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A b s t r a c t :  For convex s t o c h a s t i c  programs w i t h  ( l i n e a r )  comple te  r e -  
c o u r s e ,  we r e v i e w  and i l l u s t r a t e  ( q u a n t i t a t i v e )  s t a b i l i t y  r e s u l t s  
f o r  optimal solutions i f  the underlying probability distribution is 
subjected to perturbations. We show that the general results apply 
to a recourse model for economic dispatch of electric power with 
random demand. 

i. I n t r o d u c t i o n  

C o n s i d e r  the  f o l l o w i n g  s t o c h a s t i c  program w i t h  ( l i n e a r )  comple te  r e -  

c o u r s e  

(1.1) 

where 

(1 .2)  

rain {g(×) +Q~(x) • ×EC } 

QI ~(x)  = S ~ ( h ( x , z ) )  F (dz )  
~ s  

( 1 . 3 )  Q ( t )  = rain { q T y  : Wy = t , y ) O  } .  

For the  da ta  i n  ( 1 . 1 ) - ( 1 . 3 )  we assume t h a t  g i s  a r e a l - v a l u e d  convex 

f u n c t i o n  on ~m C i s  a nonempty,  c l o s e d ,  convex subse t  o f  3R m, p i s  a 

( B e t e l )  p r o b a b i l i t y  measure on 3R s, q £~R ~, WE L(]R ~, ]R r) and h i s  a 

mapping from lRmx ]R s to  ~ r w h i c h  i s  a f f i n e  l i n e a r  i n  x and g l o b a l l y  

L i p s c h i t z i a n  i n  z .  Under the  b a s i c  assump t i ons  
w 

(A1) [wy , y ~ m  y > . O }  ~ r  
(A2)  t h e r e  e x i s t s  u ~ ]R r such t h a t  wTu @q . 

(A3) ~ I Iz  HF(dz )  < + o o  , 
]R s 

we have t h a t  Q ( h ( x , z ) )  E]R f o r  a l l  x E ~  m, z E]~ s ( t h i s  h o l d s  i n  v i e w  

o f  (A1) and ( A I ) )  and t h a t  Qp i s  a r e a l - v a l u e d  convex f u n c t i o n  on 

~m ( h e r e ,  (A3) i s  used t o g e t h e r  w i t h  p r o p e r t i e s  of  Q as an o p t i m a l -  

v a l u e  f u n c t i o n  f o r  l i n e a r  programs w i t h  pa rame te rs  i n  the  r i g h t - h a n d  

s i d e  o f  the  c o n s t r a i n t s ) ,  c f .  e . g .  [ B ] .  

The prob lem ( 1 o l )  a r i s e s  as a d e t e r m i n i s t i c  e q u i v a l e n t  t o  an i m p r o -  

p e r l y  posed program 
(1.4) rain {g(×) : x~C, h(x.~) = O} 
where Z E]~ e is a v e c t o r  o f  random d a t a .  
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The program (1 .4 )  i s  i m p r o p e r l y  posed i n  the sense t ha t  no dec i s i on  

about feasibility of x E~m is possible before knowing the reallza- 

tlon of z. In many practical situations, however, s decision on x 

has to be taken before knowing the reallzatlon of z, such that usu- 

ally a deviation h(x,z) ~ 0 occurs. The basic idea in stochastic 

programming wlth recourse now consists in allowing for a compensa- 

tion of such deviations by a second-stage decision, which is forms- 

l i z e d  in  ( 1 . 3 ) .  The average costs of  the compensation ( c f .  (1 .2 ) )  
are added to the o b j e c t i v e  of  ( I . 4 )  and we end up w i t h  ( 1 . 1 ) .  In  

t h i s  con tex t ,  (A1) ensures tha t  any d e v i a t i o n  h ( x , z )  can be compen- 

sated, which leads to the terminus "complete recourse". 

