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Stability in multistage stochastic programming*

Olga Fiedler** and Werner Romisch
Humboldt-Universitit Berlin, Institut fiir Mathematik, D-10099 Berlin, Germany

Multistage stochastic programs are regarded as mathematical programs in a
Banach space X of summable functions. Relying on a result for parametric programs
in Banach spaces, the paper presents conditions under which linearly constrained
convex multistage problems behave stably when the (input) data process is subjected
to (small) perturbations. In particular, we show the persistence of optimal solutions,
the local Lipschitz continuity of the optimal value and the upper semicontinuity of
optimal sets with respect to the weak topology in X. The linear case with deterministic
first-stage decisions is studied in more detail.

Keywords: Multistage stochastic programs, optimization in Banach spaces, stability,
approximation.

1. Introduction

Multistage stochastic programs arise in the modelling of finite horizon sequen-
tial optimization processes, in which a decision is made at stage ¢ (1 < t < T') based
only on information available at time 7. In most practical situations, the available
information becomes more refined with the passing of time. In our case, the informa-
tion flow is generated by random variables &, at each stage 7 (1 < ¢ < T') defined on
some probability space (€2, X, u). The (random) decision x, (at stage ¢) should then
depend only on the information (or data) &;,...,&, i.e., x, should be measurable
with respect to the o-algebra ¥, C X, which is generated by the random vector
(&,---,&)- If the decision process x = (xy,...,x7) is adapted to the data process
&= (&,...,&r) in this way, we call the process x nonanticipative (cf. [27, 33]).

We shall be concerned with the following multistage stochastic program:

Minimize E [ fo(x;(w), ..., xr(w))] subject to the constraints (1.1)
Atxl(w) = gl(xl (w)a oo axt—l(w)’ fl(w))
x(w) € C, p-as,t=1,...,T. (1.2)

x, is ¥,-measurable

* This research has been supported by the Schwerpunktprogramm *Anwendungsbezogene Optimier-
ung und Steuerung” of the Deutsche Forschungsgemeinschaft.
** Present address: Freie Universitit Berlin, Institut fiir Mathematik, Arnimallee 2-6, D-14195 Berlin,
Germany.

© J.C. Baltzer AG, Science Publishers



80 O. Fiedler, W. Romisch/Stability in multistage stochastic programming

Here, f is a real valued measurable function defined on x;";lR”‘, C, is a nonempty
subset of R™, 4, is an (s, n,)-matrix and g, is a measurable function from (x:Z]R™) x
R into R forevery t = 1,..., T. E denotes the expectation with respect to (2, =, u),
and p-a.s. means that the constraints are required to hold with p-probability one.

Further hypotheses on the data in (1.1)~(1.2) are presented at the beginning
of section 3. They enable, in particular, the formulation of (1.1}(1.2) as a linearly
constrained convex programming problem in an L,-space. This L,-space (or vector)
formulation of multistage stochastic programs has been studied in several papers
(e.g. [4, 8, 14, 18, 27, 28]). For further information on multistage models the
reader is referred to [9, 12, 34] and to the recent overview [7]. We also mention appli-
cations of muitistage stochastic programs in mathematical economics [1], stochastic
scheduling [3], finance [6], resource management [10] and power generation [20].

In this paper, we analyze the effect of perturbations of the data process £ on
the optimal value and optimal decision set to (1.1)+(1.2). We show that, under
reasonable assumptions, the optimal value and optimal decisions enjoy certain
continuity properties if £ is subjected to (small) perturbations with respect to
some metric data space P,. Stability results of this kind are available for certain
two-stage models (see [15, 23, 29-31] and the survey [5]).

Those results assert exclusively stability for the deterministic first-stage
decisions and rely on finite-dimensional parametric optimization, whereas our
approach necessarily utilizes stability results for programs in Banach spaces. Stab-
ility investigations for stochastic programs have a twofold motivation. Their out-
come forms a theoretical basis for dealing with approximation schemes and
incomplete information on the data.

