a  random v a r i a b l e  z :  0 -+ Z with 

D(;) = D(z) such t h a t  

c )  A p r o b a b i l i t y  measure p x  e P ( X )  i s  c a l l e d  a  "weak s o l u t i o n "  of 

(4 .1 )  i f f  t h e r e  e x i s t s  a  p r o b a b i l i t y  measure v E P(Z x X) such 

t h a t  

where pX and pZ a r e  t h e  coord ina te  p r o j e c t i o n s  from Z x X on to  

X and 2 ,  r e s p e c t i v e l y .  
(Note t h a t  t h e  coord ina te  p r o j e c t i o n s  a r e  Bore1 measurable and 

- 1  t h a t  up;' and upZ a r e  t h e  so-ca l led  marginals  of p E P(Z x X )  .) 

Remark 4 .2 :  

The concept of random s o l u t i o n s  i s  a l ready  c l a s s i c a l  i n  p r o b a b i l i s t i c  

f u n c t i o n a l  a n a l y s i s  ( s e e  e.g. [ 41, C 201) . An ex is tence  theory f o r  

random s o l u t i o n s  (of random o p e r a t o r  equa t ions)  i s  well-developed 

(e.9. C 91 , 1: 241 ) . The concept of a  D-solution was introduced and 

d i scussed  i n  C121. (Note t h a t  D e f i n i t i o n  4.1 b i s  an adap ta t ion  t o  

t h e  type of random equationswe consider  i n  t h i s  paper . )  Our motivat ion 

f o r  in t roduc ing  D-solutions stems from t h e  f a c t  t h a t  ( a s  proved i n  

[121)  a  sequence of random s o l u t i o n s  of approximate random o p e r a t o r  

equa t ions  (def ined  on t h e  same p r o b a b i l i t y  space)  converges i n  

d i s t r i b u t i o n  t o  a  D-solution of t h e  o r i g i n a l  equat ion under reasonable 

condi t ions  ( s e e  a l s o  Coro l la ry  4.73. I f  t h e  approximate random 

o p e r a t o r  equat ions a r e  considered on (poss ib ly)  d i f f e r e n t  p r o b a b i l i t y  

spaces,  it t u r n s  ou t  (Theorem 4 . 6 )  t h a t  a  sequence of p r o b a b i l i t y  
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d i s t r i b u t i o n s  of approximate random s o l u t i o n s  converges weakly t o  a  

weak so lu t ion .  Of course,  t h e  concept of a  weak s o l u t i o n  of (4 .1 )  

reminds of and i s  motivated by Ershov's concent ( e . g .  [ I41  ) f o r  

s o l u t i o n s  of s t o c h a s t i c  equat ions ( s e e  a l s o  Remark 4 . 4 ) .  

F i n a l l y ,  we add t h e  fol lowing obvious observat ions:  A random s o l u t i o n  

i s  a l s o  a  D-solution of ( 4 . 1 ) ;  t h e  d i s t r i b u t i o n  of a  D-solution i s  

a  weak s o l u t i o n  of (4 .1 )  ( t h e  l a t t e r  fol lows from 

D ( T ( ; ( . ) , X ( . ) ) )  = D ( ~ , x ) T - ~  and t h e  f a c t  t h a t  D(x) and D(z) = D(:) 

a r e  t h e  marginals  of D ( ~ , x ) ) .  However, a  weak s o l u t i o n  need not  be 

t h e  d i s t r i b u t i o n  of a  D-solution. Hence, each s o l u t i o n  concept of 

D e f i n i t i o n  4.1 i s  a  s t r i c t  g e n e r a l i z a t i o n  of t h e  preceding one. 

For t h e  t reatment  of (4 .1 )  and of i t s  approximations we now aim a t  

using t h e  concept and t h e  r e s u l t s  of t h e  preceding Sect ions.  

However, we f i r s t  have t o  t ransform (4.1)  t o  a  s u i t a b l e  form, s i n c e  

i n  (4 .1 )  t h e  " s t o c h a s t i c  inputs"  do not  only appear i n  t h e  right-hand 

s i d e  a s  i n  ( 3 . 1 )  (which i s  c a l l e d  a  "s tandard  s t o c h a s t i c  equat ion" 

i n  C161). To t ransform (4 .1)  i n t o  t h i s  s tandard form,we make use of 

an idea  of Ershov ([ 16, p.6061) and consider  t h e  fol lowing "induced" 
s t o c h a s t i c  equation: 

Propos i t ion  4 . 3 :  

a )  The mapping '? I s  Bore1 measurable (from B ( Z  x X)  t o  B (Y x Z )  ) . 

Proof: 

a )  Since B ( Y  x Z) i s  t h e  s m a l l e s t  o-algebra con ta in ing  a l l  s e t s  of 

t h e  form B, x B 2 ,  B,  e B ( Y )  , B2 < B ( Z )  ( s e e  C 25, p .61) ,  it 

s u f f i c e s  t o  no te  t h a t  f o r  s e t s  of t h i s  form we have 

- 1  %-I (B? x B2) = T (B1) 17 pi1 (BZ) E B ( Z  x X). (4.7)  

b) Let  LI f P ( Z  x X) be a  s o l u t i o n  of (4 .6 )  . I t  fol lows from (4.6)  and 
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C )  L e t  ( z l  , x l ) ,  ( z 2 , x 2 )  0 x X b e  such  t h a t  ? ( z l  , x l l  = % ( z 2 , x 2 ) .  

T h i s  i m p l i e s  z l  = z2 and T ( z l  , x , )  = T ( z 2 , x 2 )  = T ( z I  , x 2 ) .  

Thus,  by assumpt ion,  x l  = x2. T h i s  shows t h a t  % is  i n j e c t i v e .  

Remark 4.4: 

P r o p o s i t i o n  4.3 seems t o  m o t i v a t e  an  a l t e r n a t i v e  f o r  d e f i n i n g  a  

weak s o l u t i o n  v X  t P  (X) of  ( 4 . 1 )  , namely, by r e q u i r i n g  t h e  

-1 e x i s t e n c e  o f  a  s o l u t i o n  p E P(Z x X )  of  ( 4 . 6 )  such t h a t  v X  = upX . 
T h i s  n o t i o n  is s t r o n g e r  t h a n  t h e  o r i g i n a l  one (Prop.  4 .3  b  1 )  and 

seems t o  b e  advantageous  i n  some r e s p e c t s ,  s i n c e  e x i s t e n c e  and 

un iqucness  r e s u l t s  f o r  s o l u t i o n s  of (4 .6 )  a r e  well-known (C 141 , I: 1  51 , 
Prop. 3 . 1 ) .  However, it seems t o  be  a d i sadvan taqe  t h a t  t h i s  n o t i o n  

depends  on t h e  c h o i c e  of  !? and,  t h u s ,  on t h e  p a r t i c u l a r  way o f  

t r a n s f o r m i n g  ( 4 . 1 )  i n t o  some " s t a n d a r d  form" and n o t  on t h e  o r i g i n a l  

e a u a t i o n  a lone .  For  t h i s  reason,we f e e l  t h a t  t h e  o r i g i n a l  d e f i n i t i o n  

of a weak s o l u t i o n  o f  ( 4 . 1 )  i s  j u s t i f i e d  and more s u i t a b l e  than  t h e  

above a l t e r n a t i v e .  

