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1. Introduct ion 

In the f o l l o w i n g  we w i l l  c o n s i d e r  s t o c h a s t i c  o p t i m a l  c o n t r o l  problems 

in which the dynamica l  system i s  d e s c r i b e d  by e n o n l i n e a r  random o r d i -  

nary d i f f e r e n t i a l  equa t i on  and the f u n c t i o n a l  i s  e s t a b l i s h e d  w i t h  r e -  

spect  to the expec ted  v a l u e :  
t n f  3 (u)  (P) 
uEC 

where O(u) :=  E C g ( x l o x ( T ) ) }  (1) 

X ( t )  = f ( t , Z ( t ) , U ( t ) ° x ( t ) )  , t ~ E t o , T  ] ,X( to )=xO (2) 

C i s  a nonempty Bet of  d e t e r m i n i s t i c  o r  (3) 

s t o c h a s t i c  c o n t r o l s .  

x ° , x  I a re  random v a r i a b l e s  and z i s  a s t o c h a s t i c  p rocess  d e f i n e d  on e 

p r o b a b i l i t y  space ( ~ ,  ~ 0 P ) .  (2) r e p r e s e n t s  an i n i t i a l  v a l u e  problem 

fo r  a random o r d i n a r y  d i f f e r e n t i a l  equa t i on  and E i s  the symbol f o r  the 

expected v a l u e .  P o s s i b l e  i n t e g r a l - p a r t s  in  the f u n c t i o n a l  (1) l e t  be 

t rans formed by i n t r o d u c i n g  new s t a t e  v a r i a b l e s .  

The f o l l o w i n g  i n v e s t i g a t i o n  alms at  the a p p l i c a t i o n  o f  a R l t z - G a l e r k l n  

method f o r  the approx imate  s o l v i n g  o f  (P ) .  Th is  method i s  based on an 

approx ima t ion  of  s t o c h a s t i c  processes by p rocesses  w i t h  f i n i t e l y  many 

r e a l i z a t i o n s  (see c h a p t ,  2 ) .  Bes ides  a gene ra l  convergence theorem we 

ob ta in  in  chap te r  3 t h a t  the approx imate  prob lems are c o m p l e t e l y  d e t e r -  

m i n i s t i c  ones.  In  the  case o f  d e t e r m i n i s t i c  c o n t r o l s  each o f  these p rob -  

lems r e p r e s e n t s  a c e r t a i n  d e t e r m i n i s t i c  o p t i m a l  c o n t r o l  problem and in  

the case o f  s t o c h a s t i c  c o n t r o l s  a f a m i l y  o f  d e t e r m i n i s t i c  o p t i m a l  con-  

t r o l  p rob lems.  

We i n v e s t i g a t e  (P) under  the f o l l o w i n g  g e n e r a l  s u p p o s i t i o n  (S) :  

(1) g: RnxR n = R 1 i s  con t i nuous  and t h e r e  e x i s t  c o n s t a n t s  L > O ,  a > O .  

bER 1, pE[1 .m)  such t h a t  Ig(yl.y2)l ~ a + L ( I Y I I R n  Iy 2 n ) 

and g ( y l , y 2 )  ~ b ho lds  f o r  a l l  y I . Y 2 E R  n.  

( i i ) f :  I t  .TJxRaxRrxR n = R n i s  c o n t i n u o u s  and f o r  e l l  z t E  R a . u l E  Rr° 

XtE R . 1=1,2 .  t E [ t o , T  ] 

I f ( t ' Z l o U z , X z ) ' f ( t  °z2'u2'x2 ) IR n ~ L(lzi'z21Rs+lUi'u2 IR r+ Ixi'X2lR n) 
h o l d s .  

( i t l ) ( K t o ~ , P )  i s  a p r o b a b i l l t y  space,  x ° , x l s  L ; ( ~ ' L 0 ~ , P ) .  
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=£ L I ( [ t o , T ] , L ~ ( f L . ~  Or .P ) ) .  

( i v )  ~ $ C C L l ( [ t o , T ] , L ; ( l ' i , O t , P ) ) .  