Our paper is organized as follows. In section 2 we present a stability result
(proposition 2.1) for a parametric program in a reflexive Banach space X under
mild assumptions (e.g. without differentiability conditions). The result relies on a
certain interaction of continuity and closedness properties (for the objective and
the constraint set) with respect to strong and weak convergence in X as well as on
a boundedness condition for level sets. As a conclusion we study a convex para-
metric program where the parameter only appears in linear constraints (corollary
2.2), which allows for a direct application to multistage models. Section 3 begins
with the formulation of (1.1)(1.2) as a mathematical program in a suitable L,-
space. Then the main stability result (theorem 3.1) is presented and followed by a
discussion of the crucial condition that a certain level set is bounded. More pre-
cisely, we show (corollary 3.3) that a linear multistage model is stable if the optimal
solution set of its ““dynamic” formulation is nonempty and bounded. Finally, we
discuss the special case of two-stage problems and the case of discrete approxi-
mations to linear multistage programs.

2. A stability result for programs in Banach spaces

In this section we present a perturbation result for infinite optimization
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problems which serves as a prerequisite for our stability analysis of multistage
stochastic programs.

Let X be a Banach space with norm || - || and (P,d) be a metric space. We
study the parametric optimization problem

min { f(x): x € M(p)} (pe€ P), (2.1)

where fis a mapping from X into R and M a set-valued mapping from P into X. We
define the optimal value ¢(p) := inf { f(x): x € M(p)} and the set of optimal solu-
tions Y(p) := {x € M(p): f(x) = ¢(p)} of (2.1). For some fixed parameter p, € P
we refer to (2.1) with p = p, as the “original program’ and to the case of p # p; as
the “perturbed program”.

Our stability result relies on a certain interaction of properties (for the data of
(2.1)) with respect to strong (norm) and weak convergence in X. Weak convergence
in X is denoted by “—”. For the formulation of the result we recall the following
notions. The function f is called weakly lower semicontinuous on X if, for each
x€X, x, € X (neN) with x, — x, we have liminf,_, f(x,) > f(x). M is said
to be weakly closed at p, if for each pair of sequences (p,) in P and (x,) in X
with the properties p, — py, x, € M(p,), x, — Xg, it holds xo € M(py). M is
called Hausdorff-continuous at p, if dy(M(p),M(py)) —pp, 0, where
dy(A, B) := max {A(4, B), A(B, 4)} is the (extended) Hausdorff distance between
two subsets 4, B of X and A(4, B) := sup,¢ 4inf,cp || x —y|| is the excess of 4
on B. (Note that dy(4, B) may be equal to +0o when 4 or B is unbounded or

empty.)

PROPOSITION 2.1

Consider the program (2.1), fix some p, € P and assume that
(@) Xis reflexive;
(b)  fis uniformly continuous and weakly lower semicontinuous;

(c)  M(po) is nonempty, M is weakly closed at p, and its values are weakly closed
subsets of X, and M is Hausdorff-continuous at py;

(d) the level set I.(py) := {x € M(py): f(x) < ¢} is bounded for each ¢ € R.
The following holds:

(i) s continuous at py,

(i) o(p)#0 for all p belonging to some neighbourhood U of p, in P
(““persistence”),

(i) < is weakly upper semicontinuous at py, i.e., for all sequences (p,) in P and
(x,) in X having the properties p, — poy, x, € ¥(p,), there exists a subse-
quence of (x,) which converges weakly in X to an element of ¥( py).
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Proof

Let € > 0 be fixed. Since f'is uniformly continuous, there exists a § > 0 such
that x, ¥ € X and ||x — %|| < 6 implies | f(x) — f(%)| < €. Let xy € M(p,). Then
there exists a neighbourhood U of py such that dy(M(p), M(py)) < 6 for all p
belonging to U. In particular, there exists a mapping x: U — X with the properties
x(p) € M(p) and

| —x(p)|| <6, forallpeU.
Letp e Uand y € M(p) with f(y) < f(x(p)). We obtain

S(») < F(x(p)) < f(x0) + 1 F(x(p)) = f(x0)| < f(x0) +e.

Furthermore, there exists an X € M(py) such that ||y — x|l <. This
implies f(x) < f(») + € < f(xy) + 2¢, i.e., y belongs to the bounded set B:=
{x € X:inf, ¢/ (5, || x — v]|| < 6} with ¢ := f(xg) + 2.