Now, l e t  a d d i t i o n a l l y  f o r  a l l  n  E PJ B o r e l  s u b s e t s  Xn of  X ,  mappings 

Tn: Z  x Xn + Y t h a t  a r e  Bore l  measurab le  from 8 (Z x X n )  t o  8 ( Y )  and 

random v a r i a b l e s  yn and zn w i t h  v a l u e s  i n  Y and Z ,  r e s p e c t i v e l y  

( d e f i n e d  on some p r o b a b i l i t y  s p a c e  (",An,Pn)),  b e  g iven .  

We c o n s i d e r  t h e  "approximate"  random o p e r a t o r  e a u a t i o n s  

and d e f i n e  mappings ?n:  Z  x Xn + Y x Z  , n  t IN , analogous  t o  ( 4 . 5 )  . 
I n  view of  P r o p o s i t i o n  3 . 1 0 , t h e  n e x t  o b s e r v a t i o n  i s  i m p o r t a n t  f o r  

t h e  proof  o f  o u r  b a s i c  convergence r e s u l t  (Theorem 4 . 6 ) .  

P r o p o s i t i o n  4.5: 

L e t  Tn and ?n, n  E N , b e  a s  above and assume t h a t  



D
ow

nl
oa

de
d 

B
y:

 [H
um

bo
ld

t-u
ni

ve
rs

ita
et

] A
t: 

17
:4

5 
21

 N
ov

em
be

r 2
00

7 

80 ENCL AND ROMISCH 

for all z E Z ,  each Tn(z,.) is regular and 

(Tn(z,.)) is A-regular 
(4.9) 

and 

for all bounded B c X and compact K c 2, I (4.10) 
(Tn(. ,x) I X  E B n Xn, n E 6.1 1 is equicontinuous on K. 

Then (?,) is collectively regular. 

Proof: 

Let be bounded in Z x X and g be compact in Y x Z, and let 

I (2, ,xk) ) be an arbitrary sequence in u 4;' (g1 n 8: = 2 .  
n e  IN 

It suffices to prove that ((zk,xk)) contains a convergent sub- 

sequence. For all k E N there exists nk c 34 such that 

(zk,xk) E (K) n E. 
"k 

Hence, B: = {xklk E N } is bounded and 

This implies that (+,, (zk,xk) ) has a convergent subsequence, and 
k 

we may assume w.1.0.q. that ($  (zk,xk) ) converges to some 
"k 

element, say (y,z) E E. Hence, we have 

Because of (4. lo) , IT ( . ,xk) 1 k E N 1 (as a subset of 
"k 

{Tn(.,x)Ix E B n Xn, n E N 1) is equicontinuous on the compact 

set pZ (z )  . This, together with (4.12) , implies by standard arguments 
that (T (z,xk)) also converges to y. Hence 

"k 

KO: = {T (z,xk)Ik E 3N 1 u [y} is compact in Y and we have 
"k 
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Because o f  ( 4 . 9 )  and Lemma 3 . 7 ,  t h e  s e t  on t h e  r . h . s .  o f  (4 .13 )  

i s  r e l a t i v e l y  compact. T h i s  i m p l i e s  t h a t  ( x k )  has  a  convergen t  

subsequence and hence,  by ( 4 . 1 2 ) ,  ( ( z k , x k ) )  h a s  a  convergen t  sub- 

sequence.  T h i s  completes  t h e  p roof .  
[? 

Assume f o r  t h e  f o l l o w i n g  t h a t  random s o l u t i o n s  xn: R n  + Xn of  t h e  

approximate  e q u a t i o n s  ( 4 . 8 )  a r e  g iven  f o r  a l l  n  E N . We a r e  now 

i n t e r e s t e d  i n  s u f f i c i e n t  c o n d i t i o n s  on T  and (Tn) t h a t  imply weak 

convergence of  t h e  sequence ( D ( x n ) )  t o  a  weak s o l u t i o n  of  ( 4 . 1 )  i f  

( D ( y n , z n ) )  converges  weakly t o  D ( y , z ) .  

(Note t h a t  we do n o t  d i s t i n g u i s h  whether  D(xn)  i s  viewed a s  an  

e lement  of  P(Xn) o f  of  P ( X ) .  T h i s  i s  j u s t i f i e d  because  t h e  

" e x t e n s i o n "  D ( x ~ )  E P(X) of  D(xn)  E P(Xn) i s  j u s t  t h e  d i s t r i b u t i o n  

of  Xn on X )  . 

Theorem 4.6: 

L e t  T, (T,) ,  Z ,  ( z , ) ,  y ,  ( y n )  be  a s  above and l e t  f o r  a l l  n  E EJ 

x  be  a  random s o l u t i o n  of  ( 4 . 8 )  f o r  t h e  index n.  Assume t h a t  

(Tn) s a t i s f i e s  t h e  c o n d i t i o n s  ( 4 . 9 )  and ( 4. l o )  , (4 .14 )  

(T,) converges  d i s c r e t e l y  t o  T  1 (4.15)  
( j o i n t l y  i n  bo th  v a r i a b l e s )  

( D ( y n , z n ) )  converges  weakly t o  D ( y , z )  (4 .16 )  

( D  (xn )  ) i s  w-bounded. (4 .17)  

Then ( D ( x n ) )  i s  d i s c r e t e l y  w-compact,and eve ry  l i m i t  of a  weakly 

convergen t  subsequence i s  a  weak s o l u t i o n  of  ( 4 . 1 ) .  

I f  fu r the rmore  T ( ; , . )  i s  i n j e c t i v e  f o r  a l l  ; E Z ,  t h e n  ( D ( x n ) )  

converges  weakly t o  a  weak s o l u t i o n  of  ( 4 . 1 ) .  

P roof :  

S i n c e  xn is a  random s o l u t i o n  of  ( 4 . 8 ) ,  we have f o r  a l l  n  6 N 
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7 82 ENGL AND ROMISCH 

implies D(zn,xn)?il = D(yn,zn) for all n E N . 
This means that pn: = D(zn,xn) is a solution of the stochastic 

equation u$il = vn: = ~fy~,z,) for all n E N . 
Eecause of (4.14) and Proposition 4.5, (*n) is collectively regular. 

Moreover, (4.15) implies that (%n) converges discretely to %. 
Hence, we can apply Theorem 3.11 to the present situation noting 

that (pn) is w-bounded because of (4.1 7) , (4.16) (which in particular 
implies that (D(zn)) is w-bounded) and the simple inequality 

D( (zn,xn)) (B1 x B2) 2 D(zn) (B,) + D(xn) (B2)-1. Then, Theorem 3.11 

yields that (pn) = (D(zn,xn)) is discretely w-compact and every 

limit p of a weaklv convergent subsequence of (un) is a solution of 

(4.6), i.e., we have p?-l = D(y,z). 

This implies that also (pnPil) = (D(xn)) is discretely w-compact 

and every limit of a weakly convergent subsequence has the form 

p p ~ l ,  where u is a solution of (4.6) (because of the continuity of 

gx and [6, Theorem 5.1 and Lemma 1, p.3811. Because of Proposition 

4.3 b ,  ": = - 1 
upX 

is a weak solution of (4.1) . 
Now, let T(;,.) be injective for all 2 E Z. Because of Proposition 

4.3 c , * is injective. Hence, the second part of Theorem 3.11 im- 

plies that (D(zn,xn)) converges weakly to the unique solution p of 

(4.6) and, thus, (D(xn)) converges weakly to upil ( C  6, Theorem 5.11). 

