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On discrete approximations in stochastic programming

‘Werner Romisch

1., Introduction

Throughout this paper we consider decision problems of sto-
chastic programming in topological spaces and their stability,
Our aim is the investigation of discrete approximations to
‘»¢such problems. For similar approaches we refer to /4/ /5/,
/6/, /7/, 710/, /1i1/, /16/ /17/, for the case of two- or
multi-stage problems of linear (or nonlinear) stochastic
programming and to /9/ /14/ for certain classes of decision
problems in abstract spaces. Such discrete approximations
result if the random variable entering the stochastic pro-
gramming problem is replaced by random variables with a
discrete probability distribution. The advantage 'of discrete
, approximations consists in. their deterministic nature and
consequently in the possible treatment as nonlinear program-
ming problems. An important possibility to construct dis-
crete approxima-tions seems to be the approximation of the
 random variables by suitable conditional expectations (cf.
/5/. /6/., /14, Remark 6/. chapter 3) As an application of
the general setting a treatment of optimal control problems
_ with random operator equations is possible (cf /13/./14,
_ chapter 5/./21/).

‘Let (o, OL,P) be a probability space, x be a- topological space

and Cc X a non-empty constraint set, g: N.xC —R. be such
'that for all ue(: g(- .u) represents a real random variable
- on (Q or.,P) and let .E denote the mean value w.r.t. (.Q..a.P)
Then we consider decision problems of the following type. ‘

3(uv)~ i= E{g_(u.u)]_—-f-» Min! subject to ue€C. (1)
~ We refer to./14.'chapter 2/ ‘for a discussion of (1) and for
the formulation of two-stage problems of stochastic program-
ming and of optimal control problems with random operator

~

"f¢eqUations in'Bansch spaces as special cases of problem (1).




'~ natural numbers and R the extended real numbers. Let us con-
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2.kApprox1mation of nonlinear proqramminq probleme with

fixed constraint set and applications to stability in
" stochastic: programming ' ‘ )

" We are given a non-empty subset o of a topological space X,
functionals J, It € —=R, meN, where N denotes the set of

‘sider the problems

J(u)— Mint  s.t. uecC O (2)
3, (u)—=Mint s.t. uec T (2m)

k and'define the optimal values ?°= inf{J(u)luGt:}

Pt inf{J (u)]ué(:} meN, and the E-optlmal set mappings

y(g) := 1nf{ue cla(u)s ¢+ e}, Yo (€):= inf{ ue C|3 (u)s? + g}
meN. Now we ask for the convergence of the sequences '
{Vm}meN to ¢ resp {\ym(e)}meN to y(e) (1n some sense).

The following Theorem is closely related to a ‘well-known re-
sult of. nonljhear parametric programming (cf /1, Satz 4.2.2/)
and is slightly stronger than Theorem 1 in /14/. For con- :
venience we give a short version of the proof.

Theorem 1:

- Let C be sequentially compact and sequentially closed and let
the following conditions be fulfilled:

(a) for each u€C : lim Jm(u) = J(u):;

' ‘ m—»co . : :
(b) for all u,u,€ C, mEN, such that Zim up=u: im Ip(uy)>

M s oo s
- J(u)

Then we have k
(1) lim im = 9 ;

- (11) for each sequence u € \ym(e ). e 30, meN there

exists an accumulation point u* € \V(lhn ,em);
o o e En'

_ Proof: ' : el
(1) Obviously (a) yields lim p £ p. Now we choose u e C

‘such that J (u )S\f + m"1. mEN (with the usual modifi-;'
- cation 1in the case P ='-o ), and a subsequence u 'Lj 5
(mENTEN, such that Tiny Va7 ueC o Bl Tala) T

= 1im I3 (u ).'Therefore_welhave for




L

<

gy _ S Upe ME NG .
‘;*:um_’s,z-:' u -,me N\N' | "“GN, 2;.’_-_‘:” ,:‘M(“ )23(U)> ¢
and finally e S . |
: 11 - = 11 j " = 1im 3 u lim V 3 u .
"m-“le',?"c‘j m..."l,, m("m) * meN' ( )2 n(Up) 2 -

(ii) From 3 (u"‘)sym + c . m€N we conclude
L, :’m(")‘ poelin fa
Analogous to (1) we choose a subsequence u e~ym(e Y,
o meN cN, with 1imit uEC ‘and have'

.