Remark I : 

e) Under the s u p p o s i t i o n  (S) the random d i f f e r e n t i a l  equat ion  (2) can 

be understood as an a b s t r a c t  d i f f e r e n t i a l  equat ion In the Banach 

space B=Ln(~9. ,Ct ,P) .  The ope ra to r  
Ps L n f :  [ to ,TJXLp(~Z,  CX,P)XLr(A'L,CEp ,P)xLn(~,0LH "P) " P(£3"'C~'P) then 

s a t i s f i e s  a L i p e c h i t z  c o n d i t i o n  tha t  i s  analogous to ( l i ) .  Hence an 

unique s o l u t i o n  x E C ( ~ t o , T ] , L n ( ~ , C C , P ) )  e x i s t s  f o r  each 

u EL 1 ( I t  o . T ~ , L ; ( 3 ~ 0 ~ ° P ) )  (comp ~ . ~ l l ~ , p . 5 4 1 ; [ 5 ] ; [ 9 j ,  Theorem 1 ) .  

b) I f  x , ~  are the -acco rd ing  to a) un ique ly  determined-  s o l u t i o n s  of  

the random d i f f e r e n t i a l  equat ion  (2) w i th  the inpu t  parameters X°o 
z ,u  and ~o.-~,~. r e s p e c t i v e l y ,  then (S) and Gronwa l l ' s  i n e q u a l i t y  

(comp. ~12] ,p .189)  y i e l d  the e s t i m a t i o n :  
t 

iix(t)-~(t)UL~ ~ eL(t-to)( II x°-~°llL np + L ~to ( "z(s)'z(s)ltLep 

+ , u ( s ) - ~ ( a ) l l  r )ds ) , f o r  each tE[to,T ]. 
Lp 

c) Accord ing  to ( S ) ( l )  g can be considered to be a con t inuous  ope ra to r  
p n g: L ( E L , ~ , ) X L p ( ~ ' L , 0 L ° P )  ~ L t ( ~ , C ~ , P  ) and the f u n c t i o n a l  (17 Is  

T r u n i q u e l y  de f ined  f o r  each U e L l ( [ t o ,  ~°Lp(~ 'L.Gt .P))  ( reap .  f o r  
u E L z ( [ t o , T ] . R r  ) e s p e c i a l l y ) .  Fur thermore the c o n d i t i o n  ( S ) ( i )  se-  

cures l n f  O(u) > -~o . I t  tu rns  out  tha t  (P) can be fo rmula ted  as 
uEC 

mlnlmum problem In the Banach space LI ( [ to ,T~,L '_(~L,~,P)) .__p a 

2o An approx imat ion  of  s t o c h a s t i c  processes 

In the f o l l o w i n g  l e t  (£L,C~,P) be a p r o b a b i l i t y  space, (R n, ~n)  the 

Bore l  measurable apace and I ¢ R I .  Let x :  I x~ - - -~R  n denote a vec to r  

s t o c h a s t i c  process w i th  the s t a t e  apace R n and the parameter set  I ,  
~x be the sma l les t  u - a l g e b r a  w i th  respect  to which each random v a r i -  

able x ( t ) ,  t <  Io o f  the process i s  measurable.  For a random v a r i a b l e  
z :~Z = R n def ined on ( ~ , C ~ , P )  l e t  E(zJA) (AE C~,P(A)>O) denote 

the c o n d i t i o n a l  expected va lue  of  z r e l a t i v e  to the event A. Lp 
the norm IlZJlP := [ E ( i z l  p )]1 s h a l l  denote the Banach space of  w i th  

R n 
random v a r i a b l e s  de f ined  on (3"Z,CK,P) being i n t e g r a b l e  to the p ( t h )  

} power ( l ~ p  <=o).  Horeover l e t  a sequence 1~1=1 . . . . .  a m mEN 

be g iven w i th  the f o l l o w i n g  p r o p e r t i e s :  
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A m i s  a f i n i t e  d e c o m p o s i t i o n  o f  .~ , ( i)  ¥mEN: I 1,,1 . . . . .  s m 