This completes the proof. 
@ 

Corollary 4.7: 

Let T and (T,) be as above and let y,z,yn,zn, n t N ,  be defined 

on the same probability space (O,A,P). Let for all n t N xn be a 

random solution (on (n,A,P)) of (4.8) for the index n. 

Assume that (4.14) - (4.17) are fulfilled. 
Then every subsequence (xn ) of (x,) has a further subsequence 

k 

that converges in distribution to a D-solution x of (4.1). 
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Proof: 

A s  i n  t h e  proof of Theorem 4.6 we have t h a t  ( D ( z n , x n ) )  i s  d i s c r e t e l y  

w-compact and every l i m i t  p E P(Z x X) of a  weakly convergent sub- 

sequence ( D  ( z  n k , x n k ) )  i s  a  s o l u t i o n  of ( 4 . 6 ) .  Then t h e  main r e s u l t  

o i  C131 impl ies  t h a t  t h e r e  e x i s t s  a  Z x X-valued random v a r i a b l e  

( z , x )  def ined  on t h e  same p r o b a b i l i t y  space (n ,A ,P)  such t h a t  

u = D ( i , x ) .  Hence, (D(x ) ) = (D(rnk,xnk) pi1) converges weakly t o  
"k 

- 1  
D ( ~ , X ) ~ ~  = D ( x ) ,  i . e . ,  ( x  converges i n  d i s t r i b u t i o n  t o  x. 

"k 

Since p = D ( ; , X )  i s  a  s o l u t i o n  of ( 4 . 6 ) ,  we have 

(Here py: Y x Z -t Y and & :  Y x Z + Z a r e  t h e  coord ina te  p r o j e c t i o n s  

defined on Y x Z . )  

Hence, x  i s  a  D-solution of (4 .1 )  and t h e  proof i s  complete. 

0 

Our next  r e s u l t  i s  a sharpening of t h e  convergence p a r t  of Theorem 

4.6 and t u r n s  ou t  t o  be usefu l  i n  a p p l i c a t i o n s  ( e . g .  i n  Sect ion 5 ) .  

Corol lary 4.8: 

Le t  t h e  assumptions of Theorem 4.6 be f u l f i l l e d  and assume t h a t  

Then ( D ( x n ) )  converges weakly t o  a  weak s o l u t i o n  of ( 4 . 1 ) .  

I f  fur thermore (4 .1 )  has a  random s o l u t i o n  x ,  then (x,) converges 

i n  d i s t r i b u t i o n  t o  x. 

Proof: 

A look a t  t h e  proof of Theorems4.6 and 2 . 3 ,  r e s p e c t i v e l y ,  shows 

t h a t  t h e  sequence (D(zn,x,)) (and hence D(xn) )  converges weakly i f  
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the solution of (4.6) is unique. Thus, it suffices to show that 

under our assumptions u?-l = D(y,z) implies that u(B) is uniquely 

determined for all B E B(Z x X). 

Let B 6 B(Z x X) and p c P(Z x X) be such that u?'-' = D(y,z). 

Then (4.19) implies (with the coordinate projection pZ: Z x X + Z )  

- 1 
upz (E) = u (E x X) = D(z) (E) = 1 ,  and hence 

p(B) = p(B n E x X). (4.20) 

As in the proof of Proposition 4.3 c it follows that 3 viewed as 
a map from B n E x X into Y x Z is one-to-one. Then, C25, Theorem 3.91 

implies that $ ( B  n E x X )  is a Bore1 subset of Y x Z. This, together 

with (4.20), implies that 
%-l % 

u(B) = p(T (T(B n E  x XI)) = D(y,z)(?(~ n E XI), 

i.e., u(B) is uniquely determined. 

Finally, let x be a random solution of (4.1). 
Then, +(z(w) ,x(w)) = (T(z(w) ,x(w)) ,z(w)) = (y(o) ,z(w)) holds P-almost 

surely. Hence D(z,x) is the unique solution of (4.6) and, thus, 

- 1 
( D  (xn) ) converges weakly to D ( z  ,x)  pX = D (x) . This completes the proof. 

Now, let us consider two types of particular situations for which 

Theorem 4.6 and its Corollaries are applicable and which correspond 

to the applications we study in Section 5. 

Example 4.9: 

(i) Let Xn = X and Tn = T for all n 6 N . Then (4.14) and (4.15) 
are implied by the following condition: 

T: 2 x X + Y is continuous, 

T(;,.) is regular for all 2 E Z, and 

{T ( . ,x) (x E B] is equicontinuous on K, for all 

bounded B c X and compact K c Z. 

(ii) Let X = Y be a sewarable Banach snace, C: Z 7 X + X and 

Cn: Z x Xn + X, n E P.I , be mappings such that 

(c,(:,.) is collectively compact for all 2 E Z, 
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7 APPROXIMATIONS OF STOCHASTIC EQUATIONS 85 

f o r  a l l  bounded B c X and compact K c Z ,  
(4 .23 )  

ICn( .  , x )  / X  E B n Xn, n  E N i s  equ icon t inuous  on K ,  

(C,) converges  d i s c r e t e l y  t o  C. (4 .24 )  

~ f  we p u t  T ( ; , . )  = I - c ( ; , . ) ,  T ~ ( ; , . )  = I - C , ( ; , . ) ,  t Z ,  n  6 N , 
( 4 . 2 2 ) ,  (4 .23 )  and ( 4 . 2 4 )  imply ( 4 . 1 4 )  (because  o f  Lemma 3 . 9 )  

and ( 4.15)  , r e s p e c t i v e l y .  

Remark 4.10: 

I n  Theorem 4.6 and i t s  C o r o l l a r i e s  we need a  sequence of  random 

s o l u t i o n s  ( x n )  of ( 4 . 8 ) .  As a  f i r s t  remark addres sed  t o  t h i s  

assumpt ion,  we n o t e  t h a t  a l l  t h a t  i s  r e a l l v  needed i n  t h e  

proof  of Theorem 4.6 i s  t h a t  t h e  j o i n t  d i s t r i b u t i o n  D(zn ,xn)  s o l v e s  

t h e  s t o c h a s t i c  e q u a t i o n  U'?'il = D(yn,zn)  ( n  e N ) . 
Our second remark shows t h a t  i t  s u f f i c e s  t o  know a  s o l u t i o n  o f  

( 4 . 8 )  o n l y  on a  measurab le  s u b s e t  of  xn whose   rob ability t e n d s  

t o  1 a s  n  + Assume t h a t  f o r  a l l  n t R t h e r e  e x i s t  An E A n  and 

a  measurab le  manning xn: An -+ X such t h a t  

T n ( z n ( w ) , x n ( u ) )  = yn(w) f o r  Pn-almost a l l  w E An, 

and t h a t  l i m  Pn (A,) = 1  . 
n+m 

Then we d e f i n e  f o r  a l l  n  E N 

where 2n i s  some X-valued random v a r i a b l e  on (Rn,An,Pn) ,  and have 

t h a t  D(zn ,x , ) ? i l  = D ( ? , , Z ~ ) .  