Hence, {y e M(p): f(¥) £ f(x(p))} C B for all pe U. Since M(p) is
weakly closed and f is weakly lower semicontinuous, the level set [, (,))(p) is
weakly compact. Assertion (ii) now follows from Weierstrass’ theorem.

Although the proof of (i) and (iii) parallels those of classical stability results
(e.g. theorem 4.2.2 in [2] and theorem 3.1 in [16]), we will outline the proofs for the
reader’s convenience.

To prove (i), let € > 0 be chosen arbitrarily and let x, € ¥(p,). Again, we
choose 6 > 0 from the uniform continuity of f as at the beginning of the proof.
Then there exists a neighbourhood V' of p,y such that for each p € V there is an
clement x(p) € M(p) with ||xo — X(p)|| < 6. Hence, ¢(p) — ¢(po) < f(%(p)) -
Sf(xo) < e for all pe V. Analogously one shows ¢(py) —@(p) <eforallpeV,
and the proof of (i) is complete.

Finally, let ( p,) be a sequence in P which converges to p, and let x, € ¥(p,)
for all n € N. Since x, belongs to B for large n, we may assume without loss
of generality that (x,) converges weakly to some limit x; € X. (c) implies
that xy € M(py). To show the optimality of xy, we choose x* € 9(p,) and a
sequence (x,) with x, € M(p,) for each n€ N such that x; — x*. Then
we obtain ¢(po) < f(xo) < liminf,_,o f(x,) = liminf, . f(x7) = f(x") = ( po)-
This shows that x4 € ¥( py) and completes the proof. O

For our application to stochastic programming we are interested in the
particular example of (2.1), where the constraint-set-mapping M is of the following
form

M(p):={xe C: A(p)x=b(p)} (peP), (2.2)

where C C X is closed convex, A4 is a continuous mapping from P to the normed
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space L(X, Y') of linear bounded operators from X to another linear normed space
Y and b is a continuous mapping from P to Y.

COROLLARY 2.2

Let X be reflexive, f be convex and uniformly continuous on C. Consider
(2.2) with general assumptions as above and assume that M( p,) is nonempty and M
is Hausdorff continuous at p,. Let the level set /.(py) be bounded for some
¢ > ¢{py). Then the assertions (i)(iii) of proposition 2.1 hold, too.

Proof

Since fis convex and continuous on C, it is also weakly lower semicontinuous
on C. An inspection of the proof of proposition 2.1 shows in addition that condition
(b) is only needed to hold on C. By definition the values of M are closed and convex,
and, hence, weakly closed subsets of X. In order to show that M is weakly closed at
Do, let (p,) be a sequence in P converging to p, and let x,, € M(p,), foreachn € N,
such that (x,) converges weakly to some xy, € X. Then xy € C and b(p,) =
A(p,)x, — b(py), since b is continuous. The general assumptions for 4 imply
that the sequence (A(pg)x,) converges weakly to A(pg)xy (in Y) and that
Iimn—»oo “ A(pn)xn - A(PO)xn “ =0.

Thus, we conclude that (A4(p,)x,) converges weakly to A(pg) Xy, too, and
obtain A(py)xy = b(py). Hence, condition (c) is satisfied and it remains to appeal
to corollary 4D in [24], which yields that /.(py) is bounded for every ¢ € R if it is
bounded for some ¢ > ©( pg). O

Remark 2.3

If, in proposition 2.1 and corollary 2.2, the uniform continuity property for f
is replaced by the Lipschitz continuity and if M is (even) Hausdorff Lipschitz
continuous at pg, then the optimal value satisfies even the Lipschitz condition
le(p) —¢(po)| < L,d(p,po) for p belonging to some neighbourhood of p, and
for L, being the product of the Lipschitz constants for fand M.

Corollary 2.2 becomes incorrect if the assumption that the level set /.( py) is
bounded for some ¢ > ¢(py) is replaced by the (weaker) condition that 3(po) is
nonempty and bounded. This is illustrated by the next example, which is essentially
due to Bernd Kummer.