( I I )  VmEN: C¢ m ~ CXm+ I , where 0~ m ;,, 0L({A }1,,1 . . . .  ,em 

( I i i )  0t X Cp Ct( mENU C¢ m ) 

(Here 0C(E) i s  the  s m a l l e s t  ~ - a l g e b r a  t h a t  c o n t a i n s  E ~ OL and 

i t  h o l d s  t h a t  ~ c ~ i f  f o r  each Z E ~ t h e r e  e x l s t s  an even t  
=p 

Z E  ~ w l t h  P ( X ~ ) = O o )  

I f  we now suppose t h a t  x :  I - - - ,  L ; ( S L , C t , P )  end i f  we d e f i n e  f o r  each 

m~N the f o l l o w i n g  p r o c e s s e s  w i t h  f i n i t e l y  many r e a l i z a t ~ o n s  
S 

m 

Xm(t ) =- ~'- E(x( t ) }A ; )  I m , tE I ,  
1=1 A 1 

then the f o l l o w i n g  c o n v e r g e n c e  s t a t e m e n t  I s  v a l i d  ( s e e [ B ] ,  Theorem 4)= 

Theorem 1 = 

Suppose t h a t  x . - I - - - P L ; ( J ~ , G L , P )  and Xm,mEN, a re  d e f i n e d  as above ,  then." 

a) For a l l  t E I i t  h o l d s  t h a t :  

l i ra I X m ( t , = )  - x ( t , ~ ) l R  n = 0 a . s .  

l i ra  I l x m ( t ) -  x ( t ) g p  • O , i f  x ( t ) E  L ; ( 3 ~ . , ~ , P )  , l ¢ p < = o  . 

b) I f  I i s  measurabZe, bounded and XE L q ( I , L ; ( ~ , O L , P ) ) ( Z ~ p , Q  <=o ) ,  

then i t  ho lds  t h a t =  

l i r a  [ llXm(t) - x(t)J); dt - 0 
= --, =0 I 

c) I f  I I s  a compact i n t e r v a l  and x E C ( I , L ; ( J ~ , ~ , P ) ) ,  then 

l im max I l X m ( t )  - x ( t ) ~ 2  • 0 . 
m--~=o t E I 

The p r o o f  l s a  consequence o f  c o n t i n u i t y  p r o p e r t i e s  of  the  c o n d i t i o n a l  

e x p e c t a t i o n .  

Remark 2:  

a) U n d e r  some weak s u p p o s i t i o n s  to x ( c o m p . [ 7 ] , [ 8 ] )  t h e r e  e x i s t  such 

{ { A  m ] } o f  f i n i t e  d e c o m p o s i t i o n s  o f  ~ .  sequences I l = l , . . . , s  m mEN 

Acco rd ing  to the way i n  which t h e y  e re  gene ra ted  t h e r e  e x i s t  possC- 

b t l l t l e s  f o r  the c o m p u t a t i o n  o f  the r e a l i z a t i o n s  E ( X ( o ) I A ; )  o f  the  

a p p r o x i m a t e  p r o c e s s  x m and t h e i r  p r o b a b i l i t i e s  P ( A ; ) °  I=1  . . . .  ,s  m. 

b) P r o v i d e d  t h a t  t h e r e  e x i s t s  a sequence { z t } i E  N o f  r e a l  random v a r £ -  

01,( U Or.zl ) .  then a b l e s  d e f i n e d  on ( 3 3 . , Q , P )  w i t h  ( ~ )  C¢ x =Cp iEN 

such sequences as i n  a) can be gene ra ted  - by means o f  f a m i l i e s  o f  
n } C ~ 1  i , n£  N of R 1 under f i n i t e  d e c o m p o s i t i o n s  { I j , t  J - l  . . . . .  n 

f u r t h e r  p r o p e r  s u p p o s i t i o n s  - as f o l Z o w s :  
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k k 
A ~ n ' k ) : =  (~ z ; 1 ( l ;  i ) ° l = l  . . . . .  nk° I = I  + E ( l l - l ) n l ' l  . 