I n  o r d e r  t o  app ly  Theorem 4.6 t o  t h e  sequence (x ) we n o t e  t h a t -  
- W W 

D(ynrzn ) - - - .  D(y ,z )  i f  D ( y n r z n ) - D ( y , z ) .  To s e e  t h i s ,  l e t  B be  an  

a r b i t r a r y  c l o s e d  s u b s e t  of  Y x Z .  Then we have f o r  n  E ZJ 

D(Yn,zn) (B) = Pn({w E R n l  ( Y n ( w )  ' z n ( w ) )  E B}) 
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7 86 ENGL AND ROMISCH 

and, hence, limsup D(?~,Z~) (B) < limsun D(yn,zn) (B) < D(y,z) (B) 
n+m n+ m 

because of the Portmanteau Theorem, which then also vields the desired 

result. 

Hence, we can apply Theorem 4.6 to the sequence (Xn) if (D(")) is 

w-bounded, This latter condition obviously only depends on the 

properties of (xn) and, hence, is independent of the particular 

chcice of the zn. This argument is useful in applications and will 
be used in Remark 5.5. 

Remark 4.11 : 

Theorem 4.6 states that under certain (deterministic) assumptions 

on T and (T,), a sequence (~(x,)) of approximate "solution measures" 

is discretely w-compact or (even) weakly convergent (to a weak 

solution of (4.1) ) if (D(xn)) is w-bounded and D(Y,,Z~)-%D(~,Z) 

The assumptions (4.15) and (4.16) are natural in this approximation 

context, the "regularity assumption" (4.9) is known to be important 

also for deterministic operator approximation (see Sect. 3),and 

(4.10) is not too restrictive: These assumptions can be checked in 

concrete situations, as can be seen in the Sections 5 and 6, and in 

C12, Sect.31. 

Concerning the w-boundedness assumption (4.171, we feel that there 

exist various approaches to show this property. Some of them are 

used in the Sections 5 and 6. And after all, a-nriori bounds are 

also frequently used in deterministic approximation theory. 

Finally we note that in view of Example 4.9 (ii) and Corollary 4.7, 

Theorem 4.6 extends and refines C12, Theorem 2.111. Theorem 4.6 can 

now be applied to more general equations and "approximations" and 

gives (together with Corollary 4.8) a criterion for weak convergence 

of (D(xn)) which is easy to check. 

5. APPROXIMATION OF SOLUTIONS OF RANDOM FREDHOLM INTEGRAL 

EQUATIONS OF THE SECOND KIND 

In this Section, we are concerned with random Fredholm integral 

equations of the second kind (for an introduction see C4, Chapt.41). 

We apply the results described in Section 4 to certain approximation 

procedures for such equations, namely, a mgthod based on the 

approximation of the random kernel by random degenerate kernels 

and a numerical method based on quadrature approximations. For a 
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description of the underlying numerical methods in the deterministic 

case we refer e.g. to [ 17, vo1.41. Selected references for the 

"stochastic" case are C 5, Sect. 41, C71, C 12, Sect. 31 and C 231. 

Formulating our setup in the framework of Section 4, we put 

X = Y: = L2(C0,11), Z: = L2(C0,112) and define T: Z x X + X by 

1 
Tlz,~): = x - / z(.,s) x(s)ds, for x E X, z t Z .  (5.1) 

0 

Note that T is well-defined and is (jointly) continuous (and thus 

Borel measurable as needed in Sect. 4). 

Let z,zn, n t N and y,y,, n 6 N ,  be Z-valued and Y-valued random 

variables, respectively (on possibly different probability spaces 

(n,A,P) and (Rn,An,Pn), n E N ) .  Consider the random Fredhom 

integral equation 

and its "approximations" 

We note that this framework already contains "kernel approximation 

methods" mentioned above (see e.g. C5, Sect.41) if the "awproxima- 

tions" zn and yn (n e N )  are required to belong to certain finite- 

dimensional subspaces of Z 

Lemma 5.1: 

The set E: = { g  E z\T(~,.) 

If D ( z )  (E) 2 r, for some r 

have liminf D(zn) (E) r r. 
n+m 

lim D(zn) (El = 1. 
n+- 

and Y, respectively. 

is injective) is Borel. 

E [0,11, and if D(zn)2D(z) then we 

Especially, if D(z) (E) = 1, then 

Proof: 

Let E E be arbitrary. Then T($, . )  is injective and Fredholm, 

hence, ~(g,.): X + X is continuously invertible. Let w E Z be such 
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t h a t  11 w-211 < 4 11 C T (%,  . ) I - '  11 -' , where t h e  l a t t e r  i s  t h e  o p e r a t o r  

norm and / I . i Z  d e n o t e s  t h e  norm on 2. We have 

Then, t h e  well-known p e r t u r b a t i o n  lemma i m p l i e s  t h a t  T ( w , . ) :  X +  X 

i s  con t inuous ly  i n v e r t i b l e ,  i . e . ,  w t E .  Thus E i s  open and,  hence,  

i s  Bore l .  

I f  D ( z ) ( E )  2 r and D ( Z ~ ) - % D ( Z ) ,  C6 ,  Theorem 2.11 i m p l i e s  

l imin f  D(zn)  (E) 2 D ( z )  (E)  r r ,  s i n c e  E i s  open i n  Z .  
n- 0 

Note t h a t ,  by t h e  same arguments ,  t h i s  r e s u l t  i s  a l s o  t r u e  f o r  t h e  

c a s e  t h a t  2: = C(C0,112)  and X: = C ( C 0 , l I ) .  

Theorem 5.2: 

L e t  ( D ( y n , z n ) )  b e  weakly convergen t  t o  D ( y , z )  and l e t  f o r  a l l  

n  E N xn b e  a  random s o l u t i o n  of  ( 5 . 3 )  ( f o r  t h e  index n  c N ) . 
Assume t h a t  ~ ( { w  c n l ~ ( z ( w )  , . )  i s  i n j e c t i v e ] )  = 1 .  

Then ( x  ) converges  i n  d i s t r i b u t i o n  t o  t h e  ( a . s . )  unique ran<-m n 
s o l u t i o n  of  ( 5 . 2 )  . 

Proof :  

We apply  Theorem 4.6 and C o r o l l a r y  4.8.  To t h i s  end,  we have t o  check 

t h e  assumpt ions  of  t h a t  Theorem ( s i n c e  (4 .19)  i s  f u l f i l l e d  by Lemma 

5.1 and o u r  a s sumpt ion ) .  Hence, it remains  t o  b e  shown t h a t  (4 .21)  

h o l d s  ( c f .  Example 4.9) and t h a t  ( D ( x n ) )  i s  w-bounded. To beg in  w i t h ,  

we f i r s t  n o t e  t h a t  T: Z x X + X i s  con t inuous  and ~ ( 2 ,  . )  i s  r e g u l a r  

f o r  a l l  2 E Z ,  s i n c e  T (2, . )  = I-C (;,.) , where t h e  mapping 

c ( $ , . ) :  X + X i s  compact f o r  2 E Z ( s e e  a l s o  Lemma 3 . 9 ) .  

Fu r the rmore ,  it h o l d s  f o r  a l l  z ,  ?. E Z and c X t h a t  

I I T ( Z , Z )  - T ( $ , G ) I I ~  s nZ-21z  Iqx. T h i s  i m p l i e s  t h a t  { T ( .  ,x) 1 %  E BI 

i s  un i fo rmly  equ icon t inuous  (even)  on Z ,  f o r  a l l  bounded B c X.  

Hence, (4 .21)  is  f u l f i l l e d .  

