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Introdution

Let f�

t

g

T

t=1

be a disrete-time stohasti data proess de-

�ned on some probability spae (
;F ; P) and with �

1

de-

terministi. The stohasti deision x

t

at period t is as-

sumed to depend only on (�

1

; : : : ; �

t

) (nonantiipativity).

Typial �nanial and prodution planning model:
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Alternative for the minimization of expeted osts:

Minimizing some risk measure IF of the stohasti ost

proess f

t

(�

t

; x

t

)g

T

t=1

(risk management).

First step of its numerial solution:

Approximation of f�

t

g

T

t=1

by �nitely many senarios with

ertain probabilities. Nonantiipativity leads to a senario

tree struture of the approximation.



Senario tree approximations

(a) Simulation of (suÆiently many) senarios of the

stohasti data proess �;

(b) onstrution of senario trees from simulation senar-

ios or probability distribution information;

() (optional) follow-up treatment of the senario tree.

(a) Methods:

- Calibrating statistial models to historial data.

- diret use of \omparable" historial data as senarios.
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(b) Construtions based on simulation senarios:

Given: S data senarios with �xed starting point �

1

, i.e.,

the senarios form a fan.
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Cluster-analysis-based methods: \Bundling" senarios in

a luster and de�nition of suesors and predeessor, e.g.,

using distanes of probability distributions.

() Tree redution using probability metris.



A senario tree is based on a �nite set N � IN of nodes.
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Senario tree with T = 5, jN j = 23 and 11 leaves

n= 1 stands for the period root node,

n

�

is the unique predeessor of node n,

path(n):=f1; : : : ; n

�

; ng, t(n) := jpath(n)j,

N

t

:= fn : t(n) = tg, nodes n 2 N

T

are the leaves,

Senario: path(n) for some n 2 N

T

,

N

+

(n) is the set of suessors to node n,

f�

n

g

n2N

T

are the senario probabilities and

�

n
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P

n

+

2N

+

(n)

�
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+

, n 2 N .
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g
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t

are the realizations of �

t

,

fx

n

g

n2N

t

the realizations of x

t

.

Senario tree formulation of the model:
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Speially strutured programs !



Solving stohasti programs

First idea: Use of standard software for solving the stohas-

ti program in senario tree form !

But: Models are huge even for small trees and, in addi-

tion, speial strutures are often not exploited !

) Deomposition is the only feasible alternative in many

(pratial) situations.

Diret or primal deomposition approahes:

- starting point: Benders deomposition based on both

feasibility and objetive uts;

- variants: regularization, nesting, stohasti uts.

Dual deomposition approahes:

(i) Senario deomposition by Lagrangian dualization of

nonantiipativity onstraints (solving the dual by bundle

subgradient methods, augmented Lagrangian deomposi-

tion, variable or operator splitting methods);

(ii) nodal deomposition by dualizing dynami onstraints;

(iii) geographial deomposition by Lagrangian relaxation

of oupling onstraints.

Presently, nested Benders deomposition, stohasti de-

omposition and senario deomposition (based on aug-

mented Lagrangians and on operator splitting) are mostly

used.



Distanes of probability distributions

Let P denote the probability distribution of the stohasti

data proess f�

t

g

T

t=1

, where �

t

has dimension r, i.e., P is

a probability measure on � � IR

rT

= IR

s

. Let  be a non-

negative symmetri ontinuous funtion on ���, whih

plays the role of a (normalized) global ontinuity modulus

of the stohasti osts f

0

as a funtion of the �rst-stage

deision x and of �. This means: If the deterministi

equivalent of the stohasti program takes the form

minf

Z

�

f

0

(x; �)P(d�) : x 2 Xg;

we hoose  suh that the property

jf

0
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~
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~

�); 8�;

~

� 2 �; x 2 X;

holds with some onstant L(kxk).

Example:

Linear multiperiod two-stage model with �xed reourse

in eah period: (�;

~

�) := maxf1; k�k

T�1

; k

~

�k

T�1

gk� �

~

�k

(R�omish/Wets 03 forthoming).

We onsider the Fortet-Mourier metri of two measures

P and Q on �

�
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is de�ned by
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its dual, the Kantorovih-Rubinstein funtional

�̂
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1
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� = P �Qg:

and its upper bound, the Kantorovih funtional or trans-

portation metri

�



(P;Q) := inff

Z
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(�;
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�)�(d�; d

~

�) : �

1

� = P; �

2

� = Qg:

Theorem: (Stability)

Under weak onditions on the stohasti program, the

optimal values are Lipshitz ontinuous and the solution

sets are upper semiontinuous w.r.t. �



(�̂



, �



).

(Rahev/R�omish 02, R�omish 03)
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are de�ned on sets of probability measures

P



(IR

s

) satisfying a ertain moment ondition w.r.t. .

Example:

If (�;

~

�) := maxf1; k�k

p�1

; k

~

�k

p�1

gk� �

~

�k, then

P



(�) = fQ 2 P(�) :

R

�

k�k

p

Q(d�) <1g (p � 1).

(Referenes: Rahev 91, Rahev/R�ushendorf 98)

Approah:

Selet a probability metri d suh that the stohasti pro-

gram is stable w.r.t. d.