EXAMPLE 24

Let X :={(x,): 3%, x2 < 00} be the classical Hilbert space I? of real

sequences with the norm ||(x,)|| := (o2 x,%)l/ ?. Consider the mapping
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(%)) :==>_221(1/n)| x, |, which is convex and Lipschitz continuous on X. Let
P:=R_, po:=0 and define the set-valued mapping M from P to X by M(p) :=
{(x) € X: 3 50(1/m)x, =p}  (p€P). Then @@%JMUH%W@JE
M(p)} =p, for every p € P, ¥(0) = gO} and dy(M(p),M(0)) =

Furthermore, the sequences (x

0, n+#k
x® = { * (k € N)
pn, n=k

belong to ¥( p). Hence, the optimal sets ¢( p) are not bounded for every p > 0 and,
thus, do not satisfy property (iii) of proposition 2.1.

The reflexivity of the Banach space X is indispensable even for the solvability
of the original and perturbed programs (2.1). Consequently, we consider the stab-
ility of multistage stochastic programs in L,-spaces (with p € (1,+400)) of the under-
lying random quantities. Studying multistage stochastic programs as programs in
L,-spaces was first proposed in [8] and [18]. This approach has also been used to
derive necessary optimality conditions [4, 11, 14]. At first glance, a drawback of
this functional approach might be that abstract constraint qualifications in
Banach spaces (e.g. [16, 22, 36]) can hardly be fulfilled in L,-spaces. To verify the
Hausdorff-continuity of M, however, we do not rely on resuits in functional
spaces (e.g. those in [22]), but work naturally in terms of each realization in finite
dimensions.

3. Stability of multistage stochastic programs

With the notations of section 1, we define X,:=L, (2,5, u;R") for
€(l,400) and t=1,...,T. As the space of decision processes we take
X :=x7,X, equipped with the norm ||x||:=max,., r| x|, where |||,
denotes the norm in X,. For the data we assume that &, belongs to some normed
space P of R"-valued random variables with the norm ||-||,, and define
P;:=xL,P, to be the data space equipped with the norm ||£]|,:
max,_;,_ 7 |&|l. . Later, we will specify conditions for the choice of P, and for
relations between ||-||, and [|-||,, (cf. (A3)). The constraint set M(¢) for the
decisions is defined as follows

M(§) ={x € X:x,(w) € Cp, 4, x,(w) =g,(x"1(w),§,(w)),t =1,...,T,p-as.},
(3.1)

where we use the notation x'~! for (x,,...,x,;). M may be considered as a set-
valued mapping from the data space P, to the decision space X. By putting the
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objective

f(x) = E[folx1(w), ..., xr())] (x€X), (3.2)

problem (1.1)«(1.2) leads to the following parametric program in the decision
space X:

min { f(x):x € M(£)}. (3.3)

Throughout this section, we make the following assumptions for the data in (3.1)-
(3.2) (and (1.1)(1.2), respectively).

(Al) For each te{l,...,T}, the set C,CR"™ is nonempty, convex and
polyhedral.

(A2) The function f: x_;R™ — R is convex and Lipschitz continuous on x_, C,.

(A3) For eacht € {1,..., T}, the function g,: (x'=JR™) x R" — R is affine linear
inx"le x,_lR"‘ and & € R", respectively, and satisfies the estimates

||g,(x'_l(-),£,(~)) ||(r) < K,(l + ',:Ilr,'lf’ff.l “xi”i> (1+] ft“*,t)a

18/(x" (), &) — &y (), &l Mo < KA +11&1ls,0) _max |1x; = pilli

-1
||g,(x'_l(-),§,(-)) - gt(xt_l('),"’h(')) i < Kt(l + ‘.:E?ﬁ’t‘_l I xi”i) 1€ = M 14,10

with some constant K, > 0, forall x,y € X, , n € P,. Here|| - ||, denotes the
norm in Y, := L;(Q, X, u; R™).

(A4) Let P be the subset of those &€ P, satisfying the property
(v, .. v, (W) € 4,(C), p-as., for all v;e C;, i=1,...,t—1, and
t=1,...,T. Let P be nonempty and consider P to be equipped with the
metric induced by || - ||,.

We mention here that (A3) describes growth and continuity conditions for
the constraint functions g, with respect to appropriate norms and that (A4) charac-
terizes all admissible data processes. A discussion of both assumptions is given in
remark 3.2.