1=1 t '  1=1 
1. E{1  . . . . .  n } .  n . kENo 

Obviously P(A~ n'k)) and E(x(t)~A~n'k)), respectively, are deter- 
0zk)T T( mined by the d i s t r i b u t i o n  of  (z 1 . . . .  and ( x ( t ) . z  1 . . . . .  Zk) [ 8 ] ) .  

c) For the case of  a ree l  GauSslan process an e f f e c t i v e  a l g o r i t h m  f o r  
the computat ion of  the r e a l i z a t i o n s  E ( x ( . ) I A ; )  was given in [ 8 ] .  

chapter  6. There th~ ~z t~ IE N are chosen as proper  independent 
N ( O . i ) - d i s t r i b u t e d  rea l  random v a r i a b l e s .  Convergence 

l im  iixm(t) - x ( t ) i~2 = O fo r  each t E I iS a l ready  secured f o r  

processes being cont inuous in  p r o b a b i l i t y ,  For the c a r r y i n g  out of  

the a l g o r i t h m  we on l y  need the mean- and the covar iance f u n c t i o n  of 
the p rocess .  

d) The represented approx imat ion  of s t o c h a s t i c  processes Is  in I t s  k ind 
r e l a t e d  to Honte-Car lo  methods. Con t ra ry  to the Monte-Car lo  methods 
(pseudo-)  random number genera to rs  are not  needed. 

3. A Ritz:Ga!erkln method in stochastic optimal control 

For the approximation of stochastic optimal control problems (P) we now 

use a R l t z - G a l e r k l n  method. Th is  method i s  based on the represented 

approx imat ion  of  s t o c h a s t i c  p rocesses.  The approx imate problems r e s u l t  

by r ep l ac i ng  the s t o c h a s t i c  i npu t  parameters x ° , x l , z  by the c o r r e -  
o 1 eponding approx imat ions  Xm,Xm,Z m and by m in im iz ing  in  proper  subsets  

C m of  C. The approx imate problems consequent ly  are of  the form 

Inf Om(Um) (Pm) 
UmEC m 

whore o,(Um)=- } 
o (2m) Xm(t) = f ( t . Z m ( t ) . U m ( t ) . X m ( t ) )  . t E [ t o . T ]  .xm(to)=Xm 

~ C m C L l ( [ t . . T ] . L ~ ( £ 3 . .  =re.P)) (3m) 
u 

The problem (Pm) rep resen ts  a R i t z - G a l e r k l n  approx imat ion  to (P) .  Since 

the usual s imple convergence proo fs  f o r  o r d i n a r y  R i t z  methods do not 
app ly  (see [ 3 ] ) .  we use a genera l  approx imat ion  scheme accord ing  t o i l ] .  
In the f o l l o w i n g  we denote by [ C . 3 ]  the minimum problem (P) and by 

[Cm,Om] the problem (Pm). As in [1 ]  we d e f i n e :  

{[Cm.0m]}mE, approx imates [C .O ]  l f f  l i e  O; = 0m:- i n f  O(u) ° 
m ~  uEC 

where 0 ;  := i n f  Om(Um) . 
UmeC m 
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Lamina : 

{[Cm.3m]}mEN approx imates [C,O]  i f f  

( I )  to each uEC and each mEN there e x i s t s  s VmE C m w i t h  

l"im Om(Vm) (O(u) . 
ffi --o- ¢~ 

( I I )  f o r  each sequence {vm}m~N, vmE Cm° w i t h  l tm (Om(Vm)-3; ) -O, there 
m - - b ~  

e x i s t s  a sequence {Um~mE N C C such tha t  l im (3(Um)-Om(Vm))~O . 
m --P 0¢= 

Proof= [ 1 ] ,  p.157 . 