The present  paper l s  concerned w i th  the ( q u a n t i t a t i v e )  s t a b i l i t y  of 

optimal value and optimal solutions to (I.1) when the underlying 

probability measure p is subjected to perturbations. Qualitative 

stability results for (mere general) classes of stochastic programs 

wi th  recourse were obta ined in  [ 9 ] a n d  [ 1 3 ] .  Such s t a b i l i t y  cons ide-  

r a t i o n s  are motivated by two essential difficulties one is generally 

confronted with when analyzing stochastic programs (among which re- 

course problems like (1 .1 )  form only a s p e c i f i c  but important c l ass ,  

cf. e.g. [ 8 ]  , [19] for further approaches): 

Firstly, stochastic programs usually involve multidimensional inte- 

grals (llke (1.2), for instance) which allow for numerical treatment 

only  when approx imat ing  the u n d e r l y i n g  measure by s imp le r  ones (see 

[5] and the references therein). Secondly, In practice information 

on the underlying measure is often available only in the form of 

statistical estimates, which leads to questions about the asymptotic 

behaviour  of  op t ima l  va lues  and op t lma l  s o l u t i o n s  (see [ 4 ]  , [ 1 7 ]  

and the re fe rences  t h e r e i n ) .  
Based on metrizing the set ~(~s ) of all (Borel) probability mea- 

sures on ~s in a suitable way we review in Section 2 for stochastic 

programs fitting into (i.I) local kipschitz and H~ider properties 

for the optimal value and the set of optimal solutions, respective- 

ly. In Section 3 we discuss consequences of these results for a spe- 

cific recourse model arising in optimal power dispatch. 

2. S t a b ± l i t y  P r o p e r t i e s  

When aiming at  a q u a n t i t a t i v e  s t a b i l i t y  a n a l y s i s  f o r  (1 .1 )  tha t  co- 

vers  both approx imat ions  of  p in  the s i t u a t i o n  of complete i n f o rma-  

t i on  and statistical estimates for ~ when only incomplete informa- 

tion is available, it is recommendable to equip the set ~(~s ) with 

a suitable probability metric. A metrization which, simultaneously, 
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induces  convergence f o r  a s u f f i c i e n t l y  broad c l ass  of  measures and 
a l l ows  f o r  a computa t ion  (o r  at  l e a s t  e s t i m a t i o n )  of the d i s t ance  in  
impo r tan t  s p e c i f i c  s i t u a t i o n s  i s  g iven  by Lp- Wassers te in  d i s t a n c e s  
Wp ( p ) l )  which are de f i ned  by 

[ i n f  { S I =  - , 
~ s  x ~ s  

fo r  all 

V,V £TELp( ]~s ) :=  { p £ 9 ( ~  s ) : ~ UzB p p ( d z ) < o o } ,  
~ s  

where D(~ , '~ ) , :  [ 9  E 9 ( ] ~ S x ~  s) : 9o11";I  = }J . ~ . ~ 2 1  = "~J } and 
E1 " T£2 are the f i r s t  and second p r o j e c t i o n s ,  r e s p e c t i v e l y .  
From the l i t e r a t u r e  ( [ 7  ] ,  [ 1 2 ]  ) i t  i s  known t h a t  ( ~ p ( R S ) ,  % )  

i s  a m e t r i c  space and t h a t  convergence i n  Wp i s  c h a r a c t e r i z e d  by :  
Wp(~n,~ ) ~ 0 f o r  ~ E ~ l p ( ~  s ) and ~n £ ~ ( ~ s  ) i f  and o n l y  i f  the 
sequence (~n) converges weak ly  to ~ ( f o r  the d e f i n i t i o n  c o n s u l t  [ 1 ] )  

and lira S uzHP ~n (dz) = ~ ~zU p ~(dz) . 
n - ~  ~ s  ~S 

Now, l e t  us denote by ~ the f u n c t i o n  from ( T I l l ( ~ s ) ,  Wl) to ]~which 
ass igns  to V G ~]~l(]~s ) the ( g l o b a l )  op t ima l  va lue  of  (1 .1 )  w i t h  un- 
d e r l y i n g  measure 3) .  By ~ we denote the s e t - v a l u e d  mapping from 
( ] ~ I I ( ] R s ) .  Wl) to  l~ m which ass igns  to 3 ) ~ l ( 1 R s  ) the set  of  
( g l o b a l )  m in im i ze rs  of  ( 1 .1 )  w i t h  u n d e r l y i n g  measure 32. 