We denote the optimal value and the set of optimal solutions to (3.3) by ¢(£)
and (), respectively. The following theorem presents our main stability result.

THEOREM 1.1

Suppose (A1){(A4), ¢° € P and let the level set L.(£% == {x € M(£°):
f(x) < ¢} be bounded in X for some constant ¢ > (¢°). Then there exists a
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neighbourhood U of ¢° in P and a constant L, > 0 such that

Q) ) - <L,||E~€° forallé € U,
(i) WE)#Oforallée U,

(iii) ¢ is weakly upper semicontinuous at £° (in the sense of 2.1(iii)).
Proof

To prove the result we apply corollary 2.2 (together with remark 2.3).
The space X is reflexive and (A1) implies that the subset C := {x € X: x,(w) € C,
p-as., t=1,..., T} of Xis closed convex. Because of (A2), the objective function f
is well-defined on C and inherits the convexity and Lipschitz property (on C) from
Jo- Since each function g, (t =1,...,T) is affine linear, the constraint set M (£) is
of the following form M(¢) = {x € C: 4,x,(w) + 32} A,(€,(w)) x;(w) = b,(€,(w))
p-as, t=1,...,T}, where A,(-) (i=1,...,t—1) and b,(-) depend affine linearly
on¢ (t=1,...,T). Hence, M(¢) has the form (2.2) and, by putting ¥ := x_, ¥,
the general assumptions of (2.2) are implied by (A3).

It remains to show that M(¢°) is nonempty and that M (from P to X ) is
Hausdorff-Lipschitzian at ¢°. To this end, we introduce the following notation
foreveryre {1,..., T}

B(y) ={v,e C:A4v, =y} (y, €R").

By Hoffman’s Theorem [22, p. 760] there exists a constant L, > 0 such that the
polyhedral set-valued mapping B, from R" into R™ has the Hausdorff-Lipschitz
property

dH,l(Bl(yt), Br(f’t)) < L1|J’r -V |s, (3-4)

whenever y,, j, € R" and B,(y,) # 0, B,(5,) # 0. Here dy , denotes the Hausdorff
distance on nonempty subsets of R™ and |- |, the Euclidean norm on R*.

Next, we show that M({) is nonempty for every £ € P. Let £ € P. By
induction we show that there exists an x, € X, for each t=1,...,T such that
(X1,...,x7) € M(€). First let t = 1. (A4) implies that B;(-) := B;(g,(&,(+))) is a
set-valued mapping from 2 to R™ having closed and p-a.s. nonempty values. By
standard arguments (cf. e.g. theorem 2J in [26]), B, is ¥;-measurable and, hence,
there exists a ¥,-measurable mapping x;: @ — R™ such that x;(w) € B, (w) p-a.s.
Then (3.4) implies for some v, € Cj,

|x1(w) — o1 < Lilg1(&(w)) — 411y |5, p-as., and

[x1lh < il + Lil Ayor |y + Lill g1 (6 C)
< K1+ 1€ l41)-
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Here K, > 0 is some constant that exists according to (A3). Now, suppose that
we have already determined x;€X;, i=1,. —1, such that xJw)e
B(g,(x‘”l(w) &(w))), pas., i=1,...,t— 1. The set-valued mapping B,(-) :=
B(g.(x""(:),&,(-))) from € to R™ has again closed and p-a.s. nonempty values.
By analogous arguments there exists a X,-measurable mapping x,: 2 — R™ such
that x,(w) € B,(w) p-a.s. and the following estimate holds according to (3.4) and
(A3),

Il < & (1 _max fxll )1+ 11601, (3.5
with some positive constant K,. Hence, we have (x;,...,x7) € M(£).