Theorem 2 = 

Supp.=a) Let (S) be f u l f i l l e d ;  the s t o c h a s t i c  process ( x ° , x l , z ( . ) )  T 
de f ined on (4 "L ,~ ,P)  w i t h  the s t a t e  space R 2n+e s a t i s f i e s  

( h ) z . l  . . . . .  s. the c o n d i t i o n  ( ~ )  i n  remark 2b) ;  C~m:- CX( m ) ,  

O 1 m MEN,  are de f ined  es in  chapter  2. X m j X  BZmP 

b) C C E l (  [ t o . T  ] , L ; ( ~ L ,  OL,P)) end OL m Cp ~L , where 

~ : =  ~ (  u u cc ) O[x° Otxl z 

c) I f  Ore; L l ( E t o ' T ] e L ; ( J n " ~ ' P ) )  " L I ( [ t o * T ] ' L ; ( ~ ' ~ '  O~m'P)) 

denotes the opera to r  (QmU)( t ) : .  ~m E ( u ( t ) I A ; )  I . t E [ t o . T ] .  
1-1 A ;  

then Qm(C) ~ C m holds fo r  mEN. 

Then {[CmoOm]}mEN approximates [CoOl . 

Proof : 
a) We aim s t  app ly ing  the 1emma and s t a r t  w i t h  p rov ing  c o n d i t i o n  ( I )  

by showing tha t  l i e  0m(Qeu ) • 3(u)  f o r  each u e C .  
m--~ =o 

For u GC l e t  x and x m, r e s p e c t i v e l y ,  denote the s o l u t i o n  of (2) 
and (2m) w i th  Um:= Qm u . Then we ob ta in  

I s ( u )  - om(Om-)l ~ E { l g ( x l . x ( T ) )  - g ( x ~ . x m ( T ) ) l }  

and accord ing  to remark lb )  
T 

IlxCT)-Xn%(T)IILn; ~ e L ¢ T ' t o ) ( l l x ° - x : U L ;  ÷ L ~t o(~iz(s)-zm(s)llEpe 

÷ ~u(s)-(Qmu)(e) l~L r ) de) . 
P 

This  e s t i m a t i o n ,  the d e f i n i t i o n  of Qm' the s u p p o s i t i o n  and Theorem 1 

prove m--,oolim U x(T) - Xm(T ) liEn - 0 . 
p 

The c o n t i n u i t y  of  g completes the proof  of  c o n d i t i o n  ( I ) .  
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b) In  o rder  to prove c o n d i t i o n  ( I I )  we have to show that  

i im  13(Vm) - 3m(Vm) I = 0 f o r  a r b i t r a r y  sequences {vm} m ,vine Cm,meN. 
m ~  

Now l e t  ~m and x m, r e s p e c t i v e l y ,  denote the s o l u t i o n  of (2) w i th  

u:=v m and of (2m) w i th  Um:-V m o Again us ing remark lb )  we ob ta in  
T 

II ~m (T )  - xm(T) ULn ( e L ( T - t o ) ( ~ x ° - x : I I L  n -  + L ;t IIz(s)'Zm(S)ll s d s )  
p o Lp 

and t h e r e f o r e  

l i m  IS(vm) - Om(Vm)l ~ e { I g ( x l ' x =  ( T ) )  " g ( x ~ ' x m ( T ) ) l }  m - ~  o . 
m ~  q . e . d .  

Remark 3= 

a) The case of  d e t e r m i n i s t i c  con t ro l s=  

We suppose tha t  ~ ¢ C C L l ( [ t o , T ] , R r )  o Cm:= C, mEN. In t h i s  case 
the s u p p o s i t i o n s  b) and c) of  Theorem 2 are t r i v i a l l y  f u l f i l l e d .  

Accord ing to chapter  2 xm,Xm,Z m °  1 have r e p r e s e n t a t i o n s  of the form= 

o .  o x : , l  =" 
Xm 1 - 1  Xm, 1 1 m " 

A 1 

1 ~m 1 x 1 E(xllA~) ~R. 
x m = Xm, 1 I m " m, l  := 

l = l  A l 

Zm(.)= ~m z m , l ( . )  I m , Z m , l ( . ) : =  E ( z ( , ) I A ~ ) E  L l ( [ t o , T J , R  s) . 
I=1 A l 

Then the s o l u t i o n  x m of (2m) has the r e p r e s e n t a t i o n  (romp. e . g . [ 8 ] )  

Xm(.)= ~m x m 1 ( . )  1 m , where Xm, 1 E C ( E t o , T ] , R n )  i s  the so lu -  
i=1 ' A 1 

tion of the deterministic ordinary differential equation 

o 
;m.l(t) = f(t,Zm,l(t),u(t),Xm,l(t)) , rE[to,T]. Xm,l(to )= Xm,1 , 

1=1, . . . .  s m. Moreover the f o l l o w i n g  r e p r e s e n t a t i o n  fo r  ( lm) r e s u l t s :  

s 
%(.) . ~ g(x~, l ,xm. l (T) )  ~(A;) , . ~ c  . 