Our first stability result asserts upper semicontinuity of ~ and a 

local Lipschitz property of ~ at ~ (Recall that ~ is upper semi- 

con t i nuous  at  IJ i f  f o r  each open set U c o n t a i n i n g  "~(p)  there  e x i s t s  

~o>0 such that ~(~)) E U whenever Wl(~'%J) ~ ~o ")" It is a con- 

sequence of Theorem 2.4 and Remark 2.5 in [16] . 

Theorem 2.1: 

F i x  ~ & ~ ( m  s ) and suppose (A1) - (A3) .  Let  ~ ( p )  nonempty and 
bounded. Then ~ i s  upper semicon t inuous  at  ~ and there  e x i s t  con- 
s t a n t s  L > O  and ~ > 0 such t h a t  ~(~2) ~ ff and 

I ~ ( P ) -  ~(~)I ~< L w~(~,~) 
whenever 3)~i(~ s ), Wl(p,3) ) < 6 . 

The following example shows that, under the assumptions of the Theo- 

rem, ~ is in general not lower semicontinuous at ~ (Recall that lo- 

wer s e m i c o n t i n u i t y  of  ~ a t  ~ means t h a t  fo r  each open set  U s a t i s -  
f y i n g  U ~ ~ ( ~ )  # @ the re  e x i s t s  ~o~ 0 such t h a t  U r t ?  (~2) # @ 

whenever WI(~'V) < ~o ")" 
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Example 2 . 2 :  

IN ( 1 . 1 ) ,  l e t  m = s = r := 1 ,  m := 2 ,  g ( x )  t= - x  , C := [ 0 , 1  ] , 

q := ( 1 , 1 )  T, W := ( 1 , - I )  and h ( × , z )  := xz . 

Then Q ( t )  = I t l  and (A1) ,  (A2) are s a t i s f i e d .  

Let p E ~ ( ~  ) be such t h a t  ~ I z i  p ( d = )  = 1 and Pn E ~  ) 

(n E ~ ) be chosen such t h a t  Hn== ~ I z l  ~n(dZ)  > 1 H .... ~ 1 and ' n 

(pn) converges  weak l y  to ~. 

Hence, we have Wl(~, ~n ) ,,~ 0 and 

g(x) + Og(x) = -x + x ~ I z l  ~ ( d z )  (x  E C, ~ E~11 .1 (~  ) ) .  

Then ~ ( ~ )  = C and ~ ( I , n )  = { 0 }  f o r  each n e ~  , thus  impZy ing  t h a t  
i s  no t  l o w e r  s e m i c o n t t n u o u s  a t  ~. 

However, for the  case h ( x , z )  : :  z - Ax w i t h  a ( n o n - s t o c h a s t i c )  ma- 

t r i x  A EL(JR m, ]R s)  H a u s d o r f f - c o n t i n u i t y  o f  ~ a t  ~ has even been 

q u a n t i f i e d  i n  [ 15  ~ , [ 1 6 ] .  Tn t h l s  c o n t e x t ,  s t r o n g  c o n v e x i t y  p r o p e r -  

t i e s  o f  the  f u n c t i o n  

Qp(~) := ~ Q(= - ~ )  F(dz) ( ~ E ]Rs) 
~s 

with Q as in (1.3) play an important role. 

(Q; is strongly convex on a convex subset V of ~s if thore exists 

k > 0 such t h a t  f o r  a l l  ~ , ~ E  V and k E [ O , 1 ] ,  
" ) " ( g  ) + (1 - X ) O ' ( ~ )  - kX(1 - X ) I I ~  _ ~ 2 . )  

Q I ~ ( ~ +  (1 - ~ ) ~  ~XQp p 
For t h i s  s i t u a t i o n ,  the nex t  r e s u l t  l s  p roved  i n  [ 1 6 ] .  