Now, we show t h a t  ( D ( x n ) )  is  w-bounded. L e t  E > 0 b e  a r b i t r a r y ,  b u t  

f i x e d .  S i n c e  T ( z ( w ) , . ) :  X + X i s  l i n e a r ,  con t inuous  and b i j e c t i v e  
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7 APPROXIMATIONS OF STOCHASTIC EQUATIONS 8 9 

s u b s e t  of  0 w i t h  p r o b a b i l i t y  z e r o )  is  a  r e a l - v a l u e d  random v a r i a b l e  

( s e e  C20, p .1921) .  Hence t h e r e  e x i s t s  r > 0 such t h a t  

where FE :  = I; t Z I T ( ; , . )  i s  i n j e c t i v e ,  I / [ T ( ; , . ) I - ~ I /  < r E } .  

L e t  ; E FE and w E Z be  such  t h a t  / I ; - W / / ~  < a .  Then we have 

and ,  by t h e  p e r t u r b a t i o n  lemma, T (w, . )  is  c o n t i n u o u s l y  i n v e r t i b l e  

Hence, t h e r e  e x i s t s  a E  > 0 such  t h a t  I/CT(w, 

llw-ZIIZ < a  . Thus,F, i s  an open s u b s e t  o f  Z 

Then t h e  Por tmanteau Theorem (C 6 ,Theorem 2 .  

l i m i n f  D ( z n )  ( F E )  t D(z)  ( F E )  t 1  - 5 . Hence, t h e r e  e x i s t s  
n  + -  

n  = no(  E )  E N such t h a t  

D(zn )  ( F E )  t 1 - 5 f o r  a l l  n  r no. ( 5 . 5 )  

S i n c e  ( D ( y n ) )  i s  weakly conve rgen t  and hence  t i g h t ,  t h e r e  e x i s t s  

CE > 0 such t h a t  

L e t  n  r no be  a r b i t r a r y ,  b u t  f i x e d  and d e f i n e  

A1: = { W  E nn l / Iyn (w) / ly  s C E J ,  A2: = { W E  Rnlzn(w) E F E l  and 

A ~ :  = { O  E f i n / ~ ~ x n ( w ) / ~ x  < C E r E l .  

L e t  N E A n  w i t h  Pn(N) = 0 be  such  t h a t  f o r  a l l  w E n n  \ N ,  

T (zn (w)  , x n ( o )  ) = yn(w) ho lds :  such  a n  N e x i s t s ,  s i n c e  x  i s  a  

random s o l u t i o n  o f  ( 5 . 3 ) .  Now, l e t  w E ( R  \ N) n A1 n A2. Then we 
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7 ENGL AND ROMISCH 

This implies that 

and hence, because of (5.5) and (5.6) and the definitions of Al and 

A2, Pn(Rn \ A3) < P + 5 = ,. 2 2 

Since n r no was arbitrary, this means 

Since ID(xn)(l < n 5 no} is tight by C6, Theorem 1.41 and E > 0 was 

arbitrary,(5.7) implies that (D(xn)) is w-bounded. 

Finally, since T(z(.) , . ) :  il x X -+ X is a continuous random operator 

that is bijective P-almost surely, C24, Theorem 11 implies that (5.2) 

has a (P-almost surely) unique random solution x. Thus it follows 

from Corollary 4.8 that (xn) converges in distribution to x.  

0 

Remark 5.3: 

An inspection of the above proof shows that D( z n ) 2  D (z) and 

~ ( { w  E Q]T(Z(W) ,.) is injective)) = 1 (5.8) 

imply that (D (xn) ) is w-bounded (tight) if (D (yn) ) is w-bounded 

(tight). This observation extends C5, Theorem 4.11 in the sense 

that instead of requiring the convergence of the sequence (zn) of 

kernels (defined on the common probability space (R,A,P)) P-almost 

surely to z we need only its convergence in distribution. 

If (5.8) is not fulfilled in the situation of Theorem 5.2, we can 

still conclude the following from Theorem 4.6 (see also 1 5 ,  Theorem 

4.21): 
W If D(yn,zn)-D(y,z) and (D(xn)) is w-bounded, then (D(xn)) is 

discretely w-compact and every limit of a weakly convergent sub- 

sequence is a weak solution of (5.2). 

Now, we consider a method for solving (5.2) based on quadrature 

approximations for the integral operator; simultaneously, the 

"stochastic input" (y,z) will be approximated. For a descriution 

of this method we consider the integral operator as acting on C(C0,ll) 

and use the same setting as in C12, Sect. 3.21. 
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Let X: = Y: = C(CO,11), Z: = C(CO,II~) and define T: 2 x X +  x 
to be the restriction of the mapping defined by (5.1) to spaces 

of continuous functions, and Tn: 2 x X + X ,  n e N ,  by 

where for each n E N, anO,. . . ,a are the weights of a quadrature nn 

formula with nodes s no ,..., snn (in [O,ll). 
Note that T and T,, n E N ,  are well-defined and (jointly) continuous. 

Let z, zn, n E N , and y, yn, n E N ,  be Z-valued and X-valued ran- 

dom variables, respectively (on possibly different probability spaces 

(a,A,P) and (Rn,An,Pn), n E N ) .  We again consider the equation 

(5.2) and its "approximationsn 

? 

Theorem 5.4 : 

Let (D(yn,zn)) be weakly convergent to D(y,z) and let for all n E N 

xn be a random solution of (5.10) (for the index n). Assume that 

and 

the quadrature rule is convergent, i.e., for each 

n 1 (5.12) 
v E C(CO,ll), lim E anjv(snj) = i v(s) ds holds. 

n+m j=o 0 

Then (xn) converges in distribution to the (a.6.) uniaue random 

solution x of (5.2) . 

Proof: 

We proceed similar as in the proof of Theorem 5.2 and show that the 

conditions of Theorem 4.6 are fulfilled. To this end, we put 
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To prove (4 .14 )  and (4 .15 )  ( f o r  (Tn) and T), it remains  t o  b e  shown t h a t  

( 4 . 2 2 ) ,  (4 .23)  and (4 .24)  h o l d  ( s e e  Example 4 . 9 ) .  A c t u a l l y ,  t h i s  

p a r t  of  t h e  proof  was c a r r i e d  o u t  i n  E l i ,  S e c t .  3.21 (even f o r  a  

n o n l i n e a r  i n t e g r a l  o p e r a t o r ) u s i n g  e s s e n t i a l l y  ( 5 . 1 2 ) .  

Hence, f o r  t h e  a p p l i c a t i o n  of Theorem 4.6 and C o r o l l a r y  4 . 8 ,  

r e s p e c t i v e l y ,  we on ly  have t o  prove t h a t  ( D ( x n ) )  i s  w-bounded, s i n c e  

we can conclude from t h e  proof  o f  Theorem 5.2 t h a t  ( 5 . 2 )  h a s  a 

P-almost s u r e l y  unique random s o l u t i o n .  

The proof  i s  s i m i l a r  t o  t h a t  of Theorem 5.2: I t  s u f f i c e s  t o  show 

t h a t  f o r  a l l  E > 0  t h e r e  e x i s t  no E N and K E  > 0  such t h a t  

which co r re sponds  t o  ( 5 . 5 ) .  