Thus, i f  { x  ° 1 ~ } are known, then the 
m , Z ' X m , 1 ' % . l ' P ( %  ) l=1 . . . . .  s m 

approx imate problem (Pm) rep resen ts  a comp le te ly  d e t e r m i n i s t i c  o p t i -  
mal c o n t r o l  problem. With respect  to the d e t e r m i n i s t i c  c o n t r o l  problem 
cor respond ing to (P) (w i th  d e t e r m i n i s t i c  i npu t  parameters x ° , x l , z )  

on l y  the ou te r  form of  the f u n c t i o n a l  and the dimension of  the sys -  

tem of the o , d . e ,  changed. The p r o p e r t i e s  of the problem ( lm) ,  

which e.g°  make a numer ica l  t rea tment  p o s s i b l e ,  remained unchanged. 

b) The case of s t o c h a s t i c  c o n t r o l s :  
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We suppose ¢ $ C:= { u~ LI(Zto.T],L;(.CL.~ 0P))lu(.,~) •C d e.s.}  , 

C d C L l ( / t o o T ] , R r )  and Cm:- C A L I ( Z t o , T ] , L ; ( £ 1 ,  ~ m , P ) ) .  

I f  X : ,X~,Z  m are of the form as in  a) and i f  umE C m i s  of  the 
S 

form Um( ' ) "  ~m U m , l ( . )  [ m , Um, l •  C d accord ing  to the sup- 
1=i A 1 

p o s i t i o n ,  then the r e p r e s e n t a t i o n  

1=1 

X m , l ( t )  = f ( t , Z m , l { t ) , U m , l ( t ) , X m , l ( t ) )  , t ~ [ t o , T ] ,  X m , l ( t o ) ' X ~ ,  1 

r e s u l t s  f o r  ( lm) and (2m), r e s p e c t i v e l y .  
In t h i s  case the problem (Pm) i s  e q u i v a l e n t  to the f o l l o w i n g  f a m i l y  

of  d e t e r m i n i s t i c  op t ima l  c o n t r o l  prob lems:  

~ i n f  0 m ) ~  
Um, IE C d 'l(Um'l i=I . . . . .  a m 

where 3m.l(Um.l):= g(x~,loXm,1(T)) 

Xm,l(t) = f(t.Zm.l(t).Um,l(t),Xm,l(t)) . tE[to.T ], Xm.l(to)'X:. 1 

(1=1 . . . . .  am) 
Each of  these d e t e r m i n i s t i c  problems represen ts  Jus t  a d e t e r m i n i s t i c  
op t ima l  c o n t r o l  problem cor respond ing to (P ) .  

Remark 4 : 

a) I f  e .g ,  C d I s  of the form Cd:= {u  e L t ( [ t o , T ] , R r ) l u ( t  ) E D ( t )  a , e . }  

w i th  convex, c losed D ( I ) ,  r E [ t o , T ] ,  then E ( u ( . ) t A ; )  ~ C d , 1-1 . . . . .  s m, 
r e s u l t s  from u ( . , ~ )  ~ C d a . s .  (see [ 1 2 ] , p . 1 4 5 )  and suppos i t i on  c) 
of  Theorem 2 i s  f u l f i l l e d .  

b) The c o n d i t i o n  ~m C ~ i s  f u l f i l l e d  in most cases ( [ 8 ] ) .  In some =p 
spec ia l  cases we can do w i thou t  the c o n d i t i o n  

C C L I ( [ t o 0 T ] , L ; ( ~ 3 . , ~ ° P ) )  (see e .g .  Cg]) .  

c) I f  we succeed in de te rm in ing  a sequence u ; E C  m ,m EN0 in such a 

.aythat O; Om(U apoeltlve z e r o  sequence, 
w then {Um}mE N i s  a m in im iz ing  sequence fo r  3 on C. S t a t i s t i c a l  

c h a r a c t e r i s t i c s  o f  u ;  ,meN, such as the expected va lue ,  moments 

and d i s t r i b u t i o n  can be computed in  a ve ry  s imple way ( [ 8 ] ) .  