Theorem 2 . 3 :  

Le t ,  i n  ( I o l ) ,  g be convex q u a d r a t i c  and C a p o l y h e d r o n .  

F ix  ~ E ~(1R s ) and suppose (A1) - (A3 ) .  Le t  f u r t h e r  ~ ( p )  nonempty,  

s t r o n g l y  convex  on a convex open se t  bounded and the f u n c t i o n  Qp 
v c o n t a i n i n g  A ( ~ ( ~ ) ) .  

Then, t h e r e  e x i s t  c o n s t a n t s  L > O  and ~ 0  such t h a t  

d H ( ~ ( p ) , ~ ( ~ ) )  ~ L W 1 ( ~ , ~ ) 1 / 2  

whenever  ~ p E T ~ I ( ] R  s ) ,  W l ( ~ , ~ )  <: ,~ . 
(Here d H deno tes  the  H a u s d o r f f  d i s t a n c e  on subse t s  o f  ]R m . )  

Be fo re  d i s c u s s i n g  consequences f o r  a s p e c i f i c  r e c o u r s e  model ,  l e t  us 

add a few comments on the  above r e s u l t s .  

Theorem 2 .1  can be ex tended  to  more g e n e r a l  r e c o u r s e  p rob lems (quad-  

r a t i c  r e c o u r s e ,  l i n e a r  r e c o u r s e  w i t h  a l s o  q i n  ( 1 . 3 )  random),  c f .  

Theorem 2 .4  i n  [ 1 6 ] .  V e r i f i c a t i o n  o f  the  s t r o n g - c o n v e x i t y  assump- 

t i o n  i n  Theorem 2 .3  l s  p o s s i b l e  f o r  s p e c i f i c  i n s t a n c e s  o f  ( 1 . 3 ) ,  
namely i f  e i t h e r  W E L ( ~  s+l ,  ~ s  ) ,  q ~ im W T o r  W E L ( ~  2s, ~ s  ) ,  
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W = (H , -H) ,  q+ + q-  > 0 (where H E L ( ~  ~ s  ) i s  n o n - s i n g u l a r ,  

q = ( q +  q - ) T  q +  q-  E ~ s  and the s t r i c t  i n e q u a l i t y  unders tood com- 

ponen tw i se ) .  The e x i s t e n c e  of  a d e n s i t y  f o r  ~ which i s  l o c a l l y  boun- 

ded below by a p o s i t i v e  number and c o n d i t i o n s  on ~ t ha t  ensure Q~ to 
r 

be c o n t i n u o u s l y  d i f f e r e n t i a b l e  w i t h  l o c a l l y  L i p s c h i t z i a n  g r a d i e n t  

then imp ly  s t rong  c o n v e x i t y  of  Q: , c f .  Theorem 3 .5 ,  C o r o l l a r y  3 .6  

i n  E 15 3. 
/ 

Theorem 2.3  does not  ho ld  f o r  gene ra l  convex g and C, and the expo-  

nent  I/2 on the right-hand side of the estimate is best possible, 

c f .  Examples 4 .5 ,  4 .6  in  [ 1 5 ] ,  Remark 2 .9  in  [ 1 6 ] .  

A l though c a l c u l a t i o n  (o r  e s t i m a t i o n )  of  d i s tances  between p r o b a b i l i -  

t y  measures i s  in  gene ra l  a fo rm idab le  task ,  e x p l i c i t  formulae f o r  

Lp-Wassers te in  me t r i cs  are known in  s p e c i f i c  s i t u a t i o n s  ( [ 6 ] ,  [ 7 ]  ) .  

For p r o b a b i l i t y  measures on ~ the f o l l o w i n g  ho lds  ( o f .  e .g .  [ 12  ] ) :  

Wl(p ,~)  = -~S I Fp ( t )  - F v ( t ) l  dt  

where F , F~ are the d i s t r i b u t i o n  f u n c t i o n s  f o r  IJ,M E ~ I ( ~  ) .  p 
This  formula i s  remarkab le ,  s ince f o r  measures II,M E~F Ip (~  s ) w i th  

independent  one-d imens iona l  marg ina l  d i s t r i b u t i o n s  ~ i '  ~ i  ( i = l  . . . .  s) 

we have ( c f .  Remark 2.11 in  [ 1 6 ] )  

Wp(~,~) ( Co( s Wp(~i , ~ i ) P )  1 /p  

w i t h  a computable cons tan t  C O > O. 