,3(u") _]__% 3(u)stp+%‘iﬂg° F’m
’ “ge€ede
Remark 10 - - BN ' - o
a) The following condition (c) is sufficient for (a) and (b)
in Theorem 1:. ' T B
(c) for all u, u € C mEN, such that lim u, = u holds

.—*w

1im J (u ) = J(u)

m-—p 0O

If (a) holds, then condition (b)"is equivalent to (b) :
- (b)* for all u,u et:.lnEN ~such that lim u = u holds:

m-—s co " .

%1m 7 (3 (u )-3p, (u)) >0 (compare /14, Remark 3c)/).

j‘;Of course it is sufficient that in Theorem 1 ‘(a) holds
X c_"for some u e\}'(O) ‘ :

-

'f: b)7We note that the compactness ‘of C..cannot be dropped in
"vthe Theorem. It is referred to various examples in /1/°
“and to /8/, where the case of the weak topology in a

‘reflexive Banach space is treated. Applying the concept
- of /8/ to our special™ case it turns out that /8, (Ad)/
- contains the compactness condition and /8 (A1) (i) (il)/
is sufficient for (a) b);~

Now. let us return to problem (1) and let mappings.l

"’__vgmuﬂ.xc—-’R meN, be. given additionally such that for

-all uec. mEN, gm( .u) are real random variables. Then we‘,;
d_efine_ﬁ:l C——»R - S '

A B
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and the problems
(1m)
For appiying Theorem 1 ‘to obtain results for the approxima--a”

tion of (1) by the problems (1m) me N, let v, w(e)., Pme
ut(g):ﬂéhl be defined as above. The following Theorems R
: present two versions of approximation (or stability) ‘results
~in stochastic programming.\ ' o SRR

3 (u) ll?s E[gm‘(w.u)]]; ueC,meN

J (u)———»Min' S.t._lJEC

: Theorem 2.

Let there exist a random variable vy
CE[vy (@] > - and v .Q.XC—--ﬁ
,u) is a random variable, E[vz(w u)] < oo and that for

‘Sl———,R ’such that
such that for each uec

A 2(
~each meE N

(0) < gp(wiu) g vyl u) a.s.

(G uniform integrability condition” (UIC)) , v
Further let us assume the following continuity conditions
(cc) : o | o

1itn’°°'9,,,(o.u)* = g(w,u)

;(ai) for each ueC P 8.S.;
f(bi) for all u,ug 5(3 rneN, such that lim um =u 3

--»oo}

’ :}\-i-':«, gm(w-u ) » 9(w,u) a.s.

Let C satisfy the assumption of Theorem 1. :
_Then the ' assertion of Theorem 1 is valid for (1) and (1im),
: me,No

Proof: ‘ :

For the proof we have to verify conditions (a) and (b) of
Theorem 1. In both cases we use Fatou s Lemma (cf. e.g. /20;,3.
'p. 203/) and obtain - ' ' o

E ﬁlim~

00

! I(u) = E [9~(w.U)3 =

a(‘ru) < E [}‘m gm(o.u )]

Remark 2: ,."ft”'
We mention that other: versions of

lim |

«».u)] .lim

«; Jﬁ(u)
- a.e-C.

Theorem 2 result by using

\different versions of Fatou's Lemma resp.‘Lebesgue s Theorem.kd"v




TheTheorem 3

e (ci) For all u, O €!3 me N such that lim um'- u it holds

\’As an example it is referred to replacing the condition
(u1c) (resp.,(c2)) by |gm(w.u)\ < Vv (co). a.s., u€C meN,

where {v;m}‘meN is uniformly integrable (cf /20, p. 205/)

~Let C satisfy -the assumption of Theorem 1 and let (c1), (c2)
be fulfilled. L

M—s> cO

that lim gm(-.u ) = g(- ,u) (1n distribution) and that

m—"GO
(c2) {g (- JJ)}“‘eN is uniformly integrable.
Then the assertion of Theorem 1 is valid for (1) and (1m),
'meN. - ‘ L -

Proof:

The proof is a simple consequence of condition (c) (Remark 1a))ii
and of Lebesgus's Theorem /18 Theorem 5.4 /v
s | ‘ ' " q.e.d.
As an illustration of the preceding Theorems let us consider
the following situstion: ‘
3(u) := E [gy(z(w),u)] |
o k J (U) = E tgo(zm(w) u)]  , meN,
where g : ZxC—-»R and z,z_ fL—>Z, meN, are random
variables with values in a Banach space z such that lim z =2

. . M—~» oo
: in some sense .