Hence the task of p r a c t i c a l l y  r e a l i z i n g  the approx imat ion  method 
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c o n s i s t s  in  the approximate s o l u t i o n  of  the d e t e r m i n i s t i c  op t ima l  

c o n t r o l  problems being e q u i v a l e n t  to (pm). 

Remar~ ~ :  

a) I f  the f u n c t i o n a l  0 in (P) has more g e n e r a l l y  the form 

T 
O(u) :=  E ~ :  f o ( t , z ( t ) , u ( t ) , x ( t ) ) d t  + g ( x l , x ( T ) ) ~  , ( 1 ) '  

o 
then t h i s  s t o c h a s t i c  c o n t r o l  problem can, as usual (comp. e . g . [ 4 ] ,  

p . 4 t ) ,  be t ransformed i n t o  a problem of  the type (P)o For t h i s  pu r -  
pose we i n t roduce  a new s t a t e  v a r i a b l e  x o and the d i f f e r e n t i a l  equa- 

t i o n  ~ o ( t ) = f o ( t 0 z ( t ) 0 u ( t ) . x ( t ) ) 0  t E [ t o . T  ] ,  Xo(to)=O , and we 

add i t  to the s t a t e  equa t ions .  With the n o t a t i o n s  ~ : = ( X o , x ) T .  

f : = ( f o , f )  T, ~ ° : = ( O , x ° ) T  the f o l l o w i n g  problem of  the type (P) r e s u l t s :  

O ( u ) : -  E~Xo(T) + g ( x l . x ( T ) ) }  

~ ( t )  = ~ ( t , Z ( t ) , U ( t ) , ~ ( t ) )  , t E [ t o , T ] ,  ~( tO)  = G 0 . 

Th is  remark aims at  p o i n t i n g  out tha t  the approx imat ion  method p re -  

sented in t h i s  chapter  can be app l i ed  to the more genera l  problem 

even i f  ~ does not  s a t i s f y  an assumption l i k e  ( S ) ( i i ) .  For example, 

i t  i s  s u f f i c i e n t  tha t  f s a t i s f i e s  ( $ ) ( i i )  end tha t  the f o l l o w i n g  

suppos i t i on  i s  f u l f i l l e d  f o r  fo :  

f o :  6o  T]xRsxRrxRn ~ R1 , f o ( t . z , u . x ) : = f o l ( t , z . x ) + f o 2 ( t , u )  , 

where f o l :  ~o 'T]xRsxRn " R1 and fo2:  [ t o . T ] x R r  • R 1 are 

cont inuous  and the c o n d i t i o n s  

P + lX l~n)  , t f o 2 ( t , u l l  • c ( t ) + L l u l  p l f o l ( t , z , x ) l  ~ c ( t ) + L ( I Z l R e  R r 

are s a t i s f i e d  f o r  each t E ~ o . T ] . z ~  RS.u~ R r , x g R  n and fo r  s u i t a b l e  

c~  L I [ E t o . T ] )  and L > 0 .  
Under these c o n d i t i o n s  the mappings 

f o l ( t  . . . .  ) :  L ; ( f L , ~ 0 P ) x L ; ( f L , ~ , P )  . L I ( ~ q . . = , P  ) and 

L ; ( ~ , ~ , P )  • L I ( ~ ° ~ , P  ) are con t inuous  f o r  e l i  t .  f o 2 ( t , . ) :  

Having a look at  the proof  of Theorem 2 and at  the remark lb )  shows 
t h a t .  due to t h i s ,  the convergence s ta tements  remains v a l i d  f o r  the 
general problem, too .  