The recourse  model which we d iscuss  in  the next  s e c t i o n  has the p ro -  

p e r t y  t ha t  i t  on l y  depends on the one-d imens iona l  marg ina l  d i s t r i b u -  

t i o n s  of  the u n d e r l y i n g  p r o b a b i l i t y  measure, such tha t  the above 

formulae app l y .  

3. A p p l i c a t i o n  to optimg! pgwer dispatch wi th  u n c e r t a i n  demand 

In  t h i s  s e c t i o n ,  we cons ide r  an energy p r o d u c t i o n  system c o n s i s t i n g  

o f  thermaI  power s t a t i o n s  ( t p s ) ,  pumped (hydro)  s to rage  p l a n t s  (psp) 

( s e r v i n g  as base- and peak- load  p l a n t s ,  r e s p e c t i v e l y )  and an energy 

c o n t r a c t  (ec)  w i t h  connected systems. The problem of  op t ima l  power 
d i spa t ch  c o n s i s t s  of  a l l o c a t i n g  amounts of e l e c t r i c  power to the 

g e n e r a t i o n  u n i t s  of  the system ( i . e .  t ps ,  psp and ec)  such t ha t  the 
t o t a l  g e n e r a t i o n  cos ts  are minimal w h i l e  the a c t u a l  power demand i s  

met and c e r t a i n  o p e r a t i o n a l  c o n s t r a i n t s  are s a t i s f i e d .  

The p e c u l i a r i t i e s  of  the model we s h a l l  d iscuss  are the f o l l o w i n g :  

(a) The model i s  des igned f o r  a d a i l y  o p e r a t i n g  cyc le  and assumes 
tha t  a u n i t  commitment stage has been c a r r i e d  out  b e f o r e ,  (b) the 

t r ansm iss ion  losses  are modeled by means of  an ad jus ted  p o r t i o n  of 
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the demand, (c )  the cos t  f u n c t i o n s  of  the t h e r m a l  p l a n t s  are  taken 

to be s t r i c t l y  convex and q u a d r a t i c ,  A s p e c i a l  f e a t u r e  of  our model 

i s  t h a t  we take i n t o  account  the randomness o f  the e l e c t r i c  power 

demand. 

Let K and M denote the number of  tps  and psp,  r e s p e c t i v e l y ,  and N be 

the number of  s u b i n t e r v a l s  i n  the d i s c r e t i z a t i o n  o f  the p l a n n i n g  pe-  

r i o d .  Let  I r C { 1 . . . . .  K } denote the i ndex  se t  of  a v a i l a b l e  o n l i n e  

tps w i t h i n  the t ime i n t e r v a l  r E { I  . . . . .  N}.  The (unknown) o u t p u t s  o f  

the tps  and psp a t  the t ime i n t e r v a l  r a re  Y l r  ( l = i , . . . , K )  and S j r  

( g e n e r a t i o n  mode o f  the psp j E { I  . . . . .  M} ) ,  r e s p e c t i v e l y .  By Wjr we 

denote the i n p u t  of  the  psp j d u r i n g  the pumping mode and by e r the 

l e v e l  o f  e l e c t r i c  power which cor responds  to the c o n t r a c t  a t  t ime 

i n t e r v a l  r. 

Denot ing x : : ( y , s , w , e )  TE ~m w i t h  m:=N(K+2H+I) our  model f o r  o p t i m a l  

power d i s p a t c h  deve loped  i n  [ 1 4 3  has the  f o l l o w i n g  shape 

(3.1) rain {g (x )  : X £C, AX = z } . 

In (3.1),  g is  a convex quadratic cost function defined on ~m , 

C C~m is  a (nonempty) bounded convex polyhedron containing the re- 

s t r i c t ions  for the power output, balances between generation and 

pumping in tile psp, balances over the whole time horizon for the psp 

and acco rd i ng  to the energy  c o n t r a c t ,  f u e l  quotas i n  the tsp e t c .  