We finally show that M is Hausdorff-Lipschitz continuous at £°. In fact, we
even show that M is Hausdorff-Lipschitzian at each £ belonging to P. Because of
symmetric arguments we only have to consider the one-sided Hausdorff distance

AM(n),M(£)):= sup inf |[x—y| ({,n€P).
x€M{n)yEM(E)

Let £, n € P and x € M(n). Since M(£) is nonempty, closed and convex in the
reflexive Banach space X, there exists a ze€ M(£) such that ||x—z||=
infy, ¢ (e llx v||. For later use we introduce the following subsets of X, depend-
ing on z' (z1y. 5z t=1,...,T):

Mz(zl_lyﬁf) ={y € Xpy(w) € Bt(gt(th(w), &(w))), p-as.}.
By definition we have z, € M, ,(z’“l,f,) and, moreover,

x, -z, = inf X, — .
|5~z y,eM,(z"‘,g,)” Al

By appealing to theorem 2.2 in [13] and to (3.4) we obtain

Ix—z|/® = inf jlx,(m Yi(w) |2 p(dw)
J’rEM:(Z'”l:& pd

= inf X (w) —v P dw
Jv:EB,(g,(z‘-‘(w),&(w)))I t( ) tln,ﬂ'( )

<Lp'j1g,<x' W), 1)) — (2" (@), E(w)) |2 i(dw)
Q

o A FAC R OR OB ACa OF A1
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and, hence, by (A3)

Hoxe — 2zl < Lt“lgt(xt_l(')f’?z(‘)) - gr(zl~l(‘)a771(')) ”(t)

s A O R OB ACa ORACMII

<LK+ lInl), max 1) =2l

+ 1+ max 1zl )l gl

Since z € M(£), we obtain analogously to that part of the proof leading to (3.5) that
max,_; 7|l z||, is bounded by an expression consisting of positive constants and
I €1l,. If we now restrict 7 to vary only in a bounded neighbourhood U of £, we
can continue our estimate to

5= 2l < K max 1=zl D= 6l
with some positive constant K,. A successive application of the last estimate now
leads to

1=zl = max ||x —z|l, <L max |7~ &llve=Llln—¢ll

with some constant L which is independent of x. By taking the supremum over
x € M(n) on the left-hand side of the last inequality, we obtain the desired
Lipschitz estimate

AM(n),M(€)) < Llin—¢ll. forallneU,

and the proof is complete. O

Remark 3.2

Assumption (A3) provides some flexibility for the choice of the spaces
X, =L, (Q,%,4;R"), P, and of the corresponding norm || - ||, , at each stage r.
To gwe an idea how this flexibility can be exploited, consider the function
g(x"e) = A (&) x; +b,(&) in its general form, where the matrices
Ai(4), i=1,. 1 and b,(-) depend affine linearly on &,. Then estimates of
the form required in (A3) can always be attained if the spaces and the corresponding
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norms allow estimates of the following type:

JIAn-(&(w))xz-(w)Is,u(dw) SR+ l&I I xlls =101,
Q

|, 18de) 1, udw) < Rt + 116 00.

For instance, let P, := L, (2, Z,, u;R") with g, € (1,4o00]. If all matrices A, are
non-random, then p, := ¢, is the natural choice. If, vice versa, all matrices are
random, the following conditions have to be fulfilled: (1/p;) + (1/4,) <1, for
i=1,...t

Assumption (A4) means that all data processes belonging to P fulfil the
property that at each stage re€{l,...,T}, we have “relatively complete
recourse”. Of course, (A4) is satisfied with P := P, (i.e. without restrictions on
the perturbations), if we have 4,(C,) = R" (“complete recourse”) for all stages ¢.

Now, we consider the important case of linear multistage models where the
first-stage decisions are deterministic, i.e., £, := {0,0}, X; =R", P =R" and
folx) =T, ¢x, with g, e R™, t=1,...,T. We put 4,:=0 and g,(£;) :=0.
Then (3.3) reads as follows:

T
Minimize ¢x; + E {Z q,x,(w)] (3.6)
=2
subject to  4,x,(w) = g,(x1, X2 (W), . - -, X1 (W), §(w))
x; € C,x,(w) € C; p-as.,t=2,...,T.
x, € L,(Q,%,, 1, R™)
(3.7)

Together with problem (3.6)—(3.7), we consider the associated stochastic program-
ming model with recourse:

Minimize ¢;x; + Q(x;,£) subject to x; € Cy, (3.8)
where
T
Q(x1,€) :== E| inf { > ax(w): Ax (W) = (%1, X2(W), - ., X1 (W), &(w)),
=2

x(w) € C,p-a8.,x, € L, (0,5, sRY), t=1,..., T}]
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In our next result we conclude stability for the model (3.6)~3.7) from theorem 3.1
by relating the boundedness condition for some level set (in theorem 3.1) to the
boundedness of the optimal solution set of (3.8).