A s p e c i a l  case of  (P] w i th  s f u n c t i o n a l  (1) ° i s  the T rack ing -p rob lem 

w i th  a ouad ra t i c  f u n c t i o n a l  and a n o n l i n e a r  random d i f f e r e n t i a l  
equa t i on .  

b) An ex tens ion  of the r e s u l t s  seems p o s s i b l e ,  e .g .  f o r  weakened sup- 
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p o s i t i o n s  to f end g, f o r  problems w i t h  s t a t e  and s t o c h a s t i c  con- 

s t r a i n t s .  

4.  Conc lus ions  

An e s s e n t i a l  i n t e n t i o n  of  the c a r r i e d  out  i n v e s t i g a t i o n s  cons i s t ed  in 
showing the app l l cab i l l t y  of the approximation pr lnciple for stochastic 
processes (see chap te r  2) f o r  the app rox ima t i on  of  s t o c h a s t i c  o p t i m a l  

c o n t r o l  prob lems.  A f t e r  r e s u l t s  f o r  random o r d i n a r y  d i f f e r e n t i a l  equa- 

t i o n s  (~7~,E8~) and the T rack ing -p rob lem w i t h  l i n e a r  random c o n t r o l  

equa t ion  and l i n e a r  c o n t r o l  c o n s t r a i n t s  (Eg~) had a l r e a d y  been a v a i l -  

ab le ,  the r e s u l t s  were to be expanded on more genera l  n o n l i n e a r  o p t i -  

mal c o n t r o l  p rob lems.  For t h i s  and f o r  the n u m e r i c a l ,  compu ta t i ona l  

r e a l i z a t i o n  o f  the app rox ima t i on  methods f u r t h e r  i n v e s t i g a t i o n s  are  

necessary .  F i r s t  n u m e r i c a l  r e s u l t s  f o r  the a l r e a d y  mentioned case o f  

the T rack ing -p rob lem w i t h  a random c o n t r o l  equa t ion  end s t o c h a s t i c  

c o n t r o l s  we ob ta ined  in  [ 9 ] .  For the genera l  method an a l g o r i t h m  was 

developed there  and an ALGOL-programme was worked out f o r  the case of  

Gauaaian s t o c h a s t i c  i n p u t  parameters  x ° , z .  The occu r ing  d e t e r m i n i s t i c  

op t ima l  c o n t r o l  problems (comp. remark 3) were a p p r o x i m a t e l y  so lved 

by a method o f  c o n d i t i o n a l  g r a d i e n t s  end a p p r o x i m a t i o n s  o f  v a r i o u s  

s t a t i s t i c a l  c h a r a c t e r i s t i c s  of  the op t ima l  c o n t r o l  were computed, The 

r e s u l t s  showed the a p p l i c a b i l i t y  o f  the suggested methods. Th is  f a c t .  

we c a l l  i t  the u n i v e r s a l i t y  of  the app rox ima t i on  method, seems to be 

an e s s e n t i a l  advantage.  A d i sadvan tage  i s  the h igh expense of  the 

method when us ing a g rea t  number s m of  r e a l i z a t i o n s .  That i s  why a 

proper  a p r i o r i  s e l e c t i o n  of  m and s m, r e s p e c t i v e l y ,  i s  o f  g rea t  im- 

por tance ( c o m p . [ 8 ] ,  chap te r  6 ) .  But in  gene ra l  we have to make the 

best of  t h i s  d i sadvan tage  s ince  the re  seem to be no e f f i c i e n t  methods 

of ano ther  type which can be used f o r  the approx imate  s o l u t i o n  of  

genera l  n o n l i n e a r  s t o c h a s t i c  c o n t r o l  p rob lems.  
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t i a l l y  based on the r e s u l t s  of  a long c o o p e r a t i o n ,  e . g .  on [ 7 ] , [ 8 ] , C 9 ] o  

Fur the r  I thank D r . s c .  Roswithe H~rz f o r  many h i n t s  and f o r  her sup- 

p o r t .  Wi thout  her long work in  the f i e l d  of  the numer i ca l  t rea tmen t  

of  d e t e r m i n i s t i c  o p t i m a l  c o n t r o l  problems these i n v e s t i g a t i o n s  would 

have been i m p o s s i b l e .  
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