The e q u a t i o n  Ax = z i n  ( 3 . 1 )  reads componentwise ( i . e .  a t  t ime i n -  

t e r v a l  r )  

43.2) [AX]r := ~ E I  Y l r  + ~ ' ( S j r  " wjr) + er = zr 
r j : 1  

and moans t h a t  the t o taZ  genera ted  ou tpu t  meets the demand z = ( z l , , , .  

,zN)T a t  each t ime i n t e r v a l .  

We c o n s i d e r  the demand z as a random v e c t o r  and denote by ~ E ~ ( ~ N )  

the p r o b a b i l i t y  d i s t r i b u t i o n  of  z and by F r the d i s t r i b u t i o n  f u n c -  

t i o n  of z ( r= l  . . . .  ,N). D is t inc t  from t i le  approach in [14] ,  where r 
the equi l ibr ium between to ta l  generation and (random) demand has 

been modeled by a p r o b a b i l i s t i c  c o n s t r a i n t ,  we here c o n s i d e r  a s t o -  

c h a s t i c  f o r m u l a t i o n  of  ( 3 . 1 )  as a recou rse  model .  Its b a s i c  i dea  i s  

to i n t r o d u c e  a c e r t a i n  p e n a l t y  cos t  f o r  the  d e v i a t i o n  o f  the sched-  

u led ou tpu t  f rom the a c t u a l  demand f o r  unde r -  and o v e r - d i s p a t c h i n g ,  

respect ively.  To be more precise, we define 

N N q t r , t r ) 0 
~ ( t )  ;= r = ~ r ( t r )  := ~ [ ( t  E ~N), 

r=1 [ . q r t r  • t r  < 0 
+ and q; are the recourse costs for the under- and over-dis-  where qr 

pa t ch i ng  a t  t ime  i n t e r v a l  r E {  I . . . . .  N ] ,  r e s p e c t i v e l y .  
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The power d i spa t ch  model then has the form 

(3.3)  min {g (x )  + E [ ~ ( z -  Ax)] : ~ C }  

where E [ .  ] denotes the e x p e c t a t i o n  ( i . e .  the i n t e g r a l  over ~N wi th  

respect to the measure p). 
S i m i l a r  power d i spa tch  models are cons ide red  in  [ 2  ] (Chapter  3 . 3 ) ,  

[ 3  l a n d  [ 2 0 ] .  For more i n f o r m a t i o n  on power d i s p a t c h ,  e s p e c i a l l y  

s t o c h a s t i c  models, we r e f e r  to [ 1 8 ]  and to seve ra l  papers in  [ 5 ] .  

Observing that ~(t) : inf { qTy : Wy = t, y~O} holds with 

. . . . .  . . . .  denoting the ideot ty 
m a t r i x  i n  L( ~ N ) ; ,  ( 3 .3 )  i s  a s p e c i a l  i ns tance  of t i le genera l  ~ to -  

c h a s t i c  program w i t h  recourse  ( t . 1 ) .  I t  i s  we l l -known tha t  ( A I ) , ( A 2 )  

are s a t i s f i e d  i f  q ;  + q ;  ~ 0 f o r  each r : l  . . . . .  N ( c f . e . g .  [ 8  ] ) .  

Now, we are in  the p o s i t i o n  to app ly  the genera l  s t a b i l i t y  r e s u l t s  

from Sec t ion  2 to the s p e c i a l  recourse model ( 3 . 3 ) .  We s t i l l  need 

the f o l l o w i n g  ' d i s t a n c e '  on ~ ( ~ N  ) :  
N 

d ( ~ 1 . ~ 2 ) : :  ~ ~ t F l r ( t  ) - F 2 r ( t ) l  dt  
r = l  - ~  

where F l r  arid F2r are the one-d imens iona l  marg ina l  d i s t r i b u t i o n  

Funct ions of ~1 '  ~2  ~ ~ ( ~ N  ) .  