COROLLARY 3.3

Let C; be a nonempty convex polyhedron and suppose for t =2,...,T,
C, :={x, e R":x,>0},4,(C,) =R" (“complete recourse”) and {u, € R™:
Aju, < q,} # 0 (“dual feasxblhty”) Let £° € P, and assume that the optimal set
D (£° ) of (3.8) is nonempty and bounded. Moreover, suppose (A3). Then the asser-
tions (i)—(iii) of theorem 3.1 hold with P := P, for (3.6)~(3.7), too.

Proof

Since the condmons (Al)—(A4) are fulfilled with P = P,, it remains to verify
that the level setl (€% = {x € M(f iqix; + E[Y 1 gix,(w)] < ¢} is bounded for
some ¢ > @(£"). Here, M(£") is given by the constramts B NDfor¢ = .{ By defini-
tion of Q, the level set /(€ )1s contained in {x € M(£%):¢;x; + Q(x,,g ) < c}.Our
assumptions imply by standard arguments (see e.g. [32]) that Q(-,&° ) is convex on
R™. Since v, (¢°) is nonempty and bounded it follows from corollary 8.7.1 in [25]
that the level set {x; € C:¢;x; + O(x;,£°%) < ¢} is bounded, too. Furthermore,
by repeating the argument in the proof of theorem 3.1 leading to (3. 5) we obtain
for each (xy,x,(),.. xT( )) € M(¢°) an estimate for ||x,||, (r= ,T) in
terms of | x|, and ||§ ||s. This estimate, together with the boundedness of the
level set for x| above, implies that {x € M(£°): ¢, x; + Q(x,,£°) < c} and, hence,
1.(£°) are bounded in X. O

Remark 3.4

Theorem 3.1 and corollary 3.3 apply immediately to linear stochastic two-
stage problems, i.e., to (3.6)~(3.7) with T := 2:

min {g,x; + E [g2%(w)]: X1 € Cy, Arxp(w) = b(E(w)) — Ay (§(w)) x1, (9)
XZ(UJ) € Cz,,u-a.s, Xy € Lp(Q, 2,/.[., an)}. .

As distinct from the stability results for (3.9), which can be derived from the general
theory in [15, 23, 29], our results are formulated in terms of perturbations of ¢ %in
some space L, = L, (2, T, u; R") of random variables rather than in terms of spaces
of probability distributions (endowed with a suitable topology or metric). Our
results yield an upper semicontinuity property for the first-stage optimal set 9, in
R™ and, simultaneously, weak upper semicontinuity for the second-stage optimal
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solutions in L,. The additional price that has to be paid is the assumption £ 0¢ L,
for ¢ > 1 (cf. remark 3.2).

The following interpretation of our results is closer to the theory developed in
{29, 30]. Let us consider the following distance on the set of all probability measures
(defined on R"):

Wy (P,Q) :=inf{|[£ —nl|.: D) = P,D(n) = 0},

where the infimum is taken over all random variables {, € L, having the probabil-
ity distribution P and Q, respectively. W, is the so-called L, -Wasserstein distance
and is a minimal metric [21, 35]. Since the optimal value ¢(£) and the solution set
¥1(€) of (3.9) only depend on the probability distribution D(¢) of the random vari-
able &, our results imply the local Lipschitz continuity of ¢ and the upper semicon-
tinuity of 1, with respect to perturbations of D(£%) in terms of the metric w,.

Remark 3.5

The results in the present paper apply, in particular, to perturbations of (1.1}
(1.2) arising from discrete approximations of the original data process £°. For this
case, our stability results are close to those obtained in [17] (for linear two-stage
problems with random right-hand sides) and in [19] (for linear multistage
problems). Without going into detail, we just mention that our results also apply
to the case of random technology matrices and work without restrictive assump-
tions on the distributions of £° and its perturbations. A barycentric approximation
scheme for multistage stochastic models including error bounds was developed in
[12]). Our results are also relevant for studying the convergence of this scheme if
the cells become arbitrarily small.
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