Case 1: If one has lim z (cﬂ = z@p){ a. 5.} then the following
. . M—>00 »

condition is sufficient for (a1), (bi)“
g, : ZXC—R, is lower semicontinuous and for each
ueC g {(-,u) : Z—>R is continuous.

Case 2: If 1im z_ = z (in distribution), then the continu-
e m-—oeo'“ : . : S

Aiity of 9y ¢ Z><C~——¥R< is sufficient for (c1) (cf.
/18, Theorem 5.5/). ’~ R |

; Related results were obtained in /74 Theorem 2/ and /3,
Satz 3.1/ in the finite-dimensional case.

3, Remarks on discrete apgroximations‘ =

In the preceding chapter general stability results for sto-
chastic programming problems were obtained‘ ‘Now we turn our
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~attention to a suitable .choice (or construction) of the
approximata problems. The main concern when aoproximafing”
(1) is that the problems (im), me N, are in some sense simpler
to solve. In this way the notion of a “disoretizationfg |
scheme"” (/14/) seems to be an important possibility.

: {am"gm}_uieN\ will be called a "discretization scheme" if |
for each me N there exist : : P o
(1) a finite partition A le o . 1=1.....m,'of'fl , 1.e.

le Am ”=.f2 and Amlr\Amk'= ¢,1l'f k, such that'
vam = 6'({Aml} 1=1 ) | ,
(Here 6 (€) denotes the smallest s'-algebra containing
Ecx.). S '
"(ii) 9n1 : C—R, 1=1.....m, such that' [ (on ) = g1
WeE A, 1=1....,m.-‘i ‘ :

We remark that an eésentiél advantage of discretization
schemes consists in the “deterministic” form of the func-

tionals J,, m€N: N »
Jm(u) = 1-Z1 gn1(u) P(A 1), ueC.y‘

' Of course the probabilities P(Ajp). 1=1,...,m, must be
known.‘Nice properties. of g ml’ lal.....m, like continuity,
. differentiability and convexity, yield. the corresponding
properties of I Therefore the question of a suitable
construction of discretization schemes. arises.

But we have-to keep in mind that the evaluation of J (u)
_requires the evaluation of m functions g 1(u). 1=1.....m.}
In this way a ‘considerable computational effort may arise
~if m is “"large®. We refer to the situation in two-stago ,v
stochastic programming (cf. e.g. /6/) and in stochastiC"
optimal control problems (/14. chapter 5/).

‘Discretization schemes represent a well«known method for e

- two- otage problems in stochastic programming (o.g.v/4/./5/,5k‘
~ /6/./7/./10/./11/) and in more general decision problems .
(/9/./14/). /2/ /16/ /17/ present efficient algorithms for

~ discrete linear stochastic programming with simple recourse, f;;gpf*f




- 1,distribution. ‘There are two motivations for. doing this.
rQ;Firstly,the distribution of z is given and the random variab-

space, z €L (.Q..O..P Z) ' and if a sequence o

: ;pP(A 1). E(z|A, m) 1-1....,m (see e.g. /15/’for the finite-"‘
o dimensional case and 713, chapter 6/)

’~‘which essentially reduce the above mentioned computational
‘effort .

In applications discretization schemes arise if the random
7variab1e z in the decision problem \

3(u) : v= E [go(z(w) u)]—-—-Min! ’,J‘}s.t.,,ﬁ ueC

ie replaced by simple random variables z , MEN, with m
values zml' 1=1....,m. 1 e._with a discrete probability

.,

. les. zm meN, are chosen to apprbximate z (in some sense)

'This case is -our mein concern (/14, chapter 4/) But second-
ly it often happens that all that is available are some
7samp1e points, which can be considered as the discrete ran-
dom variables z . In the latter case it is only possible

to assume lim z = 2z (in distribution) and error estimates

M - 0o R

vpor convergence rates are desirable (cf /17/)

‘Let us turn to the case of given probability distribution.
In /5/./6/./12/.,/14/ it is suggested to replace z by .