Theorem 3 .1 :  
Cons ider  (3 .3 )  w i t h  gene ra i  assumpt ions as above, l e t  iJ £~F~I(~N ) 

and q~ + q ;  ~ 0 f o r  each r = l  . . . . .  N. 
( i )  Then ~ i s  upper semicont inuous at p (w i th  respec t  to the d i s -  

tance d) and there  e x i s t  cons tan ts  L >0  and ~ > 0  such tha t  

I ~(P)  - ~(~)  I ~ L d (p ,~ )  whenever d (~ ,~ )  < ~ . 

( i i )  Assume, a d d i t i o n a l l y ,  t ha t  q~ + q ;  > 0 fo r  each r : I  . . . . .  N, 
lJ has bounded marg ina l  d e n s i t i e s  e r  ( r=1 . . . . .  N) and tha t  there  

e x i s t s  c > 0  such t ha t  
o N .) ~ c o f o r  a l l  t = ( t  1 . . . .  tN )T ® ( t ) : =  -n-  e r ( t r  

r=1 ~N 
in  some open subset  U of  c o n t a i n i n g  the set  A ( ~ ( ~ ) ) .  

Then the re  e x i s t  cons tan ts  L l >  0 and 6 1 > 0  such tha t  

d H ( ~ ( ~ ) , ~ ( V ) )  ~ L 1 d (~ ,~ )  1 /2  whenever d ( y ,V )  < ~ i "  

Proof: 
Par t  ( i )  i s  a consequence of Theorem 2 .1 .  I t  remains to note t h a t ,  

s ince  (3 .3 )  on l y  depends on the marg ina l  d i s t r i b u t i o n  f u n c t i o n s  F r 

( r = l  . . . . .  N), the f i n a l  remark o f  Sec t i on  2 a p p l i e s  and W$(~,~) may 

be es t ima ted  by N 

C° ~ r : l  - ~  j } F r ( t )  - F ~ r ( t ) l d t  : CO d ( p , ~ )  , 
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where C o > 0  i s  a c e r t a i n  Constant  and F~ ( r=Z ,  . . . .  N) are  the mar- 

g i n a i  d i s t r i b u t i o n  f u n c t i o n s  of  ~ E ~ ( ~  ) .  

To prove ( i i ) ,  we f i r s t  remark t h a t ,  acco rd i ng  to the assumpt ions ,  

O~ ( f o r  a d e f i n i t i o n  see S e c t i o n  2) i s  s t r o n g l y  convex on each boun- 
! 

ded convex open se t  V w i t h  A(~(p)) C V E U (Theorem 3.5  i n  [153). 
To see t h i s ,  we note t h a t  aga in  ~ may be r e p l a c e d  by the measure 

being the p roduc t  of  the ma rg i na t  d i s t r i b u t i o n s  of  |J and t h a t  G i s  

the d e n s i t y  of  ~. Now, Theorem 2 .3  a p p l i e s  and the p r o o f  i s  comple te .  
O 

This means that for our power dispatch model the optimal costs be- 

have Lipschitz continuous, and, under suitable assumptions on the 

marginal densities of the random demand vector, tl~e optimal sets en- 

joy a H61der continuity property with respect to the computable dis- 

tance d. 

The following equivalent form of (3.3) via the introduction of a new 

variabie ~ E~N (called 'tender') proves useful for numerical pur- 

poses: 

(3 .4 )  min { g ( x )  + Q(~) : xEC0 Ax = X } ,  

N 
where Q(~) :=  ~ E [ ~ r ( Z r  - ~ r ) ]  ( E E ~ N ) .  

r=1 

(3 .4)  i s  a n o n l i n e a r  convex sepa rab le  program i n  which the number of  

v a r i a b l e s  occu r i ng  n o n l i n e a r l y  i n  the recourse  p a r t  i s  N i n s t e a d  of  

m >> N. 

For an extensive discussion of numerical methods for the solution of 

(3°4) we refer to [10] (and also to their papers in [5]) and to the 

recent  work i n  [ 2 ] ( C h a p t e r  4) and i n  [ l l ] .  
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