To t h i s  end ,  l e t  E > 0  be  a r b i t r a r y ,  b u t  f i x e d ,  and l e t  rE > 0  

and FE c Z b e  d e f i n e d  a s  i n  ( 5 . 4 ) .  One can prove ana loguos ly  t o  
2 t h e  proof  of  Theorem 5.2 t h a t  FE i s  open i n  Z = C ( C  O,11 ) and t h a t  

t h i s  i m p l i e s  t h e  e x i s t e n c e  of  an  n l  i N such t h a t  

S i n c e  ( D ( z n ) )  i s  w-bounded, t h e r e  e x i s t s  R E  > 0  such  t h a t  

r t  i s  well-known t h a t  (5 .  

n  
K :  = sup E ( a n j  

neN j=O 

RE}) 1  - 5 f o r  a l l  n  E N . 

2 )  i m p l i e s  t h a t  

* - h o l d s .  

Then we have f o r  2 E Z w i t h  1211 5 R E  t h a t  

c , .  r , \ a n j  I:! 5 K R ~  f o r  a11  n i N . 
J =o 

T h i s  i m p l i e s  t o g e t h e r  w i t h  ( 5 . 1 5 )  t h a t  
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Now, we define for each n E PJ hn: Z -t IR by 

We note that hn is Borel measurable for each n t N ,  since 

~(2,x) , c,(;,x) , n t N , are continuous with respect to 2 for all 

x E X and because of the separability of Z. 

Let 2, 2n 0, n E PJ , with ;n + 2. Then, both (Cn(;n,x)) and 

(C(;~,X)) converge to c(;,x) for all x x m d  (cn(;,,.)) is 

collectively compact (cf. C17, p.163 f f l ) .  Then, it is a well-known 

consequence of collectively compact owerator approximation theory 

(see [ 1, Cor. 1.91) that 

Hence, [ 6, Theorem 5.51 implies that (D zn) hi1 ) converges weakly 

to uo, where uo is the unit mass at 0 E 1R. Because of the Portmanteau 

Theorem [ 6 ,  Theorem 2.11, this implies 

- 1 1 liminf D(zn)hn (IrelRI Irl < = I )  2 uo({r~~I lrl < L}) = 1 .  
n + m E 2rE 

Hence, there exists no E N ,  no 2 n,, such that for all n no 

Now, we fix n E N ,  n 2 no, and consider the following Borel sets 

(cf. the proof of Theorem 5.2) in Z : 

F4: = I; E Z  IT^(;, . )  is continuously invertible and 

IICT~(;,.)I-'I\ < 2(l+rEKRE)l. 

3 
Let 2 l Fi. Then a variant of the perturbation lemma C 17 ,p.368, 

i= I 
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Satz 41 implies that CT,(~, . )  1-I : X + X exists and that 

by (5.14), ( 5 . 1 7 )  and ( 5 . 1 9 )  

N ,  n t no, was arbitrary, this implies (by definition of 

( 5 . 1 3 )  is fulfilled with Kc: = 2 ( 1 +  rEKRE). This completes 

Since n E 

F4) that 

the proof 

Note that the second approximation procedure for random Fredholm 

integral equations of the second kind and the convergence result 

presented above provide a theoretical basis for the computational 

analysis performed in C 7 1 .  

Remark 5 . 5 :  

It follows from the proof of Theorem 5 . 4  that for all E > 0 there 

exists no = no(€) E N such  that 

Pn(An) 2 1 - E for all n t no, ( 5 . 2 1 )  

where An: = iw E fln1Tn(zn(u),.) is continuously invertible) E An, 

and hence lim Pn(An) = 1. 
n- 

Now, the argument of Remark 4.10 yields that the sequence (En), 

defined by 
I 
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7 APPROXIMATIONS OF STOCHASTIC EQUATIONS 9 5 

where ;tn is some X-valued random v a r i a b l e  on (Rn,An,Pn) ,  converges  

i n  d i s t r i b u t i o n  t o  t h e  unique random s o l u t i o n  of  ( 5 . 1 ) .  

T h i s  c o n c l u s i o n  (unde r  t h e  assumpt ions  of  Theorem 5.4)  is  v a l i d  i n  

any c a s e ,  even i f  (5 .10)  h a s  no s o l u t i o n  f o r  some w E n n .  

One can app ly  t h i s  c o n c l u s i o n  t o  s t u d y  convergence i n  d i s t r i b u t i o n  

o f  a  sequence of " g e n e r a l i z e d  s o l u t i o n s "  of (5.  l o )  ( f o r  n  E N )  

connected w i t h  t h e  u s e  of c e r t a i n  k indso f  (random) g e n e r a l i z e d  

i n v e r s e s .  W e  g i v e  an  o u t l i n e  of such an  a p p l i c a t i o n  t o  t h e  c a s e  of  

t h e  "Draz in  i n v e r s e "  ( s e e  [221 f o r  a  s y s t e m a t i c  t r e a t m e n t  o f  gener-  

a l i z e d  i n v e r s e s ) .  F i r s t  we n o t e  t h a t  f o r  each 2 E Z and n  6 N t h e  

mapping T n ( 2 , . )  = I - C ( ' L z , . )  i s  a  bounded l i n e a r  o p e r a t o r  from X i n t o  

i t s e l f  w i th  f i n i t e  a s c e n t  and d e s c e n t  ( s e e  e . g .  C22,p .771) .  
d  Hence, t h e  Drazin  i n v e r s e  C T ~ ( Z , . )  I  of  T n ( 2 , . )  e x i s t s  ( C  22, p. 99 / l00 ] )  

and is  a bounded l i n e a r  o p e r a t o r  from X i n t o  i t s e l f .  Now, we d e f i n e  

and n o t e  t h a t  t h i s  i s  a  p a r t i c u l a r  c a s e  o f  (5 .22 )  ( s i n c e  t h e  Draz in  

i n v e r s e  of  a  mapping c o i n c i d e s  w i t h  i t s  i n v e r s e  i f  t h e  mapping i s  

b i j e c t i v e )  i f  z: is measurable .  E v i d e n t l y ,  it s u f f i c e s  t o  prove t h a t  

t h e  mapping ( f rom R n  x X i n t o  X) 

d  
( w , x )  + [ T n ( z n ( w )  ,.)I x  

i s  a  random o p e r a t o r .  
To t h i s  end,  we u s e  [ l o ,  Theorem 5.141 and,  t h u s ,  we o n l y  have t o  

show t h a t  f o r  a l l  w E R n ,  t h e  a s c e n t  an(w)  of  T  (zn(w)  , . I  is bounded 

by an i n t e g e r  k ( n )  E N ( independen t  of  w )  . 
To s e e  t h i s ,  one f i r s t  obse rves  t h a t  f o r  a l l  2 E Z = c ( [ 0 , 1 1 2 )  and 

n  E N, R(Cn( ; , . ) )  = s p a n ( { % ( . , s  . )  ( j  = 0,. .. , n ) )  and,  hence ,  
n1 

dim R ( c , ( % , . ) )  s n+l. S i n c e  

f o r  a l l  k  e N , t h i s  i m p l i e s  t h a t  t h e  n u l l s p a c e  N ([ Tn ( 2 , .  ) l k )  i s  

c o n t a i n e d  i n  R(Cn(2 , . )  1 and,  t h u s ,  dim N([Tn(;, . )  l k )  s n+l f o r  a l l  

k  E N and % E 2.  L e t  % E Z b e  a r b i t r a r y .  