Given P and a tolerane " > 0, determine a senario tree

suh that its probability distribution P

tr

has the property

d(P;P

tr

) � " :



Probability distanes of disrete distributions

P : senarios �

i

with probabilities p

i

, i = 1; : : : ; N ,

Q: senarios

~

�

j

with probabilities q

j

, j = 1; : : : ;M .

Then it holds

�
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(P;Q)

(an be reformulated as a minimum ost ow problem)

Speial ase: Senario redution
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g w.l.o.g. M = N :



Senario Redution

We onsider the transportation metri �



on P(�) where

 : � � � ! IR

+

is adapted to the stohasti program as

desribed above.

Let P =

N

P

i=1

p

i

Æ

�

i

and Q =

N

P

j=1

q

j

Æ

�

j

.

Theorem: (optimal redution of a senario set J)

D
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:= min

q
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�0 ;
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;

X

j 62J

q

j

Æ

�

j

) =

X

i2J

p

i

min

j 62J

(�

i

; �

j

)

The minimum is attained at �q

j

= p

j

+

P

i2J

j

p

i

; 8j 62 J; where

J

j

:= fi 2 J : j = j(i)g and j(i) 2 argmin

j 62J

(�

i

; �

j

); 8i 2 J.

(optimal redistribution)

Optimal redution of a senario set with �xed ardinality:

minfD

J

=

X

i2J

p

i

min

j 62J

(�

i

; �

j

) : J � f1; :::;Ng ; #J = N � ng

(ombinatorial optimization problem of set-overing type)

Theory: Dupa�ov�a/Gr�owe-Kuska/R�omish 03

Fast heuristis (forward, bakward): Heitsh/R�omish 03

Implementation: GAMS/SCENRED (Gr�owe-Kuska)



Fast heuristis

Algorithm 1: (Simultaneous bakward redution)

Step [0℄: Sorting of f(�

j

; �

k

) : 8jg;8k;

J

[0℄

:= ; :

Step [i℄: l

i

2 arg min

l 62J

[i�1℄

X

k2J

[i�1℄

[flg

p

k

min

j 62J

[i�1℄

[flg

(�

k

; �

j

):

J

[i℄

:= J

[i�1℄

[ fl

i

g :

Step [N-n+1℄: Optimal redistribution:

Algorithm 2: (Fast forward seletion)

Step [0℄: Compute (�

k

; �

u

); k; u = 1; : : : ; N;

J

[0℄

:= f1; : : : ; Ng:

Step [i℄: u

i

2 arg min

u2J

[i�1℄

X

k2J

[i�1℄

nfug

p

k

min

j 62J

[i�1℄

nfug

(�

k

; �

j

);

J

[i℄

:= J

[i�1℄

n fu

i

g :

Step [n+1℄: Optimal redistribution:
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Construting senario trees from data senarios

Let a fan of data senarios �

i

= (�

i

1

; : : : ; �

i

T

) with probabili-

ties �

i

, i = 1; : : : ; N , be given, i.e., all senarios oinide at

the starting point t = 1, i.e., �

1

1

= : : : = �

N

1

=: �

�

1

. Hene,

it has the form
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t= 1 may be regarded as the root node of a senario tree

onsisting of N branhes (leaves, senarios).

Representation of senario trees:

One may use senario partition matries M (indiating

whih senario onides with whih at some time t) or

node partition matries N (indiating whih nodes are

predeessors and suessors of a node n, respetively).
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Let P denote the probability distribution of � = f�

t

g

T

t=1

given by the fan of senarios. P plays the role of the

original distribution. Let the funtion  be adapted to the

underlying stohasti program ontaining P .

We desribe an algorithm that produes, for eah " > 0,

a senario tree with root node �

�

1

and less nodes than that

of P , suh that for its probability distribution P

"

we obtain

for the transportation metri �



:

�



(P;P

"

) < ":

Algorithm: (bakward variant)

Let "

t

> 0, t = 1; : : : ; T , be given suh that

P

T

t=1

"

t

� ",

set t := T , I

T+1

:= f1; : : : ; Ng, �

i

T+1

:= �

i

and P

T+1

:= P .

For t= T; : : : ;2:

Step t: Determine an index set I

t

� I

t+1

suh that

�



t

(P

t

; P

t+1

) < "

t

;

where f�

i

g

i2I

t

is the support of P

t

and 

t

is de�ned by
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;0; : : : ;0); (

~

�
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~

�
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(senario redution w.r.t. f1,. . . ,tg)

Step 1: Determine a probability measure P

"

suh that its

marginal distributions P
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�
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t+1

nI

t

: i

t

(j) = ig, i

t

(j) 2 argmin
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are the index sets aording to the redistribution rule.



Senario tree onstrution algorithm

�!

�!

Blue refers to omputing of -distanes of senarios, green to deleting

and adding its weight to the red senario.



Appliation:

� is the multivariate data proess having the omponents

a) eletrial load,

b) eletriity pries for baseload ontrats (at EEX),

) eletriity pries for peakload ontrats (at EEX),

d) eletriity pries for individual hours (at EEX).

Data senarios obtained from a stohasti model ali-

brated to the historial load data of the German power

utility VEAG and historial prie data of the European

Energy Exhange (EEX) at Frankfurt/Leipzig.
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b), ), d) Senario trees for pries of baseload ontrats, peakload

ontrats and individual hours, respetively