" conditional expectations with respect to certain finitely
fgenereted e--algebras. More precisaly, if Z is a Banach

| {{Aml} 1'100-0.“‘ } mGNC a‘ ’ Of Partitions of. .Q ‘,k’is -
given, we define ‘ ERER N : U

2 e E(zlor. Y. %.:-_- e’({Aml} 1=1m) meN. i,e;
z @n) = E(zlAml) td € Aml' 1=1.....m.»f |

,In /6/ ‘and /14 Remark 6/ some reasons for using conditional
expectatiqna are given.:- Let ‘us mention the convergence‘“
(propertiest(d\ying the possibility to apply ‘Theorem 2 and 3).
'~,the use of Jupsaq's inequality to derive error bounds (/6/)
‘and the possibilitios of construction ‘and computation of .

5 Finally the author t?anks B. Kummer for valuable diacuseions
fion stability of optimization problems.‘a

3

-
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Addendum
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N

convex case) to N
J(u) = Elg, (z@),u)] , ueC (see /22/)
.. These upper bounds and the lower bounds. by use of Jensen's
inequality. prov1de p0531bilities for a suitable partitio-
"ning using conditional expectations (comp. also /6/).
f/22/ Huang, C.C.; W.T. Ziemba; A. Ben-Tal: Bounds on the ex-
i . - pectation of a convex function of a random vari-

~ able: with applications to stochastic program-
“eming; Operations Research 25(1977), 315-325
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2usammenfassung4

a—

In dieser Arbeit werden ein-stufige Entscheidungsprobleme

der stochastischen Optimierung in topologischen Raumen be-
Vtrachtet. Eine Stabilitatsaussage far nichtlineare Optimie-"flj
'rungsprobleme mit fester Restriktionsmenge wird bewiesen und =
tAnwendungen auf die Approximation der betrachteten Entschei-f;«
dungsprobleme untersucht. Dabei beinhaltet Stabilitat die s
Konvergenz der Optimalwerte und der' s-Optimalmengen. Daran »

schlieBen sich Bemerkungen uber- eine geeignete Wahl der ap-
diskreter Approximationen, an.

proximierenden Probleme,gsog.
AbschlieBend wird ‘erlautert, welche Vorteile die:-Ersetzung i

der im Problem enthaltenen Zufallsvariablen durch geeignete ;;

bedingte Erwartungen besitzt.:.a B

- . . . .
- . . V- . . SRS s

‘Summarx )

50ne—stage decision problems of stochastic programming in to-

A ;pological spaces are considered' A stability result for non-Jt )
;flinear programming problems with fixed constraint set is

ﬁproved and~ applied to the approximation of such’ decision prob—

\klems. Here stability (or approximation) includes convergence

of the Optlmal ‘values and <E-optima1 sets. Remarks on a su1t-“.

able choice of the approximate problems, so-called discrete '

approximations. are added and finally the advantages ‘of re--

placing the involved random variable by certain conditional

_expectations are explained. Lo e L ;','},;~

Pespue: - R o -
H3yuapTcs OXHOSTANHHE 3a1aUA. cmoxacmnqecxoro nporpauuuponannﬂ'

B TONOIOTMIECKAX NMPOCTPAHCTBAX. noxasusaetca yoTOMUMBOCTS MPO= -
- Guem HenMHe{HOTO MPOTPAMMUDOBAHUE G QuKCHPOBARHHM Hadopou orpa- '
HudeHll W WCCAEAYDTCA MPUMGHEHUHM HPH ‘anmpOKCHMANUK BHNG Ha-
‘3BaHHHX 3ajad. llocie 3TOTO A3HH saMevanud o0 Koncmpynnnu TaK- |
Ha3HBAEMHX AWCKPETHHX. annpoxcuuanmn W O BHI'OAIHOCTH anuponcuua- {3°
uun cnyuaﬁnux BEIWIMH Hexomopnun ycxonﬂuuu oxnnaﬁnnun. e
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