S i n c e  ( N  (C T, (%, . ) I k,  i s  i n c r e a s i n g ,  t h i s  i m p l i e s  t h a t  

a s c e n t  (T, ( ; , . ) ) :  = min{k.rN ( N ( c T ~ ( ~ , . ) I ~ )  = N ( [ T ~ ( ~ , . ) I ~ + ' )  3 s n  + 1. 
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7 ENGL AND ROMISCH 

Hence, we Obtain for all n t N ,  w E nn, that 

an(w): = ascent (Tn(zn(w) ,. 1 )  < n+1. 

Now, C lo, Theorem 5.141 yields that $ is measurable for all n E lN. 

(Note that in [ lo], the underlying probability space was assumed to 

be complete; if (Rn,An,Pn) is not necessarily complete, [lo, Theorem 

5.141 yields the measurability of 2: with respect to the completion 
d of (nn,An,Pn) and thus the An-measurability of xn, modified on a 

suitable Pn-nullset.) 

Summarizing these observations we conclude that 

-d d (xn) = (CT,(zn(.),.)l yn(.)) converges in distribution to the unique 

random solution of (5.1) (under the assumptions of Theorem 5.4)! 

We note that this result can also be proved without using our 

abstract setting if one proceeds as follows: 

In a first step one shows that for all ?: e E: = iz E ZIT(;,.) is 

continuously invertible}, y E X, and all sequences (zn) in 2 ,  

(7 ) in Y converging to and y ,  respectively, 

holds (e.g. using C1, Theorem 1.63 and the Banach-Steinhaus-Theorem). 

Then one shows that the mappings f, fn: Z x X + X, n E N ,  defined 

otherwise, 

- - d 
fn(z,y): = CT~(;,.)I 7 ,  (Z,?) E Z x X, are measurable (using 

[lo, Theorem 5.141). 

Since D(z,y) ((Z \ E) x X )  = 0, it follows from (5.23), the definitions 

of f and fn and Rubin's Theorem (C6, Theorem 5.53) that 

Instead of the Drazin inverse, one could also use other generalized 

inverses for which a measurability result is available (see Clol, 

C231). 

We stress that in this way we prove only the weak convergence of a 

special sequence of approximate solution, while Theorem 5.4 yields 

a much more general result. 
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7 APPROXIMATIONS OF STOCHASTIC EQUATIONS 

6 .  APPROXIMATION OF SOLUTIONS OF A RANDOY NONLINEAR 

ELLIPTIC BOUNDARY VALUE PROBLEM 

I n  t h i s  S e c t i o n ,  we p r e s e n t  an  a p p l i c a t i o n  of  Theorem 4 . 6  t o  a  

method of G a l e r k i n  t y p e  f o r  n o n l i n e a r  random e q u a t i o n s  i n v o l v i n g  

a  monotone mapping. L a t e r  on we i n d i c a t e  t h a t  t h i s  r e s u l t  i s  r e l e -  

v a n t  f o r  a  f i n i t e  e l emen t  method f o r  s o l v i n g  a  random n o n l i n e a r  

e l l i p t i c  boundary v a l u e  problem. 

L e t  X h e  a  r e a l  s e p a r a b l e  H i l b e r t  s p a c e  w i t h  i n n e r  p roduc t  ( . , . )  

and norm .I[ , r e s p e c t i v e l y .  L e t  ( X n  ,Qn) ,, be  a  G a l e r k i n  scheme 

f o r  X ,  i . e . ,  f o r  each  n  E N Xn c X i s  a  f i n i t e - d i m e n s i o n a l  sub- 

space  and Qn: X + Xn i s  t h e  o r t h o g o n a l  p r o j e c t i o n  o n t o  Xn; t h e  

sequence ( Q n )  i s  assumed t o  converge p o i n t w i s e  t o  t h e  i d e n t i t y .  

L e t  Z be  a  P o l i s h  s p a c e ,  T: Z x X + X be  a Bore1 measurable  mapping, 

z and (2,)  be  2-valued random v a r i a b l e s ,  y be  an X-valued and yn 

be  an Xn-valued random v a r i a b l e ,  n  t hl, r e s p e c t i v e l y  ( d e f i n e d  on 

(n ,A,p)  and (nn,An,Pn) ,  n  E N , r e s p e c t i v e l y ) .  

We d e f i n e  Tn: 2 x Xn - X by Tn(:,. ) : = QnT(:, . )  , f o r  : i 2 ,  and 
n  

c o n s i d e r  t h e  e q u a t i o n s  

Theorem 6.1: 

L e t  T, (T,), Z ,  ( z , ) ,  y and (yn )  be  a s  above and l e t  f o r  a l l  n  E N 

x be  a random s o l u t i o n  of  (6 .2 )  ( f o r  t h e  index n  t N). Assume t h a t  

T: 2  x X + X i s  c o n t i n u o u s ,  ( 6 . 3 )  

IT(.,x) / x  E B ]  is equ icon t inuous  on K f o r  a l l  I ( 6 . 4 )  
bounded B  c X and compact K c Z ,  

T ( ; , . )  i s  s t r o n g l y  monotone uniformly w . r . t .  E 2 ,  i . e . ,  

t h e r e  i s  a  y  > 0  such t h a t  f o r  a l l  E Z,  x, 2 E X ,  (6 .5)  

( ~ ( 2 , x )  - ~ ( 2 , ; )  ,x-$) t Y I [ ~ - ; ] ~ ,  
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7 98 ENGL AND ROMISCH 

Then (D(xn)) converges weakly to a weak solution of (6.1). 

Proof : 

To show that Theorem 4.6 is applicable, we have to check the 

assumptions of that Theorem. It is easy to see that the properties 

of (Q,) and (6.3), (6.4) imply that (4.10) and (4.15) are fulfilled. 

Because of (6.5), T(;, . )  is injective for all 2 E Z. Hence, an 

application of 

that 

( ~ ~ ( 2 , .  
and 

(D (xn) ) 

Theorem 4.6 yields the assertion provided we prove 

) )  is collectively regular for all 2 E Z (6.7) 

is w-bounded. (6.8) 

Since for all n E N and 2 E Z, Tn(2,.) is regular (consult Remark 

3.71, (6.7) is implied by 

(T,(;,.) ) is A-regular for all 2 E Z (6.9) 

because of Lemma 3.7. 

To prove (6.9) we proceed as usual in this context (cf. [31, p.2011): 

Let 2 E Z be arbitrary and let n, < n2 < n3 < . .. c N and 

w E X , k E N , be such that (w ) is bounded (and hence discretely 
"k "k "k 
comnact w.r.t. the weak towology in X )  and (T (;,wn ) )  is relatively 

"k k 

comnact in X. We assume w.1.o.q. that (w ) is weaklv conversent to 
"k 

w E X and that (Tn (2 ,w ) ) convernes (in the norm on X) to some 
k "k 

element, sav y E X. 

Then (w - Q w) converges weakly to zero and 
"k "k 

(T (2,wnk) - Q T(;,Q w) ) converges in the norm to y-T(?,W). 
"k "k "k 

Hence 

From (6.5) we obtain (note that w -Q w = Q (W -Qn W) and that 
"k "k "k "k k 

is selfadjoint) : 
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Thus ( 6 . 1 0 )  i m p l i e s  t h a t  l i m  IIwn -Qn wl/ = 0 ,  i . e . ,  wn -L w. 
k+- k k k 

Hence, ( 6 . 9 )  h o l d s ,  which i m p l i e s  ( 6 . 7 )  . 

