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Two bibles and one research paper



Weak convergence of probability measures in P(Rd):

Pn →w P iff lim
n→∞

∫
Rd
f (ξ)Pn(dξ) =

∫
Rd
f (ξ)P (dξ) (∀f ∈ Cb(Rd))

Metrization:
Prokhorov metric:

ρ(P,Q) = inf
{
ε > 0 : P (A) ≤ Q(Aε) + ε for all closed A ⊆ Rd

}
,

where Aε = {y ∈ Rd : d(y, A) < ε} is the open ε-enlargement of A.

Dudley’s bounded Lipschitz metric:

β(P,Q) = dBL(P,Q) = sup
‖f‖BL≤1

∣∣∣∣∫
Rd
f (ξ)P (dξ)−

∫
Rd
f (ξ)P (dξ)

∣∣∣∣,
where BL(Rd,R) is the linear space of real-valued bounded and Lipschitz con-

tinuous functions on Rd with norm

‖f‖BL = sup
ξ∈Rd
|f (ξ)| + sup

ξ,ξ̃∈Rd
ξ 6=ξ̃

|f (ξ)− f (ξ̃)|
‖ξ − ξ̃‖

.



Properties:

• 2
3(ρ(P,Q))2 ≤ β(P,Q) ≤ 2ρ(P,Q), ∀P,Q ∈ P(Rd).

• Pn →w P and F uniformly bounded and equicontinuous implies

lim
n→∞

sup
f∈F

∣∣∣∣∫
Rd
f (ξ)Pn(dξ)−

∫
Rd
f (ξ)P (dξ)

∣∣∣∣ = 0 .

.

• Pn →w P implies lim supn→∞ Pn(A) ≤ P (A) if A ⊆ Rd is closed.

Pn →w P implies limn→∞ Pn(A) = P (A) if A is closed and P (∂A) = 0.

Problems: Continuity properties of the mappings

• P 7→
∫
Rd f (ξ)P (dξ) if f is locally Lipschitz continuous on Rd.

• P 7→
∫
Rd 1lA(ξ)P (dξ) = P (A) if A belongs to a subclass of all convex

subsets of Rd.



We consider the stochastic program

min

{∫
Ξ

f0(x, ξ)P (dξ) : x ∈ X
}
.

With v(P ) and S(P ) denoting its optimal value and solution set it holds

|v(P )− v(Q)| ≤ sup
x∈X

∣∣∣∣∫
Ξ

f0(x, ξ)P (dξ)−
∫

Ξ

f0(x, ξ)Q(dξ)

∣∣∣∣
∅ 6= S(Q) ⊆ S(P ) + Ψ−1

P

(
sup
x∈X

∣∣∣∣∫
Ξ

f0(x, ξ)P (dξ)−
∫

Ξ

f0(x, ξ)Q(dξ)

∣∣∣∣),
where X is assumed to be compact, Q is a probability distribution approximating

P and ΨP is the growth function of the objective near the solution set, i.e.,

ΨP (t) := inf

{∫
Ξ

f0(x, ξ)P (dξ)− v(P ) : x ∈ X, d(x, S(P )) ≥ t

}
.

Hence, the distance dF with F := {f0(x, ·) : x ∈ X} becomes important

dF(P,Q) := sup
f∈F

∣∣∣∣∫
Ξ

f (ξ)P (dξ)−
∫

Ξ

f (ξ)Q(dξ)

∣∣∣∣.



Two-stage stochastic programs:

min

{
〈c, x〉 +

∫
Ξ

Φ(q(ξ), h(ξ)− T (ξ)x)P (dξ) : x ∈ X
}
,

where c ∈ Rm, Ξ and X are polyhedral subsets of Rd and Rm, respectively, P

is a probability measure on Ξ and the s×m-matrix T (·), the vectors q(·) ∈ Rm

and h(·) ∈ Rs are affine functions of ξ.

The function Φ denotes the parametric infimum function of the linear second-

stage program

Φ(u, t) = inf {〈u, y〉 : Wy = t, y ∈ Y },
which is finite and continuous on D×W (Y ), where D is the dual feasibility set

D =
{
u ∈ Rm :

{
z ∈ Rs : W>z − u ∈ Y ?

}
6= ∅
}
,

where W is the s ×m recourse matrix, W> the transposed of W and Y ? the

polar cone to the polyhedral cone Y in Rm.

The function Φ is concave-convex polyhedral, hence, locally Lipschitz continuous

with linearly growing local Lipschitz moduli on D ×W (Y ) and it holds

dF(P,Q) ≤ C

(
1 +

∫
Rd
‖ξ‖2p(P + Q)(dξ)

)
β(P,Q)1−1

p (p > 1).









































Mixed-integer two-stage stochastic programs:

min

{
〈c, x〉+

∫
Rd

Φ(q(ξ), h(ξ)− T (ξ)x)P (dξ) : x ∈ X
}
,

where Φ denotes the parametric infimal function of the second-stage program

Φ(u, t) := inf {〈u1, y1〉+ 〈u2, y2〉 : W1y1 +W2y2 ≤ t, y1 ∈ Rm1, y2 ∈ Zm2}
for all (u, t) ∈ Rm1+m2 × Rs, and c ∈ Rm, a closed subset X of Rm, (s,m1) and (s,m2)-
matrices W1 and W2, affine functions T (ξ) ∈ Rs×m, q(ξ) ∈ Rm1+m2, h(ξ) ∈ Rs, and a
probability measure P on Rd. We introduce

T = {t ∈ Rr : ∃(y1, y2) ∈ Rm1 × Zm2 such that W1y1 +W2y2 ≤ t}
U =

{
u = (u1, u2) ∈ Rm1+m2 : ∃v ∈ Rr

− such that W>
1 v = u1, W

>
2 v = u2

}
.

the primal and dual feasible right-side sets and assume:
(B1) The matrices W1 and W2 have only rational elements.
(B2) The cardinality of the set⋃

t∈T

{y2 ∈ Zm2 : ∃y1 ∈ Rm1 such that W1y1 +W2y2 ≤ t}

is finite, i.e., the number of integer decisions is finite.
Proposition:
Assume (B1) and (B2). The function Φ is finite and lower semicontinuous on U × T and
there exists a finite decomposition of U × T consisting of Borel sets Uν × Bν, ν ∈ N , such
that their closure is convex polyhedral and Φ is bilinear in (u, t) on each Uν × Bν. Φ may
have kinks and discontinuities at the boundaries of Uν ×Bν.



Example: (Schultz-Stougie-van der Vlerk 98)

m = d = s = 2, m1 = 0, m2 = 4, c = (0, 0), X = [0, 5]2,

h(ξ) = ξ, q(ξ) ≡ q = (−16,−19,−23,−28), yi ∈ {0, 1}, i = 1, 2, 3, 4,

P ∼ U(5, 10, 15} (discrete)

Second stage problem: MILP with 1764 binary variables and 882 constraints.
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Happy birthday, Rüdiger !