Hence we o b t a i n  f o r  each n  E N and f o r  Pn-almost a l l  o E R n  t h a t  

L e t  E > 0  b e  a r b i t r a r y ,  b u t  f i x e d .  S i n c e  (because  of ( 6 . 6 ) )  

( D ( y n ) )  i s  w-bounded and ( D ( z n ) )  i s  t i g h t ,  t h e r e  e x i s t  a  c o n s t a n t  

Ce > 0 and a  compact s e t  K c  c Z such t h a t  

S i n c e  T  i s  c o n t i n u o u s ,  DE : = SUP{ /IT (; ,O)  1 ; E K 1 i s  f i n i t e .  

L e t  n  6 N be  a r b i t r a r y ,  b u t  f i x e d  and d e f i n e  

Ao: = Iw E Q n (  (6 .11 )  h o l d s  f o r  W }  E A,, P ( A ~ )  = 1 ,  

A1: = { W  E "1 [yn(w)ll  5 C E ,  Z n ( w )  E KEl E An, 

A ~ :  = { W  E on ;  n x n ( ~ ) / 1  s t ( ~ 2  D ~ J  I A ~ .  

By d e f i n i t i o n ,  A. n A, c A 2 ;  t h u s  it f o l l o w s  from (6 .12)  and t h e  



D
ow

nl
oa

de
d 

B
y:

 [H
um

bo
ld

t-u
ni

ve
rs

ita
et

] A
t: 

17
:4

5 
21

 N
ov

em
be

r 2
00

7 

100 ENGL AND ROMISCH 

fact that Pn(Ao) = 1 that Pn(n \ A2) s P ( 0  \ A ~ )  < 5 + q = E .  

Si.nce n E PJ was arbitrary, this means that 

which implies (6.8) . 
C1 

Finally, we outline how Theorem 6.1 can be applied to Galerkin 

type methods for solving random nonlinear partial differential 

equations. 

Let G be a bounded open subset of IRm, b be a mapping from 

G x w x IR into IR m, w and z be L~ (G) -valued and L;(G) -valued 

random variables, respectively (defined on some probability space 

(n,A, P)). We consider the following random nonlinear p.d.e. in its 

variational form 

1 where Ho(G) is the usual Sobolev space ( C  181, C 311 ) , i. e. , the closure 
2 of c:(G) in the Sobolov snace H I  (G) of real functions u E L (G) whose 

2 generalized derivatives of the first order also lie in L (G). 

First we show that (6.13) fits into the setting of this Section. 

m 
We define X: = H;(G) with inner product (x,y): = I z 2 dg i=laci a t i  

and Z to be a closed subset of L~(G). We assume that the mauping 

b: G x + m m  satisfies the following conditions: 

2 
I 

there exist M > 0 and a E L (G) such that 

(b(~,v,u) / 5 a(c) + ~ l v j  lul, for 5 E G, v E n r ,  u c n m ,  (6.15) 

lb(~,v,u)-b(~,~~u) ( s M\v-?( (l+/u/ ? E w r; i 
b is a Caratheodorv map, i.e., measurable on G 

and continuous on IR r+m; 
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-7 

t h e r e  e x i s t s  Y > 0 s u c h  t h a t  I 

Then t n e  mapping B: Z x L ~ ( G )  - L:(G) g i v e n  by  

2 
B(; ,u)  ( 5 ) :  = b ( 5 , % ( 5 )  , u ( S ) ) ,  5  c G, E Z r  u  E Lm(G) ,  

i s  w e l l - d e f i n e d  and  c o n t i n u o u s  ( b e c a u s e  o f  ( 6 . 14 )  , ( 6 . 1 5 )  ) 

L d e n o t e  t h e  mapping f rom H;(G) i n t o  L ~ ( G )  d e f i n e d  by  

L e t  

Now, we d e f i n e  T: Z x X + X ( v i a  t h e  R i e s z  R e p r e s e n t a t i o n  Theorem) 

by 

(T( ; ,x)  , h )  : = ( B ( ; , L X )  ,Lh )L2  
m  

m  
a h ( E )  d g ,  2 E Z ,  x , h  E X .  = J z b i ( c , ; ( ~ ) ,  g r a d  ~ ( 6 ) )  

G  i = l  

One c a n  show, s i m i l a r  t o  C18,p.67 f f l ,  t h a t  T  j s  c o n t i n u o u s  and T  

s a t i s f i e s  ( 6 . 5 )  ( b e c a u s e  o f  ( 6 . 1 6 ) ) .  F u r t h e r m o r e ,  ( 6 . 15 )  i m p l i e s  

t h a t  f o r  a l l  2 ,  E Z ,  x E X ,  

I~T( ; ,X) -  T ( ? , x ) ~ /  M U +  / X I )  ll.;-zllz h o l d s .  

Hence,  ( 6 . 4 )  i s  f u l f i l l e d ;  t h u s  Theorem 6.1 i s  a p p l i c a b l e  t o  a n  

e q u a t i o n  o f  t h e  k i n d  ( 6 . 1 )  l n v o l v l n g  t h l s  matming T. 

L e t  y  b e  t h e  u n i r r u e l v d e t e r m i n e d  X-valued random v a r i a b l e  ( o n  

( R , A , P ) )  s u c h  t h a t  ( y ( w ) , h )  = I w ( w , S ) h ( c )  d g ,  f o r  a l l  w 6 fi and 
G 

h  6 X ;  it f o l l o w s  f rom t h e  R i e s z  R e p r e s e n t a t i o n  Theorem t h a t  y  e x i s t s ;  

s i n c e  e a c h  ( y ( . )  , h )  i s  m e a s u r a b l e ,  we c a n  c o n c l u d e  t h e  m e a s u r a b i l i t y  

o f  y  ( c f .  L 4 1 ) .  

Now, ( 6 . 1 3 )  i s  e q u i v a l e n t  t o  

which  i s  i n  t u r n  e q u i v a l e n t  t o  ( 6 . 1 )  w i t h  T  d e f i n e d  a s  above .  

L e t  ( w n )  and  ( z n )  b e  s e q u e n c e s  o f  L~ (G) -va lued  and  L; ( G )  - va lued  

random v a r i a b l e s  ( d e f i n e d  on  p r o b a b i l i t y  s p a c e s  (R,,A,,P,)), 
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7 102 ENGL AND ROMISCH 

respectively, such that D(wn,zn) + D(w,z), and let (Xn,Qn) be a 

Galerkin scheme for X = H;(G) (e.g., a finite element scheme: 

cf. C31,p.234 ff.1 for examples).For each n t N we define yn to 

be an Xn-valued random variable (see above) such that 

Then (6.2) is equivalent to 

for all h E Xn (n E N , w E nn). I 
If (xn) is a sequence of random solutions of (6.17) (for n c N ) ,  

we can apply Theorem 6.1 and conclude that (D(xn)) converges weakly 

to a weak solution of (6.13) . 

We mention that the ahove general approach anplies in particular to 

linear partial differential equations with random coefficients and 

random right-hand side, i.e., 

m 
bi(c,v,u): = z aik(c,v)uk, i = I, ..., m, with suitable coefficient 

k= 1 

functions aik, i,k = I,. ..,m. 

Note that in this Section, it was essential that in our setup the 

anproximate equations may be defined on subspaces Xn of X. 
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